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Summary

The study of one-dimensional (1D) strongly correlated quantum liquids is

a fascinating area and has attracted a lot of attention recently. In spite

of their apparent conceptual simplicity, both their ground states and exci-

tated states exhibit a large number of exotic strong-correlated effects. On

the other hand, the achievement of strongly correlated quantum optical

systems which accurately describe condensed matter physics and quan-

tum field theory models has opened many new perspectives for research

on strongly correlated systems. These quantum optical systems with the

most famous examples being optical lattices and ion traps share many

features with conventional systems, while several of their properties distin-

guish them from the traditional setups like, their long coherence times and

the ability to control Hamiltonian parameters over a wide range. Recently,

the 1D optical nonlinear waveguide as a promising optical system with a

tight field confinement and coherent photon trapping techniques has been

proposed, where the dark-state polaritons are formed as a combination of

light and matter excitations. Their highly nonlinear behavior has provided

a platform to enable amazing experiments in the field on quantum nonlinear

optics and slow-light applications. It is the purpose of our work to employ

such setups to emulate and efficiently observe some of the well-known mod-

els and phenomena in condensed matter physics and quantum field theory

by using the dark-state polaritons, where the polaritons are shown to fol-

low the dynamics of quantum systems such as the Lieb-Liniger model, the

Bose-Hubbard model, the quantum sine-Gordon model, the Fermi-Hubbard

model, and the relativistic Thirring model. These quantum simulators pro-

vide a new platform in the field of understanding complex condensed matter

ix



Contents

phenomena and quantum field models with currently accessible quantum

optical techniques. The main tools used in our proposals involving sta-

tionary light-matter polaritons, condensed matter physics, and quantum

field models, are textbook examples in the fields of quantum optics and

strongly correlated systems. However, this inter-disciplinary combination

can be used to resolve some of the long standing problems such as a direct

observation of spin-charge separation, the correlations as witnesses of pin-

ning transition and BCS-BEC crossover, and the realization of interacting

Dirac particles in a continuous system, which have been proven undoubt-

edly difficult, and which have been demonstrated to be possible in our

proposed schemes.
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Chapter 1

Introduction

A one-dimensional (1D) system is typically formed by performing a tight

confinement in its transverse directions, such that only the ground states

in these directions need to be considered, and the particles only move and

propagate along its longitudinal direction. The 1D systems is usually con-

ceptually simple compared to its counterparts in two- and three-dimension.

Several sophisticated approaches have been developed to solve some 1D sys-

tems exactly, such as the Bethe-ansatz method [1], while for other more

complicated systems, methods like the Luttinger liquid theory have been

introduced to solve them in the low energy domain [2]. In spite of the

successful applications of these methods, complete knowledge about 1D

systems remains elusive, such as the non-equilibrium evolutions and the

behavior of correlation functions. To probe deeper into these elusive prop-

erties of 1D systems, the importance of system simulations becomes ap-

parent. Along this line, numerical simulations using classical computers

have been performed efficiently. One famous numerical approach to study

1D systems is the Density Matrix Renormalization Group (DMRG), where

the main idea is to perform iterative diagonalizations in a reduced Hilbert

space [3]. However, as the system size gets larger and larger, some problems

become computationally intractable on classical computers. An alternative

way is to study systems directly through quantum simulators. The basic

idea is to use a well-controlled quantum system to simulate a desired quan-
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Chapter 1. Introduction

tum system which is computationally difficult or experimently inaccessible.

The desired quantities are either detected or measured in a real experiment,

where the uncharted regimes which are originally deemed impossible are

explored and investigated.

The idea that a quantum system is best simulated with a quantum

mechanical device stems from a seminal presentation by Richard Feyn-

man thirty years ago [4]. However, at that time, the state of technology

in manipulating cold atoms and molecules and constructing optical se-

tups have not reached the current level of sophistication. Recent advances

in technology, especially trapping technology, have demonstrated convinc-

ingly that such the possibility for a scalable quantum simulator could be

achieved in the foreseeable future. In principle, quantum simulators are

controllable quantum systems that could be used to simulate other quan-

tum systems. They are essentially analog (quantum) computers capable of

studying other quantum systems directly through measurements and ob-

servations. In some sense, they behave some primitive computer of nature

[4, 5]. This direction also creates a motivation for the need to advance the

current state of technology for cooling, addressing and manipulating atoms

and molecules.

Many platforms for experimental realization of quantum simulators

have been proposed and tested to some extent. Among the potential can-

didates for quantum simulators, the trapping of ultracold atomic gases in

optical lattices has been widely used for a number of schemes, including

the study of Mott transition from superfluid (SF) to Mott insulator (MI)

phase [6, 7], the Tonks-Giradeau gas for strongly interacting bosons [8], the

crossover from Bardeen-Cooper-Schrieffer (BCS) to Bose-Einstein conden-

sate (BEC) in both fermionic and bosonic systems [9, 10, 11, 12, 13, 14, 15],

2



the realizations of field theory sine-Gordon (sG) [16] and Thirring models

[17], and so on. While some marvelous achievements have been obtained

experimentally for quantum simulations, there are still some inherent chal-

lenges in these schemes, for instance, fermionic atoms have been found to

be difficult to cool to a sufficiently low temperature due to the existence of

Pauli exclusion principle and measurements of certain correlations are still

intractable despite advances in single-site addressing of atoms [18, 19].

A new research direction with strongly interacting dark-state polari-

tons through light-matter coupling has been proposed in recent years,

where the polaritons are formed between the lower two stable levels of

three-level atoms and resonant probe light in a nonlinear optical waveg-

uide [20, 21, 22, 23, 24], based on a typical electromagnetically induced

transparency (EIT) effect [21]. In the nonlinear waveguide case, the

light beams are injected into a hollow-core waveguide doped with atoms

[25, 26, 27, 28, 29, 30] or a nanofiber with atoms brought close to the sur-

face of the fiber [31, 32]. A natural quasi 1D system is formed due to the

tight-confinement of the waveguides. With a pair of counter-propagating

classical control lasers in the waveguide, a weak quantum pulse is trapped

as a standing wave formed by control lasers due to the Bragg scattering

[22, 23, 24]. The principal differences between the quantum and classical

lights are their frequencies and intensities. The classical lights are in or-

ders of magnitude stronger and contain macroscopically large number of

photons. They are also detuned from each other, by several GHz. This

trapping allows enough time for polaritons to evolve according to like, e.g.,

the nonlinear Schrödinger equations of a designed system. During the evo-

lution, the polaritons obey approximate bosonic statistics and can interact

strongly with each other. After reaching the desired state, one of the con-

3



Chapter 1. Introduction

trol lasers is turned off and the polaritons are released as outgoing photons.

The photons continue to carry the information of polaritonic correlations,

and the typical optical measurements on photons can give information on

polaritonic correlations.

The nonlinear waveguide system can offer distinct advantages in en-

abling strong interactions between particles due to the tight field confine-

ment and allowing for direct measurements of correlations. Based on this,

we have proposed several schemes of quantum simulations using dark-state

polaritons in the nonlinear waveguide [33, 34, 35, 36, 37]. These proposals

include simulating pure bosonic features, and mimicking effective fermionic

behaviors. In the latter case, we know that there is only a sign difference

in the wavefunctions of hard-core bosons and fermions [38, 39]. When the

studied features do not involve the sign difference, the hard-core bosons act

effectively like the fermions [38, 39]. For instance, in the density-density

correlations, the sign difference in the wavefunctions is squared such that

the hard-core bosonic and fermionic systems share the same density-density

correlation behaviors. In spite of the natural feature of a waveguide sys-

tem, i.e., it is a continuous system, by superimposing an optical potential

in the microwave regime, we have also created discrete polaritonic models

[33, 34].

The strongly correlated models have been extensively investigated in

the context of cold atoms in optical lattices [6, 7, 8, 15, 16, 17]. Motivated

by these works, we explore the connection one step further to see if we

could employ the light-matter systems which exhibit bosonic excitations, to

simulate many-body phenomena. We show that in our case, the polaritons

as dressed photons can be tuned to exhibit bosonic behavior on demand

through the control lasers, and the intensities and correlations of polaritons

4



can be accessed with a high efficiency through standard optical techniques

[33, 34, 35, 36, 37]. To start with our polariton-based simulations, we first

introduce some basic knowledge, including the EIT effect [21], the light

trapping techniques [22, 23, 24], the Lieb-Liniger model [40], the Luttinger

liquid theory [2], and the correlations in 1D systems, in Chapter 2. After

that, we describe our simulation schemes in the following Chapters.

In Chapter 3, we show that it is possible to impose an effective lattice

potential on a single-species polaritonic gas and tune it to juxtapose be-

tween sine-Gordon and Bose-Hubbard models [33]. The sine-Gordon model

is one of the well-known quantum field theory models starting from 1970s

due to its soliton solutions [2], and the Bose-Hubbard model is a model

describing interacting bosons in a lattice system [6]. The generation of

the superimposed lattice is achieved through a slight modulation of atomic

density.

Extending to a two-species polaritonic gas which is generated by utiliz-

ing two kinds of atoms and two quantum beams with different frequencies,

in Chapter 4, we put the generated two-component polaritonic gas into

two effective polaritonic lattice potentials to see the BCS-BEC crossover

from a regime with weak attraction and pairing in momentum space (BCS

regime) to a regime with strong attraction and pairing in real space (BEC

regime) [34]. We begin with two types of four-level atoms interacting with

two quantum lights and two control lasers. By tuning optical parameters,

we make the intra-species interaction between the same-type polaritons

extremely repulsive while keep the inter-species interaction between the

different-type polaritons attractive. For infinite intra-species repulsion, the

resulting model is mapped to an attractive Hubbard model by the Jordan-

Wigner transformation, which allows us to study the BCS-BEC crossover

5



Chapter 1. Introduction

in the Hubbard model. The essential physics of the BCS and BEC limits,

the long- and short-range spatial correlations, are readily attainable in our

scheme by typical quantum optical techniques performed on photons.

We next discuss the possibility of the simulation of a two-component

Luttinger liquid and a direct observation of the spin-charge separation in

Chapter 5 [35, 36]. Although the spin-charge separation has attracted a

lot of interest in condensed matter physics, its direct observation in exper-

iments remains elusive. In our case, we first generate interactions between

two polaritonic species. Then we derive the necessary intra- and inter-

species terms by tuning the Rabi frequencies of the quantum and classical

lasers, and their detunings from each atomic transition under consideration.

When the terms achieve a required strength, we map the Lieb-Liniger model

to a regime of spin-charge separation. Finally we analyze the possibility of

directly accessing the velocities of the spin and charge waves in the Lut-

tinger liquid. We introduce two schemes to simulate the two-component

Luttinger liquid dynamics and the spin-charge separation, where in the

first scheme we employ two quantum pulses with different frequencies in-

teracting with two kinds of four-level atoms, and in the second scheme we

utilize two oppositely circularly polarized quantum beams to interact with

a single-type multi-level atomic gas. The quantum fields are weak coherent

pulses containing a few photons (order of 10) initially. We would like to

note the difference between these two schemes. In the first scheme, the

parameters are relatively more flexible with less constraints, which allows

for more complicated tasks of simulations. While for the advantage of the

second scheme, it is easier to load one-species atoms and to distinguish two

outgoing quantum lights with different polarizations.

In Chapter 6, we show that the interacting relativistic Dirac particles

6



in 1+1 dimensions can be generated with two kinds of differently polarized

photons [37]. By storing and confining light pulses, and manipulating their

dispersion relations and nonlinear interactions with nearby atoms, the light

can behave effectively as either interacting bosonic or fermionic relativis-

tic particles, and massive or massless, thus emulating the famous Thirring

model from the quantum field theory. The realization of the Thirring model

can demonstrate the famous mass renormalization due to the interactions.

Typical quantum optical measurements collect the information on the scal-

ing behavior of the correlation functions, and from that we can infer the

properties of the model under consideration.
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Chapter 2

Background

In this chapter, we will briefly review the basic tools from quantum optics

and condensed matter physics which have been employed to develop the

models of strongly correlated photons. According to the process of our

simulations: generating the dark-state polaritons, achieving the desired

regimes, and finally detecting the correlations, we will introduce the EIT

nonlinearities and slow-light effect in the first section, review the basics of

Lieb-Liniger model and Luttinger theories in the second section, and finally

discuss the correlation functions in the third section.

2.1 Electromagnetic Induced Transparency

and Dark-State Polaritons

The atom-doped nonlinear optical waveguides with well-controlled param-

eters, strong nonlinearities, and correlation accessing have provided a plat-

form for studying condensed matter physics and quantum field models in

a many-body context. The atoms are well trapped and manipulated by

optical lasers, and their nonlinearity are enhanced by slowing light in the

medium due to quantum interference mechanisms. One successful tech-

nique to slow light is based on the EIT effect, which is a quantum effect

permiting the light propagation through an otherwise opaque medium [21].

It usually occurs in a system with three-level atoms and two optical pulses,
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Figure 2.1: The (a) ladder, (b) Vee and (c) lambda structures of atoms. In
each scheme, one of the three states is connected to the other two by the two
optical fields: the probe and control fields. The three types of EIT schemes
are differentiated by the frequency differences between this state and the
other two. When the frequency difference (the sum for ladder system in
(a)) between the probe and control fields matches the level splitting of the
two un-coupled states, the otherwise opaque medium becomes transparent
for the probe field.

one termed probe pulse and the other one called control or pump pulse.

The atomic structure can be ladder, Vee or lambda (see Fig. 2.1), and

the atoms are usually initialized in their ground states. In principle, the

EIT effect originates from a destructive interference of two different tran-

sition paths. As shown in Fig. 2.1, we label these states as |1〉, |2〉, and
|3〉. A weak probe pulse is tuned to near resonant to the atomic transition

|1〉 → |2〉, and a strong control field is tuned to near resonant to another

transition |3〉 → |2〉. Next, we will focus on the lambda level in Fig. 2.1(c)

as the EIT setup in the following. When the frequency difference between

the probe and control fields is within the transparency window, the oth-

erwise opaque medium becomes transparent for the probe pulse. At this

time, the probe pulse can pass through the medium without any atomic

absorption. Specifically, the probability amplitudes for the excitation of

state |2〉 come from two different driving paths: |1〉 → |2〉 directly and

|1〉 → |2〉 → |3〉 → |2〉. These two paths interfere destructively and allow

a transparent window inside the |1〉 → |2〉 absorption line.

The EIT effect can be used to slow and localize the probe pulse in the

medium. As dictated by the Kramers-Kronig relation, a change in the
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2.1. Electromagnetic Induced Transparency and Dark-State
Polaritons

absorption over a narrow range of two-photon detuning must correspond

to a change in the refractive index over a similarly narrow region, leading

to an extremely low group velocity as vg = c tan2 θ with tan2 θ = g2n/Ω2

[41]. Here c is the speed of light in an empty waveguide, g is atom-field

coupling strength proportional to the dipole matrix element of the |1〉 ↔ |2〉
transition, n is the atomic density, and Ω is the Rabi frequency of the

control laser. By adiabatically turning off the control laser, the probe

amplitude will vanish and its state will be stored in a stationary atomic

excitation.

This phenomenon can be well captured in the picture of dark-state po-

laritons, which are excitations coherently shared between light and atomic

dark-state excitations: Ψ(z, t) = ΩE(z, t) − √ngσ13(z, t). Here Ψ is the

polariton operator, E is the quantum light operator, and σ13 = |1〉〈3| is
the atomic operator. The so-called "dark-state" means that only meta-

stable state is excited with no populations in higher excited states. Under

certain conditions, the photons in the initial coherent quantum pulse will

propagate in the medium as dark-state polaritons with a reduced group

velocity [22, 23, 24].

In the slow-light scheme, a large ensemble of the atoms is initially pre-

pared in the ground state. A weak quantum pulse, given by a coherent

state, enters into the waveguide with a copropagating EIT control field

from one side of the waveguide. By reducing the intensity of the control

field, the quantum light is stored in stationary atomic excitations. Subse-

quently, in the form of a pure spin coherent wave, the excitation is stored

and well protected from the environment for rather long times, and also sta-

tionary thus preventing any manipulation of its spatial shape. This atomic

excitation can be converted back into a light pulse by turning on the control

11



Chapter 2. Background

laser, and the light pulse can then propagate in the direction of the control

laser. To introduce an interaction between polaritons, a weak stationary re-

trieval field created by forward and backward control beams is adiabatically

ramped up, where a small photonic component of the polariton is regen-

erated. By using forward and backward control fields, with time varying

Rabi frequencies Ω+(t) and Ω−(t), respectively, the weak pulse of signal

light is manipulated [23]. The atomic coherence now is converted into a

stationary photonic excitation. As the pulse-matching mechanism predicts,

the quantum light becomes quasi-stationary to follow the oscillatory profile

of the control fields. Specifically, if the two create a standing wave pattern,

the EIT suppresses the signal absorption everywhere but in the nodes of

the standing wave, resulting in a sharply peaked, periodic modulation of

the atomic absorption for the signal light. Illumination with these beams

also results in partial conversion of the stored atomic spin excitation into

sinusoidally modulated signal light, but the latter cannot propagate in the

medium owing to Bragg reflections off the sharp absorption peaks, leading

to a vanishing group velocity of the signal pulse. It is sufficiently mobile

for the polaritons to follow the profile of control fields although the pho-

tonic component is at all times very small. By introducing an additional

fourth-level of atoms, the nonlinearity between polaritons is generated in

such a stationary shape with a finite photonic component [42, 43].

2.2 Lieb-Liniger Model and Luttinger Liquid

Theory

In 1D systems, the particles move along one direction, say z direction.

Strong confinements in the transverse directions r⊥ = {x, y} are applied

12



2.2. Lieb-Liniger Model and Luttinger Liquid Theory

such that only the lowest energy transverse quantum states ϕ0(r⊥) need to

be considered. The wavefunction of N particles reads as

ψ(r1,..., rN) = ψ(z1,..., zN)
N∏
i=1

ϕ0(r⊥,i), (2.1)

and usually we only consider ψ(z1,..., zN) for the study of the 1D system.

For bosons with Dirac-delta interactions in a continuous system, they are

described by the Lieb-Liniger model [40]

H = − 1

2m

N∑
i=1

∂2

∂z2
i

+ χ
N∑

i<j=1

δ(zi − zj), (2.2)

where m is the mass, and χ is the interaction strength. As shown by Lieb

and Liniger [40], this model is solvable using the Bethe ansatz method,

where both the ground and excited states are attainable. However, in

general, it is still very difficult to extract correlation functions from the

solutions, while at the same time, correlation functions are very important

because they are characteristic features of a quantum system. One alter-

native approach is to give a general description of the low energy sector of

the above Lieb-Liniger model, where a liquid phase called Luttinger liquid

appears [2]. In this phase, the low energy excitations are collective modes

with a linear dispersion, and correlation functions exhibit an algebraic de-

cay which is characterized by exponents that depend on the parameters of

the model at zero temperature. The collective character of these low-energy

excitations gives rise to a description in terms of collective fields called

“bosonization” [2]. The bosonization method is used to approximately de-

scribe the low energy physics by a density-phase representation [2]. The

reason of such a collective nature is that, with particle-particle interac-

tions, one particle needs to push its neighbors away in order to propagate.
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Therefore, when the confinement forces the particles moving along a line,

any individual motion will be quickly converted into a collective one.

We express the bosonic field operators ψ and ψ† in the form of collective

fields as

ψ(z) = e−iθ(z)[ρ(z)]1/2, (2.3)

ψ†(z) = [ρ(z)]1/2eiθ(z). (2.4)

Here ρ(z) = ψ(z)†ψ(z) is the particle density, and θ(z) is the phase. To see

the quantum mechanical nature, we specify their commutation relations as

[ρ(z), ρ(z′)] = 0, (2.5)

[θ(z), θ(z′)] = 0. (2.6)

Together with

[ψ(z), ψ†(z′)] = δ(z − z′) (2.7)

for the bosonic field operators, we have

[ρ(z), eiθ(z
′)] = δ(z − z′)eiθ(z′). (2.8)

Here the phase and density are canonically conjugated fields. We write the

density operator ρ(z) as a combination of delta functions

ρ(z) =
∑
n

δ(z − zn). (2.9)
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2.2. Lieb-Liniger Model and Luttinger Liquid Theory

With the expression for the delta function as

δ(z − zn) = δ(z − φ̃−1(2nπ))

= δ(φ̃−1(φ̃(z))− φ̃−1(2nz))

=
1

|dφ̃−1(z)
dz
|
δ(φ̃(z)− 2nπ)

= |∂zφ̃(z)|δ(φ̃(z)− 2nπ), (2.10)

the density becomes

ρ(z) = |∂zφ̃|
∑
n

δ(φ̃− 2nπ) =
1

2π
|∂zφ̃|

+∞∑
m=−∞

exp(imφ̃), (2.11)

where we have introduced a quantity φ̃ as φ̃−1(2nπ) = zn.

We continue to introduce another slowly varying quantum field operator

as

∂zφ̃ = 2πρ0 + 2∂zφ. (2.12)

Substituting Eq. (2.12) into Eq. (2.11), the density operator becomes

ρ(z) = (ρ0 +
1

π
∂zφ)

+∞∑
m=−∞

exp[im(2πρ0z + 2φ)]. (2.13)

When ρ(z) varies slowly, we can only keep the lowest frequency compo-

nent with m = 0 for it:

ρ(z) ' ρ0 +
1

π
∂zφ(z). (2.14)

Going back to Eq. (2.8) about the commutation relation of ρ(z) and eiθ(z′),

we have

[θ(z),
1

π
∂zφ(z′)] = iδ(z − z′). (2.15)
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For the one-component Lieb-Liniger model, the Hamiltonian is

H =

∫
dz[

1

2m
∂zψ(z)†∂zψ(z) +

χ

2
ρ2(z)]. (2.16)

Going beyond this simple case, novel physics can be obtained by considering

two-component bosons or two internal degrees of freedom of bosons, where

the Hamiltonian of this two-component Lieb-Liniger model is given by

H =

∫
dz[
∑
s

(
1

2ms

∂zψ
†
s∂zψs +

χs
2
ρ2
s) + χ↑↓ρ↑ρ↓]. (2.17)

Here the field operator ψs and the density operator ρs with s =↑, ↓ corre-
spond to two species of bosons with a mass ms, an intra-species interaction

strength χs, and an inter-species interaction strength χ↑↓.

