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Abstract

The decoupling technique was originally developed for information-theoretical pur-
poses. It describes the conditions under which the correlations in a bipartite state
disappear if one part undergoes an evolution separated from the other. In the past
years there has been enormous progress in understanding the foundations of statisti-
cal mechanics from first principles of quantum mechanics. By use of the decoupling
technique we are able to reproduce and generalize major results of this development
and to approach open problems.

As a first application of the decoupling technique we generalize the result of
[Popescu et al., Nat. Phys. 2, 754-758 (2006)] about the apparent validity of the
postulate of equal a priori probabilities to states which may be correlated to a
reference. We express it in a form which allows to apply recent results about random
two-qubit interactions. We give a criterion for the apparent validity of the postulate
which is tight up to differences between different entropy measures. Similarly, we
generalize the result of [Linden et al., Phys. Rev. E 79, 061103 (2009)] about the
independence of the temporal average of a quantum mechanical system of its initial
state to initial states which may be correlated to a reference.

We develop a criterion for whether a quantum-mechanical system has “forgotten”
about its initial state which is tight up to differences between different entropy mea-
sures. We find that comparing two local entropies of just one particular state tells us
whether generic initial states of the system have already evolved to the same state
or not. After developing new bounds on the times which are necessary for entropy
changes, we are able to provide lower bounds on the times which are necessary for
a system to become independent of its initial state. We discover an intimate con-
nection between a system becoming independent of its initial state and a loss of an
observer’s knowledge about the state of the system. As a further application of the
decoupling technique we find sufficient conditions under which a system stays close
to its initial state for all times, thereby extending the result of [Gogolin et al., Phys.
Rev. Lett. 106, 040401 (2011)].
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You should call it entropy, for two reasons. In the first place your
uncertainty function has been used in statistical mechanics under that
name, so it already has a name. In the second place, and more important,
no one really knows what entropy really is, so in a debate you will always
have the advantage.

John von Neumann
Suggesting to Claude Shannon a name for his new uncertainty function,

as quoted in Scientific American Vol. 225 No. 3, (1971), p. 180





Notation

General

log Binary logarithm
ln Natural logarithm
C Complex numbers
c̄ Complex conjugate of c ∈ C

Linear Algebra and Quantum Systems

S,E,Ω, R Labels for quantum systems (called system, environ-
ment, subspace and reference, respectively)

HS,HE,HΩ,HR Hilbert spaces associated with the systems S,E,Ω, R
HS ⊗HE Tensor product space; Hilbert space of the joint system

SE
dA Dimension of the Hilbert space HA

Hom(HA,HB) Homomorphisms (linear maps) HA → HB

End(HA) Hom(HA,HA); endomorphisms on HA

M † Adjoint of M
Herm(HA) Self-adjoint endomorphisms onHA; Hermitian operators

on HA

|ψ〉A, |φ〉A, |ν〉A Elements of HA
∼= Hom (C,HA)

〈ψ|A, 〈φ|A, 〈ν|A Elements of Hom (HA,C)
〈ψ|φ〉 Hilbert space scalar product between |ψ〉 and |φ〉
S=(HA) Set of normalized density operators onHA; c.f. eqn. (2.1)
S≤(HA) Set of subnormalized density operators on HA;

c.f. eqn. (2.2)
ρ, σ, ω, τ Density operators
TA→B Completely positive and trace-preserving linear map

HA → HB

U(A) Group of unitaries on the Hilbert space HA
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Linear Algebra and Quantum Systems; continued

λmax(ρ) Largest eigenvalue of the Hermitian operator ρ
1A Identity operator on A
πA

1A

dA
; fully mixed state on A

1Ω Projector onto the subspace HΩ ⊆ HS ⊗HE

πΩ
1Ω

dΩ
; equiprobable state on Ω

πΩ
S TrE πΩ; canonical state of S with respect to Ω
|Ψ〉AA′ Fully entangled state between A and A′; c.f. eqn. (2.15)
ΨAA′ , φA Shorthand notation for the pure-state density matrices

|Ψ〉〈Ψ|AA′ , |φ〉〈φ|A, respectively (exclusively used with
these two letters)

J(TA→B) TA→B(|Ψ〉〈Ψ|A′A); image of T under the Choi-
Jamio lkowski isomorphism; c.f. eqn. (2.20)

HSE

∑
k Ek|Ek〉〈Ek|; Hamilton operator of the system SE

Norms and Distance measures

‖M‖1 Tr
√
M †M ; Schatten 1-norm

‖ρ− σ‖1 Trace distance between ρ and σ

‖M‖2

√
Tr(M †M); Hilbert-Schmidt norm

‖M‖∞
√
λmax(M †M); Largest singular value of M ; identical

with λmax(M) for M ≥ 0
F (ρ, σ)

∥∥√ρ√σ∥∥
1
; fidelity between ρ and σ

P (ρ, σ) Purified distance between ρ and σ; c.f. eqn. (3.33)
Bε(ρ) ε-ball; set of density operators which are ε-close (in P -

distance) to ρ; c.f. eqn. (3.38)
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Entropies

H(A)ρ −Tr(ρA log ρA); von Neumann entropy of ρA
H(A|B)ρ H(AB)ρ −H(B)ρ; conditional entropy of A given B on

ρAB
I(A : B)ρ H(A)ρ+H(B)ρ−H(AB)ρ; mutual information between

A and B
Hmin(A|B)ρ Conditional min-entropy; c.f. eqn. (3.10)
Hmax(A|B)ρ Conditional max-entropy; c.f. eqn. (3.11)
Hε

min(A|B)ρ ε-smooth conditional min-entropy; c.f. eqn. (3.40)
Hε

max(A|B)ρ ε-smooth conditional max-entropy; c.f. eqn. (3.41)
Hα(A)ρ

1
1−α log Tr ραA; Rényi entropy of order α

p(ρA) Tr ρ2
A ≡ 2−H2(A)ρ ; purity of ρA

vi



Contents

1 Introduction 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Basic concepts of Quantum Mechanics 7
2.1 Hilbert spaces and density operators . . . . . . . . . . . . . . . . . . 7
2.2 Tensor product spaces, purification and entanglement . . . . . . . . . 8
2.3 CPTPM’s, Choi-Jamio lkowski isomorphism and Stinespring dilation . 10
2.4 Hamiltonians and unitary time evolution . . . . . . . . . . . . . . . . 11
2.5 Interaction strengths . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Entropy measures 16
3.1 Classical entropy measures . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 Von Neumann entropy . . . . . . . . . . . . . . . . . . . . . . . . . . 16
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Chapter 1

Introduction

Consider filling a glass box with water from a freezing lake, closing it and putting
in on a table. Initially you have a mixture of ice and liquid water of different tem-
peratures in your box and the water molecules and ice blocks are moving around.
After some time, the movements come to a rest and - depending on the temperature
and pressure of the room in which the table stands - the ice blocks begin to melt or
the water begins to freeze. Finally, the contents of the box are in a state where no
further dynamics are observable.

While thermalization processes like this one are familiar to us from our everyday
life, understanding them from a microscopic point of view is far from trivial. We could
for instance try to comprehend how the final state, in which no further changes are
observable, depends on the initial state of the contents of the box and the room. Our
experience tells us that this final state only depends on some macroscopic properties
of the room (like its pressure and temperature) and that basically all initial states of
the room which share these macroscopic properties lead to the same final state. It
does not matter, for example, if there is a chair standing on the left hand side or on
the right hand side of the table. If the room is much larger than the box, the initial
temperature and phase of the contents of the box should not matter either. It will
matter, however, if there is an evacuated shell around the system preventing it from
thermally interacting with its environment. The initial state of the room also does
matter if there is a ticking bomb in it or a dog running against the table on which
the box stands. So there may be a fraction of (untypical) states of the environment
which have a large impact on the evolution of the system, besides imposing the
macroscopic parameters. If we want to claim something like almost all initial states
of the environment of a system which share the same macroscopic parameters will
eventually lead to the same state of the system we will have to be precise about what
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we wean by “almost all”.
More importantly, a satisfying explanation of such thermalization processes should

not find and adjust statements like the above example about independence of the
environment ad hoc but should be able to derive them from a fundamental theory.
In this thesis we are concerned with processes which happen far below the speed of
light. The fundamental theory is therefore non-relativistic quantum mechanics as
developed in the first half of the twentieth century.

Attempts to understand how systems of many interacting particles behave are
in fact older than quantum mechanics. The central results of classical statistical
physics were derived in the nineteenth century and are based on classical Hamiltonian
dynamics. Classical statistical physics has produced many celebrated results and is
generally very well confirmed by experiment. Trying to understand such phenomena
directly from quantum mechanics may thus seem an unnecessarily ambitious goal.
Even worse, the unitary time evolution of quantum mechanics seems at first sight
to contradict irreversible processes like thermalization. This apparent contradiction
actually led to suggestions of modifying quantum mechanics (references are given in
[Gog10b]).

However, the foundations of many cornerstones of statistical physics like the
postulate of equal a priori probabilities, ensemble averages or the Second Law of
thermodynamics remained unclear in the classical framework troughout the twentieth
century. In the recent years there has been an enormous progress in understanding
statistical physics from first principles of quantum mechanics. Important instances
are [Tas98, GM02, GLTZ06, PSW06b, LPSW09, GMM09, LPSW10, Gog10a, Sho11,
GME11, RGE11]. We refer to [Gog10b] for an overview over major results of this
approach.

Key is the insight that the interaction of the system in question with its environ-
ment is crucial for understanding its thermalization. If the system is isolated, the
unitary time-evolution is unable to change the entropy of the system. An initial state
of the system with zero entropy (a “pure” state) will then stay so forever and not be
able to exhibit statistical properties. On the other hand, if the system is interacting
with its environment a feature of quantum mechanics called entanglement, which
may arise between the system and its environment, allows their joint pure state to
do so as long as one focuses on the system part of this state only. The apparent con-
tradiction between a quantum mechanical system approaching an equilibrium state
and the ongoing unitary evolution can be resolved if the system is in contact with a
much larger environment. The ongoing unitary evolution may then only change the
state of the environment and leave the system close to its equilibrium state for most
times.
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In this thesis we bring the development which the above references stand for
together with techniques developed in quantum information theory in the second
half of the twentieth century and since. The most general way in which a quantum
mechanical state can influence another state (of the same system at some later time
or of another system) is mathematically described by a so-called quantum channel.
If we for example ask ourselves how the state of the system under interest depends at
a given time on the initial state of the environment it interacts with, this dependence
is described by such a channel. Our main tool in this thesis will be the decoupling
technique [Dup09, DBWR10] which describes the effects the application of a channel
has.

Consider a bipartite quantum-mechanical state, that is, a state consisting of two
parts which are classically and/or quantum mechanically correlated. We consider
that we first apply a unitary to one part of the bipartite state and then input this
part of the state to a quantum channel. The decoupling technique provides conditions
for the channel output

a) being no longer correlated to (that is, being decoupled from) the other part of
the bipartite state and

b) being in a definite state which does not depend on the local input state or the
applied unitary but only on the channel.

This two predictions necessarily go hand in hand in the decoupling framework. By
use of the decoupling technique we are able to reprodue and extend major results
of the described approach [PSW06b, LPSW09, GME11]. When discussing how a
system becomes independent of its initial state or approaches a canoncial state this
references are solely concerned with the b) part of this predictions. We add to the
quantum mechanical system S of interest and the environment E with which it
interacts a third system R which we call the reference. The big picture is depicted
in Figure 1.1. We imagine that the correlations between the reference and the initial
state describe the knowledge an observer has about the initial microstate. The a)
part then predicts decoupling between system and reference. We will see in several
instances how the interactions between S and E destroy the correlations which S
might have to an outside reference. So approaching a thermal state goes in our
description necessarily hand in hand with the loss of an observer’s initial information
about the microstate of the system. Precisely speaking, while at t = 0 access to R
might allow an observer to gain information about S, this is no longer the case when
the system has thermalized.

As an example, let R be a thermometer which is used to measure the temperature
of S before S is put in contact with E. From the point of view of an outside observer

3



t = 0

S

R

E

t > thermalization time

S

R

E
thermalized

Figure 1.1: At t = 0 the system S is correlated to a reference R and put in contact
with an environment E. The interactions between S and E then destroy the correla-
tions between S and R, build correlations between S and E and leave S in a thermal
state. What is not depicted in this figure is that due to the unitary evolution of SE
the correlations between R and the joint system SE are for all times of the same
strength as the initial correlations between R and S.
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without access to R, this measurement leads to correlations between R and S. Having
access to the thermometer after the measurement process, that is, learning the initial
temperature of S, allows him or her to gain information about the microstate of S.
Once the system has thermalized, access to the thermometer which has measured
the initial temperature of S does no longer allow to gain any information about S.

Not only the consequences of decoupling involve the correlations between the ref-
erence and the system, these correlations themselves enter the condition for whether
decoupling occurs in the first place. In cases where the reference is a quantum mem-
ory, correlations between the reference and the initial state are possible which are
stronger than in cases where the reference is classical. Different initial correlation
strengths can provably lead to different predictions about the decoupling behavior
of the system under interest. There are cases in which a classical observer has lost
all his or her initial knowledge about the microstate of S, in contrast to an observer
with access to a reference which was quantum-mechanically entangled with the initial
state. This aspect is somewhat similar to the results of [dRARDV11, BCCRR10].
In this references it is shown that the physics an observer with access to a quantum
memory witnesses is different from what a classical observer witnesses.

1.1 Overview

Our approach requires a considerable amount of technical ingredients. The subse-
quent three Chapters 2, 3 and 4 are dedicated to the development of the tools and
notation we apply in the thesis. In Chapter 3 we provide an introduction to the
smooth entropy calculus and in Chapter 4 to the decoupling technique. With this
tools at hand, strong theorems can be obtained with relative ease. While well-known
facts constitute most of the contenct of these three chapters, some results like the
chain rule Lemma 3.8 or the converse to the decoupling theorem in the form of
Theorem 4.4 were developed specifically for this thesis.

In [PSW06b, LPSW09] it was shown how two corner stones of statistical me-
chanics, the postulate of equal a priori probabilities and thermalization, can be
understood in a quantum world. In Chapters 5 and 6 we reproduce and extend these
results by use of the introduced techniques. Notably we apply the results of [HL09]
about random concatenations of two-qubit interactions

References like [LPSW09, LPSW10, Sho11, GME11] are exclusively concerned
with long-term temporal averages and do not make statements about the state of
the system at a given time. Providing bounds on the time-scales on which thermal-
ization happens remains an open problem [LPSW10, HGJ11]. If we incorporate the
temporal evolution into a quantum channel, the decoupling technique gives sufficient
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and necessary conditions for the time a system needs to become independent of its
initial state. These conditions depend on how fast different entropy measures can be
changed. We will therefore first address this question in Chapter 7. In Chapter 8 we
see that independence of the initial state of the environment is not a matter of time-
scales at all. Combining the conditions obtained from the decoupling theorem and
our results from Chapter 7 allows us to derive in Chapter 9 a rigorous lower bound
on the time which is necessary for independence of the initial state of the system.
Since initial state independence is a necessary condition for thermalization, this also
lower-bounds the system’s thermalization time. We discuss possible improvements
of our criterion. Notably, it becomes literally tight in the case of a quantum memory
suffering the influence of noise. Finally, we apply in Chapter 9 the results of Chapter
8 and prove a result somewhat converse to thermalization. We give sufficient con-
ditions for a system staying close to its initial state of all times. Our result is very
similar to the one derived in [GME11] but shows distinct advantages.
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Chapter 2

Basic concepts of Quantum
Mechanics

We briefly introduce the quantum mechanical concepts and techniques used in this
thesis by use of the notation applied henceforth. For a more thorough introduction
the interested reader is referred to [NC00].

2.1 Hilbert spaces and density operators

A quantum mechanical system A is mathematically described by a Hilbert space
HA
∼= CdA . Throughout this thesis, the dimensions of all Hilbert spaces will be as-

sumed to be finite. Elements ofHA
∼= Hom(C,HA) (we identify these two spaces) are

written in the form |ψ〉A (“ket”, with small greek letters) and elements of Hom(HA,C)
in the form 〈ψ|A (“bra”). Unless explicitly stated otherwise, sets like {|i〉A}i=1,...,dA
(with small latin letters) will always denote an orthonormal basis of HA. We require
that the physical kets be normalised, i.e. 〈ψ|ψ〉 = 1.

The state of a quantum mechanical system A is described by a density matrix
(or density operator) ρA. The set of all density matrices describing states of A
corresponds to the set of positive semi-definite, normalized operators on HA:

S=(HA) := {ρA ∈ Herm(HA) : ρA ≥ 0,Tr ρA = 1} . (2.1)

For technical reasons, we also define the set of sub-normalized density matrices :

S≤(HA) := {ρA ∈ Herm(HA) : ρA ≥ 0,Tr ρA ≤ 1} . (2.2)

7



Density matrices of rank 1 or, equivalently, projectors onto elements of HA are called
pure states. These states can be written in the form

ρA = |ψ〉〈ψ|A (2.3)

where |ψ〉A is determined by ρA up to an irrelevant complex phase. A state ρA is
pure if and only if ρ2

A = ρA ⇔ Tr ρ2
A = 1. Since density operators are positive semi-

definite, every density operator can be written as a linear combination of orthogonal
projectors (spectral decomposition)

ρA =

dA∑
i=1

pi|i〉〈i|A (2.4)

where pi ≥ 0 and
∑dA

i=1 pi = 1. The states |i〉A are the eigenstates of the density
operator ρA. By use of normalization there is only one element in S=(HA) which is
a multiple of the identity. We call the corresponding state fully mixed and denote it
by

πA :=
1A

dA
. (2.5)

We will use the shorthand notation φA ≡ |φ〉〈φ|A. While other small greek letters
like ρ, σ, ω or τ denote general density operators, the letter φ is exclusively used for
pure states.

2.2 Tensor product spaces, purification and en-

tanglement

If we are interested in a bi- (tri-, . . . ) partite quantum mechanical system AB (ABC,
. . . ), its Hilbert space is described by a tensor product space:

HAB = HA ⊗HB (2.6)

where for HA = spanC {|i〉A}i=1,...,dA
and HB = spanC {|j〉B}j=1,...,dB

we have

HA ⊗HB = spanC {|i〉A ⊗ |j〉B}i=1,...,dA;j=1,...,dB
. (2.7)

We will often omit implicit identities which appear as tensor factors on one subsys-
tem, that is

UAρABU
†
A ≡ (UA ⊗ 1B)ρAB(UA ⊗ 1B)† (2.8)
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or

TA→B(ρAR) ≡ (TA→B ⊗ IR)(ρAR) (2.9)

where IR denotes the identity on End (HR). If we are only interested in the state on
subsystem A of a bipartite state on AB, this state can be obtained by tracing out
subsystem B

ρA = TrB ρAB =

dA∑
i,j=1

|i〉〈j|A Tr [|j〉〈i|AρAB] . (2.10)

For ρAB =
∑dA

i,j=1

∑dB
k,l=1 ρAB,ijkl|i〉〈j|A ⊗ |k〉〈l|B we find

ρA =

dA∑
i,j=1

dB∑
k=1

ρAB,ijkk|i〉〈j|A . (2.11)

Every pure state |ψ〉AB can be written in the form

|ψ〉AB =
∑
i

√
pi|i〉A ⊗ |i〉B . (2.12)

This is the so-called Schmidt decomposition of the state |ψ〉AB. The Schmidt coeffi-
cients

√
pi are the square roots of the eigenvalues of the marginals ρA = TrB |ψ〉〈ψ|AB

and ρB = TrA |ψ〉〈ψ|AB, respectively, and {|i〉A} and {|i〉A} their eigenstates. We
will several times make use of the fact that the eigenvalues of the reduced states ρA
and ρB “on both sides” of a pure state are identical. We will usually omit the tensor
product symbol ⊗ and simply write |i〉A|i〉B ≡ |i〉A ⊗ |i〉B.

If we want to emphasize that a state is not necessarily pure, we call it a mixed
state. Every mixed state can be described as a marginal of a pure state (its purifi-
cation), that is for every ρA ∈ S=(HA) we can find a space HP and a pure state
|ψ〉AP ∈ HA ⊗HP such that

ρA = TrP |ψ〉〈ψ|AP . (2.13)

For ρA =
∑

i pi|i〉〈i|A the state |ψ〉AP is of the form

|ψ〉AP =
∑
i

√
pi|i〉A|i〉P (2.14)

and up to the choice of the basis {|i〉P}i, that is, up to a unitary acting on HP ,
uniquely determined by ρA. The fact that we can know “everything” about the

9



state of the joint system AP (which is in a pure state) but have an objective lack of
knowlege about its marginal, the state on A (which is a mixture of different states),
is genuinely quantum mechanical an cannot occur in classical systems.

The key to many genuinely quantum effects is a feature of quantum states called
entanglement. A state in S=(HA ⊗ HB) is called entangled if it cannot be written

in the form
∑

i piρ
(i)
A ⊗ ρ

(i)
B . As an example, the purification of a non-pure state is

always entangled between the original and the purifying system. For HA′
∼= HA we

call

|Ψ〉AA′ :=
1√
dA

dA∑
i=1

|i〉A|i〉A′ (2.15)

the fully entangled state between A and A′. Similarly as for φA we use the shorthand
notation ΨAA′ ≡ |Ψ〉〈Ψ|AA′ . Note that the partial trace of the fully entangled state
is the fully mixed state,

TrA′ ΨAA′ = πA . (2.16)

In contrast to entangled states, we call a state ρAZ on a bipartite system classical
on Z (with respect to the basis {|i〉Z}) if

ρAZ ∈ Herm(HA)⊗ spanC({|i〉〈i|Z}i) . (2.17)

Such states are of the form

ρAZ =
∑
i

piρ
(i)
A ⊗ |i〉〈i|Z . (2.18)

If we discard the quantum system A, we say that a state on the sysem Z is classical
with respect to {|i〉Z} if it is diagonal in this basis.

2.3 CPTPM’s, Choi-Jamio lkowski isomorphism and

Stinespring dilation

Let TA→B denote the most general way in which states on system A can influence
states on system B. Since the set of density operators is convex in the sense that∑

i piρ
(i)
A is a valid density operator whenever the states ρ

(i)
A are valid density oper-

ators, we require the map TA→B to preserve the convex structure of this set, that

10



is

TA→B

(∑
i

piρ
(i)
A

)
=
∑
i

piTA→B
(
ρ

(i)
A

)
. (2.19)

We thus require that the map TA→B be linear. The requirement that the images of
density operators are also valid density operators corresponds to two properties of the
mapping called trace preservation and complete positivity. Whilst the first property
is self-explanatory, the second one requires the map to not only map positive semi-
definite operators to positive semi-definite operators, but to do so even if tensored
with an identity operator of any finite dimension. A linear map fulfilling complete
positivity and trace preservation is simply called a CPTPM. CPTPM’s are sometimes
referred to as quantum channels which carry quantum states over space and time.

Since the handling of density operators is much more pleasant than the handling
of CPTPM’s, it is useful to have a mapping between them known as the Choi-
Jamio lkowski isomorphism [Jam72, Cho75]. Let A′ be a “copy” of the system A, i.e.
HA
∼= HA′ . Then, the Choi-Jamio lkowski isomorphism J is defined by

J : Hom (End(HA),End(HB)) −→ End (HA′ ⊗HB)

TA→B 7−→ J(T ) = TA→B (ΨA′A) . (2.20)

By use of purification and the Choi-Jamio lkowski isomorphism one can prove the
following powerful theorem [Sti55]:

Theorem 2.1 (Stinespring extension). Let TA→B be a CPTPM. Then there exists
a Hilbert space HB′ and an isometry UA→BB′ ∈ Hom(HA,HB ⊗ HB′) such that
∀ρA ∈ S=(HA) we have

TA→B(ρA) = TrB′
(
UρAU

†) . (2.21)

By extending HA in a way so as to make the isometry UA→BB′ unitary, we see
that every CPTPM can be seen as a “fragment” of a unitary on a large enough space.

2.4 Hamiltonians and unitary time evolution

Elements of Herm(HA) are called observables and correspond to principally mea-
surable physical quantities. The dynamics of a quantum mechanical system A are
governed by the observable corresponding to the energy, which is known as the
Hamilton operator of the system. We write it in the form

HA =
∑
k

Ek|Ek〉〈Ek|A ∈ Herm(HA) (2.22)
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where Ek is the eigenvalue (i.e. the energy) of the energy eigenstate |Ek〉A. We
assume this operator to be time-independent. The following von Neumann equation
is a generalization of the Schrödinger equation for mixed states. Setting ~ = 1 it is
given by

∂ρA
∂t

= − i [HA, ρA] . (2.23)

It is solved by

ρA(t) = UAρA(0)U †A (2.24)

with a unitary

UA =
∑
k

e− iEkt|Ek〉〈Ek|A ∈ U(HA) . (2.25)

In component-wise form, we have

ρA(t) =
∑
i,j

ρA,ij(t)|Ei〉〈Ej|A =
∑
i,j

e− i(Ei−Ej)tρA,ij(0)|Ei〉〈Ej|A (2.26)

where

ρA,ij(t) = 〈Ei|ρA(t)|Ej〉 . (2.27)

Since the temporal average of the oscillating term is given by

〈e− i(Ei−Ej)t〉t = lim
t→∞

1

t

∫ t

0

e− i(Ei−Ej)t = δEi,Ej (2.28)

we find for non-degenerate energies (i.e. δEi,Ej = δi,j) the state

〈ρA(t)〉t := lim
τ→∞

1

τ

∫ τ

0

ρA(t)dt =
∑
k

ρA,kk|Ek〉〈Ek| =
∑
k

|Ek〉〈Ek|ρA(0)|Ek〉〈Ek| .

(2.29)

In the case of degenerate energy levels, the |Ek〉〈Ek| terms in the last expressions are
to be replaced by projectors onto the subspaces spanned by all eigenstates with the
same energy.
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2.5 Interaction strengths

In this thesis we will consider a quantum mechanical system S which is interacting
with an environment E. Let the Hamiltonian of the joint system SE be given by
HSE. It can be decomposed into a term acting non-trivially only on S, a term acting
non-trivially only on E and an “interaction term”. So,

HSE = HS ⊗ 1E + 1S ⊗HE +Hint . (2.30)

Given HSE the above decomposition is not unique. We may add a term H0 to the
decomposition which is proportional to 1SE. Then, requiring that the operators HS

and HE be traceless and that both partial traces of Hint vanish [LPSW10, Gog10a,
Gog10b, RKIA11] makes the decomposition unique. Explicitly, we find in this case

H0 :=
1

dSdE
TrSE (HSE) · 1SE , (2.31)

HS :=
1

dE
TrE (HSE)− 1

dSdE
TrSE (HSE) · 1S , (2.32)

HE :=
1

dS
TrS (HSE)− 1

dSdE
TrSE (HSE) · 1E (2.33)

and

Hint := HSE −H0 −HS ⊗ 1E − 1S ⊗HE

= HSE + TrSE (HSE) · πSE − TrE (HSE)⊗ πE − πS ⊗ TrS (HSE) . (2.34)

The operators H0, HS ⊗ 1E and 1S ⊗ HE will be eliminated when computing
certain commutators and traces. Bounds on physical quantities in S (specifically,
the rate with which local entropy measures can be changed) will thus contain the
term ‖Hint‖∞ as their sole explicit dependence on HSE which is then called the
“interaction strength” [GHH07, Gog10a, Gog10b, RKIA11]. Such bounds will be
derived in Chapter 7.

Shifting all energy levels by a certain amount is physically irrelevant. It can be
seen from (2.23) or (2.26), for example, that only the differences between the energy
levels and not their absolute value is relevant for the quantum mechanical evolution.
Hint as defined in (2.34) is indeed invariant under a shift of all energy levels.

Still, an upper bound which involves the term ‖Hint‖∞ can easily be improved
without any further work. If we add a multiple of the identity to Hint alone it will be
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eliminated in a commutator in all of the references cited. We may therefore shift all
eigenvalues of Hint by a certain constant which is such that ‖Hint‖∞ is minimized.
We will therefore use the quantity

∆(Hint) := 2 min
λ∈R
‖Hint − λ1SE‖∞ = λmax(Hint) + λmax(−Hint) (2.35)

to measure interaction strengths. Unlike ‖Hint‖∞, ∆(Hint) is now also invariant
under an irrelevant shift of the eigenvalues of Hint. ∆(Hint) is twice the minimal
value ‖Hint‖∞ can take when shifting all energy levels by the same amount. This
allows to replace ‖Hint‖∞ by 1

2
∆(Hint). Furthermore, when using ∆(Hint) as the

measure of the interaction strength the second summand in definition (2.34) becomes
irrelevant. For this reason, when calculating ∆ (Hint), we will use

Hint = HSE − TrE HSE ⊗ πE − πS ⊗ TrS HSE . (2.36)

An upper bound which involves ∆(Hint) can in general be further optimized. A
commutator or trace which becomes zero for HS ⊗ 1E or 1S ⊗HE will also become
so for µ ·HS ⊗ 1E or ν · 1S ⊗HE, respectively, with µ, ν ∈ R. Instead of (2.36) we
may therefore define

H̃int := HSE − µ · TrE HSE ⊗ πE − ν · πS ⊗ TrS HSE (2.37)

where µ, ν ∈ R are chosen such that ∆
(
H̃int

)
is minimized. Simple examples show

that this leads in general to better results. For instance, let HSE = |1〉〈1|S ⊗ |1〉〈1|E.
We find

‖Hint‖∞ = max

{
1− 1

dS
− 1

dE
+

1

dSdE
,

1

dS
− 1

dSdE
,

1

dE
− 1

dSdE
,

1

dSdE

}
, (2.38)

and

∆ (Hint) = 1− 1

max {dS, dE}
. (2.39)

A straightforward case-by-case analysis shows that the optimal values to define H̃int

are given by µ = dE
2

and ν = dS
2

which yields ∆
(
H̃int

)
= 1

2
. At least in this example,

the bounds do not only become stronger when replacing ‖Hint‖∞ by 1
2
∆ (Hint) and

∆ (Hint) by ∆
(
H̃int

)
, but also significantly simpler.

The relevant commutators or traces which are vanishing for HS ⊗1E or 1S ⊗HE

vanish for any operator of the form PS ⊗ 1E or 1S ⊗ QE, respectively, with PS ∈
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Herm(HS) and QE ∈ Herm(HE). An upper bound involving ∆
(
H̃int

)
may thus be

optimized even further by use of

Ĥint := HSE − PS ⊗ πE − πS ⊗QE (2.40)

where PS and QE are chosen such that ∆
(
Ĥint

)
is minimized. Finding the optimal

operators PS ∈ Herm(HS) and QE ∈ Herm(HE) such that

min {λ ≥ 0 : −λ1SE ≤ HSE − PS ⊗ πE − πS ⊗QE ≤ λ1SE} (2.41)

is minimized actually defines a semidefinite program.
We have no further results on this issue and leave it as an open problem how

to determine ∆
(
Ĥint

)
. We do not know whether there are cases where Ĥint differs

from H̃int.
In [LPSW10] an upper bound proportional to ‖HS ⊗ 1E +Hint‖∞ is derived. Our

discussion applies analogously.
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Chapter 3

Entropy measures

3.1 Classical entropy measures

The Shannon entropy as introduced in [Sha48] is defined as

H({p1, . . . , pn}) := −
n∑
i=1

pi log pi (3.1)

where log denotes the binary logarithm. It describes the averaged uncertainty about
the outcome of a random variable distributed according to the probability distribu-
tion {p1, . . . , pn}. For the case of n = 2 we find the binary Shannon entropy

H(p) := H({p, 1− p}) = −p log(p)− (1− p) log(1− p) . (3.2)

By use of Stirling’s approximation one can show that for large n

log

(
n

pn

)
≈ nH(p) . (3.3)

3.2 Von Neumann entropy

The von Neumann entropy H(A)ρ is a generalization of the Shannon entropy to the
case of quantum states

H(A)ρ := −Tr (ρA log ρA) . (3.4)

It corresponds to the Shannon entropy of the eigenvalues of ρA. Its conditional
version is defined by

H(A|B)ρ := H(AB)ρ −H(B)ρ . (3.5)
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This quantity, roughly speaking, measures how uncertain we are on average about
A if we have access to B. For a state ρAB =

∑
i piρ

(i)
A ⊗ |i〉〈i|B which is classical on

B we have, for example,

H(A|B)ρ =
∑
i

piH(A)
ρ

(i)
A
. (3.6)

The mutual information between systems A and B measures how strongly the two
systems are correlated in a state ρAB:

I(A : B)ρ := H(A)ρ −H(A|B)ρ = H(A)ρ +H(B)ρ −H(AB)ρ . (3.7)

We have

− log dA ≤ H(A|B)ρ ≤ log dA (3.8)

and

0 ≤ I(A : B)ρ ≤ 2 log dA (3.9)

where H(A|B)ρ < 0 and I(A : B)ρ > log dA can only be achieved if A and B are
quantum-mechanically entangled. Table 3.1 captures some archetypical examples of
bipartite quantum states which are used repeatedly throughout the thesis.

