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Abstract. The NOT gate that flips a classical bit is ubiquitous in classical information processing.
However its quantum analogue, the universal NOT (UNOT) gate that flips a quantum spin in any alignment
into its antipodal counterpart is strictly forbidden. Here we explore the connection between this discrepancy
and how UNOT gates affect classical and quantum correlations. We show that a UNOT gate always
preserves classical correlations between two spins, it can non-locally increase or decrease the quantum
correlations they share in ways that allow violation of the data processing inequality. We experimentally
illustrate this using a multi-level trapped 171Yb+ ion that allows simulation of anti-unitary operations.
Our work offers an information-theoretic perspective on the unphysicality of the UNOT in the quantum
domain, and describes new techniques to simulate their unphysical effects with current technology.

Keywords: quantum information, anti-unitary operations, universal NOT gate, quantum correlations,
quantum discord, data processing inequality, embedding quantum simulation, ion trap

Our work shows that the UNOT gate – a physically
forbidden operation that flips a quantum spin pointing in
any direction into its antipodal counterpart [1] – violates
fundamental data processing inequalities [2] only when
quantum correlations [3] can be observed. We pioneer
new techniques for manipulating ion-trap systems, and
use them to experimentally simulate the UNOT gate’s
non-physical effects in the laboratory [4].

Theoretical, we establish the following relations be-
tween UNOT gate and classical and quantum correla-
tions:

(i) Local UNOT gates always preserve classical corre-
lations between two spins.

(ii) If no quantum correlations are present, a local UN-
OT gate always conserves mutual information be-
tween two spins.

(iii) Local UNOT gates can nevertheless violate the da-
ta processing inequality, but only when quantum
correlations are present.

These results show that the unphysical consequences of
UNOT gates surface only when purely quantum corre-
lations are taken into account. Hence, we offer an op-
erational way of understanding why flipping a qubit is
physically forbidden in quantum theory, while being able
to flip bits or classical spins is taken for granted.

∗zhangkuan13@gmail.com
†kimkihwan@mail.tsinghua.edu.cn
‡cqtmileg@nus.edu.sg

Experimentally, we demonstrate (i) and (iii) by re-
versibly applying local UNOT gate on a pair of anti-
aligned spins

ρ↓↑ =
1

6

∑
~n∈I

|−~n〉A 〈−~n|A ⊗ |~n〉B 〈~n|B (1)

which results in a pair of aligned spins

ρ↑↑ =
1

6

∑
~n∈I

|~n〉A 〈~n|A ⊗ |~n〉B 〈~n|B (2)

where I = {~x,−~x, ~y,−~y, ~z,−~z} (see Fig. 1). Our exper-
iment allows exact simulation of the UNOT gate, while
all prior experiments, that even when performed without
loss, could only approximate the UNOT to an accuracy
constrained by standard quantum theory [5]. We circum-
vent this issue by mapping the state of one of the spins
|ϕ〉 = α |↑〉+ β |↓〉 to a corresponding state

M|ϕ〉 = |ϕ̄〉 = αR |0〉+ βR |1〉+ αI |2〉+ βI |3〉 (3)

on a 4-level quantum system (see Fig. 1), where α = αR+
iαI and β = βR + iβI. The action of the UNOT gate can
then be exactly simulated by a suitable unitary operator
on the 4-level system. The effects of the UNOT gate on
both classical and quantum correlations are illustrated in
Fig. 2, where results (i) and (iii) are established.

Our work explores the UNOT gate’s capacity to lo-
cally increase the correlations between spins, and thus
break the data processing inequality. We establish that
this gate shows no such radical consequences in the clas-
sical domain. It obeys the data processing inequality for
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Classical Correlations Quantum Correlations Mutual Information

Theory Experiment 𝜌↑↑ ← 𝜌↓↑ Experiment 𝜌↑↑ → 𝜌↓↑

A B C

Figure 2: The effects of the UNOT gate on various types of correlations. The theoretically predicted
effects of the UNOT gate (blue bars), together with experimentally measured effects when acting on ρ↓↑ (purple
bars) and ρ↑↑ (red bars) are displayed for (a) classical correlations J(B|A), (b) quantum correlations δ(B|A) and (c)
mutual information I(A,B). In (a) theory predicts that classical correlations are unaffected by the UNOT gate, and
J(B|A) = 0.082 for both ρ↑↑ and ρ↓↑. Experimental results agree within experimental error. In (b), theory predicts
that δ(B|A) is 0.415 for ρ↑↑ and 0.208 for ρ↓↑ – a difference of 0.207. This agrees with experiment, where we see
respective increase and decrease of 0.22±0.07 and 0.22±0.05 when converting to and from ρ↑↑. In (c), theory predicts
that the mutual information of ρ↑↑ and the mutual information of ρ↓↑ differ by 0.207. Our experiment confirms this,
and demonstrates a violation of the data processing inequality by over 5 standard deviations.

all classically correlated systems. Furthermore, it pre-
serves all classical correlations within general correlated
quantum systems. Violation can only be witnessed when
quantum correlations are explicitly considered. We adop-
t state of the art techniques for simulating anti-unitary
operations to experimentally demonstrate this phenome-
na using a trapped 171Yb+ ion. A violation of the data
processing inequality by over 5 standard deviations is ob-
served. Theoretically, these results connect the unphysi-
cality of the UNOT gate and its effect on quantum corre-
lations. Technologically, our experiment highlights how
such unphysical effects can be simulated using present
day ion trap technology.
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Figure 1: UNOT gates on spin pairs. In experiment,
we apply the UNOT gate on ρ↑↑ (see Eq. 2) and ρ↓↑ (see
Eq. 1). This is done by encoding the two spins in the
internal and motional degrees of freedom of a trapped
171Yb+ ion in a harmonic potential. Spin A is mapped
to a 4-level system using Eq. (3), spanned by the ba-
sis |0〉A = |F = 0,mF = 0〉, |1〉A = |F = 1,mF = −1〉,
|2〉A = |F = 1,mF = 0〉 and |3〉A = |F = 1,mF = 1〉,
where F and mF characterize the total internal angu-
lar momentum of 171Yb+ . The transition frequen-
cies of |F = 1,mF〉 states from |F = 0,mF = 0〉 state
are (2π)(12642.8 + 9.0mF) MHz. Meanwhile spin B is
mapped to the ground and first excited states of the ex-
ternal motional mode, denoted by |0〉B and |1〉B, where
the two motional states are separated by the trap fre-
quency (2π)2.44 MHz.
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One-shot measurement compression with quantum side information
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Abstract. We consider the problem of measurement compression with side information in the one-shot
setting with shared randomness. In this problem, Alice shares a pure state with Referee and Bob and she
performs a measurement on her registers. She wishes to communicate the outcome of this measurement
to Bob using shared randomness only, in such a way that the outcome that Bob receives is correctly
correlated with Referee and Bob’s own registers. We provide a protocol based on convex split and position
based decoding with its communication upper bounded in terms of smooth-max and hypothesis testing
divergences.

Keywords: Quantum measurement compression, Quantum side information, One-shot protocol, Quan-
tum information theory

The formalism of quantum mechanics is well known to
be statistical in nature, which limits an experimenter’s
knowledge about a given quantum system. Quantum
measurement serves as the tool for obtaining this sta-
tistical information, which can be used for further phys-
ical or information theoretic operations on the system.
In fact, a large part of quantum information theory is
about finding most suitable quantum measurements in a
given scenario, such as for distinguishing quantum states
or designing quantum algorithms. In this backdrop, an
elementary but fundamentally important problem is to
understand how much information does a measurement
statistic reveal about a quantum system.

This problem was given a firm information theoretic
treatment in the seminal work by Winter [1], build-
ing upon the ideas developed in [2] and the follow-up
work [3]. Consider the setting where Alice and Referee
share n copies of a joint pure state |Ψ〉RA and Alice
wishes to communicate to Bob the outcome of a quantum
measurement or POVM Λ (which is a collection {Λc} of
positive operators such that

∑
c Λc = I) performed on

her registers An. It was shown in [1] that with the aid of
shared randomness, the amount of classical communica-
tion required by Alice is the mutual information between
Referee and measurement outcomes. This was achieved
by showing that instead of performing the measurement
Λ itself, Alice could consider a decomposition of Λ in
terms of a convex combination of POVMs {Λj} and send
the outcome of the measurement Λj on her registers con-
ditioned on sampling j from shared randomness.

The work has found important applications in several
information theoretic tasks (such as in [4]) and for distill-
ing pure states from bi-partite mixed states [5, 6, 7, 8, 9].
Subsequently its extension with quantum side informa-
tion was considered by Wilde, Hayden, Buscemi and
Hsieh [10] in the asymptotic setting. Here, Alice, Bob

∗a0109169@u.nus.edu
†rahul@comp.nus.edu.sg
‡warsi.naqueeb@gmail.com

and Referee share a joint pure state and Alice wishes to
transmit the measurement results to Bob. One can ex-
pect further compression in the communication due to
the side information with Bob, which was shown to hold
in [10]. This work also provides a detailed overview of
the result in [1] and discusses several related scenarios.

We consider the same problem in the one shot setting.
One-shot information theory provides a framework for
information processing in the scenarios which go beyond
asymptotic and i.i.d. Apart from being relevant for prac-
tical scenarios, this framework also provides insights into
the inner workings of information protocols, as the com-
plications (and conveniences) arising due to many copies
of the state are no longer present. Many quantum tasks
have been formulated in their one-shot setting, such as
quantum state merging ([11, 12], originally introduced in
[13]) and quantum state redistribution ([14, 15, 16], orig-
inally introduced in [17, 18]). In this setting, the task of
measurement compression is as follows (Figure 1)

Task: Alice (A), Bob (B) and Referee (R) share a joint
pure state |Ψ0〉RAB . Alice performs a measurement on
her register A, described by the POVM Λ with POVM
elements {Λc}c. Since Alice also generates the record of
the measurement in a register C, the overall transforma-
tion on the shared state can be viewed as

|Ψ0〉〈Ψ0|RAB → ΨRAB :=
∑
c

p(c)|ψc〉〈ψc|RAB ⊗ |c〉〈c|C ,

where |ψc〉〈ψc| is the post-selected state on the measure-
ment outcome c and p(c) is the probability of this out-
come. An equivalent way of phrasing this is as follows,
which shall be crucial in our analysis. Alice attaches
ancilla registers CC̄ in a standard state and performs a
unitary on her side to produce the following state:

|Ψ〉RACC̄B =
∑
c

√
p(c)|c〉C |c〉C̄ |ψc〉RAB .

Upon tracing out the register C̄, Alice recovers the de-
sired post-measurement state. The objective is that using
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Figure 1: Measurement compression task. Alice applies a measurement on her register to obtain measurement outcome in
register C. Her task is to communicate the measurement outcome to Bob with the aid of only shared randomness.

shared randomness, Alice should communicate register C
to Bob. In other words, Bob should produce a register
C ′ such that the state in registers RABCC ′ after the
protocol is ΦRABCC′ satisfying

P(ΦRABCC′ ,
∑
c

p(c)|c〉〈c|C⊗|c〉〈c|C′⊗|ψc〉〈ψc|RAB) ≤ ε,

where ε > 0 is error parameter and P(·, ·) represents pu-
rified distance. We note that the register C̄ is not taken
into account in the final state. This makes the present
task different from the task of quantum state redistri-
bution. In some sense, present task is a hybrid between
classical source coding and quantum state redistribution.

The work [10] gave the optimal communication rate
required to achieve this task in the asymptotic and i.i.d.
setting, showing that the communication rate is equal
to I(R : C |B)Ψ. A related result that involved sending
classical message in presence of quantum side information
in the one-shot setting appeared in the work [19].

Our result: We consider this task in the one-shot set-
ting and present a protocol with communication upper
bounded by

min
σC

(
Dε

max(ΨRBC‖ΨRB ⊗ σC)−Dε2

H (ΨBC‖ΨB ⊗ σC)

)
+O

(
log

(
1

ε

))
where σC is a classical state (that is, it commutes with
ΨC). Above, Dε

max (.‖.) is the smooth max relative en-

tropy and Dε2

H (.‖.) is the hypothesis testing relative en-
tropy. We note that this bound converges to I(R : C |B)Ψ

in the asymptotic and i.i.d. setting. Detailed proof of
this result can be found in the online version of this work
[26]. Some one-shot converse bounds for this task appear
in [20].

Techniques: To give an intuition of our argument, lets
consider the related classical problem. Alice possesses
a random variable X, on which she performs a classical
measurement to produce a correlated random variableM .
She wishes to transmitM to Bob. IfM were uncorrelated

with X, no communication would be required as Bob
would be able to locally generate it. In the case of non-
trivial correlation between X and M , a useful strategy is
that of rejection sampling, studied in several works, such
as [21, 22, 23, 24]. In this strategy, Alice and Bob share
several copies of the random variable M and conditioned
on obtaining an x from X, Alice performs successive mea-
surement on the copies of shared randomness to obtain
a sample that is distributed according to Mx. Upon ob-
taining the desired copy, Alice communicates its index to
Bob. Thus, Bob is able to output the random variable
M correctly correlated with X. Our first technique is
a quantum version of rejection sampling, introduced as
convex split technique in the work [15].

It is not hard to see at least one correspondence be-
tween rejection sampling and the technique developed in
[1]: the part of the random variable M (analogously the
measurement outcome) that is independent of X (anal-
ogously the quantum state being measured) has already
been shared with Bob, and the effort of the protocol is
concentrated on communicating the correlated part to
Bob. Later, we shall discuss further connection between
the two approaches, by relating Winter’s approach and
convex split technique.

Our second technique is that of position based decod-
ing (introduced in [25]) which is quantum hypothesis test-
ing performed jointly on registers involved with Bob. As
mentioned earlier, the task of measurement compression
appears to have a close resemblance to the task of quan-
tum state redistribution where the register to be com-
municated is classical. However an important difference
is that for quantum state redistribution, the shared re-
source allowed between Alice and Bob is quantum entan-
glement whereas in measurement compression only clas-
sical randomness is allowed as a shared resource. This
makes this task a hybrid of classical and quantum state
redistribution and requires a careful treatment.

Appealing to this hybrid setting, we use a special hy-
brid case of Uhlmann’s theorem. In the usual setting
Uhlmann’s theorem is used for bipartite pure quantum
states and there is no version of it for for bipartite mixed
quantum states. A reason for this is that in bipartite
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pure states both the systems carry “full information”
about each other which is not the case with general mixed
states. We consider mixed quantum states where mixed
states are classical-pure, that is a classical mixture of pure
quantum states and the classical part appears as a copy
in both the systems of the bipartite state. Hence the two
systems continue to have ‘full information’ about each
other. This hybrid Uhlmann’s theorem follows naturally
from regular Uhlmann’s theorem. Equipped with this
version of Uhlmann’s theorem, we construct the desired
protocol for the aforementioned task.

Connection with Winter’s approach: One of the
central techniques used in [1] was that of Operator-
Chernoff bound (proved in [27]), to derive the follow-
ing inequality (below we give a ‘one-shot’ statement, it
was originally stated in asymptotic and i.i.d setting).
Let C1, C2 . . . Cn be independent and identically dis-
tributed random variables such that Ci ∼ p and let
ρAC :=

∑
c p(c)|c〉〈c| ⊗ ρcA be a classical quantum state.

Then choosing n large enough (as a function of error pa-
rameter ε), we have∑
c1,c2...cn

p(c1) . . . p(cn)‖ 1

n
ρc1A +

1

n
ρc2A +. . .

1

n
ρcnA −ρA‖1 ≤ ε.

(1)
This statement was then used in the construction of the
desired decomposition of the measurement operator. We
note that Operator-Chernoff bound used by Winter is a
stronger statement than above, as it says that the prob-
ability that ‖ 1

nρ
c1
A + 1

nρ
c2
A + . . . 1

nρ
cn
A − ρA‖1 ≥ ε decays

exponentially in nε2.
It is possible to see that convex split technique implies

Equation 1, leading to a connection between both ap-
proaches on a broader level. On the other hand, convex
split technique is stronger than Equation 1 as it is appli-
cable to coherent setting as well, of which the classical-
quantum setting considered above is a special case.

We also point out that Equation 1 is central in the
context of private quantum capacity (wiretap channel).
Recently, two different works gave one shot bounds for
private capacity of a wiretap channel: the work [28] used
the convex split technique, whereas the work [29] used
extensions of Operator-Chernoff bound. Our discussion
above suggests interesting connection between both the
approaches.

References

[1] A. Winter, Communications in Mathematical
Physics, vol. 244, no. 1, pp. 157–185, 2004.

[2] S. Massar and S. Popescu, Phys. Rev. A, vol. 61,
p. 062303, May 2000.

[3] A. Winter and S. Massar, Phys. Rev. A, vol. 64,
p. 012311, Jun 2001.

[4] M. H. Hsieh and S. Watanabe, in 2015 IEEE Inter-
national Symposium on Information Theory (ISIT),
pp. 2762–2766, June 2015.

[5] I. Devetak, Phys. Rev. A, vol. 71, p. 062303, Jun 2005.

[6] M. Horodecki, K. Horodecki, P. Horodecki,
R. Horodecki, J. Oppenheim, A. Sen(De), and
U. Sen, Phys. Rev. Lett., vol. 90, p. 100402, Mar
2003.

[7] M. Horodecki, P. Horodecki, R. Horodecki, J. Op-
penheim, A. Sen(De), U. Sen, and B. Synak-Radtke,
Phys. Rev. A, vol. 71, p. 062307, Jun 2005.

[8] H. Krovi and I. Devetak, Phys. Rev. A, vol. 76,
p. 012321, Jul 2007.

[9] I. Devetak, A. W. Harrow, and A. J. Winter,
IEEE Transactions on Information Theory, vol. 54,
pp. 4587–4618, Oct 2008.

[10] M. M. Wilde, P. Hayden, F. Buscemi, and M.-H.
Hsieh, Journal of Physics A: Mathematical and The-
oretical, vol. 45, no. 45, p. 453001, 2012.

[11] M. Berta, 2009. Master’s thesis, ETH Zurich.

[12] M. Berta, M. Christandl, and R. Renner, Commun.
Math. Phys., vol. 306, pp. 579–615, 2011.

[13] M. Horodecki, J. Oppenheim, and A. Winter,
Communications in Mathematical Physics, vol. 269,
pp. 107–136, 2007.

[14] M. Berta, M. Christandl, and D. Touchette,
IEEE Transactions on Information Theory, vol. 62,
pp. 1425–1439, March 2016.

[15] A. Anshu, V. K. Devabathini, and R. Jain,
arXiv:1410.3031, 2014.

[16] A. Anshu, R. Jain, and N. A. Warsi,
https://arxiv.org/abs/ arXiv:1702.02396, 2017.

[17] I. Devetak and J. Yard, Phys. Rev. Lett., vol. 100,
2008.

[18] J. T. Yard and I. Devetak, IEEE Transactions on
Information Theory, vol. 55, pp. 5339–5351, 2009.

[19] J. M. Renes and R. Renner, IEEE Transactions on
Information Theory, vol. 58, pp. 1985–1991, March
2012.

[20] F. Leditzky, M. M. Wilde, and N. Datta, Journal of
Mathematical Physics, vol. 57, no. 8, p. 082202, 2016.

[21] R. Jain, J. Radhakrishnan, and P. Sen, Proceedings
of the 30th international conference on Automata,
languages and programming, ICALP’03, (Berlin, Hei-
delberg), pp. 300–315, Springer-Verlag, 2003.

[22] R. Jain, J. Radhakrishnan, and P. Sen, Proceedings
of the 20th Annual IEEE Conference on Computa-
tional Complexity, (Washington, DC, USA), pp. 285–
296, IEEE Computer Society, 2005.

[23] P. Harsha, R. Jain, D. Mc.Allester, and J. Radhakr-
ishnan, IEEE Transcations on Information Theory,
vol. 56, pp. 438–449, 2010.

249



[24] M. Braverman and A. Rao, Proceedings of the 52nd
Symposium on Foundations of Computer Science,
FOCS ’11, (Washington, DC, USA), pp. 748–757,
IEEE Computer Society, 2011.

[25] A. Anshu, R. Jain, and N. A. Warsi,
https://arxiv.org/abs/1702.01940, 2017.

[26] A. Anshu, R. Jain, and N. A. Warsi,
https://arxiv.org/abs/1703.02342, 2017.

[27] R. Ahlswede and A. Winter, IEEE Transactions on
Information Theory, vol. 48, pp. 569–579, Mar 2002.

[28] M. M. Wilde, https://arxiv.org/abs/1703.01733,
2017.

[29] J. Radhakrishnan, P. Sen, and N. A. Warsi,
https://arxiv.org/abs/1703.01932, 2017.

250



On the logical system mapping
based on modular and non-modular quantum assembly codes
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Abstract. To implement a quantum computer and estimate a performance of a quantum computing
algorithm, a system mapping (synthesis) with a quantum assembly code is strongly required. The system
mapping procedure completely depends on the assembly code. In this abstract, we describe the system
mappings with a modular and a non-modular quantum assembly code, and study their advantages and
disadvantages.
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A quantum assembly code, an intermediate represen-
tation between a quantum computing algorithm and
a quantum device machine instruction, is just another
description of a quantum computing algorithm [1, 2].
Through a compile process, a quantum algorithm in a
certain computer programming language format is trans-
lated into a quantum assembly code that states all the
classical and quantum operations of the algorithm. In
this work, we use an open-source compiler ScaffCC [3, 4].

Quantum assembly codes generated by ScaffCC can
be described in two formats, a structured modular code
and a non-structured non-modular code.A modular code
consists of a main module and multiple sub-modules like
C/C++ language. The execution of a quantum algo-
rithm is done by performing all the commands in the
main module. The command corresponds to a quan-
tum/classical operation or other sub-modules. On the
other hand, a non-modular code is a simple list of clas-
sical and quantum operations. A quantum algorithm is
executed by performing all the quantum assembly code
command in sequence.

In the non-modular code, all commands are simply
enumerated without any structure and therefore empiri-
cally the volume of the code is very huge. For example,
the ground state estimation algorithm [5, 6] with input
M = 40 (b = 3) has a non-modular code of the size
around 292.7 GB while its modular version is only 41.5
MB. The size of a non-modular code of Shor algorithm
with input n = 512 approaches to 17 TB but its modular
version is just 340 MB.

As mentioned above, an execution of a quantum algo-
rithm corresponds to perform all the quantum assembly
code commands (especially on a quantum computer of
a certain architecture). Therefore, to run a quantum
algorithm or estimate a performance of a quantum algo-
rithm we have to take a quantum computer architecture
into consideration. A system mapping is the process that
an algorithm-specific description of a quantum algorithm
(assembly code) is translated into an architecture-specific
description of a quantum algorithm by mapping a quan-
tum assembly code command onto a quantum computer
architecture. We call the architecture-specific description

as a system code.
Another output of the system mapping is the (ex-

pected) performance of a quantum algorithm. The com-
plexity analysis of a quantum algorithm is very impor-
tant in a quantum science, but it is not enough to see a
real performance. A bad physical implementation of Shor
algorithm may introduce a worse performance than the
classical sieve algorithm. From the system mapping, we
can calculate the execution time, the success probability
and so on. This performance is definitely static because
a quantum dynamics cannot be precisely estimated be-
fore a real execution on a real quantum device. However,
the static performance analysis is enough to estimate the
performance approximately, and is necessary in the early
system design stage.

Besides to a quantum assembly code, a quantum com-
puter architecture such as a qubit layout is an essential
input for the system mapping. To date several qubit
layouts have been investigated. Among them, 1D lin-
ear and 2D rectangular nearest-neighbor layouts are the
most important. In the 1D layout, all qubits are ar-
ranged on a line and each qubit has interaction with 2
adjacent qubits. It is easy to investigate its characteris-
tics and hence many researches have been devoted to a
quantum computing on the 1D layout. A 2D layout al-
lows more interactions, and diverse quantum device tech-
nologies support this architecture. Most of all, since the
most promising quantum error-correcting code, a surface
code [7, 8, 9], is implemented on the 2D layout, it has
attracted much attention. While the 3D layout allows
more interactions than the above-mentioned layouts, it
is believed that classical controls to the layout is infeasi-
ble with current technology. In this work, we only focus
on the 1D and 2D layouts.

On the pre-determined layout, logical or physical
qubits have to be arranged. In this work, we focus on
a fault-tolerant quantum computing and therefore we
deal with logical qubits encoded by a quantum error-
correcting code. The size of the layout obviously depends
on the number of qubits in the quantum assembly code.
The degree of the robustness of a logical qubit depends on
the quantum algorithm. We determine the maximum al-
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lowable error rate of logical gates for running a quantum
algorithm by using KQ formula, 1/KQ [10]. Since the
required accuracy of a logical gate is much higher than
the accuracy of a physical gate with current technology,
we have to increase the accuracy by raising the concate-
nation level of a logical qubit (in case of a CSS code) [11]
or enlarging the surface size (for a surface code) [9]. As
is well known, by raising the concatenation level, the ex-
ecution time of a logical gate increases as well [12]

Now, it is time to discuss the system mapping. The
basic principle of the system mapping is simple, setting a
qubit layout and mapping an assembly code command on
to the layout. During the mapping, if necessary, we have
to perform additional operations not described in the as-
sembly code. As is well known, a feasible implementa-
tion of a multi-qubit gate has to be local, and therefore
qubits have to be located in neighbor before applying a a
multi-qubit gate. For a universal computing, a two-qubit
controlled-NOT (CNOT) gate is must. For a CNOT to
two non-neighbor qubits, we identify the positions of both
qubits and apply a series of SWAP gates to one qubit by
it places the neighbor of the other beforehand.

The system mapping with a non-modular code is ex-
actly the same with the above mentioned principle. Pro-
vided a quantum assembly code, a quantum computer
architecture (qubit layout) and logical qubits,

1. Initialize a qubit layout.

2. Read an assembly code command and process the
command on the layout.

The second is iterated by the end of the code. After
processing all commands, we will have a system code and
several analysis data.

The serious problem in the system mapping with the
non-modular code is the huge size of the code. As men-
tioned above, the code size of Shor algorithm for 512
bit integer is beyond 17 TB. As is well known, factoring
an integer of such size is feasible with a classical digital
computer. To experience a quantum supremacy, we need
to deal with bigger size data. However, making such a
big size non-modular code causes another practical engi-
neering problem. Practically it is difficult to perform a
system mapping with a non-modular code with a mean-
ingful input, not to mention applying optimizations for
scheduling and layout.

The system mapping with a modular code completely
follows the structure of the code. In the non-modular
code, a group of quantum operations is applied to differ-
ent target qubits iteratively. In the system mapping with
the non-modular code, such quantum operations have to
be processed every time. On the other hand, in the
modular code, such group can be defined as a module,
and a module is processed only one time. As mentioned
before, a module is made up calling classical/quantum
operations and other sub-modules. By definition, the
called sub-modules were already appeared (and therefore
mapped and analyzed beforehand) in the code, and there-
fore the mapper can refer the mapping results of those

non-leaf

sub-module

non-leaf

sub-module

leaf

sub-module
Main module

Figure 1: Data flow between modules in the system map-
ping with a modular code. Multiple sub-modules can
be classified into leaf and non-leaf sub-modules. A leaf
module indicates a module that consists of only quantum
gates not other sub-modules.

modules without doing the mapping again. In this re-
gard, a system mapping with a modular code is much
efficient. Fig. 1 shows the data flow in the system map-
ping with a modular code.

The whole process of the system mapping with a mod-
ular code consists of the following procedures.

1. Initialize the qubit layout

2. Read an assembly code and process it

3. Keep the mapping result of a module

The above procedures have to be iterated over all mod-
ules. By keeping the mapping result of a module, it can
be referred by other modules later. Note that the qubit
layout has to be allocated for each module, and therefore
a global bus for the interaction over modules is also nec-
essary. For the layouts for modules and qubits, we use
1D and 2D layouts respectively.

The system mapping with a modular code also has
practical problems. First, identifying the number of
qubits is not simple. The qubits in the modular code
are composed of two types of qubits, local qubits and
parameter qubits. They are very similar with local and
parameter variables in classical computer programming
languages. The coverage of the local qubits is the module
where they are defined. The number of local qubits are
exactly described in a module by the preparation opera-
tion. On the other hand, the number of parameter qubits
are not clearly defined in a module and therefore has to
go up to the module where they are originally defined by
tracking the relationship over modules. In some cases,
we need to go back to the most top module, the main
module. The problem is that the number of modules in
the modular code can be large. While it depends on a
quantum algorithm and a program pattern, for meaning-
ful algorithms the module count approaches tens or hun-
dreds of thousands or more. In case of the ground state
estimation algorithm with M = 40, the modular code
is made up 32,000 modules but it approaches 2,000,000
modules with M = 100. Even though the code size of a
modular code is much smaller than a non-modular code,
it is also non-trivial and furthermore the code has to be
scanned multiple times.
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Even worse there is a more critical problem. In gen-
eral, the system mapping is very important to make a
blueprint for a system. The blueprint based on the sys-
tem mapping is utilized to implement the system physi-
cally. With the current technology level, the system map-
ping with a modular code is not appropriate to write a
blueprint for a quantum computer. This is because of
the large number of qubits. A quantum computer imple-
mented from the system mapping with a modular code re-
quires much more qubits. As mentioned above, a module
in the modular code is composed of local and parameter
qubits. Particularly, the local qubits are locally initial-
ized, processed and removed when processing a module.
To perform a quantum algorithm in the modular code,
such additional qubits are required. These local qubits
do not exist in the non-modular code, and the number
of qubits in the non-modular code is the same with the
algorithm. In the current stage of quantum computing
device implementation, increasing the number of qubits
is not easy.

To conclude, the system mapping with a non-modular
quantum assembly code is more useful for implementing
a quantum computer with current technology level (in
terms of quantum computing resource), but it takes huge
classical resource for the mapping task, storage, memory
and so on. To the best of our knowledge, most of the
related works have done with this non-modular code ap-
proach but targeting small size algorithms. On the other
hand, a modular code allows us to perform the system
mapping for a large scale quantum algorithm even though
its system mapping output can not be directly utilized to
build a quantum computer in the current technology. As
mentioned before, with a modular code we can try opti-
mizations to improve a quantum computing algorithm, a
quantum computer architecture, a scheduling for quan-
tum operations and so on. Therefore we believe the mod-
ular code can be more useful for the design of a quantum
computing.
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Abstract. We have developed a quantum computing software platform for a universal, scalable and
reliable quantum computer. The platform consists of a compiler, a system mapper and a building block
(logical qubit) controller. Given a quantum algorithm, a quantum computer architecture, a quantum
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Quantum computing algorithms are expected to have
a dramatically better performance than classical digital
computer algorithms [1]. In order to implement quantum
algorithms with outstanding performance, a quantum
computer should have the following properties. First,
it has to be universal to perform arbitrary quantum al-
gorithms. Second, it has to be reliable with arbitrary
computational accuracy even with faulty device. Finally
it also has to be scalable to solve any size problem.

For such a universal, scalable and reliable quantum
computer, we have developed a quantum computing soft-
ware platform that consists of a compiler, a building
block controller and a system mapper. This software
platform will be made public in the near future. Before
the release, in this abstract we introduce parts of the plat-
form, and show the expected performance of a quantum
algorithm investigated by our software platform. Fig 1
describes three main parts of our software platform, and
the data flow among them.

The compiler is based on an open-source compiler Scaf-
fCC [2, 3]. We have investigated quantum compile algo-
rithms, and improved how to decompose a controlled ro-
tation gate with an arbitrary angle. By incorporating the
improved algorithms within the compiler, as will be dis-
cussed in a forthcoming paper [4], we have increased the
efficiency of a compile process and a compile output, a
quantum assembly code (QASM). Furthermore, we have
introduced some functions to the compiler to estimate
the required accuracy of logical quantum operations.

The ScaffCC generates two types of quantum assembly
codes, a non-structured non-modular code and a struc-
tured modular code. A modular code consists of one main
module and multiple sub-modules like C/C++ program.
A quantum algorithm is executed by performing all the
commands in the main module, which corresponds to
quantum gates or other sub-modules. On the other hand,
a non-modular code consists of quantum and classical op-
erations in a simple list. By performing all commands in
sequence, a quantum algorithm is executed. Since all
commands are written as flattened out, empirically, the
size of a non-modular code is very huge. For example,
in case of ground state estimation algorithm [5, 6] with
an input M = 10 (b = 3), the size of a non-modular
code is around 1.4 GB, but its modular version is only

400 KB. Unfortunately, the input size is not enough for
meaningful problem. In case of Shor algorithm for fac-
toring 512 bit integer, the code size approaches to 17
TB. Therefore making a non-modular code with big size
input introduces another practical engineering problem.
We are struggling to resolve this kinds of problem. Our
software platform can deal with both type codes.

Our software platform targets a quantum computer
equipped with FT quantum error correction. For that,
the building block controller prepares and controls the
logical qubits in a fault tolerant manner. Note that it is
not that a building block controller works with real log-
ical qubits physically implemented, but we hope it will
control real system in the future. The controller now
controls virtual logical qubits defined by a given quan-
tum error-correcting code, required accuracy and quan-
tum device technology. We assume 2D layout for a logical
qubit, and the physical qubits are arranged for differ-
ent purpose, data and ancilla. Some ancilla qubits are
used for error correction, and other qubits are utilized
for magic state distillation.

As mentioned above, the compiler estimates the re-
quired accuracy of logical quantum gate. We calculate
the maximum allowable error rate of a (logical) gate in
a quantum circuit for a quantum algorithm by using KQ
formula [7], 1/KQ. Since the required accuracy of log-
ical gates are much higher than that of physical gate
with current technology, we have to increase the accuracy
by raising the concatenation level of a logical qubit (in
case of a block-type quantum error-correcting code) [8]
or enlarging the surface size (for a surface code) [9]. At
present, the building block controller is able to prepare
and control logical qubits of only block-type quantum
error-correcting codes, [[7, 1, 3]] Steane code and [[9, 1, 3]]
Bacon-Shor code. The surface code will be implemented
soon.

Provided that a quantum assembly code and logical
qubits, the (logical) system mapper synthesizes a quan-
tum computing of the quantum algorithm on a specific
quantum computer architecture. Our software platform
use hierarchical layouts for physical and logical qubits.
The physical qubit layout is used to define a logical qubit
as mentioned above. On the other hand, the layout for
logical qubits is for running a quantum assembly code. A
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quantum assembly code command is performed by ma-
nipulating logical qubits on the arranged logical layout.

At present, the system mapper assumes a 2D square
layout to reduce the cost in qubit interactions for distant
two-qubit gates. As is well known, a feasible implemen-
tation of multi-qubit gate should be local, and therefore
two qubits have to placed in neighbor. For a CNOT gate
to distant two qubits, one qubit has to move to the other
qubit by SWAP or MOVE operation.

The main objective of the system mapper is to gener-
ate an architecture-specific description of a quantum al-
gorithm. As mentioned above, when executing a CNOT
gate, the qubit arrangement on a qubit layout has to be
seriously considered. To process a CNOT gate in the
quantum assembly code, the system mapper first iden-
tifies the locations of two qubits and applies SWAP (or
MOVE) gate to one of both qubits or both qubits at the
same time. As will be seen later, these additional SWAP
operations occupy much portion in a quantum comput-
ing. The degree depends on the qubit layout, an algo-
rithm, a scheduling for SWAP gates and so on. We call
the architecture-specific description of a quantum algo-
rithm as a system code.

Besides, the system mapper can evaluate the expected
performance of a quantum algorithm. For example, it
can calculate an algorithm execution time and a success
probability (also called a circuit fidelity). The build-
ing block controller prepares a logical qubit in the pre-
determined concatenation level. As is well known, by
raising the concatenation level, the accuracy and the ex-
ecution time of a logical quantum gate are increased [1].
The base accuracy and execution time are provided by
physical properties of quantum device technology. At
present, our platform evaluates the performance based
on a quantum dot, a superconductor and a trapped ion
system [10, 11, 12, 13, 14, 15, 16].

In what follows, we show the expected performance
of a quantum algorithm on the 2D qubit layout. The
input quantum algorithm is ground state estimation al-
gorithm [5, 6] with input M = 10 (b = 3). The assumed
quantum error-correcting code is [[7, 1, 3]] Steane code,
and the quantum device is a Si quantum dot system. Ta-
ble 1 shows the analysis result such as the circuit fidelity
and the algorithm execution time.

We are eagerly developing and improving our quantum
computing software platform now, and it will be open to
public in the near future. The software platform will pro-
vide various functions for a compile, a system mapping
and logical qubit design. We hope this software platform
provides benefits to both of theorists and experimental-
ists in the quantum computing field.
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Abstract. It is important to calculate a minimum error probability when we evaluate the performance
of quantum communications and quantum cryptography. However, the calculation of the minimum error
probability is difficult because of the computational complexity. We have considered an approximation
of the minimum error probability. In our previous study, we numerically demonstrated that the gap
between the exact minimum error probability and approximation tends to 9/8 times the square of the
error probability. In this paper, we consider why the value is 9/8. The answer is that the gap consists of
“classical M -ary vs. binary” and “quantum M -ary vs. binary” gaps.

Keywords: Minimum error probability, Trace distance, Quantum cryptography

1 Introduction

The average probability of the error of the optimum
quantum measurement is called the minimum error prob-
ability [1, 2]. Computing the minimum error probability
is essential for the analysis of performance in quantum
communications and the security of quantum cryptogra-
phy (e.g. [2, 3, 4, 5, 6]). However, the computation of the
minimum error probability is difficult because of the com-
putational complexity [7, 8, 9]. To manage this problem,
we proposed a simple approximation of the minimum
error probability using the trace distance, and numeri-
cally demonstrated that the approximation is accurate
for amplitude-shift keying (ASK) or phase-shift keying
(PSK) coherent-state signals [10, 11]. Furthermore, we
considered the accuracy of the approximation [12]; that
is, we numerically demonstrated that the gap between
the exact minimum error probability P opt

e and approx-
imation tends to 9

8 (P
opt
e )2 in the limit of a small error

probability and large number of signals for ASK and PSK
signals. In this paper, we focus on PSK signals and clar-
ify why the value is 9

8 . The answer is that 9
8 = 1

8 + 1;
that is, the gap (= 9

8 ) consists of a “classical M -ary vs.
binary” gap (= 1

8 ) and a “quantum M -ary vs. binary”
gap (= 1).

2 Minimum error probability and its
simple approximation

Let {Πopt
j } be the optimum POVM (positive operator-

valued measure) for M -ary PSK signals S = {ρi =
|ψi⟩⟨ψi|} with uniform a priori probabilities, where i, j ∈
IM = {0, . . . ,M − 1}. The minimum error probability is
expressed as

P opt
e =

1

M

∑
i∈IM

∑
j ̸=i

P (j|i) =
∑
j ̸=0

P (j|0), (1)
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where
P (j|i) = TrρiΠ

opt
j . (2)

Let P bin
e be the minimum error probability of distinguish-

ing the two closest neighboring signals amongM -ary sig-
nals:

P bin
e =

1

2
{1−D(ρ, σ)}, (3)

where ρ, σ ∈ S are the two closest neighboring signals
and D(ρ, σ) is the trace distance between the two signals.
Then the approximation [10, 11] of the minimum error
probability is

P app
e = ⟨N⟩P bin

e , (4)

where ⟨N⟩ is the average number of neighboring signals.
Note that ⟨N⟩ = 2 for M -ary PSK signals.

3 Accuracy of the approximation and
“gap”

To examine how P app
e approximates P opt

e , we consider
a normalized accuracy of the approximation [10, 11] de-
fined as

NA =

∣∣∣∣1− P app
e

P opt
e

∣∣∣∣ . (5)

Typical values of the normalized accuracy are zero when
P app
e = P opt

e and one when P app
e = 0 or P app

e = 2P opt
e .

As we computed in [12], NA tends to 9
8P

app
e ≈ 9

8P
opt
e in

the limit of small P app
e and large M . This means

P app
e ≈ P opt

e ± 9

8

(
P opt
e

)2
, (6)

for small P opt
e and large M . Because |P opt

e − P app
e | ≈

9
8 (P

opt
e )

2
, we call 9

8 (P
opt
e )

2
the “gap” between the mini-

mum error probability and its approximation.

4 Origin of the gap

We consider why the peculiar factor 9
8 arises. The

answer is as follows:
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4.1 Classical gap (= 1
8 )

We start from the conditional probability (2). Because
PSK signals are symmetric, we have

P (1|0) = P (M − 1|0), P (2|0) = P (M − 2|0), · · · . (7)

For small P opt
e and large M ,

P (0|0) ≫ P (1|0) ≫ P (2|0) ≫ · · · ≫ P (
⌊M
2

⌋
−1|0), (8)

where ⌊M2 ⌋ is the largest integer less than or equal to M
2 .

Therefore,

P opt
e = P (1|0) + P (2|0) + · · ·+ P (M − 1|0)

≈ 2P (1|0) =: PA
e . (9)

As will be shown in the next section,

P opt
e → PA

e +
1

8

(
P opt
e

)2
, (10)

in the limit of small P opt
e and largeM ; thus, the gap that

arises from omitting P (2|0), P (3|0), · · · causes the factor
1
8 . Because this type of omission (or the approximation
of Eq. (9)) is valid for classical probability, we call the
gap a “classical M -ary vs. binary” gap.

4.2 Quantum gap (= 1)

Now we consider the gap between PA
e and P app

e . Both
are quantum probabilities, and PA

e and P app
e are based

on quantumM -ary detection and quantum binary detec-
tion, respectively. As will be shown in the next section,

PA
e → P app

e +
(
PA
e

)2
, (11)

in the limit of small P opt
e (or small P app

e ) and large M ;
thus, the gap arising from the difference between quan-
tum M -ary and binary detection causes the factor one.
Because this originates from quantum interference, we
call the gap a “quantum M -ary vs. binary” gap.

5 Approximate derivation of the gaps

5.1 Classical gap (= 1
8 )

First, we derive 1
8 . We will show

P opt
e − PA

e

PA
e

/
PA
e ≈ 1

8
. (12)

For this purpose, consider the analytical expression of
P (1|0) (e.g. [13]):

P (1|0) =

∣∣∣∣∣∣ 1M
∑
k∈IM

e−i 2πk
M

√∑
l∈IM

ei
2πkl
M κl

∣∣∣∣∣∣
2

, (13)

where κl = ⟨ψ0|ψl⟩ is the inner product between the ze-
roth and l-th signals and |κ0| = 1 ≫ |κ1| ≫ |κ2| ≫ · · · ≫
|κ⌊M

2 ⌋−1|. Let κ := |κ1| and θ1 := arg κ1. Then, we have

√∑
l∈IM

ei
2πkl
M κl ≈

√
1 + 2κ cos

(
2πk

M
+ θ1

)
. (14)

Furthermore, consider a series expansion and omit
higher-order terms, then we have

P (1|0) ≈ 1

4

(
1 +

3

8
κ2
)2

κ2. (15)

Similarly, for P (2|0), we have

P (2|0) ≈ 1

64

(
κ4 +

15

4
κ6 +

225

64
κ8
)
. (16)

Let ε := P (1|0). Considering the lower terms of the
above equations, we obtain P (2|0) ≈ ( 12ε)

2. Therefore,
from

P opt
e =

∑
j ̸=0

P (j|0) = 2

(
ε+

1

2
ε2
)
+O(ε3), (17)

and PA
e = 2ε,

P opt
e − PA

e

PA
e

/
PA
e =

2
(
ε+ 1

2ε
2
)
+O(ε3)− 2ε

(2ε)2
≈ 1

8
, (18)

and Eq. (12) holds.

5.2 Quantum gap (= 1)

Now we derive the quantum gap. We will show

PA
e − P app

e

P app
e

/
P app
e ≈ 1. (19)

For the minimum error probability of binary signals, we
can use the well-known Helstrom formula and P app

e =
1−

√
1− κ2. Substituting this equation and the result of

the previous section into the left-hand side of Eq. (19),
we have

PA
e − P app

e

P app
e

/
P app
e ≈

1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

(20)

Consider the case of a small error probability or the
limit NS → ∞; therefore, κ → 0 because κ =
e−NS{1−cos(2π/M)}, where, NS is the average number of
photons. As a result, the above equation reduces to

1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

=
1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

(1 +
√
1− κ2)2

(1 +
√
1− κ2)2

=
(1 +

√
1− κ2)

{
1
2

(
1 + 3

8κ
2
)2

(1 +
√
1− κ2)− 1

}
κ2

=
1
4κ

2 − 15
64κ

4 − 9
128κ

6 + 3
4κ

2
√
1− κ2 + 9

64κ
4
√
1− κ2

κ2

=
1

4
− 15

64
κ2 − 9

128
κ4 +

3

4

√
1− κ2 +

9

64
κ2
√
1− κ2

→ 1 (κ→ 0), (21)

and Eq. (19) follows.

265



6 Conclusions

In this study, we considered why 9
8 appeared in the

gap between the exact minimum error probability and
approximation proposed in [10, 11]. We clarified that the
answer is 9

8 = 1
8 +1. The first term, “1

8 ,” corresponds to
a “classical M -ary vs. binary” gap and the second term,
“1,” corresponds to a “quantum M -ary vs. binary” gap.
This result provides a type of physical interpretation of
the origin of the gap. In future work, we will further
consider the approximation and guarantee accuracy.
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Abstract. The quantum set is known to be convex, as such; it is possible to classify its boundary points
by their extremality and exposedness. These geometric properties of a boundary point provide necessary
condition for its self-testability to a unique quantum state and set of measurements and its self-testability
via a maximal violation of Bell inequality. In this work, we explore the geometry of the quantum set by
identifying the geometric properties of certain boundary points of interest. Additionally, through slice and
projection plots, this work aims to aid the visualisation of the quantum set.

Keywords: Bell nonlocality, Quantum correlations, Quantum information

1 Introduction
In a Bell scenario and under the assumption of no-

signalling, there exist statistics produced by quantum
states and measurements which cannot be explained by
classical local theory, these statistics are said to be non-
local. In quantum theory, non-local statistics can only
be observed by local measurements when an entangled
state is measured. Hence, non-locality manifest itself
as a device-independent entanglement witness. More-
over, some non-local statistics are able to determine
uniquely the measured state and/or the measurements
up to a local isometry, this phenomenon is known as
self-testing. The most celebrated example of self-testing
is the maximal violation of the Clauser-Horne-Shimony-
Holt (CHSH) inequality. The observation of such viola-
tion implies that the measured state must be a maximally
entangled qubits (singlet state) and the measurements
must anti-commute. This result can be interpreted as a
2-step process: (1) There exists an unique statistics which
maximally violates the CHSH inequality in the quantum
set of statistics (2) the statistics can only be achieved
with an unique state and measurements. In order to il-
lustrate if step (1) holds for other Bell inequalities, it begs
the question about the geometry of the quantum set.

2 Geometry of the Quantum Set
We define the quantum set as the closure of the set of

statistics achievable by quantum states residing in finite-
dimensional Hilbert space. Hence, the quantum set, ac-
cording to our definition, is a closed convex set residing
in the probability space. Fig. 1 (i) shows the differ-
ent types of points that are found in convex sets. The
boundary points (points other than interior points) are

∗ktgoh@u.nus.edu

maximisers of Bell inequalities. However, only exposed
(and hyper-exposed) points are unique maximisers of Bell
inequalities.

In the typical graphical representation of the quantum
set (see Fig. 1 (ii)), the quantum set and the local poly-
tope are depicted as a circle and square respectively. Such
plots are invaluable when explaining violation of Bell in-
equality and why some Bell inequality cannot be violated
by quantum states. However, every boundary point of
the quantum set in this plot is also exposed. Therefore,
if one take this picture too seriously, one might be misled
to think that every quantum statistics which maximally
violates a Bell inequality is the unique maximiser of the
Bell inequality.

3 Results
In our work, we prove the that the boundary of quan-

tum set contains all the different types of boundary points
shown in Fig. 1 (i) with explicit examples. For illustra-
tion purpose, Fig. 2 shows two different 2-dimensional
projections of the quantum set which shows that the
boundary of the quantum set exhibits all distinct class
of boundary points of a convex set.
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Figure 1: (i)Distinct classes of points of a convex compact
set (ii) Typical diagram of the 2-dimension projection
of the 8-dimensional quantum set and local polytope as
depicted as a circle and a square respectively.
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Figure 2: 2-dimensional projections of the Quantum set
and Local polytope.

References
[1] K. T. Goh, J. Kaniewski, E. Wolfe, T. Vértesi, X. Wu,

Y. Cai, Y.-C. Liang and V. Scarani. Geometry of the
quantum set and its connection with self-testing. In
Preparation, 2017.



Fidelity based measurement induced nonlocality
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Abstract. In this paper, we propose a fidelity induced metric to capture global nonlocal effect of a
quantum state due to locally invariant projective measurements, which is termed as measurement induced
nonlocality (MIN). This quantity can be remedying local ancilla problem in the original definition of MIN.
We present an analytical formula of fidelity based MIN for an arbitrary pure state and 2× n dimensional
mixed state.

Keywords: Nonlocality, Quantum correlation, Projective measurement

1 Introduction

Nonlocality is a kind of resource in quantum informa-
tion processing and has a close relationship with quan-
tum entanglement. Since the work of Bell, entanglement
is believed to be the manifestation of nonlocality which
cannot be accounted by any local hidden variable model.
Though all pure entangled states are nonlocal, in terms of
violation of Bell inequality, all mixed entangled states are
not. In fact, Werner showed through an explicit exam-
ple that mixed entangled state can also obey Bell or Bell
like inequalities. It is now broadly accepted that entan-
glement is not the complete manifestation of nonlocality.
The measurement-induced nonlocality (MIN) is the max-
imum global effect caused by locally invariant measure-
ment [1], which is different from conventional nonlocality
related to the violation of Bells inequalities [2]. Moreover,
MIN can quantify nonlocal resource in quantum com-
munication protocols involving local measurement and
a comparison between the pre- and post-measurement
states. We note that MIN has also been investigated re-
cently based on skew information [3]. Here we propose
another form of MIN based on fidelity induced metric.

2 MIN based on Fidelity

Though fidelity F(ρ, σ) between the quantum states ρ
and σ is not a metric, one can define a metric D(ρ, σ) =
Φ(F(ρ, σ)), where Φ is a monotonically decreasing func-
tion of F and satisfying all the axioms of distance mea-
sure. Let us consider a bipartite state ρ shared by the
parties a and b with respective state spaces Ha and Hb.
Defining MIN in terms of fidelity induced metric (sine
metric) as [4]

NF (ρ) = max
Πa C2(ρ,Πa(ρ)) (1)

where C2(ρ, σ) = 1− F(ρ, σ) and the maximum is taken
over the von Neumann projective measurement on sub-
system a. Here Πa(ρ) =

∑
k(Πa

k ⊗ 1b)ρ(Πa
k ⊗ 1b), with

Πa = {Πa
k} = {|k〉〈k|} being the projective measure-

ments on the subsystem a, which do not change the
marginal state ρa locally i.e., Πa(ρa) = ρa. In other
words, MIN is defined in terms of the fidelity between

∗rajendramuthu@gmail.com
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pre- and post-measurement state. Some interesting prop-
erties of the MIN are

(i) NF (ρ) is a non-negative quantity i.e., NF (ρ) ≥ 0.

(ii) NF (ρ) = 0 for any product state ρ = ρa⊗ρb and the
classical state in the form ρ =

∑
i pi|i〉〈i| ⊗ ρi with

nondegenerate marginal state ρa =
∑

i pi|i〉〈i|.

(iii) NF (ρ) is locally unitary invariant in the sense that
NF

(
(U ⊗ V )ρ(U ⊗ V )†

)
= NF (ρ) for any unitary

operators U and V .

(iv) For any pure maximally entangled state NF (ρ) has
the maximal value of 0.5.

(v) NF (ρ) is invariant under the addition of any local
ancilla to the unmeasured party (proof follows from
multiplicativity of fidelity).

For any pure bipartite state |Ψ〉 we have the Schmidt
decomposition |Ψ〉 =

∑
i

√
λi|αi〉 ⊗ |βi〉. The von Neu-

mann projective measurement on party a is expressed as
Πa = {Πa

k} = {U |αk〉〈αk|U†} for any unitary operator
U . The marginal state ρa can be written as spectral de-
composition in the orthonormal bases {U |αk〉} as ρa =∑

k〈αk|U†ρaU |αk〉U |αk〉〈αk|U† with 〈αk|U†ρaU |αk〉 =
λk, the eigenvalues of ρa. After a straight forward
calculation, the fidelity [5] between the pre- and post-
measurement state is given by F(ρ,Πa(ρ)) =

∑
k λ

2
k, im-

plying that

NF (|Ψ〉〈Ψ|) = 1−
∑
k

λ2
k. (2)

which is identical with the MIN based on Hilbert Schmidt
norm [1] and skew information [3].