2.3 Correlation Functions

The first-order correlation of a signal pulse Ê(z, t)

g(1)(z, z′; τ) =

∫ ∞
−∞

Ê(z, t)Ê∗(z′, t− τ)dt (2.18)

describes the similarity between observations as a function of time and sep-

aration between them. In experiments, correlation functions are expected

to be readily detected by placing a detector at the output of a Michelson

interferometer, where the detector is illuminated by the input field Ê(z, t)

coming from one arm, and by the delayed replica Ê(z′, t − τ) from the

other arm. If the time response of the detector is much larger than the

time duration of the signal Ê(z, t), or if the recorded signal is integrated,
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2.3. Correlation Functions

the detector measures the intensity AM as the delay τ is scanned:

AM(τ) =

∫ ∞
−∞
|Ê(z, t) + Ê(z′, t− τ)|2dt. (2.19)

Expanding AM(τ) reveals that one of the expanded terms is the field cor-

relation

g(1)(z, z′; τ) =

∫ ∞
−∞

Ê(z, t)Ê∗(z′, t− τ)dt. (2.20)

At this time, the momentum distribution can also be easily constructed by

taking the Fourier transform of the correlation g(1).

For the second-order correlation

g(2)(z, z′; τ) =
〈I(z, t)I(z′, t− τ)〉
〈I(z, t)〉〈I(z′, t− τ)〉 , (2.21)

we can detect it by measuring the intensity correlation

g(2)〈I(z, t)〉〈I(z′, t− τ)〉 =

∫ ∞
−∞

I(z, t)I∗(z′, t− τ)dt. (2.22)

Here I(z, t) = |Ê(z, t)|2 is the intensity of the pulse Ê(z, t) up to a con-

stant in the convertional definition of intensity. Similar to the above setup

to measure the field correlation, two parallel beams with a variable delay

are generated, and then focused into a second-harmonic-generation crys-

tal to give a signal proportional to |Ê(z, t) + Ê(z′, t − τ)|2. Only the

beam propagating on the optical axis, proportional to the cross-product

Ê(z, t)Ê(z′, t− τ), is retained. This signal is then recorded by a detector,

which measures

AM(τ) =

∫ ∞
−∞
|Ê(z, t)Ê(z′, t− τ)|2dt =

∫ ∞
−∞

I(z, t)I(z′, t− τ)dt. (2.23)
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We note here that AM(τ) is exactly the intensity correlation

g(2)〈I(z, t)〉〈I(z′, t− τ)〉 =

∫ ∞
−∞

I(z, t)I∗(z′, t− τ)dt. (2.24)

In our system, the correlations are obtained by turning off one of the

control lasers and performing the above described measurements on the

outgoing photons. For the quantum optical simulation of models and phe-

nomena in many-body physics, the attainability of correlations is signifi-

cant. This is because that the large number of results on 1D systems can

be roughly divided in two main classes. One is the exact results based

on the Bethe ansatz analysis. While they are rigorous and give very non

trivial information on the spectrum, it is essentially difficult to compute

the correlations, which are the quantities directly related to the physical

observables. Even if one has the full form of the wave functions (what is

actually not the case as the Bethe ansatz gives the wave functions as the

solutions of complicated integral equations), computing the correlations

from them is essentially impossible. Furthermore, as they rely on deli-

cate integrability properties of the system, they are not robust when there

are modifications of the model, such as extensions to two components or

nonlocal but short-ranged interactions. Beyond the exact solutions, a com-

bination of techniques including numerical simulations, bosonization, and

Renormalization Group gives information on correlations. However, theses

results are generally not rigorous. For instance, the first- and second-order

correlations of a Luttinger liquid are given by [2]:

g(1) ∼ 1/(z − z′)2K (2.25)
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and

g(2) ' I2 +
cK

(z − z′)2
+
c′ cos(2πI(z − z′))

(z − z′)2K
(2.26)

with the Luttinger parameter K and two constants c and c′.
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Chapter 3

Pinning Quantum Phase

Transition of Photons

3.1 Bose-Hubbard and Sine-Gordon Models

The use of suitably controlled simple quantum systems to mimic the be-

havior of complex ones provides an exciting possibility to confirm existing

physical theories and explore new physics. Two of the extremely successful

models for describing a range of quantum many body effects and especially

quantum phase transitions (QPT) [2, 44], are the Bose-Hubbard (BH) [6]

and sine-Gordon (sG) models [2]. Cold atoms in optical lattices have so

far been the most famous platform to implement these models, where it is

possible to observe the MI to SF QPT for a weakly interacting gas in a

deep lattice potential [6, 7]. More recently, it was made possible to tune

up the interactions between the atoms in the gas leading to the realization

of the sG model and the Pinning QPT [16, 45].

Alternative platforms in the field of quantum simulations of many body

effects involve ions for quantum magnets [46], and photonic lattices for

the understanding of in-and-out of equilibrium quantum many-body ef-

fects [47, 48, 49]. The photon-based ideas have initiated a stream of

works in the many body properties of both closed and lossy cavity ar-

rays [50, 51, 52, 53, 54, 55]. More recently, a new direction has appeared in
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the field of strongly correlated photons where hollowcore fibers filled with

cold atomic gases or tapered fibers with cold atoms brought close to the

surface of the fiber were considered [25, 26, 27, 28, 29, 30, 31, 32]. At low

temperature, the speed of light can be substantially reduced, and the de-

phasing due to atomic collisions can be small enough to be ignored. The

strong light confinement and the resulting large optical nonlinearities in

the single photon level predicted for similar systems [22, 23, 24, 56] have

motivated new proposals in the continuous polaritonic systems [57].

We will show here that it is possible to impose an effective lattice po-

tential on the strongly interacting polaritonic gas in the fiber. This opens

the possibilities for a large range of Hamiltonians to be simulated with pho-

tons. As examples we will study the simulation of the sG and BH models.

We will show that the whole phase diagram of the MI to SF transitions for

both models can be reproduced including a corresponding photonic “pin-

ning transition”. We conclude with a discussion on the available tunability

of the quantum optical parameters for the observation of the strongly cor-

related phases. The latter is possible by releasing the trapped polaritons

and measuring the correlation on the photons emitted at the other end of

the fiber.

3.2 Quantum Optical Simulator with One-

Species Four-Level Atoms

The considered atomic level structure is shown in Fig. 3.1. The 1D cold

atomic ensemble is prepared outside the fiber using standard cold atom

techniques and is transferred into or brought close to the surface of the fiber

using techniques described in [25, 26, 27, 28, 29, 30, 31, 32]. The atoms are
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Atoms

(a) (b)

(c) (d)

Figure 3.1: In (a) and (b) an ensemble of cold atoms with a 4-level
structure is interacting with a pair of classical fields Ω± which create an
effective stationary Bragg grating. The photons carried by the input pulse
E+ coming in from the left are mapped to stationary excitations (polari-
tons) which are trapped in the grating. The strong photon nonlinearity
which is induced by the 4th level leads to the creation of a strongly inter-
acting gas (grey areas in (c) and (d). By modulating the density of the
cold atomic ensemble, an effective lattice potential for polaritons/photons
can be created-shown by red lines in (c) and (d). Tuning to the regime of
weak interactions between polaritons and adjusting the lattice depth, the
system undergoes a BH phase transition from SF (upper one) to MI (lower
one) phase (c). In the opposite regime of strong interactions, the dynamics
are described by the sG model where by adding an even shallow polari-
tonic potential, a “pinning transition” for polaritons (d) could be observed.
As soon as the desired correlated state is engineered, Ω− is switched off,
and the excitations propagate out of the fiber as correlated photons. The
necessary correlations measurements to probe the phases of the system can
be performed using standard optical technology on the photons exiting the
fiber.
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initially in the ground state |a〉 and the fiber is injected with a quantum

coherent pulse Ê+ from the left side while a pair of classical fields Ω±

are driving the atomic gas from both sides [Fig. 3.1(b)]. As shown in Fig.

3.1(a), the atomic configuration consisting of states |a, b, c, d〉 comprises the

typical stationary light set-up [20, 21, 22, 23, 24, 56]. We set the energy of

atomic level a to be zero and the atomic levels b, c, and d to −ωQ + ∆0,

−ωcc + δ, and −ωcc− ωQ + ∆p. Here ωQ and ωC are central frequencies for

Ê± and Ω±, ωcc is the frequency of level c, δ is the two-photon detuning,

and ∆0 and ∆p are one-photon detunings. The Hamiltonian describing

these four-level atoms, the quantum and classical fields with substantially

different photon numbers, and atom-field interactions is then given by

H = −
∫
nadz{δσcc + ∆0σbb + ∆pσdd

+[(gbaσba + gdcσdc)(Ê+e
ikQz + Ê−e

−ikQz)

+σbc(Ω+e
ikCz + Ω−e

−ikCz) + h.c.]} (3.1)

with

σij ≡ σij(z, t) = |i〉〈j|, (3.2)

Ê± ≡ Ê±(z, t) =
∑
k

ake
±i(k−kQ)ze−i(ωk−ωQ)t, (3.3)

Ω± ≡ Ω±(z, t) =
∑
k

fe±i(k−kC)ze−i(ωk−ωC)t, (3.4)

where na is the atomic density and σij are collective and continuous opera-

tors describing the average of |i〉〈j| over atoms in a small but macroscopic

region around z. Here i, j go over a, b, c, and d. The fields Ê± couple

the ground state |a〉 to excited state |b〉 with a strength given by gba, and

|c〉 to |d〉 with a strength gdc. The metastable state |c〉 and |b〉 are coupled
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by classical, counter-propagating control fields Ω±. The quantum field and

classical field envelopes are slowly varying operators and kQ and kC are the

wavevectors corresponding to their central frequencies ωQ and ωC for Ê±

and Ω±, respectively [22, 23, 24, 56]. The process to steer the system to the

regime described by the previously mentioned strongly correlated models

can be divided into four stages: preparation, turning on the interactions,

creating an effective polaritonic lattice, and measurement/probing of the

phase diagram. In the first stage, the atoms are initially in the ground

state |a〉 and the fiber is injected with a quantum coherent pulse Ê+ and

a classical field Ω+ from the left side. Switching off the control field allows

for the storage of the quantum pulse in the medium in the usual slow light

manner. In the second stage, a pair of classical fields Ω± are subsequently

switched on from both sides [Fig. 3.1(b)], making the stored excitation

quasistationary [22, 23, 24, 56, 58]. During this part, the initially detuned

4th level is adiabatically brought closer to resonance, which allows for the

required nonlinear interactions.

The evolution of Ê± in the fiber is described by the Maxwell-Bloch

equation

(∂t ± v∂z)Ê± = −i∆ωÊ± + i
√

2πna(gbaσab,± + gdcσcd,±), (3.5)

where σab,± and σcd,± are introduced by the following definition

σij = σij,+e
ikCz + σij,−e

−ikCz (3.6)

with i, j 6= a, c according to the basic EIT mechanism (details are shown in

Appendix A). Here v = ωQ/kQ is the light speed in the empty waveguide

and ∆ω is the difference between ωQ and ωC.

25



Chapter 3. Pinning Quantum Phase Transition of Photons

We assume that the atoms are initialized to the ground state |a〉 and
the quantum field is a weak coherent state containing roughly ten photons.

Following the standard methods for treating slow-light polaritons as ana-

lyzed in [22, 23, 24, 35, 56, 57], we introduce Ψ+, Ψ− as the forward- and

backward-going polaritons. These are the propagating excitations and are

defined as

Ψ± = cos θÊ± − sin θ
√

2πnaσca (3.7)

with

cos θ =
Ω±√

Ω2
± + 2πg2na

(3.8)

and

sin θ =
g
√

2πna√
Ω2
± + 2πg2na

. (3.9)

For simplicity, we set the coupling constants gba = gdc = g. In the limit

g
√

2πna � Ω±, i.e. sin θ ' 1, the excitations are mostly in the spin-wave

form,

Ψ± =
√

2πna
g

Ω±
Ê±, (3.10)

with a group velocity given by vg ' vΩ2/(πg2na), which corresponds to

the product of vacuum light speed v and the photonic component in a

polariton. Next, as shown in Appendix A, we adiabatically eliminate the

fast rotating terms from Eq. (3.5) and introduce a stationary combination

Ψ = (Ψ+ + Ψ−)/2. In the limit of a large optical depth1, the equation of

motion for Ψ reads (details shown in Appendix A)

i∂tΨ = − 1

2m
∂2
zΨ + VΨ + 2χΨ†Ψ2, (3.11)

1The optical depth OD= naLΓ1D/Γ, with Γ1D = 4πg2/v and Γ/Γ1D the ratio of the
total spontaneous emission rate to the spontaneous emission rate into the waveguide.
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with the effective mass

m = − ∆ω

2vvg
− Γ1Dna

4∆0vg
, (3.12)

the potential strength

V = ∆ω
vg
v
− 1

4Ω2
ΛΓ1Dδvgna (3.13)

and the interaction strength between polaritons

χ = Λ2ΞΓ1Dvg/(2∆p). (3.14)

Here, we have introduced two dimesionless quantities as

Λ = Ω2/(Ω2 − δ∆0/2) (3.15)

and

Ξ = (∆p − δ/2)/(∆p − δ). (3.16)

3.3 Polaritons Trapped in an Effective Peri-

odic Lattice

The nonlinear Schrödinger equation (3.11) determines the evolution of the

trapped polaritonic field Ψ(z, t) as derived from the effective Hamiltonian

H =

∫
dzΨ†(− 1

2m
∇2 + V )Ψ + χ

∫
dzΨ†Ψ†ΨΨ. (3.17)
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0)	  Ini'ally,	  the	  atoms	  are	  in	  the	  a-‐state.	  Their	  density	  is	  uniform.	  

1)	  Switch	  on	  the	  microwave	  field	  (a	  standing	  wave)	  only,	  
	  	  	  	  	  transfers	  some	  atoms	  from	  a-‐state	  to	  u-‐state.	  
	  	  	  	  	  The	  u-‐state	  is	  not	  involved	  in	  the	  EIT	  process.	  

2)	  Switch	  off	  the	  microwave	  field.	  We	  get	  the	  modulated	  density.	  

3)	  Switch	  on	  lasers.	  

a	  

a	  (90%)	  

u	  (10%)	  

€ 

ΩM .W .e
iπn phz +ΩM .W .e

−iπn phz

= 2ΩM .W . cos(πnphz)€ 

ωM .W . =150GHz, λM .W . = 2mm

Figure 3.2: A schematic diagram to illustrate how to modulate the atomic
density in our scheme.
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To add an effective polaritonic lattice, as illustrated in Fig. 3.2, we induce a

periodic atomic density distribution by applying an external field such that

the atoms in |a〉 are now given by na = n0 +n1 cos2(πnphz). Here nph is the

photonic density. We keep n0 � n1 which means that the modulation is

only a perturbation in the atomic density and derive the new Hamiltonian

which reads

H =

∫
dzΨ†[− 1

2m
∇2 + V0 + V1 cos2(πnphz)]Ψ

+χ

∫
dzΨ†Ψ†ΨΨ, (3.18)

where

V0 = ∆ω
vg
v
− 1

4Ω2
ΛΓ1Dδvgn0 (3.19)

can be tuned to zero by tuning ∆ω and δ, and V1 = −ΛΓ1Dδvgn1/(4Ω2) is

the resulting imposed polaritonic lattice depth. We note here the depen-

dence of the effective polaritonic lattice on both the slow light parameters

(group velocity, trapping laser detuning and strength), and the modulated

atomic density. Finally, we note that the atomic lattice modulation should

be chosen to be commensurate to the number of the photons in the initial

pulse for the pinning transition to occur [16]. This means that the mod-

ulation length will approximately fall within the microwave regime as the

numbers of trapped photons in the initial pulse is of the order of 10 and

the fiber is a few cm in length.
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Figure 3.3: Plots of the Lieb-Liniger interaction parameter γ as a func-
tion of the one-photon detuning ∆p/Γ and the Rabi frequency Ω/Γ of the
classical laser field (a) and the lattice depth V1/ER as a function of Ω/Γ
and n1/n (b). The parameters are taken as na = 107m−1, nph = 103m−1,
Γ1D = 0.2Γ, ∆0 = 5Γ, and δ = 0.01Γ, with Γ ' 20MHz the typical atomic
decay rate [57].

3.4 Reaching Correlated Bose-Hubbard and

Sine-Gordon Regimes

The success of achieving a specific strongly correlated polaritonic/photonic

state is characterized by the feasibility of tuning the Lieb-Liniger ratio of

the interaction and kinetic energies γ, and the ratio of the depth of the

polaritonic potential to the recoil energy V1/ER to the relevant regimes

[2, 6, 44]. In our system these two quantities read:

γ =
mχ

nph

= −Λ2Ξ

8

Γ2
1D

∆0∆p

n0

nph

, (3.20)

V1

ER

=
Λ

8π2

Γ2
1D

Ω2

δ

∆0

n0n1

n2
ph

. (3.21)

Assuming fixed atomic and photonic densities, both quantities can be con-

trolled by tuning the one-photon detuning ∆p/Γ (shifting the fourth level

|d〉 to/from the resonance) and by changing the strength of the control Rabi

frequency Ω/Γ. In Fig. 3.3, we plot the achievable regimes for γ and V1/ER
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as a function of ∆p/Γ and Ω/Γ and n1/n for realistic parameters. We as-

sume a total atomic decay rate from the upper level Γ ' 20MHz, an atomic

density of na = 107m−1 (105 atoms into a 1cm length fiber) and a photonic

density of nph = 103m−1 (the input quantum light pulse containing roughly

10 photons) [57]. For these values, γ and V1/ER can be tuned in the range

from 0 to 5 and from 0 to 30 respectively, allowing for both the strong

and weak interaction regimes to be realized with the trapped polaritonic

gas. The losses, which mainly occur due to spontaneous emission from the

upper levels, can be estimated by including the corresponding terms in the

Hamiltonian Eq. (3.18). In that case, the effective parameters will acquire

an imaginary part which for the effective mass for example read

m = −∆ω/(2vvg)− Γ1Dna/(4∆0vg + 2iΓvg), (3.22)

leading to a loss rate

κ =
n2

phvgΓ

naΓ1D

. (3.23)

These losses will set an upper bound on the timescales for the preparation

of the states and the probing of the established correlations. For the values

under consideration in Fig. 3.3 and typical slow light velocities vg of 100m/s

[22, 23, 24, 56], these translate to lifetimes of hundreds of micro-seconds.

The latter requirements are within the reach of current optical measurement

technology [23].

3.5 Polaritonic/Photonic Pinning Transitions

We will now discuss the nature of the many-body states generated by the

addition of the effective polaritonic potential and show that a “pinning

transition” for polaritons can be observed, similar to the one recently ex-
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perimentally verified for bosonic atoms in [16]. This polaritonic pinning

transition is expected to transform continuously into the BH regime for a

sufficiently deep effective lattices (large V1/ER) and small interactions γ.

To analyze each relevant phase of the system, we make use of the corre-

sponding BH and sG models from many-body physics [2, 44]. We will also

discuss the feasibility to access the whole of the relevant phase diagram for

both cases, by simply tuning the optical parameters in our system.

We first analyze the strong interaction regime 1 ≤ γ ≤ 5, and for a

weak effective potential, V1/ER ≤ 3. This regime is clearly accessible in

our photonic system as shown in Fig. 3.3, by appropriate tuning of the

one photon detuning ∆p and the control laser strength Ω. In this case,

the proper low-energy description of the system described in Eq. (3.18), is

given by the quantum sG model which reads [2, 44]

H =

∫
dz

2
{vg
π

[(∂zθ)
2 + (∂zφ)2] + V1nph cos(4Kθ)}. (3.24)

The first two terms account for the kinetic and interaction energies of po-

laritons, respectively. ∂zθ and ∂zφ denote the fluctuations of the long-

wavelength density and phase fields θ and φ [2, 44]. The dimensionless

parameter K = nphπ/(mvg) is known to be related to γ as

K ' π/

√
γ − γ3/2

2π
(3.25)

for γ ≤ 10.

On the other hand, if we tune the system to the weak interaction limit

with small γ ≤ 1 and large V1/ER with V1/ER � 1, the system is charac-
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Figure 3.4: The phase diagram for sG model (large γ and small V1/ER)
and BH model (small γ and large V1/ER). Here x- and y-axis give the
range of tuning parameters ∆p and Ω in (a) with n1/n0 = 0.1 or n1/n0

with Ω = Γ in (b) needed for two regimes. The upper or lower region in (a)
or (b) corresponds to SF phase, while the lower or upper region corresponds
to MI phase. The rest of the parameters are the same as the parameters
in Fig. 3.3.

terized in a good approximation by the BH model [6],

H = −J
∑
i

(b†ibi+1 +H.c.) +
U

2

∑
i

ni(ni − 1), (3.26)

where

J/ER = 4(V1/ER)3/4 exp(−2
√
V1/ER)/

√
π, (3.27)

U/ER =
√

2/π3(V1/ER)1/4γ. (3.28)

In Fig. 3.4, we show that by simply varying ∆p/Γ and Ω/Γ in (a)

with n1/n = 0.1 or n1/n with Ω = Γ in (b), the whole phase diagram

corresponding both to the sG and BH regimes can be accessed in our system

for realistic values of the optical parameters. We plot the known phase
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transition lines corresponding to the sG and BH model occurring at

V1/ER = 2π/
√
γ − γ3/2/(2π)− 4 (3.29)

and

(U/J)c =
√

2 exp(2
√
V1/ER)γ/[4π(V1/ER)1/2] ' 3.85 (3.30)

respectively [2, 6, 7, 44]. In our case, these are probed by adjusting the

detuning and the laser coupling accordingly. The pinning transition is

expected to occur for any value ∆p/Γ less than 20 when Ω is increased

to be larger than Γ which corresponds to a vanishing lattice and a strong

interaction regime γ ≥ 3.5. The BH Mott transition will occur in the

opposite weakly interacting regime and a deeper lattice. In Fig. 3.5, for

a specific value of ∆p/Γ = 50 which corresponds to the case with γ � 1,

we plot the strengths of interaction U and tunnelling J as a function of

Ω/Γ in (a) with n1/n0 = 0.1 and n1/n0 in (b) with Ω = Γ to further

illustrate this case. We see that transition occurs for Ω/Γ ' 1.03388 in

(a) and n1/n0 ' 0.093 in (b), corresponding to the known critical point of

(U/J)c ' 3.85.