ρAB H(A|B) I(A : B)

πA ⊗ |1〉〈1|B log dA 0
ρA ⊗ ρB H(A)ρ 0∑

i pi|i〉〈i|A ⊗ |i〉〈i|B 0 H({pi}i)
ΨAB − log dA 2 log dA

Table 3.1: Values of H(A|B) and I(A : B) for different states ρAB

3.3 Rényi entropies

We review multiple entropy measures which provide alternatives to the usual von
Neumann entropy. Hmin and Hmax are introduced due to their direct physical rele-
vance, HR, H0 and H2 as auxiliary quantities.

For ρAB ∈ S≤(HAB) we define the min-entropy of A conditioned on B as

Hmin(A|B)ρ := sup
σB∈S=(HB)

sup
{
λ ∈ R : 2−λ1A ⊗ σB ≥ ρAB

}
(3.10)
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and the max-entropy of A conditioned on B as

Hmax(A|B)ρ := sup
σB∈S=(HB)

log [F (ρAB,1A ⊗ σB)]2 . (3.11)

For a trivial system B they simplify to Hmin(A)ρ = − log λmax(ρ) and Hmax(A)ρ =
2 log Tr

√
ρA. From [TCR09, Lemma 2] and [TCR10, Lemma 20] we have for ρAB ∈

S=(HAB) that

− log dmin ≤ Hmin(A|B)ρ ≤ H(A|B)ρ ≤ Hmax(A|B)ρ ≤ log dA (3.12)

where dmin := min {dA, dB}.
An example of the operational significance of Hmin(A|B)ρ is that its negative

quantifies the maximal number of fully entangled bits achievable from ρAB with
local operations restricted to B. Hmax(A|B)ρ quantifies, for instance, how random
A appears (when used to generate a key, for example) from the point of view of an
adversary with access to B [KRS09].

For technical reasons we introduce a quantity known as Rényi entropy of order 2
or quantum collision entropy.

H2(A)ρ = − log(Tr ρ2
A) . (3.13)

Some authors introduce a quantity

deff(ρA) :=
1

Tr ρ2
A

≡ 2H2(A)ρ (3.14)

called effective dimension [PSW06b, LPSW09] and its inverse

p(ρA) := Tr ρ2
A ≡ 2−H2(A)ρ (3.15)

called purity [GHH07, Gog10b, RKIA11]. While the purity is often easier to handle
analytically than the logarithmic entropy measures, we will, however, stick to the
latter in this thesis whenever possible. This is because the entropic quantities are
extensive, i.e. they scale with the size of the system under consideration which allows
for a better interpretation in terms of physical quantities like the number of particles
in the system. Furthermore, we will generalize results of [PSW06b] and [LPSW09] to
a form that makes entropy measures necessary which, unlike the effective dimension,
have a conditional form.

Let p1 ≥ p2 ≥ . . . ≥ pdA ≥ 0 denote the eigenvalues of ρA (thus
∑dA

i=1 pi = 1).
Then the inequalities √√√√ dA∑

i=1

p2
i ≥ p1 = p1 · (

dA∑
i=1

pi) ≥
dA∑
i=1

p2
i (3.16)
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translate into √
p(ρ) ≥ ‖ρ‖∞ ≥ p(ρ) (3.17)

or

1

2
H2(A)ρ ≤ Hmin(A)ρ ≤ H2(A)ρ . (3.18)

As a further auxiliary quantity we introduce the Rényi entropy of order 0 which
is simply defined as

H0(A)ρ = log rank(ρA) . (3.19)

The last auxiliary entropy measure we introduce is

HR(A)ρ := − sup
{
λ ∈ R : ρA ≥ 2λ · ρ0

A

}
(3.20)

where ρ0
A denotes the projector onto supp(ρA).

All entropy measures introduced above can be seen as special cases or limits of
the Rényi entropy of order α which is defined as

Hα(A)ρ :=
1

1− α
log Tr ραA . (3.21)

The factor 1
1−α is such hat the entropies coincide for every α if the distribution of the

eigenvalues of ρA is flat, i.e. if ρA is proportional to a projector. While H 1
2

= Hmax

we recover the von Neumann entropy H in the limit α→ 1 and Hmin and HR in the
limits α→∞ and α→ −∞, respectively.

In conclusion, we have

H−∞︸ ︷︷ ︸
HR

≥ H0︸︷︷︸
log rank ρ

≥ H 1
2︸︷︷︸

Hmax

≥ H1︸︷︷︸
H

≥ H2︸︷︷︸
− log p(ρ)

≥ H∞︸︷︷︸
Hmin

(3.22)

where the inequalities are either trivial or due to [TCR10, Lemma 3].

3.4 Fidelity and distance measures

Severel notions of the distance or similarity of two quantum states are useful for
different problems. The 1-norm of an operator M ∈ End(H) is

‖M‖1 := Tr
√
M †M . (3.23)
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For M =
∑

i λi|i〉〈i| ∈ Herm(H) we have

‖M‖1 = Tr |M | =
∑
i

|λi| . (3.24)

The metric ‖ρ− σ‖1 induced by this norm is called trace distance.1 Its relevance is
basically due to the fact that the maximal probability to distinguish correctly be-
tween ρ and σ by a measurement solely depends on their trace distance and increases
linearly with it [Hel69]. In fact it is given by

pX,max =
1

2

(
1 +

1

2
‖ρ− σ‖1

)
. (3.25)

If two states have a small trace distance, Fannes’ inequality [NC00] tells us that
their von Neumann entropy is similar.

Theorem 3.1 (Fannes’ inequality). Let ρA, σA ∈ S=(HA) and define η(x) := −x log(x).
Then

|H(A)ρ −H(A)σ| ≤ log dA · ‖ρ− σ‖1 + η (‖ρ− σ‖1) . (3.26)

While the trace distance is invariant under unitaries, it is in general not so under
purifications. For this reason, another distance measure is more appropriate for some
purposes.

A notion of the similarity of two states is given by the fidelity which generalizes
the Hilbert space scalar product to mixed states. For ρ, σ ∈ S≤(H) it is defined by

F (ρ, σ) :=
∥∥√ρ√σ∥∥

1
. (3.27)

If one of the states is pure, say ρ = |ψ〉〈ψ|, we have

F (|ψ〉〈ψ|, σ) :=
√
〈φ|σ|φ〉 . (3.28)

The fidelity can only increase under CPTPM’s (e.g. partial traces) [NC00], i.e.

F (T (ρ), T (σ)) ≥ F (ρ, σ) . (3.29)

Many important properties involving the fidelity can be derived from the following
theorem [Uhl76].

1 Note that he trace distance is often introduced with an additional factor 1
2 in the literature

in order to bound it by 0 and 1. We omit this factor since it would merely lead to an additional
factor 1

2 in many results.
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Theorem 3.2 (Uhlmann’s theorem). For ρ, σ ∈ S=(H) we have

F (ρ, σ) = max
|ψ〉,|φ〉

|〈ψ|φ〉| (3.30)

where the maximum is over all purifications |ψ〉 of ρ and |φ〉 of σ. For a fixed
purification |ψ〉 it suffices to maximize over all |φ〉.

The fidelity and the trace distance are essentially equivalent measures of the
distance/similarity of two states ρ, σ ∈ S=(H), as shown by the Fuchs-van de Graaf
inequalities [FvdG99]

1− F (ρ, σ) ≤ 1

2
‖ρ− σ‖1 ≤

√
1− F (ρ, σ)2 . (3.31)

By use of the fidelity we can define a distance measure satisfying many natural
conditions. We first indroduce the generalized fidelity for subnormalized states ρ, σ ∈
S≤(H)

F̄ (ρ, σ) := F (ρ, σ) +
√

(1− Tr ρ) (1− Tr σ) (3.32)

which coincides with the usual fidelity if at least one of the states is normalized. This
allows us to define the purified distance

P (ρ, σ) =
√

1− F̄ (ρ, σ)2 . (3.33)

As its name suggests, the purified distance is the minimal trace distance between
purifications of the normalized states ρ and σ for (if the trace distance is defined
with a prefactor 1

2
). For subnormalized states ρ, σ ∈ S≤(H) the purified distance

satisfies the following properties [TCR10]:

• It is a metric.

• It cannot increase under CPTPM’s.

• It is invariant under extensions and purifications in the sense that for every
extension (purification) ρ̄ of ρ we can find an extension (purification) σ̄ of σ
such that P (ρ, σ) = P (ρ̄, σ̄).

We can find a statement similar to the Fuchs-van de Graaf inequalities for the purified
distance and for subnormalized states.
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Lemma 3.3. For ρ, σ ∈ S≤(H) we have

1

2
‖ρ− σ‖1 ≤ P (ρ, σ) ≤

√
2 ‖ρ− σ‖1 . (3.34)

If ρ, σ ∈ S=(H) we have

1

2
‖ρ− σ‖1 ≤ P (ρ, σ) ≤

√
‖ρ− σ‖1 . (3.35)

Proof. Combining [TCR10, Definition 1 and Lemma 6] we have

1

2
‖ρ− σ‖1 +

1

2
|Tr ρ− Tr σ| ≤ P (ρ, σ) ≤

√
‖ρ− σ‖1 + |Tr ρ− Tr σ| . (3.36)

The second statement then follows trivially, the first statement follows with the
observation that

|Tr ρ− Tr σ| ≤ ‖ρ− σ‖1 . (3.37)

By use of the purified distance we are able to define neighbourhoods of mixed
states. For ρ ∈ S≤(H) and ε ≥ 0 with Tr ρ ≥ ε2 we define an ε-ball in S≤(H) around
ρ as

Bε(ρ) := {σ ∈ S≤(H) : P (ρ, σ) ≤ ε} . (3.38)

From the triangle inequality for P we find the following triangle inequality for the
ε-balls:

τ ∈ Bε(ρ) ∧ σ ∈ Bε′(τ)⇒ σ ∈ Bε+ε′(ρ) . (3.39)

For more details about the purified distance and ε-balls we refer to [TCR10].

3.5 Smooth entropy measures

A problem with the conditional min- and max-entropies introduced in Section 3.3
is that they are sensitive to small variations of the state on which they are defined
whereas the physical quantities we are bounding with them generally are not. Fol-
lowing an idea first introduced to quantum mechanics in [RW04] we will therefore
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use “smooth” versions of these entropy measures.2 Roughly speaking, the smoothing
means that states which are highly untypical do not have to be taken into account.

For ε ≥ 0 and ρAB ∈ S≤(HAB) we define the ε-smooth min-entropy of A condi-
tioned on B as

Hε
min(A|B)ρ := sup

ρ̂AB∈Bε(ρAB)

Hmin(A|B)ρ̂ (3.40)

and the ε-smooth max-entropy of A conditioned on B as

Hε
max(A|B)ρ := inf

ρ̂AB∈Bε(ρAB)
Hmax(A|B)ρ̂ . (3.41)

Since all Hilbert spaces in this thesis are finite dimensional, we can and will replace
the suprema and infima by maxima and minima, respectively. In particular, we will
make use of the fact that there is a state in the ε-ball which achieves the extremal
value. Note that Hε

min(A|B)ρ is monotously increasing and Hε
max(A|B)ρ monotously

decreasing in ε.
The relevance of smooth entropies is due to the fact that they are relevant in one-

shot scenarios, where ε usually plays the role of an error probability. On the other
hand, the von Neumann entropy is mainly relevant in an i.i.d. scenario. Hε

max(A|B),
for example, quantifies the entanglement cost of quantum state merging with a cer-
tain error probability [Ber09]. It also quantifies the work cost to erase system A
conditioned on a memory B, except with a certain probability [dRARDV11].

Throughout the thesis we will find upper bounds for distances which contain a
term like 2−

1
2
Hε

min(Ω|R) (which monotously decreases with growing ε) and a term like
12ε. Such a bound is strictly stronger than a non-smooth one, since the value of ε
which optimizes (i.e. minimizes) the bound is in general different from 0.

The smooth min- and max-entropy are dual to each other in the sense that if
ρABC ∈ S≤(HABC) is pure we have [TCR10]

Hε
min(A|B)ρ = −Hε

max(A|C)ρ . (3.42)

Furthermore, Hε
min(A|B)ρ is invariant under isometries acting on A or B, i.e. it

does not depend on the Hilbert space used to represent the density operator locally.
These two properties of the smooth entropy measures crucially depend on the choice
of P as the relevant distance measure. The smooth entropy measures share natural

2 Note that some of the references like [Ren05, TCR09, Dup09] use older definitions for the
smoothing procedure and relations found therein may therefore not be valid with the definition
used in this thesis, which is based on [TCR10].
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properties with the usual von Neumann entropy like strong subadditivity [TCR10,
footnote 7]

Hε
min(A|BC)ρ ≤ Hε

min(A|B)ρ and

Hε
max(A|BC)ρ ≤ Hε

max(A|B)ρ . (3.43)

It can be seen from the Schmidt decomposition (2.12) that for a pure state φAB the
entropies of the marginals on the A- and B-subsystem are identical. This observation
generalizes to the case of the smooth entropy measures.

Lemma 3.4. Let φAB ∈ S=(HA ⊗HB) be a pure state. Then,

Hε
min(A)φ = Hε

min(B)φ and

Hε
max(A)φ = Hε

max(B)φ . (3.44)

Proof. Since TrA φAB and TrB φAB have the same eigenvalues, there is an isometry
mapping one to the other. The statement then follows directly from the invariance
of the smooth entropy measures under isometries.

The smooth min- and the 2-entropy are essentially equivalent measures of quan-
tum entropy in the sense that besides (3.18) we have

Hε
min(A)ρ +

1

2
log

2

ε2
≥ H2(A)ρ ≥ Hmin(A)ρ (3.45)

where the first inequality stems from [TCR09, Theorem 7]. While the smooth min-
entropy has an operational relevance and is easy to handle by use of chain rules
(c.f. Section 3.6), the collision entropy is sometimes easier to handle analytically.

While the smooth entropy measures coincide (for ε→ 0) with the von Neumann
entropy for probability distributions which are essentially flat3 they are strictly more
general. We discover the von Neumann entropy from the smooth entropy measures
in an i.i.d. (independent and identically distributed) scenario.

Theorem 3.5 (Fully Quantum Asymptotic Equipartition Property). [TCR09] Let
ε > 0 and let ρAB ∈ S=(HA ⊗HB). Then,

lim
ε→0

lim
n→∞

1

n
Hε

min(A|B)ρ⊗n = H(A|B)ρ (3.47)

lim
ε→0

lim
n→∞

1

n
Hε

max(A|B)ρ⊗n = H(A|B)ρ . (3.48)

3As it is the case in the first, third and fourth example in Table 3.1, while we obtain

Hε
min(A|B)ρA⊗ρB = Hε

min(A)ρA (3.46)

for a product state.
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3.6 Chain rules

In order to deal with the introduced smooth entropy measures, chain rules are indis-
pensable.

Lemma 3.6. [DBWR10, Lemma A.6.] Let ε > 0, ε′, ε′′ ≥ 0 and ρABC ∈ S=(HABC).
Then,

Hε′

min(A|BC)ρ ≤ Hε+2ε′+ε′′

min (AB|C)ρ −Hε′′

min(B|C)ρ + log
2

ε2
. (3.49)

In the other direction (i.e. in order to lower-bound Hε
min(A|B)ρ), we will use two

chain rules neither of which is stronger than the other. Since we will not need it,
we omit the conditioning system C. While the chain rule given in Lemma 3.7 may
look more useful than the chain rule in Lemma 3.8, the huge advantage of the latter
is that it allows us to express the condition for decoupling (c.f. Chapter 4) in a way
which is tight up to differences between smooth min- and max-entropies and small
correction terms.

Lemma 3.7. For any ε ≥ 0, ρAB ∈ S≤(HA ⊗HB) we have

Hε
min(A|B)ρ ≥ Hε

min(AB)ρ − log dB . (3.50)

Proof. Choose ρ̃AB ∈ Bε(ρ)AB such that Hmin(AB)ρ̃ = Hε
min(AB)ρ. From [Ren05,

Lemma 3.1.10.]4 we have

Hmin(A|B)ρ̃ ≥ Hmin(AB)ρ̃ −H0(B)ρ̃ . (3.51)

By definition Hε
min(A|B)ρ ≥ Hmin(A|B)ρ̃ and H0(B)ρ̃ ≤ log dB and hence the asser-

tion.

Lemma 3.8. Let ε > 0 and ρAB ∈ S=(HA ⊗HB). Then,

Hε
min(A|B)ρ ≥ H

ε
2
min(AB)ρ −H

ε
2
max(B)ρ − 2 · log

24

ε2
. (3.52)

Proof. Most of our proof follows a similar line of argument like the proof of [BCR09,
Lemma B.12.]. Since HR(A)ρ is the negative logarithm of the smallest non-zero
eigenvalue of ρ it is obvious that HR(A)ρ ≥ H0(A)ρ. Using (3.51) we find

Hmin(A|B)ρ ≥ Hmin(AB)ρ −H0

≥ Hmin(AB)ρ −HR(B)ρ . (3.53)

4 Note that the quantity called Hmax in [Ren05] differs from ours. Hmin(A|B)ρ ≥ Hmin(AB)ρ−
Hmax(B)ρ does not hold.
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By the definition of the smooth min-entropy and (3.53) we have

Hε
min(A|B)ρ ≥ max

ρ̂AB∈Bε(ρAB)
{Hmin(AB)ρ̂ −HR(B)ρ̂}

≥ max
ωAB∈B

ε
2 (ρAB)

{
max
ΠB

[Hmin(AB)ΠBωΠB −HR(B)ΠBωΠB ]

}
. (3.54)

The maximum maxΠB ranges over all 0 ≤ ΠB ≤ 1B such that ΠBωABΠB ∈ B
ε
2 (ωAB)

and hence by use of the triangle inequality eqn. (3.39) ΠBωABΠB ∈ Bε(ρAB). Using
the auxiliary Lemma A.1 we find

Hε
min(A|B)ρ ≥ max

ωAB∈B
ε
2 (ρAB)

{
Hmin(AB)ω −min

ΠB
[HR(B)ΠBωΠB ]

}
. (3.55)

As a next step we choose ωAB = ω̃AB ∈ B
ε
2 (ρAB) such that H

ε
2
min(AB)ρ = Hmin(AB)ω̃.

Hence we get

Hε
min(A|B)ρ ≥ H

ε
2
min(AB)ρ −min

ΠB
[HR(B)ΠBω̃ΠB ] , (3.56)

where now the maximum maxΠB ranges over all 0 ≤ ΠB ≤ 1B such that ΠBω̃ABΠB ∈
B ε

2 (ω̃AB). Using Lemma A.2 we can choose 0 ≤ ΠB ≤ 1B with ΠBω̃ABΠB ∈ B
ε
2 (ω̃AB)

such that

HR(B)ΠAω̃ΠA ≤ H
ε2

24
max(B)ω̃ − 2 · log

ε2

24
. (3.57)

From this we finally obtain

Hε
min(A|B)ρ ≥ H

ε
2
min(AB)ρ −H

ε2

24
max(B)ω̃ + 2 · log

ε2

24

≥ H
ε
2
min(AB)ρ −H

ε
2
max(B)ρ + 2 · log

ε2

24
. (3.58)

3.7 Uncertainty about the initial state

Consider a system S in contact with an environment E. We do not make any
assumptions about the “system” and the “environment” apart from the requirement
that the Hilbert space of the joint system be a product space HSE

∼= HS ⊗ HE.
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For example, looking at a large number of equivalent particles, S may consist of any
subset of them. In particlar, the environment does not have to be a heat bath or in
thermal equilibrium.

We introduce a subspace HΩ ⊆ HS ⊗ HE which describes some knowledge we
have about the initial state. When talking about macroscopic physical systems, we
usually do not have exact knowledge about their microstate, which would mean that
we simultanously have measured the state of an enormous number of constituent
particles. We will usually only have knowledge about macroscopic observables like
the volume, pressure, temperature or magnetization of the system. We do therefore
in general not assume that we know the exact initial state of SE but only that its
support is restricted to some substace of HS ⊗HE.

Imagine that we measure an operator ASE =
∑

i ai|ai〉〈ai|SE ∈ Herm(HS ⊗HE).
Realistic measurement devices always show a finite imprecision. We can therefore
only know that the measurement outcome lies in an interval [Σ,Σ + ∆]. In this case,
the support of the initial density matrix is restricted to

HΩ := spanC {|ψ〉 ∈ HS ⊗HE : A|ψ〉 = ξ|ψ〉, ξ ∈ [Σ,Σ + ∆]} ⊆ HS ⊗HE . (3.59)

If the operator ASE commutes with the Hamiltonian HSE, the temporal evolution will
preserve the space HΩ and the support of the state under interest will be restricted
to HΩ for all times. In general, however, this will not be the case.

The measurement leads to correlations between SE and the measurement device.
We take in this thesis a more general point of view and assume that the state of SE
is initially correlated to any system R, which we simply calle the reference. R does
not have to be a classical measurement device but may also be a quantum memory.
Let the density matrix of the joint initial state on SER be given by

ρSER ∈ S=(HΩ ⊗HR) . (3.60)

This in particular implies according to (3.12) that

− log dΩ ≤ Hε
min(SE|R)ρ ≤ log dΩ (3.61)

for ε→ 0.
As an example, if the observer has some classical information about the initial

state, this might be described as ρSER =
∑

i piρ
(i)
SE ⊗ |i〉〈i|R, which yields a non-

negative conditional min-entropy [DBWR10, Lemma A.5]

Hmin(SE|R)ρ = − log

(∑
i

pi2
−Hmin(SE)

ρ(i)

)
. (3.62)
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Now assume that we know the initial state only up to a unitary acting on HΩ, so
it may be every state of the form UΩρSERU

†
Ω with UΩ ∈ U(Ω). If we discard R for a

moment, this is equivalent with saying that we know the eigenvalues of ρSE but not
its eigenstates. If ρSE is pure, this means that it may be any pure state on HΩ. As
is apparent from eqn. (3.62), Hε

min(SE|R) describes the averaged uncertainty about
the initial state an observer with access to R has, which is due to the mixture on
SE. This term is invariant under any unitary USE ∈ U(HS ⊗HE). If we now know
the initial state only up to a unitary on HΩ, this additional uncertainty will manifest
itself in log dΩ terms. With the interpretation of HΩ given in (3.59), log dΩ is the
larger, the larger the measurement uncertainty ∆ is. The sum of this term and the
entropic term describes therefore our total ignorance about the initial state.

uncertainty about initial state = Hε
min(SE|R)ρ︸ ︷︷ ︸

due to mixture

+ log dΩ︸ ︷︷ ︸
about eigenstates

. (3.63)

While Hε
min(SE|R)ρ might be negative if there are quantum mechanical correlations

between the initial state and the reference, this total uncertainty about the initial
state is according to eqn. (3.61) always non-negative.

The relevance of the previous paragraph is the following. We will derive state-
ments which show that if the uncertainty about the initial state as defined above is
high enough, then almost all states (in a Haar measure sense) of the form UΩρSERU

†
Ω

will yield the same output after the application of a certain channel. In these cases,
the higher the uncertainty about the channel input (as introduced above) the lower is
the variance in the channel outputs. The “uncertainty about the initial state” there-
fore quantifies the lack of distinguishability of different states of the form UΩρSERU

†
Ω

are after applying the channel.
In Chapter 5 we will adapt a different interpretation of UΩρSERU

†
Ω. There, we

understand HΩ as describing some macroscopic constraint or conservation law. Cor-
respondingly, we understand UΩ as a physical evolution ρSER may undergo, which is
restricted to HΩ. Accordingly, we interpret log dΩ as the uncertainty which is due to
the evolution UΩ and make predictions which hold after most evolutions restricted
to HΩ.
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Chapter 4

Decoupling

The idea of decoupling was first introduced in [HOW05] and generalized in [Dup09].
A concise introduction to the decoupling technique which makes use of the smooth-
ing procedure introduced in the previous chapter can be found in [DBWR10]. The
decoupling technique was originally developed for information-theoretical purposes
like the problem of transmission of quantum data over a noisy quantum channel.
In this problem we want to ensure that there are strong correlations in the final
state between the input and output of a channel. The basic idea is that this can
be achieved by destroying the correlations between this final state and a purifying
environment. Further information-theoretical applications include information lock-
ing [Dup09] and state merging [ADHW06, DBWR10]. Physical applications include
the study of information retrieval from an evaporating black hole (assuming that
the internal dynamics of the black hole can be modelled by a Haar measure random
unitary) [HP07] and evaluation of the work cost which is necessary for the erasure
of a quantum mechanical system [dRARDV11].

4.1 The theorem

Consider an initial state ρ of system A which is correlated to a reference system R.
We first apply a unitary UA on system A and then a mapping TA→B. The decoupling
theorem predicts that if the averaged entropy of the initial state given access to the
reference (measured by Hε

min(A|R)ρ) is high enough and/or the mapping is good
enough at destroying correlations (measured by Hε

min(A′|B)τ where τA′B = J(T ))
the final state on B will be decoupled from the reference R and will be in a definite
state which does not depend on the channel input (and in particular on UA). The
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higher the sum of the two terms is, the closer is the channel output on average to
the decoupled state.

To get a feeling for the two entropic terms informally introduce above, consider
the simple examples in Table 4.1 which are also given in [DBWR10].

Description of initial state ρAR Hε
min(A|R)ρ

Fully mixed on A, indep. of R πA ⊗ ρR log dA
Classically correlated, pure on A

∑dA
i=1 pi|i〉〈i|A ⊗ |i〉〈i|R 0

Fully entangled ΨAR − log dA

Description of mapping T Hε
min(A′|B)τ

Erasure of A σA 7→ |0〉〈0|A log dA
Orthogonal measurement on A σA 7→

∑dA
k=1 |k〉〈k|Aσ|k〉〈k|A 0

Identity on A σA 7→ σA − log dA

Table 4.1: Entropic quantities specifying the initial state ρAR and the mapping TA→B
in the case ε → 0. {|i〉R}i=1,...,dA

and {|k〉A}k=1,...,dA
are orthonormal bases whereas

{|i〉A}i=1,...,dA
is not necessarily orthonormal.

Formally, we have the following theorem which generalizes most previous decou-
pling results [DBWR10].

Theorem 4.1 (Decoupling theorem). Let ε > 0, ρAR ∈ S=(HAR) and TA→B a
CPTPM with Choi-Jamio lkowski representation τA′B = J(T ). Then,∫

U(A)

||T (UρARU
†)− τB ⊗ ρR||1dU ≤ 2−

1
2
Hε

min(A|R)ρ− 1
2
Hε

min(A′|B)τ + 12ε (4.1)

where
∫
U(A)

. . . dU denotes the integral over the Haar measure on all unitaries U on
A.

Note that the state on system B appearing in the theorem is the one obained
from applying the mapping to a uniform input,

τB = TrA′ τA′B

= TrA′ TA→B (ΨA′A)

= TA→B (TrA′ ΨA′A)

= TA→B (πA) . (4.2)

As a further example for Hε
min(A′|B)τ , consider a system A consisting of m + n

qubits and the mapping TA→B which is just the partial trace over n qubits, leaving
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the remaining m qubits which form system B untouched. Then Hε
min(A′|B)τ =

n − m for small ε. The more we trace out and the less we leave untouched the
better we are at destroying correlations between A and its copy A′ and thus at
decoupling. We recover the identity and erasure in Table 4.1 as special cases. We
recall that by Theorem 2.1 every channel TA→B can be written as a concatenation
of an isometry UA→BB′ (which leaves entropies unchanged) and a partial trace over
B′.1 The entropy Hε

min(A′|B)τ therefore basically measures how much is traced out
when applying TrB′ . From this insight we can anticipate an important principle we
will encounter several times during this thesis. When discussing dependencies of the
system S under interest on its environment E we are dealing with mappings of the
form TE→S = TrS′ ◦UE→SS′ . From the definition of an isometry we have dE ≤ dSdS′ .
So when E is considerably larger than S, the partial trace over S ′ and thus TE→S is
always “good at decoupling”. If we obtain decoupling the channel output does not
depend on the input. Hence independence of the environment is the generic case for
systems which are considerably smaller than it. A system cannot sensitively depend
on another system which is much larger than itself. The same argument does not
apply when discussing dependencies S → S (like the dependency of the temporal
average of S or its state at some later time on its initial state). Hence for S becoming
independent of its own initial state is a more subtle issue than becoming independent
of the initial state of E. The ability of partial traces to “destroy correlations” may
be seen as the fundamental reason behind this observation, which has already been
made in [LPSW09].

4.2 Haar measure averages

For a non-negative random variable X with expectation value E(X) Markov’s in-
equality tells us that

Pr [X > K] <
E(X)

K
. (4.3)

If E(X) is small choosing e.g. K =
√
E(X) yields a high probability for a small

outcome. If we average over the natural Haar measure on a high dimensional ball, a
much stronger statement known as Levy’s Lemma can be obtained.

Consider a function

f : {|ψ〉 ∈ H : 〈ψ|ψ〉 = 1} −→ C
1B′ is here in general not a copy of B.
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defined on a high dimensional unit sphere which has a finite Lipschitz constant. Since
|ψ〉 and eiα|ψ〉 yield the same pure state |ψ〉〈ψ|, we restrict ourselves to functions
f(|ψ〉) which do not depend on the phase of their argument. We write 〈f(|ψ〉)〉ψ to
denote the Haar measure average of f over all elements of the unit sphere. Levy’s
Lemma [MS01] tells us that if we pick |φ〉 from the Haar measure on the unit sphere
we have an exponentially small probability that f(|φ〉) is far from 〈f(|ψ〉)〉ψ. The
set of all pure states of a quantum mechanical system can be identified with the
unit sphere in a Hilbert space. Levy’s lemma is therefore useful to turn statements
about the average of functions defined on these pure states into exponentially strong
statements about the probability of obtaining an outcome which considerably differs
from this average [PSW06b, LPSW09].

In this thesis we do not only consider kets but general quantum mechanical states,
that is we work with the set S=(H). For a function

f : S=(H) −→ C
we write ∫

U(H)

f(UρU †)dU

to denote the average over all unitaries which is taken with respect to the Haar
measure on the group of unitaries U(H). Equivalently, we average f over all density
operators which have the same eigenvalues as ρ and Haar distributed eigenstates.
Averaging over all pure states is a special case of averaging over unitaries in the
sense that

〈f(|ψ〉〈ψ|)〉ψ =

∫
U(H)

f(U |ψ〉〈ψ|U †)dU . (4.4)

When an application of the decoupling theorem tells us that the distance of the
channel output from the decoupled state is on average small, we can deduce by
Markov’s inequality that the probability of obtaining an outcome above the average
decreases inversely with the distance of that outcome to the average. In fact, a much
stronger statement can be proven by use of the measure concentration properties of
the Haar measure. Lemma A.3 gives an extension of Levy’s Lemma for such Haar
measure averages over unitaries.