Let {Xi : i = 0, 1, 2, · · · ,m2 − 1} and {Yj : j =
0, 1, 2, · · · , n2 − 1} be set of two orthonormal bases cor-
responding to the Hilbert spaces Ha and Hb respec-
tively, in the sense of tr(XkXl) = tr(YkYl) = δkl, with
X0 = 1/

√
m and Y0 = 1/

√
n. An arbitrary bipartite

state in the composite state space Ha ⊗ Hb is then de-
fined as

ρ =
∑
ij

γijXi ⊗ Yj (3)

with γij = tr(ρXi ⊗ Yj) and Γ = (γij) is a correlation
matrix with real entries. For any orthonormal basis {|k〉 :
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k = 0, 1, 2, · · · ,m − 1}, |k〉〈k| =
∑

i akiXi with aki =
tr(|k〉〈k|Xi). Then it can be shown that MIN based on
fidelity metric has a tight upper bound as

NF (ρ) ≤ 1

‖Γ‖2

 m2∑
i=m

µi

 (4)

where µi are eigenvalues of the matrix ΓΓt listed in in-
creasing order and the superscript denotes transpose of
a matrix.

Proof is as follows: Defining a matrix A = (aki) and
we have

NF (ρ) =
1

‖Γ‖2
[
‖Γ‖2 −min

A tr(AΓΓtAt)
]
. (5)

Adapting the optimization procedure [6], we have

min
A tr (AΓΓtAt) = min

R tr (RΓΓtRt) =
m−1∑
i=1

µi. (6)

where R is a (m−1)×m2 matrix, such that RRt = 1m−1

and µi are eigenvalues of the matrix ΓΓt listed in increas-
ing order. Substitution of Eq.(6) in Eq.(5) completes the
proof. For 2× n dimensional systems

min
A tr (AΓΓtAt) = µ1. (7)

and we have a closed formula

NF (ρ) =
1

‖Γ‖2
(µ2 + µ3 + µ4)

3 Conclusions

In this article, we have proposed a fidelity based mea-
surement induced nonlocality (MIN). In addition to cap-
turing global nonlocal effect of a state due to the von
Neumann projective measurement, this quantity can be
remedying local ancilla problem of original MIN. We have
presented a closed formula of MIN for an arbitrary pure
state and 2× n dimensional mixed state.
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Coherent chemical kinetics: quantum info meets chemistry
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Chemical kinetics is a study of rates of chemical processes. These processes could be represented by a graph with
vertices describing reactants (or states of involved molecules) and arrows describing reaction directions and the rates.
Exemplary such graph is shown on the left in the figure below. At any time, we are interested in concentration of the
chemicals or probability that a given vertex is occupied. The dynamics is governed by rate equations, alternatively it
is described by stochastic maps. Altogether the problem could be modelled by a random walk.

Given that we are living in a quantum world a natural question is what happens if some of the transitions in the
figure above are coherent, as in the right panel transition denoted by ν32. This is not only a question of mathematical
curiosity but indeed reactions exist which involve quantum-coherent transitions. A prominent example is so-called
radical-pair model (a radical pair is a pair of ions with unpaired electron spins). In fact the right panel corresponds to
a simplified scheme thought to occur in the cryptochromes of the plant Arabidopsis thaliana. The coherent transition
is between singlet and triplet states of the electrons in the radical pair. Depending on this spin state the reaction can
then produce different chemical products. Such reactions are studied in the field of spin chemistry.

In analogy with the classical case, we propose to model reactions like the one of the right panel by a quantum
random walk. The classical probability vectors are hence replaced by quantum states, rate equations by master
equations and stochastic maps by Kraus maps. We are therefore dealing with continuous-time open quantum walks
whose time-discrete version is well studied by the quantum information community. Our approach allows us to derive
from first principles the master equations describing dynamics on the whole graph and its parts. In particular this
allows us to clarify how does spin-selective recombination contribute to the singlet-triplet dephasing of the radical
pair. This problem has been studied by spin chemists for a long time and many master equations have been proposed
to describe the radical pair [1–6]. The equation that we have obtained is the same as derived from the Haberkorn
approach. It is for the first time that this approach is derived from first principles.

Other concepts from the theory of quantum random walks could be applied to study chemical processes with
coherence. As example we apply the concept of a hitting time to study the speed of chemical reactions as characterised
by reaching for the first time certain chemical product (vertex in the graph). For realistic parameters measured on
the Arabidopsis thaliana we show that quantum coherence has very little effect on the speed of the reactions. It turns
out that this is caused by the rate limiting step in the graph. The distribution of hitting times, however, can be used
as coherence indicator. If there is coherence in the system the hitting distribution displays characteristic oscillations.
It may also happen due to quantum coherence that the average hitting time diverges. We present a new mechanism
behind this effect similar to coherent population trapping.

The talk would be based on Refs. [7–9].
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Verifiable blind quantum computation with fault-tolerance
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Abstract. In verifiable blind quantum computation (VBQC) protocols that utilize trap qubits, any sus-
picious deviation on the trap qubits is rejected, and hence the acceptance rate of the output decreases
exponentially even under non-malicious server’s deviation. To avoid this, we propose a protocol to prepare
ten states, which are required for the Fitzsimons-Kashefi protocol, at the server’s side by using only the
client’s measurements in the Pauli X- and Z-bases. By using it, we can construct an error-tolerant VBQC
protocol with single-qubit {X,Z}-basis measurements and classical processing for the client.

Keywords: Blind quantum computation, Fitzsimons-Kashefi protocol, Quantum error correction

1 Introduction

A first-generation fully-fledged digital quantum com-
puter will be realized by a large enterprise or government.
It is expected that, because of its scale and/or difficulty
of maintenance, a client who wants to utilize a quantum
computer will use relatively poor quantum devices to del-
egate the quantum computation to a server who has the
quantum computer. Verifiable blind quantum computa-
tion (VBQC) guarantees information-theoretic security
of the client’s input, quantum algorithm, and output of
the quantum computation. In addition to security, there
is an important concept: verifiability, i.e., the ability of
the client to certify whether or not the server honestly
performed the task delegated by the client.
In existing VBQC protocols [1, 2, 3, 4, 5] that utilize

trap qubits, if the server performs any deviation on trap
qubits sneaked by the client, the server’s output is re-
jected by the client. Therefore, even when the server is
not so malicious, the acceptance rate of the output de-
creases exponentially in the number of trap qubits under
imperfections of server’s devices and a quantum channel.
Therefore, a systematic way to amplify the acceptance
rate by the almost classical client is now highly desired
to make VBQC practical, similarly to privacy amplifica-
tion in quantum key distribution (QKD) [6].
In this poster, we propose a remote blind single-qubit

preparation (RBSP) protocol [7] to prepare the randomly
rotated basis states and Z-basis states (ten states), which
are required for the Fitzsimons-Kashefi (FK) protocol [1],
at the server’s side by using only the client’s {X,Z}-
basis measurements. By combining the measurement-
based RBSP protocol with the FK protocol, we con-
struct an error-tolerant VBQC protocol [7]. In other
words, we resolve an important open problem mentioned
in Ref. [8], where whether or not a fault-tolerant VBQC
can be constructed. Note that Ref. [9] has also resolved
this open problem. As a difference between our work
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†fujii@qi.t.u-tokyo.ac.jp
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and it, different types of BQC protocols where each of
them has own advantages are utilized. In other words,
the measurement-only BQC protocol [10] is utilized in
Ref. [9].

2 Outline of our method

First, we propose a RBSP protocol to prepare ten
states by the client’s {X,Z}-basis state preparations.
Our state-preparation-based RBSP protocol can be com-
bined with the FK protocol [1] without any degradation
of verifiability. To this end, we have to respect the fol-
lowing two properties: (i) server’s initial states are given
as the maximally mixed state from server’s viewpoint in
the ideal case, (ii) server’s deviation is independent of
the states sent by the client. To satisfy (i), all input
states are sent from the client in contrast with an ex-
isting RBSP protocol [11]. In order to respect (ii), we
do not employ any adaptive operation, depending on the
server’s measurement outcomes, at the client’s side dur-
ing RBSP. Instead, we use a postselection procedure to
guarantee that server’s deviation is independent on the
states sent by the client. Since the success probability of
the postselection is constant, it does not make our state-
preparation-based RBSP protocol inefficient.
Second, to employ transversal measurements on the

Calderbank-Shor-Steane (CSS) codes [12, 13] at the client
side, we replace the four-state preparations with the
{X,Z}-basis measurements. In this situation, the con-
ventional duality between the state preparation and the
measurement cannot be applied straightforwardly be-
cause of the property (ii). If the server prepares a mali-
cious resource state, the server’s deviation could be de-
pend on the states prepared remotely by the client’s mea-
surement on a part of the resource state. This is one
of hurdles that need to be cleared to construct a fault-
tolerant VBQC protocol. To clear this hurdle, we devise a
randomization protocol to push the server’s deviation for-
ward, independent on the states prepared by the client.
The randomization protocol runs as follows:

1. The server (Bob) sends one half of the Bell pair
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|Φ+⟩ ≡ (|00⟩+ |11⟩)/
√
2 through a quantum chan-

nel.

2. When the client (Alice) wants to prepare the X
(Z)-basis state at Bob’s side, she measures the
qubit sent from Bob in the X (Z) basis. Let o
be the measurement outcome. Independently, Al-
ice chooses the values of a and r from {0, 1} uniform
randomly, respectively. When Alice measures the
qubit in the X basis, she requests Bob to perform
XrZa⊕o on the remaining one half of the Bell pair.
In contrast, when Alice measures in the Z basis, she
requests Bob to perform Xa⊕oZr on the remaining
one half of the Bell pair.

For this protocol, we prove the following theorem:

Theorem 1 (Pushing Bob’s deviation forward by
Alice’s randomization) Any Bob’s deviation during
remote four-state preparation by the randomization pro-
tocol can be written as a TPCP map E independent on
the prepared four-state |A⟩, namely, the state at Bob’s
side can be written as E(|A⟩⟨A|).

We show that not only blindness and correctness, which
are necessary requirements for BQC, but verifiability
is also guaranteed even when the measurement-based
RBSP protocol is combined with the FK protocol [1].
By virtue of these, the client can now employ the CSS
codes to correct errors via classical processing after the
transversal {X,Z}-basis measurements, similarly to the
Bennett-Brassard (BB84) protocol [14] for QKD. Accord-
ingly, the acceptance rate can be successfully amplified
by the almost classical client under server’s deviation, in-
cluding noise in the quantum channel and imperfections
of server’s devices.
The detail of our method is given in Ref. [7].

3 Error-tolerant VBQC protocol

Our error-tolerant VBQC protocol composed of the
measurement-based RBSP protocol and the FK proto-
col runs as follows:

1. The server (Bob) sends encoded one half of the log-
ical Bell pair |Φ+

L⟩ ≡ (|0L0L⟩+|1L1L⟩)/
√
2 encoded

in the CSS code with length l through a quantum
channel. Bob repeats this procedure until five log-
ical qubits reach the server’s (Alice’s) side.

2. Alice measures the logical qubit sent from Bob in
theXL = X⊗l or ZL = Z⊗l basis with a probability
q or (1− q), respectively, and perform error correc-
tion through classical processing to obtain a reliable
measurement outcome. Due to the transversality of
the CSS code, such measurements can be done by
only single-qubit {X,Z}-basis measurements. For
the 1st and 5th logical qubits, q = p/(1 − p). For
the 2nd and 4th logical qubits, q = 1 − p. For
the 3rd logical qubit, q = 1 − p′. Here, values
of p and p′ are chosen (not uniquely) such that
ND/N = 1− 4p2(1− p′), where ND and (N −ND)
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Figure 1: A diagram of a quantum circuit used in step 3
of the error-tolerant VBQC protocol. For simplicity, the
subscript L is omitted. In the graph state representation
at the top, solid and dashed circles indicate the output
state |BL⟩ and the measured logical qubits, respectively.

are the numbers of Z-basis states and the randomly
rotated basis states |+k⟩ ≡ (|0⟩ + eikπ/4|1⟩)/

√
2

(0 ≤ k ≤ 7, k ∈ Z), respectively. Let oi be the ith
reliable measurement outcome. Independently, Al-
ice chooses the values of {ai} and {ri} from {0, 1}×5

uniform randomly, respectively. When Alice mea-
sures the ith logical qubit in the XL basis, she
requests Bob to perform Xri

L Z
ai⊕oi
L on the logi-

cal qubit that was entangled with the ith logical
qubit. In contrast, when Alice measures the ith
logical qubit in the ZL basis, she requests Bob to
perform Xai⊕oi

L ZriL on the logical qubit that was
entangled with the ith logical qubit.

3. Bob implements the quantum gates composed of
SL ≡

√
ZL, TL ≡

√
SL, HL, and ΛL(ZL), as shown

in Fig. 1. Here, ΛL(ZL) is the logical controlled-
ZL gate. Bob then measures all qubits except for
the 3rd logical qubit in the ZL bases and obtains
measurement outcomes s1, s2, s4, and s5. As a
result, the state of the 3rd logical qubit becomes
|BL⟩ depending on {ai} and {si}. Bob sends all
measurement outcomes to Alice through a classical
channel. If all measurement outcomes are 0, Bob
keeps |BL⟩. Otherwise, he discards it.

4. Alice and Bob repeat the steps 1-3 until ND Z-
basis states and (N −ND) randomly rotated basis
states are prepared at Bob’s side. If the numbers
of Z-basis states or randomly rotated basis states
are more than ND or (N −ND), respectively, Alice
uniform randomly selects which extra qubits will
be discarded. Then, she instructs Bob to discard
them.

5. Alice and Bob perform the FK protocol by using
logical qubits prepared in previous steps.

In the most classical BQC protocols with double
servers [15, 16], unconditionally secure classical commu-
nication is implicitly assumed, and hence QKD such as
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BB84 [14] could be employed. In this sense, the con-
structed error-tolerant VBQC protocol, which has the
same client’s requirements as BB84, employs minimum
requirements and facilitates the integration of quantum
computing and quantum secure communication networks
as with protocols in Refs. [11, 17].
We explain how to amplify acceptance rate. By virtue

of error correction, we can amplify the acceptance rate
even in the presence of Bob’s deviation and the quan-
tum channel noise. Let us consider the case where
the server is honest and an error occurs independently
in the quantum channel with probability perror. With-
out error correction, the acceptance rate decreases as
O((1 − perror)

N/3) in the FK protocol [1]. On the other
hand, in the error-tolerant VBQC protocol, qubits are
always encoded into an error-correcting code. Let pL <
e−κ be the logical error probability per elementary op-
eration, whose overhead is at most a polynomial func-
tion of κ. Since the number of operations is at most
poly(N), the acceptance rate under error correction be-
comes O((1−poly(N)pL)

N/3) ∼ O(epoly(N)pLN/3) (More
rigorously, according to fault-tolerant theory, we can sim-
ulate ideal quantum computation with an exponentially
small additive error with respect to l1 norm with a poly-
nomial overhead if the amount of noise measured, for ex-
ample, by the diamond norm is sufficiently smaller than
a certain threshold value). That is, if we want to sat-
isfy pL < O(1/poly(N)), we can amplify the acceptance
rate using a polylog overhead with respect to N as long
as Bob’s deviation and the quantum channel noise are
small enough. For clarity, let us consider the case, where
X and Z errors are introduced independently with prob-
ability perror as channel noise. If perror < 11% [12, 18],
pL can be reduced exponentially with κ. Not only the
channel error, but also errors at Bob’s operation can also
be made fully fault-tolerant by doing the FK protocol by
using logical qubits fault-tolerant way [19, 20]. Note that
in proof for blindness and verifiability, we do not assume
any noise model, and hence our VBQC protocol can be
employed in any situation. If Bob’s deviation or errors
are correctable, the acceptance rate is amplified close to
unit. Otherwise, the verification protocol automatically
rejects Bob’s output.
Finally, we consider effect of loss in a quantum chan-

nel. Since a logical qubit sent from Bob to Alice is com-
posed of polylog(N) qubits, our protocol is not efficient
for the lossy quantum channel. To make our protocol
efficient for loss, we modify steps 1-2 of our protocol as
follows: First, if Alice wants to prepare a logical X(Z)-
basis state at Bob’s side, she measures one half of |Φ+⟩
sent from Bob in the X(Z)-basis until l qubits are pre-
pared at Bob’s side. Then, she tells Bob which qubits are
reached at her side. Second, Bob generates |Φ+

L⟩ at his
side. Then, Bob performs quantum teleportation (QT)
on one qubit of logical one half of |Φ+

L⟩ and a remaining
one half of |Φ+⟩ whose another one half reaches Alice’s
side l times. Finally, according to measurement outcomes
of Alice’s measurements and Bob’s QTs, she requests Bob
to perform the logical Pauli operator as with the random-

ization protocol. As a result, one {XL, ZL}-basis state
is prepared at Bob’s side. This modification decreases
the mean number of qubits required to prepare one log-
ical qubit at Bob’s side from (1/ploss)

l to l/ploss. Here,
(1− ploss) is transmittance of the quantum channel.
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Abstract. A unitary operation being a map itself (from states to states), a map on the unitary operations
defines a “higher-order” transformation. In this work, the input unitary is provided as a quantum gate, for
which we construct a universal quantum algorithm that invokes multiple but finite uses of the input unitary
gate to deterministically implement higher-order transformations. The higher-order maps consider are the
identity, transpose, inversion, and complex conjugation map for unitary inputs and arbitrarily distributed
input states with O(d2/ϵ) + O(1/ϵ1+δ) queries of the input unitary, for any δ > 0. The implementation
combines the recently discovered “exponentiation” algorithm of quantum states with a quantum adiabatic
computational scheme and generalized Grover search. Our algorithm improves the known best bounds,
O(d2 log2(d/ϵ2)/ϵ) and O(d4/ϵ2).

Keywords: higher-order quantum operation, adiabatic quantum computation, Grover search (amplitude
amplification), quantum learning oracular algorithms, state exponentiation

1 Introduction

Any information processing is a physical implementa-
tion of a mathematical function, mapping inputs to an
output. The input and output may be represented by a
quantum gate, in which case, the corresponding map re-
quires a “higher-order quantum operation”. Higher-order
quantum operations may be simple to define mathemat-
ically, but much remains unexplored as to which are ac-
tually possible and, if so, how they may be implemented
within quantum theory, especially when a classical de-
scription of the input unitary is not available.
Perhaps the most straightforward implementation is

then to obtain a complete classical description of the in-
put quantum operation via quantum process tomogra-
phy [1, 2]. The corresponding output quantum opera-
tion is then classically computed along with its quantum
circuit implementation. The number of times the input
quantum operation must be “queried” depends on the
properties of the input, plus the figure of merit on im-
plementation accuracy. For a higher-order quantum op-
eration on a d-dimensional system, a rough estimate for
a quantum channel yields O(d8/ϵ2) queries for a given
accuracy. If the input only contains unitary operations,
then the scaling reduces to O(d4/ϵ2).
While the quantum tomographic implementation is

versatile, as it applies to any valid higher-order quantum
operation, we find a more efficient implementation for
specific instances. The identity map for quantum chan-
nels is possible O(d2/ϵ) if the distribution of input states
satisfies a certain symmetry [3, 4]. The particular proto-
col also allows O(d2/ϵ) implementation for a “transposi-
tion”, again with the symmetry on the input states. If

∗syoujun0607@gmail.com
†soeda@phys.s.u-tokyo.ac.jp
‡murao@phys.s.u-tokyo.ac.jp

deterministicity is abandoned, then O(d2 ∗ polylog(1/ϵ))
is possible [5] for inversion, but scales exponentially with
the failure probability approaching 0.

Recently, it is shown that for the identity and in-
version map the dimensional scaling can be reduced to
O(d2 log2(d/ϵ2)/ϵ) for unitary inputs without any as-
sumption on the distribution of the input states [7]. The
work is originally motivated by an attempt to generalize
the notion of sample complexity to a quantum setting,
but the preparation of each sample used in the algorithm
can be prepared by using a single call to the oracle of
the input unitary. This method exploits another recently
discovered algorithm which approximately implements a
unitary operation given by exp(−itρ) for a real t when
quantum states whose density matrix is ρ are provided
as resource [8].

In this work, we present a universal implementation of
higher-order quantum operations implementing the iden-
tity, transpose, inversion, and complex conjugation map
for unitary inputs and arbitrarily distributed input states
with O(d2/ϵ) + O(1/ϵ1+δ) queries for any δ > 0. The
implementation combines the aforementioned “exponen-
tiation” algorithm of quantum states with a quantum
adiabatic computational scheme of adiabatic gate tele-
portation [10, 9] and generalized Grover search.

2 Overview of the implementation algo-
rithms

We provide an algorithm for four higher-order quan-
tum operation in total, but the identity map (albeit seem-
ingly the most trivial) covers all the core elements for the
other maps. The following observations are in order.

The first is that a single use of the input unitary U
on a d-dimensional system prepares the state |U⟩⟩ ≡
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(I ⊗ U)|Φd⟩, where |Φd⟩ denotes the maximally entan-
gled state of two d-dimensional qudits. For brevity, we
define PU ≡ |U⟩⟩⟨⟨U | and

VU (t) ≡ exp(−itPU ). (1)

Secondly, the exponentiation algorithm of Ref. [8] gives
a channel ΛPU ,t that approximates the unitary VU (t) of
an arbitrary (real) t up to an error by consuming multi-
ple copies of |U⟩⟩. The number of |U⟩⟩ consumed, hence
that of the query cost, is independent of d and given by
O(t2/ϵ), where ϵ is the error measured in terms of the
diamond norm, i.e.,

ϵ ≥
∥∥∥ΛPU ,t(·)− VU (t)(·)V †

U (t)
∥∥∥
♢
. (2)

The final key component of our algorithm is in find-
ing a quantum gate sequence that implements a transfer
operation XU defined by

XU |φ⟩|U⟩⟩ = |I⟩⟩U |φ⟩ (3)

for arbitrary |φ⟩. More precisely, we find a sequence that
approximates XU by assuming that we have at hand a
gate that implements VU (t), perfectly. Our main contri-
bution is that we provide implementation algorithms of
XU using PU as resource states.
All the errors arise from any imperfection in imple-

menting XU , which fall into two categories, i.e., of the
gate sequence in approximating XU and of the exponen-
tiation algorithm deviating from the ideal VU (t). For the
former category, let X̃ denote the gate sequence approx-
imating XU and assume that

ϵ ≥ max
∥|φ⟩∥=1

∥∥∥(X̃ [ABC] −X
[ABC]
U

)
|φ⟩[A]|U⟩⟩[BC]

∥∥∥ , (4)

where the upper index in square brackets are introduced
to explicit the system on or in which the operators and
states are defined. The right hand side differs from the
operator norm of X̃ − XU in that the optimization is
restricted to |φ⟩[A]|U⟩⟩[BC]. Defining channel Γ by

Γ[A](ρ[A]) ≡ TrBC

[
X̃ [ABC](ρ[A] ⊗ P

[BC]
U )

(
X̃†
)[ABC]

]
(5)

By use of a triangular inequality and that the partial
trace does not increase the distance between two quan-
tum states, it is not difficult to prove that

2ϵ ≥
∥∥∥U [A](ρ[AR])

(
U†)[A] − Γ[A](ρ[AR])

∥∥∥
1

(6)

for any ρ[AR], where R denotes an ancillary system and
∥ · ∥1 the trace distance. Hence, Eq. (4) implies

2ϵ ≥
∥∥U(·)U† − Γ(·)

∥∥
♢ .

The overall error of the algorithm should also incorporate
the error of the second category for every VU (t) in X̃ used.
If m0 of VU (t) are used and each replaced by ΛPU ,t with
error ϵexp, then the total error induced by the resulting
channel M is∥∥U(·)U† −M(·)

∥∥
♢ ≤ 2ϵ+m0ϵexp, (7)

assuming Eq. (4).
The higher-order quantum operation for the other

maps comes as an application of these elements. Note
that, when the higher-order quantum operation is the
identity map, the “transformed” operation is the same as
the initial operation U . Therefore, |φ⟩ in Eq. (3) is to be
interpreted as the input state of the operation returned
the higher-order quantum operation. First, a well-known
identity |UT ⟩⟩ = SWAP |U⟩⟩ implies that we already have
the state |UT ⟩⟩ and the means to implement VUT (t). Thus
the implementation algorithm for the transposition map
follows from that for the identity map by replacing U by
UT . For the inversion map, observe that Eq. (3) implies

|φ⟩|U⟩⟩ = (XU )
† |I⟩⟩U |φ⟩,

thus introducing |φ′⟩ ≡ U |φ⟩, we have

(XU )
† |I⟩⟩|φ′⟩ = U†|φ′⟩|U⟩⟩.

This equation shows that the inverted transfer operation
(XU )

†
suffices to achieve the inverse U†. Since XU is

given as a gate sequence, its inverse is simply the same se-
quence run backwards with each gate being inverted. The
operator VU (−t) which appears as the inverse of VU (t) is
implementable by consuming a single copy of |U⟩⟩, thus
the query cost remains the same. Finally, the complex
conjugation U → U∗ is given by U∗ = (UT )†.

3 Implementation of the transfer opera-
tion XU

Assuming |φ⟩ =
∑d
k=1 ck|ek⟩ for some orthonormal

complete basis {|ek⟩}dk=1, a gate sequence that gives XU

is a gate sequence that transforms |ek⟩|U⟩⟩ to |I⟩⟩U |ek⟩,
coherently. The underlying principle behind our first al-
gorithm is to realize an adiabatic transition from |ek⟩|U⟩⟩
to |I⟩⟩U |ek⟩ by a gate sequence, i.e., a digital quantum
simulation of quantum adiabatic transition.

For that we need a parametrized Hamiltonian

H(k)(s) = −(1− s)|ek⟩⟨ek| ⊗ PU − sPI ⊗ U |ek⟩⟨ek|U†,

whose ground energy eigenstate |v(0)k (s)⟩ is given by

|v(0)k (s)⟩ = ak(s)|ek⟩|U⟩⟩+ bk(s)|I⟩⟩U |ek⟩,

where

bk(s)

ak(s)
=

d

{
2s− 1 +

√
(1− 2s)2 + 4s(1−s)

d2

}
2(1− s)

, (8)

The initial state |ek⟩|U⟩⟩ is the ground energy eigenstate
of the initial Hamiltonian H(k)(0), and so is |I⟩⟩U |ek⟩ for
the final Hamiltonian H(k)(1).

To achieve the adiabatic transition with error ϵad, the
sweeing schedule for the weight s is given by fν(t/T ),
where ν is any fixed positive integer, t is from 0 to T ,

T ∝ 1

ϵ
1/ν
ad

ξ2

g3
,

277



and

fν(τ) =

∫ τ
τ ′=0

τ ′
ν
(1− τ ′)νdτ ′∫ 1

τ ′=0
τ ′ν(1− τ ′)νdτ ′

.

The rest is to simulate the unitary evolution deter-
mined by the time-dependent Hamiltonian H(fν(t/T )
from t = 0 to t = T , i.e.,

W (µ,m) ≡ T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

H(f(t/T ))dt

)
.

Clearly, W =
∏m
µ=1W (µ,m), where the product is

“time-ordered” so that the terms with smaller µ lie to
the right.
We define WTS(µ,m) (TS for “Trotter-Suzuki”) by

WTS(µ,m) ≡

T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

(1− f(t/T ))I ⊗ PUdt

)

× T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

f(t/T )PI ⊗ Idt

)
.

The time-ordering operator is unnecessary, thus

WTS(µ,m) = (I ⊗ VU (T/m− Fµ,m)) (VI(Fµ,m)⊗ I) ,

where

Fµ,m ≡
∫ µ T

m

(µ−1) T
m

f(t/T )dt.

Optimizing ϵad, T , and m to suppress the overall error
within ϵ, we obtain O(d6/ϵ1+δ), where δ ≥ 2/ν.
The query cost suffers a relatively high dimensional

scaling, which mainly results from the gap between the
highest and second highest energy eigenvalue decreasing
with d. The smallest gap appears that at s = 1/2. With
quantum adiabatic transition alone, however, our choice
of initial state is limited to |ek⟩|U⟩⟩, which necessarily
challenges the decreasing gap. The gap g(s) at a given s
is strictly nonzero for any s beyond s = 1/2. If the initial
state is the highest energy eigenstate of H(k)(s) for any
s ≥ 1/2+δs for any positive δs independent of d, then the
query cost for the adiabatic transition beyond this point
is O(1/ϵ1+δ), that is, without any dimensional scaling.
We show that this initial state preparation is possible by
adapting the Grover search.
A geometric interpretation of the Grover search is that

the initial state is rotated towards the answer space by a
sequence of reflection operators, implemented by invok-
ing the Grover oracle. We associate the initial state to
|ek⟩|U⟩⟩ and the “answer” space to |I⟩⟩U |ek⟩. Conven-
tionally, the necessary reflection operators are

R ≡ (I − 2|ek⟩⟨ek| ⊗ PU )(I − 2PI ⊗ U |ek⟩⟨ek|U†),

but we choose

Wg ≡ (I − 2I ⊗ PU )(I − 2PI ⊗ I).

In terms of VU (t), Wg = (I ⊗ VU (π))(VI(π) ⊗ I). The
effect of Wg on |ek⟩|U⟩⟩ is the same as R, because Hk ⊥

Hj for any j ̸= k. We let θd ∈ [0, π/2] be such that
sin θd = 1

d , and a nonnegative integer m̃ such that θd ≤
π
2 − 2m̃θd ≤ 3θd. By direct calculation,

W m̃
g |ek⟩|U⟩⟩ = (−1)m̃

cos θd
{cos(2m̃+ 1)θd|ek⟩|U⟩⟩

+ sin 2m̃θd|I⟩⟩U |ek⟩}. (9)

There exists 0 ≤ sd ≤ 1 such that

ak(s0)

bk(s0)
=

sin 2m̃θd
cos(2m̃+ 1)θd

, (10)

since the left hand side ranges between 0 and ∞.
We can prove that sd ≥ 0.54 > 1/2 for d ≥ 3 and

hence that the state (9) is the initial state of adiabatic
transition of desire. Optimizing the free parameters, we
obtain the improved query cost of O(d2/ϵ) +O(1/ϵ1+δ).

4 Implications

Our algorithm exploits the interconvertibility between
quantum operations and states, an extra flexibility in
implementing higher-order quantum operations, which
originates from a large collection of existing “first-order”
operations, like the exponentiation algorithm of Ref. [7].
In addition, the resource states of the presented algo-
rithm is a single kind, i.e., |U⟩⟩, independent of the im-
plementation error requirement, unlike Refs. [6] and [7].
As Refs. [6] and [7] are discussed in the context of quan-
tum learning, the present work proves the effectiveness
of computational algorithms like adiabatic gate telepor-
tation and the Grover search, whose relation may not
have been appreciated before.
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Abstract. For linear systems Ax = b, Harrow, Hassidim, Lloyd (HHL) algorithm produces a quantum
state of the normalized solution under the assumption that the coefficient matrix is sparse. In contrast to
the HHL algorithm, we have recently proposed a quantum algorithm in [S. Takahira et al., Extd. Abst. of
AQIS2016, pp. 87-88, (2016)] for the case where the coefficient matrix is dense (strictly speaking, a dense
circulant matrix). However, there seems to be a strong restriction that all eigenvalues of the circulant
matrix must be positive. In this paper, we propose a quantum algorithm that removes this restriction,
based on the amplitude estimation technique.

Keywords: Quantum algorithm, Circulant matrix, Linear systems, Amplitude estimation

1 Introduction

Harrow, Hassidim, and Lloyd developed an efficient
quantum algorithm that outputs a quantum state |x⟩ =
1

∥x∥x that is proportional to the solution for linear sys-

tems Ax = b [1]. The HHL algorithm can be used in
important applications, e.g., machine learning [2], linear
differential equation [3]. As the Hamiltonian simulation
runs at high speed for sparse matrices [4], the HHL al-
gorithm outputs the state very efficiently. In real prob-
lems, however, the coefficient matrix may be dense, e.g.,
[5, 6]. Thus, it is necessary to give a quantum algorithm
for dense matrices. Circulant matrices have attracted at-
tention because their eigenvalues and eigenvectors can be
obtained through a Fourier transform. For Hermitian cir-
culant matrices, there is a quantum algorithm that out-
puts the state |x⟩ [7]. Furthermore, there is a quantum
algorithm for Toeplitz matrices [8].
In this study, we consider a quantum algorithm based

on Amplitude Estimation (AE) [9]. The algorithm differs
from other algorithms in terms of how the eigenvalues
are estimated. In a previous paper [10], we considered
the case in which all the eigenvalues are positive. How-
ever, this imposes a strong restriction. In this paper,
we remove the restriction, i.e., we consider the case in
which all the eigenvalues are complex. Unlike the HHL
algorithm, our AE-based algorithm does not simulate the
Hamiltonian. Therefore, our approach provides impor-
tant information for the design of an algorithm.

2 Amplitude estimation

For a state |ψ⟩ =
∑N−1
k=0 ψk|k⟩, AE [9] can estimate

the absolute value |ψj | of the specific amplitude ψj . Per-

∗id171002@cis.aichi-pu.ac.jp
†a-ohashi@fc.ritsumei.ac.jp
‡sogabe@na.cse.nagoya-u.ac.jp
§usuda@ist.aichi-pu.ac.jp

forming AE on |ψ⟩|0m⟩ outputs a state
∑M−1
z=0 αz|j

∣∣|ψz|⟩,
where M = 2m, |αz|j | is sufficiently large when sin( zM π)
is close to |ψj |, and

∣∣|ψ̃z|⟩ := −i√
2

(
ei

z
M π|ψ(j)

+ ⟩|z⟩ −
α∗
z|j

αz|j
e−i z

M π|ψ(j)
− ⟩|M − z⟩

)
.

Here, |ψ(j)
± ⟩ are the eigenvectors of a unitary opera-

tor used for the estimation. Using the register |z⟩ or
|M − z⟩, we can approximate the absolute value by
|ψj | ≃ sin( zM ) = sin(M−z

M ). Therefore, |ψj | is estimated
with high probability.
Let S be a unitary operator such that S|j⟩|j⟩ = −|j⟩|j⟩

and S|j⟩|k⟩ = |j⟩|k⟩ for j ̸= k. Then, we construct a
unitary operator UAE that performs

UAE : |j⟩|ψ⟩|0m⟩ 7→ |j⟩
M−1∑
z=0

αz|j
∣∣|ψ̃z|⟩.

For simplicity, we consider the case where ψj can be ex-
pressed as ψj = sin(

zj
M π) using an integer zj ∈ [0,M−1].

Namely, αzj |j = 1 and αi|j = 0 for zj ̸= i.

3 Circulant matrix

The circulant matrix C ∈ CN×N is defined by

C :=


c0 c1 c2 · · · cN−1

cN−1 c0 c1 · · · cN−2

cN−2 cN−1 c0 · · · cN−3

...
...

...
. . .

...
c1 c2 c3 · · · c0

 .

For simplicity, we assume that
∑N−1
k=0 |ck|2 = 1 and there

is a unitary operator UC such that UC |0⟩ = |C⟩ :=∑N−1
k=0 ck|k⟩. The eigenvalues λj and the corresponding
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eigenvectors |uj⟩ (j = 0, 1, . . . , N − 1) are given by

λj =
N−1∑
k=0

cke
i 2πjk

N ,

|uj⟩ =
1√
N

N−1∑
k=0

ei
2πjk
N |k⟩.

The eigenvectors can be calculated by |uj⟩ = FN |j⟩,
where FN is the Quantum Fourier Transform (QFT).

4 Main results

4.1 Idea

The circulant matrix can be diagonalized by the
Fourier transform FN , i.e., C = F†

NΛFN , where Λ =
diag(λ0, . . . , λN−1). Thus, the state |x⟩ can be calculated

by C−1|b⟩ = FNΛ−1F†
N |b⟩ =

∑
j(⟨uj |b⟩)FNΛ−1F†

N |uj⟩.
Therefore, we construct a unitary operator UΛ−1 that
gives Λ−1|j⟩, i.e., a map |j⟩ 7→ λ−1

j |j⟩. As the key to the
algorithm is the map, we explain only the map and the
operator UΛ−1 .
Let µk := λk/

√
N . Applying the QFT FN to the state

|C⟩ yields a state

|µ⟩ := FN |C⟩ =
N−1∑
k=0

λk√
N

|k⟩ =
N−1∑
k=0

µk|k⟩.

Thus, we have a unitary operator that generates the state
in which the amplitude is proportional to the eigenval-
ues. Performing AE, we estimate the absolute value |λj |
by estimating the amplitude µj of the state |µ⟩ for each
|j⟩. This is the basic idea for an eigenvalue estimation
method. In general, the eigenvalues of circulant matrices
are complex numbers. Hence, it is necessary to obtain
the argument. 1/µj is represented as follows:

1

µj
=

|µj |e−iθj

|µj |2
=

|µj | cos(θj)− i|µj | sin(θj)
|µj |2

,

where θk = arg(µk). Thus, we estimate |µj | cos(θj)
and |µj | sin(θj) using AE. This means that we consider
(C†C)x = (C†b) instead of Cx = b.

A state |µ∗⟩ :=
∑N−1
k=0 µ

∗
k|k⟩ can be obtained by apply-

ing the QFT to a state |C†⟩. Performing the Hadamard
test (but without measurement) on a state |0⟩a|0⟩ yields

|ν⟩ :=|0⟩a
|µ⟩+ |µ∗⟩

2
+ |1⟩a

|µ⟩ − |µ∗⟩
2

=|0⟩a
N−1∑
k=0

|µk| cos(θk)|k⟩+ i|1⟩a
N−1∑
k=0

|µk| sin(θk)|k⟩.

We construct a unitary operator |i⟩|0⟩ 7→ |i⟩|i⟩ for an
integer i using CNOT gates. By the same discus-
sion as described above, we obtain a unitary transform
|t⟩|j⟩|0⟩a|0⟩a|0⟩ 7→ |t⟩|j⟩|ξt,j⟩, where

|ξt,j⟩ :=
(
|0⟩a

|ν⟩+ |t, j⟩
2

+ |1⟩a
|ν⟩ − |t, j⟩

2

)
= ξ

(t)
j |0⟩a|t⟩a|j⟩+ |others⟩,

and ξ
(0)
j =

1+|µj | cos(θj)
2 , ξ

(1)
j =

1+|µj | sin(θj)
2 . We ob-

tain |ξ(0)j | and |ξ(1)j | by estimating the amplitude of the

state |ξt,j⟩. Thus, we have |µj | cos(θj) = 2|ξ(0)j | − 1 and

|µj | sin(θj) = 2|ξ(1)j | − 1.

4.2 Algorithm

Step 1: We prepare the following state using the method
described in the previous section:

1√
2

1∑
t=0

|t⟩|j⟩ ⊗ |µ⟩|0m⟩ ⊗ |ξt,j⟩|0m⟩.

Step 2: Applying UAE, we obtain

1√
2

1∑
t=0

|t⟩|j⟩ ⊗
∣∣|µj |⟩⊗ ∣∣|ξ(t)j |

⟩
.

Step 3: Adding ancilla qubits and performing rotation

controlled on
∣∣|µj |⟩ and ∣∣|ξ(t)j |

⟩
yields

1√
2

1∑
t=0

|t⟩|j⟩ ⊗
∣∣|µj |⟩(

√
1− Γ4

|µj |4
|0⟩a +

Γ2

|µj |2
|1⟩a

)

⊗
∣∣|ξ(t)j |

⟩(√
1−

(2|ξ(t)j | − 1)2

∆2
|0⟩a +

2|ξ(t)j | − 1

∆
|1⟩a

)
,

where Γ and ∆ are positive constant values such that

Γ/|µj | ≤ 1 and (2|ξ(t)j | − 1)/∆ ≤ 1, respectively. In the
following, we omit |µ⟩, |ξt,j⟩ and the registers.

Step 4: We apply a unitary operator iI for t = 1, the
inverse of AE and the Hadamard transform to the first
qubit. We obtain a state

Γ2

2∆
· |µj | cos(θj)− i|µj | sin(θj)

|µj |2
|1⟩|j⟩|1⟩a|1⟩a + |others⟩.

Thus, we have the transform UΛ−1 : |0⟩|j⟩|0⟩a|0⟩a 7→
λ−1
j |1⟩|j⟩|1⟩a|1⟩a + |others⟩ up to constants.

5 Conclusion

We have presented a quantum algorithm that outputs
the state |x⟩ = 1

∥x∥x for linear systems with circulant

matrices. In our previous work, the algorithm had the
strong restriction that all eigenvalues must be positive.
Here, we have removed this restriction. As the algorithm
is based on amplitude estimation, it provides important
information for the design of a quantum algorithm. The
runtime and error analysis are left for future work.

Acknowledgments

This work has been supported in part by JSPS KAK-
ENHI Grant Number JP16H04367.
We thank Stuart Jenkinson, PhD, from Edanz Group

(www.edanzediting.com/ac) for editing a draft of this
manuscript.

280



References

[1] A.W. Harrow, A. Hassidim, and S. Lloyd, “Quan-
tum algorithm for linear systems of equations,”
Phys. Rev. Lett. 103, 150502, (2009).

[2] N. Wiebe, D. Braun, and S. Lloyd, “Quantum al-
gorithm for data fitting,” Phys. Rev. Lett. 109,
050505, (2012).

[3] D.W. Berry, “High-order quantum algorithm for
solving linear differential equations,” J. Phys. A:
Theor. 47, 105301, (2014).

[4] D.W. Berry, G. Ahokas, R. Cleve, and B.C. Sanders,
“Efficient quantum algorithms for simulating sparse
hamiltonians,” Commun. Math. Phys. 270, pp. 359-
371, (2007).

[5] J. Rahola, “Solution of dense systems of linear equa-
tions in the discrete-dipole approximation,” SIAM J.
Sci. Comput. 17, 1, pp. 78-89, (1996).
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Abstract. Quantum key distribution (QKD) at telecom wavelengths (1260 nm ∼ 1625 nm) has the po-
tential for fast deployment using existing optical fibre infrastructure and telecom technologies. At these
wavelengths, indium gallium arsenide (InGaAs) avalanche photodiodes (APDs) based detectors have to be
used for photon detection. Similar to their silicon counterparts used at shorter wavelengths, they exhibit
fluorescence from recombination of electron-hole pairs generated in the avalanche breakdown process. This
”breakdown flash” may open side channels for attacks on QKD systems. Here, we characterize the break-
down flash from two commercial InGaAs single photon counting modules, and find a spectral distribution
between 1000 nm and 1600 nm. We also show that with application of spectral filtering, this side channel
can be greatly suppressed.

Keywords: Quantum Key Distribution, Avalanche Photodiodes (APDs), Breakdown Flash

1 Introduction

QKD implementations over optical fibres receive grow-
ing interest due to their potential for fast deployment
over existing telecom fibre networks [1]. However, such
implementations requires detection of single photons at
telecom wavelength (1260 nm ∼ 1625 nm). Avalanche
photodiodes (APDs) based on Indium Gallium Arsenide
(InGaAs) are the commonly used detectors for this wave-
length range [2, 3, 4]. Despite their relatively high dark
count rate as compared to their silicon counterparts, In-
GaAs APDs are able to detect single photons at telecom
wavelengths with quantum efficiency up to 20% [4, 5].

While InGaAs APDs are widely used in telecom QKD
implementations, certain unintended features of theirs
may introduce side channels that can be exploited, en-
abling possible attacks on the system. It was reported
previously that the silicon APDs emit florescence light
during the avalanche breakdown process after the detec-
tion of a photon [6]. This light emission is due to the re-
combination of electrons and holes in the APD junction
and has a spectra ranging from 700 nm to 1000 nm. Simi-
lar florescence is also observed in InGaAs APDs [7]. This
fluorescence light (often referred to as ’breakdown flash’)
leads to potential eavesdropping attacks to the QKD sys-
tem [6]. An eavesdropper may gain timing information of
the detected photons by observing the breakdown flash
leaked back to the optical channel. Thus other strategies
must be in place to reduce or eliminate this side channel.

In this work we characterized the breakdown flash from
two commercial InGaAs single-photon counting modules
(ID220, ID Quantique). In doing so we obtained a lower
bound for the breakdown flash probability. We also mea-
sured its spectral distribution and found that with spec-
tral filtering, the number of detected breakdown flash
events can be greatly suppressed.

∗phyck@nus.edu.sg
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Figure 1: (a) Experimental setup for detecting the break-
down flash from two InGaAs APDs. (b) Experimen-
tal setup for measuring the spectral distribution of the
breakdown flash.

2 Detection of breakdown flash

The devices under test are two InGaAs APD based
single-photon counting modules, APD1 and APD2
(ID220, ID Quantique, with fibre input). We utilize the
setup shown in Fig. 1(a) where each counting module
acts as both source and detector. To detect the break-
down flash events, APD1 and APD2 are optically cou-
pled through freespace by a pair of reflective collimators
(RC1 and RC2) with an overall transmission of ≈ 80%
(including fibre losses). The effective optical path be-
tween the two APDs is about 9.6m (9.5m fibre +0.1m
free space) which corresponds to a photon traveling time
of ∆t ≈ 48 ns between the two APDs.
The output signals from the two APDs are fed into

two channels of an oscilloscope (Lecroy Waverunner 640
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Zi), which is set to trigger when a signal is received from
APD2. Once being triggered, the oscilloscope operates as
a timestamping unit and records down the arrival time
of any signal from APD1 starting from the time of the
trigger event within the next 250 ns with a time resolution
of 100 ps. An electrical delay of ∆t′ ≈ 56 ns is applied to
APD1.

The experimental setup is kept in dark, such that the
breakdown flash events are only caused by dark counts in
the APDs. A dark count is a thermally induced avalanche
breakdown in the APD, hence it emits the same break-
down flash light as what would happen in a normal de-
tection event [8]. We measured a dark count rate of
1.01 × 104 counts/s for APD1 and 5.55 × 103 counts/s
for APD2.

When a dark count is detected in APD2 at t = 0 s, the
oscilloscope is triggered. The dark count causes a break-
down flash that reaches APD1 after ∆t. This generates
a signal from APD1 which is delayed by ∆t′. The signal
is timestamped by the oscilloscope at t = ∆t+∆t′. This
indicates a breakdown flash emitted from APD2 and de-
tected by APD1. Alternatively, a dark count detected in
APD1 at t = −∆t causes a breakdown flash that reaches
APD2 at t = 0 and triggers the oscilloscope. Meanwhile,
this dark count signal from APD1 reaches the oscillo-
scope and is recorded at t = ∆t′ −∆t and this indicates
a breakdown flash event from APD1 detected by APD2.
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Figure 2: Histogram of the arrival times of signals from
the APD1, with t = 0 instant being the oscilloscope trig-
gered by a signal from APD2.

Fig. 2 (a) shows the histogram of the events timings
recorded by the oscilloscope over an integration time of
10 minutes. Peak 1 (located at t = ∆t′ −∆t ≈ 8 ns) and
peak 2 (located at t = ∆t + ∆t′ ≈ 104 ns) corresponds
to the cases where APD1(2) emits a breakdown flash de-
tected by APD2(1). Each peak has a full width at half
maximum (FWHM) of ∼ 700 ps. The timing seperation
between the two peaks is given by twice the travelling
time ∆t of the flash photons between the APDs. Peak
3 (located at t ≈ 110 ns) is suspected to be afterpulsing
signals of the APD. Peak 4, 5, and 6 are possibly due to
the back reflection of photons at fibre joints as the time

difference matches the length of the fibre patchcord we
used in the setup. The measurement was repeated with
a bandpass filter (Thorlabs FB1550-12, 1550±6 nm). in-
serted between RC1 and RC2. The events timing his-
togram is shown in Fig.2, the number of breakdown flash
events is suppressed by a factor of over 100.

We then evaluate the probability of detecting a break-
down flash event by measuring the absolute rate of de-
tected breakdown flash events. In this measurement, we
use a coincidence stage instead of an oscilloscope and the
electrical delay on APD1 is adjusted to match the photon
traveling time of ∆t between the two detectors. For flash
events emitted by APD1 and detected by APD2, the dark
count signal from APD1 and the breakdown flash signal
from APD2 thus arrive at the coincidence stage within
a coincidence window of ∼ 500 ps. This is counted as
a coincidence event and it indicates a breakdown flash
emitted from APD1 is detected by APD2. The number
of breakdown flash events emitted by APD2 is measured
in the same manner, except that the same electrical delay
is applied to APD2.

For each configuration, we continuously measure the
number of coincidences for 1 hour. We counted 79.4 ±
2.9 events/s from APD1 to APD2 and 58.4±3.1 events/s
from APD2 to APD1. Divided by the dark count rate of
the emitting ADPs, this yields a 0.78% ± 0.03% proba-
bility of detecting a breakdown flash from a dark count
in APD1, and a 1.05% ± 0.07% probability of detecting
a breakdown flash from a dark count in APD2.

3 Spectral distribution of breakdown

flash
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Figure 3: Spectral distribution of breakdown flash. The
spectra ranges from 1000 nm to 1600 nm and peaks at
about 1300 nm.

We next measure the spectral distribution of the
breakdown flash with the setup shown in Fig. 1 (b).
A monochromator consisting of a reflective grating
(600 lines/mm, blazed at 1.25µm) and a pair of reflec-
tive collimators (RC1 and RC2), is inserted in the opti-
cal path between the two APDs. The grating is rotated
to select the transmission wavelength between them. To
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obtain a lower bound for the spectral resolution of the
monochromator, we measure the spectrum of light from
a 1310 nm single mode diode laser and found the full
width at half maximum (FWHM) of the spectral dis-
tribution to be 3.3 nm. The collection efficiency of the
first-order diffraction of the same 1310 nm light into the
RCs is ≈ 89%.

We scanned over a range from 1000 nm to 2000 nm and
at each point, we perform the same coincidence measure-
ments as those mentioned in the previous section but
with an integration time of 30minutes. The results are
shown in Fig. 3. We observe coincidence events over a
wide range from 1000 nm to 1600 nm. The number of
events reaches its maximum at about 1300 nm. These
results are not corrected for the transmission efficiency
of the monochromator and the detection efficiencies of
the two APDs. The spectra cut off at wavelengths where
the detector efficiency becomes negligible [9], hence the
actual spectra of the breakdown flash are possibly wider
than what we observed in Fig. 3.

4 Conclusion

We characterized the breakdown flash from two com-
merical InGaAs single-photon counting modules (ID220
from ID Quantique) using a coincidence measurement.
We obtained a lower bound for the breakdown flash prob-
ability to be on the order of 1%. We also measured
its spectral distribution with a grating monochromator.
The observed breakdown flash is spectrally distributed
between 1000 nm and 1600 nm with its peak at about
1300 nm. We also show that with spectral filtering, the
number of detected breakdown flash events can be greatly
suppressed.

This research is supported by the National Research
Foundation, Prime Minister’s Office, Singapore under
its Corporate Laboratory@University Scheme, National
University of Singapore, and Singapore Telecommunica-
tions Ltd.

References

[1] R. J. Hughes, G. L. Morgan, and C. G. Peterson.
Quantum key distribution over a 48 km optical fibre
network. Journal of Modern Optics, 47(2-3):533–547,
2000.

[2] A. Muller, T. Herzog, B. Huttner, W. Tittel,
H. Zbinden, and N. Gisin. ”plug and play” systems
for quantum cryptography. Applied Physics Letters,
70(7):793–795, 1997.

[3] D. Stucki, G. Ribordy, André Stefanov, H. Zbinden,
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Abstract. It is easy to implement a NAND functionality by using reversible gates. Thus, we can easily
generate a quantum circuit to calculate a Boolean function from a classical Boolean circuit consisting of
NAND gates. However, if we do so naively, we need many ancilla qubits. In this paper, we propose a
technique to reduce ancilla qubits by recycling them; our method restores the states of ancilla qubits to
simulate a NAND gate to use the qubits for simulating other NAND gates. Our experimental results
confirm that our method can reduce the number of ancilla qubits.

1 Introduction

There are sub-parts which calculate classical logic func-

tions specific to a problem instance in existing quantum

algorithms [1]. Thus, we need to design a quantum cir-

cuit which calculates classical logic functions specific to

a problem.

It is easy to implement a NAND functionality by using

reversible gates. Thus, we can easily generate a quan-

tum circuit to calculate a Boolean function from a clas-

sical Boolean circuit consisting of NAND gates. More-

over, there have been various efficient methods to gen-

erate NAND-based circuits for classical logic functions.

Therefore, we may design a quantum circuit to calculate

a classical logic function from NAND-based circuit more

easily than existing design methods for quantum circuits.

However, when we convert a NAND-based circuit to a

quantum circuit, we need one ancilla qubit for one NAND

gate [2]. Thus we need many ancilla qubits if we convert

a circuit naively.

In this paper, we propose a technique to reduce an-

cilla qubits by recycling them; our method restores the

states of ancilla qubits to simulate a NAND gate to use

the qubits for simulating other NAND gates. Our exper-

imental results confirm that our method can reduce the

number of ancilla qubits.

2 Reduction of ancilla qubits by recy-
cling them

2.1 Conversion from a NAND to a Toffoli gate

It is easy to implement a NAND functionality by using

a reversible gates; we can convert one NAND gate to one

Toffoli gate [3] as Fig 1 where inputs x1 and x2 are the

same, and we need additional constant 1 input to the

Toffoli gate.

∗gura@ngc.is.ritsumei.ac.jp
†dax@ngc.is.ritsumei.ac.jp
‡ger@cs.ritsumei.ac.jp

Figure 1: Coverting an NAND gate into a Toffoli gate.

2.2 Recycling ancilla qubits

As mentioned above, if we convert a NAND-based cir-

cuit to a quantum circuit naively, we need many ancilla

qubits. To tackle this problem, we propose a method to

recycle ancilla qubits to simulate NAND gates by restor-

ing the state of the ancilla qubits.