We would like to mention that our approach is adiabatic so the initial

input coherent state, an eigenstate of the initial non-interacting Hamilto-

nian, will always remain an eigenstate of the instantaneous Hamiltonian

and no dynamics or intermediate phases will show up. This can be seen

as follows: for the first part, the preparation of the strongly interacting

polariton gas is achieved by slowly increasing γ from an initial small value

γ � 1 as γ = γ0e
ωF t. Here ωF ∼ n2

ph/m is an effective Fermi energy.

Time t can be much smaller than the polariton dynamics in this case (see
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Figure 3.5: The interaction and tunnelling strength as functions of Ω/Γ
with n1/n = 0.1 in (a) and n1/n0 with Ω = Γ in (b) with ∆p = 50Γ for the
weakly interacting gas in the BH regime. The red dot line at Ω/Γ ' 1.03388
in (a) and n1/n = 0.093 in (b) corresponds to the Mott phase transition
point (U/J)c ' 3.85. The rest of the parameters are the same as the
parameters in Fig. 3.3.

analysis in [57]). For the second part, we ramp the polariton lattice slowly

by modulating the atomic density as n1 = (n1)0e
βt. The later is also done

in cold atoms [59] and is similar here where keeping U/β � 1 implies a

slow sweep. In our case we need to shift (n1)0 = 0.01 to n1 = 0.1 and

correspondingly U0 = 0.06ER to U = 0.1ER across the phase diagram (see

Fig. 3.5), which translates into an adiabatic operation time of milliseconds.

The latter is smaller than the reported polariton storage times of seconds

[60, 61], which allows for the process to be adiabatic.

3.6 Characteristic First- and Second-Order

Correlations of Transitions

Once the system is driven to the desired regime by tuning γ and V1/ER,

one of the control fields, say Ω−, is switched off, mapping the polari-

tons to propagating photons and releasing the excitations [35, 57]. Any
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Figure 3.6: The correlation functions g(1) and g(2) for the trapped po-
lariton gas in the strongly interacting regime (sG model) as a function of
the distance for different values of the interaction strength γ for vanishing
potential depth. The shown behavior will be directly mapped to the first
and the second coherence function of the photons exiting the fiber which
can be measured using standard optical techniques. The oscillation in g(2)

emerges as the system gets closer to the Tonks gas.

spatial correlations of the polaritonic states will be mapped to tempo-

ral ones on the outgoing photons which can be probed using standard

photo-detection measurements. The momentum distribution can be eas-

ily constructed by a measurement on the first order coherence function

g(1)(z, z′) = 〈Ê(z)Ê†(z′)〉 and then taking the Fourier transform [6, 7]. We

note here the “in situ” character of such a measurement in this optical set

up in contrast to the usual release and time of flight measurement required

in the cold-atom setups. In addition, second-order coherence measurements

on the outgoing photons can be made revealing the density-density corre-

lations of the states prepared in the fiber. For the case of the system being

in the strong interaction regime for example, with a zero lattice potential

as a Luttinger liquid, the first and second order correlation are known and
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to leading orders are: g(1) ∼ 1/(z − z′)2K and

g(2) ' n2 +
cK

(z − z′)2
+
c′ cos(2πn(z − z′))

(z − z′)2K
(3.31)

with n = 〈Ê(z)Ê†(z)〉, the Luttinger parameter K, and two constants

c, c′ [2, 44]. We plot these correlations for illustration in Fig. 3.6 for

three different values of γ. These will correspond to states close to the

horizontal axis of the phase diagram in Fig. 3.4 (b). For small but finite

polariton lattice depths and γ � 1 (left hand corner of phase diagram), the

photons will be pinned and the correlations will exhibit the characteristic

behavior of insulating states with strong antibunching appearing in the g(2)

measurements at distances inversely proportional to the photon density

in the fiber (not shown here). Finally, for the right hand side the phase

diagram in Fig. 3.4 (b) (SF part in the BH model), the general solutions are

not known but the usual power law decay is expected in g(1) accompanied

by the relevant bunching of the photons in g(2).
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Chapter 4

Simulating Cooper Pairs with

Photons

4.1 BCS-BEC-BB Crossover

Superconductivity is undoubtedly one of the most fascinating and elusive

condensed matter phenomena [62, 63]. The BCS theory [64] provided the

first satisfying explanation of the effect, by proposing that fermions form

long-range pairs (Cooper pairs) under an arbitrarily weak attractive inter-

action. A minimal model exhibiting Cooper pairing is the attractive Fermi-

Hubbard (FH) model [65, 66, 67, 68, 69]. In the BCS-like region character-

ized by weak inter-species attraction, large cooper-pair-like states form the

ground state and exhibit long-range correlations. The latter is destroyed

as the inter-species attraction is raised and localized bosonic molecules are

formed. Seminal experimental realizations of FH model require dilute fermi

gases for temperatures below the degeneration temperature, making these

experiments extremely challenging [9, 10, 11, 12, 13, 14].

A different approach involves utilizing the well-known mapping of 1D

hard-core bosons into free spinless fermions [2, 38]. This leads to works

suggesting bosonic mixtures on an optical lattice in the regime of strong

intra-species repulsion for an effective realization of the necessary interact-

ing fermionic behavior [15]. In this case, the so-called BCS-BEC crossover
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could be observed and furthermore a new phase appears as the inter-species

attraction is increased in comparison to the intra-species repulsion. In the

latter regime, the system moves away from the fermionic BCS-BEC regime

and enters a new strongly localized bosonic phase termed big boson (BB)

with almost all the pairs occupying the same site.

Motivated by the fact that a quantum simulator can complement the

measurements performed on ultra-cold fermionic atoms, in this Chapter,

we show that one could circumvent the issues around bosonic or fermionic

atoms and actually use photons to efficiently simulate the crossover. We

show how to generate a highly tunable two-component Bose-Hubbard (BH)

model of polaritons in a nonlinear fiber and analyze the probing of BCS-

BEC crossover using optical methods. We answer the question on how

one could engineer the four-level atoms plus fiber photon system to gener-

ate two-species polaritons obeying the Lieb-Liniger dynamics with repul-

sive intra-species and attractive inter-species interactions, and whether this

system can be driven to the “weak interaction and deep potential” regime,

where the BCS-BEC crossover occurs.

In the following, we introduce the setup and analyze the conditions for

the realization of a two-component BH model of photons [22, 23, 24, 70, 71,

72, 73, 74]. We then investigate the possibility of tuning the photonic intra-

species repulsion to the necessary regime to generate effective fermionic

behaviors. Next the inter-species interactions are tuned to be attractive,

allowing for the observation of the BCS-BEC-BB crossover as the optical

parameters are varied within realistic regimes. The spatial correlations of

the trapped excitations can be efficiently detected by coherently mapping

the polaritons into propagating photon pulses which are then measured as

they exit the waveguide.
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Figure 4.1: (a) A schematic diagram of the system under study. In a fiber
setup (a hollow-core version is shown here [25, 26, 27, 28, 29] but a tapered
fiber approach [32] could also be used), cold atoms are interacting with a
pair of quantum fields Ê1,2, and a pair of classical fields Ωa,b. The resulting
stationary light-matter excitations in the waveguide can be steered to a
strongly interacting regime mimicking an effective FH model with highly
tunable attractive interactions. (b) The atomic level structure for a type-
a atom. (c) Schematic illustration of interesting phases discussed in the
text. Coherently mapping the stationary excitations to propagating photon
pulses allows for the efficient probing of the BCS-BEC-BB crossover by
measuring the temporal correlations of the photon pulses leaving the fiber.
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4.2 Quantum Optical Simulator with Two-

Species Four-Level Atoms

As shown in Fig. 4.1, we consider a waveguide filled with two species, a

and b, of cold atoms; e.g., a hollow-core photonic crystal fiber doped with

Rubidium isotopes [25, 26, 27, 28, 29, 30], or a nanofiber with cold atomic

ensembles brought closer to the surface of the fiber [31, 32]. Our scheme

involves four hyperfine levels for each atomic species with densities na and

nb, respectively, and two pulsed quantum fields Ê1,2(z, t) and classical laser

fields, Ωa,b(t). The entire process to observe the desired phenomena can

be summarized into the following steps: preparation of laser-cooled atoms

and light fields, generation of stationary polaritons and a lattice potential,

steering the system to a particular regime and finally releasing the polari-

tons into outgoing photons to measure characteristic correlations. In the

first step, the laser-cooled atoms with four hyperfine levels are prepared

in the ground states and then transferred into the hollow-core waveguide

via cold atoms transferring techniques or brought closer to the surface of

the nanofiber. The medium is illuminated by the leftward propagating

quantum pulses Ê1,2,+(z, t), as a coherent state, and two co-propagating

classical fields Ωa,b,+(t); henceforth, the plus (minus) subscript will be used

to represent leftward (rightward) propagation. After the quantum pulses

Ê1,2,+(z, t) completely enter the medium, switching off the classical fields

Ωa,b,+(t) adiabatically converts the quantum pulses into atomic excitations

in the usual slow light manner [22, 23, 24, 70]. Next simultaneously switch-

ing on the four classical fields Ωa,b,±(t) creates a Bragg grating that traps

the quantum fields [70]. Such a stationary polaritonic state, as a coherent

state, is the ground state of the system as the initial state of the follow-
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ing process. After tuning the parameters and achieving the desired state,

switching off Ωa,b,−(t) releases polaritons into photons, and measuring pho-

tons establishes the density-density correlation functions. Although nu-

merical analysis is needed to obtain precise answers, during the whole adi-

abatic operation process, the initial coherent state remains approximately

the ground state of the instantaneous Hamiltonian, so that the final state

is approximately the ground state of the final system. At the second stage,

the Hamiltonian in the interaction picture reads

H = Ha +Hb, (4.1)

with

Hx = −~nx
∫
dz{∆x

2σ
x
22 + ∆x

3σ
x
33 + ∆x

4σ
x
44

+[
√

2π
2∑
j=1

gxj (σx21 + σx43)eiδ
x
j t(Êj,+e

ik
(j)
Q z + Êj,−e

−ik(j)Q z)

+(Ωx,+e
ik

(x)
C z + Ωx,−e

−ik(x)C z)σx23 + h.c.], (4.2)

where x = a, b denote different atomic species. Similar to the notations

defined in Chapter 3 but for two species of atoms and lights here, the con-

tinuous collective atomic spin operations, σxpq ≡ σxpq(z, t), give the average

of |p〉x〈q| over the x-type atoms in a small but macroscopic region around

spatial coordinate z. The wavevectors are given by k(1,2)
Q , k(a,b)

C , and their

central frequencies by, ω(1,2)
Q , ω(a,b)

C , for the slowly varying quantum fields

and classical fields, in that order. For notational simplicity, we omit the

space and time dependence of the operators. We denote the atomic den-

sities nx and gxj denotes the single-photon-single-atom coupling constant

between an x-type atom and the jth quantum field. Here, we have as-
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sumed that the quantum fields Ê1,2 drive the transitions |2〉x〈1| and |4〉x〈3|
with the same strength gx1,2. The one-photon detunings are denoted as ∆x

2

and ∆x
4 ; the two-photon detunings as ∆x

3 ; the quantum pulse detunings are

written as δaj with δa2 = ω
(1)
Q − ω

(2)
Q , δb1 = −δa2 , and δa1 = δb2 = 0.

The evolution of the quantum fields Êj,± in the nonlinear medium is

described by the Maxwell-Bloch equation

(∂t ± vj∂z)Êj,±

= −ivj∆ωjÊj,± + i
√

2πnxjg
xj
j [σ

xj
12,±(z, t) + σ

xj
34,±(z, t)]

+i
√

2πnxjg
xj
j [σ

xj
12,±(z, t) + σ

xj
34,±(z, t)]e∓iδ

b
1e±(k

(2)
Q −k

(1)
Q ), (4.3)

where j = 1, 2, x1 = a, x2 = b and x1 = b, x2 = a. Here, the slowly-varying

collective atomic operators σxjpq (z, t) = eik
(xj)

Q σ
xj
pq,+(z, t) + e−ik

(xj)

Q σ
xj
pq,−(z, t)

have been introduced. vj = ω
(j)
Q /k

(j)
Q is the speed of the quantum light

Êj in an empty medium and ∆ωj = ω
(xj)
C − ω

(j)
Q is the frequency dif-

ference between the classical and quantum fields. The collective atomic

operators obey the usual Langevin-Bloch equations that can be solved fol-

lowing the standard method in the literature [22, 23, 24]. After adiabatic

elimination of the fast-decaying operators, slowly varying operators can

be solved in terms of the right- and left-propagating polariton operators,

Ψj,± = g
xj
j

√
2πnxj Êj,±/Ωxj , that describe the long lived stationary light-

matter excitations of the system. Substituting the result into the above

Maxwell-Bloch equations, we find that the stationary polariton operator

Ψj = (Ψj,+ + Ψj,−)/2 obeys a coupled nonlinear Schrödinger equation

i∂tΨj = − 1

2mj

∇2Ψj + VjΨj + 2χjΨ
†
jΨ

2
j + χ12

∫
dzΨjΨ

†
j
Ψj (4.4)

with j 6= j. Here, we have assumed g
xj
j = g for simplicity. Compared
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to the single-component polaritonic system (3.11), Eq. (4.4) describes the

dynamics of two-component polaritons with not only interactions between

same-species polaritons but also interactions between different species of

polaritons. This equation is derived from a two-component Lieb-Liniger

Hamiltonian:

H =

∫
dz

2∑
j=1

{
Ψ†j

[ 1

2mj

∇2 + Vj

]
Ψj + χjΨ

†
jΨ
†
jΨjΨj

}
+χ12

∫
dzΨ†1Ψ1Ψ†2Ψ2. (4.5)

Here, the effective masses of polaritons are

mj = −Γ1D
j nxj

4∆
xj
2 v

g
j

, (4.6)

where vg
j = vjΩ

2
xj
/(πg2nxj) is the group velocity of j-type polaritons in the

nonlinear medium, and Γ1D
j = 4πg2/vj is the spontaneous emission rate of

a single xj-type atom into the waveguide modes. The second term in Eq.

(4.5) gives an effective potential

Vj =
∆ωjv

g
j

vj
−

ΛxjΓ1D
j ∆

xj
3 v

g
jn

xj

4Ω2
xj

. (4.7)

Normally, this term is reduced to zero by tuning ∆ωj, but in this Chapter

we will utilize this term to produce a lattice potential as we show below in

details. The intra-species repulsion is given by

χj =
(Λxj)2ΞxjΓ1D

j vg
j

2∆
xj
4

, (4.8)
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and the interspecies repulsions is

χ12 =
na(ΛaΩb)

2ΞaΓ1D
1 vg

1

nbΩ2
a(∆

a
4 − δa2)

+
nb(ΛbΩa)

2ΞbΓ1D
2 vg

2

naΩ2
b(∆

b
4 − δb1)

, (4.9)

where two dimensionless quantities

Λxj = Ω2
xj
/(Ω2

xj
−∆

xj
3 ∆

xj
2 /2) (4.10)

and

Ξxj = (∆
xj
4 −∆

xj
3 /2)/(∆

xj
4 −∆

xj
3 ) (4.11)

have been introduced. When the EIT conditions |∆3| � |Ω
2

∆2
|,∆4 hold,

Λx,Ξx ' 1. As one would expect, the above nonlinear terms are inversely

proportional to the single photon detunings of the quantum fields with

respect to the transitions |3〉x ↔ |4〉x.

To add the effective polaritonic lattices which commensurate to the

photonic densities nph
j of two species, we switch on two external microwave

fields in both directions to form a standing wave. At this time, some atoms

will transfer from the ground states |1〉x to irrelevant states |u〉x, which
are states not involved in the EIT process. For nph

j = 1000m−1 as an

example, the wavelength of the applied microwave fields is chosen to be

λxM.W. = 2× 10−3m in order to commensurate with the photonic density as

2π/λxM.W. = πnph
j . The transferred atomic percentage pxu(z, t) from states

|1〉x to |u〉x is given by [75]

pxu(z, t) '
1

4
[Ωx

M.W.e
i2πz/λxM.W. + Ωx

M.W.e
−i2πz/λxM.W. ]2t2

= (Ωx
M.W.)

2 cos2(πnph
j z)t2, (4.12)

where Ωx
M.W. is the Rabi frequency of the external microwave fields.
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With the modulated atomic number characterizing by pxu(z, t) =

n
xj
1 cos2(πnph

j z)/nxj , the microwave fields will be turned up adiabatically

for a time t to create a slightly modulated atomic density in the ground

state |1〉x:
nxj = n

xj
0 + n

xj
1 cos2(πnph

j z). (4.13)

For a weak field with Ωx
M.W. = 1kHz, switching on two microwave fields

for around several hundreds microseconds which is within the reach of

techniques transfers ten percent of atoms from |1〉x to |u〉x, correspond-
ing to nxj1 ' 0.1nxj . For nph

j = 300m−1, the wavelengths of the microwave

fields which are commensurate to the corresponding photonic densities are

2/3cm, which indicates that the frequency difference between states |1〉x

and |u〉x should be around 45GHz. We note here that such a weak field

with Ωx
M.W. = 1kHz would have rather small effects on the single-photon

detunings. With the modulation, the potential Vj becomes

Vj =
∆ωvg

j

vj
−

ΛxjΓ1D
j ∆

xj
3 v

g
jn

xj
0

4Ω2
xj

−
ΛxjΓ1D

j ∆
xj
3 v

g
jn

xj
1 cos2(πnph

j z)

4Ω2
xj

. (4.14)

By choosing ∆ω = ΛxjΓ1D
j ∆

xj
3 vjn

xj
0 /(4Ω2

xj
), the effective potential becomes

Vj = µj cos2(πnph
j z) with a lattice depth

µj = −
ΛxjΓ1D

j ∆
xj
3 v

g
jn

xj
1

4Ω2
xj

. (4.15)

For simplicity, we assume identical light-matter couplings, atomic and

photonic densities, light velocities, and one- and two-photon detunings for

the two species, i.e., Ωx = Ω, nph
j = nph, nx = n, nx1 = n1, vj = v, vg

j = vg,

Γ1D
j = Γ1D, and ∆x

k = ∆k for k = 2, 3, 4. In the following, the interaction
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Chapter 4. Simulating Cooper Pairs with Photons

parameters will then lose the subscript j.

4.3 Decoherence Analysis

In general, the interaction parameters are imaginary to account for photon

losses as shown in the following. The decay is considered via including

a decay rate Γ in the formulas of masses and interactions. The losses

set an upper bound on the time scales for the preparation, evolution and

detection of states, which is within the reach of current optical measurement

technology. In the limit of large single photon detunings, the losses can be

suppressed as long as the evolution time does not exceed the coherence

time defined by the total loss rate.

We first give the parameters in the coupled nonlinear Schrödinger equa-

tion,

i∂tΨj = − 1

2m
∇2Ψj + VΨj

+2χΨ†jΨ
2
j + χ12

∫
dzΨjΨ

†
j
Ψj (4.16)

some nonzero imaginary parts in order to describe the photon losses [57]:

m = − Γ1Dn

4(∆2 + iΓ)vg
, (4.17)

χ ' Γ1Dvg

2(∆4 + iΓ)
, (4.18)

χ12 '
2Γ1Dvg(∆4 + iΓ)

(∆4 + iΓ)2 − (δb1)2
. (4.19)

We have assumed that the parameters are identical for two species. The

potential V also has a nonzero imaginary component, but this can be safely

ignored in the EIT regime with Λx ' 1. The linear losses result from the

48



4.3. Decoherence Analysis

finite bandwidth of the EIT transparency window, and their contributions

are given by
∂Ψj

∂t
∼ vgΓ

nΓ1D

∂2Ψj

∂z2
. (4.20)

In addition, the losses come from the nonlinear intra- and inter-species

interactions are given by

∂Ψj

∂t
∼ 1

2

Γ1DΓvgΨ†jΨ
2
j

∆2
4

, (4.21)

∂Ψj

∂t
∼ 2

Γ1DΓ[∆2
4 + (δb1)2 + Γ2]vgΨjΨ

†
j
Ψj

[(∆4)2 − (δb1)2][∆2
4 − (δb1)2 + Γ2]

. (4.22)

In the strong coupling regime, the largest spatial component is given by

∆z ∼ (nph)−1, where nph is the photonic density. Since the polaritonic

density is equal to the photonic density Ψ†jΨj ∼ nph, we can write the loss

rates as

κl =
(nph)2vgΓ

nΓ1D
, (4.23)

κns =
1

2

Γ1DΓvgnph

∆2
4

, (4.24)

κnd = 2
Γ1DΓ[∆2

4 + (δb1)2 + Γ2]vgnph

[(∆4)2 − (δb1)2][∆2
4 − (δb1)2 + Γ2]

. (4.25)

Here κl is the linear loss rate, and κns, κnd are the nonlinear loss rates

coming from same- and different-species interactions.