Theorem 4.2. In the scenario of Theorem 4.1, the probability of a violation is
exponentially small in the sense that

Pr
U

{∥∥TA→B(UρARU
†)− τB ⊗ ρR

∥∥
1
≥ 2−

1
2
Hε

min(A|R)ρ− 1
2
Hε

min(A′|B)τ + 12ε+ δ
}

≤ 2e−dAδ
2/16 (4.5)

32



where the probability is computed over the choice of U from the Haar measure on
U(A).

For large dA, we can obtain a small violation with very high probability by choos-
ing δ = d

−1/3
A . This statement holds for any channel T we apply the decoupling

theorem to. We will not state it explicitly every time, but keep in mind that the
relevant Lipschitz constant has been calculated once and for all.

Proof. It is shown in the proof of [Dup09, Theorem 3.9.] that the Lipschitz constant
of the function

f(U) =
∥∥TA→B(UρARU

†)− τB ⊗ ρR
∥∥

1
(4.6)

is upper-bounded by

2 max {‖T (X)‖1 : X ∈ Herm(HA), ‖X‖1 ≤ 1} ·
√
‖ρA‖∞ .

Since ρA ∈ S=(HA) we have
√
‖ρA‖∞ ≤ 1. Any X ∈ Herm(HA) can be written as

X = P1 − P2 with P1, P2 ∈ Herm(HA), P1, P2 ≥ 0. Since T is trace-preserving and
positive (i.e. maps positive operators to positive operators)

‖T (X)‖1 ≤ ‖T (P1)‖1 + ‖T (P2)‖1

= Tr [T (P1)] + Tr [T (P2)]

= TrP1 + TrP2

= ‖X‖1 , (4.7)

so

max {‖T (X)‖1 : X ∈ Herm(HA), ‖X‖1 ≤ 1} ≤ 1 (4.8)

and the Lipschitz constant of f is upper-bounded by 2. Lemma A.3 tells us that

Pr
U
{|f(U)− 〈f〉U | ≥ δ} ≤ 2e−dAδ

2/16 (4.9)

so

Pr
U

{
f(U) ≥ 2−

1
2
Hε

min(A|R)ρ− 1
2
Hε

min(A′|B)τ + 12ε+ δ
}
≤ Pr

U
{f(U) ≥ 〈f〉U + δ}

≤ Pr
U
{|f(U)− 〈f〉U | ≥ δ}

≤ 2e−dAδ
2/16 (4.10)

where the first inequality is due to Theorem 4.1.
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4.3 Converse

For many situations it is not only useful to know under which conditions decoupling
is achieved, but also under which conditions a channel will not decouple a system
from another. A converse to the above theorems has been derived in [DBWR10].
We provide here a slight generalization of this theorem (the state ηA is arbitrary and
not necessarily given by ρA). Furthermore, we provide slightly improved smoothing
parameters (

√
ε instead of

√
2ε). The proof is almost identical to the one given

in [DBWR10] and reproduced here in a more explicit way for completemess and in
order to make it better understandable to readers less familiar with the subject.

Theorem 4.3. Let ρAR ∈ S=(HAR) and TA→B a CPTPM and τA′B = dA
√
ρA′J(T )

√
ρA′.

Let ηA ∈ S=(HA) be an arbitrary state. For any ε′ > 0 and ε′′, ε′′′ ≥ 0, suppose that

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ +Hε′′

max(A′B)τ −Hε′′′

min(B)T (ηA) < − log
2

ε′2
. (4.11)

Then,

‖T (ρAR)− T (ηA)⊗ ρR‖1 > ε . (4.12)

Proof. We will actually prove the contrapositive of the statement given in the theo-
rem. We assume that ‖T (ρAR)− T (ηA)⊗ ρR‖1 ≤ ε and will show that

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ ≥ −Hε′′

max(A′B)τ +Hε′′′

min(B)T (ηA) − log
2

ε′2
. (4.13)

For every CPTPM T we can find a Stinespring extension (Theorem 2.1), that is, we
can write TA→B as a concatenation of an isometry UA→BB′ and a partial trace over
B′. Let ρARP be a purification of ρAR and define σBB′RP := UA→BB′ρARPU

†
A→BB′ .

By use of the invariance of the smooth min-entropy under local isometries, we have

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ = H
ε′+2ε′′+ε′′′+

√
ε

min (BB′|R)σ . (4.14)

Applying the chain rule Lemma 3.6 gives

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ ≥ Hε′′

min(B′|BR)σ +H
ε′′′+

√
ε

min (B|R)σ − log
2

ε′2
. (4.15)

By use of the strong subadditivity of min-entropy (3.43), the fact that σ is pure, the
duality between min- and max-entropy and Lemma 3.4 we obtain

Hε′′

min(B′|BR)σ ≥ Hε′′

min(B′|BRP )σ

= −Hε′′

max(B′)σ

= −Hε′′

max(BRP )σ . (4.16)
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Inserting this into (4.15) yields

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ ≥ −Hε′′

max(BRP )σ +H
ε′′′+

√
ε

min (B|R)σ − log
2

ε′2
. (4.17)

By assumption, T (ρAR) is at most ε apart (in ‖. . .‖1-distance) from a product state
T (ηA)⊗ ρR. Using Lemma 3.3 we therefore find

P (T (ρAR), T (ηA)⊗ ρR) ≤
√
ε . (4.18)

We conclude that T (ηA) ⊗ ρR ∈ B
√
ε (T (ρAR)). Since σBR = T (ρAR) and by use of

the triangle inequality (3.39) we find

H
ε′′′+

√
ε

min (B|R)σ ≥ Hε′′′

min(B|R)T (ηA)⊗ρR = Hε′′′

min(B)T (ηA) . (4.19)

Inserting this into (4.17) yields

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ ≥ −Hε′′

max(BRP )σ +Hε′′′

min(B)T (ηA) − log
2

ε′2
. (4.20)

In order to deal with the −Hε′′
max(BRP )σ term, we evaluate σBRP = TA→B(ρARP ). By

construction, ρARP is pure and therefore allows for a Schmidt decomposition (2.12)
ρARP = |ν〉〈ν|ARP with |ν〉ARP =

∑
i

√
pi|i〉A|i〉RP . Hence,

σBRP = T (ρARP ) =
∑
i,j

√
pi
√
pjT (|i〉〈j|A)⊗ |i〉〈j|RP . (4.21)

We compare this to

τA′B = dA
√
ρA′J(T )

√
ρA′

= dA

(∑
k

√
pk|k〉〈k|A′

)
T

(
1

dA

∑
i,j

|i〉A|i〉A′〈j|A〈j|A′
)(∑

l

√
pl|l〉〈l|A′

)
=
∑
i,j

√
pi
√
pjT (|i〉〈j|A)⊗ |i〉〈j|A′ . (4.22)

Since σBRP and τA′B have the same eigenvalues, there is an isometry VRP→A′ mapping
one to the other. Using the duality statement (3.42) it follows that not only the
smooth min-entropy but also the smooth max-entropy is invariant under isometries,
so

Hε′′

max(BRP )σ = Hε′′

max(A′B)τ (4.23)

which concludes the proof.
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The following theorem makes a statement about how far apart we are on average
from any decoupled state if we first apply a randomly chosen unitary.

Theorem 4.4. Let ρAR ∈ S=(HAR) and TA→B be a CPTPM with Choi-Jamio lkowski
representation τA′B = J(T ). For any ε′ > 0 and ε′′, ε′′′ ≥ 0, suppose that

H
ε′+2ε′′+ε′′′+

√
ε

min (A|R)ρ +Hε′′

max(A′B)τ −Hε′′′

min(B)τ < − log
2

ε′2
. (4.24)

Then there is no state ωB ∈ S=(HB) such that∫
U(A)

∥∥T (UρARU
†)− ωB ⊗ ρR

∥∥
1

dU ≤ ε

2
. (4.25)

In particular we have∫
U(A)

∥∥T (UρARU
†)− T (πA)⊗ ρR

∥∥
1

dU > ε . (4.26)

Proof. The proof consists of two parts. First we show (4.26) the proof of which is a
formalization of [DBWR10, footnote 7]. Then we show that if this is true the integral
cannot be small for any state ωB.

Apply Theorem 4.3 to a state ρ̃AR̃ where HR̃ = HR ⊗HV . Chose ηA = ρ̃A. We
think of V as being a classical register which holds the randomly chosen unitary U
(the dimension of V is |U(A)|, the cardinality of |U(A)|, which is infinite). The input
state is given by

ρ̃AR̃ = ρ̃ARV :=

∫
U(A)

UρARU
† ⊗ |U〉〈U |V dU . (4.27)

Since ρ̃A =
∫
U(A)

UρAU
†dU = πA we have τ̃A′B = dA

√
ρ̃AJ(T )

√
ρ̃A = J(T ). From

Theorem 4.3 we have that

ε < ‖T (ρ̃AR̃)− T (ρ̃A)⊗ ρ̃R̃‖1

=

∥∥∥∥∫
U(A)

T (UρARU
†)⊗ |U〉〈U |V dU − T (πA)⊗ ρR ⊗

∫
U(A)

|U〉〈U |V dU

∥∥∥∥
1

=

∥∥∥∥∫
U(A)

{
T (UρARU

†)− T (πA)⊗ ρR
}
⊗ |U〉〈U |V dU

∥∥∥∥
1

=

∫
U(A)

∥∥{T (UρARU
†)− T (πA)⊗ ρR

}
⊗ |U〉〈U |V

∥∥
1

dU

=

∫
U(A)

∥∥T (UρARU
†)− T (πA)⊗ ρR

∥∥
1

dU . (4.28)
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The third equality is due to the fact that all operators in the integral act on mutually
orthogonal states due to the V -factor.

Now, assume by contradiction that there is a state ωB ∈ S=(HB) such that∫
U(A)

∥∥T (UρARU
†)− ωB ⊗ ρR

∥∥
1

dU ≤ ε

2
. (4.29)

Then, by use of the triangle inequality,

ε

2
≥
∫
U(A)

∥∥T (UρARU
†)− T (πA)⊗ ρR

∥∥
1

dU − ‖T (πA)⊗ ρR − ωB ⊗ ρR‖1

> ε− ‖T (πA)− ωB‖1 . (4.30)

Furthermore, by use of the convexity of the trace distance,∫
U(A)

∥∥T (UρARU
†)− ωB ⊗ ρR

∥∥
1

dU ≥
∥∥∥∥T (

∫
U(A)

UρARU
†dU)− ωB ⊗ ρR

∥∥∥∥
1

= ‖T (πA ⊗ ρR)− ωB ⊗ ρR‖1

= ‖T (πA)− ωB‖1 . (4.31)

The first equality is due to Lemma A.4. Combining inequalities (4.30) and (4.31)
yields ∫

U(A)

∥∥T (UρARU
†)− ωB ⊗ ρR

∥∥
1

dU >
ε

2
(4.32)

in contradiction to (4.29).

Since we are usually interested in the limit of small, positive epsilons, it may at
first sight seem disturbing that the term on the right hand side of (4.11) and (4.24)
diverges in this limit. Keep in mind, however, that the divergence is only logarithmic
and that the epsilons do not depend on the size of the systems (but usually refer
to error probabilities). The entropic terms, on the other hand, grow proportionally
with the size of the system. In the thermodynamic limit the logarithmic divergence
is therefore negligible.

Both converse theorems may in principle be applied to any mapping T investi-
gated henceforth. However, we will only do this explicitly if the application leads to
non-trivial new insights and if the emerging terms are analytically manageable.

While Theorem 4.3 makes a statement about one particular input state, Theorem
4.4 averages over possible input states. A major advantage of Theorem 4.4 is that
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τA′B is now given by the Choi-Jamio lkowski isomorphism J(T ) of the channel TA→B
and not any more by the difficult-to-handle state dA

√
ρA′J(T )

√
ρA′ as in Theorem

4.3.
Applying the chain rule Lemma (3.8) to the decoupling theorem expressed in

(4.1) we obtain ∫
U(A)

||T (UρARU
†)− τB ⊗ ρR||1dU

≤ 2−
1
2
Hε

min(A|R)ρ− 1
2
H
ε
2
min(A′B)τ+ 1

2
H
ε
2
max(B)τ+log 24

ε2 + 12ε . (4.33)

For small ε we can therefore express the condition for decoupling slightly informally
as

Hε
min(A|R)ρ +Hε

min(A′B)τ −Hε
max(B)τ ' 0 . (4.34)

If this is fulfilled, we have by Theorem 4.2 an exponentially small probability that
an input state UAρARU

†
A with UA drawn from the Haar measure yields a channel

output which is further away from the decoupled state than a certain distance. This
distance is exponentially small in the l.h.s. of (4.34).

From (4.24) we obtain for small ε the condition

Hε
min(A|R)ρ +Hε

max(A′B)τ −Hε
min(B)τ / 0 (4.35)

for an input state UAρABU
†
A on average yielding an output state which is further

away from decoupling than some finite quantity which can be found from the precise
form of the condition.

Comparing these two conditions, we see that the condition for decoupling is
tight up to differences between smooth min- and max-entropies and correction terms
of order O(log 1

ε
). We will call this “essentially tight” but keep in mind that the

differences between smooth min- and max-entropies may be arbitrarily large. The
decoupling criterion is tight whenever the different entropy measures coincide, that
is, if the relevant density operators are essentially flat, i.e. proportional to projectors.
In Chapter 9 the difference between the two entropy measures will manifest itself in
a time interval for which we do not know whether a quantum mechanical system is
already independent of its initial state or not.
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Chapter 5

The postulate of equal a priori
probability

In this chapter we will try to understand a cornerstone of classical statistical physics,
the postulate of equal a priori probabilities, from the underlying quantum mechan-
ics. We will make a statement about how typical states satisfying a certain global
constraint look like locally and will not be concerned with states evolving under a
particular Hamiltonian. In the following chapter we will investigate what we can tell
about temporal averages under the evolution governed by a given Hamiltonian. After
an intermediate chapter about the rates with which entropies can be changed, we will
make statements about the state of the system after evolving for a given time under
a given Hamiltonian. That is, our predictions will become more and more specific
throughout the subsequent chapters and, correspondingly, the problems more and
more difficult. In the present and the following chapter we mainly extend existing
results, in the chapter about the state at a given time we take a shot at unsolved
problems.

5.1 Motivation

Standard approaches to statistical physics are based on the postulate of equal a pri-
ori probabilities, which is used to justify the application of the microcanonical and
the canonical ensemble. One assumes that in equlibrium all states of the system
(described as points in phase space) satisfying a certain constraint (usually energy
conservation) have the same a priori probability.1 In the density operator formalism

1As an example, c.f. [Kit58, p. 12f]:
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used in quantum mechanics, this is equivalent to postulating that the density oper-
ator is fully mixed on the subspace of the total Hilbert space of the system which
describes the constraint. This means that one describes the joint system by the state
which achieves the maximal entropy compatible with the constraint, which is known
as Jaynes’ Principle [Jay57].

Crucially, the postulate describes equilibrium states. Specific initial states might
obviously violate it. We therefore need the assumption that all initial states evolve
into states satisfying the postulate. In classical statistical physics, this evolution
takes place in phase space and is described by Hamilton’s equations. In quantum
mechanics, it is described by a unitary acting on the states on a Hilbert space.

Consider a system in contact with a (usually much larger) environment. If we are
only interested in the details of the system, then its state can be obtained by tracing
out the environment. According to the postulate, we will therefore in equilibrium
trace out the environment of a state which is fully mixed on a subspace of the joint
Hilbert space. The state obtained this way will be called the canonical state of
the system (corresponding to the constraint described by the subspace). Evaluating
this canonical state is a standard task in statistical physics. If the environment is
described as a heat bath (a reservoir with a fixed temperature), it will often turn out
to be of Boltzmannian form. In [Tas98, GM02, GLTZ06] the Boltzmann form of the
canonical state is derived under particular assumptions on the Hamiltonian.

The goal of this chapter is to justify the application of the postulate of equal a
priori probability from the principles of quantum mechanics. This will be done by
showing that all relevant (for statistical physics) consequences of the postulate can
be derived by use of the decoupling theorem. More precisely, consider an initial state
of the system and its environment, about which an observer has some knowledge.
We show that almost every evolution compatible with a global constraint will turn
the system and its environment into the canonical state of the system, about which
the observer will have lost all his or her initial information.

Note that we will not prove that most evolutions lead system and environment to
the equiprobable state (as suggested by the postulate of equal a priori probability)
but only that after most evolutions the system will be in the same state as if system
and environment were in the equiprobable state. This explains why the postulate

If the energy of the system is prescribed to be in the range δE at E0, we may, according
to the preceding section, form a satisfactory ensemble by taking the density as equal
to zero except in the selected narrow range δE at E0. We specify the ensemble by

P (E) =

{
Constant (for energy in δE at E0)

0 (outside this range).
(5.1)
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leads to correct results despite possibly not being fulfilled in physical systems. Quot-
ing [PSW06b]2 we therefore suggest that the main postulate of statistical mechanics,
the equal a priori probability postulate, should be abandoned as missleading and
unnecessary.

The temporal evolution will in this chapter not be governed by a Hamiltonian.
Rather we consider all evolutions compatible with a macroscopic constraint or con-
servation law. Accordingly there will neither be a notion of time in this chapter.
Given an initial state we will after a brief enough time interval still be close to it.
Our result and the postulate therefore are statements about the state of the system
after having let the evolution enough time. For a discussion of what “enough time”
is, we refer to Chapter 9.

We will proof two versions of the main theorem of this chapter which are based
on the chain rules Lemma 3.7 and Lemma 3.8, respectively. The first version allows
for an easier understanding in terms of entropic quantities and to directly reproduce
the main results of [PSW06a, PSW06b]. The second version comes up with more
scary-looking epsilon-terms, but allows us to give a condition for the fulfillment of the
postulate which is tight up to differences between smooth min- and max-entropies
and small correction terms.

5.2 Generalization of previous results

5.2.1 Informal version

If we formally describe the global constraint which is imposed on the joint system
SE by HΩ ⊆ HS⊗HE the postulate of equal a priori probabilities predicts the joint
system to be in the state πΩ. The system S is then in the state

πΩ
S := TrE πΩ (5.2)

which we call the canonical state of S with respect to Ω.
Let an initial state ρSER evolve under some constraint Ω. Our goal is to character-

ize the evolved state UΩρSERU
†
Ω and to investigate how the correlations between the

reference and and the system (describing an observer’s knowledge about the system)
develop.

2 “In effect, we propose to replace the postulate of equal a priori probabilities by the principle of
apparently equal a priori probabilities, which states that as far as the system is concerned almost
every state of the universe seems similar to the average.”
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The first version of the theorem can be summarized as follows. If

Hε
min(SE|R)ρ + log dΩ ' 2 log dS (5.3)

for ε → 0, the evolved state UΩρSERU
†
Ω will very likely be characterized by the

following two properties:

1. The system will be decoupled from the reference: I(S : R)UρU† ≈ 0 .

2. The system will be in the canonical state: TrER
(
UρU †

)
≈ πΩ

S .

The probability for this not to happen is exponentially small. As discussed in
Section 3.7, condition (5.3) ensures that there is “enough uncertainty” about the
evolved state and quantifies the two sources of this uncertainty. Those are the aver-
aged uncertainty about the initial state an observer with access to the reference has,
Hε

min(SE|R)ρ, and the uncertainty which is due to the evolution, log dΩ.

5.2.2 Formal version

Formally we prove the following theorem.

Theorem 5.1. Let HΩ ⊆ HS ⊗HE and let ρSER ∈ S=(HΩ⊗HR). Let ε ≥ 0. Then,∫
U(Ω)

||TrE(UΩρSERU
†
Ω)− πΩ

S ⊗ ρR||1dU

≤
√
dS · 2−

1
2
Hε

min(E)πΩ
− 1

2
Hε

min(SE|R)ρ + 12ε

≤ dS√
dΩ

· 2−
1
2
Hε

min(SE|R)ρ + 12ε . (5.4)

Proof. Theorem 4.1 with A = Ω, HΩ ⊆ HS ⊗ HE, HΩ
∼= HΩ′ , ρAR = ρΩR, B = S

and TA→B = TrE
3 gives∫

U(Ω)

||TrE(UρΩRU
†)− τS ⊗ ρR||1dU ≤ 2−

1
2
Hε

min(Ω′|S)τ− 1
2
Hε

min(Ω|R)ρΩR + 12ε . (5.5)

From eqn. (4.2) we have

τS = TrE πΩ = πΩ
S . (5.6)

3Note that TrE : S=(HS ⊗HE) ⊇ S=(HΩ)→ S=(HS) is a CPTPM.
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Since S=(HΩ) ⊆ S=(HS⊗HE) we can write ρSER instead of ρΩR. This yields the left

hand side of eqn. (5.4). It remains to show that 2−
1
2
Hε

min(Ω′|S)τ ≤
√
dS · 2−

1
2
Hε

min(E)πΩ .
Using the chain rule Lemma 3.7 we have

Hε
min(Ω′|S)τ ≥ Hε

min(SΩ′)τ − log dS . (5.7)

Since τSΩ′ = TrE ΨΩΩ′ and ΨΩΩ′ ∈ S=(HS ⊗ HE ⊗ HS′ ⊗ HE′) is pure, we have
according to Lemma 3.4

Hε
min(SΩ′)τ = Hε

min(SΩ′)ΨΩΩ′

= Hε
min(E)ΨΩΩ′

= Hε
min(E)πΩ

. (5.8)

Combinig this with (5.7) yields Hε
min(Ω′|S)τ ≥ Hε

min(E)πΩ
− log dS which proves the

stronger bound.
In order to obtain the weaker bound, we apply the strong subadditivity of the

min-entropy (3.43) and again the chain rule to get

Hε
min(E)πΩ

≥ Hmin(E)πΩ

≥ Hmin(E|S)πΩ

≥ Hmin(SE)πΩ
− log dS

= log dΩ − log dS . (5.9)

5.2.3 Discussion

Theorem 5.1 generalizes the Fully Quantum Slepian-Wolf theorem [ADHW06], which
corresponds to the special case of HΩ = HS ⊗ HE. With the interpretation of HΩ

given in eqn. (3.59) and taking the operator to be the Hamiltonian, this special case
of our result corresponds to the fully degenerate case.

Consider the special case where the system is initially in a pure state ρSER =
φSE ⊗ |r〉〈r|R, so Hε

min(SE|R)ρ = 0 and the reference might be discarded. In this
case, equation (5.4) turned into an exponentially strong statement by Theorem 4.2
simplifies to the main result of [PSW06b], equations (2) and (3). The similarity with
these equations is striking. Note that these almost identical results were achieved
using totally different approaches. While the derivation in [PSW06a] is technically
challenging, ours is based on the decoupling theorem and a few key properties like
strong subadditivity and a chain rule for smooth entropy measures.
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What makes our result more general than the result in [PSW06b] are the follow-
ing three points: First, we do not have the restriction that the initial state of SE has
to be pure. Second, we include the observer’s knowledge about the initial state and
allow for the possibilities of incomplete knowledge or entanglement. Third, averag-
ing over unitaries instead of averaging over pure states allows for a more physical
interpretation of the averaging process. We will comment in more detail about this
point in Section 5.4. As discussed in Section 4.2 averaging over all unitaries acting
on a certain space (as we do) is strictly more general than averaging over all pure
states from a certain space (as in [PSW06b]) in that it can also be applied to mixed
states.

As for the first point, there are two possible interpretations of mixed states which
both show the relevance of extending the result to mixed initial states. Every mixed
state may be seen as the marginal of a pure state. We may think of the “system”
and the “environment” as first being in contact with a further environment which
we call the “laboratory” L and imagine that the joint system SEL is initially in
a pure state. The interaction between SE and L will lead to quantum mechanical
correlations, i.e. entanglement between them. We then isolate SE from L. While
SEL is still in a pure state, the state of SE and its evolution has to be described by
a mixed state. We can also understand the mixture of the initial state as in classical
information theory, namely as simply describing subjective ignorance. Since every
real measurement process (even a classical one) has only finite precision there is
always a positive amount of entropy of this kind.

Note that the result of [PSW06b] cannot straightforwardly be generalized to
mixed states by introducing a purifying system P with HP

∼= HΩ and formally
including it into E, a method we will use later in this thesis where it is appropriate.

The condition Hε
min(SE|R)ρ + log dΩ ' 2 log dS tells us that we need a high

dΩ to compensate for a low Hε
min(SE|R)ρ and vice versa. In other words, we do

not predict decoupling if our knowledge about the initial state is too precise and if
the global constraint is too severe. If the reference R is classical, we always have
Hε

min(SE|R)ρ ≥ 0 and therefore log dΩ ' 2 log dS is always sufficient for decoupling.
However, if R is a quantum memory which might initally be entangled with SE, we
might have Hε

min(SE|R)ρ < 0.

5.2.4 Example: Weakly interactive spins

We evaluate the stronger bound in (5.4) for one of the simplest Hamiltonians possible.
This allows us to extend the example exhibited in [PSW06b]. Both sides of the
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condition

Hε
min(E)πΩ

+Hε
min(SE|R)ρ ' log dS (5.10)

grow linearly with the size of the joint system if the ratio of the number of particles
in S and E and their correlations to R are fixed. We would like to obtain a condition
in terms of intensive quantities. In this case condition (5.10) turns into a simple
inequality for a large enough system.

Consider a set of n weakly-interactive spin-1
2
-systems in a magnetic field in z-

direction that causes an energy gap ∆ between the up- and down-states. With
weakly-interactive we mean that the Hamiltonian is given by the number of up-spins
plus a small perturbation or interaction term. The interaction term should allow
to flip spins around while keeping the total number of up spins conserved. Let Ω
denote the constraint given by energy conservation. We assume that the interaction
term is weak enough such that all states with the same number of up-states are in
the same energy-range described by the space HΩ (c.f. (3.59)). We consider that the
system S is composed by a fraction α of the spins and call the remaining (1 − α)n
spins “the environment” E. The fraction of spins (in system and environment) in the
up-state will be denoted by p, which, in equilibrium, is a function of the temperature
of the spins. The observer’s knowledge about the initial state ρ of the spins will be
described by use of a reference R.

Corollary 5.2. Consider the setting described above with n� 1 and α
2
≤ p ≤ 1− α

2
.

If the condition

H(p) +
Hε

min(SE|R)ρ
n

> 2α (5.11)

is fullfilled (for ε → 0), almost every evolution the spins can undergo will decouple
the system from the reference and leave it in the canonical state.

Proof. Since the space HΩ is known, we can make use of the stronger bound in (5.4)
and thus condition (5.10). From the definitions, we have dS = 2αn and dΩ =

(
n
pn

)
.

πΩ is a mixture of states all of which have probability
(
n
pn

)−1
. The eigenvalues

(probabilities) of the states in TrS πΩ are given by this factor times the number of
states in HΩ wich lead to a particular state when tracing out S. The number of
up-spins in S is upper-bouned by pn and lower-bounded by αn− (n− pn), so

λmax(TrS πΩ) = max
`∈[αn−(n−pn),pn]

(
αn

`

)
·
(
n

pn

)−1

(5.12)

=

(
αn
αn
2

)
·
(
n

pn

)−1

. (5.13)
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For the second equality to be valid, we made use of the assumption αn
2
≤ pn ≤ n− αn

2
.

From (3.3) we obtain

log λmax(TrS πΩ) ≈ n (α−H(p)) . (5.14)

So we have Hε
min(E)πΩ

≈ n (H(p)− α) and (5.10) yields

n (H(p)− α) +Hε
min(SE|R)ρ ' αn . (5.15)

In the limit of large n (5.15) is fullfilled if

H(p) +
Hε

min(SE|R)ρ
n

> 2α . (5.16)

In this simple example, (5.11) can also be obtained from the weaker bound,
condition (5.3). In the derivation of the weaker bound from the stronger one, we
make use of the inequality Hε

min(E)πΩ
≥ Hε

min(E|S)πΩ
. We therefore expect condition

(5.10) to provide better conditions than condition (5.3) in the case where the states
in HΩ are far from product. If we interpret HΩ as being the span of the set of energy
eigenstates whose energy lies in a certain interval (as in the above example) this
is the case if these energy eigenstates are strongly entangled, i.e. if the interaction
between S and E is strong.

If inequality (5.11) is fullfilled, almost every evolution the spins can undergo will
destroy all correlations between the reference and the system and leave the set of
qubits we consider the system in the canonical state. There might be different reasons
for this not to happen, corresponding to the three terms in (5.11):

• We might have too precise knowledge about the initial state, leading to a small
Hε

min(SE|R)ρ
n

. If we allow for quantum-mechanical entanglement between R and
SE, it may even be negative.

• The constraint set by energy conservation might be too severe leaving the
evolution “no space” to destroy the correlations between the system and the
reference. Physically, the temperature might be so low that almost all spins
point in the same direction, leading to a small p and thus to a small H(p).

• The environment might be too small in comparison to the system (leaving,
again, not enough space for the evolution).
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In a physical situation our knowledge about the different particles in what we call
the system and the environment might not be specific for each particle but of the
same form for all particles in the system and the environment. If the initial state is
of the form

ρSER = η⊗αnSR ⊗ σ
⊗(1−α)n
ER (5.17)

with a product system

S = S1 . . . Sαn (5.18)

and similarly for E and R we have by use of Theorem 3.5

lim
ε→0

lim
n→∞

1

n
Hε

min(SE|R)ρ

= α · lim
ε→0

lim
n→∞

1

αn
Hε

min(S|R)η⊗αn + (1− α) · lim
ε→0

lim
n→∞

1

(1− α)n
Hε

min(E|R)σ⊗(1−α)n

= α ·H(S|R)η + (1− α) ·H(E|R)σ . (5.19)

Criterion (5.11) then simply becomes

H(p) + α ·H(S|R)η + (1− α) ·H(E|R)σ > 2α . (5.20)

We will evaluate criterion (5.11) for different choices of ρSER, describing different
accuracies of knowledge about the initial state. These will be:

1. We know the initial pure state of the system.

2. We are initially fully entangled with the system.

3. We know the initial pure state of the system and the environment.

4. We are initially fully entangled with the system and the environment.

1. If we know the exact initial state of the system (a state with ` up-spins), but
are completely ignorant about the rest of the spins (the environment), 2H

ε
min(SE|R)ρ

corresponds to the number of possible states of the environment which complement
the state of the system to a state with pn up-spins. This number is given by

(
n−αn
pn−`

)
.

Using (3.3) we obtain

log

(
n− αn
pn− `

)
≈ (n− αn)H(

p− `
n

1− α
) ≈ (1− α)nH(p) (5.21)
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where the approximation holds for large n and small α. Consequently, Hε
min(SE|R)ρ ≈

(1− α)nH(p).
Remarkably, this approximation as well as the state the system will approach if

the condition is fulfilled is independent of `: If we have a system in contact with
a much larger environment, the initial energy of the system is irrelevant for the
evolved state at some later time. We get here a first glance at what we will later call
independence of the initial state of the system.

Inserting this in our condition yields H(p) > 2α
2−α ≈ α.

2. If we are initially fully entangled with the system and know nothing about the
microstate of the environment, we have Hε

min(SE|R)ρ ≈ −αn+ (1− α)nH(p) which
yields the condition H(p) > 3α

2−α ≈
3α
2

.
3. If acces to R tells us the exact initial state of SE, ρSER =

∑
i pi|i〉〈i|Ω⊗|i〉〈i|R,

we have Hε
min(SE|R)ρ = 0 and the condition is H(p) > 2α, in accordance with

[PSW06b, Eq. (86)].
4. Finally, if we are fully entangled with the initial state of the system and the

environment, Hε
min(SE|R)ρ = − log dΩ = − log

(
n
np

)
≈ −nH(p). In this case, (5.11)

is not fullfilled for any temperature so our results do not predict decoupling.
In conclusion, we obtain the conditions listed in Table 5.1.

Knowledge about initial state of SE To achieve decoupling, we need . . .

H(S|R) = 0, H(E|R) = (1− α)nH(p) H(p) > α
H(S|R) = −αn, H(E|R) = (1− α)nH(p) H(p) > 3α

2

H(SE|R) = 0 H(p) > 2α
H(SE|R) = −nH(p) ?