First, let us show an example when we do not use the

recycling technique by Fig. 2 and Fig. 3. Fig. 2 shows a

NAND-based circuit, and Fig. 3 shows a quantum circuit

by converting the circuit as shown in Fig. 2 naively. As

we see Fig. 3, we need the same number of ancilla qubits

as NAND gates.

Next we show a circuit designed by our proposed

method in Fig. 4. As we see Fig. 4, after converting the

NAND gate G2, we insert the same Toffoli gate as the

gate which is applied to w1 to restore the sate of ancilla

qubit w1. By inserting such a gate, we can restore the

state of w1. Then we can convert the NAND gate G3 by

using the restored ancilla qubit. Fig. 3 and Fig. 4 show

that we can reduce the number of ancilla qubits from 4

to 3.

2.3 Recycling ancilla qubits

As mentioned above, we can reduce the number of an-

cilla qubits by restoring one ancilla qubit and using it

to convert another NAND gate. Because there are many

such pairs of a used ancilla qubit and a NAND gate, we

need to find a good pair so that we can reduce the number

of ancilla qubits in the final circuit.

The followings are the conditions that we cannot recy-
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Figure 4: A converted quantum circuit by recycling an-

cilla qubits.

cle ancilla qubits.

• We cannot recycle ancilla qubits for the inputs and

the output of the same NAND gate.

• We cannot use the primary inputs and outputs of

a circuit for ancilla qubits to convert NAND gates.

• We cannot recycle an ancilla qubit before it is used

to convert a NAND gate.

Our method tries to find the best way to recycling

ancilla qubits by considering the above conditions.

3 Preliminary experimental result and
observation

We conducted an experiment where we generate 100

random NAND-based circuits for each primary inputs

(from 5 to 10), and then we covert them into quantum

circuits. The first and the second rows of Table 1 show

the numbers of primary inputs and gates, respectively,

for each set of 100 NAND-based circuits. The third and

the forth rows show the average and maximum numbers

of ancilla qubits used by our conversion method. The

second row corresponds to the number of ancilla qubits

used by the naive conversion, and thus the fifth and the

seventh rows show the average and maximum reduction

rate (%) of the number of ancilla qubits by our method,

respectively.

Table 1: Experimental Results

♯ ancilla qubits average max.

♯ inputs ♯ gates average max. (%) (%)

5 4 3.67 3 8.25 25.0

6 5 4.00 4 20.00 20.0

7 6 4.96 4 17.33 33.3

8 7 5.87 4 16.14 42.9

9 8 6.88 5 14.00 37.5

10 9 7.70 5 14.44 44.4

From the experimental results, we observe that our

method can decrease the number of ancilla qubits for

most cases. However, for the small circuits with four

or five inputs, our method cannot reduce the number of

ancilla qubits. This is because we cannot find a pair of a

used ancilla qubit and a NAND gate that does not satisfy

the conditions mentioned in this paper.

4 Conclusion

In this paper, we have proposed a technique to reduce

ancilla qubits when we covert a NAND-based circuit into

a quantum circuit. We confirmed by an experiment that

our proposed method can reduce the number of ancilla

qubits for most cases.

For our future work, we need to improve the efficiency

of our method; our method cannot find a solution for

large case because it searches all the possible combina-

tions. Also we need to consider the total quantum cost

as well as the number of ancilla qubits.
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Abstract. We propose a method of performing secure computation on quantum shared secrets. We introduce a
threshold quantum secret sharing scheme together with a set of protocols that allow quantum circuits to be evaluated
securely on the shared secret without the need to decode the secret. We consider a multipartite setting, with each
participant holding a share of the secret. We show that if there exists at least one honest participant, no group of
dishonest participants can recover any information about the shared secret, independent of their deviations from the
protocol.

Keywords: quantum cryptography, quantum secure delegated computation, quantum secret sharing

The connected nature of modern computing infrastructure
has led to the widespread adoption of distributed and dele-
gated computation [1], with hard computational tasks rou-
tinely delegated to remote computers. In such a setting, the
computation’s security is a real concern. Here, we revisit the
problem of quantum secret sharing [2, 3, 4, 5, 6, 7]. The ability
to securely compute on quantum shared secrets has direct im-
plications in secure quantum computation tasks ranging from
secure computing [8, 9], blind computation [10, 11, 12, 13, 14,
15, 16] to verifiable computation [17, 18, 19, 20, 21]. While
computations on quantum shared secrets arising from quan-
tum stabilizer codes are possible [4, 22], the broadcasting of
the measurement results often required during the computa-
tion potentially potentially compromises the security of the
quantum shared secrets. Here, we construct a secret sharing
scheme that allows provably secure computations to be per-
formed.

A (k,n)-threshold secret-sharing scheme allows for a string
to be split into n shares in such a way that any subset of at least
k shares suffices to recover the secret string, but such that any
subset of at most k− 1 shares contains no information about
the secret. Quantum secret-sharing schemes extend this idea
to the sharing of quantum states. Here we propose a method
of performing computation on quantum shared secrets. We in-
troduce a (n,n)-quantum secret sharing scheme together with
a set of protocols that allow quantum circuits to be evaluated
on the shared secret without the need to decode the secret. We
consider a multipartite setting, with each participant holding
a share of the secret. We show that if there exists at least one
honest participant, no group of dishonest participants can re-
cover any information about the shared secret, independent of
their deviations from the protocol.

Threshold secret sharing schemes that support computation
in the classical context have been extensively studied. When
the parties interact only via broadcast channels and if the size
each party’s share grows with n, arbitrary Boolean functions
can be computed on (k,n)-classical threshold secret sharing
schemes for any k [23]; if instead the size of each party’s
share must be equal to the secret’s size, only linear functions
∗yingkai ouyang@sutd.edu.sg
†sihui tan@sutd.edu.sg
‡liming zhao@mymail.sutd.edu.sg
§joseph fitzsimons@sutd.edu.sg

can be computed whenever k ≥ 2 [23]. The problem of only
being able to compute linear functions in a theshold secret
sharing scheme is often circumvented by assuming its verifi-
ability [24]. However verifiable secret sharing [25] is impos-
sible without an honest majority when only broadcast chan-
nels are permitted [26]. Indeed, this paradigm carries over to
the quantum world, where previous schemes for multipartite
quantum computation build upon quantum verifiable sharing
schemes which also require an honest majority [27, 28]. Since
our scheme works with at least an honest party, it is not a gen-
eralization of any classically existing scheme to the quantum
case, and is markedly different from previous schemes for se-
cure multipartite quantum computation.

Our secret sharing scheme comprises of four procedures.
We label qubits according to a 2-dimensional arrangement as
depicted in Fig. 1. In the input procedure, N = s+ t qubits are
initialized on a single column, with the first s qubits contain-
ing the quantum secret, and the last t qubits each initialized
in the magic state τ = I

2 + X+Y
2
√

2
, where I, X , Y , and Z are

the usual Pauli matrices. These magic states are consumed
during the evaluation in reverse order, starting from the last
row. We focus on the case where n− 1 is divisible by 4. In
the encoding procedure, n−1 additional columns of N qubits
in the maximally mixed state are appended. This yields an
Nn-qubit quantum state arranged in a grid with N rows and
n columns. Subsequently a unitary encoding U is applied on
the Nn qubits, which spreads the quantum secret from the first
column to all the n columns. Here U = U1 ⊗ ·· · ⊗UN is a
tensor product of the unitaries U1, . . . ,UN , where each Ux acts
only on the x-th row of qubits and comprises of only CNOT
gates. Specifically Ux = BxAx, where (i) Ax comprises of n−1
commuting CNOT gates with controls all on the first column
and targets on each of the remaining columns, and (ii) Bx com-
prises of n− 1 commuting CNOT with targets all on the first
column and controls on every other column. Although Ux is
a fixed unitary, the induced encoding is random because n−1
of the qubits that Ux acts on are random; the qubits from the
second column to the last column are initialized as either |0〉
or |1〉 with probability 1/2. This random encoding maps the
quantum secret into a highly mixed state [29]. In the shar-
ing procedure, the Nn-qubit quantum state is shared equally
among n parties, with each party receiving a single column of
N qubits. In decoding procedure, the n shares are assembled,

291



....... ...

....... ...

...
...

....

... ... ...

Figure 1: The upper portion of the figure shows the secret and
the magic states, located on the first column, and shaded red
and green respectively. The unshaded qubits are initialized in
the maximally mixed state. The unitaries U1, . . . ,UN spread
the states from qubits in the first column to qubits in the re-
maining columns, such that the encoded secret resides in the
first s rows of qubits. Each party receives a single column of
qubits.

the inverse encoding circuit U† is performed, and all but the
first column of qubits are discarded, which leaves the quantum
secret.

To evaluate a quantum circuit on the shared secret, each
party performs quantum computation only on their share of
the quantum state. We consider the approximately universal
model of quantum computation based on a discrete set of gates
composed of Clifford group gates and a single non-Clifford
group gate, in this case T = |0〉〈0|+eiπ/4|1〉〈1| although other
choices are possible. Quantum circuits composed of arbitrar-
ily many Clifford gates and up to some constant number t of
T -gates can be evaluated on the shared secret. We consider
the evaluation of a sequence V = (V1, . . . ,VL) of such gates on
the s-qubit quantum secret shared by n parties.

When Vi is a Clifford gate applying non-trivially on some
set of logical qubits, each party performs Vi on the corre-
sponding subset of their column of qubits, thereby collectively
implementing V⊗n

i , because transversal Clifford group gates
correspond to the logical Clifford group gates on our random
codespace [29]. Via gate teleportation, one can perform a con-
stant number t of T -gates on the quantum secret. For each T -
gate to be performed, a logical magic state τ̃ = I⊗n

2n + X⊗n+Y⊗n

2n
√

2
is prepared. This is achieved by the input and encoding pro-
cedures, however one could replace this pre-sharing of magic
states with a procedure for the parties to interactively prepare
states on demand without the involvement of the initial sharer.
Each of these logical magic states is located on the last t rows.
To evaluate the k-th T -gate on qubit j of the shared secret,
each party applies a CNOT with control on the j-th qubit and
target on the k-th last qubit of their share. They then apply a
CNOT with control on the k-th last qubit and target on the j-
th qubit. Each party y then measures the k-th last qubit in the

computation basis and broadcasts the measurement result my.
Lastly, if the parity of the measurement results m is odd, each
party applies a single-qubit Clifford gate SX on the j-th qubit.
If the parity is even, no such correction is necessary. This
method of evaluating each T -gate amounts to implementing a
logical gate teleportation protocol consuming one magic state
[22].

To demonstrate the security of the secret sharing scheme,
we consider the state of the system across a bipartition be-
tween a single honest party following the protocol, and the
remaining n−1 parties unrestricted in their actions. We show
that the bits broadcast by the honest party are uniformly ran-
dom and independent of the other parties’ actions. Namely,
after evaluation of the `-th gate, the state of the system has the
form

ρ
(`)
joint = ∑

σ∈{I,X ,Y,Z}⊗s

θ∈{I,X ,Y}⊗t−k

b(`)
σ ,θ

(
σ ⊗θ

2N

)
⊗χ

(`)
σ ,θ , (1)

where k≤ ` is the number of T -gates in (V1, . . . ,V`), {b
(`)
σ ,θ} is

a set of scalars, and {χ(`)
σ ,θ} is a set of operators on the dishon-

est parties’ system. We exclude the honest party’s measured
qubits, as these are in a product state with the rest of the sys-
tem.

While the complexity of the evaluation of quantum circuits
on the shared secret is limited in terms of the number of T -
gates to the number of corresponding magic states incorpo-
rated in the initial sharing, the possibility of creating such
states as needed without involving the initial sharer presents
an interesting avenue for future research. Intuitively, the se-
curity of our scheme is based on a randomized error correc-
tion code which leaves only weight n operators constant while
admitting transversal Clifford gates. This suggests that the
use of less random error-correction codes will allow for (k,n)-
threshold schemes for other values of k.
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[24] R. Cramer, I. Damgård, and U. Maurer, “General secure
multi-party computation from any linear secret-sharing
scheme,” in Advances in CryptologyEUROCRYPT 2000,
pp. 316–334, Springer, 2000.

[25] T. Rabin and M. Ben-Or, “Verifiable secret sharing and
multiparty protocols with honest majority,” in Proceed-
ings of the twenty-first annual ACM symposium on The-
ory of computing, pp. 73–85, ACM, 1989.

[26] M. Hirt and V. Zikas, “Adaptively secure broadcast,” in
Annual International Conference on the Theory and Ap-
plications of Cryptographic Techniques, pp. 466–485,
Springer, 2010.
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Abstract. For a bipartite state with equal local dimension d, we prove that one can obtain work gain
under erasure process on one party in the iid limit when the fully entangled fraction is larger than 1

d . By
processing a given state to the maximally mixed state, we give an approximation for the largest extractable
work with an error which will become negligible in the large system limit. To link quantum thermodynamics
and quantum nonlocality, we also provide a simple picture to approximate the optimal work extraction
and suggest a potential thermodynamic interpretation of the fully entangled fraction for isotropic states.

Keywords: Erasure process, work extraction, fully entangled fraction

1 Main Results

For quantum nonlocality, we have the famous Einstein-
Podolsky-Rosen (EPR) paradox [1] and Bell’s inequal-
ity [2] to illustrate the bizarre nature of quantum theory.
On the other hand, for quantum thermodynamics, a mul-
titude of intriguing phenomena related to various defini-
tions of work has been addressed [3]. Examples such as
Landauer’s principle [4, 5], different scenarios on work
extraction [6, 7, 8], the minimal work cost of running
different processes such as a completely-positive trace-
preserving map (CPTPM) [9, 10], or an erasure pro-
cess [11], and other related results [12, 13, 14, 15, 16,
17, 18] simply certify the importance in this direction.

Even though the awareness of the relations between
work and entanglement [13], coherence [19, 20], or other
quantum correlations [12, 16, 21] has already been stud-
ied in the literature, a quantitative connection to non-
local properties such as quantum nonlocality [22], quan-
tum steerability [23, 24], and the usefulness of teleporta-
tion [25, 26, 27, 28] still remains as an open question de-
serving further study. To this end, we adapt a well-known
quantity called fully entangled fraction (FEF) [27, 28] de-
fined by

F(ρ) = max
|Ψ〉
〈Ψ|ρ|Ψ〉, (1)

where ρ is a given quantum state acting on Cd ⊗ Cd
(here d = 2l for some positive integer l) and the max-
imization is taken over all maximally entangled states
|Ψ〉 ∈ Cd ⊗ Cd. Because FEF is useful in characterizing
different nonlocal properties [22, 27, 28, 29, 30, 31, 32],
we try to bridge quantum thermodynamics and quantum
nonlocality together, by relating work gain under differ-
ent processes to FEF. In what follows, we will briefly
summarize our main results, and we refer the readers to
the full paper (Ref. [33]) for the detailed formalism and
proofs.

Given a bipartite quantum state ρ acting on Cd ⊗ Cd.
Define a local erasure process for ρ on Alice’s (Bob’s) side
to be a process mapping the Alice’s (Bob’s) side of the

∗s103022502@m103.nthu.edu.tw
†rklee@ee.nthu.edu.tw

ρ
WEr(ρ)//

WTotal(ρ)

,,

|0〉〈0| ⊗ ρB
[l−S(ρB)]kBT ln 2 // |0〉〈0| ⊗ IB

d

kBT ln d

��
I
d2

Figure 1: Schematic interpretation of Eq. (3). Assume
Smin(ρ) = S(ρB). Via an optimal local erasure pro-
cess in iid limit on Alice’s side (the upper-left arrow),
a work extraction on Bob’s side (the upper-right arrow),
and a work extraction on Alice’s side (the downward ar-
row), WTotal(ρ) is extracted (the dashed arrow), up to
δεkBT ln 2.

purification of ρ to a predefined pure state and keeping
the complement part invariant (see Sec. III in Ref. [33]).
By defining −WEr(ρ) to be the minimal work cost for
local erasure process of ρ deterministic in iid limit [Eq.
(3) in Ref. [33]], we prove the following inequality:

Theorem 1 If F(ρ) > 1
d , then

WEr(ρ) ≥ kBT lnF(ρ)d. (2)

In other words, quantum states with FEF larger than
1
d enable work gain under local erasure process. This
result particularly means every states useful for telepor-
tation [25, 27] can induce work gain under local erasure
process in iid limit.

Consider work extraction process of a given state as a
process mapping the initial state with fully degenerate
system Hamiltonian to the final Gibbs state in T with
the Hamiltonian equal to the initial one (see Sec. IV in
Ref. [33]). A sufficient condition for approximate satura-
tion of Theorem 1 turns out to be a bonus when we derive
an approximation for the optimal extractable work de-
terministic in iid limit under temperature T of the given
state ,denoted by WTotal(ρ) [see Eq. (12) in Ref. [33]; we
note that there is a typo in that equation, which should
have “k →∞” rather than “k → 1”]:
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Theorem 2 Given 0 < ε ≤ 1
2 and δε = −3 ln ε. If

(1) F(ρ) > 1
d ,

(2) there exists a process described in Ref. [14] to extract
WTotal(ρ) with success probability ≥ 2ε, and
(3) log2 ||ρ||∞ = log2 F(ρ)d − Smin(ρ), where Smin(ρ) =
min{S(ρA);S(ρB)}. Then

WTotal(ρ) ≈ kBT ln d2 − Smin(ρ)kBT ln 2 +WEr(ρ), (3)

and

WEr(ρ) ≈ kBT lnF(ρ)d, (4)

up to an error of δεkBT ln 2.

Given the correctness of this approximation, Eq. (3)
provides a simple picture to approximate the optimal
work extraction (please see Fig. 1). As an application,
we apply Theorem 2 to isotropic states defined by [27]
ρiso(p) = p|Ψ+

d 〉〈Ψ
+
d | + (1 − p) I

d2 , where p ∈ [− 1
d2−1 , 1]

and |Ψ+
d 〉 = 1√

2

∑d−1
n=0 |nn〉. Direct calculation suggests

us to interpret FEF of isotropic states as a concept equiv-
alent to the minimal erasure work cost in iid limit.
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Abstract. We study the nonlocal (quantum) correlation using measurement induced nonlocality and
geometric quantum discord for a system of interacting two spin-1/2 particles at thermal equilibrium. It is
shown that both the measures are proportional to each other, and hence they are identical in measuring
the correlation. On comparing with entanglement, it is found that correlation exists between the spins even
if they are unentangled. While the correlation is mainly due to interaction between the spins, it vanishes
only for maximal mixture of product bases.

Keywords: Entanglement, nonlocal correlation, exchange interaction.

Investigation on nonlocal correlation between different
parts of a composite system is essential for quantum in-
formation theory. Simplest composite system has two
parts and its entanglement has been paid much attention
over many decades. Though entanglement is realized as
a resource for various information processing, it is not
a complete manifestation of nonlocal correlation. In this
context, various correlation measures have been proposed
in the recent years.

An arbitrary bipartite state ρ in C2 ⊗C2 can be repre-
sented as,

ρ =
1A ⊗ 1B

4
+

3∑
i=1

xiXi⊗
1B√

2
+

3∑
j=1

1A√
2
⊗yjYj+

∑
i,j

tijXi⊗Yj

(1)
where the matrices Xi and Yj are orthonormal Hermitian
operator bases associated with the subsystems A and B
respectively such that tr(XiXj) = tr(YiYj) = δij . Here
xi = tr[ρ(σi ⊗ 1B)]/2 and yi = tr[ρ(1A ⊗ σj)]/2 are
the Bloch vector components and tij = tr[ρ(σi ⊗ σj)]/2
being real matrix elements of correlation matrix T . Ge-
ometric measure of quantum discord (GMOD) quantifies
nonlocal correlation through least Hilbert-Schmidt dis-
tance between the given state ρ and zero discord states.
Mathematically it is defined as [1],

D(ρ) = min
χ∈Ω‖ρ− χ‖2 (2)

where Ω is a set of all zero discord states χ, ‖A‖2 =
tr(A†A) is the square of Hilbert-Schmidt norm of an op-
erator A. There exists a closed formula for GMOD as
given by [2]

D(ρ) = 2(trS −max(ki)) (3)

where the matrix S = (xxt +TT t), with xt = (x1 x2 x3)
and ki are the eigenvalues of S and superscript t denotes
the transpose of a matrix. After the optimization D(ρ)
has the following tight lower bound [2]

Q(ρ) =
2

3

(
2trS −

√
6tr(S2)− 2(trS)2

)
. (4)

Another measure of nonlocality (quantum correlation)
in a given system, as introduced by S. Fu and S. Luo,

∗rajendramuthu@gmail.com
†sankar@nitt.edu

is a measurement based quantity called measurement in-
duced nonlocality (MIN). It is defined as the maximum
of square of Hilbert-Schmidt distance between pre- and
post-measurement state [3]:

N(ρ) = max
ΠA ‖ρ−ΠA(ρ)‖2 (5)

where the maximum is taken over all local projective
measurements. Here ΠA(ρ) =

∑
k(ΠA

k ⊗1B)ρ(ΠA
k ⊗1B),

with {ΠA
k } = {|k〉〈k|} being projective measurements on

the subsystem A, which do not change ρA locally i.e.,
ΠA(ρA) = ρA. For a general bipartite state, MIN is eval-
uated for C2 ⊗ Cd dimensional systems and the closed
formula is given by

N(ρ) =

{
tr(TT t)− 1

‖x‖2x
tTT tx if x 6= 0

tr(TT t)− λmin if x = 0
(6)

where λmin is the minimum eigenvalue of the matrix TT t.
This measure is in some sense dual to GMOD. The MIN
has the maximum value of 0.5 for the EPR (maximally
pure entangled) states.

Here we consider a Hamiltonian of two spin-1/2
particles (electrons) with Heisenberg isotropic and
Dzialoshinski-Moriya (DM) interactions as

H =
1

2

[
J
∑
i

σi1σ
i
2 + ~D · ( ~σ1 × ~σ2)

]
(7)

where σik(k = 1, 2 and i = x, y, z) are Pauli spin ma-

trices, J is the exchange coupling constant, and ~D is
DM vector which we choose to be along the z-axis,
(i.e., ~D = Dẑ). Density matrix describing the system at
equilibrium temperature T is ρ(T ) = Z−1exp(−H/kT ),
where Z = tr[exp(−H/kT )] is the partition function and
k is the Boltzmann constant. With this the concurrence
(measure of entanglement) [4], MIN and GMOD for the
above state are computed as

C(ρ) =
2

Z
max{0, |ν| − µ},

N(ρ) =
2

Z2
|ν|2,

Q(ρ) =
1

Z2
|ν|2 =

1

2
N(ρ). (8)
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Figure 1: Nonlocal correlations of two-spin Hamiltonian for (a) D/kT = 0 and (b) D/kT = 2.

where µ = eJ/2kT , ν = −(J + iD)eJ/2kT sinh(η/kT )/η
and Z = 2e−J/2kT [eJ/2kT cosh(η/kT ) + 1] with η =√
J2 +D2. These results thus show that MIN and

GMOD are proportional to each other for the above
Hamiltonian, and hence they are identical in measuring
the correlation. We also observe that N(ρ) = Q(ρ) = 0,
only if ν = 0.

In what follows, we compare both entanglement and
nonlocal correlation (beyond entanglement) as a function
of J . To study the influence of exchange interaction, we
set the DM interaction to be zero (D = 0). From Fig.
1(a), we observe that C(ρ) = 0 for J ≤ Jc = kT ln3/2.
On the other hand, the measures MIN and GMOD are
non-zero except at J = 0, implying that there exists
quantum correlation between the spins even if they are
not entangled. We also observe that while the spins are
weakly correlated in ferromagnetic phase (J < 0) than
that in the antiferromagnetic phase (J > 0). This could
be a possible indication of change of phase of the mag-
netic system. A similar observation is made in such spin
systems in terms of quantum discord as well [5]. We may
note that ν = 0 only when J = 0, in which case the
state ρ = 1/4 (maximally mixed state). For this state
N(ρ) = Q(ρ) = 0 implying that nonlocal correlation
is essentially induced by the exchange interaction. For
J > Jc, the concurrence increases to the maximum when
J & 3kT . In other words, entanglement is maximum in
the antiferromagnetic phase provided the exchange in-
teraction strength between the spins is larger than 3kT .
Fig. 1(a) also shows the region of maximum entangle-
ment where quantum correlation between the spins is
maximum.

In order to see the effect of DM interaction on corre-
lation, we have taken D = 2kT . It is clearly observed
from Fig. 1(b) that C(ρ) = 0 for J . 2.55kT . For
J > 2.55kT , the concurrence gradually increases to the
maximum when J & 3kT . On comparing this with Fig.
1(a), we also observe that entanglement is enhanced by

the DM coupling, resulting to the enhancement of MIN
and GMOD. Further, MIN and GMOD do not vanish for
any values of J , as ν 6= 0 due to non-zero DM interaction.
Here also maximum entanglement resulting to maximum
correlation when J & 3kT .

In conclusion, unlike entanglement the MIN and
GMOD for Heisenberg two-spin system are found to be
zero only when the state is maximally mixed. It im-
plies that the nonlocal (quantum) correlation is induced
essentially by spin interaction. Though the correlation
between spins exists in the absence of entanglement, it
is found to be maximum when the spins are maximally
entangled. It is also interesting to note that, such spin
system losses its quantum signature in presence of an
external field [6].
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1 Introduction

In the current physical realization technology of quan-
tum circuits, there are some limitations exist, such as
the number of qubits and the cost of elementary quan-
tum gates. Another physical limitation often imposed is
that elementary quantum gates can only operate on adja-
cent qubits. As a result, it has been becoming important
to synthesize an optimal primitive quantum circuit with
the least number of qubits, and the least cost of quantum
gates where all of elementary quantum gates operate on
adjacent qubits.

There was an approach [1] exactly for this. In this ex-
isting approach, the optimal primitive quantum circuit
is synthesized directly from reversible function through
transforming the problem of synthesizing an optimal
primitive quantum circuit into Boolean Satisfiability
problem (SAT problem) in Conjunctive Normal Form
(CNF) and using a SAT solver to get the optimal circuit
with the least cost of quantum gates. To make the opti-
mal primitive quantum circuit satisfied with the physical
limitation that elementary quantum gates can only op-
erate on adjacent qubits, the limitation in the selections
of elementary quantum gates was added in the process of
synthesizing an optimal primitive quantum circuit.

However, the existing approach [1] is only applicable to
1-D architectures which are highly restrictive with only
two neighbors per qubit. Considering that 2-D architec-
tures with four neighbors per qubit have been proposed
to enable a greater degree of qubit interactions, which
also are considered as the most promising architecture for
a quantum computing system compared with 3-D archi-
tectures which are difficult to control. In this paper, we
extend the approach in the existing approach [1] to 2-D
architectures. Additionally, we add the selections of the
optimal grid by considering that the grid may be redun-
dant for qubits, and try all the possible initial placements
of qubits to get the exact optimal quantum circuit.

2 Previous approach

The problem of synthesizing an optimal quantum cir-
cuit is transformed to find an assignment of quantum
gate sequence with the minimal length L which satisfies
the truth table as well as the condition such that all gates
operate on only adjacent qubits [1] as shown in Fig. 1.
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Figure 1: Synthesis of optimal quantum circuits

In each iteration, we check whether there is a sequence
of elementary quantum gates such that the desired func-
tion is implemented; we transform the conditions to be
satisfied into the following CNF to use a SAT solver:

fs =

(
2n∧
i=1

|X0
i | = i− 1 ∧ |XL

i | = f(i)

)
∧(

L−1∧
k=0

2n∧
i=1

Gk → (Xk+1
i = G(Xk

i , G
k))

)
∧
(

L−1∧
k=0

|Gk| < g

)
These three conjunctions correspond to input/output

constraints, functional constraints, and the limitation
constraints of selecting elementary quantum gates, re-
spectively.

• Xk
i (1 <= i <= 2n): a n-bits vector which repre-

sents the result at stage k in the quantum circuit.

• Gk:a dlog2(g)e-bits vector and represents the ele-
mentary quantum gate sequence selected at stage
k.

• |vector|: a natural number derived by its corre-
sponding binary encoding.

• g: the number of optional elementary quantum
gates. Considering the physical limitation, only
elementary quantum gates operating on adjacent
qubits can be selected as shown in Fig. 2. Because
there are one 1-qubit quantum gate and seven 2-
qubits quantum gates with 1 cost to select [2], g is
equal to 7× 2× (n− 1) + n.

Figure 2: Gates operating on adjacent qubits on 1-D line.
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3 Proposed approach

Along with architectures changed, the degree of qubit
interactions changes, so do the selections of optional el-
ementary quantum gates. We extend the approach in
the existing approach [1] to 2-D architectures through
retouching the selections of optional elementary quan-
tum gates in the SAT formula. Additionally, in our pro-
posed approach, we consider the qubit grid and the initial
placements of qubits in the grid by considering that these
points affect the selections of elementary quantum gates.

3.1 Selections of the optimal grid

Unlike the 1-D case where the number of qubit lines is
the same as the number of necessary qubits to be used, we
need to select the optimal grid in the case of 2-D architec-
ture because some parts of the grid could be redundant.
For example, let us assume a reversible function has eight
inputs, then which grid should be selected, 3× 3 grid or
2×4 grid? Considering the cost of grid, we select the grid
with less redundancy as possible. So, when a reversible
function has m inputs where dlog2(m)e = n, we select
the grid as follows:

• If m = n× n, then n× n grid is selected.

• If (n − 1) × (n − 1) + 1 ≤ m ≤ (n − 1) × n, then
(n− 1)× n grid is selected.

• If (n − 1) × n + 1 ≤ m ≤ (n − 1) × (n + 1), then
(n− 1)× (n + 1) grid is selected.

For example, if a reversible function has nine inputs, 3×3
grid is selected. If a reversible function has a 11-qubits
input, then 3× 4 grid is selected because dlog2(11)e = 4
and 3 × 3 + 1 ≤ 11 ≤ 3 × 4. If a reversible function
has a 14-qubits input, then 3× 5 grid is selected because
dlog2(14)e = 4 and 3× 4 + 1 ≤ 14 ≤ 3× 5.

3.2 Initial placements of qubits

After we determine the initial grid, it is very important
to consider a good initial placement of qubits which may
affect the final quantum cost. Thus our approach tries
all the possible initial placements of qubits to find the
optimal assignment of elementary quantum gate sequence
with the minimal cost. Thus, when we select n1×n2 grid
for an m-input case, there are (n1×n2)× (n1×n2−1)×
...× (n1 × n2 −m + 1) possible placements of qubits.

3.3 Selections of quantum gates

In 2-D architectures, the circumstances of optional el-
ementary quantum gates change, especially for 2-input
gates. Optional 2-input gates are like the bidirectional
lines in Fig. 3. Sometimes the grid is not filled with
qubits, and so some of bidirectional lines will not exist.

Here, we should change Gk and g in the previous SAT
formulation, fs, to adapt the property of 2-D architec-
tures, according to the optimal grid selected and the con-
crete placement of qubits.

When a reversible function has m inputs where
dlog2(m)e = n, we change the SAT formulation as fol-
lows:

Figure 3: Gates operating on adjacent qubits on 2-D grid

• If n×n grid is selected, Gk corresponds to the whole
selections of optional elementary quantum gates on
n×n grid, and g is equal to 7×4×n(n−1)+n×n.

• When (n− 1)× n grid is selected,

– If m is equal to (n − 1) × n, Gk corresponds
to the whole selections of optional elementary
quantum gates on (n − 1) × n grid, and g is
equal to 7× 2× [(n− 1)× (n− 1) + n× (n−
2)] + (n− 1)× n.

– If m is less than (n − 1) × n, then Gk and g
needs to be considered according to the initial
placement of qubits.

• When (n− 1)× (n + 1) grid is selected,

– If m is equal to (n−1)×(n+1), Gk corresponds
to the whole selections of optional elementary
quantum gates on (n− 1)× (n + 1) grid, and
g is equal to 7 × 2 × [(n − 1) × n + (n + 1) ×
(n− 2)] + (n− 1)× (n + 1).

– If m is less than (n − 1) × (n + 1), Gk and g
needs to be considered according to the initial
placement of qubits.

4 Conclusion

We proposed an approach for synthesizing optimal
quantum circuits in 2-D architectures with one physical
constraint considered such that quantum gates can only
operate on adjacent qubits.

Our approach can synthesize the optimal quantum cir-
cuits because we try all the possible placements of qubits,
and use a SAT solver to get the optimal result.
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Fate of time-evolved quantum correlations under quenching across
various phases in an XY spin chain
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Abstract. We investigate zero and finite temperature dynamics of quantum correlations in the transverse
XY spin chain due to instantaneous quenching. We show that when the system is quenched from ordered
to the deep disordered phase of the initial Hamiltonian, the bipartite quantum correlations survive and
enhanced in the long time steady state as compared to that of the initial state. However, bipartite
quantum correlations do not survive at long-time and almost washed out when the system is quenched
from disordered to the ordered phase. Moreover, we observe the survival of quantum correlations when
quenching is considered within the phases. Finally, we investigate the bipartite quantum correlations when
the initial state is a thermal equilibrium state at finite temperature.

Keywords: Entanglement, Quantum discord, Quench dynamics, Quantum phase transitions and non-
equilbrium dynamics, Quantum information theory, Entanglement and decoherence in isolated many-body
systems.

Introduction: Quantum correlations [1, 2] play
useful role in the realization of several quantum infor-
mation theoretic [3, 4, 5], and computational protocols
[6]. Quantifying the amount of quantum correlation
present in a quantum state has remain a challenge in
general, however, measures of two different paradigms,
viz., that of entanglement-separability [7] and of
information-theoretic [8], are usually considered for
bipartite settings when both the subsystems are qubit.
In physical systems where quantum correlations can
be realized include photons, ion-traps, optical lattices,
superconductors, nuclear magnetic resonance, etc. The
bipartite quantum correlation measures have been used
to study various phenomena related to the equilibrium
many-body theory [9]. In recent years, investigation
of many-body systems in the non-equilibrium regime
from a quantum information perspective [6] have gained
interest. Several studies, therefore, concentrating at the
time evolution of quantum correlations their revival and
collapse [10] and their ergodic properties [11, 12] has
been addressed in many-body systems. These complex
systems can be prepared in experiments, e.g., ultracold
atoms in an optical lattice [15], in a way making them
effectively isolated from the environment [16]. This, in
turn, has generated a lot of interest in recent times in the
nonequilibrium dynamics of otherwise closed quantum
systems [17] and theoretically [18, 19, 20].

In this paper we investigate the dynamics of bipar-
tite quantum correlations of the evolved state, starting
from the zero-temperature state of an isolated XY spin
chain of infinite size after a sudden change in the cou-
pling strength from some initial value to a final value
[21]. We characterize the quantum correlations for both
finite time and large time limits (the steady state) in this

∗utkarsh.mishra@apctp.org
†
‡prabhurama@gmail.com

Figure 1: (Color online.) Dynamics of nearest neighbor
concurrence (a) and quantum discord (b) in the evolved
state of quantum XY model against time, J2t/~, and

quenched coupling J̃1. The final coupling is fixed at
J̃2 = 0.5. We choose γ = 0.5. The base axes repre-
sent dimensionless quantities, while the vertical axis in
(a) and (b) are in ebits and bits, respectively.

model. In particular, for varied choices of initial states we
study the dependence of the dynamical behavior of quan-
tum correlations on choices of the phases of the driving
Hamiltonian. Our results show that survival of any finite
amount of quantum correlation present in a initial state,
followed by a quench, distinctly depends on the driving
Hamiltonian and on whether quenching is across critical
point in XY spin chain.

Results and Discussions

Case A: final coupling (J̃2) is fixed at disordered
phase

We present here two main scenarios where survival
of bipartite quantum correlation explicitly depends on
the phases of the undriven and the driving Hamiltoni-
ans. First when the final coupling constant, J̃2, at t > 0
is fixed at a value which corresponds to the disordered
phase of the driving Hamiltonian, H(J̃2). The initial
state at t = 0 corresponds to the zero-temperature state
of the system governed by the Hamiltonian H(J̃1). De-
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Figure 2: (Color online.) Variation of the nearest neigh-
bour concurrence (a) and quantum discord (b) of the
evolved state in XY model with respect to quenched cou-
pling constant J̃1 and J2t/~, where J̃2 = 2.0 and γ = 0.5.
The dimensions are the same as in Fig. 1.

pending on the choice of J̃1, the initial state is tuned
across the disordered and ordered phases. From Fig. 1(a),
it is clear that the behavior of quantum correlations can
be divided into three different regions in the J̃1− t plane:
Region 1 with J̃1 < 1, region 2 close to J̃1 = 1, and re-
gion 3 with J̃1 > 1. From Fig. 1(a)-(b) shows that in the
region 3, bipartite quantum correlations at large time,
where we may assume the system tends to reach steady
state, is always greater than that of the initial state at
time t = 0. However, in the region 1, such enhancement
in the quantum correlations through the evolution pro-
cess happens only if the coupling strength of the initial
state, J̃1, is less than 0.5, which is equal to our choice of
the coupling constant of the driving Hamiltonian, J̃2.

Case B: final coupling (J̃2) is fixed at ordered
phase

In Fig. 2, we plot the concurrence (a) and quantum dis-
cord (b) for the system under evolution with respect to
the coupling constant corresponding to the initial Hamil-
tonian H(J̃1) and time. Similar to the case A, the be-
havior of quantum correlations can again be analysed by
dividing the J1–t plane into three distinct regions: Re-
gion 1 with J̃1 < 1, region 2 close to J̃1 = 1.0, and region
3 with J̃1 > 1. Here we discuss concurrence and quantum
discord individually as they have different characteristics.
In region 1, concurrence shows revival and collapse with
respect to time. In particular, the amplitude and reviv-
ing regions of concurrence gradually decrease and finally
vanish at large time. In the region 3, entanglement os-
cillates between two non-zero values and the amplitude
of oscillations being maximum at low time scales located
close to region 2. However, as expected, at J̃1 = 2.0
such oscillations vanish and the entanglement assumes
constant non-zero value. In region 2, concurrence shows
continuous revival and collapse with the increase in time.

Entanglement in the steady state

In Fig. 3(a), we plot the difference of final and the
initial state entanglement, δC12, where δC12 = C12(t →
∞) − C12(t = 0), as a function of quenched coupling

constants J̃1 and J̃2 for γ = 0.5. The steady state corre-
sponds to the case t→∞.

The white line along the diagonal in Fig. 3(a) corre-
sponds to the case, when J1 = J2. Obviously, in this
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Figure 3: (Color online.)(a) Plot of the difference in
entanglement between the final and the initial two-site
states, δC12, in the quantum XY spin chain against J̃1
and J̃2. The negative values (the blue regime) in the dif-
ference indicates that the initial bipartite entanglement is
more as compared to the final bipartite entanglement in
the J1−J2 plane, while the positive value (the red regime)
reveals that bipartite entanglement is enhanced during
dynamics compared to the initial state. Here γ = 0.5
and h = 1.0. (b) The plot of the difference in quantum
discord between the final and the initial two-site states,
δD12. The dimensions are same as in Fig. 1.

case the entanglement of the system at infinite time is
same as in the initial time. One can immediately have
two interesting observations when the system is quenched
across the phase transition point. First, when the initial
state is in the ordered phase, i.e., J1 > 1, and the sys-
tem is instantaneously quenched to deep in disordered
phase, i.e., J2 � 1, the nearest-neighbor bipartite entan-
glement is enhanced significantly than that of the initial
state. For example, for J2 = J1 = 1.4, the bipartite en-
tanglement of the initial unperturbed state measured by
concurrence is approximately 0.066 ebit, which get en-
hanced to a value close to 0.186 ebit by quenching J2 to
its final value at J2 = 0.2. Secondly, when the initial
state is in the disordered phase, i.e., J1 < 1, and the sys-
tem is instantaneously quenched to ordered phase with
J2 > 1, the amount of entanglement is significantly de-
creased compared to the initial value. In fact, any finite
entanglement present in the initial state is washed out
completely if J2 is chosen from deep ordered phase. As
for an example, the initial state has entanglement 0.143
ebit for J2 = J1 = 0.6, which vanishes for any driving
Hamiltonian H(J2), with J2 > 1.3.

However, when the system is quenched within the same
phase, the steady state bipartite entanglement at infinite
time may be enhanced or deteriorated compared to that
of the initial state depending on the parametric range. In
this situation, we observe that the enhancement occurs
when J2 > J1.

Fig. 3(b) shows δD12 = D12(t → ∞) − D12(t = 0),

as a function of quenched coupling constants J̃1 and J̃2 .
The features of quantum discord is approximately similar
to the bipartite entanglement. However, unlike entangle-
ment, quantum discord survives with small values when
the system is quenched from the disordered to the or-
dered phase.
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Conclusion

Studying the controlled dynamics of isolated complex
quantum systems, involving many-particles, in presence
of external perturbation has its importance in various
fields of theoretical and experimental physics. In particu-
lar, observation of stable quantum correlations in driven
systems could have importance as a resources in quan-
tum information and computational protocols. In this
work, we have characterized the dynamics of quantum
correlations in an infinite XY model between the nearest-
neighbor spins due to sudden quenching of the interaction
strength, and studied their steady state behavior in long
time.

We consider two settings of quenching– either both the
initial as well as final coupling strengths are in the same
phase or they are across the critical point that connects
two different phases. We demonstrate that when the sys-
tem is quenched from the disordered to ordered phase,
any finite entanglement between the nearest-neighbor
spins in the initial state eventually vanishes at large times
via the dynamical process involving successive collapse
and revival phenomena. On the contrary, when the sys-
tem is quenched from ordered to disordered phase, then
the final state has enhanced entanglement compared to
the initial state. Such observation can be advantageous
in setting up quantum protocols in physical systems in
extreme situations.
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Efficient key distillation
for industrial quantum key distribution systems

A.K. Fedorov

Great attention to quantum key distribution (QKD) systems is related
to the fact of breaking of public-key encryption algorithms using quantum
computing. Security of public-key exchange schemes can be justified on the
basis of the complexity of several mathematical problems. Nevertheless,
the Shor’s algorithm allows solving these problems in a polynomial time.
Absence of efficient classical (non-quantum) algorithms breaking public-
key cryptosystems still remains unproved.

In this contribution, we report about the joint research project, which
is aimed on a design of an industrial fiber based QKD system in Russia.
The QKD engine is based on the decoy states BB84 protocol. We present
the developed post-processing procedure for sifted quantum keys (i.e., keys
after reconciliations), which consists of error correction, parameter estima-
tion, and privacy amplification. Communications over public channel are
authenticated. Summary of the procedures is presented in [1].

The post-processing procedure works as follows [1]. Sifted keys go
through the error correction that is adjusted on the current value of QBER.
After accumulation of necessary number of blocks they input to the param-
eter estimation (together with their versions before the error correction).

If an estimated value of QBER [1] is higher than the critical value
needed for efficient privacy amplification, the parties receive warning mes-
sage about possible of eavesdropping. Otherwise, verified blocks input
privacy amplification and estimated QBER is used in next round of the
error correction algorithm.

The overall (in)security parameter of the quantum key distribution sys-

1
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tem is

εqkd = εver + εpa + εaut = 2 × 10−11 + 10−12 + 10−12 < 3 × 10−11. (1)

This parameter majorizes both the probability that the keys of Alice and
Bob do not coincide and the probability of guessing the common key by
Eve. After the privacy amplification procedure, a fraction of the key is
used for authentication in the next rounds. In our setup, the fraction
of generated private key consumed by authentication procedure does not
exceed 15%.

The support from Ministry of Education and Science of the Russian Fed-
eration in the framework of the Federal Program (Agreement 14.582.21.0009,
ID RFMEFI58215X0009) is acknowledged.
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Measurement-Device-Independent Quantum Group Key Agreement
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Abstract. In traditional networking communication, group key agreements have been applied to many
practical scenarios, such as group teleconferences, multiplayer online games, and so on. Generally, security
in group communication is more fragile than that in a peer-to-peer communication. Not only key agree-
ments between members should be secure and reliable, but also the identities of group members should
be guaranteed. Dramatically, quantum key distribution (QKD) protocols can achieve unconditionally se-
cure communication in two-party communication, which is difficult to implement theoretically in classical
cryptography. In this paper, we propose a kind of group key agreement based on measurement-device-
independent QKD (MDI-QKD) protocol. In order to identify the group members, we utilize a pre-share
password between legitimate members in a certain group, by this password, any illegitimate members can
be excluded efficiently.

Keywords: Group key agreement, quantum key distribution, MDI-QKD, identity, password

1 Introduction

Nowadays, in a typical communication network, e.g.
the Internet, applications of secure group communication
are everywhere. For example, multiplayer sessions, group
teleconferences, and so on. Considering those facts, it is
obvious that secure group communication has been an
increasingly popular research area in recent years. Since
secure group communication involves in multiparty par-
ticipation, to guarantee its security, researchers proposed
many group key agreements based classical cryptogra-
phy [1][2][3]. However, traditional group key agreements
more or less face many underlying problems, the biggest
one is that classical cryptographic algorithms essentially
are based on the computational complexity, which mean-
s they cannot fulfill the unconditional security. Another
issue is that due to the computational complexity theory,
traditional group key agreements usually are more com-
plicated and need more procedures in protocols, which
consumes a huge computational resource. Thus, tradi-
tional group key agreements would occupy massive net-
work resource and may lead to network delay [4]. Amaz-
ingly, those problems seem to be easy to be resolved if
we introduce quantum key distribution [5][6] into group
key agreements, since the security of QKD protocols is
based on the postulates of quantum mechanics instead of
mathematically hard problems.
In this paper, we consider a quantum version of

group key agreement, we name it measurement-device-
independent quantum group key agreement (MDI-
QGKA), which is based on MDI-QKD [7]. In Sec. 2,
we will give a complete description of MDI-QGKA pro-
tocol, including the mechanics of key agreement and the
identity authentication of members in a group, which is
a key problem in group key agreements. We assume that
legitimate members share a common short random se-
quence, usually called password. By this password, only
legitimate members can identify each other efficiently. Fi-

∗shqma@stu.xidian.edu.cn
†chhzhu@xidian.edu.cn

nally, we make some conclusions on our protocol simply.

2 Measurement-Device-Independent
Quantum Group Key Agreement

The Scheme of Key Agreement Now we describe
the scheme of key agreement in details, the basic idea
of scheme may be sort of simple and rough, but it can
be easily extended to general situations. First, we de-
scribe the MDI-QGKA based on the two-party MDI-
QKD. In this case, suppose that a certain amount of
users want to establish a group communication, the num-
ber of users is N and we label those users by unique tags
Ui, i ∈ 1, 2, 3, ..., N . In order to generate a group key,
we first divide those users into N − 1 sub-groups, for ex-
ample, (U1, U2) , (U2, U3) , ..., (UN−1, UN ), then every two
users in each sub-group perform one MDI-QKD protocol.
After N − 1 times MDI-QKD, there are N − 1 secure
keys generating in (U1, U2) , (U2, U3) , ..., (UN−1, UN ), we
denote them by K1,2,K2,3, ...,KN,N−1, respectively. It
should be mentioned that in order to reduce the commu-
nication round, we only need to perform 2 rounds MDI-
QKD instead of N − 1 rounds, we will describe this in
the next part. Now we define U1 as the sponsor of group
communication and define K1,2 as the group key. Now
that the secure key Ki,i+1 is share between Ui and Ui+1,
so U2 can encrypt K1,2 by K2,3 and send the ciphertext
K1,2⊕K2,3 to U3. With K2,3, U3 can decrypt K1,2⊕K2,3

and get the secure key K1,2. Likewise, after N − 2 times
encryption and decryption operations, a group key would
be established in the group.
We can use the way of tree-like to describe the struc-

ture of key agreement. Consider measurement setups M
as internal nodes and take group members U as leaf n-
odes. Especially, suppose the measurement setup M1 is
the root node and has two child nodes, denoted by M2

and U1, respectively. And M2 has two child nodes, M3

and U2, and so on, the last internal node MN−1 only
has two leaf nodes, UN−1 and UN . Furthermore, given
Mi, i ∈ {1, 2, 3, ..., N −1}, the users Ui and Ui+1 perform
a MDI-QKD. Besides that, we assume that the frame-
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work of networks is hierarchical, logically we divide users
and servers into different layers, where the server layer
is in charge of choosing and allocating measurement se-
tups, also it is in charge of dividing group members into
different blocks. So whenever a user U wants to estab-
lish a group communication with some certain users in
the network, the servers will establish a definite group
topology for them. Next, we will consider the situations
that some members leave or join in the group.
Leave: If a member Ui, i ∈ {1, 2, 3, ..., N − 1} at some

time leaves this group, then to minimize the change of the
group topology, we only need to delete Mi and connect
Mi−1 to Mi+1 and keep the rest unchanged (if i = N ,
it also removes MN−1). This means after Ui leaves the
group, Ui−1 and Ui+1 will be divided into together, and
then the group will update the group key as usual.
Join: First, the servers will first search an optimal lo-

cation where it allocates the new member U a measure-
ment setup M , then it inserts U and M into the optimal
location. Suppose the optimal location for U locates be-
tween Ui and Ui+1, thenM will be inserted betweenMi

and Mi+1, here the search criterion can be the physical
distance between group members. Once completing this
mergence, the group key is needed to update so as to new
members can share a common key.
Theoretically, more general situation can easily be de-

composed as the combination of the two basic situations.
So far, we have not yet discussed the question of authenti-
cation. Without a reliable authentication, eavesdroppers
may pretend to be legitimate users, then jeopardize the
whole group communication. So, in the next section, we
describe the authentication scheme in MDI-QGKA.

MDI-QGKA with Authentication Before we add
the authentication scheme into MDI-QGKA, some ex-
tra hypotheses should be stated clearly here. First, we
assume that in every sub-group (Ui, Ui+1) they share a
message authenticated classical channel, indeed this hy-
pothesis is also needed in a standard QKD protocol. This
means messages through the channel can be read but
cannot be tampered by eavesdroppers. Second, we as-
sume that every user in the network shares a distinct
key with own server (there should be many servers in
the server layer), we will see later this shared key is used
to authenticate the identity of the sponsor of the group.
Third, we assume that every member in the group shares
a common key, that is, password. This shared key could
be distributed to group members securely by the servers
in advance. Now we describe the complete MDI-QGKA
with the identity authentication as follows.
Step 1 A user U in the network sends a demand for

group communication with some certain users, we denote
the number of the group members by N . The servers
authenticate the identity of the user U , if he or she is a
legitimate user, then it executes the next step, otherwise
it terminates the protocol.
Step 2 Once the servers have authenticated the identi-

ty of the sponsor, it informs the other group members to
establish the group communication. Concretely, it will

establish a definite group topology including choosing
measurement nodes, partitioning group members, and
distributing the password. We denote the group mem-
bers by Ui, i ∈ {1, 2, 3, ..., N}, where U = U1 stands
for the sponsor and the servers have divided them into
(U1, U2), (U2, U3), ..., (UN−1, UN ).
Step 3 Now given the group, they can perform MDI-

QKD protocol, respectively. Due to limited resources
at user sides, they can perform it in two rounds. At
the first round, (U1, U2), (U3, U4), (U5, U6), (U7, U8), ...,
perform MDI-QKD protocol. At the second round,
(U2, U3), (U4, U5), (U6, U7), (U9, U10), .... This ensures in
a round a certain user only needs to perform one MDI-
QKD protocol.
Step 4 After two rounds MDI-QKD, they have gener-

ated N − 1 secure keys, but they probably do not trust
each others identities. Although they got a secure key,
they cannot use it to authenticate. Nevertheless, we can
utilize its strong correlation in some subsequences to gen-
erate the identity information. In order to minimize the
communication cost, we find it no need to perform a mu-
tual authentication between Ui and Ui+1, indeed it is ad-
equate that let U1 authenticate U2 and U2 authenticate
U3, and so on. And this means we only need N −1 times
authentications. If all N − 1 times authentications are
successful, then protocol continues, otherwise it would
be aborted. Next, we describe the procedure that Ui
authenticates Ui+1, i ∈ {1, 2, 3, ..., N − 1}.
First, we denote the secure key generated in (Ui, Ui+1)

by Ki,i+1, and denote the corresponding state sequences
sent by Ui and Ui+1 are Si and Si+1, respectively. The
password is denoted by P, P ∈ {0, 1}T , where T is the
length of the password. It is worth mentioning that Si
and Si+1 have been performed the operations of sifting,
error correct, and privacy amplification. Now according
to the outcomes |ψ−⟩ of BSM, they record the corre-
sponding sent states and positions, then get the related
subsequences denoted by S̄i and S̄i+1, respectively. It is
clear that those subsequences are mutually orthogonal.
Second, Ui+1 uses P to generate the identity informa-

tion. Here we rewrite P = P1P2P3...PT , Pi ∈ {0, 1}, i =
1, 2, 3, ..., T . The rule is as follows: If P1 = 0, then Ui+1

seeks the first state |0⟩ appearing in S̄i+1 and records its
position as L1. Otherwise, he seeks the first state |+⟩ ap-
pearing in S̄i+1 and also records its position as L1. Then
P2 = 0, then he seeks the second state |0⟩ appearing in
S̄i+1 and records its position as L2. Otherwise, he seeks
the second state |+⟩ appearing in S̄i+1 and also records
its position as L2. Likewise, he records T positions in
all, it can be denoted by L = L1L2L3...LT , here L is the
identity information, then Ui+1 sends L to Ui so as to Ui
can authenticate the identity of Ui+1.
Third, Ui uses P to verify the identity information L.