For the parameters given in Fig. 4.2, i.e., n/nph = 104, nph = 300m−1,

Γ ' 20MHz, η = Γ1D/Γ = 0.2, vg ∼ 100m/s, ∆2 = −5Γ, ∆3 = −0.01Γ,

15Γ ≤ ∆4 ≤ 30Γ, and 1.5∆4 ≤ δb1 ≤ 5.5∆4, the maximum total loss rate

κtotal = κl + κns + κnd is 140Hz, which means that the decoherence time is

1/κtotal ' 7 milliseconds. We note that this time is long enough to allow

for the entire processes of preparation, evolution and readout.
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Chapter 4. Simulating Cooper Pairs with Photons

4.4 Two-Component Bose-Hubbard and Ef-

fective Fermi-Hubbard Models of Polari-

tons

For a sufficiently strong periodic potential and weak interactions between

the polaritons, the Lieb-Lineger Hamiltonian above can be mapped to a

two species BH model. For simplicity, we assume ∆ω(j) = 0 and that the

counter propagating classical fields are identical, and the two atomic species

have identical mass, distribution, and interaction with the corresponding

quantum fields, i.e., v(j) = v, v(j)
g = vg, Ωxj = Ω, nph

j = nph, nxj = n,

n
xj
1 = n1, Γ

xj
1D = Γ1D, g

xj
j = g and ∆

xj
k = ∆k for k = 2, 3, 4. The conditions

on the optical parameters regime for the mapping from Lieb-Lineger to BH

to be valid translate to the single photon detuning ∆4/Γ ≥ 20 and control

laser Rabi frequencies of Ω/Γ ≤ 3. Here Γ is the atomic decay rate which

is assumed at 20MHz for the typical Rb transition in question. The above

conditions are calculated following the methods in [33, 35, 56, 57]. The

atomic density equals to n ' 106m−1 with a more than 5% modulation,

n1 > 0.05na, when the external magnetic fields are slowly turned on. The

photonic density is nph ' 102m−1, and the single-atom cooperativity is

η = Γ1D/Γ = 0.2. We also have the two-photon detunings ∆2 = −5Γ,

∆3 = −0.01Γ, and the control lasers during the second step ramped up to

Ω ' Γ. These parameters correspond to optical depths of a thousand. The

optical depth can be enhanced by increasing the density of atoms which

are interacting with photons. The Lieb-Liniger Hamiltonian (4.5) is then

mapped to a two-component BH model of polaritons:

H = −
∑
〈i,j〉,σ

tσa
†
iσajσ +

∑
i,σ

Uσ
2
n2
iσ + V

∑
i

ni↑ni↓, (4.26)
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Fermi-Hubbard Models of Polaritons

where aiσ is an annihilation operator of a σ-type polariton at ith site and

〈i, j〉 stands for nearest neighbors. The coupling strength

tσ =
4√
π
µ3/4E

1/4
R exp(−2

√
µ/ER), (4.27)

the intra-species interaction strength

Uσ =

√
2π

2
χnph(µ/ER)1/4, (4.28)

and the inter-species interaction strength

V =

√
2π

2
χ12n

ph(µ/ER)1/4, (4.29)

where ER = π2(nph)2/(2m) is the recoil energy. As t↑ = t↓ and U↑ = U↓,

we drop their subscripts from here.

To discuss the simulation of the BCS-BEC-BB crossover, we focus on

the case of repulsive intra-species interactions (U > 0), and attractive inter-

species interactions (V < 0), which can be achieved by setting χ > 0 and

χ12 < 0. The ratios between the inter- and intra-species interactions

V

U
=

2∆2
4

∆2
4 − (δb1)2

, (4.30)

and the ratio of the hopping to the intra-species repulsion

t

U
=

4µ1/2E
1/2
R exp(−2

√
µ/ER)√

2πχnph
(4.31)

determine the physics of the Hamiltonian (4.26) completely. The two ra-

tios are plotted in Fig. 4.2. We can map this two-component polaritonic

BH model described by the Hamiltonian (4.26) to an effective FH model
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Chapter 4. Simulating Cooper Pairs with Photons

exhibiting a fermion-like BCS-BEC crossover by tuning to the regime with

t/U � 1 − |V |/U , U > 0, and V < 0. Here the strong intra-species re-

pulsion U enforces an effective Pauli exclusion principle. The efficiency of

fermion-boson mapping validity has been discussed in details in [15], and

although one-body correlations will always show bosonic behaviors, density

involved observables will give same information for fermions and hard-core

bosons. The necessary regime for the mapping can be achieved in our case

by setting χ > 0 and χ12 < 0 which, assuming m > 0, means that the

detunings ∆2 < 0 and 0 < ∆4 < δb1. The ratio t/U � 1 − |V |/U is also

tunable by controlling ∆4 and n1/n as shown in Fig. 4.2, where t/U can

be as small as 0.01 and the tunability range of |V |/U is relatively large.

Beyond this fermion-like limit, when the ratio |V |/U becomes larger, the

highly bosonic BB behavior is expected to appear [15]. Note that different

regimes leading to effects such as spin-charge separation or Kondo physics

are also accessible. It is shown that by simply tuning quantum optical

parameters such as the single photon detunings ∆4, the detuning between

the quantum fields δb1, and strength of the classical trapping lasers Ω, the

required regime, t/U � 1, can be reached, while leaving a range of values

of V/U accessible.

Under these restrictions, the polaritonic two-species BH model shows

a fermion-like BEC-BCS crossover as well as a bosonic BB behavior [15].

Switching off the trapping lasers and coherently mapping the stationary

polaritonic correlations to propagating photon pulses allows one to probe

the different states by observing the temporal (and hence spatial) second-

order density-density correlation functions.
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Figure 4.2: Achievable polaritonic (a) inter-species interaction, V/U and
(b) hopping strength, t/U , as functions of the quantum pulse frequency
difference δb1, single photon detuning ∆4, and the atomic distribution mod-
ulation n1/n. Here the parameters are set as Γ1D = 0.2Γ, n/nph = 104,
∆2 = −5Γ, Ω = Γ, and ∆3 = −0.01Γ.

4.5 Witnesses of BCS-BEC-BB Crossover

For BCS- and BEC-like states, the polaritons form large Cooper-pair-

like objects and localized bosonic molecules, respectively. To discuss

the crossover, we focus on the second order cross-species correlations

g
(2)
↑↓ (l) =

∑
i〈ni↑ni+l↓〉 and the density-density correlations between cross-

species population differences

g
(2)
− (l) =

∑
i

〈(ni↑ − ni↓)(ni+l↑ − ni+l↓)〉 (4.32)

as functions of V/U for the same (l = 0), and neighbouring (l = 1) sites,

with two different values of hoppings. Since the fermionic and bosonic am-

plitudes are related by a sign factor, the calculations and measurements of

g
(2)
↑↓ (l) =

∑
i〈ni↑ni+l↓〉 and g

(2)
− (l) =

∑
i〈(ni↑ − ni↓)(ni+l↑ − ni+l↓)〉 involv-

ing densities in our polaritonic system will give the same results as those
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in the fermionic system, as the sign factor will be squared and cancelled.

These types of correlation functions can be measured by collecting the

component-resolved photon-counting records and analyzing the collected

data. For example, one could use a beam splitter and energy-resolving

photon detectors to collect the required data.

To calculate the correlation functions, the ground state of Hamiltonian

(4.26) is computed numerically for 6 polaritons in 8 sites, which corresponds

to a polaritonic potential modulation with a wave vector km = 2π × 8/L.

Here L is the length of the fiber which is taken to be a few centimetres. As

a weak coherent photonic pulse lying in the quantum regime, we consider 6

photons in the pulse and the atomic number involved is then 6× 104. The

real atomic and photonic numbers depend on specific practical realizations.

The BCS-BEC-BB crossover can easily be seen from the on-site correlation

g
(2)
↑↓ (0) as shown in Fig. 4.3. Abrupt changes in g(2)

↑↓ (0) (normalized to the

value at |V |/U = 1.5) at |V | = U indicate a transition from a BB state,

where all the polaritons pair up at a single site, to a localized pairing (BEC)

state, where different pairs prefer to space out. The curves also indicate

a crossover from a locally paired (BEC) state (when |V | � t) to a long-

range paired (BCS) state (|V | � t). The coloured background portrays

the different phases and how they cross over. In the photon correlation

measurements, the BB-BEC-BCS crossover will appear as a transition from

a strongly anti-bunched behavior in the BEC regime, to a highly bunched

behavior in the BB regime in the on-site cross-species intensity correlations

g
(2)
↑↓ (0).

While the correlation functions at l = 0, 1 give a good signpost for the

three phases, correlations at longer distances are required, especially in the

BCS regime, to completely describe the physics. Figure 4.4 shows g(2)
↑↓ (l) for
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Figure 4.3: Correlation functions for polaritons: In (a) and (b) the second
order cross-species correlations g(2)

↑↓ (l) are plotted as functions of the inter-
species interaction for the same site (l = 0) and neighbouring sites (l = 1),
with two values of hoppings t = 0.01 and t = 0.1. The coloured gradient
background, proportionate to the on-site cross-species correlation, portrays
the BCS-BEC-BB crossover. In (c) and (d) we plot for the same parame-
ters, the correlation of the difference in populations for the two species for
comparison. Note the sensitivity of the latter to the BCS-like phase. The
coherent transfer of the polaritonic correlations to propagating photonic
ones allows for the probing of different phases of the system using photon
coherence measurements and energy resolving photon-detectors.
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Figure 4.4: The behaviors of cross-species second-order correlatios as
functions of distance l. Here four curves correspond to V/U =
−1.4,−0.99,−0.5,−0.001 with t/U = 0.01.

different values of V/U with t/U = 0.01 fixed. The expected short-range

to long-range crossovers are clearly visible in the expected regimes, which

can also be related to the size of these effective pairs.
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Chapter 5

Spin-Charge Separation in a

Photonic Luttinger Liquid

5.1 Spin-Charge Separation

In many-body physics, the 1D systems have attracted lots of attention on

their novel and spectacular features. Being different from its counterparts

in two- and three-dimension, the 1D interacting systems of both bosons

and fermions can be described by the Luttinger liquid theory in the low-

energy domain [2]. One of the characteristics of the Luttinger liquid is the

spin-charge separation, an unusual behavior in which there are no single

excitations but collective excitations [76]. As an elementary particle, the

electron carries spin 1/2 and charge e. Under certain conditions, the elec-

trons split into two independent quasi particles: the spinon with zero charge

and spin 1/2, and the chargon (holon) with charge e (−e) and zero spin,

where the transverse confinement of 1D systems makes a particle pushing

its neighbors away via interactions to propagate along a line, rapidly con-

verting any single movement into a collective one. The two components

propagate with different velocities and behave as independent quasiparti-

cles [2, 8, 38, 39], and two branches of the excitations are characterized

by different propagation velocities. Concomitant with the developments in

theory, efforts to observe the separation of the electron into independent
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quasiparticles carrying either spin (spinons) or charge (chargons) in exper-

iments have also been made in several seminal works on metallic chains,

organic conductors, carbon nanotubes [77, 78, 79], and more recently in

copper oxide systems and quantum wires [80, 81, 82]. However, the attain-

ment of the real signature of separation like, e.g. the detection of different

spin and charge velocities, remains inconclusive.

In parallel to these studies of spin-charge separation in real condensed

matter systems, artificially engineered many-body systems with well con-

trollable environment provide a fruitful platform for the simulation of

strongly correlated effects in the last two decades, including cold atoms

and ion traps [6, 7, 46, 83], and recently the strongly correlated photons in

cavity QED due to the light-matter interactions, and in quantum nonlinear

optics [20, 21, 22, 23, 24] where the dark-state polaritons as dressed pho-

tons are generated by employing the well-known EIT effect [21]. In partic-

ular, the nonlinear optical waveguides are promising mediums for studying

coherent nonlinear optical interactions at extremely low light levels, where

strongly interacting polaritons, as hybrid light-matter quantum simulators,

promise to provide the necessary extra manipulation and measurement.

Although the proposals to observe spin-charge separation have been

in place in cold atoms, including both bosonic and fermionic species

[84, 85, 86, 87], the lack of the necessary individual accessibility and mea-

surement, and the challenges in trapping and cooling especially fermionic

gases make current results unclear so far. We show in this chapter that

the spin-charge separation can be efficiently observed in a nonlinear waveg-

uide with atoms, where the stationary light-matter polaritons [22, 23, 24]

can behave as a quantum Luttinger liquid. We first describe how to pre-

pare and drive the system by two quantum optical schemes to a regime
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where a two-components Lieb-Liniger model evolving according to a non-

linear Schrödinger equation is generated. Utilizing the connection between

strongly interacting bosonic and fermionic systems [84, 85, 86, 87], we pro-

ceed by showing how to identify and measure the effective photonic spin

and charge densities and velocities through standard optical methods.

5.2 From Luttinger Liquid to Spin-Charge

Separation

Before describing in details the preparation of a polaritonic Lieb-Liniger

model and spin-charge separation, we review some basics of how to map a

Lieb-Liniger model to a Luttinger liquid and how to steer a two-component

Luttinger liquid to a regime of spin-charge separation in this section.

5.2.1 Bosonization Approach and Single-Component

Lieb-Liniger Model

For the lowest component ψ(z) ' e−iθ(z)ρ
1/2
0 , the single-component Lieb-

Liniger model (2.16) can be mapped to a Luttinger liquid [2, 8, 38, 39]

Hsl =

∫
dz

2π
[υKsl(∂zθ)

2 +
υ

Ksl
(∂zφ)2], (5.1)

where all the interaction effects are encoded into two effective parameters:

the propagation velocity of density disturbances υ and the so-called Lut-

tinger parameter Ksl controlling the long-distance decay of correlations.
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5.2.2 Two-Component Lieb-Liniger Model and Spin-

Charge Separation

Going beyond the single-component case, the two-component Lieb-Liniger

model is

Htl =

∫
dz{

∑
s=↑,↓

[
1

2ms

∂zψ
†
s(z)∂zψs(z) +

χs
2
ρ2
s(z)] + χ↑↓ρs(z)ρs̄(z), (5.2)

where ms is the mass, and χs and χ↑↓ are the intra- and inter-species

interactions. Here s =↑, ↓ represent two species of bosons. Retaining the

low frequency terms with m = 0,±1, we have the density field

ρs(z) = [ρ0,s +
1

π
∂zφs(z)]{1 + 2 cos[2πρ0,sz + 2φs(z)]}, (5.3)

which in turn gives a two-component Luttinger Liquid as

Htl =

∫
dz

2π
{
∑
s=↑,↓

[usKs(∂zθs)
2 +

us
Ks

(∂zφs)
2] +

2χ↑↓
π

∂zφ↑∂zφ↓

+2χ↑↓ρ
2
0 cos(2φ↑ − 2φ↓)} (5.4)

with the parameters us =
√
ρ0,sχs/ms and Ks = π

√
ρ0,s/(msχs). Here ρ0,s

is the initial particle density for the s-th component. To get the spin-charge

separation, following the literature [2, 8, 38, 39], we define the charge- and

spin-related fields as sums and differences of two-species bosons

θcharge =
θ↑ + θ↓√

2
, θspin =

θ↑ − θ↓√
2

, (5.5)

φcharge =
φ↑ + φ↓√

2
, φspin =

φ↑ − φ↓√
2

, (5.6)
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then the above two-component Luttinger Liquid model (5.4) becomes

Htl =

∫
dz

2π
{
∑
s=↑,↓

usKs

2
[(∂zθcharge)

2 + (∂zθspin)2]

+(u↑K↑ − u↓K↓)∂zθcharge∂zθspin

+
∑
s=↑,↓

us
2Ks

[(∂zφcharge)
2 + (∂zφspin)2]

+(
u↑
K↑
− u↓
K↓

)∂zφcharge∂zφspin

+
χ↑↓
π

(∂2
zφcharge − ∂2

zφspin) + 2χ↑↓ρ
2
0 cos(

√
8φspin)}. (5.7)

To eliminate the cross terms ∂zθcharge∂zθspin and ∂zφcharge∂zφspin so that the

spin and charge parts separate, the two separation conditions u↑ = u↓ and

K↑ = K↓ should be satisfied. These two conditions are held when χ↑ = χ↓,

ρ0,↑/m↑ = ρ0,↓/m↓. At this time, the Hamiltonian separates into two parts

Ht = Hcharge +Hspin, where

Hcharge =

∫
dz

2π
[uchargeKcharge(∂zθcharge)

2

+
ucharge

Kcharge

(∂zφcharge)
2], (5.8)

Hspin =

∫
dz

2π
[uspinKspin(∂zθspin)2 +

uspin

Kspin

(∂zφspin)2]

+2χ↑↓ρ
2
0 cos(

√
8φspin). (5.9)

With u = us, K = Ks, and χ = χs, the charge and spin velocities are

ucharge,spin = u
√

1± χ↑↓/χ, (5.10)

and the charge and spin Luttinger parameters are

Kcharge,spin =
K√

1± χ↑↓/χ
. (5.11)
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To give some intuitive insight for the spin-charge separation, we next

give a schematic and classical illustration. We consider an initially half-

filled 1D chain with strong on-site interactions as shown in Fig. 5.1(a),

where the strong repulsions force the electrons to align in the antiferro-

magnetic ordering. An electron can be excited to produce a hole (holon) as

shown in Fig. 5.1(b). Hopping of the hole to the neighboring site or equiv-

alently hopping of the neighboring electron onto the empty site leads to a

magnetic disorder, i.e. a spinon, as shown in Fig. 5.1(c). The holon and

spinon propagate at different velocities and split into two separate quasi-

particles as shown in Fig. 5.1(d), leading to the spin-charge separation.

5.3 Spin-Charge Separation with Differently

Colored Photons

5.3.1 Polaritonic Spin-Charge Separation with Two-

Species Four-Level Atoms

As illustrated in Fig. 5.2, in this section, we show that the spin-charge

separation of Luttinger liquid can be observed in a two-component Lieb-

Liniger model composed of dark-state polaritons, where two types of four-

level atoms are presented and interact with two differently colored quantum

pulses, say coherent states, and two pairs of counter-propagating control

fields. The interaction strength is adiabatically enhanced via tuning the

one-photon detunings until the system goes into a strong correlated regime

where the spin-charge separation is expected to occur. The constraints

applied to parameters for the occur of spin-charge separation are analyzed

and attained. Tuning off control lasers then from one side releases the
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(b)

(c)

(d)

(a)

holon

holon

spinon

spinon

holon

Figure 5.1: The schematic diagram of the spin-charge separation in a
1D chain. (a) The initially half-filled antiferromagnetic chain. (b) A hole
(holon) is introduced in the chain when an electron is extracted. (c) Hop-
ping of the hole to the right site or equally hopping of the spin-up electron
to the left empty site produces a spinon as a magnetic disorder. (d) The
holon and spinon propagate at different velocities leading to the spin-charge
separation.
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Figure 5.2: A schematic diagram of the system under consideration.

polaritons into photons going out from this side. Through standard op-

tical technologies based on measuring the emitted photonic densities, the

effective spin and charge densities and velocities are obtained.

Specifically, we consider the nonlinear optical waveguide, a hollow-core

photonic crystal fiber [25, 26, 27, 28, 29, 30] as shown in Fig. 5.3, or a

tapered nanofiber with atoms brought close to the surface of the nanofiber

[31, 32]. Two types of four-level atomic gases (two isotopes of Rb atoms,

for example) are loaded into the waveguide with the atomic levels shown in

Fig. 5.3. Two quantum light fields and two pairs of classical fields Ês,±(z, t)

and Ωs,±(t) with s, s′ =↑, ↓ can propagate towards the left (subscript +)

and right (subscript −) directions and couple to the atoms as shown in Fig.

5.3. Here two quantum optical pulses carried by Ê↑,±(z, t) and Ê↓,±(z, t)

are discriminated by different frequencies. Initially the two resonant opti-

cal pulses Ê↑,+(z, t) and Ê↓,+(z, t) are incident from one direction, say the

left side. They are injected into the waveguide with the co-propagating
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control fields Ω↑,+(t) and Ω↓,+(t) initially turned on. The principal differ-

ences between the quantum and classical lasers are their frequencies and

intensities/amplitudes. Hereafter, we will omit the explicit time and spa-

tial dependence of the field operators for simplicity. The Hamiltonian in

the Schrödinger picture can be expressed for two atomic gases with

H = −
∫ ∑

s

nszdz{−∆sσb,s;b,s −∆ssσd,s;d,s

+[(gsσb,s;a,s + gssσd,s;c,s)

×
∑
s′

(Ês′,+e
ikQ,s′z + Ês′,−e

−ikQ,s′z)

+(Ωs,+e
ikC,sz + Ωs,−e

−ikC,sz)σc,s;b,s + h.c.]}. (5.12)

The continuous collective atomic spin operators σµ;ν ≡ σµ;ν(z, t) describe

the averages of the flip operators |µ〉〈ν| over atoms in a small region around

z. The densities of the two species of atoms in the same region are assumed

to be different and equal to nsz. gs and gss are coupling strengths between

the quantum fields and atoms. For simplicity, we assume that gs = gss = g.

We label the two quantum and two classical fields with frequencies

ωQ,s and ωC,s and wave vectors kQ,s and kC,s, respectively. Both quantum

fields Ê↑,+(z, t) and Ê↓,+(z, t) drive four possible atomic transitions. The

field Ês,±(z, t) is detuned by ∆s from the transition |a, s〉 ↔ |b, s〉 and
by ∆ss from |c, s〉 ↔ |d, s〉, and the applied classical control beams with

Rabi frequencies Ωs,±(t) couple to both atoms and drive the transitions

|b, s〉 ↔ |c, s〉.

The evolutions of the slowly-varying quantum operators Ês,± are given

by four Maxwell-Bloch (MB) equations:

(∂t ± v∂z)Ês,± = i
√

2πnszg(σa,s;b,s,± + σc,s;d,s,±), (5.13)
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Figure 5.3: A schematic diagram of the system under consideration. A
hollow-core fiber with two quantum light fields Ê↑,+, Ê↓,+ and two pairs of
classical fields Ω↑,± and Ω↓,± propagating towards the left and right direc-
tions. The fiber is filled with two atomic gases. Appropriate tuning of the
couplings of the light fields to the corresponding atomic transitions, forces
the trapped polaritons to behave as an effective 1D quantum Luttinger liq-
uid. The available tunability of the effective interaction parameters allows
us to reach the spin-charge separation regime. Coherently transferring the
polaritons’ correlations to propagating light pulses and allowing them to
exit the fiber, provide for the efficient measurement of the dynamics of the
propagation of the effective spin and charge quasiparticles.
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where we have introduced the slowly varying collective operators

σµ;ν = σµ;ν,+(z, t)eikQ,sz + σµ;ν,−(z, t)e−ikQ,sz (5.14)

with µ; ν 6= a, s; c, s Here, v is the velocity of quantum fields in an empty

waveguide. We proceed to define the polariton operators as

Ψs,± = cos θsÊs,± − sin θs
√

2πnszσc,s;a,s, (5.15)

where tan θs = g
√

2πnsz/Ωs. For simplicity we have assumed that the

amplitudes of the counterpropagating classical fields are equal, i.e. Ωs,± ≡
Ωs. In the limit when the excitations are mostly in spin-wave form, i.e.

sin θs ' 1, and since σc,s;a,s = −gÊs,±/Ωs, the polariton operators are

Ψs,± =
√

2πnsz
g

Ωs

Ês,±. (5.16)

As shown in Appendix B, we set

Ψs = (Ψs,+ + Ψs,−)/2 (5.17)

and

As = (Ψs,+ −Ψs,−)/2 (5.18)

as the symmetric and antisymmetric combinations of the two polaritons

and use the MB equations from earlier, which then give us the equations
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of motion for the polariton combination Ψs, As as

∂tΨs + v∂zAs = −π tan2 θs∂tΨs − i
2πg2

∆ss

(2Ψ†sΨs + A†sAs)Ψs

−i2πg
2

∆ss

(Ψ†sΨs + A†sAs)Ψs + noise, (5.19)

∂tAs + v∂zΨs = −i2πg
2

∆s

nszAs −
2πg2

∆ss

Ψ†sΨsAs + noise. (5.20)

The noise terms in Eqs. (5.19) and (5.20) account for the dissipative

processes that take place during the evolution. Fortunately, for the dark

state polaritons under consideration, as long as the spontaneous emission

rates Γ from the states |c, s〉 and |d, s〉 are much less than the detunings

|∆ss|, the losses in the time scales of interest are not significant and thus

can be neglected [22, 23, 24, 57]. Assuming sufficient optical depth of a

few thousand and a large ratio between the density of atoms to the density

of photons nsz/nsph ∼ 104, the antisymmetric combinations A↑ and A↓ can

be adiabatically eliminated from the equations of motion for the polaritons

and moreover, the nonlinear terms like Ψ†sΨsAs and A†sAsΨs are negligible.