Table 5.1: Different levels of an observer’s knowledge about the system and the
environment and sufficient conditions for an evolution of the system to a canonical
state decoupled from the observer. The conditions are expressed in terms of the
temperature-dependent fraction of up-spins p and the fraction of spins which forms
the system α. Note that the first and second condition were derived under the
assumption that α is small.

In the α � 1√
n

regime, the canonical state πΩ
S can be shown to be of the form,

πΩ
S = (p|1〉〈1| + (1 − p)|0〉〈0|)⊗αn ∝ exp(−βHS), which takes the usual Boltzmann

form. The fraction of spins up, p, is linked to the inverse temperature of the spins
via β = 1

∆
ln(1−p

p
), as shown in [PSW06a]. The function H(p(β)) maps the inverse

temperature-interval (0,∞) bijectively to the entropy-interval
(
0, 1

2

)
.
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5.3 Essentially tight version

5.3.1 Informal version

In the following we will prove a criterion for the two predictions about the evolved
state UΩρSERU

†
Ω which is tight up to differences between smooth min- and max-

entropies. Except with an exponentially small probability, we obtain a canonical
state on S which is decoupled from R if

Hε
min(SE|R)ρ +Hε

min(E)πΩ
−Hε

max(S)πΩ
' 0 . (5.22)

This will not be the case generically if

Hε
min(SE|R)ρ +Hε

max(E)πΩ
−Hε

min(S)πΩ
/ 0 . (5.23)

The differences Hε
min(E)πΩ

−Hε
max(S)πΩ

and Hε
max(E)πΩ

−Hε
min(S)πΩ

quantify, so to
speak, how much the space HΩ describing the constraint is weighted towards the
tensor factors HS or HE of the joint system. If, in a simplest case, HΩ = HΩS ⊗HΩE

we have for ε→ 0

Hε
min(E)πΩ

−Hε
max(S)πΩ

= Hε
max(E)πΩ

−Hε
min(S)πΩ

= log dΩE − log dΩS . (5.24)

5.3.2 Formal version

Theorem 5.3. Let HΩ ⊆ HS ⊗HE and let ρSER ∈ S=(HΩ ⊗HR).
Achievability. Let ε ≥ 0. Then,∫

U(Ω)

||TrE(UΩρSERU
†
Ω)− πΩ

S ⊗ ρR||1dU

≤ 2−
1
2
Hε

min(SE|R)ρ+ 1
2
H
ε
2
max(S)πΩ

− 1
2
H
ε
2
min(E)πΩ

+log 24
ε2 + 12ε . (5.25)

Converse. For any ε′ > 0 and ε′′, ε′′′ ≥ 0, suppose that

H
ε′+2ε′′+ε′′′+

√
ε

min (SE|R)ρ +Hε′′

max(E)πΩ
−Hε′′′

min(S)πΩ
< − log

2

ε′2
. (5.26)

Then there is no state ωS ∈ S=(HS) such that∫
U(Ω)

∥∥∥TrE(UΩρSERU
†
Ω)− ωS ⊗ ρR

∥∥∥
1

dU ≤ ε

2
(5.27)
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and in particular ∫
U(Ω)

∥∥∥TrE(UΩρSERU
†
Ω)− πΩ

S ⊗ ρR
∥∥∥

1
dU > ε . (5.28)

Proof. The sufficiency statement follows by a similar proof as in the first version of
the theorem. Using Lemma 3.8 instead of Lemma 3.7 to lower-bound Hε

min(Ω′|S)τ
we find

Hε
min(Ω′|S)τ ≥ H

ε
2
min(SΩ′)τ −H

ε
2
max(S)τ − 2 · log

24

ε2
(5.29)

with τSΩ′ = TrE ΨΩΩ′ . Lemma 3.4 again yields

Hε
min(Ω′|S)τ ≥ H

ε
2
min(E)ΨΩΩ′

−H
ε
2
max(S)τ − 2 · log

24

ε2

= H
ε
2
min(E)πΩ

−H
ε
2
max(S)πΩ

− 2 · log
24

ε2
. (5.30)

The converse statement follows from Theorem 4.4, which gives the condition

− log
2

ε′2
> H

ε′+2ε′′+ε′′′+
√
ε

min (Ω|R)ρ +Hε′′

max(Ω′S)τ −Hε′′′

min(S)τ

= H
ε′+2ε′′+ε′′′+

√
ε

min (Ω|R)ρ +Hε′′

max(E)τ −Hε′′′

min(S)τ

= H
ε′+2ε′′+ε′′′+

√
ε

min (Ω|R)ρ +Hε′′

max(E)πΩ
−Hε′′′

min(S)πΩ
. (5.31)

The first equality is due to an application of Lemma 3.4.

5.4 Unitary 2-designs

In this chapter we have adapted a point of view in which the average over all unitaries
U onHΩ is interpreted as the average over the evolutions the joint system can undergo
while subject to the constraint Ω. The averaging is over the Haar measure which
seems a natural choice. The defining property of the Haar measure, namely being the
unique left-invariant measure on U(HΩ), translates into the physical statement that
if the evolution UΩ we average about is preceded by another evolution respecting Ω,
this does not lead to different averages.

However, a given physical system may not be able to exactly realize every unitary
or not even to approximate every unitary efficiently. Furthermore, it has been shown
that, under assumption of the Church-Turing thesis, some (even finite dimensional)
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unitary operators may not be realized as dynamics by any Hamiltonian [Nie97]. A
more physical way of averaging over possible evolutions is thus given by a unitary
2-design which is defined as a finite set of unitaries which reproduces the first and
second moments of the Haar distribution.

It has been shown [HL09] that random concatenations of two-qubit interactions
approximate the first and second moment of the Haar distribution (and thus consti-
tute approximate 2-designs) in a time which is polynomial in the number of qubits. It
has also been shown [Sze11] that approximate 2-designs approximate the predictions
of the decoupling theorem.

Since the random two-qubit interactions do not preserve any non-trivial subspace
of HS⊗HE we set HΩ = HS⊗HE. The fraction dS√

dΩ
in Theorem 5.1 thus turns into√

dS
dE

. The dimensions grow exponentially with the number of particles. Therefore, if

SE consists of a large number of particles this fraction is small whenever we consider
less then half of the particles to constitute the “system”. For a classical reference the
conditional entropy term which then will also appear in the exponent in Theorem
5.1 is non-negative. Hence by our theorem random two-qubit interactions efficiently
decouple any subset of the qubits which consists of less than half of them from a
classical reference and leave it in the canonical state.

In order to formalize the above, we first provide a formal version of the two
cited theorems. An ε-approximate unitary 2-design is a finite set of unitaries and
probabilities attached to them, so that applying those unitaries (weighted with the
corresponding probabilities) to a state approximates the first and second moments
of the Haar distribution to accuracy ε. For lack of need we omit a formal definition
of the term (which would require to first introduce the diamond norm for channels)
but refer to [HL09].

Theorem 5.4. [HL09, Theorems 2.9. and 2.10.] Consider a distribution µ on U(4)
which is either a universal gate set on it or an approximate unitary 2-design on
two qubits. Draw T random unitaries according to µ. For each such unitary, chose a
random pair from n qubits and apply the unitary to that pair. Then there is C(µ) such
that ∀ε > 0 and ∀T > C(µ)(n2 + n log 1

ε
) the mapping obtained this way constitues

an ε-approximate unitary 2-design.

Examples of universal gate sets on U(4) include U(4) itself or any entangling gate
(e.g. CNOT) together with all single qubit gates.

Theorem 5.5. [Sze11, p. 34] Let ρAR ∈ S≤(HA ⊗HR) and let TA→B be a CPTPM
with Choi-Jamio lkowski isomorphism τA′B. Let 〈. . .〉4 denote the weighted averaged
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over the application of unitaries UA from an ε-approximate 2-design on HA. Then
for small enough δ we have〈∥∥∥TA→B(UAρARU

†
A)− τB ⊗ ρR

∥∥∥
1

〉
4

≤
√

1 + 4εd4
A · 2

− 1
2
Hδ

min(A′|B)τ− 1
2
Hδ

min(A|R)ρ + 8dAεδ + 12δ . (5.32)

Combining this two theorems with Theorem 5.1 we find the following theorem.

Theorem 5.6. Let HA := (C2)
⊗n

. Let Λ ⊆ {1, . . . , n}, Λ̄ := {1, . . . , n} \ Λ and

α := |Λ|
n

. Let µ denote the probability distribution corresponding to any universal gate
set on U(4) or an approximate 2-design on two qubits. Draw T random unitaries
according to µ and apply each of them to a random pair chosen from the n qubits.
Let 〈. . .〉4 denote the average over possible evolutions UA ∈ U(HA) achievable with
the T random unitaries weighted with the corresponding probabilities according to µ.
Then there is C(µ) such that ∀ε ≥ 0, ∀T > C(µ)n2, ∀ρAR ∈ S= (HA ⊗HR) we have〈∥∥∥TrΛ̄

(
UAρARU

†
A

)
− πΛ ⊗ ρR

∥∥∥
1

〉
4
≤ 2−

1
2

(1−2α)n · 2−
1
2
Hε

min(A|R)ρ + 12ε . (5.33)

As discussed informally above, for large n and non-negative Hε
min(A|R)ρ a time

which grows quadratically in the number of qubits is sufficient to decouple less than
half of them from the reference and maximize their entropy. The requirement that
we have to consider less than half of the qubits for an initial state with non-negative
conditional entropy coincides with the condition obtained in Corollary 5.2 in the
limit where the magnetic field-to-temperature ratio is zero. As in Corollary 5.2 we
cannot predict decoupling for any α > 0 if the qubits are initially fully entangled
with the reference.

Proof. From Theorem 5.4 we know that the T random unitaries drawn according
to µ and applied to a random pair of qubits constitute an ε-approximate unitary
2-design if T > C(µ)(n2 + n log 1

ε
). We apply Theorem 5.5 where A is the system of

the n qubits, B the qubits described by the index set Λ and TA→B = TrΛ̄ the partial
trace over spaces corresponding to the qubits which are not in this set. This gives us〈∥∥∥TrΛ̄

(
UAρARU

†
A

)
− τΛ ⊗ ρR

∥∥∥
1

〉
T

≤
√

1 + 4ε(2n)4 · 2−
1
2
Hε

min(A′|Λ)τΛA′ · 2−
1
2
Hε

min(A|R)ρ + 8 · 2nεδ + 12ε (5.34)

where τΛA′ = TrΛ̄ ΨAA′ is the Choi-Jamio lkowski isomorphism of the partial trace and
ΨAA′ denotes the fully entangled state between the n qubits and a copy of them. τΛ

52



is thus equal to πΛ. The sufficient number of gates given by C(µ)(n2 +n log 1
ε
) turns

for ε = (2n)−m into C(µ)(m+ 1)n2. Choosing an m > 4 we can make
√

1 + 4ε(2n)4

arbitrarily close to 1 and 8 · 2nεδ arbitrarily small and then absorb the factor m+ 1
into C(µ). For large n it is sufficient to chose m = 5. Following the same steps as in
the proof of Theorem 5.1 we can show that

Hε
min(A′|Λ)ωΛA′

≥ log(2n)− 2 log(2|Λ|) = n(1− 2α) (5.35)

which after relabling δ 7→ ε concludes the proof.
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Chapter 6

Thermalization: Temporal
averages

6.1 The long-term perspective

As poined out in [LPSW09], the straighforward-looking process of thermalization
actually consists of four aspects which may be addressed independently.

1. Equilibration. The initial state of the system evolves towards some particular
equilibrium state and remains close to it for almost all times.

2. Independence of the initial state of the environment. The equilibrium state of
the system does not depend on the precise initial state of the environment but
only on macroscopic parameters describing it, like its temperature.

3. Independence of the initial state of the system. If the system is small compared
to the environment, its equilibrium state should be independent of its initial
state.

4. Boltzmannity of the equilibrium state. The equilibrium state state of the system
takes the familiar Boltzmann form 1

Z(β)
e−βHS .

We will address the first three points in this thesis and refer to [RGE11] for a deriva-
tion of the fourth point in a weak-coupling limit between the system and the envi-
ronment and a discussion of what the relevant weak-coupling limit is.

In order to show that almost all initial states equilibrate we want the quantity〈
‖ρS(t)− 〈ρS(t)〉t‖1

〉
t,ρ(0)

(6.1)
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to be small. With 〈. . .〉ρ(0) we denote a not yet precisely defined average over initial
states. For the second and third point we want a quantity of the form〈∥∥∥〈ρS(t)〉t − 〈ρS(t)〉t,ρ(0)

∥∥∥
1

〉
ρ(0)

(6.2)

to be small. If we can show that these two quantities are small, then by the triangle
inequality the quantity 〈∥∥∥ρS(t)− 〈ρS(t)〉t,ρ(0)

∥∥∥
1

〉
t,ρ(0)

(6.3)

will be small as well, i.e. almost all initial states will lead to the system being for
almost all times close to a definite equilibrium state.

Expressions obtained from the decoupling theorem are always of the form∫
‖. . .‖1 dU ≤ . . .

where the integration is with respect to the Haar measure on the group of unitaries
acting on a certain space. Hence there is hope to show by use of the decoupling
theorem that expression (6.2) is small but there is no hope to show that expression
(6.1) is small.

That time-averaging cannot be written as a Haar measure average over unitaries
can be seen as follows. The time-evolution leads to unitaries of the form e− iHt

acting on density operators by conjugation. Any density operator which is a mixture
of energy eigenstates is conserved by such a unitary. On the other hand, a unitary
from the Haar measure on the group of unitaries acting on a certain space will with
unit probability not leave it invariant.

We will therefore have to show that (6.1) is small in a direct calculation. This
has in fact already been done in [LPSW09] for pure initial states. We generalize
these calculations to mixed initial states since when dealing with the decoupling
theorem we always allow for mixed states. Then by use of the decoupling theorem
we give conditions for (6.2) being small, thereby extending the equivalent theorem
in [LPSW09] and providing a technically simpler proof.

We take in this chapter a long-term perspective in that we are only concerned
with temporal averages (whether the temporal average of the distance of the state of
the system from its temporal average is small and whether the time-averaged state
is independent of the initial state). If the temporal average of a distance is small we
can by Markov’s inequality (4.3) conclude that the fraction of times, for which the
distance is large, is small. Still this does not enable us to make definite statements
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about the state of the system at a given time. Of special interest is the question how
long the system needs to reach the equilibrium state or to become independent of its
initial state. The results of this chapter do not tell us anything about this. We will
be concerned with problems like these in the following three chapters.

We assume in this chapter that the Hamiltonian has non-degenerate energy gaps
[LPSW09], i.e.

Ei − Ej = Ek − El ⇒ (i = j ∧ k = l) ∨ (i = k ∧ j = l) . (6.4)

This in particular implies that the energy levels are non-degenerate. The assumption
is very weak since it only excludes a set of Hamiltonians with zero measure, any
arbitrarily small perturbation will lift all degeneracies with unit probability.

6.2 Equilibration

Theorem 6.1 (Generalization of [LPSW09, Theorem 1]). Consider an initial state
ρSE(0) ∈ S=(HS ⊗HE) which is subject to an evolution governed by a Hamiltonian
with non-degenerate energy gaps. Let 〈. . .〉t denote the temporal average under this
evolution. Define ω := 〈ρ(t)〉t. Then,

〈‖ρS(t)− ωS‖1〉t ≤
√
dS2−

1
2
H2(E)ω ≤ dS2−

1
2
H2(SE)ω . (6.5)

If we have some knowledge about the initial state stored in a classical reference R,
then

〈‖ρSR(t)− ωSR‖1〉t ≤
√
dS2−

1
2
Hε

min(E|R)ω + 4ε ≤ dS2−
1
2
Hε

min(SE|R)ω + 4ε . (6.6)

We leave it as an open problem to generalize the above bounds to the case of a
quantum reference.

We will sketch an example which illustrates why conditioning the smooth min-
entropy on R is relevant. Let

ρSER(0) =
1

dSdE

dSdE∑
k=1

|k〉〈k|SE ⊗ |k〉〈k|R (6.7)

with |k〉SE = 1√
2
|Ek〉 + 1√

2
|Ek+1〉. In this case we have (for ε → 0) H2(SE)ω =

Hε
min(SE)ω = log dS + log dE which would predict equilibration for log dE ' log dS
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if conditioning were not necessary. On the other hand, Hε
min(SE|R)ω = 1, so we do

not predict equilibration. In fact we have

‖ρSR(t)− ωSR‖1

=
1

2dSdE

dSdE∑
k=1

∥∥e− i(Ek−Ek+1)t TrE |Ek〉〈Ek+1|+ e+ i(Ek−Ek+1)t TrE |Ek+1〉〈Ek|
∥∥

1

(6.8)

for all times t.
Now assume that the basis {|Ek〉}k=1,...,dSdE

is close to a product basis
{|i〉S ⊗ |j〉E}i=1,...,dS ,j=1,...,dE

. Assume furthermore that the |Ek〉 are ordered such
that states which look similar on E are grouped together. Then most summands in
(6.8) are close to 2 and ‖ρSR(t)− ωSR‖1 can certainly be made larger than, say, 1

2

for all times t.

Proof. We first prove the part without an involved reference. Let the Hamiltonian
of the joint system be HSE =

∑
k Ek|Ek〉〈Ek| and let ρ(0) =

∑
i,j ρij|Ei〉〈Ej|. The

assumption of non-degenerate energy gaps implies non-degenerate energy-levels (i.e.
Ei = Ej ⇒ i = j) so that according to eqn. (2.29) temporal averaging cancels all
off-diagonal terms, ωSE =

∑
k ρkk|Ek〉〈Ek|. We conclude that

ρS(t)− ωS =
∑
i 6=j

ρije
− i(Ei−Ej)t TrE |Ei〉〈Ej| . (6.9)

By use of a standard inequality [FvdG99] we have

‖ρS(t)− ωS‖1 ≤
√
dS ‖ρS(t)− ωS‖2 =

√
dS TrS(ρS(t)− ωS)2 . (6.10)

Using the concavity of the square root function, the time-average yields

〈‖ρS(t)− ωS‖1〉t ≤
√
dS TrS〈(ρS(t)− ωS)2〉t (6.11)

where

〈(ρS(t)− ωS)2〉t =
∑
i 6=j

∑
m6=n

ρijρmn〈e− i(Ei−Ej+Em−En)t〉t TrE |Ei〉〈Ej|TrE |Em〉〈En| .

(6.12)

By use of the assumption, this time-average can only be non-zero if i = n and j = m,
which simplifies the term in our bound to

TrS〈(ρS(t)− ωS)2〉t =
∑
i 6=j

ρijρji TrS (TrE |Ei〉〈Ej|TrE |Ej〉〈Ei|) . (6.13)
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We assume that {|s〉S}s and {|e〉E}e are orthonormal bases of S and E, respectively,
and introduce an identity operator in the form 1S =

∑
s′ |s′〉〈s′|S.

TrS〈(ρS(t)− ωS)2〉t
=
∑
i 6=j

ρijρji TrS (TrE |Ei〉〈Ej|TrE |Ej〉〈Ei|)

=
∑
i 6=j

ρijρji
∑
ss′ee′

〈se|Ei〉〈Ej|s′e〉〈s′e′|Ej〉〈Ei|se′〉

=
∑
i 6=j

ρijρji
∑
ss′ee′

〈se|Ei〉 〈Ei|se′〉 〈s′e′|Ej〉 〈Ej|s′e〉

=
∑
i 6=j

ρijρji TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)

=
∑
i 6=j

(ρijρji − ρiiρjj)︸ ︷︷ ︸
≤0

TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)︸ ︷︷ ︸
≥0

+
∑
i 6=j

ρiiρjj TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)

≤
∑
i 6=j

ρiiρjj TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)

≤
∑
i 6=j

ρiiρjj TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|) +
∑
i=j

ρii︸︷︷︸
≥0

ρjj TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)

=
∑
ij

ρiiρjj TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|)

= TrE
(
ω2
E

)
= 2−H2(E)ω . (6.14)

During the derivation we made use of the following inequalities:

• ρiiρjj − ρijρji ≥ 0: Follows from the positive semi-definiteness of the ma-

trix

(
ρii ρij
ρji ρjj

)
which itself follows from the fact that ∀α, β ∈ C we have(

ᾱ〈Ei|+ β̄〈Ej|
)
ρ (α|Ei〉+ β|Ej〉) ≥ 0. C.f. [HJ05, Observation 7.1.2].

• TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|) ≥ 0: The trace of the product of two posi-
tive semi-definite operators is non-negative. Since TrS |Ei〉〈Ei| is a positive
semi-definite operator it allows for a spectral decomposition TrS |Ei〉〈Ei| =
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∑
r λr︸︷︷︸
≥0

|er〉〈er| and hence

TrE (TrS |Ei〉〈Ei|TrS |Ej〉〈Ej|) =
∑
r

λr 〈er| (TrS |Ej〉〈Ej|) |er〉︸ ︷︷ ︸
≥0

≥ 0 .

• ρii ≥ 0: Follows directly from 〈Ei|ρ|Ei〉 ≥ 0.

We conclude that

〈‖ρS(t)− ωS‖1〉t ≤
√
dS TrS〈(ρS(t)− ωS)2〉t ≤

√
dS2−

1
2
H2(E)ω , (6.15)

which concludes the proof of the stronger bound in the first part of the theorem.
The weak subadditivity of the Rényi entropies [vDH02] gives

H2(E) ≥ H2(SE)−H0(S) ≥ H2(SE)− log dS , (6.16)

which proves the weaker bound.
In order to prove the second part of the theorem, first note that since by assump-

tion R is classical, we can according to eqn. (2.18) write

ρSER(0) =
∑
i

piρ
(i)
SE ⊗ |i〉〈i|R . (6.17)

The time-averaged state is given by

ωSR =
∑
i

piω
(i)
S ⊗ |i〉〈i|R (6.18)

and hence by use of the triangle inequality and eqn. (6.15) we have

〈‖ρSR(t)− ωSR‖1〉t =

〈∥∥∥∥∥∑
i

pi

(
ρ

(i)
S − ω

(i)
S

)
⊗ |i〉〈i|R

∥∥∥∥∥
1

〉
t

≤
∑
i

pi

〈∥∥∥(ρ(i)
S − ω

(i)
S

)
⊗ |i〉〈i|R

∥∥∥
1

〉
t

=
∑
i

pi

〈∥∥∥ρ(i)
S − ω

(i)
S

∥∥∥
1

〉
t

≤
∑
i

pi
√
dS2−

1
2
H2(E)

ω(i)

≤
√
dS
∑
i

pi2
− 1

2
Hmin(E)

ω(i)

=
√
dS2−

1
2
Hmin(E|R)ω . (6.19)
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For the last equality we used eqn. (3.62). Now let ρ̃SER(0) ∈ Bε (ρSER(0)). Since the
purified distance is preserved by the unitary evolution and since it can only decrease
under partial traces we have that P (ρ̃SR(t), ρSR(t)) ≤ ε for all t and hence also
P (ω̃SR, ωSR) ≤ ε. So using Lemma 3.3 we find

〈‖ρSR(t)− ωSR‖1〉t ≤ 〈‖ρSR(t)− ρ̃SR(t)‖1〉t + 〈‖ρ̃SR(t)− ω̃SR‖1〉t + 〈‖ω̃SR − ωSR‖1〉t
≤
√
dS2−

1
2
Hmin(E|R)ω̃ + 4ε . (6.20)

We conclude that

〈‖ρSR(t)− ωSR‖1〉t ≤
√
dS2−

1
2
Hε

min(E|R)ω + 4ε . (6.21)

The weaker bound is then obtained by applying Lemma A.5 to each element in
Bε(ρSER) separately.

This is a very strong statement. If the unitary evolution leads the joint state of
S and E through many different states and thus its time-average has a high entropy
(as measured by H2(SE)ω or Hε

min(SE|R)ω), the system will definitely (and not only
very likely, as in most other theorems in this thesis) spend most of the time close
to its temporal average. If we consider an initial state far from its temporal average
we can predict that the distance will become small. Additionally it is shown in
[LPSW10] that besides being close to its temporal average for most times, the state
ρS(t) of the system only fluctuates slowly around it. In [Sho11] it is shown that
the expectation value of “realistic” quantum observables will equilibrate, which does
not only hold when looking at the smaller part of a bipartite system, but for any
quantum mechanical system. This is then used to derive (6.5).

It can be shown that the H2(SE)ω term is on average of the order of log dΩ − 1
when the initial state ρSE(0) is drawn from the Haar measure on a large enough space
HΩ ⊆ HS ⊗HE. Combining this with the above theorem yields the statement that
if we draw the initial state from a space which is much larger than HS the system
will most likely be close to its temporal average for most times.

Theorem 6.2 (Generalization of [LPSW09, Theorem 2 (i)]). Let HΩ ⊆ HS ⊗ HE

and ρSE(0) ∈ S=(HΩ). Let ωU := 〈UρU †〉t denote the temporal average under the
evolution governed by a non-degenerate Hamiltonian HSE. Then,∫

U(Ω)

2−H2(SE)
ωU dU <

2

dΩ

. (6.22)
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By use of the convexity of the function x 7→ 1
x

we can also conclude from this
that ∫

U(Ω)

2H2(SE)
ωU dU =

∫
U(Ω)

1

2−H2(SE)
ωU

dU

≥
(∫

U(Ω)

2−H2(SE)
ωU dU

)−1

>
dΩ

2
. (6.23)

Proof. We first derive a bound on the averaged purity. In order to separate the
integral over U from the rest we define the time-averaging operator T which for a
non-degenerate Hamiltonian is given by

T(ρ) := 〈ρ〉t =
∑
k

|Ek〉〈Ek|ρ|Ek〉〈Ek| . (6.24)

By use of Lemma A.6 we have∫
U(Ω)

p(ωU)dU =

∫
U(Ω)

Tr
[
ωU · ωU

]
dU

=

∫
U(Ω)

Tr
[
(ωU ⊗ ωU)S

]
dU

=

∫
U(Ω)

Tr
[
(T⊗T)(UρU † ⊗ UρU †)S

]
dU

= Tr

[
(T⊗T)

{∫
U(Ω)

U⊗2(ρ⊗ ρ)(U †)⊗2dU

}
S

]
(6.25)

where S = SES↔E′S′ denotes a “SWAP”-operator as introduced in Lemma A.6. It
“swaps” SE and a copy S ′E ′ of it.

In the last equality we made use of the linearity of all operators. The integral is
solved in Lemma A.8 and leads to∫

U(Ω)

p(ωU)dU = Tr

[
(T⊗T)

{
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′

}
SES↔E′S′

]
(6.26)

Again, SΩ↔Ω′ denotes a “SWAP”-operator as introduced in Lemma A.6. In order
to compute the trace we introdue as a shorthand notation |k〉 ≡ |Ek〉 and |kl〉 ≡
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|Ek〉 ⊗ |El〉 and find∫
U(Ω)

p(ωU)dU =
∑
kl

Tr

[
|kl〉〈kl|

{
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′

}
|kl〉〈kl|SES↔E′S′

]
=
∑
kl

〈kl|
{
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′

}
|kl〉〈kl|SES↔E′S′ |kl〉

=
∑
kl

〈kl|
{
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′

}
|kl〉〈kl|lk〉

=
∑
k

〈kk|
{
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′

}
|kk〉

=
(p(ρ) + 1) · (dΩ − 1)

d3
Ω − dΩ

·
∑
k

〈kk|1ΩΩ′ |kk〉

=
p(ρ) + 1

dΩ(dΩ + 1)
·
∑
k

(〈k|1Ω|k〉)2

≤ p(ρ) + 1

dΩ + 1

<
2

dΩ

. (6.27)

The first inequality is due to the fact that
∑

k〈k|1Ω|k〉 = dΩ and that every summand
is at most 1.

A direct corollary of Theorem 6.1 and Theorem 6.2 is the equilibration in the
situations we are physically interested in, namely if we put a system in contact with
an environment about which only a few macroscopic properties are known.

Corollary 6.3. Consider a pure initial state of the system ρS(0) ∈ S=(HS). For
an aribtrary state ρE ∈ S=(HΩE) with HΩE ⊆ HE, assume that the initial state of
the environment is given by UρEU

† with U ∈ U(ΩE). Let the temporal evolution be
governed by a Hamiltonian with non-degenerate energy gaps and denote the time-
evolved state of the system by ρS(t). Then,

Pr

[
〈‖ρS(t)− 〈ρS(t)〉t‖1〉t >

√
dS√
dΩE

]
<
√

2

√
dS√
dΩE

(6.28)

where the probability is computed over the choice of U from the Haar measure on
U(ΩE).

62



Instead of understanding this as a statement about a probability when choosing
a unitary U from the Haar measure on U(ΩE), we may equivalently understand it as
a statement about a probability when choosing a state ρ̃E = UρEU

† with the same
eigenvalues as ρE and Haar distributed eigenstates from HΩE . That is, we chose ρ̃E
from the (unique) unitarily invariant measure on an orbit of the action of U(ΩE) on
S=(ΩE). Since S=(ΩE) is the disjoint union of these orbits, (6.28) also holds if we
pick the initial state of the environment ρ̃E from any unitarily invariant measure on
S=(HΩE).

Since the dimensions grow exponentially with the number of particles and we are

interested in environments with many constituent particles, we assume
√

dS√
dΩE

to be

very small in physical situations. Thus any initial state of a system equilibrates for
almost any initial state of a large enough environment the system is interacting with.
We emphasize that the strength of this statement is mainly due its very weak as-
sumptions and hence its wide applicability. We did not make any assumptions on the
Hamiltonian whatsoever with the sole exception of requiring a Hamiltonian with non-
degenerate energy gaps which rules out cases in which system and environment do
not interact at all. Nor did we make any assumption about the quantum-mechanical
systems we call “system” and “environment”.

Proof. Since ρS(0) is pure it can be written in the form ρS(0) = |ψ〉〈ψ|S. For such
a |ψ〉S let HΩ := |ψ〉S ⊗ HΩE so dΩ = dΩE . Let ωUSE denote the temporal average
obtained from the initial state ρS(0)⊗UρEU †. Applying first (6.5) then the concavity
of the square root function and finally Theorem 6.2 we find∫

U(ΩE)

〈
∥∥ρS(t)− ωUS

∥∥
1
〉tdU ≤ dS

∫
U(ΩE)

2−
1
2
H2(SE)

ωU dU

≤ dS

√∫
U(ΩE)

2−H2(SE)
ωU dU

≤ dS

√
2

dΩE

. (6.29)

Markov’s inequality (4.3) then tells us that

Pr
U

[
〈
∥∥ρS(t)− ωUS

∥∥
1
〉t >

√
dS√
dΩE

]
<
√

2

√
dS√
dΩE

(6.30)

where the probability is computed over the choice of U from the Haar measure.

63



Theorem 6.2 generalizes [LPSW09, Theorem 2 (i)] which makes a statement about
averages of entropy measures for pure initial states. With only the statement about
the averaged purity at hand, we had to apply Markov’s inequality in order to obtain
the above corollary. [LPSW09, Theorem 2 (ii)] shows that for pure initial states
the Rényi entropy of order 2 of the temporal average is not only on average higher
than log dΩ − 1 but also that the probability of it being smaller than log dΩ − 2 is
exponentially small. We were not able to generalize this to mixed initial states. In
order to obtain an exponentially strong statement by use of Lemma A.3 we would

have to upper bound the Lipschitz constant of the function U 7→ Tr
(〈
UρU †

〉
t

)2

which seems difficult. A statement showing that the probability of the entropy of
the temporal average being smaller than log dΩ − 2 is also for a mixed initial state
exponentially small would conclude the generalization of the equilibration results of
[LPSW09].