Concretely, if P1 = 0, then he seeks the first state |1⟩
appearing in S̄i and records its position as L′

1. Other-
wise, he seeks the first state |−⟩ appearing in S̄i and also
records its position as L′

1, likewise, finally he can gen-
erate an authentication information L′ = L′

1L
′
2L

′
3...L

′
T .

Due to the correlation between S̄i and S̄i+1, there must
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be L′ = L, if Ui and Ui+1 possess a common P . Any
differences in P will lead to an inconformity. Thus, if
L′ ̸= L then Ui aborts the protocol.
Step 5 In this step, since the identities in group mem-

bers have been authenticated, the group key, defined as
K = K1,2, can be securely distributed to every member
in the group. After N − 2 times encryptions, transmis-
sions, and decryptions, every legitimate member will get
the group key K securely.

MDI-QGKA Based on Multi-Party MDI-QKD
Due to the property of Greenberger-Horne-Zeilinger
(GHZ) state analyzer [8], one can straight generalize the
two-party MDI-QKD to the multi-party scenario. Thus,
it can be utilized to improve the performance of MDI-
QGKA. For example, we can construct MDI-QGKA with
a three-party MDI-QKD as follows. For each Mi, it has
three child nodes, Mi+1, Uj , and Uj+1. (Also, the last
M has three leaf nodes UN−2, UN−1, and UN .)
It follows that by using GHZ state analyzers, the num-

ber of measurement setups decreases notably. Consid-
ering the allocation of measurement setups is a heavy
burden for the servers, so employing GHZ state analyz-
ers can efficiently reduce the computation cost for the
servers. However, at the present the detect efficiency of
GHZ analyzers is very poor and it can only recognize part
of states, which imply it may only have the theoretical
significance currently.

3 Conclusions

We now discuss security and efficiency related to MDI-
QGKA, here we only discuss simple situation.
Security One can note that between Ui and Ui+1,

they perform a standard MDI-QKD, so the conditional
security can be guaranteed as long as the qubit error rate
(QBER) is lower than some threshold. Second, between
(Ui−1, Ui) and (Ui, Ui+1), the secure key K is encrypted
by Ki,i+1 in a one-time pad, so after N−2 transmissions,
the security of the group key K does not change, which
means eavesdroppers cannot tell the group key from a
real random sequence still. However, once we introduce
a password to MDI-QGKA, it seems that the group key
K will not be absolutely secure, because according to the
information theory [9], there is a small probability, even
though it is very small, that an eavesdropper can guess
the password successfully. Thus, he can obtain part of
information on the group key. Trivially, if the length of
password is T , then the probability should be p ∝ 2−T ,
so this implies that we can appropriately increase T in
order to lower the probability to an arbitrarily small val-
ue, as a result, the loss of security is almost negligible.
Now we suppose that there exists an adversary who can
circumvent the protocol and guess the password offline,
this is called typically offline dictionary attack. To re-
sist the offline dictionary attack, the password should be
dynamical, which means every group communication the
servers distribute a random password to group members,
and it should be independent to the password used be-
fore, so this can guarantee that everytime the probability

that eavesdroppers guess successfully is still p ∝ 2−T .
Efficiency From the complete procedures of MDI-

QGKA, we can see that given the group, it needs N − 1
MDI-QKD and N − 1 authentications and N − 2 distri-
butions, so the communication rounds increase linearly
with the number of group members N . On the one hand,
suppose it takes Tk time in the procedures of MDI-QKD
and authentication, since we divide N-1 times MDI-QKD
into two rounds, thus it needs 2Tk altogether. On the
other hand, suppose that it takes Ts time to transmit
K from Ui to Ui+1, then it needs (N − 2)Ts altogeth-
er. In sum, the whole communication delay should be
T ∝ (N − 2)Ts + 2Tk, where Tk and 4Ts are usually in
the same order of magnitude and considering N ≫ 2,
then we can get T ∝ NTs. This means the increase of
the communication delay is also nearly linear with N .
According to above discussion, we can see that both

communication cost and computation cost in MDI-
QGKA are linear with the number of group members
N . So it is a realizable scheme in QKD networks.
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Conditional Quantum Discords

Mathieu Laurière∗, Tim Byrnes†, Chandrashekar Radhakrishnan‡

Abstract

Quantum discord, defined as the difference between two expressions of quantum mutual
information, has been used to measure the amount of quantum correlations in a bipartite system.
In this work, we extend this approach to tripartite systems by introducing quantum conditional
discords as the differences between several notions of quantum conditional mutual information.
This can be viewed as an extension of the quantum discord to the case where we have a side
information about one party in a tripartite system. We show that these conditional discords can
be used to measure the bipartite and tripartite correlations.

1 Mutual information and discord

In the classical world, correlations between two random variables can be measured using Shannon
mutual information. Given two random variables A and B the Shannon entropy S(A) quantifies
the amount of uncertainty one has apriori about A and the mutual information I(A : B) gives
the uncertainty about A if one knows B. The mutual information has numerous applications in
information theory, coding theory and computer science. Mathematically it has been defined as
I(A : B) = H(A) −H(A|B) and is the decrease of A’s entropy induced by the knowledge of B.
The last term relies on the notion of conditional entropy, which, in the classical setting, is defined
through Shannon entropy by H(A|B) = H(AB)−H(B). It corresponds to the uncertainty about
A that remains when B is known. If A is independent of B, this is just the entropy of A, but in
general it can be smaller since B contains information about A.

The von Neumann entropy S(ρ) = −Trρ log2 ρ is the quantum mechanical generalization of
the Shannon entropy. Considering a quantum bipartite system ρ = ρAB, the quantum mutual
information (QMI) between the parties A and B is I(A : B)ρ = S(A)ρ − S(A|B)ρ. The conditional
entropy of a quantum state can be defined in two different ways. The first one, given in References
[1, 2], is to proceed by analogy with the classical case:

S(A|B)ρ = S(AB)ρ − S(B)ρ. (1)

If ρ is a product state of the form ρA ⊗ ρB , this reduces to the entropy of ρA but in general cases
the situation is more complicated. In particular, this quantity can be negative if ρAB is not pure,
due to correlations with the environment [1]. A second method, introduced in [3], is to define QMI
using a projection over the qubit on which the system is conditioned, that is

S(A|{ΠB}) =
∑
j

pjS(ρA|{ΠB
j }) (2)

where {ΠB
j } is a set of complete measurement and ρA|ΠB

j is the state of AB after the outcome

corresponding to ΠB
j has been detected while pj is the probability of seeing this outcome. In

general (1) and (2) are not equal and the difference between them is called the quantum discord
between the parties A and B [3] and formally defined as:

δ(A : B)ΠB

ρ = I(A : B)ρ − J(A : B)ΠB

ρ
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†New York University Shanghai, tim.byrnes@nyu.edu
‡NYU-ECNU Institute of Physics at NYU Shanghai, chandrashekar.radhakrishnan@nyu.edu
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where I(A : B)ρ = S(A)ρ − S(A|B)ρ whereas J(A : B)ΠB

ρ = S(A)ρ − S(A|{ΠB})ρ. It measures
the quantum correlations in the system [4, 3, 5] and can be non zero even for separable states
which do not contain any entanglement. Moreover, it has an operational interpretation in terms
of quantum-state-merging protocols [6]. The notion of quantum discord has shed a new light
on the notion of quantum correlations and opened many new directions of research in quantum
information theory.

2 Conditional quantum discords

In the present work, we introduce a conditional version of discord to study the correlations in
tripartite systems when we have side information about one of the parties. This is based on the
notion of conditional mutual information.

For three classical random variables, the conditional mutual information (CMI) between A and
B conditioned on C is defined by I(A : B|C) = H(A|C)−H(A|BC). It can be interpreted as the
information that B contains about A when C is already known. In particular, it vanishes if and
only if A− C −B forms a Markov chain. Moreover, CMI satisfies the following useful chain rule
I(A : BC) = I(A : C) + I(A : B|C), i.e. the amount of information that BC contains about A
can be split into the information that C has about A plus the information that B has about A
given C.

In the quantum mechanical setting for a state ρ = ρABC , a straightforward counterpart is
I(A : B|C)ρ = S(A|C)ρ−S(A|BC)ρ. This quantity, called quantum conditional mutual information
(QCMI), has found numerous applications in quantum information theory. It has clear operational
interpretation [7, 8] which has lead to recent breakthrough results in communication complexity
such as [9, 10].

However, using conditional entropies in the sense of (1) we can introduce several variants of
the QCMI depending on how it is projected. Here we consider two cases where we project either
on B and C or on C only:

J(A : B|C)ΠB ,ΠC

ρ = S(A|{ΠC
k })− S(A|{ΠB

j }, {ΠC
k }), (3)

L(A : B|C)ΠC

ρ = S(A|{ΠC}) + S(B|{ΠC})− S(AB|{ΠC}). (4)

Note that the two right-hand sides would be equal if we were using the notion of conditional entropy
defined by (1). We can actually show that these quantities equal the usual QCMI respectively on

ρΠB ,ΠC

where B and C are projected, and on ρΠC

where only C is projected:

J(A : B|C)ΠB ,ΠC

ρ = I(A : B|C)ρΠB,ΠC , L(A : B|C)ΠC

ρ = I(A : B|C)ρΠC . (5)

Based on these quantities we define two different notions of quantum conditional discord as follows:

δIJ(A : B|C)ΠB ,ΠC

ρ = I(A : B|C)ρ − J(A : B|C)ΠB ,ΠC

ρ ,

δLI(A : B|C)ΠC

ρ = L(A : B|C)ΠC

ρ − I(A : B|C)ρ.

Note that we could also consider δJL and other notions of discord corresponding to notions of
QCMI for states projected on A, AB, AC or ABC. However we can show that all these conditional
discords are closely related to the ones introduced above and so we leave their extensive study for
future work. Ignoring the sub-scripts and super-scripts for simplicity we can rewrite the conditional
quantum discords as:

δIJ(A : B|C) = δ(A : BC)− δ(A : C),

δLI(A : B|C) = δ(A : C) + δ(B : C)− δ(AB : C).

The first equality can be seen as a chain rule for conditional discord between I and J . We find that
δIJ captures the two way quantum correlations between A and B, that is, quantum correlations
that involve AB but not C, whereas δLI corresponds to the three way correlations between A,B
and C. We represent these ideas in the form of a Venn diagram which is displayed in Figure 1.
Since the quantities J and L are basis dependent we maximize them over the set of all bases.
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Figure 1: Left: Venn diagram representing the quantum correlations in the tripartite system. Here A, B and C
represent the three quantum systems. The regions 1,2 and 3 represents the two way correlations and region 4
denotes the three way correlation between them. Right: variation of the QCMI’s J(A : B|C) and L(A : B|C)
(top) and the conditional discords δIJ and δLI (bottom) with respect to the basis, for GHZ, W and star states .

This is to find the basis in which the correlations are preserved in a projective measurement by
disturbing the system in the least possible way. Further the QCMI’s should be non-increasing
under local operations and hence they should be maximized over all projectors. Also the variation
of the QCMI’s J and L and the conditional discord δIJ and δLI with respect to the basis is given
in Figure 1 for the sake of illustration on some examples of tripartite states. It is well known
that I vanishes if and only if the states are Markov states [12, 13], and due to the expressions (5)
the QCMI’s J and L also vanish for these states. For this reason we do not plot the values for
this type of states and focus on three other examples. In the case of GHZ states we find that the
maximum value of QCMI’s J and L results in δIJ = 0 and δLI = 1. This is due to the fact that
GHZ states have only tripartite correlations [14] which are destroyed if we trace out any one of the
qubits. We also provide plots for W states and star states.

3 Conclusion

The quantum discord is used to measure quantum correlations is generalized to the case of tripartite
systems when we have side information about one of the parties. This new measure relies on
notions of quantum conditional mutual information and we call it quantum conditional discord.
We show that it is zero for Markov states and we investigate the tripartite states like GHZ states,
W states and Star states using this measure and find that it verifies the fact that GHZ state has
only tripartite correlations.
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Quantum correlations in tripartite system is investigated using a quantum version of conditional
mutual information. Classically conditional mutual information can be expressed in several di↵erent
mathematical forms which are all equivalent. But the quantum version of the conditional mutual
information are not equivalent if we use the definition of conditional entropy given by Zurek. In
the present work we use three definitions of the quantum conditional mutual information namely
I, J and L . Exploiting the non-equivalence between these definitions we propose a new measure
known as conditional discord. Using the chain rule for the conditional mutual information we relate
the conditional discord to the traditional quantum discord. Finally by employing the conditional
discord we quantify the three-way and two-way quantum correlations. Tripartite GHZ, W and star
states as well as Markov states are analyzed in this framework.

Introduction: Generalization of Information theory
based on quantum mechanics led to the emergence
of new fields like quantum computation and quan-
tum communication. One of the foremost task of
quantum information theory is to identify the var-
ious types of quantum correlations and construct
their resource theories with an eye on potential
applications in the fields of quantum optics and
many-body physics [1–6]. A second set of interest
involves understanding the operational relevance
of information theoretic quantities [7–10] in the
quantum setting. The von Neumann entropy op-
erationally defines the compression of an ensemble
of n quantum systems each prepared in a state ⇢

into a space of nS(c) qubits, while preserving the
correlations shared by it with the environment. In
classical information theory, conditional entropy of
a joint system AB measures the information some
one knowing B would have to know about A as
well. While it is possible to have an apriori knowl-
edge of B in classical information theory, in quan-
tum information theory this leads to the emergence
of new features. Thus conditional entropy in quan-
tum information theory has two di↵erent defini-

tions as given in [11–13]:

S(A|B)⇢ = S(⇢AB)� S(⇢B) (1)

S(A|{⇧B
j })⇢ =

X
j

pjS(⇢A|⇧B
j
) (2)

where we have pj = Tr⇧B
j ⇢AB⇧B

j and ⇢A|⇧B
j

=

⇧B
j ⇢AB⇧B

j /pj . As noticed in [OZ],

S(A|{⇧B
j })⇢ = S(A|B)⇢⇧B (3)

where ⇢

⇧B

=
P

j ⇧
B
j ⇢AB⇧B

j . When there is
no ambiguity on the state, we will simply note
S(⇢A|B) = S(A|B) and S(⇢A|{⇧B

j }) = S(A|{⇧B
j }).

The first definition (1) given in [11, 12] is a straight
forward way of generalizing the conditional en-
tropy from the classical to the quantum situation
where the probabilities are replaced with the re-
spective density matrices. Also a given conditional
entropy S(⇢A|B) can be related to the joint entropy
S(⇢AB) through Bayes relation. But this definition
also leads to negative conditional entropy which is
classically forbidden and also gives rise to strange
processes like particles carrying negative informa-
tion.
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An alternative definition of conditional entropy
S(⇢A|{⇧B

j }) in Eqn. (2) was given in [13]. The

interpretation was based on the fact that in the
conditional entropy we need to specify the state
of A given the state of B. In quantum mechan-
ics a knowledge of the state of B implies that
some kind of measurement has taken place over
the state. The perfect measurements of B yields a
set of one dimensional projectors {⇧B

j }. This def-
inition of the conditional entropy is related to the
joint entropy through the relation S(⇢A|{⇧B

j }) �
S(⇢AB) � S(⇢B) in which the equality is the ana-
logue of Bayes relation.
The amount of quantum correlations in a bipar-

tite system is given by the quantum mutual in-
formation in the system. There are two di↵erent
expressions for measuring the quantum mutual in-
formation namely

I(A : B)⇢ = S(A)⇢ � S(A|B)⇢ (4)

J(A : B)⇢ = S(A)⇢ � S(A|{⇧B
j })⇢. (5)

The two notions are not equivalent [13, 14]. This
inequivalence between the two definitions of the
mutual informations which arises due to the use of
Eqn. (2) is purely a quantum e↵ect. More pre-
cisely, using (3), we have:

J(A : B)⇢ = I(A : B)⇢⇧B . (6)

It was proposed in [14] I and J measure the in-
formation between two parties, their discrepancy
can be construed as a measure of quantum corre-
lations. This measure of quantum correlations is
widely referred to as quantum discord in literature.

�(A : B) = I(A : B)� J(A : B) (7)

A similar understanding of tripartite systems is
lacking though there are a few attempts in this
direction. In the literature only one definition of
quantum conditional mutual information has been
focussed on with applications on quantum state
distribution [15], optimal source coding [16] and
the simluation of classical channels with quantum
side information [17]. Depending on the notion of
conditional entropy that is used there are several
definitions of conditional mutual information that
are all equivalent in the classical setting and can be
connected via Bayes relation. However in this work
we observe that in the quantum scenario if we use
Eqn. (2) for the conditional entropy these expres-
sions are not equivalent. In the current article we
use the inequivalence between the di↵erent defini-
tions of quantum conditional mutual information
to measure the three way and two way quantum
correlations in a tripartite system.

The di↵erent definitions of the quantum condi-
tional mutual information is introduced in the sec-
ond section. In the third section a set of discord
type relations is constructed to measure the three
way and two way quantum correlations in a tri-
partite system. An illustration of these measures
on simple tripartite systems is show in section four
and we present our conclusions in the final section.
Various notions of Quantum conditional mutual

information:

We now turn our attention to tripartite sys-
tems. What is the mutual information between
two subsystems, given side information contained
in a third one? To answer this question has been
introduced the quantum conditional mutual infor-
mation (QCMI), defined as follows [18]:

I(A : B|C) = S(A|C)� S(A|BC), (8)

= S(AC)� S(BC)� S(C)� S(ABC).

This is similar to mutual information (4), except
that both entropies are conditioned on the third
subsystem, C. By analogy with bipartite states,
we can introduce a J version of QCMI where the
conditional entropies appearing in (8) are replaced
by conditional entropies in the sense of (2):

J(A : B|C) = S(A|{⇧C})� S(A|{⇧B}, {⇧C}).
(9)

Here {⇧B} is a set of projectors corresponding to
subsystem B and similar notation holds for subsys-
tems A and C as well. Using (3), we can rewrite it
as:

J(A : B|C)⇢ = I(A : B|C)⇢⇧B,⇧C . (10)

In other words, this is just the QCMI in the
sense of (8) evaluated on a di↵erent state, namely

⇢

⇧B ,⇧C

instead of ⇢. One can then ask: what is
the QCMI measured on ⇢ when it is projected over
the conditional variable? To answer this question,
we introduce the following quantity:

L(A : B|C)⇢ = I(A : B|C)⇢⇧C . (11)

Note that I is symmetric in A and B, but it is not
the case for J amnd L. However, we recall [17] that
the I notion of QCMI as defined per (8) satisfies
the following chain rule:

I(A : B|C) = I(A : BC)� I(A : C), (12)

which can be interpreted as the fact that the QCMI
between A and B given C is the amount of in-
formation that BC reveal about A minus what C
alone already contains about A. In virtue of the
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relations (10)–(11), this is also the case for J and
L. As a consequence, one can check that L can be
rewritten as:

L(A : B|C) = S(A|{⇧C}) + S(B|{⇧C})
� S(AB|{⇧C}). (13)

Above, if we replace the conditional entropies with
projectors by conditional entropies in the sense
of (1), then all these expressions are equivalent to
I defined by (8).
For a classical state of the form ⇢ =P
a,b,c pa,b,c |ai ha |⌦ |bi hb |⌦ |ci hc | all these no-

tions (I, J, L) are equal. However for a general
quantum state, they are not equivalent. This is
because for each notion, we are projecting over dif-
ferent subsystems. The di↵erences between these
QCMI’s are entirely due to the quantum mechan-
ical nature of the system and hence they can be
used to measure quantum correlations in a tripar-
tite system, analogously to the idea of discord for
bipartite systems.
Conditional quantum discord: Quantum discord
(7) is the di↵erence between the two definitions of
mutual information (4)–(5) in the quantum setting
[13].
Similarly, we introduce a new quantity called

the quantum conditional discord (QCD). This new
quantity which captures the di↵erence between the
various definitions of QCMI helps us to measure
the two-way and three-way quantum correlations.
The general form of the conditional discord, which
is a di↵erence between the two QCMI’s is as given
below:

�I1I2(A : B|C)⇢ = I1(A : B|C)⇢ � I2(A : B|C)⇢
(14)

with I1 6= I2 2 {I, J, L}. Expanding the definitions
of I, J and L the conditional quantum discords can
be written as combinations of discords. The con-
ditional quantum discord between the QCMI’s I

and J is given below:

�IJ(A : B|C) = �(A : BC)� �(A : C) (15)

Here we find that (15) expresses the two way corre-
lations between the qubits A and B. In Fig. 1 this
is denoted by the overlap region labelled 1 which
is colored in dark green. We can similarly mea-
sure the two way correlations between the qubits
A and C as well the qubits B and A which are
denoted by the regions 2 and 3 and coloured with
dark blue and violet respectively. In such cases
the QCMI’s I and J are functions of (A : C|B)
and (C : B|A) respectively. Thus in a three qubit
system the two way correlations in the system can

A

B

C

1 2

3

4

FIG. 1. The quantum correlations in a tripartite sys-
tem is given above. Here A, B and C denote the three
quantum systems. The regions 1, 2 and 3 represents
the two way correlations between the three systems and
the region 4 denotes the three way correlation between
them.

be measured through the di↵erence between the
quantities I and J by changing the qubit about
which we have the prior side information.
In a tripartite system apart from the two way

quantum correlations we may also have three way
quantum correlations. A quantum correlation is
said to be three way if it is between all the three
qubits. In the tripartite system ABC denoted in
Fig. 1 this is shown through a grey coloured re-
gion labelled 4 where all the three circles overlap.
The three way quantum correlations can be found
from the di↵erence between the quantum condi-
tional mutual informations I and L

�LI(A : B|C) = �(A : C) + �(B : C)� �(AB : C)
(16)

From Equations (15) and (16) we can construct an
expression for the conditional discord �JL as well.

From the definition of the conditional discord in
(14) and the chain rule for QCMI in equation (12)
in we can get a chain rule for the conditional dis-
cord. The expression for the conditional discord
�IJ is an illustration of this chain rule. Thus the
chain rule which links the quantum discord and the
QCMI establishes a connection between quantum
correlations and the conditional mutual informa-
tion.
Quantum correlations in tripartite states:

The di↵erent notions of QCMI established in
section 2 and the conditional quantum discord in-
troduced in section 3 are studied for tripartite sys-
tems. The tripartite pure states can be divided
into GHZ and W states, two classes of states which
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are unrelated under local operations and classical
communication.
For the GHZ states we find that I(A : B|C) = 1.

The QCMI’s J(A : B|C) and L(A : B|C) in-
volve projections over certain qubits in the sys-
tem. So, the results are dependent on the basis
in which the qubits are projected. Considering a
single qubit unitary matrix t1 + i~s · ~� with t 2 R
and (s1, s2, s3) 2 R3 we have a more generalized
result for the GHZ states as follows:

J(A : B|C) = S(A|{⇧C}) =
X
i

piS(⇢
i
A) (17)

L(A : B|C) = S(A|{⇧C}) + S(B|{⇧C})
= 2

X
i

piS(⇢
i
A) (18)

The index i takes the values of 0 and 1 since we are
working with qubits. The probabilities are p0 =
p1 = 1/2 and the corresponding entropies are

S(⇢0) = S(⇢1) = �z log2 z � (1� z) log2(1� z)
(19)

where z = (s21 + s

2
2). The tripartite entropies

S(A|{⇧B}, {⇧C}) and S(AB|{⇧C}) are zero be-
cause the GHZ state is a pure state. Further we
find that S(A|{⇧C}) = S(B|{⇧C}) due to sym-
metry of the GHZ states which gives S(AB) =
S(BC) = S(AC).
We notice from Equation (19) that the QCMI’s

J and L are dependent on the basis in which the
computations are performed. For an optimal value,
the QCMI’s J and L are maximized over all basis.
This helps us to find the basis in which the correrla-
tions are preserved in a projective measurement
by disturbing the system in the least possible way.
Further the QCMI’s should be non-increasing un-
der local operations and hence they should be max-
imized over all projectors. The maximum value of
J(A : B|C) is one and L(A : B|C) = 2 and this
yields �IJ = 0 and �LI = 1.0 for the GHZ states.
Through Equation (15) we showed that the quan-
tity �IJ gives the bipartite correlations between
the qubits A and B leaving out the tripartite cor-
relations which is measured by �LI where all the
three qubits overlap. It is well known that the
GHZ states have only tripartite correlations [19]
i.e., tracing out even one qubit removes the cor-
relation in the system. This is being verified by
our calculation wherein we observe that the bipar-
tite correlations as measured by �IJ is zero and the
tripartite correlations measured using �LI is max-
imum.
In the case of W states the QCMI I(A : B|C) =

0.918. Due to the projections on the qubits the
QCMI’s J(A : B|C) and L(A : B|C) are basis
dependent. The expressions for these quantities

can be obtained in a basis independent way using
the unitary matrix as given above for the GHZ
states. Due to the symmetric nature of the W
states the expression for the J(A : B|C) and L(A :
B|C) in terms of the probabilities and the reduced
entropy S(A) is identical to Equations (17) and
(18). Once the projections are done, the entropies
are as given below:

S(⇢0) = �x log2 x� (1� x) log2(1� x)

S(⇢1) = �y log2 y � (1� y) log2(1� y)

where the quantities x and y are:

x =
(1 + z) +

p
1� z

p
1 + 3z

2(1 + z)

y =
(2� z) +

p
z

p
1 + 3(1� z)

2(2� z)

with z = s

2
3 + t

2
1. The probabilities correspond-

ing to S(⇢0) and S(⇢1) are p0 = (1 + z)/3 and
p1 = (2 � z)/3. The maximum values of QCMI’s
J(A : B|C) and L(A : B|C) are 2/3 and 4/3 re-
spectively and using these values the conditional
discord �IJ and �LI can be computed. The W
states are entangled in a bipartite fashion such that
tracing out any one qubit leaves us with an entan-
gled bipartite system. This leads us to expect that
the conditional discords �IJ and �LI should be zero
and one respectively which is contrary to the re-
sults obtained. This is because for the W-states
there is not basis in which the correlations are pre-
served completely.
The GHZ and the W states are symmetric states

in the sense that the bipartite and single qubit
reduced density matrices are invariant with re-
spect to the qubit which is traced out from the
tripartite system. As an example of a nonsym-
metric state we consider the star states |si =
(|000i + |100i + |101i + |111i)/2. Here qubits A

and C and entangled with each other and qubits
B and C are entangled with each other, but the
qubits A and B are not entangled with each other.
We find that I(A : B|C) = 0.600876. Though the
QCMI’s J(A : B|C) and L(A : B|C) can be calcu-
lated for these states for any arbitrary basis, the
mathematical expressions are long and we do not
present them here for the sake of brevity.
The QCMI’s J and L are plotted for the GHZ,

W and star states. Also the behaviour of the con-
ditional discords �IJ and �LI are displayed in the
Figure 2. From the plots in Fig: 2 (a) and (b), we
find that for the QCMI’s J and L the GHZ state
attains a maximum at the x-basis whereas the W
state attains maximum at the z-basis. For the star
state J(A : B|C) takes its maximum value at the x
basis whereas L(A : B|C) has it in an intermediate
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basis very close to the z-basis. The conditional dis-
cord �IJ increases for the GHZ states and decreases
for the W states as the basis is changed from the
x to the z-basis. With a change in basis from x

to z, the conditional discord �LI decreases for the
GHZ states and increases for the W states. These
results are sketched in the plots given through Fig:
2 (c) and (d) respectively.
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FIG. 2. The basis dependence of the QCMI’s J(A :
B|C) and L(A : B|C) are given in Fig 2(a) and Fig
2(b) respectively. Figures 2(c) and 2(d) display the
basis dependence of the conditional discords �IJ and
�LI respectively.

So far we have looked at a very general class
of states with tripartite and bipartite correlations
and we find that the QCMI’s I, J and L are not
equal to each other. This arises due to the defini-
tion of conditional entropy used in our calculations.
Now this gives rise to an important question as to
what are the class of states for which the QCMI’s
are zero?
This question has been answered through the

works [20–22] where it has been proved that the
QCMI I(A : B|C) = 0 for Markov states. In par-
ticular a state is Markov if and only if the tripartite
state ⇢ = ⇢ABC on Hilbert space HA ⌦HB ⌦HC

has the following decomposition for C:

HC =
O
j

HcLj
⌦HcRj

(20)

i.e., a direct (orthogonal) sum of tensor products,
such that

⇢ABC =
M
j

qj⇢AcLj
⌦ ⇢BcRj

(21)

with states ⇢AcLj
and ⇢BcRj

respectively on HA ⌦
HcLj

and HB ⌦HcRj
and a probability distribution

{qj}j . From our investigations we find that the
quantum conditional mutual information is zero
for I, J and L.

Conclusion:

The quantum correlations in tripartite systems
in which we have side information about one of
the qubit is measured. We achieve this by using
the quantum version of the conditional mutual in-
formation, a widely used measure in information
theory. In a manner similar to the mutual infor-
mation the conditional mutual information can be
defined in several di↵erent ways. Classically all
these definitions are equivalent. In the quantum
scenario they are equivalent if we use the defini-
tion of conditional entropy given in [11, 12]. But
this definition gave rise to negative information
and hence was replaced by [13] where we project
over the qubit on which the system is conditioned.
Under this new definition of conditional entropy
the various notions of QCMI become inequivalent.
In the present work we introduce the quantum ver-
sion of the two notions of QCMI J(A : B|C) and
L(A : B|C) apart from the quantity I(A : B|C)
which is well known in the literature. In the quan-
tity J the tripartite system is projected over the
qubits B and C, whereas in the definition of L

the system is projected over the qubit C. Since
these quantities are projected over some qubits,
the results are dependent on the basis in which
measurement made. To choose an optimal value
we maximize J and L over the set of all possi-
ble basis. This process helps us to find the basis
in which the correlations are preserved in a pro-
jective measurement. Also it makes sure that the
corresponding QCMI’s do not increase under a lo-
cal operation. Based on the non-equivalence of
these di↵erent definitions of QCMI’s we introduce
the conditional discord. The conditional discord
can be related to the well known quantum discord
through the use of the chain rule. From the fact
that quantum discord measures the quantum dis-
cord we show that the conditional discord helps us
to isolate and measure the tripartite and bipartite
quantum correlations in a given system.
The mathematical formulation above has been

used to examine GHZ, W and star states. In the
GHZ states we show that the conditional discord
�IJ is zero when J is maximized over all possible
measurement basis and �LI = 1 on being maxi-
mized. Thus we show that the quantum correla-
tions in the GHZ state is purely tripartite in nature
as established in [19]. For the W states we could
not show that it contains only bipartite correla-
tions, because there is no basis in which the cor-
relations are completely preserved on performing
a measurement. Finally we also prove that all the
notions of the QCMI’s I, J and L are zero for the
Markov states. The definitions of QCMI’s are not
limited to the ones given in the present work and
a detailed exposition of all the definitions, their
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quantum versions and their mathematical proper-
ties will be presented elsewhere. But the condi-
tional discords obtained from those new quantities
can also be generated from the ones given in the
present work.
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Abstract. As opposed to the abstract Hilbert space formalism, the search for a more physical, or
operational definition of quantum mechanics is an ongoing task. In the framework of no-signalling theories,
one could try to find the set of physical principles that would allow exactly the set of quantum correlations.
One of the such principles proposed is Macroscopic Locality (ML); it is shown to coincide with the first
level of the Navascues-Pironio-Acin hierarchy (Q1) and known to be strictly larger than the quantum set.
In this work, we propose a refinement of the principle of ML, called Many-box locality (MBL). Denote
the a bipartite two-input two-output distribution p(ab|xy) (a box), where a, b = 0, 1. Imagine N such
independent boxes, we define the N -box coarse-graining of p(ab|xy) to be the distribution of the sums of
output, p(AB|xy), where A =

∑
i ai. A distribution belongs to MBLN if its N -box coarse-graining is local.

We characterized the MBLN sets for small number of N for several slices of the no-signalling polytope.
On some slices, we showed that MBL∞ coincides with Q1; while on another, there exists a super-quantum
distribution that falls in MBL∞.

Keywords: Nonlocality, Macroscopic locality, Quantum set

1 Introduction

The definition of quantum physics is most frequently
reduced to a description of its mathematical formalism:
physical systems are described by vector spaces, and their
properties by subspaces. The desire for a more physical,
or operational, or even philosophical foundation for this
definition is an ongoing task. Two programs have re-
ported significant advances in the last decade.

The first program is a revival of the attempts left pend-
ing in the approach called “quantum logic”. Quantum
physics is put in the context of generalized probabilis-
tic theories, then singled out through a small set of ax-
ioms. Breakthrough was achieved by realizing that one
needs axioms about composite systems, i.e. one that
captures some aspects of entanglement. This program
has achieved the goal of reconstructing the Hilbert space
structure (see [1] for a review).

Another program has been inspired by the work on Bell
nonlocality. There, the basic mathematical object are
the correlations among the outcomes of measurements
on separated systems. One could try and find a physical
principle that would allow exactly the set of correlations
predicted by quantum theory. The pioneering attempt
in this direction was that of Popescu and Rohrlich [2],
who asked whether No-Signaling could be such a prin-
ciple and found it defines a much larger set of correla-
tions. This No-Signaling set became then the arena, in
which the Quantum set had to be recovered by further
constraints. The main principles proposed to date, in-
spired either by information theory or by physics, are
Non-trivial Communication Complexity [3], No Advan-
tage for Nonlocal Computation [4], Information Causal-
ity (IC) [5], Macroscopic Locality (ML) [6] and Local Or-

∗caiyu01@gmail.com

thogonality [7]. Each defines a set of correlations which
touches the quantum set in non-trivial way. For most
of them, we don’t have a compact characterization but
(pending a general proof for IC) we know that they are
larger than a set that is strictly larger than the quantum
set [8]. In other words, the principle defining quantum
physics in this program is still being sought [9, 10].

In this paper we explore the principle of Many-box lo-
cality (MBL) that is a refinement of ML. ML is prob-
ably the most physical of the principles listed above.
The starting point is the fact that we don’t see viola-
tion of Bell inequalities in the macroscopic world. The
formalization considers that one can’t observe the out-
come of individual sources of correlations (boxes), but
only the coarse-graining of the outcomes of N of them.
Then, a second coarse-graining is considered: the out-
comes of N boxes are known with a precision

√
N . Under

these coarse-graining assumptions, one can characterize
exactly the set of correlations identified by ML in the
limit N → ∞: it coincides with the first step of the
Navascués-Pironio-Aćın hierarchy of semi-definite relax-
ations [11].

2 Many-box locality: definition

Consider N identical (2, 2, 2, 2) boxes, each described
by P(a, b|x, y). In any run, all the boxes take the same
inputs (x, y), but each produces independently the out-
put ai, bi ∈ {0, 1}, i = 1, · · · , N . Besides, we do not keep
all the information on the output, but just the locally
coarse-grained variables A =

∑
i ai and B =

∑
i bi. By

construction, A ∈ {0, 1, · · · , N} and B ∈ {0, 1, · · · , N}.
In other words, the coarse-grained variables define a
(2, 2, N + 1, N + 1) scenario.

The behavior of these variables will be denoted by
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P∗N , called the N -box coarse-graining of P. It is not
difficult to write down the explicit form of P∗N given
P (a, b|x, y):

P ∗N (A,B|x, y) =
N∑

k=0

(
N

A− k,B − k, k,N −A−B + k

)
·P (00|x, y)N−A−B+k · P (01|x, y)B−k

·P (10|x, y)A−k · P (11|x, y)k (1)

where

(
N

n1, n2, n3, n4

)
=

N !

n1!n2!n3!n4!
. In particular,

the marginals are given by

P ∗N (A|x) =

(
N
A

)
P (a = 1|x)A · P (a = 0|x)N−A,

P ∗N (B|y) =

(
N
B

)
P (b = 1|x)B · P (b = 0|x)N−B ,

We introduce the notion of many-box local (MBL) sets:
Definition. A behaviour P is said to be N -box local

(P ∈ MBLN ) if P∗N is local in the (2, 2, N + 1, N + 1)
scenario. Notice that the sets MBLN are defined in the
original scenario (2, 2, 2, 2).

By construction, the coarse-graining procedure obeys
the composition rule

P∗(N1+N2) = P∗N1 ∗ P∗N2 . (2)

From it, one can straightforwardly prove the following
inclusion relations:

Proposition. If P ∈
⋂

j MBLNj , then P ∈
MBLN(~q) with N(~q) =

∑
j qjNj, for all ~q = (q1, q2, ...)

with qj ∈ N.
Indeed, local decompositions for both P∗N1 and P∗N2

directly define a local decomposition for P∗(N1+N2). As a
corollary: if a probability distribution is both 2-box and
3-box local, then it is N -box local for any N ≥ 2, since
any N can be decomposed as a sum of multiples of two
and three.

Beyond this Proposition, we have not been able to find
general properties for the MBLN sets. Properties that
might have been conjectured, e.g. convexity or the inclu-
sion MBLN ⊆ MBLN+1, do not hold, as forthcoming
counterexamples will demonstrate.

3 Results: Numerical plots

To have a better understanding of theseMBLN sets, in
this section, we start with numerical plots of MBLN sets.
We first show MBL2 and MBL3 in a three dimensional
slice of the NS polytope. Then, we show MBLN for N
up to 10 in a two-dimensional slices.

The local polytope in the (2, 2, 2, 2) scenario is charac-
terized by its 16 extremal points, PLDi

, i = 1, 2, · · · , 16.
Its nontrivial facets consists of 8 CHSH inequalities, for
example

C1 ≡ E00 + E01 + E10 − E11 ≤ 2,

C2 ≡ −E00 + E01 + E10 + E11 ≤ 2, (3)

where

Exy = P (a = b|x, y)− P (a 6= b|x, y).

No-signalling probability distribution that violates each
CHSH inequality to its algebraic maximum is known as a
Popescu-Rolich-box (PR-box). For the two CHSH men-
tioned above, we have the corresponding PR-boxes:

PPR1 =

 1 1/2 1/2

1/2 1/2 1/2
1/2 1/2 0

 , (4)

and

PPR2
=

 1 1/2 1/2

1/2 0 1/2
1/2 1/2 1/2

 . (5)

We are going to parametrize the slice under consider-
ation with PPR1 ,PPR2 ,PLD1 , and Pmix:

P(α, β, γ) (6)

= αPPR1
+ βPPR2

+ γPLD1
+ (1− α− β − γ)Pmix

=

 1 (1− γ)/2 (1− γ)/2

(1− γ)/2 (1 + α− β − γ)/4 (1 + α+ β − γ)/4
(1− γ)/2 (1 + α+ β − γ)/4 (1− α+ β − γ)/4

 .

Thanks to the symmetry of PR-boxes, we only need
to discuss the case where α, β ≥ 0. We first consider
the region γ ≥ 0. The positivity constraint is given by
α+ β + γ ≤ 1. The local polytope is constrained by two
CHSH inequalities, 2α + γ ≤ 1 and 2β + γ ≤ 1. The
quantum set is well characterized for the planes, α = 0,
β = 0 and γ = 0, by

√
2β + γ = 1,

√
2α + γ = 1, and

α2 + β2 = 1/2 respectively. We conjecture that in the
region α, β, γ > 0, the quantum set is given by

α2 + β2 ≤ (1− γ)2/2. (7)

In figure 1, MBL1, MBL2 and MBL3 is plotted for
the region α, β, γ ≥ 0, as well as N , Q and L. By def-
inition, MBL1 is simply the local set L. MBL2 and
MBL3 is obtained by solving a linear optimization. We
would like to highlight two qualitative features about
these MBL sets. First, MBLN sets are not convex as we
can see from the figure. Mathematically, it says that to
show µP1 + (1− µ)P2 ∈ MBLN , knowing P1 ∈ MBLN

and P2 ∈ MBLN is not sufficient. Second, in general
MBLN is not contained in MBLN+1, as we can see in
the figure, MBL2 is not contained in MBL3.

In figure 2 and 3, the MBLN sets are plotted in two
2d slices corresponding to γ = 0 and β = 0. Note that
for γ < 0, the positivity constraint becomes α+β−3γ ≤
1 and the quantum boundary is well approximated by
the second level of the NPA hierarchy, Q2. From the
figures, we can see that for up to N = 10, the MBlN are
contained in the quantum setQ. The general trend of the
sets are increasing with N . Though the inclusion relation
MBLN ⊆ MBLN+1 is not true, MBLN ⊆ MBLN+2 is
conjectured to hold for both even and odd N .
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InGaAs/InP avalanche photodiodes based single photon detectors for 

quantum key distribution over more than 100 km optical fiber 

V Zavodilenko, A Losev, A Miller, V Kurochkin, Y Kurochkin 
Russian Quantum Center (RQC), Business Center «Ural», 100, Novaya st., Skolkovo, Moscow reg., 143025, Russia 

Abstract. Nowadays the best single photon detectors for quantum communications from a practical view are 

those based on InGaAs/InP avalanche photodiodes, operating at a wavelength of 1.55 µm. In this work the 

characteristics of such a detector of our development are studied, while operating at Geiger mode with a 

temporary resolution of less than 500 ps. 

Keywords: APD, SPD, quantum key distribution 

Single photon detectors must have a high 

quantum efficiency, low noise, and sufficiently 

high count rate. Quantum efficiency is a 

probability to detect a single photon and includes 

both a probability to get a secondary electron 

appeared after a photon was absorbed in the 

active area of a diode and a probability to get 

then an avalanche. Dark count probability is a 

probability that a detector clicks in the absence 

of a photon. This kind of noise is of a temperature 

effect, and the dark count probability increases 

with a temperature. The applied bias voltage 

increase causes both the growth of the 

probability to get an avalanche and increase in 

the dark count probability. Also, there can be a 

non-zero probability that a SPD registers a signal 

and then clicks after a while again even when 

there is no a photon. Such a probability is called 

an “afterpulsing probability”, and it is more 

typical for InGaAs/InP avalanche photodiodes. 

Present quantum communication 

systems use to operate at a wavelength of 1550 

nm which corresponds to the lowest attenuation 

and dispersion in single mode optical fibers [2]. 

To detect single photons at the wavelength of 

1.3-1.5 µm InGaAs/InP based avalanche 

photodiodes are being used [1,3]. To be able to 

detect single photons, an APD must operate in 

Geiger mode when one photon is sufficient to 

cause an avalanche [4-6]. For this purpose, the 

reverse bias voltage applied to an APD has to be 

more than the breakdown voltage. On the one 

hand, the more the bias voltage is, the higher the 

probability to detect a photon is. On the other 

hand, the increase in the applied bias voltage 

leads to the increase in both dark count 

probability and afterpulsing probability. To 

suppress these negative effects a number of 

techniques, like the APD cooling, are used. 

Usually, the temperature of an APD is reduced to 

-40 – -70 °C using microcoolers based on Peltier 

elements, which allows to improve the signal-to-

noise ratio significantly. To reduce the 

afterpulsing probability, active quenching circuits 

for reducing avalanche charge are used [2]. Also, 

there can be a pulsed bias voltage technique 

where the bias voltage is being kept under the 

breakdown voltage most part of time, whereas it 

is increased to a level higher than the breakdown 

voltage only for a short time, which is about 1 ns, 

when a photon is expected to fall [4,6]. 
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In this work, we present a newly developed 

single photon detector operating at the 

wavelength of 1.55 µm with a sinusoidal gating 

scheme. This single photon detector was 

developed for using in our “plug&play” device for 

quantum key distribution operating at 312.5 

MHz, and we gated the bias voltage with a 

sinewave signal at the corresponding frequency. 

Inhibition of the gating voltage response in the 

output signal was done via a compensation 

method at the main frequency and a filtration 

method at the closest harmonics. The avalanche 

response is amplified with a transimpedance 

amplifier and two sequential cascade amplifiers 

to a level of about 1 V. Wherein the ratio of the 

avalanche response and the gating voltage 

response with its harmonics in the output signal 

is provided at the level of 20 dB. Avalanche 

registration is accomplished with the comparator 

of a cymometer, tuned to a level no less than 6 

dB below the level of the gating voltage 

response. The diodes are cooled with three-stage 

Peltier elements, the temperature is measured 

with a platinum thermoresistor, located near the 

diode, and is controlled with the 

thermoregulator RMT DX5000. 
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Fig. 1. The dependencies of dark count probability on quantum efficiency obtained for APDI-30 at a 
temperature of 200 K ( ), PGA-025u at temperatures of 203 (□) and 228 K (○), PGA-308U at a 
temperature of 228 K (∆). 
 

We tested the detector with various 

APDs, which have different semiconductor 

structure and active area. The following three 

avalanche photodiodes were under test: PGA-

308u and PGA-025u made by Princeton 

Ligthwave company with 16 and 25 µm active 

area diameters, correspondingly, and APDI-30 

with 30 µm active area diameter. One can see the 

corresponding dependencies of the dark count 

probability on quantum efficiency in Fig. 1. The 

best signal-to-noise ratio was obtained when 

testing PGA-025u cooled to the temperature of 
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203 K (□). Since PGA-308u diode has its own 

cooling Peltier element, a temperature that 

could be achieved when testing PGA-308u was 

limited by the ultimate power for the Peltier 

cooler, and was no more than 228 K. 

Nevertheless, the noise level for PGA-308u taken 

at a temperature of 228 K (∆) does not exceed 

that taken at the same temperature for PGA-

025u (○). One can note, that APDI-30 

demonstrates the dark count probability 3 orders 

of magnitude more than that obtained for PGA-

025u. Thus, for APDI-30 it is equal to 4×10-5 at a 

temperature of 200 K and a quantum efficiency 

of 10 %, whereas for PGA-025u it does not 

exceed 4×10-8 under the same conditions. 

 

Such a characteristic as an afterpulsing 

probability is no of less importance when we 

consider an SPD for use in quantum 

communications. The greatest afterpulsing 

probability was found for a PGA-025u diode at a 

temperature of 203 K. The afterpulsing 

probability was found to decrease with 

increasing a temperature, what is an agreement 

with the data obtained earlier. A comparison of 

different types of APDs at the same 

temperatures shows that PGA-025u 

demonstrates much more higher afterpulsing 

probabilities than PGA-308u, while testing the 

detector with APDI-30 we found no afterpulsing 

events even at a temperature of 200 K. 

Thus, a newly single photon detector with 

a sinusoidal gating scheme and a temporary 

resolution of less than 500 ps operating at a 

wavelength of 1.55 µm has been developed. Now 

it operates in a real device for quantum key 

distribution over a quantum channel in the 

laboratory. The quantum channel is a coil with 

single mode optical fiber with the length of 25.5 

km and total losses of 4.8 dB which is being only 

in the laboratory. Now it is hard to implement a 

quantum key distribution over significantly 

greater distances because we use APDI-30 

showing a relatively high noise level. Thus, even 

at a distance of 25.5 km the corresponding 

contribution to the quantum bit error rate is 

equal to 2.4 %. However, now we are working on 

a mechanism of “dead time” which might allow 

to use PGA-025u avalanche photodiodes in the 

detector. As it was found during our studies, 

these APDs have the smallest dark count 

probability, which can allow to use them in 

quantum communication systems to distribute a 

quantum key over the distances of up to 100 km. 
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Quantum-secure blockchain application for urban QKD network
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Abstract. Blockchain is the growing technology that is going to become part of everyday life. But
quantum computer potentially affects blockchain applications. We propose to overcome this problem with
quantum key distribution. In our experiment we demonstrate blockchain protected with the key from
QKD network. The other advantage of this approach is that quantum-secure blockchain doesnt need much
computational power like common cryptocurrences.

Keywords: quantum key distribution, blockchain

1 Introduction

A universal quantum computer would enable efficient
solving of these problems, thereby making digital signa-
tures, including those used in blockchains, insecure. In
particular, Shors quantum algorithm solves factorization
of large integers and discrete logarithms in polynomial
time [1] Beautiful way to guarantee authentication in the
quantum era is to use quantum key distribution (QKD),
which guarantees information-theoretic security based on
the laws of quantum physics [24]. The technology en-
abling QKD networks have been demonstrated in many
experiments [5-10] and is now publicly available through
multiple commercial suppliers. In the present work, we
describe a blockchain platform that is based on QKD
and implement an experiment demonstrating its capa-
bility in a three-node urban QKD network. We believe
this scheme to be robust against not only the presently
known capabilities of the quantum computer, but also
those that may potentially be discovered in the future to
make post-quantum cryptography schemes vulnerable.

2 QKD for blockchains

The utility of QKD for blockchains may appear coun-
terintuitive, as QKD networks rely on trust among nodes,
whereas the earmark of many blockchains is the absence
of such trust. However, employing QKD for communica-
tion between two parties via a direct quantum channel
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‡n.pozhar@rqc.ru
§makc.anufriev@gmail.com
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permits these parties to authenticate each other. That
is, nobody can pretend to be somebody else when intro-
ducing a transaction. In this way, QKD, in combination
with classical consensus algorithms, can be used in lieu
of classical digital signatures.

Figure 1: Creation of a block in a quantum-secure
blockchain. a) Each node who wishes to implement a
transaction sends identical copies of that transaction to
all other nodes. Nodes A, B and C, whose transactions
are denoted as txnA, txnB and txnC, respectively, fol-
low the protocol. Node D is cheating, attempting to
send non-identical versions txnDa, txnDb and txnDc of
the same transaction to different parties. b) Transaction
contents. c) The nodes implement the broadcast proto-
col to reconcile the unconfirmed transactions and form
the block. They discover that the transaction initiated
by node D is illegitimate and exclude.

3 Blockchain protocol

We consider a blockchain protocol within a two-layer
network with n nodes [11]. The first layer is a QKD net-
work with pairwise communication channels that permit
establishing information-theoretically secure private key
for each pair of nodes. The second (classical) layer is
used for transmitting messages with authentication tags
based on Toeplitz hashing that are created using the pri-
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vate keys procured in the first layer. For concreteness,
we consider a blockchain maintaining a digital currency.
We experimentally study the proposed blockchain pro-
tocol on the basis of a four-node, six-link network with
information-theoretically secure authentication. We use
an urban fiber QKD network recently developed by our
team to procure authentication keys for two of the links
connecting three nodes; the key generation in the remain-
ing four links is classical.

4 Optical scheme

One QKD link is realized with phase coding with
plugplay optical scheme while the other is based on ac-
tive polarization optical scheme. We use fiber-based
polarization-encoding scheme with low voltage electro-
optical phase modulators based on LiNbO3 [12]. The
suggested approach allows one to use single laser source
for polarization encoding implementation. The advan-
tage in comparison to four laser implementation this
method does not suffers from the pulse indistinguisha-
bility problem. Both Alice and Bob use phase electro-
optical LiNbO3 modulators as a Pockels cell for polar-
ization modulation. Alice creates one of four polariza-
tion states, two diagonal and two circular. Bob uses his
modulator for active choose of basis in which he mea-
sures the state, diagonal or circular. This allows Bob to
use only two detectors except of four for BB84 proto-
col with Bobs passive choice. We propose nice technique
to overcome polarization mode dispersion (PMD) issue
in LiNbO3 crystal. Two crystals on Alice and Bob side
neutralize the effect of each other. A proof-of-concept
experiment has been conducted at 10 MHz over 50 km
of optical fiber in the lab and 30 km of the urban fiber
for several hours. To achieve these results, we develop to
compensate polarization drift in fiber line with the use
of the signal from single photon detectors. It allows the
system to work autonomously and making it promising
for practical applications.

Figure 2: QKD scheme: L - laser, PC - the polariza-
tion controller, PM - the electro-optical phase modula-
tor, PBS - polarization beam splitter, D - detector, QC
- quantum channel.
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Monogamy relation is an interesting property which
distinguishes the quantum systems and classical systems.
In this note, we give a generalized monogamy inequality
with respect to the α-th power of concurrence when α ≥ 2
and α-th power of entanglment of formation (EoF) when
α ≥

√
2. We also give an example to show that our

monogamy relation is tighter than the existing ones.
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With the rise of quantum technologies, it is necessary to have practical and preferably non-
destructive methods to measure and read-out from such devices. A current line of research towards
this has focussed on the use of ancilla systems which couple to the system under investigation,
and through their interaction, enable properties of the primary system to be imprinted onto and
inferred from the ancillae. We propose the use of continuous variable qumodes as ancillary probes,
and show that the interaction Hamiltonian can be fully characterised and directly sampled from
measurements of the qumode alone. We suggest how such probes may also be used to determine
thermodynamical properties, including reconstruction of the partition function. We show that the
method is robust to realistic experimental imperfections such as finite-sized measurement bins and
squeezing, and discuss how such probes are already feasible with current experimental setups.

The impressive developments in methods for exerting
control over quantum systems in recent years have made
the realisation of technologies that exploit truly quantum
phenomena a very imminent reality. The candidate sys-
tems that may be used for this paradigm are numerous,
among which include are ultracold atoms [1], ion traps
[2], superconducting circuits [3], and microwave cavities
[4]. These technologies can then be put to task enhancing
computation, simulation, and metrology [5–9].