As shown in Appendix B, Eqs. (5.19) and (5.20) can be simplified to

i∂tΨs = − 1

2ms

∂2
zΨs + χsΨ

†
sΨsΨs + χ↑↓Ψ

†
sΨsΨs. (5.21)

These are the equations of motion of a two-component Lieb-Liniger model

of polaritons with the corresponding Hamiltonian:

H =

∫
dz{
∑
s

[
1

2ms

∂zΨ
†
s(z)∂zΨs(z) +

χs
2
ρ2
s(z)].

+χ↑↓ρs(z)ρs(z)}. (5.22)
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Here, ms is effective mass for s polariton with

1

ms

= −4∆svs
Γs1Dn

s
z

(5.23)

with Γs1D the spontaneous emission rate of a single atom in the waveg-

uide modes. vs = vΩ2
s/(πg

2nsz) is the group velocity of the propagating

polaritons. The intra-species repulsions are given by

χs =
Γs1Dvs
∆ss

, (5.24)

and the inter-species repulsions by

χ↑↓ =
Γ↑1Dv↑
4∆↑↓

+
Γ↓1Dv↓
4∆↓↑

. (5.25)

We recall the discussions about the spin-charge separation in the two-

component Lieb-Liniger model, where the conditions for the separation in

our present optical systems are

χ↑ = χ↓ = χ, (5.26)
ρ0,↑

m↑
=

ρ0,↓

m↓
=
ρ0

m
(5.27)

to satisfy

us =

√
ρ0,sχs
ms

= u, Ks =

√
π2ρ0,s

msχs
= K. (5.28)

Here the polariton number depends on the photon number in the initial

quantum light pulse and thereby ρ0,s is in fact the photon density nsph. The
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above conditions translate into

Γ↑1Dv↑
∆↑↑

=
Γ↓1Dv↓
∆↓↓

, (5.29)

∆↑v↑n
↑
ph

Γ↑1Dn
↑
z

=
∆↓v↓n

↓
ph

Γ↓1Dn
↓
z

. (5.30)

Furthermore, we should have ∆s∆ss < 0, and ∆↑∆↓ > 0, and ∆↑↑∆↓↓ > 0

to guarantee repulsive interactions and positive masses, which indicates

that if we choose ∆↑ and∆↓ as negative (positive), ∆↑↑ and ∆↓↓ should be

given as positive (negative).

Labeling γs as the ratio of the interaction to the kinetic energies for

each polariton species, we have

γs =
msχs
ρ0,s

. (5.31)

The conditions for the spin-charge separation gives γ↑ = γ↓. We refer them

as γ in the following. As calculated in Ref. [57], γ is tunable from zero to a

small value γ < 1, and even to a very large value γ > 1, corresponding to a

non-interacting, a weak interacting, and a strong interacting regime. The

Tonks-Giradeau limit is achieved with extremely strong interactions. With

use of Eq. (5.28) and Eq. (5.31), the Luttinger parameter K is related to

γ as

K =
π√
γ
, (5.32)

which means that K is dimensionless. At the same time, the velocity u is

related to γ as

u =
χ√
γ
. (5.33)
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5.3.2 Spinon and Holon Velocities

The whole loading, evolving, and measuring process is described as follows.

Initially, two probe pulses labeled Ês,+ are sent in from the left side with

two control fields Ωs,+ on. After two pulses completely enter into the fiber,

two fields Ωs,+ propagating in the fiber are smoothly turned off, converting

Ês,+ into coherent atomic excitations [23]. Then adiabatically switch on

both Ωs,+ and Ωs,− from two sides. The probe pulses become trapped due

to the Bragg scattering effect in the usual slow-light manner [20, 21, 22,

23, 24]. At this stage γ < 1 the pulses are noninteracting with the photons

expanding freely due to dispersion. By slowly shifting in the d-levels, the

effective masses m↑, m↓ can be kept constant whereas the effective intra-

and interspecies repulsions χ↑, χ↓ and χ↑↓ are increased. This drives the

system into a strongly interacting regime with γ > 1 (the bounds on the

relevant time scales for the process to be efficient against losses are discussed

further down in the text). This dynamic evolution is possible by keeping for

example the corresponding two photon detunings ∆↑, ∆↓ constant, while

shifting the d-level responsible for the nonlinear shifts.

Once this correlated state is achieved, one field - for example Ωs,+ -

from the pair of control fields that traps polariton type Ψs is slowly turned

off [23]. This will release the corresponding quasiparticles and allow them

to propagate towards the exit of the fiber. As all correlations established

in the previous step- the evolution under the Luttinger liquid Hamiltonian

-are retained, this wavepacket containing mostly light now, comprises of

two separated parts propagating with different velocities uspin and ucharge

towards the end of the fiber. The detection in our case can occur through

dynamically probing the time evolution of a single excitation as in cold

atoms proposals [84, 85, 86, 87] or by measuring the corresponding Fourier
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Figure 5.4: The Fourier transform of density-density correlation function
for our photonic system. The effective spin and charge velocities are us =
0.5 and uc = 1 and can be achieved for optical depths around OD=3000,
with 10 photons in each pulse initially, and single atom cooperativity for
each atomic species of 0.4. Subsequent releasing of one of the trapped
polaritons through its coherent mapping to a propagating light pulse, allows
for the efficient measurement of the spectral function by measuring cross-
correlations in the intensities of the output fields. In the inset we plot a
2D cut for the value of q=2. The units of ω and q are in π

z0
× 2
√

2
5
u and

π/z0 respectively(see text).

72



5.3. Spin-Charge Separation with Differently Colored Photons

transform of density-density correlations S(q, ω) [2, 8, 38, 39, 77, 78, 79,

80, 81, 82].

In our case the charge (spin) density waves, after the release of polari-

tons, will transfer to the sum (difference) of the corresponding time de-

pendent photon intensities ni for each propagating field where ncharge,spin =

n↑ ± n↓ and ns = 〈Ê†s,+Ês,+〉. One could dynamically probe the corre-

sponding photonic intensity maxima, and from that infer the correspond-

ing velocities. Alternatively, one could measure the Fourier transform of

density-density correlations denoted as S(q, ω). In our case, as the quasi-

particles after the coherent release are propagating photon pulses, this is

directly accessible by probing the cross-correlation function in the densi-

ties of the initial fields, say Ês, for a specific momentum q. The plotted

function S(q, ω) only depends on the velocity ω/q and should exhibit two

peaks as shown in the inset of Fig. 5.4 centered around uspinq and uchargeq

with q the corresponding quasi-momentum of the propagating excitation.

In our case, q is inversely proportional to the initial extend of the pulse z0.

For a clear distinction between the two spin and charge peaks, we should

tune our optical detectors around q = 2π/z0.

In Fig. 5.4, we plot S(q, ω) as analytically derived for a two-component

bosonic system [88], for intra- and inter-species values corresponding in our

system to χ↑↓/χ = 0.6, which in turn gives the ratio between the effective

charge and spin velocities

ucharge

uspin
=

√
1 +

χ↑↓
χ√

1− χ↑↓
χ

= 2. (5.34)
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We assume the effective charge and spin velocities as

ucharge = 2

√
2

5
u = 1, (5.35)

uspin =

√
2

5
u = 0.5. (5.36)

The unit of ω then is
π

z0

× 2

√
2

5
u.

Due to the constraint for the velocities and Luttinger parameters

ucharge

uspin
=

Kspin

Kcharge
, (5.37)

we assume the Luttinger parameters for the charge and spin parts as

Kcharge =
1

2

√
5

2
K = 0.35 (5.38)

Kspin =

√
5

2
K = 0.7. (5.39)

Then we have

K =
π√
γ

=
7

10

√
2

5
. (5.40)

The ratios between the charge (spin) velocity and the Luttinger param-

eter of charge (spin) as

ucharge

Kcharge
=

u

K
∗ (1 +

χ↑↓
χ

) =
1.6u

K
=

1.6χ

π
=

20

7
, (5.41)

uspin

Kspin
=

u

K
∗ (1− χ↑↓

χ
)
0.4u

K
=

0.4χ

π
=

5

7
. (5.42)

give the value of the intraspecies repulsion strength

χ =
5π

2.8
∼ 5.61. (5.43)
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As the dimension of χ is velocity, we have

χ = 5.61× 2

√
2

5
u. (5.44)

The corresponding necessary values of the parameters in our system are

optical depths OD = ODs = 3000 and roughly N s
ph = 10 photons initially

in each pulse and single-atom cooperativity of η = ηs = 0.4 [57]. Here

ηs = Γs1D/Γ is the ratio of spontaneous emission into the waveguide to total

spontaneous emission. We note here that a large optical depth has been

achieved in a hollow-core photonic-crystal fiber recently [89]. In calculating

the parameters, we take into account that both the linear and nonlinear

loss mechanisms will define a maximum evolution time tmax for the second

phase of the process [22, 23, 24, 57]. This in turn, gives the following

condition on the achievable ratio of interaction to kinetic energies [57]:

γsmax ∼ min
(

exp(
|∆s|

Γ
, η

Γ

|∆s|
ODs

N s
ph

). (5.45)

Optimizing over ∆s will give the numbers mentioned above. We add here

that in order to omit the noise terms and also to be able to neglect the

higher order derivatives so that the system is within a good approxima-

tion of a polaritonic Luttinger liquid, the following conditions need to be

satisfied. The Stark shift of levels |b, s〉 for each atomic species should

stay within the EIT transparency window and a bound on spin-wave ex-

citations wavevector should be in place. These conditions translate to

nsph/n
s
z � |∆ss|/|Γ − 2i∆s| and nsph/n

s
z � Γs1D/|2∆s + iΓ|, which are sat-

isfied in our case as the numbers of atoms can be two or three orders of

magnitude larger than the number of photons. We note that in this case

the ratio between kinetic and repulsion energies for each species can reach
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the value of 40 which for the single component case was shown to lead to a

Tonks gas of photons [57]. For spin-charge separation, the required repul-

sions could be of a smaller value, thus relaxing the overall quantum optical

requirements but the two peaks in the fourier transformaton of density-

density correlations will be less pronounced. Other imperfections like low

atomic density or leaky fiber will result in a reduced optical depth and less

pronounced peaks in the light spectrum.

5.4 Spin-Charge Separation with Differently

Polarized Lights

In the previous section, by utilizing two species of cold atoms, a two-

component Lieb-Liniger model has been reproduced and compared to

atomic proposals (in optical lattices), this photonic proposal allows for a

more direct measurement of local observables and correlation functions of

the emitted photons. In this section, we introduce a more straightforward

and easier scheme to simulate the two-component interacting gas and detect

the spin charge separation by utilizing two oppositely circularly polarized

quantum beams and single type of multi-level atoms. For the first scheme

described in the previous section, the parameters are relatively more flexi-

ble with less constraints allowing for more complicated tasks of simulations,

and for the second scheme in this section, it allows for a more efficient de-

tection of correlations on the output polarized states and an easier loading

procedure dealing with single type of atoms.
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Figure 5.5: The model setup under consideration. In a hollow-core fiber,
the single-type cold atoms interact with two quantum light fields Ês (red
and blue arrowlines) and two pairs of classical fields Ωs,± (yellow and green
arrowlines). Here ± denotes the forward or backward propagation direc-
tion. The studied atomic level diagram and possible atomic transitions
driven by two oppositely circularly polarized quantum pulses Ês and two
control beams Ωs is shown in (b). Appropriate tuning the couplings of light
fields to the corresponding atomic transitions forces the trapped polaritons
to behave as an effective 1D Luttinger liquid and reach the spin-charge
separation regime. Coherently transferring the polaritons’ correlations to
propagating light pulses and allowing them to exit the fiber provide for
the efficient measurement of both the dynamics of the propagation of the
effective spin and charge quasiparticles or of the correlation function char-
acteristic of the effect taking place.
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5.4.1 Polaritonic Spin-Charge Separation with Single-

Species Multi-Level Atoms

As shown in Fig. 5.5(a), a laser-cooled atomic ensemble with a multi-level

structure shown in Fig. 5.5(b) is loaded in a fiber and interact with the

incident lasers. In this system, the tight confinement of the fiber combined

with a minimum optical depth (proportional to the density of atoms here),

can lead to strong photon nonlinearities. The latter can be tuned to steer

the system from an initially non-interacting regime to a strongly correlated

regime where effective spin charge separation is expected to occur.

Initially, optical pulses with opposite polarizations Ê↑,+(z, t) and

Ê↓,+(z, t) are sent in from one side. They are injected into the waveg-

uide with the co-propagating classical control fields Ω↑,+(t) and Ω↓,+(t)

turned on. As soon as the two quantum pulses completely enter into the

waveguide, the classical fields Ωs,+ are adiabatically turned off, convert-

ing Ês,+ into coherent atomic excitations. Next both Ωs,+ and Ωs,− are

adiabatically switched on, making the quantum pulses trapped due to the

effective Bragg scattering [22, 23, 24]. By slowly shifting the d-levels, the

effective mass can be kept constant whereas the effective polaritonic inter-

actions are increased. Once the strongly correlated state is achieved, one

field from each pair of control fields that trap polaritons is slowly turned

off, and the polaritons are released to propagating photons existing the

fiber. As all correlations established in the previous step are retained, this

wave packet comprise of two separated effective charge and spin waves.
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The system shown in Fig. 5.5 is described by the Hamiltonian

H = −
∫ ∑

s

nszdz{−∆sσb,s;b,s −
∑
s′

∆ss′σ
x
d,s,s′;d,s,s′

+[
√

2π(gsσb,s;a +
∑
s′

gss′σd,s,s′;c,s′)

×(Ês,+e
ikQ,sz + Ês,−e

−ikQ,sz)

+(Ωs,+e
ikC,sz + Ωs,−e

−ikC,sz)σc,s;b,s + h.c.]} (5.46)

with |d, ↑, ↓〉 = |d, ↓, ↑〉. The continuous collective atomic operators σµ;ν ≡
σµ;ν(z, t) describe the average of flip operators |µ〉〈ν| over atoms in a small

region around z. nsz is the atomic density, and ∆s and ∆ss′ are one-photon

detunings. The quantum fields Ê↑,+(z, t) and Ê↓,+(z, t) drive five atomic

transitions, with a detuning ∆s for the transition |a〉 ↔ |b, s〉, a detuning

∆ss for the transition |c, s〉 ↔ |d, s, s〉, and a detuning ∆ss̄ for the transition

|c, s〉 ↔ |d, s, s̄〉. Here s̄ =↑, ↓ and s̄ 6= s. The control lasers with Rabi

frequencies Ωs,±(t) are applied to drive the transitions |b, s〉 ↔ |c, s〉.

The evolution of the quantum operators Ês,± is described by the

Maxwell-Bloch (MB) equation

(∂t + v∂z)Ês,± = i
√

2πnszg(σa;b,s,± + σc,s;d,s,s,± + σc,s̄;d,s,s̄,±). (5.47)

As derived in Appendix C, by setting Ψs = (Ψs,+ + Ψs,−)/2 and As =

(Ψs,+ − Ψs,−)/2 as a symmetric and an antisymmetric combination, we

have the equations of motion for Ψs, As as

∂tΨs + v∂zAs = −π tan2 θs∂tΨs − i
2πg2

∆ss

(2Ψ†sΨs + A†sAs)Ψs

−i2πg
2

∆ss̄

(2Ψ†s̄Ψs̄ + A†s̄As̄)Ψs + noise, (5.48)

∂tAs + v∂zΨs = −i2πg
2

∆s

nszAs −
2πg2

∆ss

Ψ†sΨsAs + noise. (5.49)
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We would like to note that the above equations of motion achieved

in this scheme by employing differently polarized lights are the same as

the equations of motion (Eqs. (5.19), (5.20)) achieved in the previous

scheme by employing differently colored lights, which means that both

schemes can be used to simulate the spin-charge separation. The noise

terms in Eqs. (5.48) and (5.49) account for the dissipative processes that

take place during the evolution. Fortunately, for the dark state polaritons

under consideration, as long as the spontaneous emission rates Γ from the

states |c, s〉 and |d, s, s′〉 are much less than the detunings |∆ss′ |, the losses

in the time scales of interest are not significant and thus can be neglected

[22, 23, 24, 57]. Assuming optical depth of a few thousand and a large ratio

between the density of atoms to the density of photons nsz/nsph ∼ 104, the

antisymmetric combinations A↑ and A↓ can be adiabatically eliminated,

and the nonlinear terms Ψ†sΨsAs and A†sAsΨs are negligible. Eqs. (5.48)

and (5.49) then simplify to a nonlinear Schrödinger Eq. (C.34)

i∂tΨs = − 1

2ms

∂2
zΨs + χsΨ

†
sΨsΨs + χ↑↓Ψ

†
s̄Ψs̄Ψs, (5.50)

which is related to an effective two-component Lieb-Liniger model

H =

∫
dz{
∑
s

[
1

2ms

∂zΨ
†
s(z)∂zΨs(z) +

χs
2
ρ2
s(z)] + χ↑↓ρs(z)ρs̄(z). (5.51)

Here ms = −Γs1Dn
s
z/(4∆svs) is the effective mass for s-type polaritons,

Γs1D = 4πg2/v is the spontaneous emission rate of a single atom to the

waveguide modes, and vs = vΩ2
s/(πg

2nsz) is the group velocity of the propa-

gating polaritons. The intra-species repulsions are given by χs = Γs1Dvs/∆ss

and the inter-species repulsions are χ↑↓ =
∑

s=↑,↓ Γs1Dvs/∆ss̄.

To reach the spin-charge separation regime, we check the tunability of
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the relevant parameters: msχs > 0 implies tuning ∆s∆ss < 0; m↑m↓ > 0

similarly gives ∆↑∆↓ > 0; and χ↑χ↓ > 0 is achieved by tuning ∆↑↑∆↓↓ > 0.

They can be satisfied by choosing ∆↑ and ∆↓ negative (positive) while

keeping ∆↑↑ and ∆↓↓ positive (negative). Apart from the repulsive interac-

tion regime, the separation conditions shown in the last section need to be

satisfied as well, which means:

χ↑ = χ↓,
ρ0,↑

m↑
=
ρ0,↓

m↓
. (5.52)

Here the polariton density ρ0,s equals to the photon density nsph in the

initial quantum light pulse. The effective charge and spin densities are the

sum and difference of the two-species polaritonic densities, which read as

ρcharge = ρ↑ + ρ↓, ρspin = ρ↑ − ρ↓ (5.53)

with ρs =
(
ρ0,s − 1

π
∇φs

)∑
m exp [i2m (πρ0,sz − φs)]. Keeping only the low-

est components with m = 0,±1, the charge and spin density operators in

the bosonic language can be represented as

ρcharge = ρ0 −
√

2

π
∂zφcharge

+2ρ0 cos
[
2kFz −

√
2φcharge

]
cos
√

2φspin, (5.54)

ρspin = −
√

2

π
∂zφspin + 2ρ0 sin

[
2kFz −

√
2φcharge

]
× sin

√
2φspin. (5.55)

Here the first term in ρcharge is the average density ρ0 = ρ0,↑ + ρ0,↓. In our

two-species photonic system, we set ρ0,↑ = ρ0,↓ = 1
2
ρ0 for each polarization

component. The second gradient term in ρcharge and ρspin are the density

oscillations with zero momentum. The third term in ρcharge and second term
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in ρspin are the density fluctuations of the 2kF components [88]. We label

γs as the ratio of the interaction to the kinetic energies for each polariton

species γs = msχs/ρ0,s. Combining the two separation conditions in Eq.

(5.52) together, one gets γ↑ = γ↓. For χ = χs and γ = γs, the velocities and

Luttinger parameters can be expressed as u = χ/
√
γ and K = π/

√
γ. As

also demonstrated for a similar system albeit with one quantum field [57], γ

here can also be tuned from zero to finite to extremely large, corresponding

to non-, weak- and strong-correlated regimes, which implies a wide tunable

range for u and K.