6.3 Initial state independence of the temporal av-

erage

6.3.1 The relevant measure of entanglement and the equi-
librium state

In this section we deal with the question whether the temporal average of the
state of the system is the same for different initial states with support restricted to
HΩ ⊆ HS⊗HE. We will find that this is the case if the uncertainty about the initial
state is high enough and/or if the relevant energy eigenstates are sufficiently entan-
gled. In order to quantify the latter, we introdue the quantity minεkHmin(S)|Ek〉〈Ek|.
Hmin(S)|Ek〉〈Ek| is a measure of the entanglement of the k-th energy eigenstate.
It can be seen by use of the Schmidt decomposition (2.12) that it corresponds
to the (negative logarithm of the) maximal overlap of |Ek〉 with a product state.
minkHmin(S)|Ek〉〈Ek| therefore quantifies the entanglement of the least entangled en-
ergy eigenstate. Energy eigenstates which are (close to) orthogonal to HΩ are ir-
relevant for the evolution of states with initial support restricted to HΩ and should
therefore not be considered in a suitable entanglement measure. We therefore use a
“smooth minimum”

ε

min
k
Hmin(S)|Ek〉〈Ek| := max

I
min
k/∈I

Hmin(S)|Ek〉〈Ek| (6.31)
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where the maximum is over all index sets I ⊆ {1, . . . , dSdE} with the property that∑
k∈I

〈Ek|πΩ|Ek〉 ≤ ε . (6.32)

This means that we are allowed to neglect energy eigenstates which are not too
important (measured by 〈Ek|πΩ|Ek〉) for the evolution of initial states from HΩ. The
minimum is thus only over energy eigenstates which have significant overlap with the
space HΩ. Note that since

∑
k〈Ek|πΩ|Ek〉 = 1 and since there are dSdE terms in the

sum, most summands are very small. Hence a small ε suffices to “smoothen away”
the vast majority of irrelevant energy eigenstates. In fact, since our entanglement
measure is only concerned with the least entangled of the remaining eigenstates, it
suffices to smoothen away those eigenstates which are untypically poorly entangled.
The maximal value 〈Ek|πΩ|Ek〉 can take is 1

dΩ
. So if dΩ is large, we can smoothen

away all eigenstates which are untypically poorly entangled and thus interpret the
“smooth minimum” as the typical entanglement of the relevant energy eigenstates.

Consider the unitary USE describing the temporal evolution and acting on density
operators by conjugation as in eqn. (2.24). While USE does in general not leave the
space of initial statesHΩ invariant, it preserves its linear structure. It makes therefore
sense to speak of a time-dependent equiprobable state πΩ(t). We can thus define a
time-averaged equiprobable state

ΩSE := 〈πΩ(t)〉t =
∑
k

|Ek〉〈Ek|πΩ|Ek〉〈Ek| . (6.33)

The last expression is invariant under an application of USE to the state πΩ, it does
therefore not matter which πΩ(t) we insert.

For any ρSE ∈ S=(HΩ) we have

ΩSE =
∑
k

|Ek〉〈Ek|
(∫

U(HΩ)

UρU †dU

)
|Ek〉〈Ek|

=

∫
U(HΩ)

∑
k

|Ek〉〈Ek|
(
UρU †

)
|Ek〉〈Ek|dU

=

∫
U(HΩ)

〈UρU †〉tdU . (6.34)

That is, besides understanding ΩSE as the temporal average of the averaged state
πΩ, we may as well understand it as an average over temporal averages of states from
S=(HΩ).
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Our theorem provides a sufficient condition for almost all initial states ρSER (with
support restricted do HΩ⊗HR) yielding the equilibrium state ΩS as their local time-
average. If this condition is fulfilled, we also predict the local time-averaged state to
be decoupled from a reference which may be correlated with the initial state. That
is, we predict that with very high probability

I(S : R)〈ρ〉t ≈ 0 (6.35)

where

TrER〈ρ〉t ≈ ΩS . (6.36)

The condition for this to happen is discussed in Section 6.3.3.

6.3.2 Formal version of the theorem

Formally, we have the following theorem.

Theorem 6.4 (Generalization of [LPSW09, Theorem 3]). Assume HΩ ⊆ HS ⊗
HE and consider an initial state ρSER ∈ S(HΩ ⊗ HR). The SE-part is subject to
a temporal evolution governed by a non-degenerate Hamiltonian HSE. Let ΩS =
TrE ΩSE where ΩSE is as defined in eqn. (6.33). Then, for any ε > 0,∫
U(Ω)

∥∥TrE〈UρU †〉t − ΩS ⊗ ρR
∥∥

1
dU ≤

√
dS
dΩ

2−
1
2
Hε

min(Ω|R)ρ− 1
2

min
ε2/2
k Hmin(S)|Ek〉〈Ek| + 12ε

(6.37)

where min
ε2/2
k denotes a “smooth minimum” as introduced above.

Proof. Our proof is based on Theorem 4.1. We consider the channel T from Ω
to S given by first taking the temporal average and then tracing out the environ-
ment E. According to eqn. (2.29) the channel is therefore given by TΩ→S(ρSE) =
TrE (

∑
k |Ek〉〈Ek|ρ|Ek〉〈Ek|) if the energy-levels of HSE are non-degenerate. Note

that this is indeed a CPTPM. By use of the definition of ΩS and eqn. (4.2) we see
that the state τS appearing in eqn. (4.1) is given by ΩS. Theorem 4.1 therefore yields∫

U(Ω)

∥∥TrE〈UρU †〉t − ΩS ⊗ ρR
∥∥

1
dU ≤ 2−

1
2
Hε

min(Ω|R)ρ− 1
2
Hε

min(Ω′|S)τ + 12ε . (6.38)

In order to examine the entropy-term specifying the channel TΩ→S we make use of
the chain rule (3.7) and obtain

Hε
min(Ω′|S)τ ≥ Hε

min(Ω′S)τ − log dS . (6.39)
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The Ω′S-term makes an evaluation of τΩ′S necessary.

τΩ′S = TΩ→S (ΨΩ′Ω)

= TrE

(∑
k

|Ek〉〈Ek|SEΨΩ′Ω|Ek〉〈Ek|SE

)
=
∑
i,j,k

1

dΩ

〈Ek|SE|i〉Ω〈j|Ω|Ek〉SE|i〉〈j|Ω′ ⊗ TrE |Ek〉〈Ek|SE

=
∑
k

pkρ
(k)
Ω′ ⊗ TrE |Ek〉〈Ek| (6.40)

where pk = 〈Ek|πΩ|Ek〉 and

ρ
(k)
Ω′ =

∑
i,j

〈Ek|i〉〈j|Ek〉
〈Ek|1Ω|Ek〉

|i〉〈j|Ω′ ∈ S= (HΩ′) . (6.41)

Note that

τΩ′ =
∑
k

pkρ
(k)
Ω′

=
1

dΩ

∑
i,j,k

〈j|Ek〉〈Ek|i〉|i〉〈j|Ω′

= πΩ′ . (6.42)

Given an index set I ⊆ {1, . . . , dSdE} let

τ̃Ω′S :=
∑
k/∈I

pkρ
(k)
Ω′ ⊗ TrE |Ek〉〈Ek| . (6.43)

Then

τ̃Ω′S ≤ τ̃Ω′ ⊗max
l /∈I

λmax(TrE |El〉〈El|)1S

≤ τΩ′ ⊗max
l /∈I

λmax(TrE |El〉〈El|)1S

= πΩ′ ⊗max
l /∈I

λmax(TrE |El〉〈El|)1S . (6.44)

Since A ≤ B implies λmax(A) ≤ λmax(B) and since λmax(A⊗B) = λmax(A)⊗λmax(B)
(6.44) implies

λmax(τ̃Ω′S) ≤ 1

dΩ

max
l /∈I

λmax(TrE |El〉〈El|) (6.45)
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and hence

Hε
min(Ω′S)τ ≥ Hmin(Ω′S)τ̃

≥ log dΩ + min
l /∈I

Hmin(S)TrE |El〉〈El| (6.46)

as long as the index set I is such that P (τΩ′S, τ̃Ω′S) ≤ ε. We note that

‖τΩ′S − τ̃Ω′S‖1 =

∥∥∥∥∥∑
k∈I

pkρ
(k)
Ω′ ⊗ TrE |Ek〉〈Ek|

∥∥∥∥∥
1

=
∑
k∈I

pk (6.47)

so by use of Lemma 3.3

P (τΩ′S, τ̃Ω′S) ≤
√

2
∑
k∈I

pk . (6.48)

We thus require that the index set I be such that
∑

k∈I pk ≤
ε2

2
. Using the notation

introduced in Section 6.3.1, we denote the maximization over all such index sets by

max
ε2/2
I . We combine this with (6.39) to obtain

Hε
min(Ω′|S)τ ≥ log dΩ +

ε2/2
max
I

min
l /∈I

Hmin(S)TrE |El〉〈El| − log dS (6.49)

which yields the theorem.

6.3.3 Discussion

Given that the conditions of the corresponding theorems are fulfilled, almost all
states in HΩ are locally close to πΩ

S (as shown in Theorem 5.1) and almost all states
starting their temporal evolution in HΩ are locally almost always close to ΩS (as
shown in Theorems 6.1, 6.2 and 6.4). These two states are in general not identical.
While πΩ

S depends only on HΩ, the state ΩS depends on both HΩ and the energy
eigenstates. ΩSE is identical to πΩ if the temporal evolution preserves the space HΩ

which is the case if and only if there is an index set I such that

HΩ = spanC {|Ek〉}k∈I . (6.50)

With the interpretation of HΩ given in eqn. (3.59) this is in particular the case if the
operators A and HSE commute.

68



Theorem 6.4 provides the following sufficient condition for almost all states which
are only known up to a unitary on a certain space (e.g. all pure states on a certain
space) yielding the same time-averaged local state ΩS (for ε→ 0):

log dS / log dΩ︸ ︷︷ ︸
uncertainty about eigenstates of the initial state

+ Hε
min(Ω|R)ρ︸ ︷︷ ︸

uncertainty due to mixture of the initial state

+
ε2

min
k
Hmin(S)|Ek〉〈Ek|︸ ︷︷ ︸

typical entanglement of the relevant energy eigenstates

(6.51)

Roughly speaking, the less we know about the initial state and the more entangled the
relevant energy eigenstates are between the system and the environment, the higher
is the fraction of initial states which yield approximately the same time-averaged
state on the system. We compare this to [LPSW09, Theorem 3] which gives (in our
notation) the condition

log dS / log dΩ − log

(∑
k

〈Ek|πΩ|Ek〉2−H2(S)|Ek〉〈Ek|

)
(6.52)

Note that in [LPSW09, Theorem 3] it is only shown that this condition is sufficient
for pure initial states. While it seems not immediately clear which entanglement
measure is better suited for which kind of problem, our result is more general in that
it allows for mixed initial states and takes their possible correlations to a reference
into account.

Here, we want to reproduce two crucial statements derived in [LPSW09]. We
consider that we put the system in contact with the environment at t = 0 so that
the initial state is a product. We first investigate under what conditions the time-
averaged state is independent of the initial state of the environment. Let the initial
state be a product of a fixed pure state φS of the system and a generic state ρE whose
eigenstates are restricted to a subspace HΩE ⊆ HE of the environment. Since we are
not interested in our initial correlations with the environment state ρE we chose the
reference to be trivial in this case. The subspace of the environment describes the set
of states following a certain macroscopic constraint like having a given temperature.
Note that HΩE is not a subspace of HS ⊗ HE, but HΩ = |φ〉S ⊗ HΩE is. We have
dΩ = dΩE and Hε

min(Ω)φ⊗ρ = Hε
min(ΩE)ρ. Our condition thus turns into

log dS / log dΩE +Hε
min(ΩE)ρ +

ε2

min
k
Hmin(S)|Ek〉〈Ek| . (6.53)
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We have Hε
min(ΩE)ρ ≥ 0. Since also minε

2

k Hmin(S)|Ek〉〈Ek| ≥ 0 and since we assume
that log dS / log dΩE in a physical situation we conclude that if we put any pure state
of a system in contact with an environment, then almost any state of the environment
following some macroscopic constraint yields the same time-averaged state of the
system. Similarly as in Corollary 6.3 “almost any” here means “all but exponentially
few from any unitarily invariant measure on S=(HΩE) according to Theorem 4.2”.
It will be shown in Chapter 8 that the statement also holds for mixed initial states
of the system.

Independence of the initial state of the system turns out to be a much more subtle
issue, as already pointed out in Section 4.1. It does not hold in general that almost all
initial states of the system yield the same time-averaged state. Trivially, we cannot
become independent if there are operators acting on the system which commute with
the Hamiltonian thus giving rise to conserved quantities on the system. But even
requiring that there be no conserved quantities on the system is not sufficient. This
can be seen by looking at an example which is given in [LPSW09]. Consider that the
differences between the energy levels of the system Hamiltonian dominate by far over
the differences between the energy levels in the environment and in the interaction
between system and environment. Then simply due to reasons of energy conservation
the joint evolution cannot turn one of the eigenstates of the system Hamiltonian into
another. Applying our theorem to this problem generalizes the corresponding result
of [LPSW09] to mixed initial states which may initially be correlated to a reference.
If we take HΩ = HS ⊗ |φ〉E the condition becomes

log dS / log dS +Hε
min(S|R)ρ +

ε2

min
k
Hmin(S)|Ek〉〈Ek| (6.54)

so that the dimensional terms cancel. Hence for any pure initial state of the environ-
ment almost all states of SR which are connected by unitaries on S yield the same
temporal average on S if the conditional entropy about them given access to R is
high enough and/or the relevant energy eigenstates are sufficiently entangled.

This result may also be understood in the context of Theorems 5.4 and 5.5. Let S
denote a set of qubits with initial correlations to R. Letting the qubits interact for a
time which grows polynomially in the number of qubits has according to Theorem 5.4
the same effect as applying a Haar mesure random unitary (as far as we are concerned
with the first two moments of the measure). This then approximates according to
Theorem 5.5 the predictions of the decoupling theorem which we used to derive
Theorem 6.4. Hence, if we first let the isolated qubits interact for a quadratic time
and put them consecutively in contact with the environment this allows to translate
the above statement from a statement about different initial states of the system to
a statement about different qubit evolutions.
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Finally, consider an isolated system HS with Hamiltonian HS which is not inter-
acting with any environment E. In this scenario there is no notion of the “entangle-
ment of energy eigenstates”. For a non-degenerate Hamiltonian, time-averaging is
formally just a measurement in the energy eigenbasis (c.f. (2.29)). The conditional
entropy of the Choi-Jamio lkowski isomorphism of an orthogonal measurement is zero
(c.f. Table 4.1)). So whether we obtain decoupling and an identical time-average on
S for almost all initial states from SR which are connected by unitaries from U(S)
solely depends on the sign of Hε

min(S|R)ρ. For pure initial states of S, this condi-
tional entropy is zero so that we can neither apply the decoupling theorem nor its
converse. We can neither predict that most pure states lead to the same time-average
nor the opposite. This is not due to the difference between min- and max-entropies
which coincide in this case. So in a certain sense time-averaging is decoupling-wise
“critical”. However, if we add a partial trace over a large part of the system almost
all time-averages will be identical on the remaining part.
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Chapter 7

On the times which are necessary
for entropy changes

In the previous chapters of this thesis we discussed necessary conditions for the
thermalization of the system, namely equilibration to the time-averaged state and
initial state independence of the time-averaged state. In this chapter we would like
to address the time-scales which are necessary in order to change different entropy
measures by a given amount. Since the unitary time evolution does not change the
entropy of the states on which it acts, entropy changes can only occur if we consider
one part of a bipartite system and an interactive Hamiltonian governing the joint
evolution of the system.

7.1 The time needed to change Rényi entropies

with α > 1

For notational convenience we express the following Theorem not in terms of the
Rényi entropies but in terms of the Schatten α-norms which are closely related to
the former. For α > 0 we define

‖A‖α := (Tr |A|α)
1/α

(7.1)

with |A| =
√
A†A. For ρ ∈ S=(HA) and α 6= 1 we have

Hα(A)ρ =
α

1− α
log (‖ρA‖α) . (7.2)
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Theorem 7.1. Let α > 1. Consider a state ρSE(0) ∈ S=(HS ⊗HE) evolving under
a Hamiltonian HSE with interaction strength ∆(Hint) as introduced in (2.35). Then
for all times t ∣∣∣∣ d

dt
‖ρS(t)‖α

∣∣∣∣ ≤ 1

T̄
(7.3)

where

T̄ (HSE, ρSE(0)) := (min {2∆(Hint), ‖[HSE, ρSE(0)]‖1})
−1 . (7.4)

It is worth noting that the above bound is symmetric under an exchange of S
and E. In particular it does not matter whether we want to change the entropy of
the larger or the smaller part of the joint system SE. We will find the time T̄ to
be of fundamental importance when lower-bounding the times which are needed for
entropy changes. It only depends on the Hamiltonian and the initial state and is
diverging if either the system does not interact with the environment or if the initial
state commutes with the Hamiltonian. In these cases no changes of the local entropy
are possible. In the latter case the initial state does not evolve at all, as can be seen
by the von Neumann equation (2.23). We need a long time to change local entropies
if the interactive part of the Hamiltonian is weak or if the initial state is close to a
mixture of energy eigenstates of the Hamiltonian.

Following the discussion in Section 2.5, Theorem 7.1 may be strengthened if we

replace ∆ (Hint) in the definition of T̄ by ∆
(
H̃int

)
or ∆

(
Ĥint

)
, where ∆

(
H̃int

)
and

∆
(
Ĥint

)
are as defined in equations (2.37) and (2.40), respectively.

In the limit of α→∞ we find∣∣∣∣ d

dt
λmax (ρS(t))

∣∣∣∣ ≤ 1

T̄
. (7.5)

In the special cases of α = 2 we find∣∣∣∣ d

dt

√
p(ρS(t))

∣∣∣∣ ≤ 1

T̄
(7.6)

or in integrated form a minimal time of

T̄ ·
∣∣∣√p(i)−

√
p(f)

∣∣∣ (7.7)
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to change the purity from p(i) to p(f). This improves and corrects an existing bound
[Gog10b].1

Proof. Up to eqn. (7.11) the proof is due to [RKIA11] and reproduced here for
completeness. By use of the von Neumann equation (2.23) we have

d

dt
TrS {ραS(t)} = − iTrS

{
αρα−1

S (t) TrE [HSE, ρSE(t)]
}

= − iαTrSE
{(
ρα−1
S (t)⊗ 1E

)
[HSE, ρSE(t)]

}
. (7.8)

Using the cyclic property of the trace we have

TrSE
{(
ρα−1
S (t)⊗ 1E

)
[HS ⊗ 1E, ρSE(t)]

}
= TrSE

{[
ρα−1
S (t)⊗ 1E, HS ⊗ 1E

]
ρSE(t)

}
= TrS

{[
ρα−1
S (t), HS

]
TrE ρSE(t)

}
= TrS

{[
TrE ρSE(t), ρα−1

S (t)
]
HS

}
= 0 . (7.9)

Furthermore,

TrSE
{(
ρα−1
S (t)⊗ 1E

)
[1S ⊗HE, ρSE(t)]

}
= TrSE

{[
ρα−1
S (t)⊗ 1E,1S ⊗HE

]
ρSE(t)

}
= 0 . (7.10)

We conclude that

d

dt
TrS {ραS(t)} = − iαTrSE

{(
ρα−1
S (t)⊗ 1E

)
[Hint, ρSE(t)]

}
= − iαTrSE

{
Hint

[
ρSE(t), ρα−1

S (t)⊗ 1E

]}
. (7.11)

We introduce the notation ρcor(t) := ρSE(t)− ρS(t)⊗ ρE(t) [GHH07] to find

d

dt
TrS {ραS(t)} = − iαTrSE

{
Hint

[
ρcor(t), ρ

α−1
S (t)⊗ 1E

]}
. (7.12)

We bound the absolute value of this derivative by use of the inequality

|Tr(AB)| ≤ Tr |AB| = ‖AB‖1 ≤ ‖A‖1 ‖B‖∞ (7.13)

1 Besides minor flaws, in the derivation of (2.6.40) in [Gog10b] the term ‖ρcor‖1 is (combining
(2.6.28), (2.6.33) and (2.6.39)) upper-bounded by 2

√
log dS . This is pointless since the trace-distance

‖ρcor‖1 is upper-bounded by 2 anyway.
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and the triangle inequality which yields∣∣∣∣ d

dt
TrS {ραS(t)}

∣∣∣∣ ≤ α ‖Hint‖∞
∥∥[ρcor(t), ρα−1

S (t)⊗ 1E

]∥∥
1

≤ 2α ‖Hint‖∞ ‖ρcor(t)‖1

∥∥ρα−1
S (t)⊗ 1E

∥∥
∞

= 2α ‖Hint‖∞ ‖ρcor(t)‖1

∥∥ρα−1
S (t)

∥∥
∞ . (7.14)

We address each of the three norms individually. The term ‖Hint‖∞ can be optimized
as follows. It can be seen directly from (7.11) that adding a constant times the
identity to Hint is irrelevant. Following the discussion in Section 2.5 we can therefore
replace the term ‖Hint‖∞ by 1

2
∆(Hint) where

∆(Hint) := λmax(Hint) + λmax(−Hint) . (7.15)

The term ‖ρcor(t)‖1 is a trace distance and hence upper-bounded by 2. Since α > 1
we have ∥∥ρα−1

S (t)
∥∥
∞ = λmax(ρS)α−1 . (7.16)

Note that this point is the reason why the proof does not work for 0 < α < 1. For
0 < α < 1 we would obtain a negative power of the smallest non-zero eigenvalue, for
which it seems impossible to find a general upper bound. In conclusion,∣∣∣∣ d

dt
TrS {ραS(t)}

∣∣∣∣ ≤ 2α ·∆(Hint) · λmax(ρS)α−1

≤ 2α ·∆(Hint) · (TrS {ραS(t)})
α−1
α . (7.17)

From the last inequality we see that our bound should be the better, the larger α

is. Another upper bound for
∣∣∣ d
dt

TrS {ραS(t)}
∣∣∣ can be obtained from eqn. (7.8). We

define USE := e− iHSEt. Since USE commutes with the Hamiltonian we have

d

dt
TrS {ραS(t)} = − iαTrSE

{(
ρα−1
S (t)⊗ 1E

)
USE [HSE, ρSE(0)]U †SE

}
= − iαTrSE

{
U †SE

(
ρα−1
S (t)⊗ 1E

)
USE [HSE, ρSE(0)]

}
(7.18)

we have again by (7.13)∣∣∣∣ d

dt
TrS {ραS(t)}

∣∣∣∣ ≤ α
∥∥∥U †SE (ρα−1

S (t)⊗ 1E

)
USE

∥∥∥
∞
‖[HSE, ρSE(0)]‖1

≤ α
∥∥ρα−1

S (t)
∥∥
∞ ‖[HSE, ρSE(0)]‖1

= αλmax (ρS(t))α−1 ‖[HSE, ρSE(0)]‖1

≤ α · (TrS {ραS(t)})
α−1
α · ‖[HSE, ρSE(0)]‖1 . (7.19)
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Defining

T̄ (HSE, ρSE(0)) := (min {2∆(Hint), ‖[HSE, ρSE(0)]‖1})
−1 (7.20)

the differential equations (7.17) and (7.19) can be combined to∣∣∣∣ d

dt
TrS {ραS(t)}

∣∣∣∣ ≤ α

T̄
· (TrS {ραS(t)})

α−1
α . (7.21)

By use of Lemma A.9 we obtain that for all times t

TrS {ραS(t)} ∈
[(

(TrS {ραS(0)})
1
α − t

T̄

)α
,

(
(TrS {ραS(0)})

1
α +

t

T̄

)α]
. (7.22)

The time needed to change from TrS {ραS(i)} to TrS {ραS(f)} is therefore at least

T̄ ·
∣∣∣(TrS {ραS(i)})

1
α − (TrS {ραS(f)})

1
α

∣∣∣ = T̄ · |‖ρS(i)‖α − ‖ρS(f)‖α| . (7.23)

If it were possible to have
∣∣∣ d
dt
‖ρS(t)‖α

∣∣∣ > 1
T̄

, (7.23) could be violated for an infinites-

imally small change of d
dt
‖ρS(t)‖α, and hence the assertion.

7.1.1 The time needed for arbitrarily high changes of en-
tropy

Combining eqn. (7.2) and Theorem 7.1 we find that the time which is needed to
change a Rényi-entropy with α > 1 from Hα(i) to Hα(f) is at least

T̄ ·
∣∣∣2 1−α

α
Hα(i) − 2

1−α
α
Hα(f)

∣∣∣ . (7.24)

The second factor is always smaller than 1, so this bound allows arbitrarily high
changes of entropy to happen in time T̄ . This may come a bit as a surprise. We will
therefore show in this section that (up to a factor of at most π) this is also achievable.

In order to see how arbitrarily high entropies can be achieved in a fixed time,
consider the initial state |00〉SE ≡ |0〉S⊗|0〉E which has zero local entropy. We evolve
it to |ψr〉SE = 1√

r

∑r
i=1 |i〉S⊗|i〉E, the maximally entangled state of rank r. This state

has local entropy log r (for any α). As a brief calculation shows, the Hamiltonian
HSE = E−|−〉〈−|SE with |−〉SE = 1√

2
|00〉SE− 1√

2
|ψr〉SE evolves |00〉SE into |ψr〉SE in

time π
E−

. This achieves the Margolus-Levitin bound [ML97] for this scenario, which
provides a lower bound for the time needed to turn a state into an orthogonal state.
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Note, however, that the minimal time needed to achieve an arbitrarily high entropy
may be lower than the Margolus-Levitin bound. The necessary time could actually
be lowered by choosing one of the states |i〉 to be identical to |0〉.

What does our bound give for this case? A brief calculation reveals that

[HSE, ρSE(0)] =
E−
2

(|00〉〈ψr|SE − |ψr〉〈00|SE) (7.25)

so ‖[HSE, ρSE(0)]‖1 = E−. As for the 2∆(Hint) term, we define πX,r := 1
r

∑r
i=1 |i〉〈i|X

and find by use of (2.36)

Hint =
E−
2

(|00〉〈00|+ |ψr〉〈ψr| − |00〉〈ψr| − |ψr〉〈00|

−|0〉〈0| ⊗ πE − πS,r ⊗ πE − πS ⊗ |0〉〈0|E − πS ⊗ πE,r) . (7.26)

We have 〈ψr|Hint|ψr〉 = E−
2

(
1− 1

rdE
− 1

rdS

)
and 〈22|Hint|22〉 = E−

2

(
1
r
− 1

rdE
− 1

rdS

)
.

Since ∆(Hint) is according to (2.35) the difference between the largest and the small-
est eigenvalue of Hint we have 2∆(Hint) ≥ E−(1− 1

r
) and thus for large r we obtain

T̄ = 1
E−

. Hence arbitrarily high entropies can be achieved starting from a pure state

in time πT̄ .

7.1.2 The time needed to reach the Boltzmann distribution

An entropy which is particularly interesting in the context of thermalization is the
entropy of the Boltzmann state. The time which is needed to reach this entropy
gives a lower bound on the thermalization time.

Corollary 7.2. Consider a quantum mechanical system interacting with an envi-
ronment such that its equilibrium state follows the Boltzmann distribution. Let E0

denote the ground state energy of the system, β the inverse temperature of its equi-
librium state, Z(β) the corresponding partition function and ∆(Hint) the strength of
the interaction between the system and its environment (as defined in (2.35)). Then
the time needed to reach thermal equilibrium starting from any pure state is at least

1

2∆(Hint)

(
1− e−βE0

Z(β)

)
. (7.27)

This lower bound on the thermalization time holds for any pure initial state of the
system and arbitrary initial states of the environment. Note that higher equilibrium
temperatures yield a higher lower bound on the thermalization time. A stronger

bound can be obtained if we replace ∆(Hint) by ∆
(
H̃int

)
or ∆

(
Ĥint

)
, as discussed

in Section 2.5.
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Proof. Integrating (7.5) yields that the time which is needed to change the maximal
eigenvalue from λmax(i) to λmax(f) is at least

T̄ · |λmax(i)− λmax(f)| .

The assertion then follows directly from noting that the maximal eigenvalue of the
Boltzmann state 1

Z
e−βHS is 1

Z
e−βE0 and that by definition T̄ ≥ 1

2∆(Hint)
. It is easy

to see that applying the corresponding bound for another entropy measure Hα with
α > 1 yields a weaker bound.

7.2 The time needed to change the von Neumann

entropy

We mentioned during the proof of Theorem 7.1 why our theorem does not hold for
α < 1. In the limit of α → 1, that is for the von Neumann entropy (3.4), Theorem
7.1 becomes trivial. This is why we try another approach for this entropy. We can do
a series expansion of the logarithm and apply eqn. (7.11) to each power separately.
This yields the equality [RKIA11]

d

dt
H(S)ρ(t) = − iTrSE {Hint [log(ρS(t))⊗ 1E, ρSE(t)]} (7.28)

where the logarithm is only applied to non-zero eigenvalues. From this we see that
a state ρSE has a vanishing derivative of the von Neumann enropy in S under any
Hamiltonian HSE if and only if

[ρS ⊗ 1E, ρSE] = 0 . (7.29)

States with this property are called “lazy states” [RKIA11].
The absolute value of the derivative in (7.28) cannot straightforwardly be upper-

bounded as it was possible for α > 1. The difficulties arise due to the log(ρS(t))
term whose entries may have an arbitrarily high absolute value. Since the logarithm
is only applied to non-zero eigenvalues, this term is not even stable against small
perturbations of ρ. Still, the commutator in (7.28) renders the absolute value of the
derivative of the von Neumann entropy finite for any finite-dimensional system S
(c.f. [Bra07], for example, a result we will discuss in more detail in this section).
We derive here three simple bounds on the rate of change of the local von Neumann
entropy an will see later on that the weakest of them is achievable up to a small
factor.
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Theorem 7.3. Let the joint evolution of a system S in contact with an environment
E be governed by a joint Hamiltonian HSE with interaction strength ∆(Hint). Let
{pi}i=1,...,dS

be the eigenvalues of the state ρS(t) of the system at time t. Then the
following upper bounds on the absolute value of the temporal derivative of the von
Neumann entropy in S apply:∣∣∣∣ d

dt
H(S)ρ(t)

∣∣∣∣ ≤ 1

2
∆(Hint)

∥∥∥∥∥
dS∑

j,k=1

(log pj − log pk)
√
pj
√
pk|j〉〈k|S

∥∥∥∥∥
1

≤ 2∆(Hint)

√√√√ dS∑
i=1

pi (log pi)
2

≤ 2∆(Hint) log dS . (7.30)

We can learn two immediate things from the first bound. While the entries of
log ρS(t) cannot be bounded by any finite value, the expression given in the first
bound can. We conclude that the temporal derivative of the von Neumann entropy
is finite for all times, which is as we would expect. Furthermore, the temporal
derivative of the von Neumann entropy is zero if the distribution described by the
pj’s is flat, i.e. if ρS(t) is proportional to a projector. Such states are lazy states.

Since the eigenvalues pi depend on the time t, only the last bound can help us
to lower-bound the time we need to change the von Neumann entropy from H(i) to
H(f). In contrast to the bounds on the rate of change of the Schatten norms we
now have for the first time an explicit dependence on the size of the system. This
is no fundamental difference, however, since the entropic quantities which scale with
the size of the system are actually the logarithms of the quantities whose derivative
we bounded in Section 7.1. In fact, the factor log dS in the last bound makes sure
that our lower bound on the time which is needed to turn the von Neumann entropy
from 0 to log dS or vice versa does not depend on the size of S. This is as we
would expect following the discussion in Section 7.1.1. Our lower bound for the time
which is needed to reach a fully mixed state starting from a pure one is now 1

2∆(Hint)
.

This reproduces what we found when dealing with the Rényi entropies with α > 1,
but we have lost the dependence on the relation between the initial state and the
Hamiltonian.