A necessary aspect of a quantum technology is to read-
out the result output by the system. However, in many
of the proposed architectures this process is destructive
to the system, allowing only a single-shot reading, after
which the system must be completely re-prepared. For
example, with cold atom systems, a widely-used mea-
surement method is time-of-flight [10–13], which involves
destruction of the atomic trapping potential, hence re-
quiring the atoms to then be re-trapped and re-cooled.
Moreover, in other systems direct methods to measure
particular sets of observables may not be available.

A recent proposal towards circumventing this involves
coupling the system to ancillae. Through their inter-
action, properties of the system are imprinted onto the
ancillae [14, 15], and information about the system may
then be obtained through measurement of the ancillae
alone [16–28]. While such measurements disturb the sys-
tem state and are hence not non-demolition, they do not
destroy the system. This method has been explored in
particular for cold atom systems, where atomic impuri-
ties form ancilla qubits [29]; post-processing of the impu-
rity measurement statistics then allows properties such as
density [26] and temperature [21, 27] to be determined.

∗Electronic address: physics@tjelliott.net
†Electronic address: nana.liu@quantumlah.org

FIG. 1: Probing quantum systems with qumodes. A
continuous variable qumode illuminates a system of interest,
inheriting properties of the system through their interaction.
The state of the qumode is then measured, revealing informa-
tion about the system.

In parallel, developments in continuous variable quan-
tum information processing [30–34], based on ‘qumodes’
rather than qubits, provide new applications for quantum
optics and collective atomic phenomena in quantum tech-
nologies. One recently proposed model of quantum com-
putation uses squeezed qumodes as a resource for phase
estimation of an operator [35].

We unite these two themes, and investigate the use of
continuous variable qumode ancillae to probe quantum
systems [Fig. 1]. We find that for an appropriate initial
qumode state, the statistics of the system operator by
which the qumode couples to the system are mapped di-
rectly onto the qumode state. Subsequent measurement
of the qumode then allows for the spectrum of the system
operator to be determined, along with the populations of
the respective eigenstates. This enables a full character-
isation of the moments of the operator, as though one
had directly sampled the observable from the system.

We first describe the protocol, and demonstrate how
the operator statistics are imprinted onto the qumode
state. We then show that the protocol is robust to ex-
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perimental limitations of finite squeezing of the initial
qumode state and measurement bin-size. We discuss how
the probes may be applied to measure thermodynamical
quantities in both equilibrium and far from equilibrium
settings. These include the system temperature, the par-
tition function, free energy, heat capacity, work distri-
butions as well as some signatures for quantum phase
transitions. Finally, we propose candidate systems and
system operators for which the protocol may be realisible
with current experiments.

Qumode Probes. The use of qumode probes allows
for the determination of the eigenvalues of an observable
of a system of interest. It further allows one to measure
the occupation probabilities of the associated eigenstates
for the particular system state. This may be achieved
even when there is no a priori knowledge of the system
state, or the eigenvalues or eigenstates of the system op-
erator. From the measurement of these eigenvalues and
occupation probabilities, we can estimate the moments
of the observable, allowing for its characterisation with
respect to the (possibly unknown) system state.

The qumode probing protocol consists of three compo-
nents. The first of these is the system under investiga-
tion, which is described by some generic state ρsys. The
protocol does not in general need a particular form for
the system or its state, and it may inhabit a discrete or
continuous Hilbert space. The second component is the
continuous variable qumode, described by its quadratures
x and p, often referred to as ‘position’ and ‘momentum’
[36]. We shall take these quadratures to be in their di-
mensionless form (that is, in terms of the creation and
annihilation operators a and a† of the mode, we have
x = (a+ a†)/2 and p = (a− a†)/2i).

The final component is the interaction between sys-
tem and qumode. We shall consider an interaction
Hamiltonian of the form gx ⊗Hint, where the first sub-
space belongs to the qumode, and the second the sys-
tem [35]. Hence, the interaction acts on the system,
with a strength that depends on the qumode position
quadrature, with g an overall coupling strength. The as-
sociated evolution operator (in natural units ~ = 1) is
U(t) = exp(−igx ⊗ Hintt), and thus the qumode is de-
phased in this quadrature, at a rate dependent on the
the system operator Hint, thence motivating the use of a
phase estimation-type algorithm.

We label the eigenstates of the system operator Hint

as |un〉, with associated eigenvalues En. Thus, when the
system is in such an eigenstate, and the qumode in a
quadrature eigenstate |x〉, the effect of the interaction
can be written

|x〉 ⊗ |un〉 → e−igxEnt|x〉 ⊗ |un〉. (1)

In general, the qumode can be in a superposition of
the quadrature eigenstates |ψq〉 =

∫
dxG(x)|x〉, and the

system state can always be expressed in the basis defined
by the eigenstates of Hint: ρsys =

∑
mn cmn|um〉〈un|.

Owing to the linearity of quantum mechanics, Eq. (1)
can be extended to such states, and one can perform a

FIG. 2: Quantum circuit for qumode probing. A
qumode prepared in momentum eigenstate |p0〉 interacts with
the system through a controlled gate Ux = exp(−igxHintt) de-
pendent on the qumode position quadrature x. Measuring the
qumode in the momentum quadrature then directly samples
the statistics of the system operator Hint for state ρsys.

partial trace over the system to obtain an expression for
the qumode state after running the interaction for a time
t:

ρq(t) =

∫ ∫
dxdx′G(x)G∗(x′)L(x, x′, t)|x〉〈x′|, (2)

where analogous to the qubit probe protocols [26,
27], we define the dephasing function L(x, x′, t) ≡
Tr(ρsys exp(−ig(x − x′)Hintt)) =

∑
n Pn exp(−ig(x −

x′)Ent), where Pn = cnn. This is resemblant of a char-
acteristic function for the system operator.

Let us now consider that after an interaction time
τ a measurement is made of the qumode state. In-
spired by the qubit-based protocols, we shall measure
in a basis conjugate to that which defines the inter-
action Hamiltonian, here the momentum quadrature.
Further, we shall for now consider the initial qumode
state to have been prepared in a momentum eigenstate
|p0〉 = (1/

√
2π)

∫
dx exp(ip0x)|x〉. This protocol is il-

lustrated in Fig. 2. Then, the probability of the mea-
surement resulting in the outcome |p〉 is given by (see
Technical Appendix)

P (p) = 〈p|ρq(τ)|p〉 =
∑
n

Pn(δ(p− (p0 − gEnτ)))2. (3)

Thus, the probability distribution P (p) is non-zero
only at the points p = p0 − gEnτ , where it takes values
Pn. The measurement of the qumode state hence directly
samples the same distribution as that of a measurement
of the operator Hint on the state ρsys, with the mapping
from qumode measurement outcomes to the spectrum of
the system operator given by E = (p0 − p)/gτ . With re-
peated measurements, one can then obtain an estimate of
the probability distribution P (p) (and hence P (E)). This
thus allows for the estimation of the spectrum, and the
moments of the system operator 〈Hm

int〉 =
∑
n PnE

m
n . In

contrast to the analogous qubit probing protocols, here
these properties can be obtained directly, without the
need for post-processing of the measurement outcomes.

A caveat to the above is that we have neglected the
presence of the natural evolution of the system under its
bare Hamiltonian H0 during the running of the protocol.
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For this to be valid, we require that the interaction oc-
curs on timescales much faster than the natural evolution
(gHint � H0), and that the natural evolution has neg-
ligible effect on the system state during the running of
the protocol (H0τ � 1), hence imposing a maximum al-
lowable running time for the protocol. These restrictions
are lifted when the bare Hamiltonian and the interaction
Hamiltonian commute, in which case the natural evolu-
tion does not affect the outcome of the qumode measure-
ment.

Robustness to experimental imperfections. The
above derivation of the qumode state after performing
the protocol assumed an initial qumode state prepared
in a momentum quadrature eigenstate. In practice, one
can only achieve approximations to such an initial state.
Specifically, there is a finite resolution (‘bin’-size) in the
precision with which one can measure the momentum
quadrature, and only a finite level of squeezing in a given
quadrature (with a quadrature eigenstate corresponding
to an infinite squeezing). We can generalise the above
results to encompass each of these imperfections, and
thus determine the regime of parameters for which the
protocol is valid. This is done by considering different
inital qumode states G(x) corresponding to finite bins
and squeezed states.

First, we consider the case where there is a finite bin
size for the quadrature measurement. A bin size of L cen-
tered on p0 will constrain the initial momentum quadra-
ture value p0+k to be within the range −L/2 ≤ k ≤ L/2,
and hence we can express the initial state as

G(x) =
1√
2πL

∫ L
2

−L
2

dkei(p0+k)x. (4)

With this initial distribution, the final probability dis-
tribution for the qumode measurement is given by (see
Technical Appendix)

P (p) =
∑
n

{
Pn

L −L2 ≤ p− p0 + gEnτ ≤ L
2

0 otherwise.
(5)

The further consequence of a finite bin size in the final
measurement of the qumode can also be accounted for,
by integrating this probability over the size of each bin.

For the second case, with finite squeezing, we consider
an initial distribution with a Gaussian uncertainty in the
value of the momentum quadrature, centred on p0:

G(x) =

(
s2

π

) 1
4 1√

2π
eip0x

∫
dqe−

s2q2

2 . (6)

Here, s corresponds to the dimensionless squeezing fac-
tor [35], parameterising the squeezing in the momentum
quadrature (note that s = 1 corresponds to the case of
an unsqueezed coherent state, defined as the eigenstate of
the annihilation operator; a|α〉 = α|α〉). Inserting this in
to Eq. (2) and following through the protocol (see Techni-
cal Appendix), we find the final probability distribution
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FIG. 3: Effect of finite squeezing. Without perfect
squeezing, the distribution sampled by measuring the qumode
is spread around the actual distribution of the interaction
Hamiltonian. This is illustrated for various levels of precision
α = ∆/sgτ , where ∆ is the difference between the eigenval-
ues ofHint. This exampleHint has 5 evenly-spaced eigenstates
with randomly-selected populations.

for the qumode is given by

P (p) =
s√
π

∑
n

Pne
−s2(p−p0+gτEn)2 . (7)

The forms of the final probability distributions Eqs. (5)
and (7) are somewhat unsurprising, as they mirror the
uncertainty in the initial momentum distribution; that
is, the distribution of the initial momentum quadrature
value p0 ultimately defines the uncertainty in p for the fi-
nal distributions. Because of these finite uncertainties in
the initial momentum, the final probability distributions
are no longer perfectly identical to the distribution of the
system operator Hint, and inherit the uncertainty in the
initial state. With finite measurement bin sizes, we are
limited to a resolution in p of L, corresponding to a limit
in the resolution of the spectrum of Hint of ∆E = L/gτ .
For the case of finite squeezing, the squeezing factor de-
fines the spread of the final distribution, with greater
squeezing narrowing the distribution. The standard de-
viation of the final momentum distribution is given by
σp =

√
2/s, corresponding to a standard deviation for

the system operator eigenvalues of σE =
√

2/sgτ . Thus,
the precision to which we can measure can be increased
in both cases by running the protocol for longer or in-
creasing the coupling strength, and by decreasing the bin
size or increasing the squeezing for each of the individual
cases respectively. These values for ∆E and σE can be
replaced by our desired limit on accuracy to define the
valid parameter regime. We illustrate the consequence of
different levels of precision in Fig. 3.

Interestingly, we note that as with the proposal for
power of one qumode computation [35], one can trade
off a decreased squeezing with increased running time τ ,
and vice versa. While it is tempting to then conclude that
these uncertainties in the final distribution can thus be
negated by a sufficiently increased running time, this is
not necessarily the case in general, due to the constraint
imposed on τ for the effects of the system’s natural evo-
lution H0 to be neglected.
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Applications for Thermodynamics. When the
system is known to be in a thermal state ρΘ(β) =
exp(−βHΘ)/Z(β) with respect to a Hamiltonian HΘ,
it is possible to use the qumode as a thermodynami-
cal probe, by engineering Hint to be proportional to this
HΘ. Here, β = 1/T is the inverse temperature (we em-
ploy units in which Boltzmann’s constant kB = 1), and
Z(β) = Tr(exp(−βHΘ)) is the partition function. In
particular, note that this can be achieved even when the
system is thermalised with respect to its natural Hamil-
tonian H0. In this case, because the interaction Hamil-
tonian will be proportional to the natural Hamiltonian,
the two hence commute and there will be no restriction
on the magnitude of g or the time for which the protocol
can be run, as noted above.

To see this, consider that we estimate from the pro-
tocol the eigenvalues {En} of HΘ, along with their re-
spective probabilities Pn for the state ρΘ(β). One can
then construct for each eigenvalue (with degeneracy gn)
an equation of the form

log(Z(β)) + βEn = log(gn/Pn). (8)

Suppose we assume known values of only two de-
generacies gn0 , gn1 . Since Eq. (8) can be rewritten
β = log(Pn0gn1/(Pn1gn0))/(En1 − En0), we see that the
qumode probe can be used as a non-destructive ther-
mometer for quantum systems. While traditional ther-
mometry relies on thermal equilibrium to be established
between the system and the probe [37], here the temper-
ature can be measured without this constraint. Similar
probes using qubits [21, 27] instead of a qumodes also do
not require equilibration. However, using a qumode as a
thermometer has the advantage of being able to tune the
precision through the amount of squeezing of the probe
itself. Precision is thus not constrained by the number
of probes themselves, which can be a limitation even for
thermometers that exploit quantum advantages in preci-
sion using quantum metrology [21, 38].

When the effects of finite squeezing and bin size are
considered, it is necessary that we can resolve between
different eigenvalues of the interaction Hamiltonian (i.e.
min(En − En′) & σE). Otherwise, we must treat nearby
eigenvalues as degenerate, thus limiting the precision to
which we can estimate β by the uncertainty σE . We note
that to resolve a particular En to precision σE , the num-
ber of measurements required scales as N ∼ 1/(σ2

EPn),
where 1/σE & 1/s. Thus, the total number of measure-

ments to estimate β to precision σE is bound by
∑1
i=0Ni,

where Ni ∼ min(1/(σ2
EPni)) for i = 0, 1 and the minimi-

sation is over all known values of degeneracies gn.
With a known gn0

and temperature, the full set
of degeneracies {gn} can be found using gn =
Pngn0

exp(β(En−En0
))/Pn0

. Measuring this for a range
of β enables reconstruction of the full partition function
using Z(β) =

∑
n gn exp(−βEn). With access to the

partition function and temperature, important thermo-
dynamical quantities such as free energies, heat capacities
[39] and von Neumann entropy can also be reconstructed.

An important application is in understanding the free
energy landscape of a physical system. The Jarzynki
equality [40] and its quantum counterpart [41, 42] con-
nect the free energy difference between two thermal states
of a system to the work done W in a far-from-equilibrium
process. Since it is possible to sample the probability dis-
tribution of work done on a quantum system P (W ), it
has been proposed that the free energy difference can
be extracted from P (W ). However, this method for ex-
tracting free energy differences is not always efficient,
for instance, when large negative values of work are in-
volved and at low temperatures [43]. However, by prob-
ing {En} and {Pn} directly using our model, we see that
F (β) = − log(Z(β))/β can still be recovered efficiently in
those regimes. It is also possible to reconstruct the heat
capacity C = β2∂2 log(Z(β))/∂β2 using this method,
which can be used to probe quantum critical points [44].

It is also possible to probe thermodynamical quantities
of systems that are perturbed far from equilibrium. In
particular, we can study the average work performed on a
system due to a sudden quench in the interaction Hamil-
tonian. Further, we can determine the irreversible por-
tion of this work 〈Wirr〉 [41, 45, 46], which is defined as the
difference between 〈W 〉, average work done on the system
during the quench, and ∆F , the change in the free energy
had the system evolved adiabatically from the thermal
state of the initial interaction Hamiltonian to that of the
final interaction Hamiltonian. The irreversible work, mo-
tivated by the fluctuation theorems and its connections
with various entropy measures [41, 47], is a widely-used
measure of irreversibility, and has been shown to be a
signature for some second-order phase transitions [48].
Note that the average work is also an interesting quan-
tity to study in its own right, and its behaviour across a
critical point has been connected to first-order quantum
phase transitions [48].

Consider initial and final interaction Hamiltonians
H

(0)
int and H

(1)
int , satisfying H

(0)
int , H

(1)
int � H0/g. The

change in free energy ∆F may be calculated as above
by using the qumode to probe the free energies of the
respective thermal states ρΘ0

and ρΘ1
of the interaction

Hamiltonians. Under a quench, the system state is un-
changed, and remains in the initial thermal state ρΘ0

.
Thus, the average work done by the quench is given by

〈W 〉 = Tr(ρΘ0
H

(1)
int ) − Tr(ρΘ0

H
(0)
int ) =

∑
mE

(1)
m P

(1)
m −∑

nE
(0)
n P

(0)
n , where E(i) and P (i) are energies and prob-

ability amplitudes of the state ρΘ0
under H

(i)
int for i =

0, 1. These quantities can be determined by the qumode
probe, and hence one can calculate the average work
along with its irreversible portion.

Finally, we remark that it is also possible to use the
qumode probe to find the overlaps of the ground states of
a parameter-dependent Hamiltonian at two different val-
ues of the parameter λ. This quantity has been used to
characterise regions of criticality defining quantum phase
transitions in the Dicke model [49]. For pure states,
the overlap probability is just the state fidelity between
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the ground states. Let Hint(λ = λc) be the interac-
tion Hamiltonian at the quantum critical point. Then
the state fidelity of ground states of Hint(λ < λc) and
Hint(λ > λc) can be measured by concatenating two
qumode probe quantum circuits. The first qumode probe
circuit evolves under Hint(λ < λc) and is used to prepare
the ground state |uλ<λc〉 of Hint(λ < λc). Now we use
|uλ<λc〉 as the state input to the second qumode probe
circuit, which now evolves under Hint(λ > λc). The
final probability of obtaining a zero eigenvalue is then
P0 = |〈uλ<λc |uλ>λc〉|2, which is the sought after overlap
probability.

Candidates for Experimental Implementations.
We now suggest some current experimental setups that
would be ideal candidates to test our protocol. We con-
sider two interaction Hamiltonians, the quantum Rabi
model and the Dicke model, both of which describe light-
matter interactions, and are hence ubiquitous in quantum
technologies.

The first Hamiltonian, the quantum Rabi model, is
given by [36]

HQR = gx⊗ σx, (9)

where σx is the usual Pauli x matrix [6], taking the role
of the interaction Hamiltonian Hint. The Hamiltonian
was originally conceived as a description of a quantised
light field interacting with a two-level system. One of-
ten finds this Hamiltonian in its simplified guise as the
Jaynes-Cummings Hamiltonian, where the approxima-
tion is made to neglect the counter-rotating terms aσ−

and a†σ+; nevertheless, systems described by this Hamil-
tonian are typically more accurately described by the full
Rabi Hamiltonian.

As noted above, the majority of current quantum tech-
nologies involve light-matter interactions, and so one can
find many examples of systems utilising such interactions.
Sometimes, as with ion traps [2], Rydberg atoms [50],
and laser-driven tunnelling of ultracold atoms in optical
lattice [51], the continuous variable mode is treated as a
classical field (although in the case of the former, inter-
actions between the internal states of the ions and their
quantised motional state is well-described by the above
Hamiltonian). In principle, our protocol can be applied
to such systems by replacement of the classical light with
a qumode light field, though to achieve similar transition
rates one would need either a highly-populated field, or a
very strong coupling. While being optimistic about such
possibilities, we shall for concreteness highlight examples
where the fully-quantum interaction is realised.

Both cavity [52, 53] and circuit [54–56] quantum elec-
trodynamics experiments consist of interactions between
a continuous variable mode (cavity fields in the former,
nanomechanical resonators in the latter) and a two-level
system (atoms and superconducting qubits respectively),
interacting through a quantum Rabi Hamiltonian Eq. (9)
in the (ultra)strong coupling regime. Such setups operate
in a regime where the qumode measurement resolution
can be much finer than the differences between the inter-

action Hamiltonian eigenvalues, which for this example
is of order unity. For example, in Ref. [55] the coupling
between qubit and resonator gives g ≈ 1010, and the Q-
factor of 103 and resonance frequency of 8.2GHz leads
to gτ ∼ 200 when the protocol is run for times of the
order of the resonator lifetime. With the parameters of
Ref. [53], we would have gτ = 40 when τ is the cavity
lifetime. Thus, for both these examples, the spread σE
would be much smaller than the differences between the
measured eigenvalues.

While Eq. (9) makes it clear that the protocol can be
used to probe moments of σx for a two-level system, it
can straightforwardly be applied more generally. First,
the physical motivation and derivation of the Hamilto-
nian does not necessarily require that the system has only
two states, and can be rederived for any number of states,
by replacing σx with the appropriate x spin operator for
the number of states. Secondly, by illuminating an array
of such systems with the same light field, the Hamilto-
nian becomes an interaction between the light field and
the sum of the individual spin operators for each system,
and thus probes moments of the total spin operator, as
well as correlations between individual spins. Finally, it
is possible to probe the spin operator in any chosen di-
rection, by appropriate rotation of the individual spins
prior to probing (e.g. applying a Hadamard gate [6] to
the system allows probing of σz).

A related Hamiltonian that takes the desired form is
the Dicke model, which describes the interaction between
an ensemble of identical two-level atoms interacting with
a common quantised light field. It is given by

HD = gx⊗ Jx, (10)

where J is a spin operator describing the collective exci-
tations of the ensemble. The model has been realised
experimentally with cold atoms trapped in an optical
cavity, in the context of studying quantum phase tran-
sitions [57]. Here, we see it also as a possible route to
non-destructively probe atomic ensembles. This setting
is particularly apt for our proposal, as the inclusion of
the optical cavity facilitates the use of tools from quan-
tum optics, which constitutes a primary manifestation of
continuous variable quantum systems. The strong light-
matter coupling and long cavity lifetimes achievable in
such systems provide favourable conditions for testing
our protocol. Specifically, a ratio of 0.2 for the collec-
tive interaction strength to cavity decay rate has been
achieved [57], corresponding to gτ ∼ O(10−3 − 10−2)
when the protocol is run for a time comparable to the cav-
ity lifetime. This allows for measurement of the number
of atomic excitations to be resolved to within a few hun-
dred even with no squeezing. This is quite sharp when
compared to the total number of atoms (105). Further,
we note extensions of the above experiment have suc-
ceeded in additional manipulation of the trapped atoms,
by confining them to various lattice structures [58].
Discussion. We have shown that properties of quan-

tum systems may be imprinted onto continuous variable
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qumode ancillae to allow for non-destructive probing of
the system. For an appropriate choice of interaction op-
erator and initial qumode state, the spectrum of the de-
sired observable, and the occupation probabilities of its
eigenstates for a particular system state are mapped di-
rectly on to the qumode state. The qumode state then
behaves according to the same statistics as this opera-
tor, and thus measurement of the qumode reproduces the
same result as a direct measurement of the system would,
while avoiding particular drawbacks associated with di-
rect measurements of practical implementations of quan-
tum technologies. Further, the direct recovery of the
measurement statistics is in contrast to analogous pro-
tocols with qubit ancillae, where one must first employ
post-processing such as taking derivatives [26] or Fourier
transforms [19, 20, 27] of the measurement outcomes. As
our proposal is feasible with typical parameters for con-
temporary experiments, it could find immediate use in
the field.

We note that while qumode probes are non-destructive
to the system, in general they will not be non-demolition.
The backaction on the system state will project it to the
eigenstate (or in the case of degeneracies, eigenspace) as-
sociated with the measurement outcome, in much the
same way as a direct measurement of the system would.
For an interaction operator with the eigenstates known,
this projection could perhaps be employed as a form of
probabilistic state engineering [59–62], with the partic-
ular state created being heralded by the qumode mea-
surement outcome, potentially adding further utility to
the addition of our protocol to the quantum technologies
toolbox.

After completion of this manuscript, we became aware
of a recent work employing a qumode-based protocol to
measure thermodynamical work [63].
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Technical Appendix

Here we derive Eq. (3) which gives the probability of
the momentum measurement resulting in the outcome
|p〉, denoted P (p), when the initial state is infinitely
squeezed. Recall that for a qumode prepared in a given
state G(x), its state after interacting with the system for
a time τ is given by Eq. (2), which we reproduce here for

convenience:

ρq(t) =

∫ ∫
dxdx′G(x)G∗(x′)L(x, x′, τ)|x〉〈x′|, (11)

with L(x, x′, τ) =
∑
n Pn exp(−ig(x− x′)Enτ).

For the infinitely squeezed initial state we then have

P (p) = 〈p|ρq(τ)|p〉

=
1

(2π)2

∫ ∫
dxdx′ei(x−x

′)(p0−p)L(x, x′, τ)

=
1

(2π)2

∑
n

Pn

∫ ∫
dxdx′ei(x−x

′)(p0−p−gEnτ)

=
∑
n

Pn(δ(p− (p0 − gEnτ)))2, (12)

as given in Eq. (3).
We also derive Eqs. (5) and (7), which describe the

sampled probability distribution when the initial state
has a finite bin size, or is finitely squeezed. Inserting the
explicit initial qumode state for a finite bin of size L,

G(x) = 1/(
√

2πL)
∫ L

2

−L
2

dk exp(i(p0 + k)x), we have that

ρq(τ) =
1

2πL

∑
n

Pn

∫ ∫
dxdx′

∫ L
2

−L
2

∫ L
2

−L
2

dkdk′

× ei(p0+k)x−i(p0+k′)x′−ig(x−x′)Enτ |x〉〈x′|. (13)

Thus, we have that

P (p) =
1

(2π)2L

∑
n

Pn

∫ ∫
dxdx′

∫ L
2

−L
2

∫ L
2

−L
2

dkdk′

× ei(p0−p+k)x−i(p0−p+k′)x′−ig(x−x′)Enτ

=
1

(2π)2L

∑
n

Pn

∫
dx

∫ L
2

−L
2

dkei(p0−p+k−gEnτ)x

×
∫
dx′
∫ L

2

−L
2

dk′e−i(p0−p+k
′−gEnτ)x′

=
1

L

∑
n

Pn

(∫ L
2

−L
2

dkδ(p− (p0 − gEnτ + k))

)2

=
∑
n

{
Pn

L −L2 ≤ p− p0 + gEnτ ≤ L
2

0 otherwise,
(14)

in agreement with Eq. (5).
We now do the same for the finite squeezed

state, which has initial wavefunction G(x) =

(s2/π)
1
4 (1/
√

2π) exp(ip0x)
∫
dq exp(−s2q2/2). The

state of the qumode after the interaction for time τ is
given by

ρq(t) =
s√
π

1

2π

∑
n

Pn

∫ ∫
dxdx′

∫ ∫
dqdq′

× ei(p0+q)x−i(p0+q′)x′−ig(x−x′)Enτe−
s2(q2+q′2)

2 |x〉〈x′|,
(15)
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and the associated probability distribution is given by

P (p) =
s

4π
5
2

∑
n

Pn

∫
dx

∫
dqei(p0−p+q−gEnτ)xe−

s2q2

2

×
∫
dx′
∫
dq′e−i(p0−p+q

′−gEnτ)x′
e−

s2q′2
2

=
s√
π

∑
n

Pn

(∫
dqδ(p− (p0 − gEnτ + q))e−

s2q2

2

)2

=
s√
π

∑
n

Pne
−s2(p−p0+gτEn)2 , (16)

as given in Eq. (7). In the limit of infinite squeezing, this
reduces to Eq. (3).
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Abstract. We introduce a family of QKD protocols for distributing shared random keys within a network of
n users. Advantage of these protocols is that any possible key structure needed within the network, including
broadcast keys shared among subsets of users, can be implemented by using a particular multi-partite high-
dimensional quantum state. This approach is more efficient in the number of quantum channel uses than the
conventional quantum key distribution using bipartite links. Additionally, multi-partite, high-dimensional
quantum states are becoming readily available in quantum photonic labs, making the proposed protocols
implementable using the current technology.

Keywords: Quantum key distribution, Qudit states, Multipartite entanglement, Conference key

1 Introduction

The possibility of increasing the amount of shared ran-
dom variables across spatially separated parties in an
intrinsically secure fashion is one of the flagship appli-
cations of quantum entanglement [2]. Such schemes are
also called quantum key distribution (QKD) and have
matured to the point of commercial application [6]. Bi-
partite entanglement of a sufficient quality to violate
Bell inequalities is enough to ensure complete device-
independent security in bipartite communication scenar-
ios [1, 9, 7]. However, due to very strict technical require-
ments, such schemes are difficult to realize in practice
[11].

While the conventional entanglement based QKD pro-
tocols employ two party qubit states, it is well docu-
mented that the quantum state dimension has a big im-
pact on the actual key rate [4, 8] and can significantly
improve the robustness of such protocols against noise or
other potential security leaks [5]. Both of these proper-
ties make quantum key distribution with q-dits a viable
candidate for the next generation implementations.

Another recent generalization of QKD protocols goes
in a different direction and allows n > 2 users to share a
secret key known to all of them [3]. Such a multipartite
shared key can later be used for example for secure broad-
cast. This family of protocols uses n-partite GHZ-type
qubit states and is more efficient than sharing a secret key
among n parties with the use of bipartite links followed
by sharing of the broadcast key with the help of one time
pad cryptosystem. This is advantage is especially pro-
nounced in the network architectures with bottlenecks
(see [3]), making this protocol an interesting possibility
for quantum network designs.

In this work, we go even further and generalize QKD
schemes to protocols which use a general class of mul-
tipartite qudit states. Special structure of these states
allows not only an increase in the efficiency of quantum
key distribution (either due to the dimension of the local
states or the QKD network structure), but also adds a
new qualitative property to the QKD protocols – multiple

∗mpivoluska@mail.muni.cz

keys between arbitrary subsets of users can be shared si-
multaneously. Our generalization therefore shows a more
complete picture of the advantages of multi-partite qudit
entangled states in QKD networks, which goes beyond
the simple increase of the key rates.

Let us now introduce the idea behind the proposed
protocols with a simple motivating example. Consider a
state

|ψ442〉 =
1

2
(|000〉+ |111〉+ |220〉+ |331〉) . (1)

After measuring many copies of this state locally in the
computational basis, the three users – Alice, Bob and
Charlie – end up with data with interesting correlations.
First of all, each of the four possible outcome combi-
nations 000, 111, 220, 331 is distributed uniformly, more-
over, the outcomes of first two users are perfectly corre-
lated and partially independent of the outcomes of the
third user. Alice and Bob can post-process their out-
comes into two uniform random bit-strings kABC and
kAB in the following way.

kABC =

{
0 for outcomes 0 and 2

1 otherwise,

while simultaneously

kAB =

{
0 for outcomes 0 and 1

1 otherwise.

Note that kABC is perfectly correlated to Charlie’s mea-
surement outcomes, therefore it constitutes a random
string shared between all three users. On the other hand,
string kAB is completely independent of Charlie’s data –
conditioned on either of the two Charlie’s measurement
outcomes, the value of kAB is 0 or 1 each with proba-
bility 1

2 . Simplified argument can now be made – since
this procedure uses copies of pure entangled states, it is
also independent of any other external data, therefore the
strings kABC and kAB are not only uniformly distributed,
but also secure.

In this paper we provide the full protocol with the proof
of security in full generality for an arbitrary layered key
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structure of n users. Since there are several options for
implementation of a general key structure of n users, in
we compare our proposed implementation with the more
conventional techniques which use EPR and GHZ-type
states.

2 Layered key structures and their im-
plementation with asymmetric multi-
partite qudit states

Suppose there are n users of a quantum network. In
order to achieve secure communication within this net-
work, many types of shared keys are required. Apart
from bipartite keys between pairs of users, which can be
used for numerous cryptographic tasks, such as encryp-
tion or authentication, also secret keys shared between
larger groups of users have interesting uses, for example
secure broadcasting. Let us therefore define a layered key
structure as a set of keys required for secure communica-
tion in a given quantum network.

Formally, we define a layered key structure K as a sub-
set of the power set of users – K ⊆ P (Un), where Un
denotes a set of n users {u1, . . . , un}. In order to con-
veniently talk about the layered key structures, let us
define some of the parameters describing them. First, let
us define K = |K| as the number of layers. Addition-
ally, we will interchangeably use layers and keys shared
in these layers. They are labeled by a natural number
i ∈ {1, . . . ,K}, therefore ki ∈ K is a label for a sin-
gle layer (key) of the layered structure. Last, but not
least, for each user ui let us define a parameter `i, as
the number of layers, the user ui belongs to, therefore
`i := |{kj |ui ∈ kj}|.

In what follows we, given a particular key structure K,
define a state that can be used for implementation of K
in a multipartite protocol.

The construction is based on implementations of corre-
lations shared in tensor product of GHZ and EPR type
states for every layer with the help of high dimensional
states.

State Preparation Given K find the state |ΦK〉
1: For each layer ki let

|ϕi〉 =
1√
2

(
|00 . . . 0〉ui

j1
,...,ui

j|ki|
+ |11 . . . 1〉ui

j1
,...,ui

j|ki|

)

2: Consider the state |ϕK〉 =
⊗K

i=1 |ϕi〉.
3: For each layer i the user uj is a part of, he holds the

register uij
4: For each user j encode his `i qubits {uij} into a qudit

register dj of dimension 2`j by rewriting binary string
of qubits into digits.

5: The resulting state |ΦK〉 is an equal superposition of
2K states of registers d1, . . . , dK .

In order to state the QKD protocol for the layered key
structure K implemented with the state |ΦK〉, let us first
discuss the measurements we will use in the protocol. As

stated above, each user ui holds a qudit state of dimen-
sion 2`i . Our proposed protocol requires full projective
measurements, therefore each user needs to be able to
implement a projective measurement with 2`i outcomes.
Additionally, since the state |ΦK〉 can essentially be seen
as a tensor of various qubit GHZ and EPR states, the
proof of security will be done by the reduction to multiple
instances of protocols for such qubit states implemented
simultaneously in higher dimensional systems. The pro-
tocols for qubit systems typically require only measure-
ments in the three mutually unbiased qubit bases σx, σy
and σz (see [3] for GHZ based protocols and for exam-
ple [10] for the EPR based protocol). In order to be able
to use analysis for a qubit state protocol for every layer,
the user uj needs to implement measurements with 2`j

outcomes that can be post-processed into measurement
outcomes on the respective “virtual” qubits belonging to
these layers. What is more, in order to keep the anal-
ysis of each layer independent, all the combinations of
qubit measurements are required. Let us therefore label
required measurements of user uj as M j

b1,b2,...,b`j
, with

∀i, bi ∈ {x, y, z}. Outcomes of such a measurement can
be coarse grained into measurement outcomes of mea-
surements σbi on their respective qubits.

Let us now present the protocol.

The protocol implementing K using |ΦK〉
1: In each round user uj measures a randomly chosen

projective measurement M j
b1,...,b`j

and coarse grains

their outcome into measurement results for each “vir-
tual” qubit corresponding to his layers

2: The measurement choices are revealed
3: For each layer ki, rounds in which σz was measured

by every user in this layer are the key rounds
4: Rounds with other σj measurement combinations are

the test rounds
5: In every layer separately, the test rounds are used for

parameter estimation
6: Based on the parameter estimetion results, error cor-

rection and privacy amplification is performed sepa-
rately for every layer

3 Comparison to other implementation
of key structures

In this section we compare the performance of our
protocol for implementing a key structure K with the
performance of other possible implementations. The
tools available for other implementations are the stan-
dard QKD protocols of two types:

1. Bipartite QKD protocols (qubit or qudit) for sharing
a key between a pair of users with the use of EPR
states

|φ+d 〉 =
1√
d

d−1∑
i=0

|ii〉.

The qubit case of d = 2 can be seen as the standard
solution and is sufficient to implement any layered
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key structure with current technology. We however,
for the sake of a fair comparison we also allow higher
dimensional protocols.

2. Recently QKD protocols have been proposed, which
can implement a multipartite key with the use of
GHZ type states shared between m users:

|φ+d 〉u1,...,um
=

1√
d

d−1∑
i=0

|ii . . . i〉u1,...,um
.

Such protocols can be used to implement the key
for each layer separately. Although so far only qubit
(d = 2) protocols are known [3], we also allow proto-
cols with higher dimensional systems, which are in
principle possible.

These existing protocols can be combined to imple-
ment the given layered key structure K in multiple ways.
Here we compare the performance of two specific imple-
mentations. The first one uses only bipartite QKD pro-
tocols of various dimensions between the selected pairs
of users. These bi-partite keys are subsequently used to
distribute a locally generated multipartite key via one-
time-pad encryption. The second implementation uses
the GHZ protocols of various dimensions to directly dis-
tribute the keys for each layer.

The merit of interest is the idealized key rate ri in
each layer ki – ri is the expected number of key bits in
the layer ki per the time slot, under an assumption that
only key round measurements (i.e. the computational
basis) are used. Such a merit captures how efficiently
the information carrying potential of the photon is used
in different implementations, neglecting the need for the
test rounds used in the parameter estimation part of the
protocol.

In order to further specify what implementations of the
layered key structure K we are comparing to, we need
to characterize two different properties of the quantum
network we are using for comparison.

Since the achievable idealized rates depend on the ar-
chitecture of the network (as illustrated in [3]), let us
specify the network architecture first. Let us suppose
that the n users Un are connected into a network, where
each ui is connected to a source of entanglement by a
quantum channel and each pair of users (ui, uj) shares a
common authenticated classical channel.

The second property of the network we need to specify
are the local dimensions of the measurements allowed for
each user. We restrict every user to the local dimension of
|ΦK〉 – user ui can perform projective measurements with
at most 2`i outcomes. This is a reasonable assumption,
since it is a statement about the complexity of the mea-
surement apparatus of each user ui. This choice of the
dimensions is also meaningful, since in a certain sense,
our protocol is a good benchmark implementation under
these local dimension assumptions. It achieves the rates
ri = 1 for all layers i and it is not difficult to see that
this is impossible with lower local dimensions, since the
logarithm of the local dimension di of the user ui needs to
be at least `i – the number of shared bits in each round.

Note that the two aforementioned assumptions do not
restrict the routing capabilities of the source. This means
that the source can send out entangled states to any sub-
set of users on demand. Also these assumptions allow for
simultaneous sending of entangled states to mutually ex-
clusive sets of users. Therefore, for example, in networks
of 2n users, n EPR pairs can be sent simultaneously,
or, alternatively two n partite GHZ states can be sent
simultaneously and so on. These routing capabilities re-
quired of the source in order to be able to implement the
layered key structures with alternative approaches pose
some experimental challenges, however for the sake of
fair comparison we allow them anyway. Note that in this
sense our protocol is passive, since the source produces
the same state in each of the rounds of the protocol.

In what follows we show that the rates ri = 1 for all i
are achievable for only a restricted classes of key struc-
tures K with both EPR and GHZ implementations.

Naturally, each layered structure K defines a neighbor-
hood graph GK. Users Un are represented as the vertices
in this graph and two users ui and uj are connected by
an edge, if they share a layer in the structure K. We
call a layered structure K connected, if the neighborhood
graph GK associated to it is connected.

The connected components of each layered structure K
can be treated separately, since the source can send states
to them simultaneously and therefore their rates do not
depend on the rates of the other connected components.
In what follows, we therefore deal only with connected
key structures K.

Let us now introduce partitions Pi of the key structure
K. These are subsets of layers that are mutually exclusive
and collectively exhaustive – meaning that their union is
equal to the set of all users Un and no pair of the layers
in the partition contain the same user. Formally:

Pi =
{
ki1, . . . , k

i
m| ∪j kij = Un,∀a, b : kia ∩ kib = ∅

}
.

Note that we maintain an index i for each partition, since
each connected layered structure might contain several
partitions.

Let us now suppose that all the layers of a key structure
K can be grouped into exactly ` partitions. In such a
case, each user belongs to exactly ` layers and therefore
∀i : `i = `. In fact in the full paper we show that for the
GHZ implementation all the K with this property can
achieve the idealized rate ri = 1 for all layers. For the
EPR implementation to achieve all rates equal to 1 an
additional requirement is needed – all the layers need to
be of size 2. Additionally, no other key structures can
be implemented with all rates 1 with the GHZ or EPR
implementation. This shows that our implementaton is
more efficient for most of the layered key structures and
might be a good solution for implementation of small
networks with a simple fixed layer structure.
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EXTENDED ABSTRACT

Quantum state is the carrier of the quantum information and the target of quantum operation. One of the central
problems in quantum science and technology is the estimation of an unknown quantum state through the observation
of this state. Quantum state tomography is the process of determining an arbitrary quantum state with appropri-
ate measurement strategies. The generalized measurement can be described by a positive operator-valued measure
(POVM). In this paper, we focus on the rank-1 POVM which can uniquely determine an arbitrary pure state.

A quantum state ρ in d-dimensional Hilbert space Hd, described by a normalized density operator, is specified by
d2 − 1 real parameters. It is easy to construct an IC-POVM which contains d2 rank-1 elements, i.e., multiples of
projectors onto pure states [3]. For an state in n-qubit system, d = 2n. The cost of resource grows exponentially with
the number of n. Thus, it is important to design schemes with lower outcomes to uniquely determine the state. A
priori information about the states can lower the cost of the resource. For example, a rank-r quantum states can be
reconstructed with a high probability with rd log2(d) outcomes via compressed sensing techniques [4]. For a pure state
in Hd, a rank-1 quantum state, the cost of measurement results is d log2(d). Or one can take the adaptive methods.
Let the first glance of this pure state determine a subset where the state belongs. Then design the measurements
which can determine all pure states in this subset. Goyeneche et al.[8] constructed five orthonormal bases, which
corresponds to ∼ 5d rank-1 operators, to determine any input pure states.

In this work, we consider the problem of pure state tomography with two ways. One is to determine the minimal
number of outcomes theoretically. The other is to give an efficient scheme of tomography for the pure state with lower
costs.

Theoretically, Flammia, Silberfarb, and Caves constructed a POVM with 2d outcomes [6], by which almost all pure
states (up to a global phase) can be determined, except for a set of pure states that is dense on a set of measure zero.
This means that, if a pure state is selected at random, then with probability 1 it would be uniquely identified. They
called this kind of POVM to be PSI-complete. Moreover, they constructed a rank-1 PSI-complete POVM with 3d− 2
outcomes and conjectured that 2d outcomes suffice even restricting the elements to be rank one.

Finkelstein constructed a rank-1 PSI-complete POVM containing 2d elements [7] to prove this. A pure state only
in two sets of measure zero which have been depicted can not be determined. The summation of two measure zero
sets is still measure zero. A further question is raised: what is the minimal number of elements in rank-1 POVM
which can determine all pure states in Hd? Finkelstein showed that the number is at least 3d− 2.

RESULTS

We show this bound of 3d−2 is not tight except for d = 2 or 4. And an upper bound of the minimal number m1(d)
is given.

m1(d) =


3d− 2, d = 2,

3d− 2 or 4d− 3, d = 4,

4d− 3, d 6= 2, 4.

(1)

For dimension d = 2 (3), we construct a rank-1 POVM with four (eight) elements to uniquely determine any
pure state in H2 (H3). By a reference to Heinosaari et al [11], four and eight are the minimal numbers of elements
for POVMs which can distinguish any pair of different pure states in H2 and H3 correspondingly. The POVMs we
construct are the minimal possible resource. Moreover, each element in the POVMs is of rank-1. The minimal number
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of elements of rank-1 POVM For dimension d = 2, the rank-1 operators are:

|0〉〈0|, |1〉〈1|, (|0〉+ |1〉)(〈0|+ 〈1|)/2, (|0〉+ i|1〉)(〈0| − i〈1|)/2. (2)

For dimension d = 3, the rank-1 operators are:

Es = |s〉〈s|, for s = 0, 1, 2, E3 = (|0〉+ |1〉)(〈0|+ 〈1|), (3)

E4 = (|0〉+ i|1〉)(〈0| − i〈1|), E5 = (|0〉+ |2〉)(〈0|+ 〈2|), (4)

E6 = (|0〉+ |1〉+ |2〉)(〈0|+ 〈1|+ 〈2|), E7 = (|0〉+ |1〉+ i|2〉)(〈0|+ 〈1| − i〈2|). (5)

After the rank-1 conversion, these operators will form a rank-1 POVM which can determine an arbitrary pure state
in H2 or H3. The effectiveness is guaranteed by theorem 1 and theorem 2 we give.

Rank-1 conversion: Given n rank-1 positive self adjoint operators {Ek : k = 1, · · · , n}, G =
∑d
k=1Ek > 0, a

rank-1 POVM denoted by {Fk : k = 1, · · · , n} can be constructed. Fk = G−1/2EkG
−1/2 and

∑n
k=1 Fk = I.

Theorem 1: Let {Ek} be a set of rank-1 self adjoint operators, whose outcome probabilities are sufficient to
uniquely determine all pure states (up to a global phase). Some of the elements satisfy the following condition:∑

k∈B
Ek = I. (6)

After the rank-1 conversion, the POVM {Fk} is PSIR-complete.
Theorem 2: Assume that m orthonormal bases can distinguish all pure states in Hd, a PSIR-complete POVM

with m(d− 1) + 1 rank-1 elements can be constructed.
For d = 4, we show the minimal number is in {10, 11, 12, 13}. And we discuss that if this number is greater than

10, an answer can be given to an unsettled open problem up to now. Three orthonormal bases can not distinguish all
pure states in H4.

We give a constraint that three orthonormal bases must obey if they can distinguish all pure states in H4. If
three orthonormal bases can distinguish all pure states in H4 and the standard basis {|0〉, |1〉, |2〉, |3〉} is included, the
number zero should not appear in the unitary matrices form of the other two bases. The proof of this is motivated
by theorem 1 in [7].

ADAPTIVE d + 2k − 2 RANK-1 OPERATORS FOR Hd

Technically, we use the adaptive methods to construct d+2k−2 rank-1 operators to uniquely determine an arbitrary
input pure state in Hd, where 1 ≤ k ≤ d. The number k is determined by the results of the first measurements. And
we give the schemes to calculate all the unknown coefficients of the pure state.

Let a pure state in Hd be |φ〉 =
∑d−1
s=0 ase

iθs |s〉, where as is a non-negative real number and θs ∈ [0, 2π) for
s = 0, · · · , d− 1. The first d operators to be measured are Es = |s〉〈s|, s = 0, · · · , d− 1. From the result of tr(Esρ),
we can calculate the amplitudes as. Let k be the number of nonzero amplitudes. And keep track of the sites of
nonzero amplitudes {n0, · · · , nk−1} The remaining 2k − 2 projections are as follows: Fs = (|n0〉+ |ns〉)(〈n0|+ 〈ns|),
Gs = (|n0〉+ i|ns〉)(〈n0| − i〈ns|), s = 1, · · · , d− k− 1. The total number of outcomes needed is reduced to d+ 2k− 2.
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Analytic self-testing bound of the singlet for binary measurements
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Abstract.
Self-testing, which could also be called device-independent characterization of the state and the mea-

surements, or simply blind tomography, refers to the fact that some statistics predicted by quantum
theory determine the state and the measurement as uniquely as possible, namely up to a local isom-
etry. While the most self-testing results are obtained by numerical method and the bounds are lower
than CHSH criterion. Here, we construct a general extraction map for all the Bell inequalities with two
measurements(A0, A1, B0, B1) and two inputs and each measurement has two outcomes[(2,2,2) scenario][2].
We obtain the analytic bound that depends on the angle α00 between the measurements A0 and B0.

Keywords: self-testing bound, Bell inequalities

1 Background

Self-testing is a concept of device independence which
regards the local systems as black boxes with some in-
puts and outputs and it requires only the no-signaling
assumption and that inputs are freely chosen.
The central question in self-testing is: given a con-

ditional probability distribution arising from measuring
a (multipartite) quantum state, what can be deduced
about the state and the measurements? The first ex-
ample that was studied was the following: if the Clauser-
Horne-Shimony-Holt (CHSH) inequality is violated max-
imally, then the state being measured is equivalent to
a maximally entangled state and the measurements are
anticommuting on both Alice’s and Bob’s part. In the
context of quantum cryptography, Mayers and Yao pro-
vided another criterion that certifies the same state and
measurements. Incidentally, the expression “self-testing”
comes from their work. In these early works, self-testing
was proved for the ideal statistics, which can never be
realized in an experiment. Intuition says that the certifi-
cation should be robust against small deviations from the
ideal case, but it took several years before the task of de-
riving robustness bounds was undertaken . The noise to
be tolerated in these early schemes was extremely small,
but a later method (Swap method) extended self-testing
of quantum states and measurement devices to realistic
experimental situations.

2 Main work

While the most self-testing results are obtained by nu-
merical method and the bounds are lower than CHSH cri-
terion. The development of strong analytical robustness
bounds is an active research topic. In this paper, we use
the concept of “extractability violation trade-off” that
was first put forward by J. Kaniewski in[1]. However, in
his paper the extraction map is just suit to the simple
Clauser-Horne-Shimony-Holt and Mermin inequalities.
We know that the ideal self-testing can only be done

with extremal points of the quantum set and all these

∗LiXinhui@bupt.edu.cn
†gaof@bupt.edu.cn

points can be achieved only by measuring the singlet.
Since the opeators Ax and By are unitary on |ψ⟩, we

denote Exy =
−→
Ax

†−→
By = cosαxy with αxy ≥ 0. Y. Wang

et.al. in [2] have shown that all the feasible points that
can be used for self-testing singlet by∑

(x,y)̸=(i,j)

arcsin(Exy)− arcsin(Ei,j) = ξπ, (1)

with i, j ∈ 0, 1, ξ ∈ {+1,−1} and the corresponding
operators satisfy with condition

α00 + α10 = α01 − α11. (2)

Let the target state |ψ⟩AB = |00⟩+|11⟩⟩√
2

and F (ρ, σ) be

the fidelity. For an arbitrary bipartite input state ρAB ,
the extractability of ψAB from ρAB is defined as[1]

Ξ(ρAB → ψAB) := max
ΛA,ΛB

F ((ΛA
⊗

ΛB)(ρAB), ψAB),

where the maximum is taken over all quantum channels
of appropriate input and output registers[1]. Our goal
is to self-test the target state using Bell inequalities and
obtain the linear self-testing statements of the form

F ((ΛA
⊗

ΛB)(ρAB), ψAB) ≥ sβ + µ (3)

for some parameters s and u.
Miller and Shi proved that a binary nonlocal XOR

game defined by the figure of merit
∑

(x,y)∈{0,1}2 fxyExy
can be self-testing[3]. Then Y. Wang showed that the
parametrisation of the sector of Q defined by condition
(2) is given by the suitable equality (1), that is

g(x, y, z) = sin(arcsinx+ arcsin y + arcsin z − π)
= − sin(arcsinx+ arcsin y + arcsin z).

(4)
A possible way of writing −→n , in the cases where none

of the Exy is zero, is
f00
f01
f10
f11

 =


sin−1 α00

− sin−1(α00 + α10 + α11)
sin−1 α10

sin−1 α11

 (5)
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.
We rotate each two-dimensional block and the observ-

ables of Alice and Bob can be written as

Ar = cos aZ+(−1)r sin aX and Br = cos bZ+(−1)r sin bX
(6)

for r ∈ {0, 1}. Then the Bell operator is

W : =
∑

(x,y)∈{0,1}2 fxyExy
= (f00 + f01 + f10 + f11) cos a cos bZ

⊗
Z

+(f01 + f11 − f00 − f10) cos a sinZ
⊗
X

+(f10 + f11 − f00 − f01) sin a cos bX
⊗
Z

+(f00 + f11 − f01 − f10) sin a sin bX
⊗
X.

(7)

Here, we construct a general extraction map for all the
Bell inequalities with two measurements(A0, A1, B0, B1)
and two inputs and each measurement has two out-
comes[(2,2,2) scenario][2]. The extraction map is defined
as {

[Λ(a)](ρ) = 1+g(a)
2 ρ+ 1−g(a)

2 Γ(a)ρΓ(a)

[Λ(b)](ρ) = 1+h(b)
2 ρ+ 1−h(b)

2 Γ(b)ρΓ(b)
(8)

where{
g(a) = (sin(α00+α10

2 ) + cos(α00+α10

2 )− 1)−1(sin a+ cos a− 1)

h(b) = (sin(α11+α10

2 ) + cos(α11+α10

2 )− 1)−1(sin b+ cos b− 1)

(9)
and

Γ(x) =

{
Z x ∈ [0, α00+α10

2 ( or α10+α11

2 )]

X x ∈ [α00+α10

2 ( or α10+α11

2 ), π2 ].
(10)

It is easy to check g(0) = g(π2 ) = h(0) = h(π2 ) = 0
(full dephsing) and g(α10+α11

2 ) = h(α10+α11

2 ) = 1 (no
dephasing).
case1. For α00 + α10 = π

2 and α11 + α10 = π
2 , the

parameter s is given as a function about α00

s(α00) =
− cot(α00)+6 csc(2α00)

8(− csc(α00)2+4 csc(2α00)2)

+

√
(cot(α00)−6 csc(2α00)2)−(9−cos(α00))2(− csc(α00)+4 csc(2α00)2)

8(− csc(α00)2+4 csc(2α00)2)
.

case2. For α00 + α10 = π
2 and α11 = α10, the param-

eter s is given as a function about α00

s(α00) =
−1+6 csc(2α00)

2(16 csc(2α00)2−4 sec(α00))

+

√
(1−6 csc(2α00)2)−4( 9

16−
cos(α00)2

16 )(16 csc(2α00)2)−4 sec(α00)

2(16 csc(2α00)2−4 sec(α00))
.