5.4.2 Spinon and Holon Velocities

In our case, we extract the charge and spin velocities by measuring the

Fourier transform of density-density correlations directly related to the

spectral function D(ω, q) for a specific momentum q. As derived from

a two-component system in Ref. [88], the expression of D(ω, q) is

D(ω, q) = −4πρ2
0(α/2)Kcharge+KspinΓ(1−Kcharge/2−Kspin/2)

Γ(Kcharge/2 +Kspin/2)

×|ω2 − u2
spinq

2|Kcharge/2+Kspin/2−1u
1−Kcharge−Kspin

spin

× exp[−iπ(
Kcharge +Kspin

2
− 1)Θ(ω2 − u2

spinq
2)]

×F1(
Kcharge

2
,
Kcharge +Kspin − 1

2
, 1− Kcharge +Kspin

2
,

Kcharge +Kspin

2
; 1−

u2
charge

u2
spin

, 1−
ω2 − u2

chargeq
2

ω2 − u2
spinq

2
), (5.56)

where Γ is the gamma function, Θ is the step function, and F1 is the

Appell’s hypergeometric function. Here, D(ω, q) depends on the velocity

ω/q and should exhibit two peaks centered around uchargeq and uspinq [2, 8,

38, 39]. In our system, probing of the spinon and holon branches can be

done by measuring the correlation function of densities of one field, say Ês,
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Figure 5.6: The Fourier transform of density-density correlation for our
polaritonic system exhibiting the characteristic splitting corresponding to
the two different propagation velocities for the photonic spinons and holons
as calculated in [2, 8, 38, 39] for effective spin and charge velocities of
ucharge = 1 and uspin = 0.5 in the unit of 2

√
2/5u which correspond to

Luttinger parameters Kcharge = 0.55 and Kspin = 1.1. The latter translate
in our case to optical intra and inter species interactions feasible at optical
depths of OD = 2000, with 10 photons in each pulse initially, and single
atom cooperativity for each atomic species of 0.4. A cut of the 3D plot at
quasimomentum q = 2 D(ω, 2) is plotted in Fig. 5.6(b) to show the dis-
tinct two peaks corresponding to the spin and charge velocities. The cross
density-density correlations are attainable via typical optical measurements
on the outgoing light pulses, which come from a coherent mapping of sub-
sequently released polaritons from one direction.
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for a specific momentum q. For a clear distinction between the two spin and

charge peaks, we should set our optical detectors around q = 2π/z0, i.e.,

z0 apart. To give an illustration of the expected behavior, D(ω, q) in the

unit of ρ2
0α is plotted in Fig. 5.6 with the intra- and inter-species repulsion

ratio χ↑↓/χ = 0.6, which in turn tunes the charge and spin velocities to

ucharge = 2uspin = u
√

1 + χ↑↓/χ = 2

√
2

5
u, (5.57)

and Luttinger parameters Kcharge = Kspin/2 =
√

5/2K/2 = 0.55.

To get a clear signature of the spin-charge separation, we choose

ucharge = 1, uspin = 0.5 and Kcharge = 0.55, Kspin = 1.1 via tuning u

and K wihch require γ ∼ 20. This can be achieved at optical depths

OD = 2000 and roughly N↑,↓ph = 10 photons initially in each pulse and

single-atom co-operativity of η = 0.4 [57, 89]. In calculating the optical

interaction parameters appearing in the Hamiltonian Eq. (5.51), we haven

take into account both the linear and nonlinear loss mechanisms, which

will define a maximum evolution time tmax for the process [22, 23, 24, 57].

In order to omit the noise terms and also be able to neglect the higher

order derivatives so that the system is within good approximation a po-

laritonic Luttinger liquid, the conditions nsph/n
s
z � |∆ss|/|Γ − 2i∆s| and

nsph/n
s
z � Γs1D/|2∆s + iΓ| should be satisfied, which in our case achieved

when the numbers of atoms are two or three orders of magnitude larger

than the numbers of photons.
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Chapter 6

Simulating Interacting

Relativistic Quantum Field

Theories with Photons

6.1 Thirring Model

In quantum field theory, one of the most well known relativistic field the-

oretic models is the Thirring model [90]. Its realization can demonstrate

the famous renormalization of mass due to interactions. It is the simplest

relativistic quantum field theory that can describe the self interaction of a

Dirac field in 1+1 dimension [90]. As a theory description it can be found

in the modelling of phenomena ranging from low-energy quantum chromo-

dynamics (QCD) to 1D electron-phonon systems. Various techniques have

been developed to predict its correlation function behavior with conclusive

results only for the massless case [91, 92, 93, 94]. For the opposite case of

fermions with mass, approximations involving the Bethe ansatz have been

developed for the n-point correlations whereas a full analytical solution

still evades the efforts of seminal theoretical physicists [95, 96, 97, 98]. The

bosonic case on the other hand, remains mostly intractable as most of the

common renormalization approaches fail.

The possibility to simulate the Thirring model dynamics in a different
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controllable quantum system is thus extremely interesting. An ideal quan-

tum simulation should be capable of reproducing on demand the bosonic or

the fermionic cases with tunable interactions and mass terms. In addition,

direct access to the correlation function behavior is an advantage. Such

a system would not only shed light on intractable aspects of the Thirring

model itself, but motivate works for probing the behavior of other rela-

tivistic quantum field theories which are beyond the realm of numerical

and experimental techniques. In this Chapter, we employ a 1D nonlinear

waveguide with a cold atomic gas to show that both the bosonic Thirring

Model and effective fermionic Thirring Model are realizable in the form of

dark-state polaritons. Here polarized photons are mimicking the behav-

ior of the relativistic fermions where the interactions and the mass terms

are generated and controlled using quantum slow-light techniques. The

bosonic Thirring model and effective fermionic Thirring model correspond

to zero and strong interspecies interactions between polaritons, respectively,

which are tunable by controlling one-photon detunings and laser intensity

strengths. Similarly the mass can tuned from zero to some finite values,

which makes the simulation of both massless and massive cases of the

Thirring model possible. The relativistic dynamics (linear dispersion) and

the necessary strong interactions are generated and also tunable by employ-

ing EIT techniques [22, 24, 58]. Our optical setup is a natural continuum

system, and it has the ability to reproduce the continuous Thirring model

directly without resorting to a lattice approach. After achieving the de-

sired phase, the relevant scaling of the correlation functions of the Thirring

model, for any regime of interactions, could be simply probed by analyzing

the quantum optical coherence functions of the outgoing photons as they

exit the medium.
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We start our analysis by showing the possibility of generating a nonlin-

ear Dirac type of Hamiltonian using stationary polarized pulses of light. We

then analyze the parameter regime to tune the system to a hardcore regime

reproducing the fermionic Thirring model dynamics and continue by show-

ing that both the massless and massive cases are reproducible. We conclude

by discussing how one could probe the scaling of correlation functions for

any regime of interactions and mass values using standard quantum optical

measurements. In the last part of this Chapter, we calculate analytically

for demostration purposes the correlation function behavior for the case

of the fermionic Thirring model where a solution is known. This could be

used to gauge or first test of our simulator before it is used in the unknown

territory of theories without known solutions.

6.2 Photons for Interacting Fermions

As in previous Chapters, we envisage the use of a highly nonlinear waveg-

uide where cold atomic ensembles are brought close to the surface of a

tapered fiber [26, 32] or are loaded inside the core of a hollow-core waveg-

uide [30] as shown in Fig. 6.1(a). We start by assuming two probe quantum

fields of few photons each, labeled as Es,s′ and tuned to propagate in the

medium. The labels s, s′ =↑, ↓ denote the different polarizations (later to

be representing the spins of the simulated relativistic particles). The waveg-

uide can also be illuminated by two pairs of counter-propagating control

lasers with Rabi-frequencies Ωs,± with ± denoting right- and left-moving

directions. As shown in the atomic level structure in Fig. 6.1(a), the atoms

placed inside or close to the surface of the waveguide (depends on the im-

plementation) have a ground state |a〉 and excited states |b, s〉 as well as

metastable states |c, s〉 mediating the transition between photonic excita-

87



Chapter 6. Simulating Interacting Relativistic Quantum Field
Theories with Photons

tions and atomic excitations and |d, s, s′〉 mediating interaction between

excitations. Here |d, ↑, ↓〉 and |d, ↓, ↑〉 denotes the same atomic level. The

classical fields are driving the transition |c, s〉 ↔ |b, s〉 and the probe fields

Es,± are driving the states |a〉 and |c, s〉 with certain detunings. Each of

the probe pulses is paired with an appropriate classical field and are tuned

to atomic transitions such that a typical Λ (EIT) configuration is set up,

as discussed in Chapter 2. The process to generate the Thirring model

dynamics in our photonic system consists of three basic steps: loading the

pulse, controlled evolution under the Thirring dynamics and readout of the

final photonic state, each of which is similar to the process described in

Chapter 5, except that the evolution is driven by different models.

6.3 Nonlinear Dynamics of Relativistic Sta-

tionary Polaritons

The Hamiltonian of the system reads H = −
∫
nzdz(H∆ +HQ +HC), where

H∆ =
∑
s

∆sσb,s;b,s +
∑
s,s′

∆ss′σd,s,s′;d,s,s′ , (6.1)

HQ =
∑
s

(gsσb,s;a +
∑
s′

gss′σd,s,s′;c,s)Es + h.c., (6.2)

HC =
∑
s

σc,s;b,sΩs + Ω0σc,↑;c,↓ + h.c.. (6.3)

The labels in the Hamiltonian are the same as the ones defined in Eq.

(5.46) in Chapter 5. As in the usual slow-light propagation [22, 23, 24], we

consider that atoms are initialized in the ground state |a〉. In the trapped

regime the dark-state polaritons emerge in the form Ψs,+ =
√
nzgEs,+/Ωs,+

and Ψs,− =
√
nzgEs,−/Ωs,−, which are also propagating in both direc-

tions. Here, we have considered the slow-light limit where the control
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Figure 6.1: Model setup. The quantum pulses Ê↑,± and Ê↓,± enter the non-
linear waveguide with different polarizations where they are trapped and
made to strongly interact with nearby atoms. Ω↑,± and Ω↓,± are two pairs
of classical lasers helping to trap and control the pulses. One could assume
Rubidium atoms and drive the transitions for hyperfine levels of S1/2 and
P3/2. The states |c, ↑〉 and |c, ↓〉 are effectively coupled by a Raman tran-
sitions with its effective Rabi frequency Ω0. In this regime, the polarized
pulse can be made to mimic interacting fermions of opposite spins follow-
ing the Thirring model dynamics. The scheme is based on engineering the
photons’ interaction with atoms. The appropriate relativistic dispersion
relationship and the relevant Thirring model mass and strongly interacting
regime can be reached.
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fields are tuned to be very weak and the polaritons are mostly spin ex-

citations (please see Appendix C for more details of polariton defini-

tions and nonlinear evolution equation derivations). The imbalance be-

tween two counter-propagating components of control fields is described

by tan2 ϕs = Ω2
s,−/Ω

2
s,+. Another angular parameter is introduced as

tan2 θs = g2nz/Ω
2

s with Ω
2

s = (Ω2
s,+ + Ω2

s,−)/2. The reduced light veloc-

ity in the nonlinear medium is vs = v/(π tan2 θs), where v = ωQ,s/kQ,s is

the light speed in the empty medium. The dark-state polaritons dynamics

is determined by the Maxwell-Bloch equations of quantum filed

(∂t ± v∂z)Es,± = inzg(σa;b,s;± +
∑
s′

σc,s;d,s,s′;±). (6.4)

Substituting the dark-state operators Ψs,± and adiabatically eliminating

the fast decaying atomic operators and ignoring high-frequency oscillation

terms as shown in Appendix C, the Maxwell-Bloch equations then become

∂tΨs + v∂z(αs,+Ψs − αs,−Ψs + 2αs,+αs,−As)

' −tan2 θs
2

∂tΨs + i
tan2 θs

2
Ω0Ψ_

s − i
2g2

∆ss

Ψ†sΨsΨs

−i g
2

∆s
_
s

[2 + cos(ϕ_
s − ϕs)]Ψ†_sΨ_

sΨs, (6.5)

∂tAs + v∂z(2Ψs + αs,−As − αs,+As)

' −inzg
2

∆s

As −
ig2

∆ss

Ψ†sΨsAs −
ig2

∆s
_
s

Ψ†_
s
Ψ_
sAs

−
ig2Ω_

s,+

∆s
_
sΩs,+

Ψ†_
s
ΨsA_

s . (6.6)

Here s,
_
s =↑, ↓ and s 6= _

s. We keep the symmetric combination Ψs =

αs,+Ψs,+ + αs,−Ψs,− with αs,± =
Ω2
s,±

Ω2
s,++Ω2

s,−
, while the antisymmetric com-

bination As proportional to Ψs,+−Ψs,− can be adiabatically eliminated in

the limit of large optical depth, since the pulse matching phenomenon gives
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Ψs,+ −Ψs,− → 0 [43, 57].

The evolution equations for dark-state polaritons then become

i∂tΨs = − 1

2mnr,s

∂2
zΨs + iηs∂zΨs + Ω0Ψ_

s

+χssΨ
†
sΨ

2
s + χs

_
sΨ
†
_
s
Ψ_
sΨs + noise, (6.7)

where the optically tunable inter- and intra- species interactions are given

by

χss = 4Ω
2

s/(∆ssnz), (6.8)

χs
_
s = 2Ω

2

s[2 + cos(ϕ_
s − ϕs)]/(∆s

_
snz), (6.9)

and mnr,s = −Ω
2

s/[4 sin2(2ϕs)v
2
s∆s] is the polariton mass. The mass of the

particles in the relativistic regime is m0,s = −Ω0/η
2
s , which is different from

the non-relativistic polariton mass mnr,s, and ηs = −2vs cos 2ϕs. We would

like to note that both these are different from the “dressed” mass due to

the interactions.

6.4 Thirring Model with Stationary Pulses of

Light

We now show that we can tune our system such that the first term on the

r.h.s. of the Eq. (6.7), the quadratic term in momentum kinetic energy

term to be much smaller than the linear relativistic one (second term).

For this we first set η↑ = −η↓ = η and simplify the resulting expressions.

This is possible by tuning θ↑ = θ↓ through the slow light velocities for each

species v↑ = v↓ and cos 2ϕ↑ = − cos 2ϕ↓. These correspond to different

ratio Rabi frequencies of the classical lasers Ω2
s,+ and Ω2

s,− set by tan2 ϕs.
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The non-relativistic kinetic energy reads

Enr,s = (Ps)
2/(2mnr,s) = 2 sin2(2ϕs)v

2
s |∆s|/[Ω2

s(zs)
2] (6.10)

and corresponds to the first quadratic dispersion relation term above. The

relativistic one (second term in r.h.s. of Eq. (6.7)) is Er,s = |ηs|Ps. The

momentum can be approximated as Ps ∼ 1/zs where zs is the spatial extent

of polariton. The latter ranges from L to L/Nph,s ( weak or linear to Tonks

gas regime) with Nph,s the s-type photon number. Setting their ratio to

βk
s , we can easily see that it is simple a tunable function of one-photon

detuning:

βk
s =

Enr,s

Er,s

=
sin2(2ϕs)vs|∆s|
| cos 2ϕs|zsΩ2

s

, (6.11)

Fixing the mixing angle | cos 2ϕs| = 0.004, the atomic and photonic

densities nph,s = nph = 103m−1, the cooperativity factor Γ1D = 0.2Γ,

vs = 100m/s and Ωs ' 1.5Γ [57]; we see that the ratio can be vanish-

ing for ∆s ' 0, which allows us to neglect the contribution of Enr,s. The

nonlinear equation then becomes the bosonic Thirring model:

H =

∫
dz[−i|η|γ1∂z +m0η

2)Ψ

+
∑
s

χss
2

Ψ†sΨ
†
sΨsΨs +

χ

2

_
ΨγµΨ

_
ΨγµΨ], (6.12)

where
_
Ψ= Ψ†γ0 and Ψ = (Ψ↑,Ψ↓)

T with the spinor fields satisfying the

commutation relations

[Ψs(z),Ψs′(z
′)] = 0, (6.13)

[Ψs(z),Ψ†s′(z
′)] = δ(z − z′)δss′ . (6.14)
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The gamma matrices γµ for µ = 0, 1 are chosen as γ0 = σx, γ1 = iσy with

covariant gamma matrices γ0 = γ0, γ1 = −γ1, and an additional matrix

γ5 = γ0γ1. We have also set m0 = m0,↑ = m0,↓, which is achievable by

tuning η↑ = −η↓. Furthermore we can also have mnr = mnr,↑ = mnr,↓

and χ = 2χ↑↓ = 2χ↑↓ by appropriately tuning the single and two photon

detunings.

In order to realize the fermionic Thirring model, we tune the system

to the hardcore regime where the same species interaction is much larger

than all other interaction terms. In our case, the intra-species interaction

strength is given by χss, while the inter-species interaction strength is χs_s .

We again define the ratios βi
ss and βi

s
_
s
of intra- and inter-species interaction

|χss|nsph and |χs_s |nsph to the kinetic energy Es
k as

βi
ss =

|χss|nsph

Es
k

=
vsn

s
ph

Es
k

Γ1D

|∆ss|
(6.15)

and

βi
s
_
s

=
|χs_s |nsph

Es
k

=
[2 + cos(ϕ_

s − ϕs)]vsnsph

2Es
k

Γ1D

|∆s
_
s |
. (6.16)

In Fig. 6.2(a), we calculate and plot the ratio of their strentgh as a function

of the controlable single-photon detunings. We see that by appropriate tun-

ing from the corresponding upper atomic states (tuning the laser towards or

away from the corresponding states), the system enters a hardcore regime

where the same species interaction is much larger than any other term in

the Hamiltonian. The particles then behave as effective fermions in all

aspects (similar density-density correlations but different first-order corre-

lations due to the sign issue [38, 99]). For this regime, we also calculate and

plot the individual interaction strengths βi
ss and βi

s
_
s
for the same values

of the tunable optical detunings as shown in Fig. 6.2(b) and (c). We see
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that when the system is optically tuned to the hardcore regime, the intra-

species repulsion is much larger not only than the inter-species interaction

as shown in Fig. 6.2(a) but the kinetic energy as well as shown in Fig.

6.2(b) and (c). In plotting we have set m0 = 0 with Ω0 turned off and a

finite m0 with Ω0 = 1000Hz. In this calculation we assumed zsp = 1/nsph,

where other values of zsp will lead to larger βi
ss and βi

s
_
s
. We note here the

simple way of tuning the rest mass of the particles by simply controlling

the “connecting” laser.

The losses mainly due to the spontaneous emission from the atomic

upper levels can be estimated by adding the imaginary parts as

−→χ ss = 8Ω
2

s/[nz(2|∆ss|+ iΓ)] (6.17)

and

−→χ s
_
s = 4Ω

2

s(2 + cosϕ_
s cosϕs + sinϕ_

s sinϕs)/[nz(2∆s
_
s + iΓ)], (6.18)

which lead to the total loss rate κtotal = κss + κs
_
s with

κss = nsphΩ
2

sΓ/(nz∆
2
ss) (6.19)

and

κs
_
s = (2 + cosϕ_

s cosϕs + sinϕ_
s sinϕs)n

s
phΩ

2

sΓ/(nz∆
2
s
_
s
). (6.20)

The coherence time 1/κtotal is around 1ms for Ωs ' ∆ss′ ' Γ = 20MHz.
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Figure 6.2: The ratio of inter- to intra-species repulsion as a function
of the relevant single-photon detunings and the relevant "Bosonic" and
"Fermionic" regimes in (a) and a ratio of intra- and inter-species interac-
tions to kinetic energy as a function of the corresponding single-photon
detunings in (b) and (c). The strong intra-species repulsion compared with
the inter-species interaction and the kinetic energy pushes the system from
the bosonic Thirring model regime going into the fermionic Thirring model
regime.

95



Chapter 6. Simulating Interacting Relativistic Quantum Field
Theories with Photons

6.5 Correlation Scaling

In the following, we describe how one could probe the scaling behavior

of the correlation function and from that infer the model’s properties and

the fascinating renormalization of mass due to the interactions. We use

the case of the fermionic Thirring model as an example to illustrate our

approach. In this case the spectrum of the model and the scattering matrix

was explicitly evaluated by the Bethe Ansatz [91] and is known but it

could serve as a testing of our quantum simulator in the real but “known”

world before moving to “unknown” cases - the bosonic Thirring model or

other interacting relativistic theories. We note here that to our knowledge

although the integrability of bosonic Thirring model has been investigated

in several works connected with the NSE [100] and the sine-Gordon (sG)

model [101], evaluating its correlation functions is hardly resolved.

Unlike the bosonic Thirring model, the theory of correlation functions

in fermionic Thirring model is well developed. For the massless fermionic

Thirring model case, the long-scaled n-point correlation as a function of

the distance z− z′ and interaction strength χ/|η| is calculated by Coleman

in [102] and reads:

〈0|
n∏
i=1

Ψ†↑(zi)Ψ↓(zi)Ψ
†
↓(z
′
i)Ψ↑(z

′
i)|0〉

= (
1

2
)2n

Λ2
∏

i>j[(zi − zj)2(z′i − z′j)2M4][1+ χ
π|η| ]

−1∏
i,j[Λ

2(zi − z′j)2][1+ χ
π|η| ]

−1 ,

(6.21)

One can extract the two-point correlation with n = 1 which in our case
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Figure 6.3: The momentum cutoff Λ in unit of πnph in (a) and the log-
scaled two-point correlations of the massless fermionic Thirring model in
(b). As the distances z − z′ increases, the correlations decrease in (b).
Here each initial quantum pulse contains 10 photons and spreads over after
completely entering into 1cm-length fiber.

corresponds to a two-point correlation function on the exiting light pulses:

〈0|Ψ†↑(z1)Ψ↓(z1)Ψ†↓(z
′
1)Ψ↑(z

′
1)|0〉 =

Λ2

4
[Λ2(z1 − z′1)2]−[1+ χ

π|η| ]
−1

. (6.22)

Here Λ is the momentum cutoff, which we can estimate for our finite size

waveguide of length L containing Nph interacting particles, to be Λ =

πnph sin(χ/|η|)/(χ/|η|), where nph = Nph/L [103]. In Fig. 6.3(a) we plot

the dependence of the cutoff on the ratio of interactions to kinetic energy

for the regime 0 < χ/|η| < π, where modes with unphysically high energy

can be excluded. The latter corresponds to single-photon detuning ∆ss′

ranging up to a few Γ which is within the required conditions for our slow-

light setup dynamics [22, 58].

In Fig. 6.3(b), we numerically calculate and plot the log scale of two-

point correlation C = log10〈Ψ†↑(z1)Ψ↓(z1)Ψ†↓(z
′
1)Ψ↑(z

′
1)〉 as expressed in Eq.

(6.22) as a function of the distance normalized to the inverse of the photonic

density for maximum interactions. In these plots, as also in the previous one
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in Fig. 6.2, we have assumed the typical values of the optical parameters

for the slow-light setup, i.e. | cos 2ϕs| = 0.004, nz = 107m−1, Γ1D = 0.2Γ,

and Ωs ' 1.5Γ.