Proof. Since we did not impose any restrictions on the Hamiltonian whatsoever, we
can formally extend the environment with a purifying system P and extend the
Hamiltonian to HSEP = HSE ⊗ 1P . By use of (2.36) we find that Hint gets an
additional factor 1P so that the quantities ‖Hint‖∞ and ∆(Hint) are invariant under
this extension.
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Let ρSEP (t) = |µ〉〈µ|SEP . Then by use of (7.28) and (7.13)∣∣∣∣ d

dt
H(S)ρ(t)

∣∣∣∣ ≤ ‖Hint‖∞ ‖[log(ρS(t))⊗ 1EP , |µ〉〈µ|SEP ]‖1 . (7.31)

It can be seen directly from (7.28) that we can add an arbitrary constant times the
identity to Hint and thus replace ‖Hint‖∞ by 1

2
∆(Hint). Now let |ν〉SP̃ denote a

purification of ρS. Since both |ν〉SP̃ and |µ〉SEP are purifications of ρS, there is an
isometry VP̃→EP with VP̃→EP |ν〉SP̃ = |µ〉SEP . Hence,∣∣∣∣ d

dt
H(S)ρ

∣∣∣∣ ≤ 1

2
∆(Hint)

∥∥∥[log(ρS)⊗
(
VP̃→EP1P̃V

†
P̃→EP

)
, VP̃→EP |ν〉〈ν|SP̃V

†
P̃→EP

]∥∥∥
1

=
1

2
∆(Hint)

∥∥∥VP̃→EP [log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ]V †
P̃→EP

∥∥∥
1

=
1

2
∆(Hint) ‖[log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ]‖1 . (7.32)

The commutator may therefore be calculated for an arbitrary purification |ν〉SP̃ of

ρS(t). Let ρS(t) =
∑dS

i=1 pi|i〉〈i|S and |ν〉SP̃ =
∑dS

i=1

√
pi|i〉S|i〉P̃ . Then,

‖[log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ]‖1 =

∥∥∥∥∥
dS∑

j,k=1

(log pj − log pk)
√
pj
√
pk|j〉〈k|S ⊗ |j〉〈k|P̃

∥∥∥∥∥
1

=

∥∥∥∥∥
dS∑

j,k=1

(log pj − log pk)
√
pj
√
pk|j〉〈k|S

∥∥∥∥∥
1

. (7.33)

For the second equality we used that the dS · (dS−1) states |j〉S|k〉P̃ with j 6= k yield
a zero eigenvalue.

The operator i [log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ] is Hermitian and has vanishing trace, so
its eigenvalues are real and sum up to zero. The operator ΠSP̃ which is the projection
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onto the eigenstates with positive eigenvalues therefore allows to write

‖i [log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ]‖1 = 2 Tr {ΠSP i [log(ρS)⊗ 1P̃ , |ν〉〈ν|SP̃ ] ΠSP}
= 2 iTr {[Π, log(ρ)⊗ 1] |ν〉〈ν|}
= 2 i〈ν| [Π, log ρ⊗ 1] |ν〉
≤ 4 |〈ν|Π (log ρ⊗ 1) |ν〉|

≤ 4
√
〈ν|ΠΠ†|ν〉

√
〈ν| (log ρ⊗ 1)† (log ρ⊗ 1) |ν〉

≤ 4

√
〈ν| (log ρ⊗ 1)2 |ν〉

= 4

√√√√ dS∑
i=1

pi (log pi)
2

≤ 4 log dS . (7.34)

The second inequality is due to an application of Cauchy-Schwarz, the last one can
be proved by use of a Lagrange multiplier.

Our bound agrees well with the result of [Bra07] where it is shown that for pure
global states |φ〉SE the optimal rate with which the local entropy can be increased
(optimized over pure states and Hamiltonians) is given by

d

dt
H(S)φ = ‖HSE‖∞ · 2 max

1
2
≤λ≤1

√
λ(1− λ) log

(
λ(d− 1)

1− λ

)
(7.35)

where d = min {dS, dE}. For d = 2 the optimal rate is approximately 1.9123·‖HSE‖∞
and for large d it is approximately log d · ‖HSE‖∞ [Bra07].

Using this result, we can slightly improve the weakest bound in Theorem (7.3)
if a specific dS is given. From (7.28) we know that only the interactive part of
the Hamiltonian is relevant for changes of the local entropy, allowing us to replace
‖HSE‖∞ in (7.35) by ‖Hint‖∞. Again, it can be seen from (7.28) that we can add an
arbitrary constant times the identity to Hint and thus replace ‖Hint‖∞ by 1

2
∆(Hint).

Multiplying all energy levels by −1 inverts the time-evolution, so an upper bound
on the rate with which the entropy can increase which only involves ∆(Hint) is also
an upper bound on the rate with which it may decrease. Finally, we may add a
purifying system P to SE, formally include it into the environment and replace
d = min {dS, dEdP} in (7.35) by dS. Our adjusted version of (7.35) then becomes∣∣∣∣ d

dt
H(S)ρ

∣∣∣∣ ≤ ∆(Hint) · max
1
2
≤λ≤1

√
λ(1− λ) log

(
λ(dS − 1)

1− λ

)
(7.36)
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which is achievable if dS ≤ dEdP . This improves the weakest bound in Theorem
(7.3) by a factor of approximately 2 for dS = 2 and approximately 4 for large dS.

An even stronger bound is proved in [CLV03] for the case of a product Hamilto-
nian HSE = KS ⊗KE and a pure global state |φ〉SE. The optimal rate with which
the entropy can be increased by a Hamiltonian of this form is given by

d

dt
H(S)φ =

∆(KS)∆(KE)

4
· 2 max

0≤λ≤1

√
λ(1− λ) log

(
λ

1− λ

)
≈ ∆(KS)∆(KE)

4
· 1.9123 . (7.37)

Notably, this bound is independent of the dimension of S. So any product Hamil-
tonian can (up to a change of the time-scale through higher energies) increase local
entropies with the same optimal rate as the two-qubit Ising interaction σz ⊗ σz
[CLV03].

As discussed in Section 2.5 we may improve all bounds in this section if we replace

∆ (Hint) by ∆
(
H̃int

)
or ∆

(
Ĥint

)
. This is because the derivation of eqn. (7.28) works

for every decomposition

HSE = PS ⊗ 1E + 1S ⊗QE + Ĥint . (7.38)

7.3 The time needed to change the max-entropy

While we were not able to derive a general lower bound for the time needed to change
the entropy Hα for 0 < α < 1, we obtain a corollary for situations in which there is
one eigenvalue which is dominant.

Corollary 7.4. In the scenario of Theorem 7.1 let 0 < α < 1. Consider a pure
initial state on S. After a time t we have

Hα(S) ≤ 1

1− α
log

(
(1− t

T̄
)α + d1−α

S ·
(
t

T̄

)α)
. (7.39)

We note that again our bound allows to achieve arbitrarily high entropies in time
T̄ .

Proof. Let λ := λmax(ρS(t)). For a fixed λ, the eigenvalues which maximize Hα(S)

are given by
(
λ, 1−λ

dS−1
, . . . , 1−λ

dS−1

)
. This can be seen by use of a Lagrange multiplier.
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Hence

Hα(S) ≤ 1

1− α
log

(
λα + (dS − 1) ·

(
1− λ
dS − 1

)α)
=

1

1− α
log
(
λα + d1−α

S · (1− λ)α
)
. (7.40)

Integrating (7.5) and using that at t = 0 we have by assumption λmax (ρS(0)) = 1 we
find

λmax (ρS(t)) ≥ 1− t

T̄
. (7.41)

Since (7.40) is (in the relevant parameter interval) monotously decreasing in λ, we
may according to (7.41) replace λ in (7.40) by 1− t

T̄
and find

Hα(S) ≤ 1

1− α
log

(
(1− t

T̄
)α + d1−α

S ·
(
t

T̄

)α)
. (7.42)

Since Hmax ≡ H 1
2

(and all α-entropies with 0 ≤ α < 1 for that matter) are
constructed so as to be sensible even to the small eigenvalues of the state for which
it is calculated it is generally hard to find find upper bounds for it. In the above
corollary we had to upper-bound the entropy after a certain time by the “worst-case”
scenario in which all the probability weight which is not concentrated in the dominant
eigenvalue is uniformly distributed among the remaining eigenvalues. This made
the dimensional term in our bound necessary. Note that the above bound diverges
proportionally to log dS and thus can become arbitrarily large (and arbitrarily larger
than Hmin) for any λmax(ρ(t)) < 1, as long as the dimension log dS is high enough.

Fortunately the smoothing procedure provides a way out by allowing us to smoothen
away the small eigenvalues and thus lose the dependence on the dimension. The price
we have to pay for this is that the smoothing parameter becomes time-dependent.

Corollary 7.5. In the scenario of Theorem 7.1 consider a pure initial state on S.

After a time t we have for ε ≥
√

2 t
T̄

Hε
max(S)ρ ≤ − log

1

1− t/T̄
= − 1

ln 2
· t
T̄

+O
(

(
t

T̄
)2

)
. (7.43)

So while we were not able to derive a useful upper bound on the max-entropy of

the actual state ρS(t), we can find an alternate state which is at most
√

2 t
T̄

away (in

purified distance) an for which we can show that the max-entropy is even negative.
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Proof. It follows directly from the definition of the purified distance (3.33) that a
normalized state ρ has a purified distance

√
1− λmax(ρ)2 to the subnormalized state

which only consists of the eigenvalue λmax(ρ) and the projector onto the correspond-
ing eigenstate. Thus,

H

√
1−λmax(ρS)2

max (S)ρ ≤ − log
1

λmax(ρS)
. (7.44)

We conclude from (7.41) that√
1− λmax (ρS)2 ≤

√
2
t

T̄
. (7.45)

Since a larger smoothing parameter leads to a smaller smooth max-entropy we con-
clude that

H

√
2t/T̄

max (S)ρ ≤ − log
1

1− t/T̄
. (7.46)
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Chapter 8

Independence of the initial state of
the environment

In contrast to the previous chapters where we have been dealing with temporal
averages we will now make statements about the state at a given time t. Such
statements are stronger than the ones concerned with temporal averages. If some
quantity is small for all times, so is its temporal average, while the converse does
in general not hold. In this chapter we are concerned with whether the system is
independent of the initial microstate of the environment at any give time. In the
following chapter we deal with the analogous question for independence of the initial
state of the system.

8.1 Simple version

We have already seen in Section 6.3.3 that if we take the initial state to be a product
of a pure state on the system and a state drawn from a subspace of the environment
which is much larger than the system (e.g. all states of the environment with a fixed
temperature) then the overwhelming majority of environment states will lead to the
same time-averaged state. We will show that in this scenario not only the time-
averaged state but also the actual state of the system is for all times highly unlikely
to depend on the individual initial state of the environment chosen. The evolved state
at a given time may therefore solely depend on the Hamiltonian, the macroscopic
constraint which is described by the space the environment state is drawn from and
the initial state of the system.

We first obtain a statement which is completely independent of the details of the
Hamiltonian. Consider that we put a state ρS(0) in contact with the environment
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which is in a generic state ρE(0). The initial state of the environment ρE(0) is
subject to a constraint (e.g. its temperature is given) which we describe by a subspace
HΩE ⊆ HE. We let the initial product state evolve and ask ourselves after a time
t whether the state of the system depends on the initial state of the environment.
Our answer is that this will for almost all initial states of the environment not be
the case if the uncertainty about the initial state of the environment is high enough,
i.e. if

Hε
min(E)ρ + log dΩE ' 2 log dS . (8.1)

Theorem 8.1. Consider an initial product state

ρS(0)⊗ ρE(0) (8.2)

where the support of ρE(0) is restricted to HΩE ⊆ HE. Let ρS (ρE(0); t) denote the
state of the system at time t when the environment was initially in the state ρE(0),
so

ρS (ρE(0); t) = TrE
[
e− iHSEt (ρS(0)⊗ ρE(0)) e+ iHSEt

]
. (8.3)

Then for all times t there is a state τS(t) such that∫
U(HΩE

)

∥∥ρS (UρE(0)U †; t
)
− τS(t)

∥∥
1

dU ≤ dS√
dΩE

· 2−
1
2
Hε

min(E)ρ + 12ε (8.4)

where the state τS(t) does depend on ΩE but not on ρE(0).

Proof. We apply Theorem 4.1 for the channel describing the dependence ρE(0) 7→
ρS (ρE(0); t) which is given by

TΩE→S(ρE(0)) := TrE

[
USE (ρS(0)⊗ ρE(0))U †SE

]
(8.5)

where USE = e− iHSEt. Since we are not interested in our relation to the initial state
of the environment, we take the reference to be trivial and thus have Hε

min(ΩE|R)ρ =
Hε

min(ΩE)ρ ≤ log dΩE .1 Theorem 4.1 then predicts∫
U(ΩE)

||TΩE→S(UρE(0)U †)− τS||1dU ≤ 2−
1
2
Hε

min(ΩE)ρ(0)− 1
2
Hε

min(Ω′E |S)τ + 12ε (8.6)

1 For the case of an environment which is initially correlated to a reference the proof works in
exactly the same way as presented here.
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where τSΩ′E
= J (TΩE→S). Let φSP be a purification of ρS. We define

τSPΩEΩ′E
= USE

(
φSP ⊗ΨΩEΩ′E

)
U †SE (8.7)

which purifies the Choi-Jamio lkowski isomorphism τSΩ′E
of the channel TΩE→S. Note

that for all times t we have

Hε
min(SPΩE)τ ≥ log dΩE . (8.8)

By use of Lemma 3.7, Lemma 3.4 and the strong subadditivity (3.43) we find

Hε
min(Ω′E|S)τ ≥ Hε

min(SΩ′E)τ − log dS

= Hε
min(PΩE)τ − log dS

≥ Hε
min(PΩE|S)τ − log dS

≥ Hε
min(PΩES)τ − 2 log dS

= log dΩE − 2 log dS (8.9)

which concludes the proof.

Since the entropy-term in (8.1) is non-negative it follows directly that if the
restricted environment is more than twice as large as the system there is no Hamil-
tonian and no time for which the system depends on the initial microstate of the
environment. This holds up to a fraction of initial states of the environment ρE(0)
which is exponentially small.

Corollary 8.2. For every initial state of the system ρS(0) there is a state τS(t) such
that

Pr
ρE(0)

[
‖ρS(t)− τS(t)‖1 >

dS√
dΩE

+ d
−1/3
ΩE

]
< e

−d1/3
ΩE

/16
(8.10)

where the probability is computed over the choice of the initial state of the environ-
ment ρE(0) from any unitarily invariant measure on S=(HΩE) and where τS(t) does
not depend on ρE(0).

Proof. This follows directly from reproducing the proof of Theorem 8.1 for the de-
coupling theorem in the form of Theorem 4.2 and setting ε = 0 and δ = d

−1/3
ΩE

. The
change from the statement about the choice of a unitary from the Haar measure
on U(HΩE) to a statement about the choice of a state from any unitarily invariant
measure on S=(HΩE) is as in the discussion after Corollary 6.3.
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The state of the system at any time may therefore only depend on the space
HΩE but not on the eigenvalues and eigenstates of ρE(0). In physical terms, it may
depend on some macroscopic properties of the environment but not on its detailed
microstate. This statement literally holds for all Hamiltonians, all times t and all
initial states of the system.

A sufficient condition for only exponentially few initial states on ΩE leading to a
distinct evolved state of the system is according to the above corollary given by

log dΩE ' max {12, 2 log dS} (8.11)

which we assume to be the case in physical situations.
Note that the exponentially small fraction of environment states which may lead

to a distinct evolved state of the system is not just a technicality. Let ρS(t) be a cup
of coffee which at t = 0 is wonderfully hot and HΩE denote the space of environment
states at room temperature. The overwhelming majority of initial states with support
restricted to HΩE will just cool down the coffee. However, if ρE(0) contains a human
being with the intention of putting sugar into the coffee, this will lead to a distinct
state ρS(t). This state ρS(t) is distinguishable from τS(t), the cooling unsweetened
state of the cup of coffee, with a simple measurement known as tasting. Hence by
use of (3.25) ρS(t) has a trace distance close to 2 from τS(t). With E containing

many moles of particles, the fraction e
−d1/3

ΩE
/16

is vanishingly small. The example
thus shows that “almost all environment states” in a Haar measure/Hilbert space
sense may not be the same as what we colloquially understand by it. In fact, most
states from the Haar measure on HΩE do not contain living beings at all.

8.2 Essentially tight version

In the following we restrict ourselves to pure initial states of the system. This allows
us to derive a bound for independence of the initial state of the environment which
involves the Hamiltonian and the time and is essentially tight. By this we mean
that it is tight up to differences between smooth min- and max-entropies and small
correction terms. It will show that the behavior of the initial state πΩE teaches us a
lot about arbitrary initial states with support restricted to HΩE . Let τSE(t) be the
evolved state of τSE(0) = φS ⊗ πΩE . If at a given time we have for ε→ 0

Hε
max(S)τ −Hε

min(E)τ / 0 (8.12)

almost any initial state of the environment will lead to the same state of the system
at that time, namely τS(t). This condition is obviously fulfilled for small enough t.
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If, on the other hand,

Hε
min(S)τ −Hε

max(E)τ ' 0 (8.13)

there is cum grano salis a substantial fraction of initial environment states which
lead to different states of the system.

Intuitively, for t = 0 the entropy of the state τSE(t) is entirely in the environment,
H(E) = log dΩE and H(S) = 0. The unitary evolution will leave the entropy of the
joint system unchanged for all times, H(SE) = log dΩE . The unitary has two effects.
First, it transfers entropy from the environment into the system so that H(S) ≥ 0.
Second, it will construct correlations between the system and the environment so that
H(S) +H(E) ≥ H(SE). Only if the unitary is at some time specifically such that it
can transfer enough entropy from the environment to the system that H(S) ' H(E)
the initial state of the environment has a significant influence on the state of the
system at that time. This is not possible if the conserved entropy H(SE) = log dΩE

is more than twice the maximal value H(S) can take. In this case, (8.12) is fulfilled
for all times. This can be seen as follows. If log dΩE > 2 log dS we have by use of
(3.43) and (3.7)

Hε
min(E)τ ≥ Hε

min(E|S)τ

≥ Hε
min(ES)τ − log dS

≥ log dΩE − log dS

> log dS

≥ Hε
max(S)τ . (8.14)

If we are interested in the more general case of mixed initial states of S, we
may formally extend S with a purifying system S ′ and extend the Hamiltonian to
1S′ ⊗HSE. In this case, the sign of H(S ′S)τ −H(E)τ is decisive for independence of
the initial state of E. As can be seen from eqn. (7.8) (with S and E interchanged) for
example, the extension of S to SS ′ does not affect how the entropies in E develop.

Theorem 8.3. Consider an initial product state φS ⊗ ρE(0) where the support of
ρE(0) is restricted to HΩE ⊆ HE. Let ρS (ρE(0); t) denote the evolved state of the
system. Then for all times t we have∫

U(HΩE
)

∥∥ρS (UρE(0)U †; t
)
− τS(t)

∥∥
1

dU

≤ 2−
1
2
Hε

min(E)ρ+ 1
2
H
ε
2
max(S)τ− 1

2
H
ε
2
min(E)τ+log 24

ε2 + 12ε (8.15)
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where the state τSE(t) does not depend on ρE(0) and is given by

τSE(t) = e− iHSEt (φS ⊗ πΩE) e+ iHSEt . (8.16)

Conversely, if for any ε′ > 0 and ε′′, ε′′′ ≥ 0 we have

H
ε′+2ε′′+ε′′′+

√
ε

min (E)ρ −Hε′′′

min(S)τ +Hε′′

max(E)τ + log
2

ε′2
< 0 (8.17)

then for every ωS ∈ S=(HS)∫
U(HΩE

)

∥∥ρS (UρE(0)U †; t
)
− ωS

∥∥
1

dU >
ε

2
. (8.18)

Proof. The channel describing the dependence ρE(0) 7→ ρS(t) is given by

TΩE→S(ρE(0)) := TrE

[
USE (φS ⊗ ρE(0))U †SE

]
(8.19)

where USE = e− iHSEt. We apply Theorem 4.1 to this channel and thus need to eval-
uate the entropic terms Hε

min(ΩE|R)ρ and Hε
min(Ω′E|S)τ . Since we are not interested

in our relation to the initial state of the environment, we take the reference to be
trivial and thus have Hε

min(ΩE|R)ρ = Hε
min(ΩE)ρ. Defining

τΩ′EΩES = USE
(
φS ⊗ΨΩ′EΩE

)
U †SE (8.20)

we have by use of Lemma 3.8 and Lemma 3.4 that

Hε
min(Ω′E|S)τ ≥ H

ε
2
min(Ω′ES)τ −H

ε
2
max(S)τ − 2 · log

24

ε2

= H
ε
2
min(ΩE)τ −H

ε
2
max(S)τ − 2 · log

24

ε2
. (8.21)

We notice that

τΩES = TrΩ′E

[
USE

(
φS ⊗ΨΩ′EΩE

)
U †SE

]
= USE (φS ⊗ πΩE)U †SE (8.22)

which concludes the proof of the first part of the theorem. The second part follows
from direct application of Theorem 4.4 and using that due to the purity of τΩ′EΩES

and Lemma 3.4 we have

Hε′′

max(Ω′ES)τ = Hε′′

max(ΩE)τ . (8.23)
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Chapter 9

Independence of the initial state of
the system

The problem of deriving rigorous bounds for the time scales which are needed for
thermalization has recently been called the most important open problem in the
project of justifying statistical physics from first principles of quantum mechanics
[LPSW10, HGJ11]. It is our goal to get the solution of this problem a little closer.
We recall the four conditions for thermalization which are equilibration, environment
state independence, system state independence and Boltzmann form of the equilib-
rium state. In principal, each of these conditions may serve to derive a lower bound
on the equilibration time. In Corollary 7.2 we derived a bound which makes use of
the Boltzmann distribution of the equilibrium state. In the previous chapter we saw
that independence of the initial state of the environment is fulfilled at t = 0 and for
all further times which is why this criterion cannot give us a lower bound for the
thermalization time. In this chapter we try to find out which times are necessary for
a system to become independent of its initial state. More precisely, we discuss the
following questions.

• In Sections 9.1.1 and 9.1.2 we consider a given Hamiltonian and a given initial
state of the environment and discuss conditions for whether different initial
states of the system have already become indistinguishable at some given time.

• In Section 9.1.3 we ask ourselves how long we can guarantee that different pure
initial states have not yet evolved to states which are indistinguishable.

• In Section 9.1.4 we find that the times obtaines in Section 9.1.3 can be improved
if we look at a large number of systems undergoing an i.i.d. interaction with
their respective environment.
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• In Section 9.2.2 we find that the times obtained in Section 9.1.3 can be improved
if we are willing to neglect an exponentially small fraction of initial states of
the environment.

• In Section 9.2.3 we combine the improvements found in Sections 9.1.4 and 9.2.2.

• In Section 9.3 we find sufficient conditions for a system staying close to its
initial state for all times (and thus never becoming independent of it).

9.1 For generic initial states of the system and

specific initial states of the environment

9.1.1 Informal version

In the last chapter we could show that for any initial state of the system it is highly
unlikely to depend on the initial state of the environment at any time in a physical
situation where even a restricted environment is dimension-wise much larger than
the system. Trivially, an analogue statement for independence of the initial state of
the system cannot hold since the system definitely does depend on its initial state
for some small enough time. What is more, independence of the initial state is a
more subtle issue than independence of the environment for all timescales. We have
already seen in Section 6.3 that we can only guarantee that the temporal average of
the system is independend of its initial state if the relevant energy eigenstates are
sufficiently entangled.

We will find analogously to the last section that the evolution of the initial state
πS teaches us a lot about how generic initial states of the system develop. In order to
obtain an essentially tight criterion, we restrict ourselves to pure initial states of the
environment. Let the initial state of the environmet be φE and denote by τSE(t) the
evolved state of the initial state πS ⊗ φE. For this state, H(S) is initially maximal
(for all entropy measures) while H(E) is zero. For pure initial states of the system,
as long as

Hε
min(S)τ ' Hε

max(E)τ (9.1)

the system will not have “forgotten” about its initial state. If at any time

Hε
max(S)τ / Hε

min(E)τ (9.2)

the system will be independent of its initial state.

92



In the case of mixed initial states ρS of the system which may initially be cor-
related to a reference, we have to add a term Hε

min(S|R)ρ to the right hand side of
the above conditions. In this case we predict decoupling between S and R if and
only if we predict that S has become independent of its initial state. So a system
becoming independent of its initial state is closely related to a loss of an observer’s
initial knowledge about the system.

Again, the above criterion is tight up to differences between smooth min- and
max-entropies. In the informal criterion given above the gap between the two entropy
measures converts to a critical time-interval for which we do not know whether the
system is already independent of its initial state.

Similarly as in the last chapter, we may formally extend the environment with
a purifying system E ′ and the Hamiltonian to HSE ⊗ 1E′ if we are interested in
mixed initial states of the environment. In this case, the sign of H(S)−H(EE ′) is
of interest.

An immediate consequence is that if the system under interest is more than twice
as large as the “environment” it is interacting with, it will for all times retain some
memory about its (pure) initial state. Using (3.43), Lemma 3.7 and the definition of
the smooth max-entropy (3.41) we have for all times

Hε
min(S)τ −Hε

max(E)τ ≥ Hε
min(S|E)τ −Hε

max(E)τ

≥ Hε
min(SE)τ − log dE −Hε

max(E)τ

≥ log dS − 2 log dE . (9.3)

9.1.2 Formal version

Theorem 9.1. Consider an initial state ρSR(0) which is put in contact with a pure
state of the environment φE and then evolves under a joint Hamiltonian HSE. Let
T tS→S denote an “evolution operator” which evolves ρS(0) to ρS(t). Let τSE(t) denote
the evolved state of the initial state τSE(0) = πS ⊗ φE. Then,∫

U(S)

||T tS→S
(
UρSR(0)U †

)
− T tS→S (πS)⊗ ρR||1dU

≤ 2−
1
2
Hε

min(S|R)ρ− 1
2
H
ε
2
min(E)τ(t)+

1
2
H
ε
2
max(S)τ(t)+log 24

ε2 + 12ε . (9.4)

Conversely, as long as for any ε′ > 0 and ε′′, ε′′′ ≥ 0 we have

H
ε′+2ε′′+ε′′′+

√
ε

min (S|R)ρ +Hε′′

max(E)τ(t) −Hε′′′

min(S)τ(t) + log
2

ε′2
< 0 (9.5)
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there is no state ωS ∈ S=(HS) such that∫
U(S)

∥∥T tS→S (UρSR(0)U †
)
− ωS ⊗ ρR

∥∥
1

dU ≤ ε

2
. (9.6)

Proof. Let USE := e− iHSEt. We are interested in the channel

TS→S : ρS 7→ TrE

[
USE (ρS ⊗ φE)U †SE

]
. (9.7)

From Theorem 4.1 we have that∫
U(S)

||T (UρSRU
†)− τS ⊗ ρR||1dU ≤ 2−

1
2
Hε

min(S|R)ρ− 1
2
Hε

min(S′|S)τ + 12ε (9.8)

where τSS′ is the Choi-Jamio lkowski isomorphism of the channel T which is purified
by the state

τSS′E = USE (ΨSS′ ⊗ φE)U †SE . (9.9)

By use of Lemma 3.4 and 3.8 we have

Hε
min(S ′|S)τ ≥ H

ε
2
min(SS ′)τ −H

ε
2
max(S)τ − 2 · log

24

ε2

= H
ε
2
min(E)τ −H

ε
2
max(S)τ − 2 · log

24

ε2
(9.10)

which proves the first part of the theorem. The second part of the theorem follows
directly from the converse decoupling theorem, Theorem 4.4 and applying that again
by Lemma 3.4

Hε′′

max(S ′S)τ = Hε′′

max(E)τ . (9.11)

The relevant state for the entropic quantities is therefore

τSE = USE (πS ⊗ φE)U †SE . (9.12)

We recall that any statement about averaged distances obtained from Theorem
4.2 can be converted into a statement about exponentially small probabilities which
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is based on Theorem 4.2 and proven analogously. Instead of (9.4) we obtain that for
every δ > 0

Pr
U

{∥∥T tS→S (UρSR(0)U †
)
− T tS→S (πS)⊗ ρR

∥∥
1
≥

2−
1
2
Hε

min(S|R)ρ− 1
2
H
ε
2
min(E)τ(t)+

1
2
H
ε
2
max(S)τ(t)+log 24

ε2 + 12ε+ δ

}
≤ 2e−dSδ

2/16 (9.13)

where the probability is computed over the choice of U from the Haar measure on
U(S).

9.1.3 Quantitative version

We saw in the previous two sections that comparing the local entropies of the state

τSE(t) = e− iHSEt (πS ⊗ φE) e+ iHSEt . (9.14)

determines whether generic initial states of the system have on average already
evolved close to some specific state or not. It is not the case as long as (9.5) is
fulfilled. In Chapter 7 we discussed how fast different entropy measures can be
changed. We apply these results in this section to investigate how long we can guar-
antee that (9.5) is fulfilled and thus how long we can guarantee that different initial
states have on average not yet evolved to the inside of a ball with a certain radius in
trace distance. The times we obtain this way only depend on the radius, the Hamil-
tonian and the initial state of the environment. These times provide lower bounds
on the thermalization time. We discuss the limits of a sufficiently large system and
of a small radius separately.

Theorem 9.2. Consider a system S which at t = 0 is put in contact with an en-
vironment which is in a pure state φE. Let the joint evolution be governed by a
Hamiltonian HSE. Let T̄ = T̄ (HSE, πS ⊗ φE) as introduced in (7.4). Let ρφS(t)
denote the state of the system at time t given that its state at t = 0 was φS.

For a system S with log dS ' 10 for

t <


9.5 · 10−3 · T̄
1.9 · 10−2 · T̄
2.2 · 10−2 · T̄
2.4 · 10−2 · T̄

(9.15)
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Figure 9.1: The times for which we can guarantee that different pure initial states
of S have not yet evolved to the same state as a function of log dS. The times are
measured in units of T̄ (HSE, πS ⊗ φE).

there is no state ωS ∈ S=(HS) such that〈∥∥∥ρφS(t)− ωS
∥∥∥

1

〉
φS

<
ε

2
(9.16)

where 
ε = 10−1

ε = 10−2

ε = 10−3

ε→ 0

. (9.17)

For a specific φE, HSE and ωS and large enough dS the l.h.s. of (9.16) can be made
arbitrarily small in time πT̄ .

In the limit of ε→ 0 the times for which we can guarantee that there is no state
ωS ∈ S=(HS) which fulfills (9.16) are given in Figure 9.1 as a function of log dS.

Our lower bounds are therefore (for small ε and large dS) achievable up to factor
of order of magnitude 102.
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Combining the above theorem with Corollary 7.2 we find our final lower bound
on the equilibration time. It is given by

max

{
1

2∆(Hint)

(
1− e−βE0

Z(β)

)
,

c

2∆(Hint)
,

c

‖[HSE, πS ⊗ φE]‖1

}
(9.18)

with a constant c ≈ 2 · 10−2. This bound holds for all pure initial states from a
quantum mechanical system S with log dS ' 7 (c.f. Figure 9.1). It only depends on
the Hamiltonian HSE and on the initial state of the environment φE. We think of
the inverse equilibrium temperature β as being a function of these two operators.
The first of the three terms in our bound achieves the maximum unless one of the
following two cases applies:

• The system is in equilibrium with high probability in its ground state, i.e.
the equilibrium temperature is much lower than the gap between the system’s
ground state and its first excited state. In this case, the first term becomes
smaller than the second one.

• πS ⊗ φE is close to commuting with HSE, i.e. all partial traces of energy eigen-
states are either close to φE or have eigenstates which are close to orthogonal
to it. In this case, the third term becomes larger than the first one.

The proof of the above theorem and its discussion constitute the remainder of
this section.

According to Theorem 9.1 as long as

H
ε′+2ε′′+ε′′′+

√
ε

min (S|R)ρ +Hε′′

max(E)τ −Hε′′′

min(S)τ + log
2

ε′2
< 0 (9.19)

holds the system is not yet ε
2
-independent of its initial state. A first difficulty arises

due to the term

H
ε′+2ε′′+ε′′′+

√
ε

min (S|R)ρ . (9.20)

In order to make the dependence on the epsilons analytically manageable, we resctrict
ourselves to pure initial states of the system which allows to apply Lemma A.10. This
is not a severe restriction since pure initial states minimize the conditional entropy
term (as long as there is no quantum mechanical entanglement between initial state
and reference) and thus remain distinguishable for the longest time anyway.