For α10 = α11 and α00 = α10 is similar to case 2.
Here take the case 1 for an example:

3 Conclusions

In this paper, we construct a general extrac-
tion map for all the Bell inequalities with two
measurements(A0, A1, B0, B1) and two inputs and each
measurement has two outcomes[(2,2,2) scenario][2]. We
obtain the analytic bound that depends on the angle α00

between the measurements A0 and B0. Firstly, we show
that the high Bell inequalities implies high fidelity of the
rotated state with singlet for a given α00. Then for dif-
ferent values of α00, the fidelity of the singlet sate for
α00 = π/4 is better than other values. What’s more, our
results improve the bound on previously known results.
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Figure 1: The relation between violation and fidelity for
α00 = π/4. [1] is a special case of our results. The bound
is higher than the previously known results.
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Figure 2: The relation between violation and fidelity for
different values α00, the fidelity of the singlet sate for
α00 = π/4 is better than others
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Abstract In this article we assess a novel quantum computation paradigm based
on the resonant transition (RT) phenomenon commonly associated with atomic and
molecular systems. We thoroughly analyze the intimate connections between the
RT-based quantum computation and the well-established adiabatic quantum computa-
tion (AQC). Both quantum computing frameworks encode solutions to computational
problems in the spectral properties of a Hamiltonian and rely on the quantum dynam-
ics to obtain the desired output state. We discuss how one can adapt any adiabatic
quantum algorithm to a corresponding RT version and the two approaches are limited
by different aspects of Hamiltonians’ spectra. The RT approach provides a compelling
alternative to the AQC under various circumstances. To better illustrate the usefulness
of the novel framework, we analyze the time complexity of an algorithm for 3-SAT
problems and discuss straightforward methods to fine tune its efficiency.

1 Introduction

In the past decades, there has been great progress in quantum computation. One of
the aims of quantum computation is to attack computationally hard problems that
prove difficult (if not impossible) for classical computers. Several quantum algorithms,
such as Deutsch–Jozsa algorithm [1] and Shor’s factoring algorithm [2], that provide
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exponential speed-up in comparison with the classical counterparts, have already been
found and demonstrate the superiority of quantum computations.

Most early algorithm developments were based on the quantum circuit models
in which qubits are operated by a sequence of discrete quantum gates in analogy
to the classical circuit models. However, the complexity of quantum circuit models
has deterred subsequent developments. A variety of alternative quantum computation
models have been proposed to carry out quantum computations without explicitly
relying on a circuit model. Among them, the adiabatic quantum computation (AQC)
model [3–6] is probably the most well known and receives most attention. In this
work, we shall compare a recently proposed quantum computation model to the AQC
and discuss how this new model can be a practical alternative and complement to the
AQC.

In a series of recent works, a new quantum computation model is introduced. In
Ref. [7], a polynomial quantum algorithm for obtaining the energy spectrum of a physi-
cal system was proposed that can be used for phase estimation algorithm. Subsequently,
Wang et al. [8] generalized the model to solve 3-bit exact cover (EC3) problems and
improved upon the earlier work on the phase estimation algorithm including the extrac-
tion of eigenstates of a Hamiltonian.

This new quantum computation framework is inspired by resonant transition (RT)
phenomenon commonly observed in atomic and molecular systems. When a quantum
system is only weakly perturbed, the system responds most actively when the pertur-
bations resonate with some transition frequencies of the system’s spectrum. Based on
this principle, the computational problem is then encoded to the spectral properties of
a Hamiltonian of the system and an external agent, a probe qubit, is brought into inter-
action with the system. By adjusting the property of the probe qubit, one can induce
specific transitions inside the system and explore the eigen-energy of the system and
eigenstates.

Despite relying on different physical processes, the RT model is actually intimately
related to the well-established and highly successful AQC model. To clearly illustrate
their connections, we (1) discuss how one can adapt any adiabatic algorithm to a
corresponding RT algorithm and (2) inspect the underlying quantum dynamics of the
RT model and compare to that of the AQC model. As will become clear in the later
discussions, the RT model suffers a potential performance hit when the spectrum of
the Hamiltonian contains too many degenerate levels other than the manifold in which
the solution (to a computational problem) is encoded. Since no adiabaticity is imposed
onto the quantum dynamics, the RT model is significantly less susceptible to common
obstacles such as the spectral gap issue [10] for the AQC model. Because of the high
compatibility in terms of algorithm development and entirely different sources of
obstacles in carrying out these quantum dynamics driven computations, we expect the
RT model can provide a practical alternative and complement to the AQC. Toward the
end, we show how RT algorithms perform in a non-trivial algorithmic context when
we consider a 3-SAT problem. It will also be clear that the RT algorithm is clearly
derived from an adiabatic version [5].

The structure of this work is described as the following. In Sect. 2, we characterize
the basics of the resonant transition (RT) model-based quantum computation. Expla-
nations are then given on the structure of a RT-based EC3-solving algorithm and its
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physical implementations through Pauli matrices. In Sect. 3, we review the essences
of the AQC and the adiabatic path. Later, we compare the quantum dynamics of the
AQC with that of the RT-based quantum computation from the similarity perspective,
the difference perspective and the performance perspective. Subsequently, we demon-
strate how to emulate the RT-based quantum computation via the AQC. In Sect. 4.1,
we propose a new energy function to encode 3-SAT instances to be used in the EC3-
solving algorithm to solve 3-SAT problems. The modified EC3-solving algorithm has
a lower decay error probability and avoids the high degeneracy issue. We provide the
performance analysis in Sect. 4.2 and discussion in Sect. 5.

2 Quantum computation by the resonant transition model

In this section, we explain the basic physics behind the RT model, illustrate the RT-
based quantum computations through the original EC3-solving algorithm [8], and
discuss its physical implementations and other characteristics.

2.1 Resonant transition physics

We present background material on the model system and the phenomenon of res-
onant transitions between two quantum states in order to make the present paper
self-contained. To be elucidated in the subsequent section, the proposed quantum
algorithms are realized physically with the resonant transitions of a quantum system
coupled to an external agent.

Following [7,8], we consider a quantum device composed of two sets of qubits,
namely, the probe qubits and the register qubits. The register qubits could be con-
structed with an ensemble of two-level atoms in a cavity or trapped ions, while the
probe qubits are additional two-level system supposed to possess highly adjustable
physical properties, such as the resonant frequency and the coupling strength to the
register qubits. For the rest of this paper, we should restrict the discussion to one probe
qubit.

Similar to the Jaynes–Cummings model in quantum optics, this quantum device is
described by the following Hamiltonian,

H = Hp + Hs + Hint

= 1

2
ω0Z ⊗ I s2 + I2 ⊗ Hs + cX ⊗ A, (1)

where Hs represents the many-body Hamiltonian for the quantum register, Z and X are
standard Pauli matrices, and A denotes the probing operation on the quantum register
due to interaction with the probe qubit. In this device, the probe qubit is governed by a
particularly simple Hamiltonian, Hp, which sets the energy gap, ω0, between the two
states |0〉 and |1〉. The interaction with the quantum register should eventually result
in a flip of the probe qubit’s state from |0〉 to |1〉 or vice versa due to X appearing at
the very last term in Eq. (1). We shall see shortly that the operator A generalizes X to
induce transitions among quantum states of a multi-level quantum system.
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Given the Hamiltonian in Eq. (1), the dynamics of the entire system (the register
qubits plus the probe qubit) is governed by the unitary evolution U (t) = exp(−i Ht).
The time-evolved quantum state at time τ reads

ρτ = U (τ )ρ0U
†(τ )

= U (τ )(|1〉 〈1| ⊗ |�s〉 〈�s |)U †(τ ), (2)

where ρ0 = |1〉 〈1|⊗|�s〉 〈�s | is the joint initial state. A transition in the probe qubit’s
state (say, from |1〉 to |0〉) is accompanied with a similar transition between states of
the register qubits. The decay probability for the probe qubit can be quantitatively
estimated from the perturbation theory,

Pdecay = 〈0| Trs(ρτ ) |0〉 , (3)

where Trs(·) denotes a partial trace over the register qubits. To implement the quantum
algorithm, we operate the quantum device in the weak coupling limit, i.e., c � 1
in Eq. (1). In this scenario, the virtual transitions are strongly suppressed and the
dominant pathways are the classical-like transitions in which energy is transferred
back and forth between the probe qubit and register qubits. One can approximately
decompose Eq. (3) into an incoherent summation (i.e., no quantum interference) of
distinct transitions between the i-th and j-th eigenstates of Hs . More precisely, the
contribution to the decay probability of a particular transition path between the i-th
and j-th state of Hs reads

Pdecay,i→ j = sin2
(

�i jτ

2

) Q2
i j

Q2
i j + (E j − Ei − ω0)2

|〈�i |�s〉|2 (4)

where Qi j = 2c 〈�i | A
∣∣� j

〉
, �i j =

√
Q2

i j + (E j − Ei − ω0)2, |�s〉 is the initial state

of the register qubits, |�i 〉 and
∣∣� j

〉
are the i-th and the j−th eigenvector of Hs . From

Eq. (4), it is clear that the dominant resonant pathways would have a nearly perfect
match between the energy gaps (E j − Ei ) and ω0. When a transition is off-resonant,
i.e., |E j − Ei | >> ω0, the corresponding contribution to the decay probability in
Eq. (4) can be tuned to extremely small values in many realistic experimental set-ups.
Further detail on the resonant transitions can be found in Refs. [9,11–13] and later
discussions below.

2.2 Original EC3-solving algorithm

We now summarize the algorithm proposed by Wang and his co-authors that exploits
the resonant transition physics to perform computational tasks. Extended from the
spectrum-probe algorithm in [7], EC3-solving algorithm was further designed to solve
a satisfaction problem. An EC3 problem is a boolean formula F with M clauses and
n binary variables v1, v2, · · · vn that F = C1 ∧ C2 · · · ∧ CM . Each clause contains
exactly three variables and it is satisfied when there is only one variable is 1 and the
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Fig. 1 The original EC3-solving algorithm [8]. The register Rp has one probing qubit that is initially in
the excited state. The Rs register contains n + 1 qubits where the first qubit is an ancillary qubit while the
last n qubits are the state space for all the boolean assignments. The unitary U is based on Hamiltonian H
in Eq. (1) that U = e−i H(τ )

other two are 0. The task is to determine if there is an assignment of v1v2 · · · vn that
satisfies all M clauses such that F is evaluated to 1. An energy function is defined as

hi
(
vi1, v

i
2, v

i
3

)
=

{
0 if vi1, v

i
2, v

i
3 satisfies clause Ci ;

1 if vi1, v
i
2, v

i
3 does not satisfy clause Ci

(5)

where viz means the zth variable in clause Ci that z ∈ {1, 2, 3}, i ∈ {1, M} and
viz ∈ {v1, · · · , vn}. Then, it is defined that

HCi |v1v2 · · · vn〉 = hi
(
vi1, v

i
2, v

i
3

)
|v1v2 · · · vn〉 (6)

and

HC =
M∑
i=1

HCi . (7)

From Eqs. (6)-(7), we know that for any given arbitrary assignment, HC computes
the total number of violated clauses in an EC3 instance. The state space, i.e., all the
possible assignments (N = 2n), is the computational basis (also the eigen-basis) for
HC while the corresponding eigenvalue is the number of clauses violated by that
eigenstate. Hence, the eigenvalues are integers in the range of 0 and M in the subspace
occupied by HC . Eigenstates with eigenvalues 0 would be the solution assignments .

The EC3-solving algorithm acts on an 1-qubit probe register Rp and one n + 1
qubit register Rs as shown in Fig. 1. The register Hamiltonian is constructed as

Hs =
(−IN 0

0 HC

)
. (8)
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where IN is N -dimensional identity operator. It is given that

A = X ⊗
(

1√
2
(I2 + X)

)⊗n

(9)

and

|�s〉 = (I2 ⊗ H⊗n)(|0〉⊗(n+1)) = 1√
N

N∑
j=1

|0〉 | j − 1〉 = 1√
N

N∑
j=1

∣∣ϕ j
〉

(10)

From Eqs. (8) to (10) we know (1) the states
∣∣ϕ j

〉
are eigenstates of Hs with eigenvalue

−1 because of −IN and (2) Hs |�s〉 = − |�s〉 where Es = −1. With the additional
1 ancillary qubit in Rs , it is easier to prepare an eigenstate for Hs as |�s〉 can be
prepared by using Hadamard gates on the last nth qubits of register Rs . We simply set
ω0 = 1 for resonance and let the system evolve for some time τ and we measure the
probe qubit to see if we observe 0. If the outcome is 1, it means we have not found
any solution yet. If the outcome is a 0, it means either (1) with high probability we
have found the solution or (2) with low probability we obtain a non-solution state
because of the error from non-solution assignments becomes non-negligible such that
the energy from the probe qubit leaks to non-solution assignments.

In the RT model, a state in the cavity system climbs up from eigen state |�i 〉 to
state |�i+1〉 by using the energy given from the probe qubit when the eigen-energy
gap Ei+1 − Ei is equal to the frequency ω0 . In this setting, we know the state |�s〉
can be also viewed as state |�0〉 because Es = E0 = −1 as E1 = 0. The evolution of
|�0〉 to all other states, solution assignment(s) state |�1〉 and non-solution assignments∣∣� j

〉
, will contribute to the probability of observing a 0 in register Rp. It is clear to

see that each
∣∣� j

〉
state is associated with eigen energy E j and it can be expressed

as

∣∣� j
〉 =

m j∑
l=1

1√
m j

|1〉 |μl〉 (11)

where m j is the number of eigenstates associated with eigenvalue E j and |1〉 |μl〉 is
the corresponding eigenstate. The contribution from the solutions states (states with
eigenvalue 0) is 1

Pdecay = sin2
(

�01τ

2

)
(12)

The contribution from all non-solution states is [8]

1 In this case, the initial state |�s 〉 is also the eigenstate of Hs with eigenvalue −1 such that |�s 〉 that will
be excited to other eigenstates with higher eigenvalues.
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Perr
decay =

N∑
j=2

sin2
(

�0 jτ

2

) Q2
0 j

Q2
0 j + E2

j

. (13)

Since Qi j = 2c 〈�i | A
∣∣� j

〉
and we know that

〈�0| A
∣∣� j

〉 = 1√
N

1√
m j

N∑
j=1

m j∑
l=1

(((〈0| 〈 j |)A) |1〉 |μl〉)

= 1√
N

1√
m j

N∑
j=1

m j∑
l=1

⎛
⎝〈1|

N−1∑
k j=0

1√
N

〈
k j

∣∣
⎞
⎠ (|1〉 |μl〉)

= 1

N

m j√
m j

N∑
j=1

1

= √
m j . (14)

Q0 j is therefore 2c
√
m j where m j is the degeneracy of the assignments (basis states)

of HC with eigenvalue E j . The upper bound of decay error probability Perr
decay can be

simplified to

Perr
decay ≤

∑
j

Q2
0 j

Q0 j
2 + E j

2 ≤
∑
j

4c2m j

E j
2 ≤ 2

3
π2c2mmax, (15)

wheremmax is the maximum ofm j , given the fact that
∑∞

j=2
1

( j ′−1)2 = π2

6 . We have to

choose the coupling factor c  O( 1√
mmax

) to make Perr
decay become negligible. However,

this imposes the dilemma. If we have a huge degeneracy (exponentially large) in the
system, then we need to set τ to be exponentially large (τ  1

c ) for each iteration
since

Pdecay = sin2 (
c
√
m0τ

)
(16)

has to be some non-negligible number. If τ is some constant number, then Pdecay will
be exponentially small. That makes the number of required iterations (	  1

Pdecay
)

exponential large and the overall complexity 	 × τ would be huge. Furthermore, for
hard instances of solvable satisfaction problems, m0 is a small number as it is the
number of satisfying assignments. When we observe a 0 in the probe qubit, it implies
that with high probability the solution state is obtained. Hence, we will examine the
potential issues based on (1) decay error probability and (2) energy leak due to high
degeneracy.

We remark that our analyses above restricts to Hamiltonians for EC-3 or 3-SAT
problems encoded with specific energy functions which assign the (integer-valued)
energies according to the number of clauses violated. For more general Hamiltonians,
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the success probability of the algorithm depends on more factors as discussed in
Ref. [14].

2.3 Physical implementation

We next clarify the physical implementations of the full Hamiltonian H in terms of
elementary Pauli matrices for qubits. First, we define the projection operator

Z+ = |0〉 〈0| = 1

2
(I2 + Z), Z− = |1〉 〈1| = 1

2
(I2 − Z).

Each energy function in hi in Eq. (5) can now be straightforwardly translated into a
linear combination of three-qubit projections,

hi (v
i
1, v

i
2, v

i
3)

=
(
I −

∣∣∣0vi1
0vi2

1vi3

〉 〈
0vi1

0vi2
1vi3

∣∣∣−
∣∣∣0vi1

1vi2
0vi3

〉 〈
0vi1

1vi2
0vi3

∣∣∣−
∣∣∣1vi1

0vi2
0vi3

〉 〈
1vi1

0vi2
0vi3

∣∣∣)

= (
I − Z+

1 Z+
2 Z−

3 − Z+
1 Z−

2 Z+
3 − Z−

1 Z+
2 Z+

3

)
, (17)

where I is the identity operator in the 3-qubit subspace. We then expand the projection
operators using Pauli matrix Z , for instance,

Z+
1 Z+

2 Z−
3 = 1

8

⎛
⎜⎝I + Z1 + Z2 + Z3︸ ︷︷ ︸

one body

+ Z1Z2 − Z1Z3 − Z2Z3︸ ︷︷ ︸
two body

− Z1Z2Z3︸ ︷︷ ︸
three body

⎞
⎟⎠ .

The full register Hamiltonian (coupling the n-register qubits to the ancillary one) can
also be re-written in terms of the projection operators introduced earlier,

Hs = −Z+
0 ⊗ I + Z−

0 ⊗ Hc

= I2 ⊗
(
Hc − I

2

)
− Z0 ⊗

(
Hc + I

2

)
, (18)

where Z−
0 , Z+

0 and I2 are operators associated with the ancillary qubit and I is the
identity operator in the N-dimensional subspace spanned by n qubits in cavity. As for
the register-probe interaction, the operator A given in Eq. (9) is already fully specified
in terms of Pauli matrices.

It is now clear that the EC3 problems require building intricate many-body interac-
tions among qubits in the present framework. While the two-body interaction can be
generated easily in most cavity-related quantum optical experiments, a major challenge
is to coherently couple multiple (beyond 2) register qubits that might not be in a close
vicinity of each other. This obstacle prevents implementing the present algorithm in
a large-scale experiment involving many register qubits at the moment. Nevertheless,
with the recent progress of various quantum technologies such as the quantum bus
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[18] and the many-body Hamiltonian simulations [15–17], the future prospect of con-
structing the required multiple-qubit interacting Hamiltonian is certainly promising.
This could be particularly true as the present framework only requires static (alway-
on) interactions as opposed to time-dependent (on-demand) interactions among the
qubits. This static requirement is true for both the energy functions, hi , as well as for
register-probe interaction, Hint.

3 Comparison to adiabatic quantum computation

We now analyze the intimate connections between RT and AQC models. First, we
briefly summarize the essence of AQC [5] to make the analysis in this work self-
contained.

Based on the adiabatic theorem [19], a quantum system evolves according to
Schrödinger equation

i
d

dt
|ψ(t)〉 = Hc(t) |ψ(t)〉 , (19)

we can consider a family of Hamiltonians H̃(s), 0 ≤ s ≤ 1 and let H(t) = H̃(t/T ).
Define the instantaneous eigenstates and eigenvalues

H(s) |l; s〉 = El(s) |l : s〉 (20)

where

E0(s) ≤ E1(s) ≤ · · · ≤ EN−1(s) (21)

and the minimum spectral gap is

gmin = min
0≤s≤1

(E1(s) − E0(s)). (22)

It is well known that the expected running time

T � ε

g2
min

s.t. 〈l = 0; s = 1|ψ(T )〉  1. (23)

where

ε = max0≤s≤1 |〈l = 1; s| dH

ds
|l = 0; s〉| . (24)

This concept was further extended [5] in a linear manner. The computation starts
by initializing the AQC in the easy-to-prepare ground state(s) of the Hamiltonian HB .
The time-dependent Hamiltonian H(t) is defined as

H(t) = (1 − s)HB + sHC (25)
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where s = f (t/T ). In this study, we consider s = t/T for simplicity. We simply let
the ground state of HB evolve in this Hamilton H(t). When t = T , the ground state
|l = 0; s = 0〉 of HB will evolve into state |ψ(t)〉 that is extremely close to the ground
state |l = 0; s = 1〉 of HC . The running time of AQC is determined by the minimal
spectral gap gmin of the underlying Hamiltonians [5].

In the following three subsections, we shall investigate (1) how to adapt any AQC
algorithm to a corresponding RT version to firmly establish their connections as com-
putational devices, (2) how the performance of RT and AQC model differs in different
computational problems due to the very different physical mechanism by which the
models operate, and (3) how to interpret the underlying quantum dynamics of RT
model in terms of well-established and well-studied AQC models.

3.1 Translation of algorithms

Figure 2 presents a clear picture of how the two computational models are related. In
both models, the solution to a computational problem is encoded in the ground state of
a Hamiltonian HC . If it is easy to initialize a quantum device in the ground state of HC

then the problem is directly solved without invoking either AQC or RT models. Hence,
both AQC and RT models are initialized with an easy-to-prepare quantum state and
rely on different physical principles (adiabatic theorem versus resonant transition) to
manipulate the quantum dynamics in order to achieve the desired ground state of HC .

As described earlier and shown in the figure, the AQC model would initialize the
device in the ground state of another Hamiltonian HB , which is related to HC via a

Fig. 2 Connections between AQC and RT. In both models, the desired solution is encoded as the ground
state of HC . In the RT model, the HC is embedded into a larger Hamiltonian after introducing the ancillary
qubit. The enlarged system is then excited from the -1-eigenvalue manifold to the 0-eigenvalue manifold
with the help of the probe qubit. On the other hand, the AQC model starts with HB (easy to initialize in the
ground state) and relies on adiabatic tuning to morph the Hamiltonian to HC
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simple linear equation as in Eq. (25). As long as this transformation of Hamiltonians
(from HB to HC ) is adiabatically slow, the quantum device remains in the instantaneous
ground state of the time-evolved Hamiltonian. This guarantees the attainment of the
ground state of HC at the end of the algorithm execution.

On the other hand, the RT model would add an ancillary qubit to the system (with
Hamiltonian HC ) to define an extended Hamiltonian for the enlarged system. For
instance, this is how the register Hamiltonian Hs , Eq. (8), for the EC3 solving algorithm
is defined earlier. As shown, the desired Hamiltonian HC appears at the lower diagonal
part of the enlarged Hamiltonian in Eq. (8). We note that Hs Hamiltonian essentially
introduces a highly degenerate ground state and the rest of the spectral properties
of Hs is determined by HC Hamiltonian. It would be easy to initialize the enlarged
system in the ground state with eigenvalue −1 since this is determined solely by the
ancillary qubit’s quantum state. By properly tuning the probe qubit’s energy to target
the transition between the −1 and 0 eigenvalue manifold of this extended system, the
desired state (ground state of HC ) can also be reached reliably.

Hence, the translation of adiabatic algorithms is now clear. One simply takes HC

(the final Hamiltonian in an adiabatic algorithm) and embedded into Hs as done in
Eq. (25). This straightforward mapping establishes the RT model potentially being
a universal quantum computation framework. In this work, this adaptation of AQC’s
EC3 and 3-SAT algorithms to RT versions are discussed in great depth. Another impor-
tant algorithm for adaptation is AQC’s integer-factoring scheme [22]. The translation
scheme has given the RT model an access to a variety of important AQC-based quan-
tum algorithms.

3.2 Different limiting factors

We now compare the performance of AQC model and RT model when attacking two
types of problems: Minimum Hamming Weight Problem and Perturbed Minimum
Hamming Weight Problem.

A Minimum Hamming Weight Problem (MHWP) is that for a given n bit string
z ∈ {0, 1}n , we want to minimize the Hamming weight w(z) of z. In the MHWP, it is
shown that the complexity is O(1) for AQC [6]. If we look at the final Hamiltonian
HC , we know that many eigenstates (in the computational basis) would have the same
eigenvalues. For instance, when n = 3, binary strings 011, 101 and 110 have the same
Hamming weight. When eigenvalue en/2 = n

2 , we have C(n, n/2) eigenstates, which
is approximately O

(
2n/n2

)
by Stirling’s approximation. That is the corresponding

maximum degeneracy of the system. Hence, the RT model would have a complexity

of O
(√

2n
n2

)
when it is easy to prepare the initial state with eigenvalue ω0 shifted from

the eigenvalue of the all zeros string. It is clear in this case that AQC performs much
better than RT-based models in the simple MHWP.

In a Perturbed Mininum Hamming Weight Problem (PMHWP), a Hamiltonian of
the system is expressed as

H f (t) = H(t) − t

T
(n + 1)

∣∣1n 〉 〈1n∣∣ (26)
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and it is shown [6] that for the Hamiltonian H f : gmin ∈ O
(

n√
2n

)
and this impliesT �

�
(

2n

n2

)
. Similarly, for the RT model, the complexity for PMHWP remains O

(√
2n
n2

)
exactly the same as that for MWHP since small perturbation from |1n〉 〈1n| does not
affect where the most degeneracy occurs and does not change the degree of highest
degeneracy. The perturbation will only affect (decrease or increase) the degeneracy
of eigenstate |1〉⊗n by at most n, which is significantly smaller than C(n, n/2). In
such a scenario, small perturbation, the RT model is almost perturbation blind and
outperforms AQC.

Hence, when solving the eigenstate/eigenvalue problems (such as CSP, MHW, and
search), we need to examine the nature of the problem in order to choose the right
model. From a very intuitive sense, we can imagine that RT model and AQC model are
similar but their running time is dominated by different parameters. In the AQC model,
the running time is dominated by the inverse of the square of the minimal spectral gap
1/g2

min while in the RT model, the running time is dominated by the square root of the
maximal degeneracy

√
mmax.

Finally, we emphasize that the above comparisons are based on idealistic situations
in which no noise or decoherence is considered. In the study of resonant transitions
physics, it is well known that a significant quantum state leakage into high-lying energy
state is highly unlikely due to the violation of energy conservations . In fact, if this type
of quantum leakage happened all the time, it would have completely altered the robust
resonant transition physics observed ubiquitously. This being said, temporary virtual
transition into the high-lying energy states then back down to the resonant states can
happen as allowed by the Heisenberg’s time-energy uncertainty principle. Hence, the
realistic problem is not really the leakage problem but rather the dephasing problem.
As the qubits temporarily change their states, important quantum phase information
will be lost. Fortunately, the phase factors of a wave function is not explicitly used
in the RT model. This allows the RT model, similar to the AQC model, to be more
noise-resilient than the traditional circuit models where the computational time has to
be significantly less than the single qubit’s dephasing time, for instance.

3.3 Adiabatic evolution following resonant transition model

To complete the analysis, now we would like to compare the underlying quantum
dynamics of the two models and gain a different perspective on their connections. We
follow closely a method of analysis presented by Wong and Myer [20] in which one can
make AQC to emulate other unitary dynamics-based quantum computation models.
The idea is to project complicated many-qubit quantum dynamics into the dynamics
of an effective qubit. One then asks how to engineer an appropriate adiabatic path for
this effective qubit’s Hamiltonian such that the time-evolved ground state emulates
the dynamical evolution in another system. Being an effective two-state description,
one can view the adiabatic ground state evolutions as a trajectory on the Bloch sphere.

Through these simplified representations, Wong and Myer provide an illuminating
account of the subtle differences between AQC and continuous quantum walk (CQW)
model, another universal quantum computation paradigm based on the unitary quan-
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tum dynamics. In Ref. [20], it was shown that for AQC to emulate the quantum walk
search algorithm, it must interpolate between three fixed Hamiltonians (H̃B, H̃E , H̃C ).
That implies in order to emulate the behavior of a quantum walk via the use of AQC,
the corresponding Hamiltonian for AQC is structurally beyond a linear interpolation
between the initial Hamiltonian, H̃B , and the final Hamiltonian, H̃C . Not surprisingly,
adopting the same projected representation, we find the AQC can more naturally emu-
late the RT model; although with an unusual adiabatic path.

To make AQC emulate RT model in the approach just described above, let us first
formulate the RT model in this two-state description. We first focus on the system part
and exclude the ancillary and probe qubits. The solutions of a computational problem
are designated as one quantum state |g〉 and every other states are denoted as |i〉. Next,
we incorporate the probe and ancillary qubits into the two-state description. We now
define augmented basis with |G〉 = |01g〉 and |B〉 = |10b〉 with |b〉 = ∑2n−1

i=0
1√
2n

|i〉
where the three indices of the kets denotes the state of the probe qubit, the ancillary
qubit and the cavity system, respectively. In this augmented basis, we can now depict
the time evolution of the entire quantum device in which an initial state |�0〉 = |B〉
is time evolved under the unitary operation, U = e−i Hτ . The time evolution of |�0〉
can be expressed as

|�0(τ )〉 = √
Pdecay |01g〉 + √

1 − Pdecay |10b〉 = α(τ) |G〉 + β(τ) |B〉 (27)

where H is described in Eq. 1. In this case we obtain

�0,1 = 2c, Pdecay = sin2
(

�0,1τ

2

)
= sin2(cτ) (28)

by the result from Eq. 4, 14 and 16 and assuming there is only one solution. Then,
we want the ground state of the adiabatic Hamiltonian HA(τ ) to be |�0(τ )〉 with
eigenvalue λ0. The other eigenstate is hence

∣∣∣�0
⊥(τ )

〉
= β(τ) |G〉 − α∗(τ ) |B〉 (29)

with eigenvalue λ⊥
0 . Similar to the analysis by Wong and Meyer, to avoid complex

number, in [20] with eigenvalues λ0 = −λ⊥
0 , the Hamiltonian is

H̃A(τ ) = λ0 |�0(τ )〉 〈�0(τ )| + λ⊥
0

∣∣∣�⊥
0 (τ )

〉 〈
�⊥

0 (τ )

∣∣∣ (30)

= λ⊥
0

(−|α|2 + β2 −2αβ

−2α∗β |α|2 − β2

)
(31)

= λ⊥
0

(− sin2(cτ) + cos2(cτ) −2 sin(cτ) cos(cτ)

−2 sin(cτ) cos(cτ) sin2(cτ) − cos2(cτ)

)
(32)

The Hamiltonian is thus reduced to

H̃A(s) = λ⊥
0 (s)

[
−(1 − 2s)H̃C + √

s(1 − s)H̃E

]
(33)
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where

s(t) = sin2(cτ) (34)

is the interpolation schedule and we have

H̃C =
(−1 0

0 1

)
, H̃E =

(
0 −2

−2 0

)
. (35)

We still need to find out λ⊥
0 in terms of s. By use of the adiabatic theorem ds/dt =

εg2(s) and Eq. (34), we have

2 sin(cτ) cos(cτ)c = εg2(s). (36)

Since λ0 = −λ⊥
0 , i.e., λ⊥

0 = g(s)/2, then we obtain

g(s) =
√

2c
√
s(1 − s)

ε
, λ⊥

0 = 4

√
c2s(1 − s)

4ε2 . (37)

Therefore, the adiabatic Hamiltonian that follows the evolution in a RT-based algorithm
is

H̃A(s) = 4

√
c2s(1 − s)

4ε2

[
−(1 − 2s)H̃C + √

s(1 − s)H̃E

]
. (38)

Unlike the case presented in Ref. [20], the AQC emulates the RT dynamics via a
nonlinear and closed adiabatic path which starts with −H̃C at s = 0 and returns to H̃C

at s = 1. Note the sign difference in the beginning and the end of the adiabatic path.
The initial input to the system is |10b〉 and is also the ground state of −H̃C . This

points to a fundamental difference between RT and AQC models. In the AQC case, one
would like to initialize the quantum device into the ground state of H̃B , which should
preferably overlap significantly with the desired output state as much as possible and
limit the need to perform the adiabatic transitions. In the RT model, we actually want
the initial state to be completely orthogonal to the desired state because the resonant
transitions imply a jump from one eigenstate to another. In the two-state description,
this would imply the initial state has to be |B〉 (completely orthogonal to |G〉). This
physical circumstances explain the unusual closed adiabatic path AQC must follow in
order to emulate the RT model.

In this two-state projected view, it is also clear that the RT dynamics is different
from that of the CQW consider in Ref. [20]. For instance, the Hamiltonian H̃e acts
more powerfully than the standard oracular operations. Unlike a standard oracular
operation which first reflects around |G〉 by applying a phase then reflects around the
initial state, the Hamiltonian H̃e introduces an extra structure that drives the evolution
between |G〉 and |B〉.
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4 3-SAT problems

To further illustrate the usefulness of a RT-based quantum computations, we general-
ize the EC3 algorithm presented earlier to study hard instances in 3-SAT problems.
Through this highly non-trivial problem, we will address how to improve the efficiency
of a RT model. We recall a 3-SAT is defined as a formula F with M clauses and n binary
variables. Let N = 2n be the number of possible assignments for n boolean variables.
Let V = {v1, v2, . . . , vn} be the set of boolean variables and V̄ = {v̄1, v̄2, . . . , v̄n} be
the complement set. A 3-SAT formula is described as

F = C1 ∧ C2 ∧ · · · ∧ CM and Ci =
(
li1 ∨ li2 ∨ li3

)

where (1) ∀i ∈ {1, M} , literal lij ∈ V or literal lij ∈ V̄ and (2) ∀k ∈ {1, n}, vk or v̄k
appears at least once in F . The task is to find an assignment to v1, v2, . . . , vn such
that F will be evaluated to 1.

4.1 RT algorithm

Given a 3-SAT formula F , we associate each 3-bit clause with an energy function,
modified from Eq. (5),

hi (Ci ) = hi (l
i
1, l

i
2, l

i
3) =

{
0 if li1, l

i
2, l

i
3 satisfies clause Ci ;

1 if li1, l
i
2, l

i
3 does not satisfy clause Ci ,

(39)

where liz is the zth literal in clauseCi . We can consider this energy function as a constant
energy function. Similarly, we can also have the clause associated with another energy
function

hi (Ci ) = hi (l
i
1, l

i
2, l

i
3) =

{
0 if li1, l

i
2, l

i
3 satisfies clause Ci ;

γ × i if li1, l
i
2, l

i
3 does not satisfy clause Ci ,

(40)

we can consider this second energy function as clause-dependent energy function.
With both energy functions, each local Hamiltonian HCi can be defined by its action
on quantum state vectors,

HCi |v1v2 · · · vn〉 = hi
(
li1, l

i
2, l

i
3

)
|v1v2 · · · vn〉 . (41)

Hence, the Hamiltonian HC = ∑
i HCi gives an energetic value to each configurations

of all qubits according to which clauses Ci are violated. The solutions to a 3-SAT
problem would correspond to the zero-energy eigenstates of HC if they exist. Similar
to the EC3 algorithm introduced earlier, one needs to introduce an additional ancillary
qubit and embed HC within the extend structure of Hamiltonian Hs as done in Eq. (8).
Details of how to construct all these abstract Hamiltonians in terms of Pauli matrices
can be inferred from Sect. 2.3.
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To improve performance of RT-based quantum computation, it is desirable to reduce
the decay error probability Perr

decay described in Eq. (15). Intuitively, we can either (1)
increase the eigenvalue gap (detuning effect) to suppress the decay error probability
Perr

decay and (2) increase the number of distinct eigenvalues in the spectrum of HC to
minimize the degeneracy in each eigen-energy manifold. These two objectives can be
simultaneously achieved through the modifications introduced in Eq. (40).

4.2 3-SAT hard instances

It is well known that, in general, the difficulty of a 3-SAT problem is gauged by an
order parameter known as the clause-variable ratio, (M/n). When the ratio is around
M/n  4.24, then the problem can undergo a phase transition [21,23–25] and be
classified as NP-complete. When the order parameter is significantly different from the
critical value of 4.24, then the problem becomes relatively trivial. Next, we use either
Eqs. (39) or (40) as the energy function required by the 3-SAT algorithm presented
in Sect. 4.1 and compare the performance of the corresponding algorithm in a hard
instance of the 3-SAT problem.

4.2.1 Constant energy function

In this subsection, we will analyze RT-based algorithm to solve a hard 3-SAT instance.
We will take a constant energy function, based on Eq. (39), that assigns a numerical
value 1 whenever a clause is violated. Given the constraint from a hard 3-SAT instance,
the decay probability error can be bounded from above with respect to M . We obtain2

a new upper bound

Perr
decay ≤

∑
j

4c2m j

E j
2 ≤ 4c2mmax

j ′=4n∑
j ′=1

1

j ′2
≤ 4c2

(
π2

6
− 2M − 1

2M2

)
mmax. (42)

Regarding the performance, the main concern is the maximal degeneracy mmax.
With M+1 eigenvalues and N eigenstates, even distributed uniformly, each eigenvalue
has an expected exponential O

( N
4n

)
degree of degeneracy. It is inevitable that mmax

is exponentially large for 3-SAT hard instances, given the constructed HC based on
Eq. (39). This implies the coupling factor c (between the register and the probe) has
to be exponentially small in order to make Perr

decay negligible. This ultra-weak coupling
is, however, not a desired solution as the running time τ will necessarily scale to an
exponentially large quantity, (O(

√
mmax)), as summarized in Table 1. The worst case

is that there is only one solution assignment and all the degeneracy occurs at the non-
solution assignments that only violate one clause. In such a scenario, the complexity
of the RT approach is O(

√
N ).

2 On Mathematica, harmonicnumber(M,2), is bounded from above by π2

6 − 2M−1
2M2 by use of Laurent

series.
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Table 1 Time complexity for two types of quantum algorithms for solving SAT

Method Running time Time unit

RT with constant energy function O
(√

mmax
)

Continuous time

Conventional grover O
(√

2n
)

Discrete, Oracle invocations

Fig. 3 Top line for the conventional discrete quantum search algorithm, the bottom line is for spectra
probing algorithm. The x axis is the number of possible assignments (N ) in hard cases in a constraint
satisfaction problem F . The y axis is the complexity

For conventional discrete quantum search algorithms, such as Grover’s search algo-
rithm on unstructured data [27], the complexity is O(

√
N ) when there are only a few

solutions. Let us consider a uniform situation that the given 2n − 1 non-solution
assignments will be evenly distributed among one eigenvalue, two eigenvalues and
so on till M eigenvalues. On the average, in comparison with conventional discrete
quantum search algorithms, the RT algorithm outperforms the conventional quantum
search algorithms in hard instances since the expected running time of each iteration
is (Fig. 3). 3

E(τ )  E

(
1

c

)
 E

(√
mmax

) =
∑M

i=1

√
N
i

M
 O(

√
N/n) (43)

4.2.2 Clause-dependent energy function

Now, we will adapt the modified energy function introduced in Eq. (40). From Eq. (15),

it is shown that Perr
decay ≤ ∑

j
4c2m j

E j
2 . In the worst case scenario, we have only one

solution and each of the rest of 2n − 1 assignments violates only one clause (the first
clause). Given such a condition, we have

3 On Mathematica, harmonicnumber(M,1/2)/M, is approximately 2
√

1
M by Puiseux series.
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Perr
decay ≤ 4c2(N − 1)

(γ )2 . (44)

Since the running time τ of each iteration is proportional to the inverse of coupling
factor c, i.e.,

τ  1

c
, (45)

and we have to make the Perr
decay a relatively small constant, then we know τ  O(

√
N

γ
).

It is clear that γ defined in Eq. (40) improves the running time of the adapted algorithm
as γ gets larger. Suppose γ is a positive integer, i.e., γ ∈ [1, 2, . . . ,∞] and the
cost of increasing γ is constant, then the rate of improvement remains positive but
monotonically drops as γ is scaled up. When γ ∝ √

N , the running time τ would
approach a plateau value independent of input size. Unfortunately, the ideal scenario
is difficult to attain as it is unrealistic to scale γ arbitrarily large in experiments. The
benefit of having a large γ is physically intuitive and reflects in improved algorithmic
performances.

Regarding the average case, for the simplicity of the analysis, let us assume the
distribution of the non-solution assignments to corresponding eigenvalues is uniform.
Given 2n − 1 non-solution assignments, they will be evenly distributed among one
eigenvalue, two eigenvalues and so on till M(M+1)

2 eigenvalues. In each case, we
will have mmax equal to 2n , 2n/2, 2n/3 · · · and 2n/(M(M + 1)/2), respectively. We
derive 4

E(τ )  E

(√
mmax

γ

)
= 1

γ

∑K
i=1

√
N
i

K
 O

(√
N/(nγ )

)
(46)

where K = (M(M + 1))/2. In comparison with the performance of the solver that
adapts the constant energy function as shown in Eq. (43), we notice that the algorithm
that adapts the clause-dependent energy function outperforms by a factor of γ and√
n. The improvement is two-fold in the solver that adapts clause-dependent energy

function. The first improvement comes from the variable γ that we can control in
the experiment. The second improvement, the factor

√
n, comes from the fact that,

using the clause dependent in the energy function, we broaden the bandwidth of the
spectrum (from M to M×(M+1)

2 ) while the number of underlying eigenstates remains as
N . A wider spectrum of eigenvalues leads to a lower number of the expected maximal
degeneracy.

4 On Mathematica, (harmonicnumber ((M ∗ (M + 1)/2), 1/2))/M converges around 1.5. Since K =
M(M+1)

2 , then O
(

2×1.5
√
N

γ (M+1)

)
 O

(√
N/(nγ )

)
.
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Table 2 Time complexity for the two energy functions

Method Worst case Average case

Costant energy function O
(√

N
)

O

(√
N
n

)

Clause-dependent energy function O
(√

N/γ
)

O
(√

N/nγ
)

5 Discussion

In this work, we critically analyze a novel quantum computational paradigm which
encodes solution of a computational problem in eigenstates of a Hamiltonian and
invoke the trick of resonant transition to explore these eigenstates. Our main focus is
to fully understand how the RT model compares and contrasts with the well-established
and highly related AQC model. To this end, we provide a straightforward scheme to
translate any AQC algorithm into a corresponding RT version. We also briefly comment
on how to build up the extended Hamiltonian for the entire system (register qubits,
ancillary qubit and probe qubit) in terms of elementary Pauli matrices.

To further understand the subtle differences in the underlying quantum dynamics
driving both computational models, we use simple Hamming weight problems [6] to
distinguish the influences of different spectral properties of the Hamiltonian on the
computational performances. In AQC, the spectral gap size determines how fast the
adiabatic execution of an algorithm can take place. In the RT model, for Hamiltonians
based on the constant energy functions, it is the degeneracy structure of the Hamil-
tonian’s eigen-spectrum that determines the execution speed. Through the toy model
analyses, we argue that certain AQC algorithms will be more efficiently implemented
in a RT model. Since both computational models rely on complicated many-body
quantum dynamics to proceed, it would be illuminating to compare these underlying
dynamics in some simple fashion. In this study, we adopt Wong’s method that depicts
the entire computational procedure as an effective qubit starting from some initial
state and gradually moves toward the target (solution) state on a Bloch sphere. In this
simplified view, we find RT dynamics follows a very different path than the AQC
model on the Bloch sphere. In conclusion, while our algorithmic translation scheme
might deceptively convey the impression that both models are almost identical at a
conceptual level, the detailed dynamical analyses reveal the irreconcilable differences
between the two under the hood.

Our second focus is to assess straightforward approaches one can take to fine
tune the performance of a RT model in a highly non-trivial algorithmic context. In
particular, we choose to illustrate these points by generalizing the original EC3-solving
algorithm [8] to consider the infamous 3-SAT problem. Through this NP-complete
example, we demonstrate an enhanced performance of the RT model by adopting a
modified energy function in Sect. 4.2.2 that reduces the degeneracy structure of the
Hamiltonian’s spectrum and suppresses decay errors due to off-resonant transitions.
In Table 2, the time complexity of RT algorithms based on the two different energy
functions is summarized.
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In summary, we find a RT model to be a convenient and practical alternative to AQC
in certain contexts. A simple criterion to decide which model to use is to compare
the running time, which can be deduced from the spectral gap size of adiabatically
connected Hamiltonians and the spectral degeneracies of the target Hamiltonian. The
fact that one does not have to design an entirely new algorithm for the RT model should
be a particularly desirable trait. For instance, the EC3 and 3-SAT algorithms presented
above are clearly adapted from the original adiabatic versions. Similar to the efforts
to introduce ultra-fast adiabatic process in the adiabatic computing community, there
are potential ways to further enhance the physics of resonant transitions [26,28,29],
such as exploiting the additional quantum effects when multiple probe qubits are
introduced.

Acknowledgements C. C. gratefully acknowledges the support from the State University of New York
Polytechnic Institute.
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Quantum non-Markovianity from informational perspective
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Abstract. The difficulty inherent in the quantum theory leads to very few general results of quantum non-
Markovianity, and the definition of a convenient notion of non-Markovian open quantum dynamics is still
riddled with inconsistency and subtle variations. The research of quantum non-Markovianity has rapidly
developed and many important theoretical and experimental progresses have been made. In this work, we
will propose some criteria to detect and quantify quantum non-Markovianity from quantum informational
perspective, and put forward several non-Markovian measures which involve less optimization procedure
and are more convenient to implement in experiment.

Keywords: Quantum non-Markovianity, Quantum correlation, Fisher information, Quantum entropy

1 Introduction

Dynamics is a fundamental aspect of both classical and
quantum theory. In the classical realm, dynamics is usu-
ally classified into Markovian and non-Markovian, with
Markovian dynamics well defined and widely studied due
to its special structures and universal applications. Un-
derstanding and characterizing general features of the dy-
namics of open quantum systems is one of the most inter-
esting issues in the field of quantum information theory.
Similar to the classical case, the dynamics of open quan-
tum systems can be classified into two categories. One
is the quantum Markovian dynamics in which the time
evolution of the system state is determined solely by the
instantaneous state. In this kind of dynamics, there is
only the flow of information from the system to the envi-
ronment, that is to say, the system smoothly loses infor-
mation. The other one is non-Markovian dynamics where
the history of the system plays an important role in the
time evolution. This dynamics always occurs along with
the back flow of information from the environment to the
system.

Although the concepts of Markovianity and non-
Markovianity in the classical regime are properly defined
and widely studied, their quantum versions are somewhat
ambiguous, subtle and often controversial in some sense.
Quantum non-Markovianity has been proved to be help-
ful in many quantum information processing tasks and
intrigues increasing interest of researchers [1, 2]. Vari-
ous criteria have been proposed in recent literatures to
qualitatively or quantitatively characterize quantum non-
Markovianity based on different considerations [3, 4, 5,
6, 7]. Each of the characterizations captures a certain
aspect of quantum non-Markovianity and exhibits some
unique feature, while they do not coincide in general [8].
A universal definition of quantum non-Markovianity is
still lacking and might not exist.

In this work, we mainly investigate the quantum non-
Markovianity from the informational perspective, and
propose several closely related, but conceptually different

∗songhongting@qxslab.cn
†mao@amss.ac.cn

definitions (or conventions) for non-Markovianity. The
measures based on mutual information, Fisher informa-
tion matrix, and Rényi entropy are introduced, respec-
tively.

2 Several Approaches

In this section, we mainly introduce three measures
of non-Markovianity from the informational perspec-
tive. Mutual information, Fisher information matrix and
Rényi entropy are adopted separatively.

(1)Non-Markovianity via mutual information. Moti-
vated by the idea of exploiting the correlations between
the system and an arbitrary ancillary system (rather
than only the purification counterpart of the system),
we introduced a conceptually simple, mathematically
computable, and physically intuitive measure for non-
Markovianity by use of quantum mutual information.

Consider a bipartite state ρsa on space H ⊗Ha, with
H the system space and Ha an arbitrary ancillary space.
If the quantum dynamics Λ = {Λt, t ≥ 0} on system
space is Markovian, the total correlations in the evolv-
ing state ρsat = (Λt ⊗ 1)ρsa quantified by its quantum
mutual information I(ρsat ) is a monotonically decreasing
function of t ≥ 0. Any violation of this monotonicity (i.e.,
d
dtI(ρsat ) ≤ 0) is an indication for non-Markovianinty of
the dynamics {Λt}. From this, we may introduce a mea-
sure for non-Markovianity as follows:

NM (Λ) = sup
ρsa

∫
(d/dt)I(ρsat )>0

d

dt
I(ρsat )dt.

While the above measure is fundamental, its evaluation
is complicated due to the formidable optimization. For-
tunately, in practice we may use the following simplified
version as a significant substitute, which is intuitive in its
own right: We take Ha = H and let ρsa = |Φ〉〈Φ| be any
maximally correlated pure state between the system and
the ancillary Ha, then we come to an alternative measure
for non-Markovianity as follows:

NM (Λ) =

∫
(d/dt)I(ρsat )>0

d

dt
I(ρsat )dt.
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Here ρsat = (Λ ⊗ I)|Φ〉〈Φ|, and in general, NM is inde-
pendent of the choice of |Φ〉. This procedure for obtain-
ing a simple measure for non-Markovianity has a twofold
meaning: Firstly, in mathematics, the correspondence
between an operation and a bipartite state as stipu-
lated by the above equation is precisely the Jamio lowski-
Choi isomorphism, which implies that we could exploit
the correlations structure in a bipartite state in order
to study an operation. Secondly, in physics, any mixed
state of a system can be viewed as the reduced state of
a higher-dimensional pure state, and the system is corre-
lated (both classically and quantum mechanically) with
an ancillary, then the action of a quantum operation on
the system state can be studied via the correlations be-
tween the system and the ancillary. The measure NM (Λ)
for non-Markovianity can be straightforwardly evaluated
for both discrete and continuous variable systems.

(2)Non-Markovianity via quantum Fisher information
matrix. Assume that the initial system state has the
typical form ρ(0) = |Φ〉〈Φ| with

|Φ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉,

where θ ∈ [0, π) and φ ∈ [0, 2π) are parameters which
may be regarded as encoding the amplitude and phase
information, respectively, |0〉 and |1〉 are the eigenvectors
of the Pauli spin matrix σ3. The information content of
all parameters contained in the state ρ(t) can be quanti-
fied by the Fisher information matrix

F (t) =

(
Fθ(t) Fθφ(t)
Fφθ(t) Fφ(t)

)
with Fθ(t) = trρtL

2
θ, Fφ(t) = trρtL

2
φ, and Fθφ(t) =

Fφθ(t) = 1/2trρt(LθLφ + LφLθ), where Lθ and Lφ are
the symmetric logarithmic derivatives for the parameters
θ and φ defined by

∂

∂θ
ρt =

1

2
(ρtLθ + Lθρt),

∂

∂φ
ρt =

1

2
(ρtLφ + Lφρt),

respectively. Since L†θ = Lθ and L†φ = Lφ, the quantum
Fisher information matrix F (t) is Hermitian. Perform in-
tegration with respect to the uniform distribution dΩ =
1
4π sin θdθdφ of the parameters θ ∈ [0, π), φ ∈ [0, 2π) on
the unit Bloch sphere, we remove the dependence of the
Fisher information matrix on particular values of param-
eters, and get the following averaged Fisher information
matrix

F̄ (t) =

(
F̄θ(t) F̄θφ(t)
F̄φθ(t) F̄φ(t)

)
with F̄θ(t) =

∫
Fθ(t)dΩ, F̄φ(t) =

∫
Fφ(t)dΩ, and

F̄θφ(t) = F̄φθ(t) =
∫
Fθφ(t)dΩ.

Motivated by the intuitive and plausible idea that
Markovian dynamics usually leads to loss of information,
and thus should never increase the information content
of the parameters encoded in the states, it is desirable

to define a quantum dynamics to be Markovian in the
sense of decreasing quantum Fisher-information (abbre-
viated as FI-Markovian) if the averaged quantum-Fisher-
information matrix F̄ (t) monotonously decreases with
time t ≥ 0. In other words, if the derivative matrix
d
dt F̄ (t) is always nonpositive definite, i.e., the eigenval-

ues of the Hermitian matrix d
dt F̄ (t), denoted as λ1(t) and

λ2(t), are nonpositive, then we say that Λ = {Λt, t ≥ 0}
exhibits FI-Markovianity. Any violation of this mono-
tonicity is an indication for FI-non-Markovianity. A
quantitative measure for FI-non-Markovianity may be
defined in terms of λ(t) = max{λ1(t), λ2(t)} as

NFI(Λ) =

∫
λ(t)>0

λ(t)dt.

Other measures can also be proposed in a similar spirit.
(3) Non-Markovianity via quantum Rényi entropy.

Since the nondivisibility originating from the nonunital
aspect cannot be revealed by the non-Markovianity mea-
sure based on the information flow [9], we only consider
the unital dynamics in this work. Apart from the prac-
tical relevance, quantum unital channels exhibit many
special properties, and for sufficiently large dimensions,
the problems on general channels can be reduced to their
unital counterparts [10].