Defining the densities ρx,± = Ψ†x,±Ψx,± and ρy,± = Ψ†y,±Ψy,± with

Ψx,± = (Ψ↑ ±Ψ↓)/
√

2 and Ψy,± = (Ψ↑ ∓ iΨ↓)/
√

2, where

Ψ†↑Ψ↓ = [(ρx,+ − ρx,−) + i(ρy,+ − ρy,−)]/2, (6.23)

Ψ†↓Ψ↑ = [(ρx,+ − ρx,−)− i(ρy,+ − ρy,−)]/2. (6.24)

Therefore, the above mentioned two-point correlation becomes density-

density correlation functions. On the other hand, it is in fact an effective

longitudinal spin-spin correlation function as 〈S+(z)S−(z′)〉, with effective

spin operators S+(zi) = Ψ†↑(zi)Ψ↓(zi) and S−(zi) = Ψ†↓(zi)Ψ↑(zi). We can

probe this by measuring correlations between the two polaritons species

densities ρx,± and ρy,±. To detect the correlations in ρ±, we would use

polarization wave plates to convert Ψs into their superpositions Ψ±. In an

experiment, one can release and map the polaritons to photons by turning

off Ωs,−, and then use polarization wave plates to convert Ψs into their su-

perpositions Ψx,± and Ψy,±. The measuring of the spatial correlations in the

photonic densities ρx,± and ρy,± can be done by using standard Handbury

Brown and Twiss type of techniques for different times as the pulses exit

the medium, where the time correlations here map to space, as the pulses

are propagating out of the waveguide with some known group velocity.
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Conclusions and Outlook

We have shown that stationary light-matter excitations formed in nonlinear

waveguides can be used to simulate many-body physics. One of the many

diverse mechanisms to generate slow light is the EIT effect [21], where

the photons of a probe field can be coherently transformed into the so-

called dark-state polaritons, and stored in the medium for a length of time

[22, 23, 24]. The photons can be coherently transformed back again by

switching the control beam adiabatically. During the trapping, the photons

can be tuned to exhibit different phases by controlling the detunings, the

classical laser strengths, the atomic and photonic numbers with current or

near future optical technologies.

In our works based on slow-light-EIT quantum simulators, we have used

photons to mimic phenomena predicted for material particles. We start

from Chapter 3 with a system consisting of one-type quantum field. By

applying a microwave field, we have imposed an effective lattice potential on

the strongly interacting polaritonic gas [33]. This opens the possibility of a

large number of Hamiltonians to be simulated with photons. As examples,

we have studied the simulations of sG and BH models. Contrast to the

weakly interacting superfluids in a periodic potential studied in the BH

phase transition, an arbitrarily weak optical lattice is capable of driving

a pinning transition in a strongly interacting sG system from a photonic

superfluid Luttinger liquid to an insulating state. The whole phase diagram
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of the MI to SF transitions for both models have been reproduced in our

scheme. We have also analyzed the available tunability of the quantum

optical parameters for the observation of the strongly correlated phases.

The latter is possible by releasing the trapped polaritons and measuring

the characteristic correlations on the emitted photons.

Going beyond the single-species polaritonic systems, in Chapter 4, we

drive the state of an effective two-component polaritonic system smoothly

from a SF phase of BCS type (where the attraction is arbitrarily weak)

to a BEC regime (where the attraction is arbitrarily strong) by tuning

appropriately the optical parameters [34]. Therefore, we see that the BCS

theory is intimately connected to a BEC regime, where the Cooper pairs

are formed and statistically driven to a Bose condensate. Furthermore, a

new strongly localized bosonic phase appears as the intra-species attraction

is increased. This phase is termed by BB with almost all the bosonic

molecules occupying the same site. Our work is motivated by the reason

that the BCS-BEC-BB crossover is most directly seen in the behavior of

their correlations, which are easy to detect in our photonic simulators.

The resulting strongly correlated two-component polaritons can also be

used to mimic the spin-charge separation. As shown in Chapter 5, we have

proposed two schemes to simulate the two-component Lieb-Liniger model

and the spin-charge separation. We utilize two types of four-level atoms

to interact with two differently colored quantum beams, or we simplify the

system by employing one types of multi-level atoms to interact with two

oppositely circularly polarized quantum lights. In both schemes, the spin-

charge separation, which is an unusual behavior of fermions, is observable

from two splitting peaks in the plot of the Fourier transformation of density-

density correlation [35, 36]. The two peaks represent the spin and charge
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waves, with the spin and charge densities being the difference and sum

between two polaritonic densities. The spin-charge separation has not been

directly observed in experiments, and our proposal provides a possible way

to observe it directly.

In Chapter 6, we show that by utilizing one-species multi-level atoms

and two oppositely circularly polarized quantum lights [37], the bosonic

Thirring model and effective fermionic Thirring model, as well as the mass-

less and massive Thirring model, can be simulated in our system by control-

ling laser intensity strengths and one-photon detunings. The relevant scal-

ings of the correlation functions, for any regime of interactions, have been

analyzed and can be detected by standard quantum optical techniques.

Significant advances in quantum optical simulators have opened up

a new eva of studying many-body quantum systems. Recent theoreti-

cal proposals and experimental tests have demonstrated synthetic mag-

netic fields for neutral atoms by engineering the microscopic parame-

ters of the system. To list some of these excellent works as examples:

[104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114]. In a recent work, we

have proposed a scheme to generate non-uniformly distributed Abelian and

non-Abelian gauge fields for neutral atoms in ring and square lattices [115].

By exploiting Laguerre-Gauss-Laser assisted tunnelings, the dynamics of

cold atoms can be made to resemble the Aharonov-Bohm effect of elec-

trons, where the atoms tunnel quantum mechanically around an effective

ideal solenoid. In future, by considering a combination of the ring-shaped

trapping potential and the effective magnetic field generated in our scheme,

we may create a space-time crystal for cold atoms with periodic structures

in both space and time dimensions [116, 117, 118].

Synthetic gauge fields have also been demonstrated for dark-state po-
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laritons [119, 120, 121, 122, 123]. This provides the possibilities to emu-

late electronic topological states, design topologically non-trivial photonic

states, study relativistic quantum random walks, and form quantum sim-

ulators to mimic fundamental complex Hamiltonians. The quantum mag-

netism in strongly correlated quantum systems still holds many secrets.

Further progress may require more challenging controls over the system

parameters, and we would like to explore this direction.

In solid state physics, coupling of a spin system to bosonic and fermionic

modes is one of the fundamental building blocks. When we insert a mag-

netic impurity in a polaritonic gas, where the polaritons are initially present

on both sides of the impurity, we can expect to observe the Kondo effect

for polaritons in this system [124]. Another way to break our discussed

periodic polaritonic systems is to add a further potential with incommen-

surate lattice spacing. This will allow the realization of a pseudo random

potential, and may lead to the study of disordered systems and appearance

of a Bose glass phase or Anderson localization.

For a BH model, negative temperature states have been proposed in

cold atoms [125]. The negative temperature enable the investigation of

Mott transition, the renormalization of parameters, and the study of color

superfluidity and trion formation. In our polaritonic systems, wide tun-

abilities over parameters allow us to bridge a transition between positive

and negative temperatures by driving the replusively interacting polaritons

into a deep Mott insulating regime, switching the interaction strength and

the lattice depth to negative values, and finally melting the Mott insulator

by reducing the interaction strength [125]. Another possible application is

that for two polaritonic ensembles, we can establish an effective Josephson

junction by coupling the two polaritonic states by a Raman transition laser,
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which may allow us to investigate a dynamical process of the fusing of two

polaritonic ensembles and the cooling down of their relative phase [126].

Finally, a question arises as to what extent these simulations and the

underlying physics can be adapted to provide a new perspective in the field

of quantum computing and communications. The controlled manipulation

of entanglement provides the basis of these applications, and we can study

the possibilities of realizing fundamental quantum gates and creating large

scale entanglement by methods like, e.g., bringing polaritons on different

sites into contact.
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Appendix A

Derivation of Nonlinear

Evolution Equation for

Single-Species Photons

A.1 Atomic Operators

We start with the Hamiltonian

H = −
∫
nzdz{δσcc + ∆0σbb + ∆pσdd

+[
√

2π(gbaσba + gdcσdc)(Ê+e
ikQz + Ê−e

−ikQz)

+(Ω+e
ikCz + Ω−e

−ikCz)σbc + h.c.]}, (A.1)

which describes the quantum pulses Ê± and control lasers Ω± propagating

along left- and right- directions in a medium with single-type atoms.

With this Hamiltonian, the Maxwell-Bloch equation, which governs the
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evolution of the quantum light, can be written as

(
1

v

∂

∂t
± ∂

∂z
)Ê±(z, t)

= −i∆ωÊ±(z, t) +
√

2πi
nz
v

(gbaσab,±(z, t) + gdcσcd,±(z, t)), (A.2)

and the evolution of atomic operator σab is given by

∂tσab = i[H, σab]

= −i[−∆0σab +
√

2πgba(σbb − σaa)(Ê+e
ikCz + Ê−e

−ikCz)

−(Ω+e
ikCz + Ω−e

−ikCz)σac]. (A.3)

With the assumptions of

σaa ' 1, σbb ' 0, (A.4)

which means that the atoms are prepared in state |a〉 at the initial time

and the occupations to the excited states are small in the whole process,

we have

∂tσab = i∆0σab +
√

2πigba(Ê+e
ikCz + Ê−e

−ikCz) + i(Ω+e
ikCz + Ω−e

−ikCz)σac.

(A.5)

For the slowly varying operators

σab = eikCzσab,+ + e−ikCzσab,−, (A.6)

we have a simplicit expression for the evolution of σab as

∂tσab,± = i∆0σab,± +
√

2πigbaÊ± + iΩ±σac, (A.7)
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which is without the presence of phase terms e±ikCz.

As σac appears in the r.h.s. of the above evolution equation, next we

write down the evolution equation for σac similarly

∂tσac = i[H, σac]

= iδσcc −
√

2πigbaσbc(Ê+e
ikCz + Ê−e

−ikCz)

+
√

2πigdc(Ê
†
+e
−ikCz + Ê†−e

ikCz)σad

+i(Ω†+e
−ikCz + Ω†−e

ikCz)σab. (A.8)

In the evolution process of the dark-state polaritons, the excitations to state

|b〉 is negligible due to a destructive interference effect of two excitation

paths (the EIT effect). This gives us σbc ' 0 and

∂tσac = iδσac +
√

2πigdcÊ
†
+σad,+ +

√
2πigdcÊ

†
−σad,−

+iΩ†+σab,+ + iΩ†−σab,− (A.9)

with

σad = eikCzσad,+ + e−ikCzσad,− (A.10)

and

σab = eikCzσab,+ + e−ikCzσab,−. (A.11)

Eq. (A.9) implies that to obtain the expression for σac, we need to solve
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σad first. From the evolution equation of σad

∂tσad = i[H, σad]

= i∆pσad −
√

2πi(gbaσbd − gdcσac)(Ê+e
ikCz + Ê−e

−ikCz)

≈ i∆pσad +
√

2πigdcσac(Ê+e
ikCz + Ê−e

−ikCz), (A.12)

we straightforwardly write down the equation

∂tσad,± = i∆pσad,± +
√

2πigdcσacÊ±. (A.13)

To solve the Maxwell-Bloch Eq. (A.2), we also need to know the ex-

pression for σcd. Similarly from the evolution equation of σcd

∂tσcd = i[H, σcd]

= −iδσcd + i∆pσcd +
√

2πigdc(σcc − σdd)(Ê+e
ikCz + Ê−e

−ikCz)

−i(Ω+e
ikCz + Ω−e

−ikCz)σbd

≈ i(∆p − δ)σcd −
√

2πigdcσcc(Ê+e
ikCz + Ê−e

−ikCz), (A.14)

we have

∂tσcd,± = i(∆p − δ)σcd,± +
√

2πigdcσccÊ±. (A.15)

The assumptions that σab, σad and σcd as slowly varing operators, i.e.,

∂tσab ' 0, ∂tσad ' 0, ∂tσcd ' 0,
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give us their expressions as

σab,± = −
√

2πgba
∆0

Ê± −
Ω±
∆0

σac, (A.16)

σad,± = −
√

2πgdcσacÊ±
∆p

, (A.17)

σcd,± = −
√

2πgdcσccÊ±
∆p − δ

. (A.18)

In Eq. (A.9), ∂tσac equals to a mixing part of σab, σad, and σcd. Then with

Eqs. (A.16), (A.17), and (A.18), we have

∂tσac =
i(δ∆0 − Ω2

0)

∆0

σac −
√

2πigba
∆0

(Ω†+Ê+ + Ω†−Ê−)

−2πig2
dc

∆p

(Ê†+σacÊ+ + Ê†−σacÊ−). (A.19)

Here Ω2
0 = |Ω+|2 + |Ω−|2. With ∂2

t σac = 0 and

∂tσac =

√
2πgba(Ω

†
+∂tÊ+ + Ω†−∂tÊ−)

(δ∆0 − Ω2
0)

, (A.20)

the atomic operator σac is given by

σac = −
√

2πi
gba∆0(Ω†+∂tÊ+ + Ω†−∂tÊ−)

(δ∆0 − Ω2
0)2

+

√
2πgba(Ω

†
+Ê+ + Ω†−Ê−)

δ∆0 − Ω2
0

+
2πg2

dc∆0

∆p(δ∆0 − Ω2
0)

(Ê†+σacÊ+ + Ê†−σacÊ−). (A.21)

In our scheme, we focus on the regime δ∆0 � Ω2
0, which indicates that the

first and third terms in the r.h.s. of Eq. (A.21) are much smaller than the

second term. Therefore, we substitute the second term into the r.h.s. of
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Eq. (A.21) and we have

σac = −
√

2πi
gba∆0(Ω†+∂tÊ+ + Ω†−∂tÊ−)

(δ∆0 − Ω2
0)2

+

√
2πgba(Ω

†
+Ê+ + Ω†−Ê−)

δ∆0 − Ω2
0

+
2π
√

2πgba∆0g
2
dc

∆p(δ∆0 − Ω2
0)2

(Ê†+Ê+ + Ê†−Ê−)(Ω†+Ê+ + Ω†−Ê−). (A.22)

Consequently, with the expression for σac, we can write down the expres-

sions for σab and σcd as

σab,± = −
√

2πgba
∆0

Ê± +
√

2πi
gbaΩ±(Ω†+∂tÊ+ + Ω†−∂tÊ−)

(δ∆0 − Ω2
0)2

−
√

2πgbaΩ±(Ω†+Ê+ + Ω†−Ê−)

∆0(δ∆0 − Ω2
0)

−2π
√

2πgbag
2
dcΩ±

∆p(δ∆0 − Ω2
0)2

(Ê†+Ê+ + Ê†−Ê−)(Ω†+Ê+ + Ω†−Ê−)(A.23)

and

σcd,± = −2π
√

2πg2
bagdc(Ω+Ê

†
+ + Ω−Ê

†
−)(Ω†+Ê+ + Ω†−Ê−)Ê±

(∆p − δ)(δ∆0 − Ω2
0)2

. (A.24)

A.2 Quantum Light Evolution

We define the polaritonic operator in the usual slow-light way:

Ψ± = cos θÊ± − sin θ
√

2πnzσca,

cos θ =
Ω±√

Ω2
± + 2πg2

banz
,

sin θ =
gba
√

2πnz√
Ω2
± + 2πg2

banz
. (A.25)

By taking the limit sin θ ' 1 which means that the excitations are mostly

in the spin-wave form, we get a simplicit expression for the polaritonic
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operator

Ψ± = gba
√

2πnzÊ±/Ω±. (A.26)

From the Maxwell-Bloch equation (A.2) and the expressions for σab and

σcd, we know the evolution equation for polaritons as

(
1

v

∂

∂t
± ∂

∂z
)Ψ± = −i∆ωΨ± −

2πig2
banz

v∆0

Ψ±

−2πg2
banzΩ

2(∂tΨ+ + ∂tΨ−)

v(δ∆0 − 2Ω2)2
− 2πig2

banzΩ
2(Ψ+ + Ψ−)

v∆0(δ∆0 − 2Ω2)

−2πig2
dcΩ

4(Ψ†+Ψ+ + Ψ†−Ψ−)(Ψ+ + Ψ−)

v∆p(δ∆0 − 2Ω2)2

−2πig2
dcΩ

4(Ψ†+ + Ψ†−)(Ψ+ + Ψ−)Ψ±
v(∆p − δ)(δ∆0 − 2Ω2)2

. (A.27)

For a symmetric combination Ψ and an anti-symmetric combination A of

Ψ+ and Ψ−:

Ψ =
Ψ+ + Ψ−

2
, A =

Ψ+ −Ψ−
2

, (A.28)

their evolutions are determined by

1

v

∂

∂t
Ψ +

∂

∂z
A

= −i∆ωΨ− 2πig2
banz

v∆0

Ψ− 4πg2
banzΩ

2∂tΨ

v(δ∆0 − 2Ω2)2
− 4πig2

banzΩ
2Ψ

v∆0(δ∆0 − 2Ω2)

−8πig2
dcΩ

4(Ψ†Ψ + A†A)Ψ

v∆p(δ∆0 − 2Ω2)2
− 8πig2

dcΩ
4Ψ†ΨΨ

v(∆p − δ)(δ∆0 − 2Ω2)2
, (A.29)

1

v

∂

∂t
A+

∂

∂z
Ψ = −i∆ωA− 2πig2

banz
v∆0

A− 8πig2
dcΩ

4Ψ†ΨA

v(∆p − δ)(δ∆0 − 2Ω2)2
. (A.30)

For the stationary polaritons, the phase matching mechanism allows us to

adiabatically eliminate A, leading to the result

A ≈ iv∆0

v∆ω∆0 + 2πg2
banz

∂zΨ (A.31)
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from Eq. (A.30) and consequently a nonlinear evolution equation for Ψ

i∂tΨ = vg(∆ω +
2πδg2

banz
v(δ∆0 − 2Ω2)

)Ψ +
vvg∆0

v∆ω∆0 + 2πg2
banz

∂2
zΨ

+
8πg2

dcvgΩ
4(2∆p − δ)

v(δ∆0 − 2Ω2)2∆p(∆p − δ)
Ψ†Ψ2 + noise (A.32)

from Eq. (A.29). Here the group velocity of light in the nonlinear medium

is given by vg ' (vΩ2)/(πg2
banz). Since the typical value of vg in a slow-

light regime is around several tens to hundreds meters per second, we have

employed the approximation v + vg ' v to simplify the expression in Eq.

(A.32).
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Derivation of Nonlinear

Evolution Equation for

Two-Species Photons with

Different Frequencies

B.1 Atomic Operators

In the Schrödinger picture, the Hamiltonian describing transitions of two-

species four-level atoms driven by two pairs of quantum pulses with different

frequencies and two pairs of control beams is H = H↑+H↓, where for each
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species s =↑, ↓, the Hamiltonian is

Hs = −~nsz
∫
dz{−(ωcc,s + δs)σc,s;c,s

+(−ωQ,s + ∆s)σb,s;b,s

+(−ωcc,s − ωQ,s + ∆ss)σd,s;d,s + [
√

2π(gsσb,s;a,s + gssσd,s;c,s)

×
∑
s′

(Ês′,+e
ikQ,s′ze−iωQ,s′ t + Ês′,−e

−ikQ,s′ze−iωQ,s′ t)

+(Ωs,+(t)eikC,sze−iωC,st + Ωs,−(t)e−ikC,sze−iωC,st)σc,s;b,s

+h.c.]} (B.1)

with the collective and continuous operators σi,s;j,s = |i, s〉〈j, s|. The quan-
tum field is composed of two counter-propagating components Ês,± =∑

k ake
±i(k−kQ,s)ze−i(ωk−ωQ,s)t. Similarly, the control field is expressed by

Ωs,±(z, t) =
∑

k fe
±i(k−kC,s)ze−i(ωk−ωC,s)t, where Ωs,± is a slowly varying op-

erator of z and t. kQ,s and kC,s denote the wavevectors corresponding to

central frequencies ωQ,s and ωC,s of Es,± and Ωs,±, respectively. nsz is the

atomic density. ωcc,s denotes the level shifting of level |c, s〉. gs and gss

are coupling strengths between the quantum fields and atoms, while δs

is a two-photon detuning, and ∆s and ∆ss are one-photon detunings for

corresponding transitions.