The state τSE(t) = e− iHSEt (πS ⊗ φE) e+ iHSEt starts with maximal entropy in S
and zero entropy in E. In the previous chapter we derived results which answer ex-
actly the question how fast different entropy measures can be changed. For example,
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we have shown that the maximal rate with which λmax can be changed is a quantity
we called 1

T̄
. In our case it is given by

1

T̄
= min {2∆(Hint), ‖[HSE, πS ⊗ φE]‖1} . (9.21)

Integrating (7.5) and using that λmax (τS(0)) = 1
dS

we find

λmax (τS(t)) ≤ 1

dS
+
t

T̄
. (9.22)

Setting ε′′′ = 0 we have

Hε′′′

min(S)τ ≥ − log

(
1

dS
+
t

T̄

)
. (9.23)

Note that setting ε′′′ = 0 is the only possibility to make the term Hε′′′
min(S)τ analyt-

ically manageable since we have no results concerning the evolution of the second
largest eigenvalue of τS.

A much deeper problem is that we have to upper bound the term Hε′′
max(E)τ .

In Corollaries 7.4 and 7.5 we derived bounds for how fast Hmax can increase if it
is initially zero which is precisely what we are interested in. Corollary 7.4 only
highlights the difficulties: it depends on dE which we actually do not want in our
bound and, even worse, diverges proportionally to its logarithm and thus becomes
useless in physical situations with a large environment. This is why we have to apply

Corollary 7.5 involving a time-dependent smoothing parameter ε′′ =
√

2 t
T̄

, which

then also appears in the conditional entropy term in (9.19).
Since we have now bounded all three entropic terms in (9.19) in the desired

direction we put all this together and find that the system is not yet ε
2
-independent

of its initial state as long as

− log

1−

(
ε′ + 2

√
2
t

T̄
+
√
ε

)2
+ log

(
1− t

T̄

)
+ log

(
1

dS
+
t

T̄

)
+ log

2

ε′2
< 0 .

(9.24)

The remaining free parameter ε′ can be chosen so as to optimize the condition. This
allows us to numerically find the time for which we can guarantee that different pure
initial states of the system have on average not yet evolved to the inside of a ball
with radius ε

2
.
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Figure 9.2: The left hand side of (9.24) as a function of t (measured in units of T̄ )
in the limit of large dS for various values of ε. For ε = 10−1 (dashed-dotted line) we
can guarantee that the system is not yet independent of its initial state up to time
9.5 ·10−3 · T̄ , for ε = 10−2 · T̄ (dotted line) up to time 1.9 ·10−2 · T̄ , for ε = 10−3 (dahed
line) up to time 2.2 · 10−2 and in the limit ε→ 0 (bold line) up to time 2.4 · 10−2 · T̄ .

As discussed we used the values ε′′ =
√

2 t
T̄

, ε′′′ = 0 and the optimal value for ε′.

This time only depends on ε, dS and T̄ , and through T̄ on the initial state of the
environment φE and on the Hamiltonian. The dependence on ε and dS is negligible
for small ε and large dS. There is an implicit dependence on dS through the terms
in T̄ , however. The resulting times for which we can guarantee that the system still
“memorizes” its initial state are of the order 2 · 10−2 · T̄ for small ε and large dS, as
illustrated in Figure 9.2.

Achievability

We now investigate the question of how tight the lower bounds in Theorem 9.2 are.
That is, how fast can we achieve

Hε
max(S)τ(t) / Hε

min(E)τ(t) (9.25)

which by Theorem 9.1 allows to predict that almost all pure initial states of S have
evolved to τS(t). To this end, we analyze a particular combination of a Hamiltonian
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HSE and initial state of the environment φE. We will find that the bound 2 · 10−2 · T̄
is tight up to a factor of approximately 102.

As we have seen in Theorem 9.1, the initial state τSE(0) = πS⊗|1〉〈1|E determines
widely the behavior of generic initial states of the form φS ⊗ |1〉〈1|E. For this initial
state we consider an environment which is a copy of the system and an evolution
governed by the Hamiltonian

HSE =

dS∑
i=2

|Ei〉〈Ei| (9.26)

with

|Ei〉 =
1√
2
|i〉S ⊗ |1〉E −

1√
2
|1〉S ⊗ |i〉E . (9.27)

A straightforward calculation shows that the effect of this Hamiltonian is to inter-
change the contents of S and E in time π with the exception of the first coefficient.
Formally,

τS(t) =
1− cos(t)

2
|1〉〈1|S +

1 + cos(t)

2
πS (9.28)

and

τE(t) =
1 + cos(t)

2
|1〉〈1|E +

1− cos(t)

2
πE . (9.29)

This seems not too far from optimal in order to reach the condition 9.25 which allows
us to guarantee initial state independence.1

In order to calculate the quantity T̄ for this combination of Hamiltonian and
initial state we first calculate by use of (2.36)

Hint =

dS∑
i=2

(
|Ei〉〈Ei| −

1

2
(|i〉〈i|S + |1〉〈1|S)⊗ πE − πS ⊗

1

2
(|1〉〈1|E + |i〉〈i|E)

)
.

(9.30)

1 Obviously, this Hamiltonian does not thermalize the system since it does not lead to equili-
bration. In order to make it thermalizing we could add many more copies of the system S to the
environment so that E = E1 . . . EN and HS ∼= HEi

. One could then extend the Hamiltonian in
such a manner that it does not move the contens of E1 back to S but further to E2 and so on and
finally from EN back to S. Choosing a large N one could make the fraction of time for which S is
not close to its temporal average arbitrarily small.
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Since

〈11|Hint|11〉SE = −1 +
1

dS
(9.31)

and

〈E2|Hint|E2〉SE = 1− 1

dS
(9.32)

we find

∆(Hint) ≥ 2(1− 1

dS
) . (9.33)

Furthermore,

λmax(Hint) ≤ λmax

(
dS∑
i=2

|Ei〉〈Ei|

)
+ λmax

(
dS∑
i=2

−1

2
(|i〉〈i|S + |1〉〈1|S)⊗ πE

)

+ λmax

(
dS∑
i=2

−πS ⊗
1

2
(|1〉〈1|E + |i〉〈i|E)

)
= 1− 1

2dS
− 1

2dS
(9.34)

and

λmax(−Hint) ≤ λmax

(
dS∑
i=2

−|Ei〉〈Ei|

)
+ λmax

(
dS∑
i=2

1

2
(|i〉〈i|S + |1〉〈1|S)⊗ πE

)

+ λmax

(
dS∑
i=2

πS ⊗
1

2
(|1〉〈1|E + |i〉〈i|E)

)

= 0 +
1

2

dS − 1

dS
+

1

2

dS − 1

dS
(9.35)

so

λmax(Hint) + λmax(−Hint) ≤ 2(1− 1

dS
) . (9.36)

We conclude that

∆(Hint) = 2(1− 1

dS
) . (9.37)
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This expression for the “interaction strength” can (for dS ≥ 2) be improved by

calculating ∆
(
H̃int

)
as defined in (2.37) instead of ∆ (Hint). We simply find that

H̃int = HSE so that

∆
(
H̃int

)
= 1 . (9.38)

So, as in the example in Section 2.5, the “interaction strength” obtained from

∆
(
H̃int

)
is not only lower but also simpler.

We will see that in order to calculate T̄ it does not matter whether we use ∆ (Hint)

or ∆
(
H̃int

)
. However, it will make a difference in Section 9.1.4.

A brief calculation shows that

[HSE, τSE(0)] =
1

2dS
·
dS∑
i=2

|i1〉〈1i| − |1i〉〈i1| . (9.39)

The operator
∑dS

i=2 |i1〉〈1i|−|1i〉〈i1| has (dS−1)2+1 eigenstates |ij〉 with i 6= 1 6= j or
i = 1 = j which yield a zero eigenvalue. Their orthogonal complement has dimension
2(dS − 1). The states |1i〉± i |i1〉 with 2 ≤ i ≤ dS form an orthonormal basis for this
orthogonal complement and yield eigenvalues ± i. So∥∥∥∥∥

dS∑
i=2

|i1〉〈1i| − |1i〉〈i1|

∥∥∥∥∥
1

= 2(dS − 1) (9.40)

and

T̄ = (min {2∆(Hint), ‖[HSE, τSE(0)]‖1})
−1 =

dS
dS − 1

(9.41)

for this combination of Hamiltonian and initial state.
For large dS and a small smoothing parameter we need a time close to π to fulfill

(9.25) and thus guarantee initial state indepence, as is illustrated in Figure 9.4. The
formally precise condition for initial state independence, however, is that the r.h.s.
of (9.4) be small. Since we deal with pure initial states we use Hε

min(S|R)ρ ≥ 0.
We evaluate the r.h.s. of (9.4) at t = π. According to (9.28) and (9.29) we have
τS(π) = |1〉〈1|S and τE(π) = πE. We find therefore for the r.h.s. of (9.4)

2−
1
2
Hε

min(S|R)ρ− 1
2
H
ε
2
min(E)τ(t)+

1
2
H
ε
2
max(S)τ(t)+log 24

ε2 + 12ε ≤ 1√
dS
· 24

ε2
+ 12ε . (9.42)
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For ε = d
−1/6
S this becomes 36d

−1/6
S which becomes arbitrarily small for large enough

dS. Hence for large enough dS it is possible that all but exponentially few pure initial
states of S evolve to the same state in time π = π · dS−1

dS
· T̄ .

Theorem 9.2 guarantees that we are not yet independent of the initial state up
to times of order 2 · 10−2 · T̄ for large enough dS. We conclude that up to a factor
of at most 102 our lower bound on the time which is necessary for initial state
independence is also achievable.

The gap which is expressed by the factor 102 is not only due to the estimates we
applied but fundamentally due to the differences between min- and max entropies
and thus due to the basic techniques on which our attempt is based. This is illus-
trated in the limit of a vanishing smoothing parameter ε in Figures 9.3 and 9.4. A
non-zero smoothing parameter allows to reduce the gap between the two entropy
measures by decreasing untypically large eigenvalues (in the case of Hmin) or by
ignoring untypically small eigenvalues (in the case of Hmax). Because we were re-
stricted to smoothing parameters which render the entropic quantities analytically
evaluable, we were in general not able to chose the optimal smoothing parameters.
Consequently, our best attempt above still led to results with a gap of two orders of
magnitude between times for which we can guarantee that the system still “remem-
bers” its initial state and times for which we can show that it has “forgotten” about
it.

So far in this section we have been interested in finding times for which we can
guarantee that Hε

min(S)τ ' Hε
max(E)τ . We know that the system has not yet become

independent of its initial state (or, more generally, not yet thermalized) as long
as this is fulfilled. In Chapter 6 we saw that sufficient entanglement of the relevant
energy eigenstates will eventually lead the system to independence of its initial state,
but did not make any predictions about which times are sufficient for this. As we
saw in this section, the condition Hε

max(S)τ / Hε
min(E)τ provides in principle times

which are sufficient. It seems outside the scope of our techniques to obtain a general
formula for times which are sufficient to reach this condition which only depends on
the initial state and the Hamiltonian.

9.1.4 The erasure time of a quantum memory

In an i.i.d. scenario the gap between smooth min- and max-entropies can be closed
according to Theorem 3.5 which allows to replace the smooth entropies by the von
Neumann entropy. A little more work is required to rigorously prove the following
theorem. It states that if we apply an i.i.d. channel T ⊗nA→B to a pure state of a tensor
product space H⊗nA , then for large enough n the sign of H(A|B)τ provides a tight
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Figure 9.3: Hε
min(S)τ(t) and Hε

max(S)τ(t) in the limit ε→ 0 for dS = 103. The maximal
difference between Hmin(S) and Hmax(S) grows like log dS − 1 and can thus become
arbitrarily large. The dashed line shows the von Neumann entropy H1(S)τ(t).

criterion for whether different input states yield the same output. For large enough
n, if H(A|B)τ > 0 almost all states |φ〉An ∈ H⊗nA yield the same output. This is not
the case if H(A|B)τ < 0.

Theorem 9.3. Let TA→B be a CPTPM with Choi-Jamio lkowski representation τA′B =
J(T ). Then

Pr
φ

{∥∥T ⊗n (φAn)− τ⊗nB
∥∥

1
> exp

(
−n · ln 2

2
· (H(A|B)τ − c)

)
+

1

n
+ d

−n/3
A

}
≤ 2 exp

(
−dn/3A /16

)
(9.43)

where the probability is computed over the choice of φAn from the Haar measure on
H⊗nA . The constant c is

c ∈ O

(√
log n

n
· log dA

)
. (9.44)
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Figure 9.4: The functions Hε
min(S)τ(t)−Hε

max(E)τ(t) and Hε
min(S)τ(t)−Hε

max(E)τ(t) in
the limit ε→ 0. For dS = 101 (upper figure) one of the two functions is positive for
approximately half of all times. For dS = 1010 (lower figure) the fraction of times for
which one of the two functions is positive is vanishing.
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Conversely, ∀ε, ε′ > 0 ∃N such that ∀n ∈ N, n > N if H(A′|B)τ < −ε then
@ωBn ∈ S=(H⊗nB ) such that〈∥∥T ⊗n (φAn)− ωBn

∥∥
1

〉
φAn
≤ 1

2
− ε′ (9.45)

and in particular 〈∥∥T ⊗n (φAn)− τ⊗nB
∥∥

1

〉
φAn

> 1− 2ε′ (9.46)

where the average is computed over the Haar measure on H⊗nA .

Proof. Theorem 4.2 gives for the channel T ⊗nAn→Bn that

Pr
φAn

{∥∥T ⊗nAn→Bn(φAn)− τ⊗nB
∥∥

1
≥ 2−

1
2
Hε

min(An)φAn−
1
2
Hε

min(A′n|Bn)τ⊗n + 12ε+ δ
}

≤ 2e−d
n
Aδ

2/16 . (9.47)

For the exponent we find with Lemma A.11 and (3.12)

− 1

2
Hε

min(An)φAn −
1

2
Hε

min(A′
n|Bn)τ⊗n

≤ n

2

{
− 1

n
Hε

min(A′
n|Bn)τ⊗n

}
≤ n

2

{
−H(A|B)τ +

1√
n
· 4

√
log

(
2

ε2

)
· log

(
2−

1
2
Hmin(A|B)τ + 2

1
2
Hmax(A|B)τ + 1

)}

≤ n

2

−H(A|B)τ +
1√
n
· 4

√
log

(
2

ε2

)
· log

(
2
√
dA + 1

)
︸ ︷︷ ︸

=:c

 . (9.48)

Defining ε = 1
12n

and δ = d
−n/3
A yields the first assertion.

The condition of the converse, Theorem 4.4, requires for pure input states φAn

H
ε′+2ε′′+ε′′′+

√
ε

min (An)φAn + log
2

ε′2
+Hε′′

max(A′
n
Bn)τ⊗n −Hε′′′

min(Bn)τ⊗n < 0 . (9.49)
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The l.h.s. of this condition is by use of Lemma A.10, Lemma A.12, Lemma A.11 and
(3.12)

H
ε′+2ε′′+ε′′′+

√
ε

min (An)φAn + log
2

ε′2
+Hε′′

max(A′
n
Bn)τ⊗n −Hε′′′

min(Bn)τ⊗n

≤ n

{
1

n
log

1

1− (ε′ + 2ε′′ + ε′′′ +
√
ε)

2 +
1

n
log

2

ε′2
+

1

n
Hε′′

max(A′
n
Bn)τ⊗n −

1

n
Hε′′′

min(Bn)τ⊗n

}

≤ n

{
1

n
log

1

1− (ε′ + 2ε′′ + ε′′′ +
√
ε)

2 +
1

n
log

2

ε′2

+H(A′B)τ +
1√
n
· 4
√

log
2

ε′′2
· log

(√
dAdB + 2

)
− 1

n
Hε′′′

min(Bn)τ⊗n

}

≤ n

{
1

n
log

1

1− (ε′ + 2ε′′ + ε′′′ +
√
ε)

2 +
1

n
log

2

ε′2

+H(A′B)τ +
1√
n
· 4
√

log
2

ε′′2
· log

(√
dAdB + 2

)
−H(B)τ +

1√
n
· 4

√
log

(
2

ε′′′2

)
· log

(
2−

1
2
Hmin(B)τ + 2

1
2
Hmax(B)τ + 1

)}

≤ n

{
1

n
log

1

1− (ε′ + 2ε′′ + ε′′′ +
√
ε)

2 +
1

n
log

2

ε′2

+H(A′B)τ +
1√
n
· 4
√

log
2

ε′′2
· log

(√
dAdB + 2

)
−H(B)τ +

1√
n
· 4

√
log

(
2

ε′′′2

)
· log

(√
dB + 1

)}
=: n {H(A′|B)τ + δ(n)} . (9.50)

Hence if H(A′|B)τ < δ(n) condition (9.49) is fulfilled. Let ε′ = ε′′ = ε′′′ = 1
n
. ε may

take any value for which the term log 1

1−(ε′+2ε′′+ε′′′+
√
ε)

2 is still well-defined. So for

large enough n, ε may take any value of the form 1− 2δ′ with δ′ > 0. The quantity
δ(n) becomes arbitrarily small for large enough n. So after relabling δ(n) 7→ ε and
δ′ 7→ ε′ the assertion follows from Theorem 4.4.

This has a direct physical interpretation. For instance consider the input space
H⊗nS to be a data storage and consider n to be large enough that we are allowed to
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chose small parameters ε, ε′. Every factor is then subject to the same interaction
with the same environment, i.e. the channel is

TS→S(σS) := TrE
[
e− iHSEt (σS ⊗ ρE) e+ iHSEt

]
(9.51)

By the n-fold tensor product T ⊗nS→S we model the i.i.d. characteristics of noise. At t =
0 we have H(S ′|S)τ = − log dS. According to Theorem 9.3 as long as H(S ′|S)τ < 0
different initial states of the storage H⊗nS have not yet evolved to the inside of a ball
with radius 1

2
in trace distance. The storage still “remembers” its initial state. The

storage has been erased by the noise if at some time H(S ′|S)τ > 0. Almost all (pure)
initial states of the product space H⊗nS will then have evolved to the same state τ⊗nS .
The channel (9.51) and thus also τS are in general time-dependent.

If log dS > 4 log dE (e.g. the noise consists of only a few photons) the noise can
never fully erase the storage. To see this, let φEP be a purification of ρE, so

τS′SEP := e− iHSEt (ΨS′S ⊗ φEP ) e+ iHSEt (9.52)

is a purification of τS′S. For all times t we have H(SEP )τ = log dS. Then,

H(S ′|S)τ = H(EP )τ −H(S)τ

≤ H(EP )τ −H(S|EP )τ

= 2H(EP )τ −H(SEP )τ

≤ 4 log dE − log dS

< 0 . (9.53)

In order to calculate the minimal erasure time we want to know the time at which
we have H(S ′|S)τ = 0 ⇔ H(S)τ = H(S ′S)τ for the first time. For this we need to
upper-bound the rate with which H(S ′S)τ can increase starting from 0 as well as
the rate with which H(S)τ can decrease starting from log dS. Theorem 7.3 tells us
that the sum of the two rates is upper-bounded by 6 log dS · ∆(Hint), so that the
time needed to reach H(S ′|S)τ = 0 is for any S at least 1

6
· 1

∆(Hint)
. Slightly better

results can be obtained from (7.36) for concrete dS. The erasure time is for dS = 2
at least 0.414 · 1

∆(Hint)
and for large dS at least 2

3
· 1

∆(Hint)
. Following the discussion

in Section 2.5 we may improve the above bounds if we replace ∆(Hint) by ∆
(
H̃int

)
as a measure of the interaction strength.

We consider an example to discuss the achievability of these bounds. Recall

the Hamiltonian with interaction strength ∆
(
H̃int

)
= 1 discussed in combination

with the initial state |1〉〈1|E of the environment in Section 9.1.3. Since the state
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τS′SE := e− iHSEt (ΨS′S ⊗ |1〉〈1|E) e+ iHSEt is then pure, we have H(S ′S)τ = H(E)τ .
The time which is necessary to reach H(S ′|S)τ = 0 is therefore equal to the time
which is necessary to reach H(S)τ = H(E)τ . This time is independently of dS given
by π

2
= π

2
· 1

∆(H̃int)
, as can be seen from (9.28), (9.29) and (9.38). Our lower bound

on the erasure time is therefore for large dS tight up to a factor of 3
2
· π

2
≈ 2.356. The

corresponding values for other local dimensions can be found in Table 9.1.

dS = 2 dS = 3 dS = 22 dS = 23 dS →∞
Minimal erasure time 0.414 0.486 0.521 0.574 2

3

Table 9.1: Lower bounds on the times which are necessary to erase a storage Sn for
large n through i.i.d. interaction with an environment in terms of the local dimension
dS. The times are measured in units of 1

∆(H̃int)
, the inverse of the interaction strength.

Erasure is achievable for any local dimension dS ≥ 2 in time π
2
· 1

∆(H̃int)
≈ 1.571 ·

1

∆(H̃int)
.

This bounds hold for any state E may initially be in and for any interaction
between S and E. The only assumption we made is that the interaction between S
and E may be described as i.i.d. on the length-scale of S. If there are still correlations
in the system’s interaction with the environment on the length-scale of one copy of
S we may group a number of factors S together which is large enough such that
the correlations in the interaction decay over the new enhanced length-scale. This
obviously reduces n, the number of factors, correspondingly.

9.1.5 Local interactions

So far in this thesis we have dealt with the most general system and interaction
compatible with the laws of quantum mechanics. In particular we allowed for cases
in which “all of” the environment is interacting with “all of” the system. A more
sensible model of the interaction would include a notion of locality and only allow for
local interactions. In such a model we hope to find a better bound on the rate with
which H(E)τ can increase and H(S)τ decrease than the one in Theorem 7.3. This
bound includes the dimension of the whole system (or environment), which seems to
be pessimistic in cases where only parts of it are interacting with the environment
(or system).

Consider that the joint system is a set of sites each of which has a space Cd

attached to it. The joint Hilbert space is then the tensor product of all those spaces.
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Assume that the strength of the terms in the Hamiltonian which act on multiple
sites decreases exponentially with the distance between those sites measured in a
suitable distance measure. In such a system, the Lieb-Robinson velocity defines an
effective light cone for causal interactions (c.f. [Has10] for a concise introduction).
The influence of sites which are outside of the past light cone of a certain region
defined by the Lieb-Robinson velocity is exponentially suppressed.

This supports the intuition that information can effectively propagate only with
a certain maximal velocity if only short-range interactions are allowed. Still, it
does not quite solve our problem which is how fast entropies in a certain region
can be changed if we only allow for local interactions. Let the system be of the
form HS =

(
Cd
)⊗nS and the environment HE =

(
Cd
)⊗nE . Let the Hamiltonian be

HSE = HS ⊗ 1E + 1S ⊗ HE +
∑r

j=1K
(j). Geometrically, we expect the number of

interaction terms r to scale with the surface of the nS sites in S. In spatial dimension
D this would imply a relation

r ∝ n
(D−1)/D
S . (9.54)

From eqn. (7.28) we know that only the interactive part of the Hamiltonian is
relevant for changes of the local entropy. We have

d

dt
H(S)ρ(t) = − iTrSE {Hint [log(ρS(t))⊗ 1E, ρSE(t)]}

=
r∑
j=1

− iTrSE
{
K(j) [log(ρS(t))⊗ 1E, ρSE(t)]

}
. (9.55)

The absolute value of each summand could now be upper-bounded using Theorem
7.3, that is by 2∆

(
K(j)

)
log dS. We would actually expect to find a better bound

due to the assumed locality of the interaction. Let K(j) act non-trivially only on
wS(j) tensor factors of HS and wE(j) tensor factors of HE. We would then expect
that there is an upper bound on the absolute value of each summand which is of the
form∣∣− iTrSE

{
K(j) [log(ρS(t))⊗ 1E, ρSE(t)]

}∣∣ ≤ c ·∆
(
K(j)

)
·min {wS(j), wE(j)} · log d

(9.56)

with a constant c ∈ O(1) which does not depend on nS. This bound is symmetric in
S and E and would thus also apply to entropy changes in E. Whether such an upper
bound exists is actually an open problem (c.f. [Bra07] where an equivalent problem
is discussed under different nomenclature). Numerical maximization results and the
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fact that such a bound can be derived under special assumptions on the eigenvalues
of ρ(t) [Bra07] suggest that there is a general upper bound of this form. Assuming
that there is such a bound we would have∣∣∣∣ d

dt
H(S)ρ(t)

∣∣∣∣ ≤ c log d
r∑
j=1

∆
(
K(j)

)
min {wS(j), wE(j)}

≤ cK̃r log d (9.57)

with K̃ = maxj
(
∆
(
K(j)

)
min {wS(j), wE(j)}

)
. This bound scales with r which we

expect to scale with the surface of the system. Formally we expect (9.54) to hold.
The maximal entropy in S scales with nS. Together, this would imply that the
minimal time which is needed to reach a high-entropy state on S starting from a
pure state scales with n

1/D
S , i.e. with the diameter of the system. A time of the same

order would be needed to reach H(S) = H(E) starting from H(S) = log dS and
H(E) = 0 and thus to reach initial state independence in the i.i.d. scenario.

Every bipartite Hermitian operator like Hint may be decomposed into a sum of
products of Hermitian operators. From (7.37) we know that for product Hamiltonians
the maximal achievable rate of change of the entropy in S does not depend on log dS.
From (9.55) we know that local changes of the von Neumann entropy are additive.
The maximal rate with which the entropy in S can change therefore scales with the
number of product terms in the decomposition of Hint. The maximal number of
product terms in the decomposition scales polynomially with the local dimension dS
[BHLS03].

A bound on the rate of change of the logarithmic quantity H(S) which grows
polynomially in dS may in general not be of much use for our purposes. Still, we
may derive useful bounds with this method if we bound the number of product terms
in the decomposition of Hint by use of the assumed locality of the interaction.

If the number of product terms in the decomposition of Hint scales with the
surface of S so does the maximal rate of change of H(S). Under this assumption,
the fact, that the minimal time to reach a high-entropic state scales with the diameter
of S, may be derived without having to rely on unproved conjectures.

Assume, for example, that the summands K(j) describe interactions between two
qubits. Then there can only be a small number of product terms in the decomposition
of each K(j). The number of product terms in the decomposition of Hint =

∑r
j=1 K

(j)

is then at most a small number times r, the number of qubits in S which are interact-
ing with qubits in E. Every such product term leads to a maximal entropy change
which according to (7.37) is independent of any local dimensions. From (9.55) we
know that the entropy changes induced by different summands of the Hamiltonian
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are additive. We conclude that in this scenario the maximal rate with which the
local entropy can be changed scales with r, the number of qubits in S which are
interacting with qubits in E.

9.2 For generic initial states of the system and

generic initial states of the environment

9.2.1 Maximal entropy does not decrease

In the previous section we were dealing with a specific pure initial state of the en-
vironment. If we remind ourselves of our results about independence of the initial
state of the environment, this is not really necessary if we are ready to neglect an
exponentially small fraction of initial states of the environment. Applying our results
about independence of the initial state of the environment will allow us to progress
further on the issue of independence of the initial state of the system.

We are still interested in how long we can guarantee that different initial states
of S have not yet evolved to the same state. In Section 9.1 we saw that in order to
answer this question it is relevant to know how fast the entropy in S can decrease if
it is initially maximal. The bounds we applied hold for any initial state of E. Yet,
for generic initial states of E they are rather pessimistic. In fact, almost all initial
states of E do not lead to a significant decrease of the entropy in S, if S is initially
fully mixed and E is sufficiently larger than S. This allows to improve the bounds
from Theorem 9.2 for almost all initial states of E.

Lemma 9.4. Consider an initial product state πS⊗ρE(0). Let ρS(t) denote the state
of S at time t. Then for all times t

Pr
ρE

[
‖ρS(t)− πS‖1 >

dS√
dE

+ d
−1/3
E

]
< e−d

1/3
E /16 (9.58)

where the proability is computed over the choice of ρE(0) from any unitarily invariant
measure on S=(HE).

Proof. This follows directly from Corollary 8.2 where according to (8.7)

τS = TrEE′
[
e− iHSEt (πS ⊗ΨEE′) e

+ iHSEt
]

= TrE
[
e− iHSEt (πS ⊗ πE) e+ iHSEt

]
= πS . (9.59)
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According to Lemma 9.4, an initial product state which is fully mixed on S will
with high probability be close to fully mixed at any time if log dE ' max {2 log dS, 12}.
It then follows from Fannes’ inequality, Theorem 3.1, that the von Neumann entropy
of such a state will be close to maximal. Similarly, the smooth min-entropy will at any
time be large with high probability. We have for all times ‖ρS(t)− πS‖1 ≤

dS√
dE

+d
−1/3
E

except with a probability of less then e−d
1/3
E /16. If this is the case, we find with Lemma

3.3 and the definition of the smooth min-entropy (3.40) that Hε
min(S)ρ(t) ≥ log dS if

ε ≥
√

2
(

dS√
dE

+ d
−1/3
E

)
.

9.2.2 Quantitative version

In Section 9.1.2 we saw that the question whether the system is already independent
of its initial state is equivalent to the question whether the entropy in E of the state
τSE(t) is already larger than the entropy in S. In Section 9.1.3 we investigated how
long we can guarantee that this is not the case and thus considered the maximal rate
with which the entropy in S can decrease. The result in the previous section shows
that this is not necessary for most initial states of the environment because S stays
close to fully mixed.

The times for which we can guarantee that different initial states of S have on
average not yet evolved to the inside of a ball with radius ε

2
depend on dS and ε. For

simplicity, we discuss the two limits of large dS and small ε.

Corollary 9.5. Consider a system S which at t = 0 is put in contact with an
environment which is in a pure state φE. Let the joint evolution be governed by a

Hamiltonian HSE with interaction strength ∆
(
H̃int

)
as defined in (2.37). Let ρφS(t)

denote the state of the system at time t given that its state at t = 0 was φS. Let
log dE be sufficiently larger than 2 log dS. Then the following two statements hold for

all initial states of the environment φE except a fraction of less than e−d
1/3
E /16 from

the Haar measure.
1. For log dS ' 25 as long as

t <



0.058 · 1

∆(H̃int)

0.101 · 1

∆(H̃int)

0.117 · 1

∆(H̃int)

0.125 · 1

∆(H̃int)

(9.60)
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Figure 9.5: The times for which we can guarantee that different pure initial states
of S have not yet evolved to the same state as a function of log dS. The times are
measured in units of 1

∆(H̃int)
. We assumed that E is larger than two copies of S.

The statement then holds for all initial states of E from the Haar measure except a
fraction which is exponentially small in d

1/3
E .

there is no state ωS ∈ S=(HS) such that〈∥∥∥ρφS(t)− ωS
∥∥∥

1

〉
φS

<
ε

2
(9.61)

where 
ε = 10−1

ε = 10−2

ε = 10−3

ε→ 0

. (9.62)

2. In the limit of ε→ 0 the times for which we can guarantee that there is no
state ωS ∈ S=(HS) which fulfills (9.61) are given in Figure 9.5.

We recall that we showed in Section 9.1.3 that initial state independence in the
sense of (9.61) can be achieved (for any ε and large enough dS) in time π

∆(H̃int)
.
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Comparing the above results with the ones obtained in Theorem 9.2, we see that
neglecting an exponentially small fraction of initial states of E allowed us to improve
the lower bounds on the times which are necessary for initial state independence
by a factor of around 5. Since we are now dealing with generic initial states of the
environment, we have lost the dependence on the relation between the initial state
of the environment and the Hamiltonian which is expressed in Theorem 9.2 with the
term ‖[HSE, πS ⊗ φE]‖1.