Here we introduce an alternative measure based on the
quantum Rényi entropy

Sα(ρ) =
1

1− α
log2 Trρα,

with α ∈ (0, 1) ∪ (1,∞) its order, to detect quantum
non-Markovianity for unital dynamics. Quantum Rényi
entropy constitutes a family of information measures and
turns out to be important in several fields of quan-
tum physics, such as quantum communication proto-
cols and quantum correlations [11, 12]. By investigat-
ing the monotonic property of quantum Rényi entropy
under unital dynamics, a new witness of quantum non-
Markovianity is proposed. In this formalism, no aux-
iliary system and extra state is needed, thus making
it easy to compute and tractable in experiment. Pre-
cisely, for a unital dynamcis Λ = {Λt, t ≥ 0}, it is de-
fined to be Markovian via Rényi α-entropy, denoted as
R-Markovian, if d

dtSα(Λt(ρ0)) ≥ 0 for all t ≥ 0. Any
violation of the monotonicity of the Rényi α-entropy
is regarded as an indication for the quantum R-non-
Markovianity, and the corresponding measure of the
amount of non-Markovianity is given as follows

NR(Λ) = max
ρ0

∫
dSα(ρt)

dt <0

−dSα(ρt)

dt
dt (1)

where ρt = Λt(ρ0) and the maximization is taken over all
the initial states ρ0.

For the single qubit case, the measure can be rewritten
as

NR(Λ) = max
ρ0

∫
d|ρt|
dt <0

−h(α, t)
d

dt
|ρt|dt. (2)

with |ρt| = ρ00t ρ
11
t − |ρ01t |2 being the determinant of ρt.
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3 Examples and discussions

Since phase damping and random unitary operation
are two typical dynamics, we investigate the applica-
tions of these new proposed characterizations of quan-
tum non-Markovianity by these two examples. The com-
parison with the existing measures of quantum non-
Markovianity, such as the ones based on information flow
and based on divisibility, is also presented.

Example 1. Consider the phase damping dynamics of
the qubit system described by the following time-local
master equation

d

dt
ρt = γ(t)(σzρtσz − ρt), t ≥ 0,

where γ(t) is the time-dependent dephasing rate deter-
mined by the spectral density of the reservoir. It is obvi-
ous that this dynamics is unital, and for arbitrary initial
state ρ0, the evolving state can be expressed as

ρt = Λt(ρ0) =

(
ρ000 ρ010 f(t)

ρ100 f(t) ρ110

)
,

where f(t) = e−2
∫ t
0
γ(s)ds. The determinant of the state is

|ρt| = ρ000 ρ
11
0 − |ρ010 |2f2(t), with the derivative d|ρt|/dt ∝

f2(t)γ(t).
In this case, it turns out that γ(t) < 0 is the common

criteria for the three different kinds of non-Markovianity.
Example 2. Consider a qubit system suffering from a

random unitary channel {Λt, t ≥ 0}governed by the
following equation

Λt(ρ0) =
3∑
i=0

pi(t)σiρ0σi, t ≥ 0,

with p0 = (1 +
∑3
j=1 λj(t))/4 and pi = λi(t)/2 +

(1 −
∑3
j=1 λj(t))/4, i = 1, 2, 3 in which λi(t) =

e2
∫ t
0
(γi(s)−

∑3
j=1 γj(s))ds.

We are restricted to the particular case pi(t) = ai[1−
p0(t)], i = 1, 2, 3, and a1 = a2 = a ∈ [0, 1/2], then a3 =
1−2a ∈ [0, 1]. For an arbitrary state ρ0, the output state
after this random unitary dynamics turns out to be

ρt =

(
ρ00t ρ01t
ρ01t
∗

1− ρ00t

)
with

ρ00t =
[
p0(t) + (1− 2a)(1− p0(t))

]
ρ000 + 2a(1− p0(t))ρ110 ,

ρ01t =
[
p0(t)− (1− 2a)(1− p0(t))

]
ρ010 .

By complicated calculation, we found that there exists
hierarchial relationship between these non-Markovianity
criteria, namely, non-Markovianity via mutual informa-
tion implies FI-non-Markovianity, which in turns implies
R-non-Markovianity, which is equivalent to the famous
BLP-non-Markovianity. However, this hierarchial rela-
tionship may not hold in general.

4 Conclusions

In this paper, we have listed three different kinds of
quantum non-Markovianity criteria and their induced
measures from informational perspective, and illustrated
their effectiveness by two typical examples. Finding more
intrinsic feature of quantum non-Markovianity need our
further investigation. Many works have been done ex-
ploring and showing the usefulness of non-Markovian
quantum dynamics to assist certain tasks. With no
doubts, a powerful criterion and measure for non-
Markovianity can certainly promote the development of
quantum information theory.
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The device-independent approach to physics is one where conclusions are drawn directly and
solely from the observed correlations between measurement outcomes. In quantum information,
this approach allows one to make strong statements about the properties of the underlying devices
via the observation of Bell-inequality-violating correlations. However, since one can only perform a
finite number of experimental trials, an important gap remains between the many theoretical tools
developed for such purposes and the experimentally obtained raw data. In particular, a sensible
way to estimate the true quantum distribution has so far remained elusive. Here, we propose a few
methods to bridge this gap. Under the assumption that the experimental trials are independent and
identically distributed, our methods allow one to achieve the analog of quantum state estimation
in the device-independent setting by generating unique point estimates of the true quantum distri-
bution. In addition, we provide strong numerical evidence showing that these estimates converge
toward the true quantum distribution with a rate at least as good as the relative frequencies. We
further demonstrate how these estimates of the true distribution can be used to provide sensible
estimates of certain desired properties of the system, such as the amount of entanglement present
in the measured system.

One of the primary goals of quantum information is to
exploit features unique to quantum systems to achieve
tasks that are not possible when we only have access to
classical resources. For example, in device-independent
quantum information, one seeks to conclude about the
nature of the employed devices (or the privacy of their
outputs) directly from the observed correlations between
measurement outcomes. Indeed, robust characterizations
of quantum systems and instruments can be achieved
with minimal assumptions [1, 2]. To date, a couple of
theoretical tools have been developed for this purpose
and a common assumption that they share is that the
observed correlations satisfy physically-motivated condi-
tions of non-signaling [3, 4].

In practice, however, if one directly uses the raw corre-
lations given by the relative frequencies of experimental
outcomes for these tools, one is doomed to fail. Due to
finite statistics, raw correlations generically do not sat-
isfy the aforementioned conditions. As such, this mis-
match has rendered these tools inapplicable in essentially
all practical situations. Are there means to bridge this
gap? And more generally, how should one obtain a sen-
sible estimate of the underlying distribution for specific
quantities of interest? Here, we propose a few meth-
ods that would allow us to regularize these raw data and
hence obtain direct estimates of the true quantum dis-
tribution. Moreover, it allows us to apply algorithmic
tools to obtain sensible device-independent estimates for
various quantities of interest, see Figure 1.

It is worth noting that there have been attempts to
perform such regularizations for device-independent es-
timations [5, 6] and for the quantification of nonlocal-

ity [7]. However, these proposals turn out to su↵er from
some serious drawbacks, such as giving non-physical or
non-unique estimates. Likewise, it is tempting to per-
form device-independent parameter estimation using the
amount of Bell-inequality violation evaluated from the
relative frequencies (see, e.g., [6, 8]). However, since any
device-independent estimation based on the amount of
Bell-inequality violation presupposes (see, e.g., [9–12])
that the correlation leading to this violation satisfies the
non-signaling conditions, the validity of such an estimate
may be questionable.
As a first step toward answering the above questions,

we consider the simplest Bell scenario where Alice and
Bob share a quantum resource between them and are
allowed to perform two binary-outcome measurements.
The correlations between their measurements outcomes
are described by the vector of joint conditional distribu-
tions ~

P = {P (ab|xy)}
a,b,x,y

. The underlying distribu-

tion, ~

P , is known to satisfy the so-called non-signaling
conditions [3, 4]. Thus, their marginal distributions are
well-defined and independent of the measurement choice
of the distant parties, i.e.,

P (a|xy) ⌘
X

b

P (ab|xy) = P (a|xy0), 8 a, x, y, y0,

P (b|xy) ⌘
X

a

P (ab|xy) = P (b|x0
y), 8 b, x, x0

, y.

(1)

Here, a, b are labels for the outcomes of Alice and Bob,
while x, y are the corresponding labels for their measure-
ment choices.
Under the assumption that the trials are independent
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Experiment Rel. freq.

point estimate

Parameter estimate
e.g. negativity

counts regularization

DI algorithm

Bell violation

Figure 1. Steps involved in a device-independent param-
eter estimation through the regularization of experimentally
determined relative frequencies ~f , under the assumption that
the experimental trials are independent and identically dis-
tributed. Here, we focus on regularization methods which
employ the almost-quantum set [13] Q̃ = Q̃1 as an approx-
imation to the quantum set, thus mapping the relative fre-
quencies ~f to some unique regularized correlations ~PReg(~f).
In the step of parameter estimation, a better approximation
specified by Q̃`0 may be needed. An alternative path (dashed
lines) to device-independent estimation using the magnitude
of the observed Bell violation has also been considered in the
literature. Although seemingly simpler, the prospect of ob-
taining a good estimate in this case relies strongly on using
the right Bell inequality (see Figure 3 of the technical draft
for an example). In contrast, in the parameter estimation via
regularization, we obtain, as a byproduct, an optimized Bell
inequality (which can be used a witness) for the corresponding
parameter estimation.

and identically distributed (i.i.d.), the underlying distri-
bution ~

P can be estimated by computing the relative
frequencies ~

f , i.e., P (ab|xy) ⇠ f(ab|xy) = N

abxy

N

xy

where

N

abxy

is the number of coincidences registered for the
combination of outcomes and settings (a, b, x, y) while
N

xy

=
P

ab

N

abxy

is the total number of trials pertaining
to the measurement choice (x, y). While this estimate
of the underlying distribution seems intuitive, due to fi-
nite number of trials, such an estimation generally does
not satisfy (1). As mentioned above, this discrepancy
between theory and practice immediately renders tools
developed for device-independent estimation inapplica-
ble.
Of course, one expects from the law of large numbers

that in the asymptotic limit of trials, relative frequen-
cies of the experimental outcomes converges to the true
probability distribution and hence satisfies the minimal
requirement (1). But this limit is of course not attain-
able in practice. One must thus consider other reasonable
ways of estimating the real distributions without going
to the asymptotic limit.
What counts as a good regularization method? As a

start, we believe that it should provide a unique physical
point estimate with no dependence on the implementa-
tion. Otherwise, it may be the case that a method gives,
for the same relative frequency, two estimates, one of
which is Bell-inequality-violating but not the other . Of
course, for practical purpose, it would be desirable to
have a regularization method that can be implemented
with relative ease. Last but not least, since we are in-
terested in di↵erent quantities of the physical system,

the estimators should not overestimate quantities that
we care about. Finally, as a consistency check, the out-
put of a good regularization method should converge to
the underlying distribution in the asymptotic limit.
To this end, we propose a few regularization methods.

The first of these, dubbed the nearest quantum approxi-

mation (NQA2),1 consists of minimizing the least-square

deviation between ~

f and all correlations ~

P from the quan-
tum set Q. As is well-known, there is no simple charac-
terization of Q [14–17], this minimization can thus be
carried out, in practice, only with respect to some relax-
ations [10, 12, 14, 15] of the quantum set. Here we focus
on a pretty good superset approximation of Q known
as the almost-quantum [13] set Q̃. One can then use the
uniqueminimizer of the optimization as the output of this
regularization, i.e., ~

PNQA2
(~f) = argmin

~

P2Q̃ ||~f � ~

P ||2.
It is worth noting that the computation of ~

PNQA2
(~f)

can be cast as a semidefinite program (SDP) [18] and
thus e�ciently solved on a computer.
Evidently, from a statistical viewpoint, it is desirable

to minimize, instead, some statistical distance. A natural
choice [19–21] in this case is the Kullback-Leibler (KL)

divergence [22, 23] from some ~

P 2 Q to ~

f . In practice,
we use, as above, the almost-quantum [13] set Q̃ as an
approximation to Q. The KL regularization method then

takes the unique minimizer of DKL

⇣
~

f ||~P
⌘
as its output,

i.e., ~PKL(~f) = argmin
~

P2Q̃ DKL

⇣
~

f ||~P
⌘
. Since such an op-

timization is equivalent [19] to maximizing the likelihood
of producing the observed frequencies by ~

P 2 Q̃, the KL
method, therefore, serves as the equivalent of the maxi-
mum likelihood state estimation [24] technique employed
in standard quantum state tomography.
Given relative frequencies ~

f , how relevant are these
corresponding regularized correlations ~

PReg(~f) as point
estimates of the true quantum distribution ~

P? For
example, does ~

PReg(~f) also converge asymptotically to
~

P? As a first consistency check, we have computed for
each regularization method, the average 1-norm distance
||~PReg(~f) � ~

P ||1 between ~

P and ~

PReg(~f). For the few
quantum correlations that we have considered, our re-
sults clearly indicate that for both the aforementioned
methods, ~

PReg(~f) converges to ~

P as Ntrials increases. In
particular, as can be seen in Figure 4 of the attached
technical draft, their distance evidently diminishes as 1p

N
(which is of the same scaling as the relative frequencies).
Moreover, from the uniqueness of these estimators and
the non-negativity of distance measures, it can be shown
that our estimators are consistent [25], in the sense that
they provide estimates that do converge to the true quan-
tum distribution in the limit of Ntrials ! 1.

1
The subscript “2” signifies that the approximation is nearest in

the sense of having least 2-norm deviation.
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Another relevant question to ask is the likelihood of
~

PReg(~f) 2 Q. Indeed, from our numerical studies, we
found that our choice of using the almost quantum set Q̃
as our approximation of Q has little bearing on the qual-
ity of our estimate of the true distribution. In particu-
lar, our numerical results show that very often, ~PReg(~f) is
quantitatively indistinguishable to tighter approximation
of Q (see technical draft for details).
Having established the confidence that our methods

provide reliable point estimate of the true quantum dis-
tribution, we now take a step further to consider device-
independent parameter estimations (Figure 1). In the
attached technical draft, we show the results for entan-
glement estimation based on the regularized relative fre-
quencies obtained from an ideal quantum distribution.
In contrast with the analysis presented in [26] for the
device-dependent scenario, our estimators clearly system-

atically underestimate (on average) the amount of nega-
tivity present. Although such underestimations are ex-
pected to be present for any finite Ntrials, our separate
analysis reveals that the bias essentially diminishes as

1p
Ntrials

.

The regularization methods that we have discussed
above evidently do not exhaust all possibilities. But for
any given raw experimental data ~

f , a sensible regular-
ization method should provide a unique and physical es-
timate of the true quantum distribution ~

PReg(~f). The
approach employed in [5–7] either fails the physical or
the uniqueness requirement. In contrast, our methods
give unique and sensible physical estimations for proper-
ties of interests. These methods can thus be the first step
to bridge the gap present between experimental data and
theoretical tools developed for device-independent quan-
tum information.

[1] D. Mayers and A. Yao, in Proceedings 39th Annual
Symposium on Foundations of Computer Science (Cat.
No.98CB36280) (1998) pp. 503–509.

[2] D. Mayers and A. Yao, Quant. Inf. Comput. 4, 273
(2004).

[3] S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994).
[4] J. Barrett, N. Linden, S. Massar, S. Pironio, S. Popescu,

and D. Roberts, Phys. Rev. A 71, 022101 (2005).
[5] J.-D. Bancal, L. Sheridan, and V. Scarani, New J. Phys.

16, 033011 (2014).
[6] S. Schwarz, B. Bessire, A. Stefanov, and Y.-C. Liang,

New J. Phys. 18, 035001 (2016).
[7] C. Bernhard, B. Bessire, A. Montina, M. Pfa↵hauser,

A. Stefanov, and S. Wolf, J. Phys. A: Math. Theo. 47,
424013 (2014).

[8] B. G. Christensen, K. T. McCusker, J. B. Altepeter,
B. Calkins, T. Gerrits, A. E. Lita, A. Miller, L. K.
Shalm, Y. Zhang, S. W. Nam, N. Brunner, C. C. W.
Lim, N. Gisin, and P. G. Kwiat, Phys. Rev. Lett. 111,
130406 (2013).

[9] J.-D. Bancal, N. Gisin, Y.-C. Liang, and S. Pironio,
Phys. Rev. Lett. 106, 250404 (2011).

[10] T. Moroder, J.-D. Bancal, Y.-C. Liang, M. Hofmann,
and O. Gühne, Phys. Rev. Lett. 111, 030501 (2013).

[11] Y.-C. Liang, D. Rosset, J.-D. Bancal, G. Pütz, T. J.
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10, 073013 (2008).

[16] A. C. Doherty, Y.-C. Liang, B. Toner, and S. Wehner, in
Proceedings of the 2008 IEEE 23rd Annual Conference on
Computational Complexity , CCC ’08 (IEEE Computer
Society, Washington, DC, USA, 2008) pp. 199–210.

[17] A. W. Harrow, A. Natarajan, and X. Wu, “Limitations of

semidefinite programs for separable states and entangled
games,” eprint quant-ph arXiv:1612.09306 (2016).

[18] S. Boyd and L. Vandenberghe, Convex Optimization
(Cambridge University Press, New York, NY, USA,
2004).

[19] W. van Dam, R. D. Gill, and P. D. Grunwald, IEEE
Trans. Inf. Theory 51, 2812 (2005).
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The device-independent approach to physics is one where conclusions are drawn directly and
solely from the observed correlations between measurement outcomes. In quantum information,
this approach allows one to make strong statements about the properties of the underlying devices
via the observation of Bell-inequality-violating correlations. However, since one can only perform a
finite number of experimental trials, an important gap remains between the many theoretical tools
developed for such purposes and the experimentally obtained raw data. In particular, a sensible way
to estimate the underlying quantum distribution has so far remained elusive. Here, we propose a
few methods to bridge this gap. Under the assumption that the experimental trials are independent
and identically distributed, our methods allow one to achieve the analog of quantum state estima-
tion in the device-independent setting by generating unique point estimates of the true quantum
distribution. In addition, we provide strong numerical evidence showing that these estimates con-
verge toward the underlying distribution with a rate at least as good as the relative frequencies. We
further demonstrate how these estimates of the true quantum distribution can be used to provide
sensible estimates of certain desired properties of the system, such as the amount of entanglement
present in the measured system.

Amilestone discovery in physics is that the quest for an
intuitive understanding of quantum correlations through
events in spacetime is doomed to fail [1, 2]. This seminal
discovery by Bell [1] has not only forced us to change our
worldview, but has also initiated an operational approach
to physics, where one tries to learn about the nature of
physical systems directly from the observed correlations
between measurement outcomes.
In quantum information, this has led to the device-

independent paradigm [3, 4], where the nature of the de-
vices employed are deduced directly from the measure-
ment statistics [5, 6]. Consequently, robust character-
izations of quantum systems and instruments are now
possible with minimal assumptions. Likewise, the distri-
bution of shared secret keys [7–9] and the generation of
random bits that are guaranteed to be secure by the laws
of physics [10–12] are now possibilities at our disposal.
Crucially, in order to make non-trivial statements from

the observed correlations, the latter have to be Bell-
inequality [1] violating. Thus, in their modern incar-
nation, Bell inequalities are powerful tools for device-
independent quantum information processing. In princi-
ple, since the full measurement statistics is available from
a Bell-type experiment, one could hope to make stronger
conclusions utilizing all such information [13–16], rather
than relying only on the extent to which certain Bell in-
equality is violated.
In fact, various theoretical tools taking into account

the full data have been developed for device-independent

⇤ ycliang@mail.ncku.edu.tw

characterizations: from the nature of the (multipar-
tite) entanglement [17–19] present to their quantifica-
tion [20, 21], from the steerability [22] of the underly-
ing state to the incompatibility of the measurements em-
ployed [23, 24], and from the minimal compatible Hilbert
space dimension [25–27] to the self-testing [5, 6] of quan-
tum apparatus [28, 29] etc. Stemming from the superset
characterization of the set of quantum distributions due
to Navascués-Pironio-Aćın (NPA) [30, 31], a common as-
sumption that they share is that the observed correla-
tions satisfy the physically-motivated conditions of non-
signaling [32, 33].

In practice, however, these raw correlations estimated
from the relative frequencies of experimental outcomes—
due to finite statistics—generically do not satisfy the
aforementioned conditions. As such, the tools described
above cannot be directly applied to experimentally ob-
served statistics. Although techniques based on hy-
pothesis testing have been used to demonstrate some
device-independent characteristics in the presence of fi-
nite statistics [11, 34–36], such approaches are problem-
specific, and it is not yet known how to pursue them for
the general problem of device-independent estimations.
Here, we consider the alternative approach proposed by
estimation theory, which consists in constructing a point
estimate from the observed frequency for the underlying
quantum distribution. In particular, we propose a few
methods that would allow us to regularize these raw data
and hence obtain a direct estimation of all quantities of
interest mentioned above through the corresponding the-
oretical techniques.

Although there have been attempts to perform such
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regularizations for device-independent estimations [15,
37] and for the quantification of nonlocality [38], these
proposals turn out to su↵er from some serious drawbacks.
Likewise, it is tempting to perform device-independent
parameter estimation using the amount of Bell-inequality
violation evaluated from the relative frequencies (see,
e.g., [37, 39]). However, since any device-independent es-
timation based on the amount of Bell-inequality violation
presupposes (see, e.g., [17, 19, 20, 23]) that the correla-
tion leading to this violation satisfies the non-signaling
conditions, the validity of such an estimate may be ques-
tionable. Even if we disregard the statistical fluctuations
due to finite samples, it is worth noting that a priori

it is not always obvious which Bell inequality will pro-
vide an optimal estimate for the parameter of interest.
To complicate matters further, physically equivalent [40]
Bell inequalities have also been found [41] to give very
di↵erent statistical properties.
Indeed, regularization is a widely-employed practice

in experimental quantum information, especially in the
context of quantum tomography (see, e.g., [42–44] and
references therein). The methods that we propose can
thus be seen as data-processing techniques for quantum
state estimation [45] in the device-independent context,
in accordance to di↵erent figures of merit. Moreover, as
we shall demonstrate, these regularized distributions al-
low us to apply the algorithmic tools mentioned above to
obtain sensible device-independent estimates for various
quantities of interest, see Figure 1.

Experiment Rel. freq.

point estimate

Parameter estimate
e.g. negativity

counts regularization

DI algorithm

Bell violation

,

Figure 1. Steps involved in a device-independent param-
eter estimation through the regularization of experimentally
determined relative frequencies ~

f , under the assumption that
the experimental trials are independent and identically dis-
tributed. Here, we focus on regularization methods which
employ the almost-quantum set [46] Q̃ = Q̃1 as an approx-
imation to the quantum set, thus mapping the relative fre-

quencies ~

f to some unique ~

PReg(~f), ~P
.Q̃

`

Reg (~f) 2 Q̃. In the step
of parameter estimation, a better approximation specified by
Q̃`0 may be needed (see texts in page 4 on how one may
cater for this di↵erence). An alternative path (dashed lines)
to device-independent estimation using the magnitude of the
observed Bell violation has also been considered in the litera-
ture. Although seemingly simpler, the prospect of obtaining
a good estimate in this case relies strongly on using the right
Bell inequality (see Figure 3 for an example). In contrast, in
the parameter estimation via regularization, we obtain, as a
byproduct, an optimized Bell inequality (which can be used
a witness) for the corresponding parameter estimation.

Preliminaries.—The starting point of device-
independent estimations is a Bell experiment. Consider

now the simplest Bell scenario where Alice and Bob
are each allowed to perform two possible measurements
on their share of the quantum system — we label
their measurement settings, respectively, by x 2 {0, 1}
and y 2 {0, 1}, and the corresponding (binary) mea-
surement outcomes by a 2 {0, 1} and b 2 {0, 1}.
Generalization of our discussion to other generic Bell
scenarios is obvious from the context. The correlations
between their measurement outcomes can be summa-
rized by the vector of joint conditional distributions
~

P = {P (ab|xy)}
a,b,x,y

2 R16 (see Appendix A 1).
Denote by ⇢ the state shared by Alice and Bob,

and byM

A
a|x (MB

b|y) the positive-operator-valued-measure

(POVM) elements associated with their measurements.
Born’s rule dictates that measurement outcomes occur
according to the conditional probability distributions:

P (ab|xy) Q
= tr

⇣
⇢M

A
a|x ⌦M

B
b|y

⌘
8 a, b, x, y, (1)

where the positivity and normalization of probabili-
ties demand that M

A
a|x,M

B
b|y ⌫ 0 and

P
a

M

A
a|x =

I
A

,

P
b

M

B
b|y = I

B

(the identity matrix). Throughout,
we use Q to denote the set of quantum correlations, i.e.,
the collection of ~P that can be cast in the form of Eq. (1)
for some state ⇢ and some local POVMs.
Quantum correlations are known to satisfy the so-

called non-signaling conditions [32, 33]. Thus, their
marginal distributions are well-defined and independent
of the measurement choice of the distant parties, i.e.,

P (a|xy) ⌘
X

b

P (ab|xy) = P (a|xy0), 8 a, x, y, y0,

P (b|xy) ⌘
X

a

P (ab|xy) = P (b|x0
y), 8 b, x, x0

, y.

(2)

In an experiment, the distribution P (ab|xy) of Eq. (1)
[under the assumption that the trials are independent
and identically distributed (i.i.d.)] can be estimated
by computing the relative frequencies, i.e., P (ab|xy) ⇠
f(ab|xy) = N

abxy

N

xy

where N

abxy

is the number of coinci-

dences registered for the combination of outcomes and
settings (a, b, x, y) while N

xy

=
P

ab

N

abxy

is the total
number of trials pertaining to the measurement choice
(x, y).
Of course, one expects from the law of large num-

bers that in the limit of a large number of trials, i.e.,
when Ntrials = min

x,y

N

xy

! 1, the di↵erence be-

tween the true distribution ~

P and the relative frequen-
cies ~

f = {f(ab|xy)}
a,b,x,y

, as quantified by their total

variation distance k�~Pk1 = 1
2

���~P � ~

f

���
1
vanishes (see

Appendix A2). In practice, as one can only perform a
finite number of trials, we inevitably have k�~Pk1 6= 0.
In fact, even the weaker requirement of the non-signaling
conditions, cf. Eq. (2), are typically violated. As men-
tioned above, this discrepancy between theory and prac-
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tice immediately renders many of the tools developed for
device-independent estimation inapplicable.
Regularization methods.—As a first attempt to bridge

this gap, one may consider projecting the observed fre-
quencies ~f into an a�ne subspace N of R16 which con-
tains only ~

P ’s that satisfy Eq. (2). There is no unique
way to perform this projection. However, if one further
demands that this projection (via the corresponding pro-
jector ⇧) commutes with all relabelings [40], i.e., all pos-
sible permutations of the labels for parties, settings and
outcomes (e.g., a = 0 $ a = 1), then it is uniquely de-
fined, and is equivalent to finding the minimizer of the
least-square deviation problem: min

~

P2N ||~f � ~

P ||2 (see
Appendix B for details). Henceforth, we refer to this
regularization as the projection method. Although pre-
sented di↵erently, the regularization invoked in [15] is
precisely the projection method.
While the application of the projection method to re-

move signaling components of ~f is intuitive and straight-
forward, it su↵ers from a serious drawback — its out-
put ~

P⇧(~f) = ⇧~f may give “negative probabilities” and
thus becomes unphysical (see Appendix B for an ex-

ample). Moreover, even when ~

P⇧(~f) represents a le-
gitimate correlation vector, there is no guarantee that
~

P⇧(~f) 2 Q. To this end, we thus propose a second regu-
larization method, dubbed the nearest quantum approxi-

mation (NQA2),1 which consists of minimizing the least-

square deviation between ~

f and all correlations ~P from
the quantum set Q, instead of N � Q. As is well-known,
there is no simple characterization of Q [30, 31, 47, 48],
this minimization can thus be carried out, in practice,
only with respect to some relaxations [20, 23, 30, 31] of
the quantum set. To fix ideas, we hereafter focus on a
pretty good superset approximation of Q known as the
almost-quantum [46] set Q̃ (this is also the lowest-level of
the hierarchy Q̃

`

of approximations to Q discussed in [20]
and [49], i.e., Q̃1 = Q̃ and Q̃

`

✓ Q̃
`�1 for all ` � 2). One

can then use the unique minimizer (see Appendix F) of
the optimization as the output of this regularization, i.e.,
~

PNQA2
(~f) = argmin

~

P2Q̃ ||~f � ~

P ||2.
Alternatively, by mixing ~

P⇧(~f) with an appropriate
amount of uniformly-random distribution ~

PI, one can
always obtain a convex mixture that lies in Q (and
hence Q̃). This suggests the possibility of using the

unique, least-perturbed mixture in Q̃, i.e., ~

P⇧.

(~f) =

max
v2[0,1] v

~

P⇧(~f)+(1�v)~PI 2 Q̃ as the output of a reg-
ularization procedure, which we refer to as the modified-
projection (M-projection) method. It is worth noting

that both the computation of ~PNQA2
(~f) and ~

P⇧.

(~f) can
be cast as a semidefinite program (SDP) [50] (see Ap-
pendix C 2) and thus e�ciently solved on a computer.

1 The subscript “2” signifies that the approximation is nearest in
the sense of having least 2-norm deviation.

Evidently, from a statistical viewpoint, it is desirable
to minimize, instead, some statistical distance. A natural
choice [51–53] in this case is the Kullback-Leibler (KL)
divergence [54, 55] (see also Appendix A 2) from some
~

P 2 Q to ~

f , defined as :

DKL

⇣
~

f ||~P
⌘
=
X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
, (3)

where f(xy) is the relative frequency in which the combi-
nation of measurement settings labeled by (x, y) is cho-
sen. The KL regularization method then takes the unique

minimizer of DKL

⇣
~

f ||~P
⌘

as its output, i.e., ~PKL(~f) =

argmin
~

P2Q̃ DKL

⇣
~

f ||~P
⌘
. Since such an optimization is

equivalent [51] to maximizing the likelihood of produc-
ing the observed frequencies by ~P 2 Q̃ (see Appendix D),
the KL method therefore serves as the equivalent of the
maximum likelihood state estimation [45] technique em-
ployed in standard quantum state tomography. Impor-
tantly, the nonlinear optimization problem involved in
the KL method can also be e�ciently solved via existing
software packages like the splitting conic solver (SCS) [56]
or PENLAB [57] (see Appendix D 2 for details).
Quality of point estimates.—How relevant are these

~

PReg(~f) as point estimates of the true quantum distri-
bution ~

PQ? To gain insights into this, we carry out ex-
tensive numerical experiments according to the following
procedure: (i) Pick an ideal ~PQ of interest (ii) Numeri-
cally simulate the outcomes of a Bell experiment to gen-
erate the relative frequencies ~

f of outcomes according
to the multinomial distribution of ~PQ (iii) Compute the

point estimate ~

PReg(~f) based on the methods proposed
above and calculate various quantities of interest (iv) Re-
peat steps (i)-(iii) 104 times forNtrials = 102, 103, . . . , 1010

for all x, y. For simplicity, we take N

xy

= Ntrials, i.e.,
a constant independent of x, y [this amounts to setting
f(xy) as a constant in Eq. (3)].
As a first consistency check, we have computed for

each regularization method, the average 1-norm distance
||~PReg(~f)� ~

PQ||1 between ~

PQ and the corresponding regu-

larized correlation ~

PReg(~f). For the few ~

PQ that we have
considered (see Appendix E 1), our results clearly indi-

cate that for all the aforementioned methods, ~

PReg(~f)
converges to ~

PQ as Ntrials increases (see Appendix E 2).
In particular, their distance evidently diminishes, as with
~

f , as 1p
Ntrials

.

Recall from the above discussions that by virtue of the
di�culty involved in characterizing the quantum set Q,
the estimate ~PReg(~f) obtained via a regularization proce-
dure is not necessarily quantum realizable, cf. Eq. (1).

Then, how likely is ~

PReg(~f) 2 Q? Again, due to the
di�culty involved in characterizing Q, it is not possi-
ble to answer this question directly. Nonetheless, one
can again make use of some superset characterizations of
Q [20, 23, 30] to gain some insights into this.
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For example, for each ~

PReg(~f) and for each super-
set approximation Q̃

`

of Q discussed in [20, 49], one
can, in analogy to the M-projection method, determine
the least-perturbed convex mixture of ~

PReg(~f) and ~

PI
that lies in Q̃

`

. Denoting this optimal mixture by
~

P

.Q̃
`

Reg (~f), we see that the quantity d

.Q̃
`

Reg (~f) := ||~P .Q̃
`

Reg (~f)�
~

PQ||1/k~PReg(~f) � ~

PQ||1 provides a means to quantify

the quality of our estimate ~

PReg(~f) with respect to Q̃
`

.
Specifically, if only a tiny “white-noise-correction” is
needed to make ~PReg(~f) a member of Q̃

`

, then ~

P

.Q̃
`

Reg (~f) ⇡
~

PReg(~f) and d

.Q̃
`

Reg (~f) ⇡ 1, see Figure 2. Generically, due
to imprecisions involved in the numerical computation of
~

PReg, and the di↵erence between Q̃ and Q̃
`

for all ` > 1,

one expects d.Q̃`

Reg (~f) 6= 1. However, for a good regulariza-
tion method, we expect that for su�ciently large Ntrials,
d

.Q̃
`

Reg (~f) ⇡ 1 for all `.

regul.

sam
pled from

Figure 2. In evaluating d

.Q̃
`

Reg (~f), its numerator ||~P .Q̃
`

Reg (~f) �
~

PQ||1 and its denominator k~PReg(~f)� ~

PQ||1 quantify, respec-

tively, the 1-norm distance from the true distribution ~

PQ to

the least-perturbed mixture ~

P

.Q̃
`

Reg (~f) and the regularized dis-

tribution ~

PReg(~f). A good estimate ~

PReg(~f) should be close

to ~

PQ and thus near to Q̃` for all ` � 1.

Indeed, our numerical results (see Figure 5 in Ap-
pendix E 3) show that, in most of the cases that we
have considered, even though the regularization was only
carried out with respect to Q̃, the regularized distri-
butions ~

PReg(~f) are essentially indistinguishable from
~

P

.Q̃4
Reg (~f) even for relatively small values of Ntrials (say,

Ntrials � 103). The only exception to these happens, as
expected, when the ~

PQ chosen lies at the boundary of
Q but strictly inside Q̃ and in this case, we see that for
some ~f , d.Q̃`

Reg (~f) may spread as far away as 0.8 ⇠ 1.2.
Application to device-independent estimations.-Having

established the confidence that our methods provide reli-
able point estimates of ~PQ, we now take a step further to
consider device-independent parameter estimations (Fig-
ure 1). To this end, note that although the choice of
approximation to Q (namely, Q̃1, Q̃2, . . .) seems to make

only a minute di↵erence in ~

PReg(~f) with respect to the ge-
ometry, the same cannot be said for generic (algorithmic)
parameter estimations, which also requires a choice of ap-
proximation toQ. In fact, as we see below (and in [20]), a
good estimation of the underlying entanglement, e.g., via
negativity [58] generally requires the consideration of Q̃

`

(with ` � 2) even for some ideal quantum distributions.
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Figure 3. Mean value of the normalized negativity esti-
mated from the “white-noise-corrected” regularized distribu-

tions ~

P

.Q̃1
Reg (~f) and ~

P

.Q̃2
Reg (~f) (average over 104 runs) as a func-

tion of Ntrials based on the relative frequencies ~

f generated
from ~

P

⌧1.25
Q (see Appendix E 1), which gives Neg(~P ⌧1.25

Q ) ⇡
0.38244636. In estimating the negativity, ~

P

.Q̃1
Reg (~f) and

~

P

.Q̃2
Reg (~f) are fed, respectively, into an SDP that uses Q̃1 and

Q̃2 as an approximation of the quantum set Q. The lower and
upper limit of each “error bars” mark, respectively, the 10%
and 90% window of the spread of the negativity value. The
inset shows histograms of the corresponding normalized neg-
ativity value obtained with Q̃2 for Ntrials = 106. For compar-
ison, we have also included the mean value of the negativity
estimated directly from the CHSH-Bell inequality violation of
~

P

.Q̃2
Reg (~f), using Eq. (5) of [20].

Hence, it is generally essential to perform regularizations
with respect to a better approximation of Q in order to
arrive at a better device-independent negativity estima-
tion [20] from ~

f .
To illustrate the above subtleties, consider ~PQ = ~

P

⌧1,25

Q
(see Appendix E 1), a quantum distribution used in the
experimental demonstration [59] of more nonlocality with

less entanglement [60–62]. To investigate the reliability of
device-independent parameter estimation via regulariza-
tion, we again follow the numerical procedures outlined in
page 3 and feed the corresponding ~P .Q̃

`

Reg (~f) (cf. Figure 2)

into the SDP of [20] with Q̃
`

for device-independent nega-

tivity estimation. Here, we have used ~

P

.Q̃
`

Reg (~f) instead of
~

PReg(~f) for two reasons: (i) imprecisions in the numerical

computations of ~PReg(~f) generally cannot guarantee that
~

PReg(~f) 2 Q̃ but mixing ~

PReg(~f) with the appropriate
amount of ~PI ensures that the SDP becomes feasible (ii)
the negativity estimation assuming Q̃2 cannot be carried
out with the ~

PReg(~f) defined above as we have only im-

posed ~

PReg(~f) 2 Q̃1, and thus generically ~

PReg(~f) 62 Q̃2.2

2 One can also compute ~PReg(~f) by imposing the tighter require-
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In contrast with the analysis presented in [63] for the
device-dependent scenario, our estimators clearly system-
atically underestimate (on average) the amount of neg-
ativity present, see Figure 3. Indeed, since such esti-
mations based on regularized distributions are likely to
underestimate the true value of Bell-inequality violations
(see Appendix E 4), we expect the same to hold true for
any quantity that is monotonously related to some Bell-
inequality violation. Moreover, although such underesti-
mations are expected to be present for any finite Ntrials,
our separate analysis reveals that for the better estima-
tion obtained via ~P .Q̃2

Reg (~f), the bias essentially diminishes
as 1p

Ntrials
(see also Appendix E 4). In principle, one may

hope to achieve the same accuracy of estimation by con-
sidering the Bell-inequality violation of these regularized
distributions with respect to the Bell inequality that is
optimal for the negativity estimation of ~

P

⌧1.25

Q . How-
ever, the statistical fluctuation present in finite statis-
tics is likely to render, generically, this inequality [see
Eq. (E5)] suboptimal for the regularized distributions.
Discussion.- The regularization methods that we have

discussed so far evidently do not exhaust all possibilities.
For instance, one could also consider, in analogy to the
local content [64, 65], a maximization of the (almost-)

quantum content and use the corresponding maximizer
as a candidate for the regularized distribution. In Ap-
pendix G, we describe this together with a few other
plausible regularization methods and summarize their
properties in Table G 4. For any given ~

f , a sensible
regularization method should provide a unique,3 physi-
cal ~PReg(~f). But interestingly, among all the possibilities
that we have investigated, only the NQA2 method, the
KL method, their analog (dubbed, respectively, NNA2

and KLN ) where the output set is the non-signaling poly-
tope and the M-projection method fit this criterion (see
Appendix F for a proof). In contrast, the approach em-
ployed in [15, 37, 38] either fails the physical, or the
uniqueness requirement.
In fact, from the uniqueness of these estimators and

the non-negativity of distance measures, it can be shown
that our estimators are consistent [66], in the sense that
they provide an estimate that converges to the true ~

PQ
in the limit of Ntrials ! 1. Moreover, as we illustrate
in Figure 4, up to a constant factor, they appear to
have the same rate of convergence to ~

PQ as the relative
frequencies ~f , with ~

PKL(~f) converging most rapidly, fol-

lowed first by ~

PKLN (~f), only then ~

PNQA2
(~f), and finally

ment of ~PReg(~f) 2 Q̃2, but the implementation of a “white-noise-
correction” is still needed typically. Alternatively, one can view
this correction as part of the regularization process. Given the
results shown in Figure 5, we do not expect the output of these
2-step regularizations to behave fundamentally di↵erently from
those without these corrections.

3 For any given ~f , a non-unique estimator may provide a number
of ~PReg(~f)’s with very di↵erent nature.

either ~PNNA2
(~f) or ~P⇧.

(~f). A natural question that fol-
lows is whether this ordering of convergence is preserved
for all ~PQ? As noted above, the KL method is natu-
rally suited for finding the regularized distribution that
maximizes the likelihood functional. Assuming that the
answer to the last question is a�rmative, we then see that
the KL method may also be preferred over the others for
a better rate of convergence. Are the others preferred
over the KL method for some other device-independent
tasks? Answering these questions will clearly shed light
on the operational significance of these methods.
We now briefly comment on some other directions for

future research. Evidently, establishing a sensible point
estimate is only the first step towards taking the full data
into account. As with conventional quantum state esti-
mation [67–69], a natural question that follows is how
should one go about constructing a confidence region
for these estimates? To see the relevance of this, note
that even when one starts with a ~

PQ that is not Bell-
inequality-violating (and not deterministic), there is al-
ways a nonzero probability that the regularized distribu-
tion becomes Bell-inequality violating. In other words,
blindly believing in the estimate obtained by this means
without establishing the corresponding reliability can be
jeopardizing.
More generally, how does one use the full data obtained

in a Bell experiment to establish a confidence region for
the quantities of interest, with and without the assump-
tion that the experimental trial is i.i.d.? For experimen-
tally refuting local causality, randomness generation (as
quantified by the min entropy) and key distribution (as
quantified by secret key rate), some techniques that take
the full data as input have been proposed, respectively,
in [13, 14], [34, 36] and [35] but to our knowledge, no
general techniques have been proposed for quantities like
entanglement, steerability etc. Indeed, it is worth noting
that when performing a device-independent parameter
estimation utilizing the full regularized distribution ~

PReg

and SDPs, one also obtains a device-independent witness
(a Bell-like inequality) that is optimized for witnessing
the desired parameter (when assuming ~PReg). In our neg-
ativity example (Figure 3), we have seen that these op-
timal witnesses perform extremely well. What about the
estimation of other parameters? And how would these
“optimized witnesses” fare when we drop the i.i.d. as-
sumption? These are some questions that we hope to
answer in the sequel of this work.
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Appendix A: Miscellaneous definitions and
technicalities

We label the measurement settings (inputs) of Al-
ice (Bob) by x 2 X (y 2 Y) and her (his) measure-
ment outcomes (outputs) by a 2 A (b 2 B), where
X ,Y,A,B are some finite sets. The correlations be-
tween their measurement outcomes are succinctly sum-
marized by the vector of joint conditional distributions
~

P := {P (ab|xy)} 2 R|X ||Y||A||B|. Here and below, we use
|C| to denote the cardinality of the set C.

1. Sets and spaces of correlations in the more
general Bell scenario

All probability distributions are normalized and non-
negative. Thus:

X

ab

P (ab|xy) = 1 8 x, y, (A1a)

P (ab|xy) > 0 8 x, y, a, b. (A1b)

Definition 1. We write S the set of (possibly signaling)

probability distributions, those that obey (A1).

Additionally, special relativity mandates that correla-
tions obtained in a space-like separated manner obey the
non-signaling (NS) principle [32, 33], as already men-
tioned in Eq. (2) in the main text:

X

b

[P (ab|xy)� P (ab|xy0)] = 0 8 a, x, y, y0,

X

a

[P (ab|xy)� P (ab|x0
y)] = 0 8 b, x, x0

, y. (A2)

Definition 2. We write N for the set of non-signaling

correlations, those that obey (A1) and (A2).

It is worth noting that both S and N [33] are convex
polytopes [70], i.e., convex sets having a finite number
of extreme points, and are conventionally referred to, re-
spectively, as the signaling and the non-signaling poly-
tope. In Definitions 1 and 2, these sets are described
in their H-representation using linear equations and in-
equalities. As our methods are based on convex optimiza-
tion, we now describe the a�ne spaces in which these
convex sets are embedded.

Definition 3. The non-signaling a�ne space N � N
is the smallest-dimensional a�ne space containing the

set N and is given by the distributions satisfying (A1a)
and (A2). Likewise, the signaling a�ne space S � S
is the smallest-dimensional a�ne space containing S,
whose elements satisfy Eq. (A1a).

In the literature, a standard basis of the
space N is given by the Collins-Gisin ba-
sis [40]. When the outcomes are binary, corre-
lators E

xy

=
P

a,b

[P (a = b|x, y)� P (a 6= b|x, y)],
E

A

x

=
P

b

P (0, b|x, 0) � P (1, b|x, 0), E

B

y

=P
a

P (a, 0|0, y) � P (a, 1|0, y) are also widely used (see,
e.g., [71]). Further details about the parameterization
of N are provided in Appendix B.

2. Norms and distances

For any p � 1, the p-norm of a vector ~v 2 n is given
by k~vk

p

= (|v1|p+ . . .+ |v
n

|p)1/p. Some notable examples
of these are

k~vk1 =
X

i

|v
i

| (the taxicab norm),

k~vk2 =

sX

i

v

2
i

(the Euclidean norm),

k~vk1 = max
i

|v
i

| (the infinity norm).

(A3)

Since k~vk1 � k~vk2 � . . . k~vk1, if the 1-norm vanishes, so
are all the other p norms for p > 1. Each of these norms
induces a metric d

p

(~v, ~w) = k~v � ~wk
p

which satisfies the
conditions:

d(~v, ~w) � 0, d(~v, ~w) = 0 i↵ ~v = ~w, (A4a)

d(~v, ~w) = d(~w,~v), (A4b)

d(~u, ~w)  d(~u,~v) + d(~v, ~w). (A4c)

When ~v and ~w are probability distributions, the 1-
norm of their di↵erence k~v � ~wk1 is twice the total vari-

ation distance of these probability distributions. In gen-
eral, statistical distances do not need to satisfy all these
conditions. Statistical divergences, for instance, only sat-
isfy (A4a). In the main text, we consider the Kullback-
Leibler divergence (3):

DKL (~v||~w) =
X

i

v

i

log2 (vi/wi

) , (A5)

which is asymmetric and violates the triangle inequality.
We note that statistical distances are defined on uncon-

ditional probability distributions of the form P (abxy) or
f(abxy); in the present study, we set P (xy) = f(xy) =

1/|X ⇥ Y|, so that f(abxy)
P (abxy) =

f(ab|xy)
P (ab|xy) .

Appendix B: Further details about the projection
method

Here, we provide some further details about the pro-
jection method, which is closely related to the NQA2
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method, and which serves a basic ingredient of the M-
projection method. As with the main text, our discus-
sion here focuses on the simplest Bell scenario where
|X | = |Y| = |A| = |B| = 2, but generalization of many
of these arguments can also be carried out for the more
complicated Bell scenarios.

1. Equivalent definitions

The projection method can be defined in three equiv-
alent ways.

1. It is the minimizer ~P⇧(~f) of the following optimiza-
tion problem:

min
~

P2N

���~P � ~

f

���
2
=
���~P⇧(~f)� ~

f

���
2

(B1)

2. It is the non-signaling part ~fN 2 N , i.e., the first
component of the decomposition

~

f = ~

fN + ~

fSI, (B2)

where ~

fSI is the signaling component of ~f and is
orthogonal to all vectors in the a�ne subspace N .

3. It is the result

~

P⇧(~f) = ⇧~f (B3)

of the projection onto N by the linear operator
⇧, where ⇧ is uniquely determined by the set of
commutation relations ⇧M = M⇧ with M being
any permutation matrix corresponding to relabel-
ing [40] of outputs, inputs and parties.

To prove these equivalences, we use the decomposition
given in [41, Prop. in Sec. 3] for the bipartite scenario
involving binary inputs and outputs.

Proposition 1. Let V = R|A||B||X ||Y|
. There is a unique

decomposition of V into normalization, non-signaling

and signaling subspaces

V = VNO � VNS � VSI, (B4)

such that these subspaces are invariant under the rela-

beling of parties, inputs and outputs. Accordingly, any

~

P 2 V can be decomposed as:

~

P = ~

PNO + ~

PNS + ~

PSI, (B5)

and the following conditions are satisfied:

• PNO(ab|xy) = PI(ab|xy) = 1
|X ||Y| for all

~

P 2 S,

• ~

PSI = 0 for all nonsignaling distributions

~

P 2 N .

A basis of VNO, VNS, VSI is given in Table C4 of [41]; in

the bipartite scenario with |X | = |Y| = |A| = |B| =
2, their dimension is dimVNO = dimVSI = 4 while

dimVNS = 8.

Note that VNO, VNS and VSI are orthogonal under
the standard inner product. Moreover, the non-signaling
a�ne subspace N is given by ~

PI+VNS (interpreting + as
the Minkowski sum), while the signaling a�ne subspace

S 3 ~

f is given by ~

PI + VNS + VSI.
We now prove the equivalence of the first two defini-

tions of the projection method. For any ~

f 2 S ⇢ V and
~

P 2 N ⇢ V , Proposition 1 gives:

~

f = ~

fNO + ~

fNS + ~

fSI = ~

PI + ~

fNS + ~

fSI,

~

P = ~

PNO + ~

PNS + ~

PSI = ~

PI + ~

PNS. (B6)

By the orthogonality of the subspaces, we have���~P � ~

f

���
2
=
���~PNS � ~

fNS

���
2
+
���~fSI

���
2
, and thus the min-

imization of (B1) is attained by setting ~

PNS = ~

fNS, i.e.,
~

P⇧(~f) = ~

PI + ~

fNS. In the decomposition (B2), we have
~

fSI 2 VSI and thus ~fN = ~

PI+ ~

fNS. Thus the first two def-
initions given for the projection method are equivalent.
As shown in [41], the subspaces VNO, VNS and VSI

are composed of irreducible, pairwise inequivalent rep-
resentations. By Schur’s lemma [72, Prop. 4], the
projection operator defined in (B3) is block-diagonal:
⇧ = ⇧NO + ⇧NS + ⇧SI, with blocks having their do-
main and image in VNO, VNS and VSI respectively. The
definition then requires ⇧NO = NO, ⇧NS = NS and
⇧SI = 0, and thus ~P⇧(~f) = ⇧~f = ~

PI + ~

fNS. Thus, the
third definition of the projection method is equivalent to
the first two.

2. Explicit form of the projection matrix in the
simplest Bell scenario

Using the notation of [41], the projection operator ⇧
in the simplest Bell scenario where |X | = |Y| = |A| =
|B| = 2 is given by:

⇧
abxy,a

0
b

0
x

0
y

0 = 16 �
1

16

X

(i,j,k,l)2I

i

a+a

0
j

b+b

0
k

x+x

0
l

y+y

0
,

(B7)

where 16 is the 16⇥16 identity matrix, the sum
is carried out over the four quadruplets I =
{(+1,�1,�1,±1), (�1,+1,±1,�1)}, the rows of ⇧ are
indexed by (a, b, x, y), while its columns by (a0, b0, x0

, y

0).

3. An explicit example showing that the output of
the projection method may be non-physical

While being easy to compute, this method does not
ensure that the coe�cients of ~P⇧(~f) are nonnegative. In-
deed, the output space of the projection method is the
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non-signaling a�ne space N . We now give an explicit
example to illustrate this fact. Consider a relative fre-
quency ~

f given in the compact matrix representation:

~

f =


f(a, b|0, 0) f(a, b|0, 1)
f(a, b|1, 0) f(a, b|1, 1)

�
= 1

10

2

6664

3 0 7 0

1 6 1 2

5 1 1 6

1 3 3 0

3

7775
(B8)

where the entries in each block are arranged such that
the value of a increases downward while the value of b
increases rightward. By applying the projection matrix
⇧ given in Eq. (B7) to this signaling distribution, one
obtains:

~

P⇧(~f)=

"
P (a, b|0, 0) P (a, b|0, 1)
P (a, b|1, 0) P (a, b|1, 1)

#
= 1

40

2

6664

18 2 20 0

2 18 4 16

19 7 7 19

1 13 17 �3

3

7775
,

(B9)
which one can easily verify to satisfy the non-signaling
conditions of Eq. (A2). However, the ~

P⇧(~f) given in
Eq. (B9) is evidently non-physical as its entry for x =
y = a = b = 1 is negative.

Appendix C: Further details about the
nearest-quantum-approximation (NQA2) method

1. Equivalence to performing a projection +

minimization of the 2-norm distance from ~

P⇧(~f) to Q̃

Here, we give a proof that the optimization involved in
the NQA2 method can be seen as first performing the pro-
jection method, followed by performing a minimization
of the 2-norm distance from the output of the projection
method to Q̃.

Lemma C.1. Given the relative frequencies

~

f , the reg-

ularized correlation obtained via the NQA2 method satis-

fies

~

PNQA2
(~f) = argmin

~

P2Q̃ k~P � ~

P⇧(~f)k2.

Proof. Firstly, note from the discussion in Appendix B 1
that any given relative frequencies ~f can be decomposed
as ~

f = ~

fN + ~

fSI, where ~

fN 2 N is orthogonal to ~

fSI.