Next by choosing

H0 = ~
∑
s

∫
nszdz(ωcc,sσc,s;c,s + ωQ,sσb,s;b,s + (ωcc,s + ωQ,s)σd,s;d,s) (B.2)
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and

H ′ = −~
∑
s

∫
nszdz{∆sσb,s;b,s + δsσc,s;c,s + ∆ssσd,s;d,s

+[
√

2π(gsσb,s;a,s + gssσd,s;c,s)

×
∑
s′

(Ês′,+e
ikQ,s′ze−iωQ,s′ t + Ês′,−e

−ikQ,s′ze−iωQ,s′ t)

+[Ωs,+(t)eikC,sze−iωC,st + Ωs,−(t)e−ikC,sze−iωC,st]σc,s;b,s

+h.c.]}, (B.3)

we have the Hamiltonian in the interaction picture as

H = eiH0tH ′e−iH0t

= −~
∑
s

∫
nszdz{∆sσb,s;b,s + δsσc,s;c,s + ∆ssσd,s;d,s

+[
√

2π(gsσb,s;a,s + gssσd,s;c,s)e
i(ωQ,s−ωQ,s′ )t

×
∑
s′

(Ês′,+e
ikQ,s′z + Ês′,−e

−ikQ,s′z)

+(Ωs,+(t)eikC,sz + Ωs,−(t)e−ikC,sz)σc,s;b,s + h.c.]}. (B.4)

With this Hamiltonian, the Maxwell-Bloch equation, which describes

the propagation of quantum lights in the nonlinear medium, can be written

as

(
1

ν

∂

∂t
± ∂

∂z
)Ês,±(z, t)

= −i∆ωsÊs,±(z, t) +

√
2πigsn

s
z

v

×(σa,s;b,s,+(z, t) + σc,s;d,s,+(z, t)). (B.5)

Similar to the case of solving single-component polaritons in Appendix
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A, we next write down the evolution equations for atomic operators as

∂tσa,s;b,s = i[H, σa,s;b,s]

= −i[−∆sσa,s;b,s +
√

2πgs(σb,s;b,s − σa,s;a,s)

×(Ês,+e
ikQ,sz + Ês,−e

−ikQ,sz)

+
√

2πgs(σb,s;b,s − σa,s;a,s)

×(Ês,+e
ikQ,sz + Ês,−e

−ikQ,sz)ei(wQ,s−wQ,s)z

−(Ωs,+e
ikC,sz + Ωs,−e

−ikC,sz)σa,s;c,s

−(Ωs,+e
ikC,sz + Ωs,−e

−ikC,sz)ei(wC,s−wC,s)zσa,s;c,s]. (B.6)

With the assumptions of

σa,s;a,s ' 1, σb,s;b,s ' 0, (B.7)

which means that the atoms are prepared in state |a, s〉 at the initial time

and the occupations to the excited states are small in the whole process,

we have

∂tσa,s;b,s,± = i∆sσa,s;b,s,± +
√

2πigsÊs,±

+
√

2πigsÊs,±e
i(kQ,s−kQ,s)zei(wQ,s−wQ,s)z + iΩs,±σa,s;c,s

+iΩs,±σa,s;c,se
i(kC,s−kC,s)zei(wC,s−wC,s)z, (B.8)

where we have introduced slowly varying operators

σa,s;b,s = eikQ,szσa,s;b,s,+ + e−ikQ,szσa,s;b,s,−. (B.9)

As σa,s;c,s appears in the r.h.s. of the evolution equation (B.8), we treat
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B.1. Atomic Operators

the evolution equation of σa,s;c,s similarly:

∂tσa,s;c,s = i[H, σa,s;c,s]

= iδsσc,s;c,s −
√

2πi
∑
s

gsσb,s;c,se
i(ωQ,s−ωQ,s)t

×(Ês,+e
ikQ,sz + Ês,−e

−ikQ,sz)

+
√

2πi
∑
s

gse
i(ωQ,s−ωQ,s)t(Ê†s,+e

−ikQ,sz + Ê†s,−e
ikQ,sz)σa,s;d,s

+i(Ω†s,+e
−ikC,sz + Ω†s,−e

ikC,sz)σa,s;b,s +
√

2πigse
i(ωQ,s−ωQ,s)t

×(Ê†s,+e
−ikQ,sz + Ê†s,−e

ikQ,sz)σa,s;d,s. (B.10)

In the evolution process of the dark-state polaritons, the excitations to state

|b, s〉 is negligible due to a destructive interference effect of two excitation

paths (the EIT effect). This gives us σb,s;c,s ' 0 and

∂tσa,s;c,s,± = iδsσc,s;c,s +
√

2πigsÊ
†
s,+σa,s;d,s,+ +

√
2πigsÊ

†
s,−σa,s;d,s,−

+
√

2πigse
i(ωQ,s−ωQ,s)tÊ†s,+σa,s;d,s,+e

i(kQ,s−kQ,s)z

+
√

2πigse
i(ωQ,s−ωQ,s)tÊ†s,−σa,s;d,s,−e

−i(kQ,s−kQ,s)z

+iΩ†s,+σa,s;b,s,+ + iΩ†s,−σa,s;b,s,− (B.11)

with

σa,s;d,s = eikQ,szσa,s;d,s,+ + e−ikQ,szσa,s;d,s,− (B.12)

and

σa,s;b,s = eikQ,szσa,s;b,s,+ + e−ikQ,szσa,s;b,s,−. (B.13)
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Similarly, we have

∂tσa,s;d,s,± = i∆ssσa,s;d,s,± +
√

2πigsσa,s;c,sÊs,±

+
√

2πigsσa,s;c,sÊs,±e
i(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z (B.14)

and

∂tσc,s;d,s,± = −iδsσc,s;d,s, + i∆ssσc,s;d,s,± +
√

2πigsσc,s;c,sÊs,±

+
√

2πigsσc,s;c,sÊs,±e
i(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z. (B.15)

The assumptions that σa,s;b,s, σa,s;d,s and σc,s;d,s are slowly varying op-

erators, i.e.,

∂tσa,s;b,s ' 0, ∂tσa,s;d,s ' 0, ∂tσc,s;d,s ' 0

give us their expressions as

σa,s;b,s,± = −
√

2πgs
∆s

Ês,± −
Ωs,±

∆s

σa,s;c,s

−
√

2πgs
∆s − ωQ,s + ωQ,s

Ês,±e
i(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z

− Ωs,±

∆s − ωQ,s + ωQ,s

σa,s;c,se
i(ωC,s−ωC,s)te±i(kC,s−kC,s)z,(B.16)

σa,s;d,s,± = −
√

2πgsσa,s;c,sÊs,±
∆ss

−
√

2πgsσa,s;c,sÊs,±
∆ss − ωQ,s + ωQ,s

ei(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z, (B.17)
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σc,s;d,s,± = −
√

2πgsσc,s;a,aσa,s;c,sÊs,±
∆ss − δs

−
√

2πgsσc,s;a,sσa,s;c,sÊs,±
∆ss − δs − ωQ,s + ωQ,s

×ei(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z. (B.18)

We recall that in Eq. (B.11), ∂tσa,s;c,s equals to a mixing part of σa,s;b,s,

σa,s;d,s, and σc,s;d,s. Replacing them by Eqs. (B.16), (B.17), and (B.18),

Eq. (B.11) becomes

∂tσa,s;c,s =
i(δs∆s − Ω2

s)

∆s

σa,s;c,s −
√

2πigs
∆s

(Ω†s,+Ês,+ + Ω†s,−Ês,−)

−
√

2πigs
∆s − ωQ,s + ωQ,s

(Ω†s,+Ês,+ + Ω†s,−Ês,−)

×ei(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z

−2πig2
s

∆ss

(Ê†s,+σa,s;c,sÊs,+ + Ê†s,−σa,s;c,sÊs,−)

− 2πig2
s

∆ss − ωQ,s + ωQ,s

×(Ê†s,+σa,s;c,sÊs,+ + Ê†s,−σa,s;c,sÊs,−), (B.19)

where we have introduced Ωs as Ω2
s = |Ωs,+|2 + |Ωs,−|2. With ∂2

t σa,s;c,s = 0

and

∂tσa,s;c,s =

√
2πgs(Ω

†
s,+∂tÊs,+ + Ω†s,−∂tÊs,−)

δs∆s − Ω2
s

, (B.20)

we have

σa,s;c,s = −
√

2πi
∆sgs(Ω

†
s,+∂tÊs,+ + Ω†s,−∂tÊs,−)

(δs∆s − Ω2
s)

2

+

√
2πgs(Ω

†
s,+Ês,+ + Ω†s,−Ês,−)

δs∆s − Ω2
s

+
2π∆sg

2
s

∆ss(δs∆s − Ω2
s)

(Ê†s,+σa,s;c,sÊs,+ + Ê†s,−σa,s;c,sÊs,−)

+
2π∆sg

2
s

(∆ss − ωQ,s + ωQ,s)(δs∆s − Ω2
s)

×(Ê†s,+σa,s;c,sÊs,+ + Ê†s,−σa,s;c,sÊs,−). (B.21)
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In our scheme, we focus on the regime δs∆s � Ω2
s, which indicates that the

first, third and fourth terms in the r.h.s. of Eq. (B.21) are much smaller

than the second term. Therefore, we substitute the second term into the

r.h.s. of Eq. (B.21) and we have

σa,s;c,s = −
√

2πi
∆sgs(Ω

†
s,+∂tÊs,+ + Ω†s,−∂tÊs,−)

(δs∆s − Ω2
s)

2

+
2πgs(Ω

†
s,+Ês,+ + Ω†s,−Ês,−)

δs∆s − Ω2
s

+
2π
√

2π∆sg
3
s

∆ss(δs∆s − Ω2
s)

2
(Ê†s,+Ês,+ + Ê†s,−Ês,−)(Ω†s,+Ês,+ + Ω†s,−Ês,−)

+
2π
√

2π∆sgsg
2
s

(∆ss − ωQ,s + ωQ,s)(δs∆s − Ω2
s)

2

×(Ê†s,+Ês,+ + Ê†s,−Ês,−)(Ω†s,+Ês,+ + Ω†s,−Ês,−). (B.22)

With σa,s;c,s, we can write down the expressions for σa,s;b,s and σc,s;d,s as

σa,s;b,s,± = −
√

2πgs
∆s

Ês,± +
√

2πi
gsΩs,±(Ω†s,+∂tÊs,+ + Ω†s,−∂tÊs,−)

(δs∆s − Ω2
s)

2

−
√

2πgsΩs,±(Ω†s,+Ês,+ + Ω†s,−Ês,−)

∆s(δs∆s − Ω2
s)

− 2π
√

2πg3
sΩs,±

∆ss(δs∆s − Ω2
s)

2
(Ê†s,+Ês,+ + Ê†s,−Ês,−)(Ω†s,+Ês,+ + Ω†s,−Ês,−)

− 2π
√

2πgsg
2
sΩs,±

(∆ss − ωQ,s + ωQ,s)(δs∆s − Ω2
s)

2

×(Ê†s,+Ês,+ + Ê†s,−Ês,−)(Ω†s,+Ês,+ + Ω†s,−Ês,−) (B.23)
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and

σc,s;d,s,± = −2πgsσc,s;a,sσa,s;c,sÊs,±
∆ss − δs

− 2πgsσc,s;a,sσa,s;c,sÊs,±
∆ss − δs − ωQ,s + ωQ,s

ei(ωQ,s−ωQ,s)te±i(kQ,s−kQ,s)z

= − 2π
√

2πg3
s

(∆ss − δs)(δs∆s − Ω2
s)

2
(Ωs,+Ê

†
s,+ + Ωs,−Ê

†
s,−)

×(Ω†s,+Ês,+ + Ω†s,−Ês,−)Ês,±. (B.24)

B.2 Quantum Light Evolution

We define the polaritonic operator as

Ψs,± = gs
√

2πnszÊs,±/Ωs,± (B.25)

in the limit that the excitations are mostly in the spin-wave form.

By employing the Maxwell-Bloch Eq. (B.5) and the expressions for

σa,s;b,s and σc,s;d,s, we know the evolution equation for polaritons as

(
1

ν

∂

∂t
± ∂

∂z
)Ψs,±

= −i∆ωsΨs,± −
2πig2

sn
s
z

v∆s

Ψs,±

−2πg2
sn

s
zΩ

2
s(∂tΨs,+ + ∂tΨs,−)

v(δs∆s − 2Ω2
s)

2
− 2πig2

sn
s
zΩ

2
s(Ψs,+ + Ψs,−)

v∆s(δs∆s − 2Ω2
s)

−2πig2
sΩ

2
s(Ψ

†
s,+Ψs,+ + Ψ†s,−Ψs,−)(Ψs,+ + Ψs,−)

v∆ss(δs∆s − 2Ω2
s)

2

−2πig2
sΩ

2
s(Ψ

†
s,+ + Ψ†s,−)(Ψs,+ + Ψs,−)Ψs,±

v(∆ss − δs)(δs∆s − 2Ω2
s)

2

−2πig3
sΩ

2
s(Ψ

†
s,+Ψs,+ + Ψ†s,−Ψs,−)(Ψs,+ + Ψs,−)

gsv(∆ss − ωQ,s + ωQ,s)(δs∆s − 2Ω2
s)

2
. (B.26)
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For a symmetric combination Ψs and an anti-symmetric combination

As of Ψs,+ and Ψs,−:

Ψs =
Ψs,+ + Ψs,−

2
, As =

Ψs,+ −Ψs,−

2
, (B.27)

their evolutions are determined by

1

ν

∂

∂t
Ψs +

∂

∂z
As

= −i∆ωsΨs −
2πig2

sn
s
z

v∆s

Ψs −
2πg2

sn
s
zΩ

2
s∂tΨs

v(δs∆s − 2Ω2
s)

2
− 4πig2

sn
s
zΩ

2
sΨs

v∆s(δs∆s − 2Ω2
s)

−8πig2
sΩ

4
s(Ψ

†
sΨs + A†sAs)Ψs

v∆ss(δs∆s − 2Ω2
s)

2
− 8πig2

sΩ
4
sΨ
†
sΨsΨs

v(∆ss − δs)(δs∆s − 2Ω2
s)

2

− 8πig3
sΩ

4
s(Ψ

†
sΨs + A†sAs)Ψs

gsv(∆ss − ωQ,s + ωQ,s)(δs∆s − 2Ω2
s)

2
(B.28)

and

1

ν

∂

∂t
As −

∂

∂z
Ψs = −i∆ωsAs −

2πig2
sn

s
z

v∆s

As −
2πig2

sΩ
2
sΨ
†
sΨsAs

v(∆ss − δs)(δs∆s − 2Ω2
s)

2
.

(B.29)

For the stationary polaritons, the phase matching mechanism allows us

to adiabatically eliminate As, leading to the following nonlinear evolution

equation for Ψs:

i∂tΨs =
∆sννs
2πg2

sn
s
z

(∂2
zΨs)+

2πg2
sνs

ν∆ss

Ψ†sΨsΨs+
2πg3

sνs
νgs∆ss

Ψ†sΨsΨs+noise. (B.30)
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Appendix C

Derivation of Nonlinear

Evolution Equation for

Two-species Photons with

Different Polarizations

C.1 Aomtic operators

The Hamiltonian for the system where single species of multi-level atoms

interact with two pairs of differently polarized quantum lights and two pairs

of control beams reads H = −
∫
nzdz(H∆ +HQ +HC), where

H∆ =
∑
s

∆sσb,s;b,s +
∑
s,s′

∆ss′σd,s,s′;d,s,s′ , (C.1)

HQ =
∑
s

(gsσb,s;a +
∑
s′

gss′σd,s,s′;c,s′)Es + h.c., (C.2)

HC =
∑
s

σc,s;b,sΩs + Ω0σc,↑;c,↓ + h.c.. (C.3)

Here, the quantum filed is composed of two counter-propagating compo-

nents, Es = Es,+(z, t)eikQ,sz + Es,−(z, t)e−ikQ,sz. Similarly, the control field
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is given by Ωs = Ωs,+(z, t)eikC,sz+Ωs,−(z, t)e−ikC,sz. kQ,s and kC,s denote the

wavevectors corresponding to central frequencies ωQ,s and ωC,s of Es,± and

Ωs,±, respectively. The collective and continuous operators σµ;ν ≡ σµ;ν(z, t)

describes the average of the flip operators |µ〉〈ν| over atoms in a small re-

gion around z. nz is the atomic density. As a Raman transition, we have

the laser strength Ω0 � Ωs. gs and gss′ are coupling strengths between the

quantum fields and atoms, while ∆s and ∆ss′ are one-photon detunings for

corresponding transitions. For simplicity, we assume that gs = gss′ = g.

For the quantum light Es,± =
∑

k ake
±i(k−kQ,s)ze−i(ω−ωQ,s)t, we have

∂tEs,± ± v∂zEs,± =
∑
k

(∂tak)e
±i(k−kQ,s)ze−i(ω−ωQ,s)t

= i[H,Es,±], (C.4)

where v = ωQ,s/kQ,s is the light speed in an empty medium. With

[H,Es,±] = nzg(σa;b,s +
∑
s′

σc,s′;d,s,s′)e
∓ikQ,sz, (C.5)

the Maxwell-Bloch equation becomes

(∂t ± v∂z)Es,± = inzg(σa;b,s,± +
∑
s′

σc,s′;d,s,s′,±). (C.6)

Similar to the case of solving one-species polaritons in Appendix A, we
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write down the evolution equations for atomic operators as

∂tσa;b,s = i[H, σa;b,s] = i∆sσa;b,s + igEs + iΩsσa;c,s, (C.7)

∂tσc,s;d,s,s = i[H, σc,s;d,s,s] = i∆ssσc,s;d,s,s + igσc,s;c,sEs, (C.8)

∂tσc,s;d,s,s = i[H, σc,s;d,s,s] = i∆ssσc,s;d,s,s

+igσc,s;c,sEs + igσc,s;c,sEs, (C.9)

∂tσa;c,s = i[H, σa;c,s] = igE†sσa;d,s,s + igE†sσa;d,s,s

+iΩsσa;b,s + iΩ0σa;c,s, (C.10)

∂tσa;d,s,s = i[H, σa;d,s,s] = i∆ssσa;d,s,s + igσa;c,sEs, (C.11)

∂tσa;d,s,s = i[H, σa;d,s,s] = i∆ssσa;d,s,s

+igσa;c,sEs + igσa;c,sEs. (C.12)

By introducing the slowly varying operators

σµ;ν = σµ;ν,+e
ikQ,sz + σµ;ν,−e

−ikQ,sz (C.13)

and considering

∂tσµ;ν,± = 0, (C.14)

we have the expressions for the atomic operators:

σa;b,s,± = −gEs,±
∆s

− Ωs,±

∆s

σa;c,s, (C.15)

σc,s;d,s,s,± = − g

∆ss

σc,s;aσa;c,sEs,±, (C.16)

σc,s;d,s,s,± = − g

∆ss

σc,s;aσa;c,sEs,± −
g

∆ss

σc,s;aσa;c,sEs,±, (C.17)

σa;d,s,s,± = − g

∆ss

σa;c,sEs,±, σa;d,s,s,±

= − g

∆ss

σa;c,sEs,± −
g

∆ss

σa;c,sEs,±. (C.18)
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Replacing the atomic operators appearing in Eq. (C.10) by the above

expressions, Eq. (C.10) becomes

∂tσa;c,s = −i g
2

∆ss

(E†s,+σa;c,sEs,+ + E†s,−σa;c,sEs,−)

− ig
2

∆ss

(E†s,+σa;c,sEs,+ + E†s,−σa;c,sEs,−)

− ig
2

∆ss

(E†s,+σa;c,sEs,+ + E†s,−σa;c,sEs,−)

− ig

∆s

(Ωs,+Es,+ + Ωs,−Es,−)

−2iΩ
2

s

∆s

σa;c,s + iΩ0σa;c,s, (C.19)

where a new quantity Ωs with Ω
2

s = 1
2Ω2

s,+
+ 1

2Ω2
s,−

has been introduced.

With ∂2
t σa;c,s = 0 and

∂tσa;c,s = − g

2Ω
2

s

(Ωs,+∂tEs,+ + Ωs,−∂tEs,−), (C.20)

we have

σa;c,s = − i∆s

2Ω
2

s

g

2Ω
2

s

(Ωs,+∂tEs,+ + Ωs,−∂tEs,−)

+
g3

4Ω
4

s

∆s

∆ss

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

+
g3

4Ω
2

sΩ
2

s

∆s

∆ss

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

+
g3

4Ω
4

s

∆s

∆ss

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

− g

2Ω
2

s

(Ωs,+Es,+ + Ωs,−Es,−)

−g∆sΩ0

4Ω
2

sΩ
2

s

(Ωs,+Es,+ + Ωs,−Es,−). (C.21)

Since we have the expression for σa;c,s, we can write down the expressions
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for σa;b,s, σc,s;d,s,s, and σc,s;d,s,s as

σa;b,s,± = −gEs,±
∆s

+
igΩs,±

4Ω
4

s

(Ωs,+∂tEs,+ + Ωs,−∂tEs,−)

− g3Ωs,±

4∆ssΩ
4

s

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

− g3Ωs,±

4∆ssΩ
2

sΩ
2

s

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

− g3Ωs,±

4∆ssΩ
4

s

(E†s,+Es,+ + E†s,−Es,−)(Ωs,+Es,+ + Ωs,−Es,−)

+
gΩs,±

2∆sΩ
2

s

(Ωs,+Es,+ + Ωs,−Es,−)

+
gΩs,±Ω0

4Ω
2

sΩ
2

s

(Ωs,+Es,+ + Ωs,−Es,−), (C.22)

σc,s;d,s,s,± = − g3

4∆ssΩ
4

s

(Ωs,+E
†
s,+ + Ωs,−E

†
s,−)

×(Ωs,+Es,+ + Ωs,−Es,−)Es,±, (C.23)

and

σc,s;d,s,s,± = − g3

4∆ssΩ
4

s

(Ωs,+E
†
s,+ + Ωs,−E

†
s,−)(Ωs,+Es,+ + Ωs,−Es,−)Es,±

− g3

4∆ssΩ
2

sΩ
2

s

(Ωs,+E
†
s,+ + Ωs,−E

†
s,−)

×(Ωs,+Es,+ + Ωs,−Es,−)Es,±. (C.24)
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C.2 Quantum Light Evolution

We define the polariton operators as [43, 127]

Ψs,+ =

√
nzg

Ωs,+

Es,+,Ψs,− =

√
nzg

Ωs,−
Es,−. (C.25)

By employing the Maxwell-Bloch Eq. (C.6) and the expressions for

σa;b,s, σc,s;d,s,s, and σc,s;d,s,s, we know the evolution equation for polaritons

as

(∂t ± v∂z)Ψs,±

= −inzg
2
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2
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Next, we introduce a symmetric combination Ψs and an anti-symmetric
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combination As of Ψs,+ and Ψs,− as:

Ψs = αs,+Ψs,+ + αs,−Ψs,−, As = Ψs,+ −Ψs,−, (C.27)

where

αs,+ =
Ω2
s,+

Ω2
s,+ + Ω2

s,−
, αs,− =

Ω2
s,−

Ω2
s,+ + Ω2

s,−
(C.28)

have been introduced to characterize the imbalance between Ωs,+ and Ωs,−.

We note here that their commutation relation still holds:

[Ψ†(z), A(z′)]

= [Ω+E
†
+(z) + Ω−E

†
−(z),

E+(z′)

Ω+

− E−(z′)

Ω−
] = 0, (C.29)

and they obey the equations

∂tΨs + v∂z(αs,+Ψs − αs,−Ψs + 2αs,+αs,−As)

' −tan2 θs
2
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sΨs, (C.30)

∂tAs + v∂z(2Ψs + αs,−As − αs,+As)
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Ψ_
sAs

−
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s
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s . (C.31)

In the above two equations, we have introduced two angular parameters θs

and ϕs as

tan2 ϕs = Ω2
s,−/Ω

2
s,+, tan2 θs = g2nz/Ω

2

s. (C.32)

The phase matching condition allows us to adiabatically eliminate As, lead-
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ing to the result

As '
i∆s

nzg2
v∂z(2Ψs + αs,−As − αs,+As) (C.33)

from Eq. (C.31), and consequently a nonlinear evolution equation for Ψs:

i~∂tΨs =
2~ sin2(2ϕs)v
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∂2
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s[2 + cos(ϕ_
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∆s
_
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Ψ†_
s
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sΨs + noise (C.34)

from Eq. (C.30).
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