Proof. We are interested in the channel

φS 7→ρφS(t) = TS→S (φS) = TrE
[
e− iHSEt (φS ⊗ φE) e+ iHSEt

]
. (9.63)

We introduce the state

τS′SE := e− iHSEt (ΨS′S ⊗ φE) e+ iHSEt (9.64)

which purifies the Choi-Jamio lkowski representation of TS→S. From Theorem 4.4 we
know that if

H
ε′+2ε′′+ε′′′+

√
ε

min (S)φ +Hε′′

max(S ′S)τ −Hε′′′

min(S)τ + log
2

ε′2
< 0 (9.65)

there is no state ωS ∈ S=(HS) such that〈∥∥∥ρφS(t)− ωS
∥∥∥

1

〉
φS

<
ε

2
. (9.66)

The first summand can be bounded by use of Lemma A.10. Using that τS′SE is pure
we have by Lemma 3.4

Hε′′

max(S ′S)τ = Hε′′

max(E)τ (9.67)

which can then be bounded by use of Corollary 7.5 and the fact that T̄ ≥ 1

2∆(H̃int)
.

As for the third summand, τS is at t = 0 fully mixed which allows to apply Lemma
9.4. We conclude that except for a fraction of states φE from the Haar measure

which is smaller than e−d
1/3
E /16 we have

Hε′′′

min(S)τ ≥ log dS . (9.68)

Here, according to Lemma 9.4 and by use of Lemma 3.3, it is sufficient to choose

ε′′′ =

√
2

(
dS√
dE

+ d
−1/3
E

)
. (9.69)

Since we assumed that log dE is sufficiently larger than 2 log dS, we view ε′′′ as negli-
gible. Finally, the parameter ε′ can be chosen so as to minimize the l.h.s. of (9.65).
Inserting the relevant values of ε and dS and solving (9.65) for the time for which
equality is obtained for the first time yields the assertions.
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9.2.3 In the i.i.d. scenario

In Corollary 9.5 we made use of the insight that if the initial state of S is fully mixed
the system will at all later times be so for almost all initial states of the environment.
This can also be applied in the i.i.d. scenario. In Section 9.1.4 we had to upper-bound
the rates with which H(S)τ can decrease from log dS and H(S ′S)τ can increase from
0 (with τ as defined in (9.52)). From Lemma 9.4 and Fannes’ inequality, Theorem
3.1, we know that in fact H(S)τ will stay close to log dS for all times and for all initial

states of E except a fraction e−d
1/3
E /16 from the Haar measure if log dE is sufficiently

larger than 2 log dS. If we are willing to neglect this exponentially small fraction of
environment states, we only have to bound the rate with which H(S ′S)τ can increase.
This allows to improve the bounds from Table 9.1 by a factor of approximately 3

2
to

the ones given in Table 9.2.

dS = 2 dS = 3 dS = 22 dS = 23 dS →∞
Minimal erasure time 0.414 0.486 0.521 0.574 2

3

Minimal typical erasure time 0.685 0.792 0.841 0.909 1

Table 9.2: The first line gives lower bounds on the times which are necessary to erase
a storage Sn for large n through interaction with any i.i.d. environment in terms of
the local dimension dS. The second line gives lower bounds if we are willing to neglect

a Haar measure fraction of less than exp
(
−d1/3

E /16
)

of the states the environment

might initially be in. The times are measured in units of 1

∆(H̃int)
, the inverse of the

interaction strength. Erasure is achievable for any local dimension dS ≥ 2 in time
π
2
· 1

∆(H̃int)
≈ 1.571 · 1

∆(H̃int)
.

9.3 For specific initial states of the system and

generic initial states of the environment

In this section, we discuss sufficient conditions under which a system does for most
initial states of the environment not become independent of a particular initial state.
We have already seen in Theorem 6.4 that the time-averaged state of the system is
independent of its initial state if the energy eigenstates are sufficiently entangled. In
[GME11] a converse statement is proven. Assume that there is a basis {|i〉S}i of HS

which is such that for all energy eigenstates the partial trace TrE |Ek〉〈Ek| is close
to one of the basis states |i〉〈i|S. This implies that all energy eigenstates are close
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to product and thus are poorly entangled. Consider two pure initial product states
whose S-part is one of the basis elements. Then the distance of their time-averages on
S is unlikely to be much smaller than the initial distance of their S-parts. Formally,
we have the following theorem.

Theorem 9.6 ([GME11, Theorems 1 and 2]). Consider two pure initial product

states φ
(i)
SE(0) = φ

(i)
S (0) ⊗ φ(i)

E (0), i ∈ {1, 2} evolving under a non-degenerate Hamil-

tonian HSE, yielding temporal averages ω
(i)
SE. We define the quantity

R(φ(i)(0)) =
∑
k

∣∣〈Ek|φ(i)
〉
SE

∣∣2 ∥∥∥TrE |Ek〉〈Ek| − φ(i)
S (0)

∥∥∥
1

(9.70)

which is small if all energy eigenstates either are close to orthogonal to φ
(i)
SE(0) or

locally resemble φ
(i)
S (0). Then,∥∥∥ω(1)

S − ω
(2)
S

∥∥∥
1
≥
∥∥∥φ(1)

S (0)− φ(2)
S (0)

∥∥∥
1
−R(φ(1)(0))−R(φ(2)(0)) . (9.71)

The quantity R(φ(i)(0)) is small for almost all φ
(i)
E (0) if φ

(i)
S (0) is an element of a

basis {|l〉S}dSl=1 of HS which is such that the partial trace of each energy eigenstate is
close to one of the basis elements. Formally,〈

R
(
φ

(i)
S (0)⊗ φ(i)

E (0)
)〉

φ
(i)
E (0)
≤ δdS (9.72)

where

δ := max
k

min
l
‖TrE |Ek〉〈Ek| − |l〉〈l|S‖1 . (9.73)

This disproves the long-held conjecture that all non-integrable systems thermal-
ize (since they do not necessarily become independent of their initial state). We
refer to [GME11] for different definitions of integrability. A possible definition is to
require the existence of dS mutually commuting and linearly independent conserved
operators on S. Developing the result of the decoupling theorem in the form of The-
orems 8.1 and 8.3 a little further, we are able to strengthen this result. Instead of
making a statement about the temporal average of S we make a statement about
the time-evolved state itself. We do not only prove that the distance between pure
initial states which locally resemble an energy eigenstate does not decrease but that
such states actually stay close to their initial states for all times. In contrast to
statement (9.72) which is a statement about an averaged distance, we obtain an ex-
ponentially strong statement. We do not require that all energy eigenstates be close

117



to product but only the ones which are most relevant for the particular initial state
of the system. Furthermore, we allow for mixed initial states of the environment.
The most important improvement, however, is the following: Inequality (9.72) gives
only a non-trivial statement if δ < 2

dS
. This upper bound decreases exponentially

with the number of constituent particles of the system. For a large system S we
therefore basically need no interaction at all. On the other hand, the bound we
obtain is non-trivial independently of the size of S.

Theorems 8.1 and 8.3 do not only tell us that the time-evolved state of the system
ρS(t) will very likely be close to a state τS(t) which is independent of the initial state
of the environment, but also what this state looks like. If ρS(0) = φS and the initial
state of the environment is drawn from all of HE it is given by

τS(t) = TrE
[
e− iHSEt (φS ⊗ πE) e+ iHSEt

]
. (9.74)

Saying that the time-evolved state becomes independent of the initial state of S is
equivalent with saying that τS(t) is independent of φS. We will show that this does
not happen, but that in fact τS(t) ≈ φS for all times, if the energy eigenstates which,
in a certain sense, locally are “most similar” to φS, are close to product states.

In order to make this precise, consider a basis {|i〉S}i=1,...,dS
of HS and a basis

{|j〉E}j=1,...,dE
of HE. To each energy eigenstate |Ek〉 we assign the pair (i, j) of basis

states which is closest to |Ek〉. More precisely, we assign to each |Ek〉 the pair (i, j)
which maximizes the expression F (|Ek〉, |i〉S|j〉E). We denote the pair (i, j) which

achieves this maximum by
(
ξ(k), ξ̂(k)

)
and define

fk := F
(
|Ek〉, |ξ(k)〉S|ξ̂(k)〉E

)
. (9.75)

This gives a mapping

{1, . . . , dSdE} −→ {1, . . . , dS} × {1, . . . , dE}

k 7−→
(
ξ(k), ξ̂(k)

)
. (9.76)

We will assume that this mapping is injective, that is, every energy eigenstate
is best approximated by a different element of the product basis. Since the sets
{1, . . . , dSdE} and {1, . . . , dS} × {1, . . . , dE} have the same cardinality, this also im-
plies that the mapping is bijective.

The relevant measure of entanglement is then for φ ∈ {1, . . . , dS}

δ(φ) := min {fk : ξ(k) = φ} . (9.77)

118



Lemma 9.7. With the notation introduced above, assume that the mapping k 7→(
ξ(k), ξ̂(k)

)
is injective and consider an initial state |φ〉S with φ ∈ {1, . . . , dS}.

Assume that δ(φ) > 1√
2
. Then with τS(t) as defined in (9.74) we have

‖τS(t)− φS‖1 ≤ 4δ(φ)
√

1− δ(φ)2 (9.78)

for all times t.

We can always obtain an upper bound on ‖τS(t)− φS‖1 which is close to 0 if δ(φ)
is close to 1. By definition (9.77) the requirement δ(φ) > 1√

2
requires that fk >

1√
2

if

ξ(k) = φ. If this condition is fulfilled, the r.h.s. of (9.78) is smaller than 2 and thus
non-trivial. We can make sure that the mapping is injective as assumed by requiring
that fk >

1√
2

for all k.
Combining Lemma 9.7 with Corollary 8.2 directly yields the statement that for

all times there is an exponentially small probability that the initial state of the
environment was such that the system is further away from its initial state than a
certain distance.

Theorem 9.8. With the notation introduced above, assume that the mapping k 7→(
ξ(k), ξ̂(k)

)
is injective and consider an initial state |φ〉S with φ ∈ {1, . . . , dS}.

Assume that δ(φ) > 1√
2
. Let ρS(t) denote the evolved state of the system. Then for

all times t

Pr
ρE(0)

[
‖ρS(t)− φS‖1 > 4δ(φ)

√
1− δ(φ)2 +

dS√
dE

+ d
−1/3
E

]
< e−d

1/3
E /16 (9.79)

where the probability is computed over the choice of the initial state of the environ-
ment ρE(0) from any unitarily invariant measure on S=(HE).

Consider the case where {|i〉S}i=1,...,dS
is the eigenbasis of HS and {|j〉E}j=1,...,dE

is the eigenbasis of HE. We view Hint as a small perturbation of the unperturbed
Hamiltonian HS ⊗ 1E + 1S ⊗ HE. Then, the unperturbed value of fk is 1 and the
first order correction is 0.

A weakness of both Theorem 9.6 and Theorem 9.8 is that an average or a prob-
ability is computed over the choice of an initial state of the environment from the
Haar measure on all of HE. This allows for the possibility that there is a reasonably
large subspace HΩE ⊆ HE which is such that initial states taken from it do not lead
to memory effects in system. One might imagine, for example, that all initial states
of E with a sufficiently large temperature do not lead to such memory effects, but
that still most states from the Haar measure on all of HE do.
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Figure 9.6: Different initial states (bold lines) approach a common evolving state
(dashed line) which does not equilibrate towards its time-average (dashed-dotted
line).

In Chapter 6 we mentioned initial state independence and equilibration as neces-
sary conditions for thermalization. Here we showed that even when evolving under a
non-integrable Hamiltonian it is possible that a state of the system does not become
independent of its initial state for most environment states. From Chapter 6 we
know, however, that it will equilibrate for most environment states if the environ-
ment is large enough. Hence the two conditions are independent of each other. An
interesting and to the knowledge of the author open problem is, whether the inde-
pendence also holds in the other direction. That is, is it possible that most initial
states of the system become independent of their initial state (or at least that their
time-average is independent) but that they do not equilibrate? The idea is drafted
in Figure 9.6.

We will now proof Lemma 9.7. The above theorem then follows straighforwardly
from Corollary 8.2 and a single application of the triangle inequality.

Proof. In order to shorten our notation we introduce the shorthands ξ(k)S ≡ |ξ(k)〉〈ξ(k)|S
and ξ̂(k)E ≡ |ξ̂(k)〉〈ξ̂(k)|E. Sums with summation index k or l go from 1 to dSdE
and sums with summation index r go from 1 to dE. By use of the assumed injectivity
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(and hence also bijectivity) of the mapping, we have

δξ(k),ξ(l)δξ̂(k),ξ̂(l) = δkl . (9.80)

This implies that
∑

k e
− iEktξ(k)S ⊗ ξ̂(k)E is a unitary, since(∑

k

e− iEktξ(k)S ⊗ ξ̂(k)E

)(∑
l

e− iEltξ(l)S ⊗ ξ̂(l)E

)†

=

(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)
=
∑
kl

e− i(Ek−El)tδξ(k),ξ(l)δξ̂(k),ξ̂(l)|ξ(k)〉〈ξ(l)|S ⊗ |ξ̂(k)〉〈ξ̂(l)|E

=
∑
k

e− i(Ek−Ek)t|ξ(k)〉〈ξ(k)|S ⊗ |ξ̂(k)〉〈ξ̂(k)|E

= 1SE . (9.81)

We first show that τS(t) has high fidelity with the state

TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]
and then show that this state is identical with φS. According to (3.29) the fidelity
can only increase under partial traces, that is, it can only decrease if we calculate it
for purifications of the actual states, so

F 2

{
τS(t),TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

= F 2

{
TrE

[(∑
k

e− iEkt|Ek〉〈Ek|

)
(φS ⊗ πE)

(∑
l

e+ iElt|El〉〈El|

)]
,

TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

≥ F 2

{(∑
k

e− iEkt|Ek〉〈Ek|

)
(φS ⊗ΨEE′)

(∑
l

e+ iElt|El〉〈El|

)
,(∑

k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ΨEE′)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)}
.

(9.82)
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Both these states are pure, so using eqn. (3.28) and that |Ψ〉EE′ = 1√
dE

∑
r |r〉E|r〉E′

we find

F 2

{
τS(t),TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

≥

∣∣∣∣∣〈φ|S〈Ψ|EE′
(∑

l

e+ iElt|El〉〈El|SE

)(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
|φ〉S|Ψ〉EE′

∣∣∣∣∣
2

=

∣∣∣∣∣ 1

dE

∑
r

〈φ|S〈r|E

(∑
l

e+ iElt|El〉〈El|SE

)(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
|φ〉S|r〉E

∣∣∣∣∣
2

=

∣∣∣∣∣ 1

dE

∑
r

〈φ|S〈r|E

(∑
l

e+ iElt|El〉〈El|SE

)(∑
k

e− iEkt|ξ(k)〉S|ξ̂(k)〉E

)
δφ,ξ(k)δr,ξ̂(k)

∣∣∣∣∣
2

=

∣∣∣∣∣ 1

dE

∑
kl

δφ,ξ(k)e
− i(Ek−El)t〈ξ(k)|S〈ξ̂(k)|E|El〉〈El|SE|ξ(k)〉S|ξ̂(k)〉E

∣∣∣∣∣
2

=

∣∣∣∣∣ 1

dE

∑
kl

δφ,ξ(k)e
− i(Ek−El)tF 2

{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}∣∣∣∣∣
2

(9.83)

By definition (9.77) the requirement δ(φ) > 1√
2

requires that

F 2
{
|Ek〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
>

1

2
(9.84)

if δφ,ξ(k) = 1. Since
∑

l F
2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
= 1, this also implies that2

∑
l:l 6=k

F 2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
<

1

2
(9.85)

2 With
∑
l:l 6=k we denote a sum over all values of l which are not equal to k. With

∑
k 6=l we

denote a sum over all pairs of possible values of k and l which are not equal.
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if δφ,ξ(k) = 1. We conclude that∣∣∣∣∣∑
k 6=l

δφ,ξ(k)e
− i(Ek−El)tF 2

{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}∣∣∣∣∣
≤
∑
k 6=l

δφ,ξ(k)F
2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
≤
∑
k=l

δφ,ξ(k)F
2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
. (9.86)

We split up the sum
∑

kl =
∑

k=l +
∑

k 6=l and use that for a, b ∈ C with |a| ≥ |b| we
have |a+ b| ≥ |a| − |b| to obtain from (9.83)

F 2

{
τS(t),TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

≥

(
1

dE

∣∣∣∣∣∑
k=l

δφ,ξ(k)e
− i(Ek−El)tF 2

{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}∣∣∣∣∣
− 1

dE

∣∣∣∣∣∑
k 6=l

δφ,ξ(k)e
− i(Ek−El)tF 2

{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}∣∣∣∣∣
)2

≥

(
1

dE

∑
k=l

δφ,ξ(k)F
2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
− 1

dE

∑
k 6=l

δφ,ξ(k)F
2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

})2

. (9.87)

Using that∑
l:l 6=k

F 2
{
|El〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
= 1− F 2

{
|Ek〉SE, |ξ(k)〉S|ξ̂(k)〉E

}
= 1− f 2

k

(9.88)
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this simplifies to

F 2

{
τS(t),TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

≥

(
1

dE

∑
k

δφ,ξ(k)f
2
k −

1

dE

∑
k

δφ,ξ(k)

(
1− f 2

k

))2

=

(
1

dE

∑
k

δφ,ξ(k)

(
2f 2

k − 1
))2

(9.89)

Applying the definition of δ(φ) and the bijectivity of the mapping we finally obtain

F 2

{
τS(t),TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]}

≥

(
1

dE

(
2δ(φ)2 − 1

)∑
k

δφ,ξ(k)

)2

=
(
2δ(φ)2 − 1

)2
. (9.90)

As for the second part of the proof,

TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]
=
∑
kl

1

dE
e− i(Ek−El)tδφ,ξ(k)δφ,ξ(l)δξ̂(k),ξ̂(l)|ξ(k)〉〈ξ(l)|S

=
∑
kl

1

dE
e− i(Ek−El)tδφ,ξ(k)δξ(k),ξ(l)δξ̂(k),ξ̂(l)φS (9.91)

Applying (9.80) for the first equality and the bijectivity for the second this simplifies
to

TrE

[(∑
k

e− iEktξ(k)S ⊗ ξ̂(k)E

)
(φS ⊗ πE)

(∑
l

e+ iEltξ(l)S ⊗ ξ̂(l)E

)]
=
∑
k

1

dE
δφ,ξ(k)φS

= φS . (9.92)

124



We find

F {τS(t), φS} ≥ 2δ(φ)2 − 1 (9.93)

and by use of (3.31)

‖τS(t)− φS‖1 ≤ 2
√

1− F (τS(t), φS)2

≤ 2

√
1− (2δ(φ)2 − 1)2

= 4δ(φ)
√

1− δ(φ)2 (9.94)

which is lower than 2 if δ(φ) is larger than 1√
2
.
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Appendix A

Various technical lemmas

Lemma A.1. Let ρA ∈ S≤(HA) and 0 ≤ ΠA ≤ 1A. Then,

Hmin(A)ΠAρAΠA ≥ Hmin(A)ρA . (A.1)

Proof. This follows directly from [BCR09, Lemma B.24.]. We make the identification
HB
∼= spanC {|0〉B} and realize that in this case

ρAB = ρA ⊗ |0〉〈0|B (A.2)

for every ρAB ∈ S≤(HAB) and that

σB, ωB = |0〉〈0|B (A.3)

for all σB, ωB ∈ S=(HB). It follows that with the identifications made the condition

1A ⊗ ωB − ΠAB(1A ⊗ σB)ΠAB ≥ 0 (A.4)

is automatically fulfilled. The assertion then follows by direct application of the
lemma cited.

Lemma A.2. [BCR09, Lemma B.25.] Let ε > 0 and ρA ∈ S≤(HA). Then there
exists 0 ≤ ΠA ≤ 1A such that ρA ∈ Bε (ΠAρAΠA) and

H
ε2

6
max(A)ρ ≥ HR(A)ΠρΠ + 2 · log

ε2

6
. (A.5)

Lemma A.3. [AGZ09, Corollary 4.4.28] For a function f : A → B from a set A to
a set B endowed with distance measures dA and dB the Lipschitz constant is defined
as

L(f) := sup
a1,a2∈A

dB (f(a1), f(a2))

dA (a1, a2)
. (A.6)
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For a function f : U(Cd)→ C let 〈f〉U be the Haar measure average of f . Then,

Pr
U
{|f(U)− 〈f〉U | ≥ δ} ≤ 2e−dδ

2/4L(f)2

(A.7)

where the probability is computed for the choice of U from the Haar measure and
where the relevant distance measure on U(Cd) is ‖. . .‖2.

Lemma A.4. Let ρAR ∈ S=(HA ⊗HR). Then∫
U(A)

UρARU
†dU = πA ⊗ ρR . (A.8)

Proof. Since we are working with finite dimensional Hilbert spaces, we have ρAR ∈
Herm(HA⊗HR) ∼= Herm(HA)⊗Herm(HR). Let

{
τ

(i)
A

}
i

be a basis of the real vector

space Herm(HA) and
{
ηjR
}
j

a basis of Herm(HR). We assume that both bases are

normalized, i.e. TrA τ
(i)
A = TrR η

(j)
R = 1. Then ρAR is uniquely decomposable in the

form

ρAR =
∑
ij

cijτ
(i)
A ⊗ η

(j)
R (A.9)

with
∑

ij cij = 1. Every term of the form
∫
U(A)

Uτ
(i)
A U †dU commutes with every

V ∈ U(A) (by use of the invariance of the Haar measure) and hence by Schur’s
Lemma and the invariance of the trace under conjugation with a unitary∫

U(A)

Uτ
(i)
A U †dU = πA . (A.10)

We find ∫
U(A)

UρARU
†dU =

∑
ij

cij

∫
U(A)

Uτ
(i)
A U †dU ⊗ η(j)

R

= πA ⊗

(∑
ij

cijη
(j)
R

)
= πA ⊗ ρR (A.11)

where the last equality follows from the definition of the partial trace (2.10).
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Lemma A.5. For ρABC ∈ S≤(HABC) we have

Hmin(AB|C)ρ ≤ Hmin(A|C)ρ + log dB . (A.12)

Proof. By definition,

Hmin(AB|C)ρ := sup
σC∈S=(HC)

sup
{
λ ∈ R : 2−λ1AB ⊗ σC ≥ ρABC

}
. (A.13)

Let ωC ∈ S=(HC) and µ ∈ R be arguments which achieve the supremum (such
arguments exist since we are dealing with finite dimensional Hilbert spaces), so
Hmin(AB|C)ρ = µ and 2−µ1AB ⊗ ωC ≥ ρABC . Since the partial trace of a positive
semi-definite operator is positive semi-definite again, we have 2−µdB1A ⊗ ωC ≥ ρAC
and thus

Hmin(A|C)ρ = sup
σC∈S=(HC)

sup
{
λ ∈ R : 2−λ1A ⊗ σC ≥ ρAC

}
≥ µ− log dB

= Hmin(AB|C)ρ − log dB . (A.14)

Lemma A.6 (Swap trick). Let HA′ be isomorphic to HA with basis vectors |i〉A′
which are the images of the basisvectors |i〉A under said isomorphism. Define the
“SWAP”-operator

SA↔A′ :=
∑
i

|i〉A〈i|A′ + |i〉A′〈i|A ∈ Herm(HA ⊗HA′) . (A.15)

Then for all M,N ∈ EndHA

Tr(MN) = TrAA′ [(MA ⊗NA′)SA↔A′ ] . (A.16)

Proof.

Tr(MN) =
∑
ij

〈i|M |j〉A〈j|N |i〉A

=
∑
ij

〈i|M |j〉A〈j|N |i〉A′

= TrAA′ [(MA ⊗NA′)SA↔A′ ] . (A.17)
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Lemma A.7. Let σ : Sn → End
[
(Cd)⊗n

]
be the natural action of the symmetric

group Sn which for Π ∈ Sn defined by

σ(Π) (|e1〉 ⊗ . . .⊗ |en〉) := |eΠ−1(i)〉 ⊗ . . .⊗ |eΠ−1(n)〉 (A.18)

Let M ∈ End
[
(Cd)⊗n

]
. Let

Γ(M) :=

∫
U(Cd)

U⊗nM(U †)⊗ndU (A.19)

where dU is the Haar measure on U(Cd). Γ is the orthogonal (with respect to the
Hilbert-Schmidt inner product (A,B) = Tr(A†B)) projector onto spanC {σ(Π) : Π ∈ Sn}.
I.e.

Γ(M) :=
∑

Π∈Sn

αΠσ(Π) (A.20)

where the αΠ are such that (σ(Π),M) = (σ(Π),Γ(M)).

Proof. This is a standard result in Schur-Weyl duality an a rewriting of e.g. [CS06,
Proposition 2.2.].

Lemma A.8. For ρ⊗ ρ ∈ S=(HΩ ⊗HΩ′) we have∫
U(Ω)

U⊗2(ρ⊗ ρ)(U †)⊗2dU =
dΩ − p(ρ)

d3
Ω − dΩ

· 1ΩΩ′ +
p(ρ)dΩ − 1

d3
Ω − dΩ

· SΩ↔Ω′ (A.21)

where the integral is with respect to the Haar measure and where SΩ↔Ω′ denotes the
“SWAP”-operator as introduced in Lemma A.6.

Proof. This integral can be solved by use of Lemma A.7. We write

Γ(ρ⊗ ρ) =

∫
U(Ω)

U⊗2(ρ⊗ ρ)(U †)⊗2dU = α1ΩΩ′ + βSΩ↔Ω′ . (A.22)

By use of the orthogonality of the projection (applied in the second equality below)
we find

1 = (ρ⊗ ρ,1ΩΩ′)

= (Γ(ρ⊗ ρ),1ΩΩ′)

= α (1ΩΩ′ ,1ΩΩ′) + β (SΩ↔Ω′ ,1ΩΩ′)

= α

dΩ∑
kl=1

〈kl|kl〉ΩΩ′ + β

dΩ∑
kl=1

〈lk|kl〉ΩΩ′

= αd2
Ω + βdΩ (A.23)
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and similarly, applying Lemma A.6 in the first equality below,

p(ρ) = Tr [(ρ⊗ ρ)SΩ↔Ω′ ]

= (ρ⊗ ρ,SΩ↔Ω′)

= (Γ(ρ⊗ ρ),SΩ↔Ω′)

= α (1ΩΩ′ ,SΩ↔Ω′) + β (SΩ↔Ω′ ,SΩ↔Ω′)

= α

dΩ∑
kl=1

〈kl|lk〉ΩΩ′ + β

dΩ∑
kl=1

〈lk|lk〉ΩΩ′

= αdΩ + βd2
Ω . (A.24)

Solving the system of equations (A.23) and (A.24) for α and β and inserting the
obtained values into (A.22) yields the integral provided in the lemma.

Lemma A.9. If

d

dt
f(t) ≤ αK · f(t)

α−1
α (A.25)

for an α > 0 then

f(t) ≤
(
f(0)

1
α +Kt

)α
(A.26)

for t ≥ 0.

Proof. We introduce the auxiliary function

h(t) := f(t)
1
α −Kt (A.27)

which by use of the assumption is monotously decreasing since

dh(t)

dt
=

1

α
· f(t)

1−α
α · d

dt
f(t)−K ≤ K −K . (A.28)

Since h(0) = f(0)
1
α we conclude that h(t) ≤ f(0)

1
α for all t ≥ 0 which is equivalent

to the assertion.

Lemma A.10. Let |φ〉〈φ|A ∈ S=(HA) be a pure state. Then,

Hε
min(A)φ ≤ log

1

1− ε2
=

ε2

ln 2
+O(ε4) . (A.29)
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Proof. For the state µ|φ〉〈φ|A ∈ S≤(HA) with 0 ≤ µ ≤ 1 we have P (|φ〉〈φ|A, µ|φ〉〈φ|A) =√
1− µ and Hmin(A)µ|φ〉〈φ| = − log µ which directly yields the assertion.

Lemma A.11. [TCR09, Theorem 9] For ρAB ∈ S=(HAB) and n ∈ N we have for
n ≥ 8

5
log 2

ε2

1

n
Hε

min(An|Bn)ρ⊗n ≥ H(A|B)ρ −
1√
n
· 4

√
log

(
2

ε2

)
· log

(
2−

1
2
Hmin(A|B)ρ + 2

1
2
Hmax(A|B)ρ + 1

)
.

(A.30)

Remark: The quantity Υ(A|B)ρ|ρ appearing in the original version of [TCR09,
Theorem 9] has been replaced by use of the inequality between Definition 4 and
Lemma 8 on p. 5 of [TCR09].

Lemma A.12. For ρA ∈ S=(HA) we have for n ≥ 8
5

log 2
ε2

1

n
Hε

max(An)ρ⊗n ≤ H(A)ρ +
1√
n
· 4
√

log
2

ε2
· log

(√
dA + 2

)
. (A.31)

Proof. Let φAP be a purification of ρA. Then by use of (3.42) and Lemma A.11 we
have

1

n
Hε

max(An)ρ⊗n = − 1

n
Hε

min(An|P n)φ⊗n

≤ −H(A|P )φ +
1√
n
· 4

√
log

(
2

ε2

)
· log

(
2−

1
2
Hmin(A|P )φ + 2

1
2
Hmax(A|P )φ + 1

)
.

(A.32)

The first summand is

−H(A|P )φ = −H(AP )φ +H(P )φ = H(A)φ . (A.33)

By use of (3.51) we have

Hmin(A|P )φ ≥ − log dA (A.34)

since we can always find a purifying system P with dP = dA. Using that

〈φ|1A ⊗ σP |φ〉AP ≤ 〈φ|1A ⊗ 1P |φ〉AP = 1 (A.35)

for every σP ∈ S=(HP ) we find from (3.11) that

Hmax(A|P )φ ≤ 0 (A.36)

which yields the assertion.
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[Tas98] H. Tasaki, From Quantum Dynamics to the Canonical Distribution:
General Picture and a Rigorous Example, Phys. Ref. Lett. 80, 1373-
1376 (1998).

[TCR09] M. Tomamichel, R. Colbeck, R. Renner, A fully quantum asymptotic
equipartition property, IEEE Trans. Inf. Theory 55, 5840 (2009).

[TCR10] M. Tomamichel, R. Colbeck, R. Renner, Duality Between Smooth Min-
and Max-Entropies, IEEE Trans. Inf. Theory 56, 4674 (2010).

[Uhl76] A. Uhlmann, The transition probability in the state space of a *-
algebra, Reports on Mathematical Physics, 9:273 (1976).

[vDH02] W. van Dam, P. Hayden, Renyi-entropic bounds on quantum commu-
nication, arXiv:quant-ph/0204093v1 (2002).

136


	Introduction
	Overview

	Basic concepts of Quantum Mechanics
	Hilbert spaces and density operators
	Tensor product spaces, purification and entanglement
	CPTPM's, Choi-Jamiołkowski isomorphism and Stinespring dilation
	Hamiltonians and unitary time evolution
	Interaction strengths

	Entropy measures
	Classical entropy measures
	Von Neumann entropy
	Rényi entropies
	Fidelity and distance measures
	Smooth entropy measures
	Chain rules
	Uncertainty about the initial state

	Decoupling
	The theorem
	Haar measure averages
	Converse

	The postulate of equal a priori probability
	Motivation
	Generalization of previous results 
	Informal version
	Formal version
	Discussion
	Example: Weakly interactive spins

	Essentially tight version
	Informal version
	Formal version

	Unitary 2-designs

	Thermalization: Temporal averages
	The long-term perspective
	Equilibration
	Initial state independence of the temporal average
	The relevant measure of entanglement and the equilibrium state
	Formal version of the theorem
	Discussion


	On the times which are necessary for entropy changes
	The time needed to change Rényi entropies with >1
	The time needed for arbitrarily high changes of entropy
	The time needed to reach the Boltzmann distribution

	The time needed to change the von Neumann entropy
	The time needed to change the max-entropy

	Independence of the initial state of the environment
	Simple version
	Essentially tight version

	Independence of the initial state of the system
	For generic initial states of the system and specific initial states of the environment
	Informal version
	Formal version
	Quantitative version
	The erasure time of a quantum memory
	Local interactions

	For generic initial states of the system and generic initial states of the environment
	Maximal entropy does not decrease
	Quantitative version
	In the i.i.d. scenario

	For specific initial states of the system and generic initial states of the environment

	Various technical lemmas
	Bibliography