Similarly, for any ~

P 2 Q̃ ⇢ N ⇢ N , we must have (~P �
~

fN ) 2 N , which is orthogonal to ~fSI. It then follows from
the definition of the NQA2 method and the orthogonality
of these components that

~

PNQA2
(~f) = argmin

~

P2Q̃
k~P � ~

fk2 = argmin
~

P2Q̃
k(~P � ~

fN )� ~

fSIk2

= argmin
~

P2Q̃

⇣
k~P � ~

fN k2 + k~fSIk2
⌘

= argmin
~

P2Q̃
k~P � ~

fN k2 = argmin
~

P2Q̃
k~P � ~

P⇧(~f)k2

where the second last equality follows from the fact that
k~fSIk2 is a constant in the 2-norm minimization, while
the last equality follows from the equivalence between the
second and the third definition of the projection method.

Two remarks are now in order. Firstly, instead of Q̃,
the above equivalence can be straightforwardly extended
to any convex subset of the non-signaling polytope N ,
such as any of the supersets of Q introduced by NPA [30],
Moroder et al. [20] and Chen et al. [23]. Secondly, al-

though ~

P⇧(~f) is not necessary in Q̃, if it happens that
~

P⇧(~f) 2 Q̃ (or any superset of Q just mentioned) then
the equivalent regularization shown in Lemma C.1 im-
plies that ~PNQA2

(~f) = ~

P⇧(~f) (when the regularization of
NQA2 is carried out with respect to the corresponding
superset of Q).

2. Formulation as a semidefinite program

Here, we briefly explain how the NQA2 regularization
method can be formulated and solved as a semidefinite
program (SDP) [50]. Recall from the main text that for

any given relative frequency ~

f , the NQA2 method (with
respect to the almost quantum set Q̃) works by solving
the following optimization problem:

min
~

P2Q̃
||~f � ~

P ||2. (C1)

Importantly, the almost quantum set Q̃ (or any of those
supersets of Q defined in [20, 23, 30]) is convex and ad-
mits an SDP characterization in terms of some moment
matrix �. In particular, � has all the entries of ~P as some
of its matrix elements.
Using the characterization of positive semidefinite ma-

trices via their Schur complements (see, e.g., Theorem
7.7 of [73]), the optimization problem of Eq. (C1) can
equivalently be reformulated as:

min
~

P2Q̃
s

s.t.

 
s

~

f � ~

P

~

f

T � ~

P

T
s

!
⌫ 0,

(C2)

where is the identity matrix having the same dimen-
sion as the column vector ~

f , while ~

f

T is the transpose
of ~f . Evidently, we see from Eq. (C2) that the equiva-
lent optimization problem of Eq. (C1) now involves only
an objection function and matrix inequality constraints
that are linear in all its optimization variables: s, ~P and
some other entries of � (that cannot be estimated from
experimental data). Thus, at the expense of introducing
an additional real variable s, the minimization of the 2-
norm of ~f � ~

P over ~P 2 Q̃ can indeed be cast as an SDP
and thus e�ciently solved on a computer using an SDP
solver such as SeDuMi [74].
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Appendix D: Further details about the
Kullback-Leibler (KL) divergence and the

corresponding regularization method

1. Connection to maximum likelihood

The equivalence between the minimization of the KL
divergence over some ~

P 2 C (for some set C) to ~

f and

the maximization of the likelihood of generating ~

f from
~

P can be seen as follows:

min
~

P2C
DKL

⇣
~

f ||~P
⌘

=min
~

P2C

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
,

=+min
~

P2C
� 1

N

X

abxy

N

abxy

log2 P (ab|xy),

=� 1
N

max
~

P2C

X

abxy

log2 P (ab|xy)Nabxy

,

=� 1
N

max
~

P2C
log2

Y

abxy

P (ab|xy)Nabxy

,

(D1)

where  :=
P

abxy

f(abxy) log2 f(ab|xy) is a constant
of the optimization, N :=

P
xy

N

xy

, and in the second
equality, we have used the definition of the relative fre-
quencies ~

f and the fact that f(xy) = N

xy

N

. In the last
line of Eq. (D1), the argument of the maximization is the
log likelihood of observing N

abxy

times the event labeled
by (x, y, a, b) with probability P (ab|xy). Hence, we see
that the minimization of the KL divergence is equiva-
lent to maximizing the likelihood of generating ~

f given
P (ab|xy).

2. Formulation as a conic program

Here, we briefly explain how the KL method can be
formulated and solved as a conic program (CP) with an
exponential cone. Recall from the main text that for
any given relative frequency ~

f , the KL method (with
respect to the almost quantum set Q̃) works by solving
the following optimization problem:

min
~

P2Q̃

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
. (D2)

A conic program takes the canonical form of:

min ~c · ~x,

s.t. A~x = ~

b,

~x 2 K, (D3)

where K is a convex cone; these include positive semidef-
inite cones already mentioned above and the exponential
cone:

Kexp = {(u, v, w) | veu/v  w, v � 0}. (D4)

After discarding the constant term and folding the
factors in f(abxy) = f(xy)f(ab|xy), the minimizer of
Eq. (D2) can be obtained by solving the following opti-
mization problem:

~

PKL(~f) = argmin
X

abxy

f(abxy) log2
1

P (ab|xy)

s.t. � ⌫ 0,

tr[F
abxy

�] = P (ab|xy) 8 a, b, x, y,

tr[G
k

�] = 0, k = 1, 2, ... (D5)

where � is the moment matrix associated with Q̃, while
F

abxy

and G

k

encode the equality constraints associated
with the structure of this moment matrix. This problem
has the conic form (D3):

~

PKL(~f) = argmax
X

abxy

f(abxy)u
abxy

(D6a)

s.t. � ⌫ 0, (D6b)

e

u

abxy  P (ab|xy) 8 a, b, x, y, (D6c)

tr[F
abxy

�] = P (ab|xy) 8 a, b, x, y, (D6d)

tr[G
k

�] = 0, k = 1, 2, ... (D6e)

where the constraint (D6b) is that for a positive semidef-
inite cone and the constraint (D6c) is that for copies of
the exponential cone (D4) (at the price of introducing
dummy variables v

abxy

= 1 for all a, b, x, y).
Thus, we see that the problem of Eq. (D2) is indeed

an exponential conic program, and can thus be solved
using, e.g., the splitting conic solver (SCS) [56, 75]. Note
that the nonlinear optimization problem of Eq. (D2) can
also be solved by other means, such as the nonlinear op-
timization software of PENLAB [57].

Appendix E: Details of numerical investigations

1. Explicit form of the quantum distribution ~

PQ
considered

Here, we provide the explicit form of the various ideal
quantum distributions ~

PQ employed in our numerical
studies and an explicit quantum strategy realizing each of
these correlations. Firstly, we consider ~PQ = ~

P

CHSH with

entries given by 1
4 + (�1)a+b+xy

p
2
8 , i.e., the quantum

correlation which maximally violates the Clauser-Horne-
Shimony-Holt (CHSH) [76] Bell inequality. Indeed, var-
ious experiments have been carried out with the goal of
achieving this in the laboratory, see, e.g., [39, 59, 77].
~

P

CHSH can be realized by both parties locally measur-
ing cos 3⇡

8 �z + sin 3⇡
8 �x and cos 7⇡

8 �z + sin 7⇡
8 �x for, re-

spectively, input 0 and 1 on the shared state | +i =
1p
2
(|01i + |10i). The correlation is known to maximally

violate the CHSH Bell inequality:

ICHSH =
1X

a,b,x,y=0

(�1)a+b+xy

P (ab|xy)
L
 2, (E1)
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up to the limit of 2
p
2 allowed by quantum theory.

Apart from this often-discussed correlation, we also
consider four other quantum distributions. The first of
these is a noisy version of ~PCHSH

Q , denoted by ~

P

90%CHSH

Q ,

which consists of a mixture of ~PCHSH

Q with the uniform

distribution ~

PI = 1
4 . This allows us to gain some insight

on how the various regularization methods fare for quan-
tum distributions that are more readily accessible in the
laboratory. Explicitly, the entries of this distribution are:

P

90%CHSH

Q (a, b|x, y) = 1
4 + 9

10 (�1)a+b+xy

p
2
8 , (E2)

which can be realized by performing the measurements
mentioned above on the mixed state ⇢ = 9

10 | 
+ih +| +

1
10

I
4 where I

4 is the maximally mixed two-qubit state.

Note that for both ~

P

CHSH

Q or its noisy counterpart
~

P

90%CHSH

Q , the advantage gained by implementing the
NQA2/ KL method with respect to higher level refine-
ments [49] of the almost-quantum set Q̃ may not be ob-
vious. In particular, it is known that ~PCHSH

Q lies already
at the boundary of the first NPA set [30, 31], and hence of
Q̃

`

for all ` � 1, likewise for ~P 90%CHSH

Q , which lies strictly

inside Q̃
`

for ` � 1 (thus even the projection method for
large enough Ntrials would essentially always give rise to
~

P⇧(~f) 2 Q, see Figure 5).
To better understand the impact of our choice of Q̃

`

on the quality of the proposed point estimates, we thus
also consider the following equal-weight mixture between
~

P

CHSH

Q and a local deterministic extreme point:

P

CHSH-Local

Q (a, b|x, y) = 1
8 + 1

2 (�1)a+b+xy

p
2
8 + 1

2�a,0�b,0.

(E3)
Numerically, it was found [78] that ~PCHSH-Local

Q lies on the
boundary of Q and the second level of the NPA set, but
strictly inside Q̃.
Likewise, for the purpose of device-independent es-

timations, it is known [20] that Q̃ generally does not

provide a tight estimate of, e.g., the amount of neg-
ativity [58] present in the system. An example of
this is given by the quantum distribution ~

PQ = ~

P

⌧1.25

Q
which arises from both parties locally measuring the
state | i ' 0.9066856 |00i+0.4218070 |11i in the basis of
~n0 ·~� and ~n1 ·~�, where ~n0 ' (0.25709400, 0,�0.96638640)
and ~n1 ' �(0.87414944, 0, 0.48565701) are Bloch vec-
tors. Explicitly, using the matrix representation given
in Eq. (B9), ~P ⌧1.25

Q reads as:

~

P

⌧1.25

Q =

2

6664

↵00 �00 ↵01 �01

�00 ✏00 �01 ✏01

↵10 �10 ↵11 �11

�10 ✏10 �11 ✏11

3

7775
, (E4)

where ↵00 ' 0.0002322, �00 = �00 ' 0.0135843, ↵01 =
↵10 ' 0.0035532, �01 = �10 ' 0.0102633, �10 = �01 '
0.2078620, ↵11 ' 0.0543700, �11 = �11 ' 0.1570452 and
✏

xy

= 1 � ↵

xy

� �

xy

� �

xy

for all x, y 2 {0, 1}. Note

that the interest of ~

P

⌧1.25

Q lies not only on its feature
mentioned above, but also on the possibility of using it
to demonstrate the phenomenon of more nonlocality with

less entanglement [60–62], as was achieved in [59]. In
particular, being on the boundary of Q, ~P ⌧1.25

Q maximally

violates the ⌧ = 5
4 version of the following Bell inequality

from [61]:

I
⌧

:=
X

x,y

(�1)xyP (0, 0|x, y)

�⌧
X

a

[P (a, 0|1, 0) + P (0, a|0, 1)]
L
 0

(E5)

which is provably [59] satisfied by all finite-dimensional
maximally entangled states whenever 1p

2
+ 1

2  ⌧  3
2 .

Finally, we also consider the correlation ~

P

MDL dis-
cussed in [79]:

P

MDL

Q (a, b|x, y) = 1
12 (8ab+ 1)�

xy,0 +
1
3 (1� �

a,0�b,0)�xy,1

+ 1
6 (3ab+ 1)(1� �

a,x

�

b,y

)�
x�y,1.

(E6)

which can be realized with both parties locally measuring
�

x

and �
z

for, respectively, input 0 and 1 on the shared
state | i = 1

3 (|01i + |10i � |11i). ~

P

MDL

Q can be used to
demonstrate the Hardy paradox [80], as well as a viola-
tion of measurement-dependent-locality [81] (MDL), e.g.,
via the following MDL inequality:

IMDL = lP (0000)�h [P (0101) + P (1010) + P (1111)]
MDL

 0,
(E7)

where h > l > 0. Note also that as opposed to ~

P

CHSH

Q
which lies on the boundary of Q, but strictly inside N ,
~

P

MDL

Q lies on both the boundary of Q and N . Exper-

imental realizations of a correlation analogous to ~

P

MDL

Q
have been achieved in [82, 83].

2. Convergence to true distribution

Here, we provide in Figure 4 the plots of the mean
value of the 1-norm deviation ||~PReg(~f)� ~

PQ||1 between

the regularized distribution ~

PReg(~f) and the various ~PQ
discussed above as a function of the number of trials
Ntrials = 102, 103, . . . , 1010 for the regularization methods
discussed in the main text and two additional regular-
ization methods discussed in Appendix G. For ease of
comparison, we also include in each of these figures the
corresponding plot for ~f .
Notice that from some basic numerical fitting, one

finds that for all these methods, the mean value of
||~PReg(~f)� ~

PQ||1, as with the mean value of ||~f � ~

PQ||1
diminishes at a rate of 1p

Ntrials
.
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Figure 4. Plots of the mean value of the 1-norm deviation ||~PReg(~f)� ~

PQ||1, average over 104 runs, based on various ~

PQ as a
function of the number of trials Ntrials for the projection method (Projection), the modified-projection method (M-projection),
the nearest non-signaling approximation method (NNA2), the nearest quantum approximation method (NQA2), the modified
KL method with a minimization to the non-signaling polytope (KLN ) and the KL method discussed in the main text, which
involves a minimization to Q̃ (KL). For details on the NNA2 and the KLN method, see Appendix G. From top (left/ right)

to bottom (left/right), we have respectively the plots based on the maximal CHSH-inequality-violating correlation ~

P

CHSH
Q , the

plots based on a noisy version of ~

P

CHSH
Q , i.e., ~

P

90%CHSH
Q , the plots based on ~

P

CHSH-Local
Q , i.e., the equal-weight mixture of ~

P

CHSH
Q

and a local deterministic point, the plots based on ~

P

⌧1.25
Q , and the plots based on ~

P

MDL
Q (see Appendix E 1 for details about

these quantum distributions). In each subfigure, the corresponding inset shows a zoom-in view of the plots for Ntrials = 106.
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3. Quantumness of approximations

Here, we provide in Figure 5 the plots of the the mean

value of d.Q̃`

Reg :=
||~P.Q̃

`

Reg (~f)�~

PQ||1
||~PReg(~f)�~

PQ||1
(which can be seen as a

normalized version of total variation distance) as a func-
tion of Ntrials = 102, 103, . . . , 1010 for all the ~PQ discussed
in Appendix E 1. For clarity, the corresponding plots for
` = 1 have been suppressed as they are visually indistin-
guishable from a straight horizontal line at hd.Q̃`

Reg iruns = 1
while those for ` = 2, 3 have been omitted as they are
very much the same as the ones for ` = 4. Also, in or-
der to distinguish the features associated with the NQA2,
the M-projection and the KL method better, we do not
include the results for the projection method (which by
construction do not guarantee anything that resembles
quantum distribution) in these plots.

4. Biasness and mean squared errors of estimates

To gain further insight into the bias and the mean
squared errors of various regularization methods, we pro-
vide in Figure 6 our simulation results for the mean Bell-
inequality violation and the corresponding mean squared
error based on the regularized distributions as a function
of the number of trials Ntrials = 102, 103, . . . , 1010. Our
results clearly suggests that the bias in the Bell value ob-
tained from ~

P⇧(~f) is essentially negligible,4 whereas that

obtained from ~

PNQA2
(~f), ~

PKL(~f) and ~

P⇧.

(~f)—for ex-

tremal ~PQ— systematically underestimate (on average)
the true value. However, as can be seen from the cor-
responding insets, such underestimations rapidly shrink
with Ntrials, diminishing at a rate of the order of 1p

Ntrials
.

For the case of non-extremal ~PQ, such as ~

P

90%CHSH

Q , we
see that the bias present is essentially of the same order
as that given by the projection method, which is basically
negligible already for small Ntrials.
Similarly, as can be seen from Figure 6, the mean

squared error rapidly decreases with Ntrials at a rate of
the order of 1

Ntrials
in all the cases investigated. In par-

ticular, it is worth noting that for the case of ~PMDL

Q , the
mean squared error present for the KL method is ap-
proximately three orders of magnitude less than all those
given by the other methods. This superiority of the KL
method over the others is, to some extent, anticipated
from the fact that the KL divergence is superior as a
statistical distance over, e.g., the total variation distance
in terms of discriminating probability distribution that

4 As the projection method involves a linear transformation of ~f ,
its bias is in theory identically zero. The nonzero bias that we
observe in this case arises from the fact our numerical simulations
involve only a finite number of samples (104).

contains zero entries, such as ~PMDL

Q (see page 28 of [51]
for a discussion).

Appendix F: Proof of the Uniqueness of Estimators

We give here a proof that the output of certain regu-
larization methods ~PReg(~f) is determined uniquely by ~

f .
Let us start by proving that the minimizer of a strictly
convex function over a convex set is unique.

Lemma F.1. Consider a convex set C and a strictly

convex function D(x), i.e., for all 0 < � < 1,
D (�x+ (1� �)y) < �D(x) + (1 � �)D (y), then there

is a unique minimizer of D(x) over all x 2 C, i.e.,

there is one, and only one x

⇤ 2 C such that D(x⇤) =
min

x2C D(x).

Proof. We shall prove this by contradiction. Suppose
that both x

⇤ and y

⇤ 2 C are the global minimizers of
D, i.e., D(x⇤) = D(y⇤) = ⌧ , where ⌧ = min

x2C D(x).
By the convexity of C, we know that for any 0 < � < 1,
z = �x

⇤ + (1 � �)y⇤ is also a member of C. Moreover,
since D(x) is a strictly convex function, we have

D(z) = D(�x⇤ + (1� �)y⇤)

< �D(x⇤) + (1� �)D(y⇤) = ⌧

(F1)

which contradicts the assumption that x⇤ and y

⇤ are the
minimizers ofD. Thus, the minimizer of a strictly convex
function over a convex set is necessarily unique.

The uniqueness of the output of the M-projection
method follows from the uniqueness of the projection
method and the fact the convex mixture between ~

P⇧(~f)
and ~

PI is uniquely specified by the weight associated with
either of these vectors. To see that the NQA2 method
provides a unique estimate, let us first note that the Eu-
clidean norm squared (k~xk2)2 is strictly convex in ~x, since
its Hessian is two times the identity matrix. Moreover,
min

~

P2Q̃(k~f � ~

Pk2)2 and min
~

P2Q̃ k~f � ~

Pk2 share exactly
the same set of minimizer(s). Thus, when combined with
the above Lemma, we see that the output of the NQA2

method with ~

PReg 2 C for any convex set C 2 N is nec-
essarily unique. Likewise, since � log2(x) is a strictly
convex function of x, the KL divergence from ~

P 2 C to
~

f is also strictly convex. In other words, the output of
the regularization via both the NQA2 method and the
KL method is unique. In the main text, we have fo-
cussed on C being the almost-quantum set Q̃, but this
uniqueness clearly applies to other convex subsets of the
non-signaling polytope N , such as N itself, or any of the
superset relaxation of Q considered in [20, 23, 30].

Appendix G: Some other plausible regularization
methods and their properties

Here, we briefly discuss a few other possibilities for reg-
ularizing a given relative frequency ~

f to some physically-
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Figure 5. Plots of the mean value of d.Q̃`

Reg =
||~P.Q̃

`

Reg (~f)�~PQ||1
||~PReg(~f)�~PQ||1

for the M-projection, the NQA2, and the KL method for ` = 4

based on 104 relative frequencies ~

f obtained from various ~

PQ for each Ntrials = 102, 102, . . . , 1010. From top (left/ right) to

bottom (left/right), we have respectively the plots based on the maximal CHSH-inequality-violating correlation ~

P

CHSH
Q , the

plots based on a noisy version of ~

P

CHSH
Q , i.e., ~

P

90%CHSH
Q , the plots based on ~

P

CHSH-Local
Q , i.e., the equal-weight mixture of ~

P

CHSH
Q

and a local deterministic point, the plots based on ~

P

⌧1.25
Q , and the plots based on ~

P

MDL
Q . For details about these quantum

distributions, see Appendix E 1. The lower and upper limit of each “error bars” mark, respectively, the 10% and 90% window

of the spread of d.Q̃`

Reg . Note that, in some instances, especially those with larger Ntrials, the error bars are too small to be seen.

Moreover, the fact d.Q̃`

Reg is normalized with respect to ||~PReg(~f)� ~

PQ||1 means that as Ntrials increases, even though the values

of d.Q̃`

Reg ⇡ 1, the distribution of ||~P .Q̃
`

Reg (~f)� ~

PQ||1 is actually getting sharper, see Figure 4.
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Figure 6. Plots of the mean value of the normalized Bell violations (top 4 subfigures) and the mean squared error of these Bell

violations (bottom 4 subfigures) computed from ~

PReg(~f) over 10
4 relative frequencies ~

f generated from various ~

PQ as a function

of the number of trials Ntrials. From top (left/ right) to bottom (left/right), we have respectively the plots based on ~

P

CHSH
Q

and ~

P

90%CHSH
Q in conjunction with the CHSH Bell inequality [Eq. (E1)], the plots based on ~

P

⌧1.25
Q and the Bell inequality I⌧

with ⌧ = 1.25 [Eq. (E5)], as well as the plots based on ~

P

MDL
Q and the MDL inequality [Eq. (E7)] with P (x, y) = 1

4
for all x, y

and l = 0.1, h = 1� 3l = 0.3. For details about the quantum distributions considered, see Appendix E 1. The lower and upper
limit of each “error bars” mark, respectively, the 10% and 90% window of the spread of the values plotted. In each of the top
four subfigures, the inset shows the corresponding log-log plot of the absolute value of the mean value, whereas in each of the
bottom four subfigures, the inset shows histograms of the normalized Bell violations for Ntrials = 106.
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motivated (convex) set C.

1. Nearest quantum approximations via other
p-norms (NQAp)

Obviously, one can also try to regularize a given ~

f to Q̃
(or other superset relaxations of Q considered in [20, 23,
30]) by determining the nearest quantum approximation

of ~f with a metric di↵erent from the 2-norm, such as the
p-norm with p 6= 2:

~

PNQA
p

(~f) = argmin
~

P2Q̃
||~f � ~

P ||
p

. (G1)

In particular, for the case of p = 1 (which has been con-
sidered in [37]) and p = 1, the optimization problem
of Eq. (G1) can both be cast—with the introduction of
some auxiliary variable(s)–as an SDP. For instance, the

optimization of min
~

P2Q̃ ||~f � ~

P ||1 can be equivalently
formulated as:

min
~

P2Q̃,

~

D

~ · ~D

s.t. ~

D � ~

P � ~

f and ~

D � �(~P � ~

f)
(G2)

where ~ is a vector of ones and the inequality constraints
are understood to hold component-wise. Similarly, the
optimization of min

~

P2Q̃ ||~f � ~

P ||1 can be equivalently
formulated as:

min
~

P2Q̃, t

t

s.t. t

~ � ~

P � ~

f and t

~ � �(~P � ~

f).
(G3)

Being an SDP, the optimization problem of Eq. (G1)
for both p = 1 and p = 1 (and hence the regularization
method of NQA1 and NQA1) can be e�ciently imple-
mented on a computer. However, it turns out that in
both cases, the regularized distribution ~

PNQA
p

(~f) is gen-

erally not uniquely determined by ~

f . In particular, for
both values of p, one can find easily find an example of
~

f where some ~

PNQA
p

(~f) is Bell-inequality-violating but

some other ~

PNQA
p

(~f) is not. It is thus clear that both
these regularization methods cannot be used to provide
a sensible estimate of the true quantum distribution.5

2. Nearest non-signaling approximations via
p-norms (NNAp)

Instead of Q̃, one can evidently also regularize a given
~

f by determining a ~

P inside the non-signaling polytope

5 While one may still be tempted to use the minimizer returned as
a point estimate, the scientific results thus obtained would not be
reproducible (running the same computation twice on the same
computer may give di↵erent results due to the non-deterministic
scheduling inherent to multi-threaded computations).

N which is nearest to ~

f , as measured according to the
p-norm:

~

PNNA
p

(~f) = argmin
~

P2N
||~f � ~

P ||
p

. (G4)

For each p, we shall refer to the corresponding regular-
ization method by NNA

p

.
As opposed to Q̃, the convex set N � Q̃ is a polytope,

and thus its characterization can be carried out as a linear
program (LP). Hence, if we replace Q̃ by N in Eq. (G2)
and Eq. (G3), we see, respectively, that NNA1 and
NNA1 can both be cast in the form of an LP, and thus
e�ciently solved. However, as with NQA1 and NQA1,
the output distributions ~

PNNA1
(~f) and ~

PNNA1(~f), for a

generic ~

f , are not unique (with some minimizers Bell-
inequality-violating and some others not), thus making
this method unsuitable for providing a sensible point es-
timate of the true distribution. Note that a variant of
NNA1 has been employed in [38] in order to quantify
the nonlocality of experimentally measured correlation.
This variant, however, is again known to be a non-unique
estimator [84].
On the other hand, for the case of p = 2, the proof

given in Appendix F shows that the regularized distribu-
tion ~

PNNA2
(~f) is indeed uniquely determined by ~f . More-

over, using essentially the same argument as that given
in Appendix C 2, we see that the optimization problem
min

~

P2N ||~f � ~

P ||2 can be transformed to the following
second-order cone program (SOCP) [50]:

min s

s.t. k~f � ~

Pk2  s

d

i

 ~c

i

· ~P 8 i = 1, 2, . . . ,m

(G5)

where the inequalities in the last line are (positivity
constraints) used to define the non-signaling polytope.
Hence, the regularization method of NNA2 can also be
carried out e�ciently on a computer using an SOCP
solver.

3. Minimizing the KL divergence to N

In the same spirit as the NNA
p

method, another plau-
sible regularization method is to perform minimization
of the KL divergence from the non-signaling polytope N
to some given relative frequencies ~f

min
~

P2N

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
. (G6)

As with the KL method proposed in the main text, the
minimizer of the optimization problem of Eq. (G6) is
provably unique (see Appendix F), and one may con-
sider using the corresponding unique minimizer as the
output of this regularization method. For convenience,
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we shall refer to this as the KLN method. Note that, as
with the KL method, performing the KLN regularization
method amounts to solving a conic program, which can
be achieved using, e.g., the SCS solver.
Although not explicitly discussed as a regularization

method, the KLN method has been employed in [13] and
was noted to help in the analysis of the hypothesis test-
ing of local causality, as discussed in Appendix 2 of [13]
[see Eqs. (A1) and (A2) therein]. Conceivably, the KL
method (with respect to Q̃ or other subsets of N which
approximate Q) may help in the analysis of Bell tests
further.

4. Maximal R content

Finally, let us note that in analogy with the notion of
local content [64, 65], one can also define the maximal R
content for some other physically motivated set R, such
as N or some supersets of Q (like Q̃) via the optimization
problem:

max
~

PR2R,

~

PS2S
v

s.t. ~

f = v

~

PR + (1� v)~PS

(G7)

where S is the set of all legitimate conditional distribu-
tions defined in Definition 1. In other words, we con-
sider all possible convex decompositions of the given rel-
ative frequencies ~f in terms of distributions from S, R
and maximize the weight associated with the distribution
from R.
One may then want to use the maximizer of the opti-

mization problem given in Eq. (G7) to define the regular-
ized distribution giving this maximal R content. While
this is indeed computationally feasible [the optimization
problem of Eq. (G7) for R = N is an LP while the2
one with R = Q̃ is an SDP], the maximizer unfortu-
nately turns out to be non-unique (with some minimiz-
ers Bell-inequality-violating and some others not). This
non-uniqueness therefore again renders such regulariza-
tion methods unsuitable for generating a sensible point
estimate of the true (quantum) distribution.

Method Output set R Optimization Unique? Unbiased?

Projection N -

M-Projection Q̃ SDP 7

NNA1

N
LP 7 -

NNA2 SOCP 7

NNA1 LP 7 7

NQA1

Q̃ � Q
SDP 7 -

NQA2 SDP 7

NQA1 SDP 7 -

KLN N CP 7

KL Q̃ � Q CP 7

Max. N content N LP 7 -

Max. Q̃ content Q̃ � Q SDP 7 -

Table I. A summary of the various possible regularization
methods discussed and some of their key properties. Note
that all these considered methods are invariant under relabel-
ings, in the sense that for any relabeling operation M , we have
M

~

PReg(~f) = ~

PReg(M ~

f). In the event that the output of the
regularization method is unique, we indicate in the last col-
umn if the method provides (in general) unbiased estimation
of Bell violation.
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Comparing Simulated Annealing with Simulated Quantum Annealing
on Max-cut and Other NP-Hard Problems
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Abstract. We experimentally investigate whether there exists superiority of simulated quantum anneal-
ing (SQA) over simulated annealing (SA) on various combinatorial problems known to be computationally
hard. Crosson and Harrow found the classical algorithm SQA which samples the mechanics of quantum
annealing braking a barrier between quantum and classical annealing methods in one specific problem. In
this paper, we conduct experiments to evaluate the efficiency of SQA concerning a wide variety of combi-
natorial problems. The results shows that SQA does not surpass SA in general, which would suggest that
a gap between classical and quantum annealing frameworks still exists.

Keywords: Simulated Annealing, Simulated Quantum Annealing, Quantum Annealing, NP-Hard

1 Introduction

Quantum computing has been well-researched area un-
der the expectation that exploiting quantum mechanics
would achieve larger scalability than classical computa-
tion. How to realize quantum computing is far from
unique; there are actually several models and frameworks
for quantum computing. Among them, quantum anneal-
ing (QA), introduced by Nishimori and Kadowaki [2], is
one of most promising frameworks. Extended from sim-
ulated annealing (SA) proposed by Kirkpatrick et al. [3],
QA is a kind of metaheuristics oriented for combinatorial
optimization problems. It is known that QA converges
to the optimal solution exponentially faster than SA does
under the condition where energy gaps between Hamilto-
nians are 1

poly(n) . Also, quantum annealing is experimen-

tally superior to simulated annealing on some cost func-
tions. These superiority of QA over SA on such specific
cases would be regarded as one of supporting evidence
of the superiority of quantum computing over classical
computing.
However, Crosson and Harrow showed that the supe-

riority of quantum annealing on one specific problem is
achieved by classically simulating quantum annealing us-
ing path-integral [1]. This classical algorithm is called
path-integral quantum Monte Carlo, or simulated quan-
tum annealing (SQA), which generates random walks by
Markov Chain Monte Carlo using the approximate value
of the partition function of the given Hamiltonian cal-
culated with Suzuki-Trotter expansion. Since SQA is in
fact a classical algorithm, there arose a natural question
that the superiority of quantum annealing over classical
computing might be reproducible by classically simulat-
ing quantum mechanics and methodology.
The previous researches [1] compared SQA and QA,

showing SQA outputs a good distribution of QA only in
specific functions related to Hamming weight on which
QA is known to retain greater efficiency than SA. On the
other hand, it would be naturally asked that SQA is su-

∗hsk1226@is.s.u-tokyo.ac.jp
†hiraishi1729@is.s.u-tokyo.ac.jp
‡imai@is.s.u-tokyo.ac.jp

perior to SA even in more general setting. In this paper,
we compare SA and SQA concerning more general NP-
Hard problems such as Max-cut and investigate whether
the superiority would appear or not. The result shows
that there are little differences between SA and SQA in
our setting. Moreover, SA was more efficient on larger
instances of some problems. These results indicates there
is a limit of simulating the superiority of quantum com-
puting.

2 Outline of Experiments

First we describe the implementation of SA and SQA.
Our implementation is based on [4]. The differences be-
tween our implementation and [4] is the annealing sched-
ule and the implementation of SA. While [4] adopts linear
annealing schedule, we use exponential schedule. That is,
when A is assumed an annealing parameter, A is updated
as αA with a constant 0 < α < 1. We also changed the
implementation of SA to make the number of transitions
equal between SA and SQA. In particular, we made SA
run with multiple candidates of solution which are coun-
terparts of the slices of SQA. The number of multiple
candidates of SA is same as the slice-number in our ex-
periments.

Second the setting of parameters in our experiments is
presented here. We compared the value of solutions of
two algorithms under the fixed number of updates. We
call this number steps. In many case, steps are 300,000;
for some instances, 10,000,000. The parameter, TSQA is
set to satisfy PTSQA = 1 in order to fix the transitional
condition of SQA. Note that the condition of SQA is
min(1, ∆′

PT ) while the condition of SA is min(1, ∆T ) where
∆′ and ∆ is the differences of value between the current
and neighbor solution. We experimented in three cases
where P is 1, 40, 80. We solved 5 times by each algo-
rithm.

Finally, the problems for our experiments are noted.
They are Restricted Boltzmann Machine, 3-SAT, Vertex
Cover and Max-cut. We translated these problems to
the energy minimization of Ising Model which is known
as equivalent to Max-cut. In this paper, we presented
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Table 1: Comparison between SA and SQA when P = 80. LU means the number of steps when solutions last updated.
The bold numbers represents the optimal solutions. The numbers with # are the upper bounds by [5].
(Linux server, CPU: Intel(R) Xeon(R) CPU X5675 3.07GHz, Memory: 300GBytes)

Instance n m Opt SA SQA SQA-SA Total steps

Ave Best LU Ave Best LU Ave Best

P200 200 588 -396 -396.0 -396.0 17226 -396.0 -396.0 22905 0.0 0.0 3 × 105

P400 400 1182 -796 -795.6 -796.0 23201 -795.8 -796.0 51103 0.2 0.0 3 × 105

P800 800 2370 -1596 -1591.0 -1592.0 27376 -1594.2 -1595.0 229942 3.20 3.0 3 × 105

P1600 1600 4746 -3193 -3182.2 -3185.0 44736 -3180.6 -3185.0 284767 -1.6 0.0 3 × 105

P3200 3200 9498 -6392 -6355.8 -6358.0 140922 -6325.8 -6332.0 298736 -30.0 -26.0 3 × 105

P6400 6400 19002 -12786 -12696.8 -12700.0 227363 -12528.0 -12539.0 292841 -168.8 -161.0 3 × 105

P12800 12800 38010 -25584 -25369.4 -25376.0 292921 -24770.0 -24778.0 299682 -599.4 -598.0 3 × 105

P25600 25600 76026 -51164 -50646.6 -50655.0 299787 -48610.4 -48631.0 299887 -2036.2 -2024.0 3 × 105

P51200 51200 152058 -102324 -100812.8 -100839.0 299976 -94662.2 -94703.0 298671 -6150.6 -6136.0 3 × 105

P102400 102400 304122 -204658 -199111.2 -199149.0 299943 -182086.6 -182180.0 299844 -17024.6 -16969.0 3 × 105

P204800 204800 608250 -409328 -388683.8 -388722.0 299957 -345768.6 -345911.0 299987 -42915.2 -42811.0 3 × 105

P102400 102400 304122 -204658 -203184.6 -203203.0 9368462 -201599.0 -201639.0 9824383 -1585.6 -1563.0 1 × 107

P204800 204800 608250 -409328 -405953.6 -405976.0 9552584 -400024.2 -400084.0 9997937 -5929.4 -5892.0 1 × 107

the results of Max-cut whose underlying graph is planar.
The other results are ommited due to space limitation.

3 Results and Discussion

We presented the result for P = 80 on Table 1. This
showed that SA worked better than SQA in Max-cut in
planar graph. In every slice, SQA could not show su-
perior performances in almost all instances of Max-cut.
Moreover, SQA needed larger number of steps to reach
the final solution; The number of steps tended to be-
come more than doubled as the number of vertices dou-
bled. This implies that planar graph had some structures
which made it more difficult for SQA to solve.
Then we briefly note the results on the other problems.

SQA worked better in RBM and SAT on average. In
particular, SA converged to the final solution faster than
SQA in RBM. This implies that SA tends to fall into a
local optimal in RBM. In vertex cover, SA worked better
than SQA. In all instances of vertex cover, SA reached
better solutions than SQA, while SA took much larger
steps to reach its final solution. In addition, the solutions
of each steps in SQA behaved interestingly. While the
values of SA’s solution almost monotonically decreased,
the values of SQA’s solutions showed bimodal tendency;
first decreased, then increased, and finally converged to
optimal solutions.

4 Conclusion

We experimentally showed that SQA had little supe-
riority to SA to solve general NP-Hard problems in our
setting. What should be mentioned here is that, since
the number of steps in our experiments is limited, the dif-
ferent results would be obtained if the number of steps
becomes larger; particularly in vertex cover and RBM.
Hence larger-scale experiments are required to make our
results credible and comprehensive. It would be neces-
sary to experiment in more various instances as well to
comprehensively evaluate SA and SQA. Moreover, there
is no evidences that QA can solve those problems more
efficiently than SA. To state SQA cannot sample QA’s
output of solving those NP-Hard problems, we should
prove that QA has superiority over SA for these prob-

lems. Therefore it is also a future work to investigate
whether QA can solve these problems in our experiment
more efficiently than SA. One of ways to do that is to
solve small-size instances of these problems so that we
can apply naively SQA to them. Although the size is
different, it will be some help to know QA’s performance
because the graph structures are similar in each problem.
Also, if we directly obtain the reason of the difficulty of
solving Max-cut on planar graphs by SQA, we can show
a limitation of SQA. Therefore, it is also a future work
to analyze the result in Max-cut.
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Abstract. In the operational formulation of Physics, the only observable manifestation of Nature are
events in space-time. However, the most general mathematical description of Nature’s way of processing
such events is in terms of a Theory, that specifies states, channels, and measurements. Hence, what is the
operational meaning of associating a mathematical description to a physical device? Given that Physics is
about falsification, while verification is impossible in principle, the optimal answer is a device-independent
test aimed at falsifying any given claim about a device. Here, we solve this problem for any family of qubit
states, any qubit measurement, qubit channels, and arbitrary-dimensional universally-covariant quantum
channels.

Keywords: device-independent tests, quantum states, quantum channels, quantum measurements

This presentation is based on Refs. [1, 2, 3].
Within the operational approach to Physics, events in

space and time are the only observable manifestation of
Nature. There are two types of events. Input events
are those in which the observer provides an input to the
physical setup, and can be abstractly regarded as the
pressure of a key on a keyboard. Output events are those
in which the physical system provides an output to the
observer, and can be abstractly regarded as a light bulb
lighting up.

Within the framework of Special Relativity, given an
input event and an output event that are space-like sep-
arated, the no-signaling principle constraints the output
to be independent of the input. However, if two events
are time-like separated, the strictly weaker no-signaling-
from-the-future principle merely constraint a past output
to be independent of a future input.

Input events form a convex set. That is, the probabilis-
tic mixture of two buttons corresponds to pressing either
button probabilistically. Extremal events are events that
are not probabilistic mixtures, and are perfectly distin-
guishable in principle to the observer.

Nature’s role is to processes input events to generate
output events. A convenient, although immaterial, gen-
eral description of this process is in terms of a theory.
Any theory specifies its states, channels, and effects. In-
put events perform selections of these components, and
measurements (that is, collections of effects) finally gen-
erate output events. Such a composition of states, chan-
nels, and effects is referred to as a circuit, and the theory
associates a probability of occurrence to any closed cir-
cuit.

Among all possible theories, classical theory exhibits
the peculiar feature that extremal states, channels, and
measurements are perfectly distinguishable, as it is the
case for events. That is, for any two distinct extremal
states there exists a measurement that generates two dis-
tinct extremal output events, and analogously for chan-

∗cqtmda@nus.edu.sg

nels and effects. Hence, within classical theory there ex-
ists a trivial mapping between what is observable (events)
and what is immaterial (circuits).

As intuitive as this assumption must have appeared for
centuries, it does not survive experimental test, hence the
need to consider non-classical theories, such as quantum
theory. In any such a theory, extremal states, channels,
and effects are in general not perfectly distinguishable.
Hence, in non-classical theories the mapping between
what is observable (events) and what is immaterial (cir-
cuits) is non trivial. This presentation focuses on the
characterization of such a mapping.

To this aim, one cannot resort to standard procedures
such as process tomography nor self-testing. For what
concerns process tomography, it assumes full knowledge
of any component of the circuit other than the unknown
one, while naturally in the present context no such as-
sumption is allowed. For what concerns self-testing, it
adopts a bottom-up approach, that is it aims at charac-
terizing the set of claims compatible with a given correla-
tion, while our aim is a top-down characterization of the
set of correlations compatible with a given claim. Finally,
self-testing is limited to bipartite scenarios.

The most general approach is then to adopt the game-
theoretic formalism of device-independent tests. Most
generally, a device-independent test involves two play-
ers: an experimenter, with full control over his labora-
tory, and a skeptical theoretician, only willing to trust
observed correlations among events. The experimenter
makes some claim X about his experimental setup. For
example, in a Bell test the claim is about the existence
of a compatible classical circuit, while in dimension test-
ing [4, 5, 6, 7] the claim is about the dimension of the
prepared family of states. Generally speaking, the theo-
retician’s aim is to falsify such a claim.

More precisely, let S(X) denote the set of correlations
compatible with claim X, and let S(X0) ⊇ S(X1) denote
the induced partial order between claims X0 and X1, that
is X0 � X1 if and only if S(X0) ⊇ S(X1). Of course, if
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the experimenter produces some correlation not in S(X),
the theoretician must conclude that the actual X ′ is not
weaker than X at creating correlations, that is X ′ 6≺ X.
This is the case for Bell and dimension tests considered
in the literature, where the conclusion is drawn based on
a single correlation violating a CHSH-like inequality or a
dimension witness, respectively.

However, the strongest possible conclusion can be
achieved if the experimenter produces all the extremal
correlations of S(X), in which case the theoretician must
conclude that the actual X ′ is stronger than X at cre-
ating correlations, that is X ′ � X. Since the ordering
� is partial, this latter result is strictly stronger than
the previous one. Hence, device-independent tests most
generally amount to a full closed-form characterization
of the set of correlations S(X) compatible with claim X,
and of the circuits needed to generate them.

In this presentation, we consider the simplest non-
trivial scenario in which, at each run of the experiment,
an input event x is first generated and an output event
y is later observed, with x and y time-like separated.
Therefore, in contrast with the case of Bell tests where
one can exploit the no-signaling principle, we are solely
left with the strictly weaker no-signaling-from-the-future
principle. Hence, a conclusion as strong as the falsifi-
cation of any classical model is impossible in principle,
as any correlation py|x always defines a classical chan-
nel. Here, rather than testing scalar quantities as it is
the case for dimension testing, we will test claims about
states, channels, and measurements, that is operatorial
quantities.

Let us first present our results for the device-
independent tests of any given family of quantum states
{ρx} and any given quantum measurement {πy} (see
Refs. [1, 3], respectively). In the former case S(ρx) is
the set of all correlations px of the form

px := Tr[ρxπ] = x ρx π ,

for some quantum effect π, while in the latter case S(πy)
is the set of all correlations py of the form

py := Tr[ρπy] = ρ πy y ,

for some quantum state ρ.
For any family {ρx} of qubit states or any qubit mea-

surement {πy} let us denote withQ the covariance matrix
Qx0,x1 = 1

2 Tr[ρx0ρx1 ] − 1
4 and Qy0,y1 = 1

2 Tr[πy0πy1 ] −
1
4 Tr[πy0 ] Tr[πy1 ], respectively. Each entry of Q is min-
imized (maximized, respectively) by orthogonal (paral-
lel, respectively) rank-one operators. Let also u de-
note the vector with all unit entries, t denote the vector
ty := Tr[πy], and Q+ denote the Moore-Penrose pseu-
doinverse of Q. We then have the following results.

Theorem 1 The set S(ρx) of correlations generated by
a given family {ρx} of qubit states for any effect π is
given by the convex hull of 0, u, and{

(1−Q+Q)(p− 1
2u) = 0,

(p− 1
2u)TQ+(p− 1

2u) ≤ 1.
(1)

Theorem 2 The set S(πy) of correlations generated by
a given qubit measurement {πy} for any state ρ is given
by {

(1−Q+Q)(q − t) = 0,

(q − t)TQ+(q − t) ≤ 1.
(2)

Let us provide a geometrical interpretation of Eq. (1)
(Eq. (2), respectively). Imposing the rank(1 − Q+Q)
equalities causes linear dependencies – if any – among
states ρx (effects πy, respectively) to emerge as linear
constraints on the probabilities. Provided that these con-
straints are satisfied, the inequality recasts – through the
transformation Q+ – the set of compatible distributions
as an ellipsoid centered on distribution u/2 (t, respec-
tively). These results have direct applications in the field
of quantum majorization [8, 9, 10].

Let us now present our results for the device-
independent test of any given quantum channel C. In
this case S(C) is the set of all correlations py|x of the
form

py|x := Tr[C(ρx)πy] = x ρx C πy y ,

for some family of quantum states {ρx} and quntum mea-
surement {πy}.

Since general formulas [2] are lengthy in this case, we
only provide here a preview of some Corollaries.

• The set S(P~λ) of binary correlations generated by

the Pauli channel P~λ(ρ) = λ0ρ+
∑3
k=1 λkσkρσ

†
k is

given by

|p1|1 − p1|2|
1− |p1|1 − p2|2|

≤ max
k∈[1,3]

|2(λ0 + λk)− 1|;

• The set S(Aλ) of correlations generated by the am-

plitude damping channel Aλ(ρ) = A0ρA
†
0 +A1ρA

†
1

with A0 = |0〉〈0|+
√
λ|1〉〈1| and A1 =

√
1− λ|0〉〈1| is

given by (√
p1|2p2|1 −

√
p1|1p2|2

)2 ≤ λ;

• The set S(Ed) of correlations generated by the d-
dimensional erasure channel Ed(ρ) = λρ ⊕ (1 −
λ) Tr[ρ]φ is given by

|p1|1 − p1|2| ≤ λ;

• The set S(Dλd ) of correlations generated by the d-
dimensional depolarizing channel Dλd (ρ) = λρ+(1−
λ) Tr[ρ]1/d is given by{

|p1|1 − p1|2| ≤ λ,
|p1|1−p1|2|

1−|p1|1−p2|2|
≤ dλ

2−2λ+dλ ;

• The set S(Cd) of correlations generated by the d-
dimensional universal optimal 1→ 2 cloning chan-
nel Cd is given by

|p1|1 − p1|2| ≤
d

d+ 1
;
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• The set S(Td) of correlations generated by the d-
dimensional universal optimal transposition chan-
nel Td is given by{

|p1|1 − p1|2| ≤ 1
d+1 ,

|p1|1−p1|2|
1−|p1|1−p2|2|

≤ 1
3 .
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Abstract. Port-based teleportation (PBT) is a unique set of teleportation protocols in that they do not
require unitary correction. We study PBT protocols and fully characterize their performance for arbitrary
dimensions and number of ports. We also derive expressions for the optimal probability of success and the fi-
delity of teleportation for both probabilistic and deterministic PBT schemes. In the latter case, surprisingly,
the answer depends only on a largest eigenvalue of a certain easy to construct matrix which encodes the
relationship between a certain set of Young diagrams and emerges as the the optimal solution to the relevant
semidefinite program. To obtain our re sults, we develop new mathematical tools to study the symmetries
of the measurement operators that arise in these protocols and belong to the algebra of partially transposed
permutation operators. These tools can be easily generalized to the study of systems with arbitrary partial
symmetries.

Introduction

Quantum teleportation is one of the earliest and most widely used primitives in Quantum Information
Science which performs an arbitrary quantum state transfer between two spatially separated systems [2]. It
involves pre-sharing an entangled resource state and consists of three simple stages. The first stage involves
a joint measurement of the teleported subsystem together with the share of the resource state on the sender’s
side. In the second step, classical measurement outcome is communicated to the receiver. The last step
consists of applying a requisite correction operation which recovers the transmitted quantum state.

In 2008, Ishizaka and Hiroshima introduced a novel PBT protocol which does not require unitary cor-
rection [4, 5, 3]. In this setup, parties share a large resource state consisting of N copies of the maximally
entangled states | �i⌦N , where each singlet is a two-qubit state, termed port. Alice performs a joint
measurement on the unknown state ✓ which she wishes to teleport, and her half of the resource state, com-
municating the outcome to Bob. The outcome of the measurement indicates the subsystem where the state
has been teleported to. To obtain the teleported state, Bob discards all ports except for the one indicated by
Alice’s outcome. There are two versions of the PBT protocol, depending on the exact set of measurements
used by Alice. The first type, the so-called deterministic PBT, is described by the set of N POVM elements
X = {⇧

a

}N
a=1. The second type, the probabilistic PBT, consists of a measurement with N + 1 POVM

elements {⇧
a

}N
a=0, where ⇧0 indicates a failure of the teleportation. In this protocol, when Alice obtains

the input a 2 {1, . . . , N}, the parties proceed as above; when she obtains 0, then they abort the protocol.
Evaluating the performance of the PBT amounts to determining the spectral properties of the measure-

ment operators X . In the qubit case, authors in [4] viewed N + 1 qubits (with one extra qubit representing
the teleported state) as spins, recursively building a basis for constituents of X making the use of the
Clebsch-Gordan (CG) coe�cients to find their structure. This approach relied on the existence of the closed
form for the CG coe�cients and therefore was limited to SU(2)⌦N . In the case of SU(d)⌦N , with d > 2
there exists no closed form of the CG coe�cients and thus it is not known how to obtain the spectrum of the
relevant measurement operators without incurring an exponential overhead in d and N . However, one has a
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closed-form lower bound on the performance of deterministic PBT, but it is only useful for the deterministic
PBT in the regime N � d [5].

By using a graphical variant of the Temperley-Lieb algebra, it is possible to get a closed-form expression
for the fidelity and success probability of PBT for an arbitrary d and N [9]. Unfortunately, the resulting
mathematical expression contains an exponential number of terms (in N) with explicit results available for
N  5.

In our work we develop new mathematical tools in order to study the symmetries of X which will enable
us to e�ciently evaluate the performance of any PBT scheme for arbitrary N and d. Our first contribution
is the theory of the partially reduced irreducible representations (PRIR) [7]. It provides an elegant way of
understanding the properties of subsystems of a large system which has general symmetries. We further
use these techniques to provide a simpler way to approach the representation of the algebra of the partially
transposed permutation operators [6, 8]. Remarkably, the operators describing measurements in any PBT
scheme possess the exact symmetries which makes them elements of this algebra.

Results

Probabilistic PBT. Consider a probabilistic protocol defined by a d-dimensional maximally entangled

resource state
N

N

i=1 |�
+
d

i
AiBi , set of POVMs X = {⇧

a

}N
a=1, where each ⇧

a

= ⇢�
1
2 %

a

⇢�
1
2 with ⇢ =

P
N

a=1 %a,
and %

a

= 1
d

N P+
CAa

⌦ 1

Aa
, for a = 1, . . . , N . We will henceforth refer to ⇢ as the PBT operator.

The operator P+
CAa

denotes an unnormalised projection onto the state |�+i
CAa =

P
d

i=1 |iiiCAa between
systems C and A

a

, and 1

Aa
is identity operator on all subsystems A except A

a

. Alice wishes to teleport
a qudit ✓

C

to Bob. After she measures X and communicates the classical outcome i to Bob, he performs
one of the following actions: (a) if i 2 {1, . . . , N}, he traces out all but the i-th port which contains the
teleported state with perfect fidelity; (b) if i = 0, he aborts.

In this scheme, the teleported state reaches the recipient with high probability, which depends on the
size and entanglement of the resource state. There exist two subtypes of this protocol. In the first type
we consider a resource state which consists of a number of maximally entangled states, and in the second
type we obtain the resource state as a result of the optimization procedure. In what follows, by m

↵

,m
µ

we
denote multiplicities of the irreps of S(N � 1), S(N) in the natural representation, by d

↵

, d
µ

the respective
dimensions. In the former case, the probability of success is given by:
Theorem 1 [7]. The maximal average success probability in the probabilistic PBT with N ports and a re-

source state consisting of maximally entangled pairs with local dimension d is given by p = 1
d

N

P
↵

m2
↵

min
µ=↵+⇤

dµ

mµ
,

where µ denotes Young diagram obtained from ↵ ` N � 1 by adding a single box in a proper way of maximal
height d.

In the latter case, the probability of success is given by:
Theorem 2 [7]. The optimal state in the probabilistic PBT with N ports and the local dimension d of

each port is given by X
A

=
P

µ

c
µ

P
µ

with c
µ

= d

N
h(N)mµ

dµ
where h(N) = 1/

P
⌫

m2
⌫

, and ⌫ labels irreps

of S(N). Operators P
µ

are Young projectors onto irreps of S(N), and µ ranges over all Young diagrams of

height at most d. The corresponding optimal probability is of the form p = 1� d

2�1
N+d

2�1 .
Deterministic PBT. The deterministic version of the PBT guarantees that the teleported state always

reaches the recipient, but at a cost of being distorted. It is described by N POVM elements {⇧
a

}N
a=1 with

each ⇧
a

= ⇢�1/2%
a

⇢�1/2+�, where the term � = 1/N(1�
P

N

a=1⇧a

) with Tr %
a

� = 0 is required to ensure

that
P

N

a=1⇧a

= 1. Alice performs a joint measurement {⇧
a

}N
a=1 on ✓

C

and her share of the resource state.
She then communicates the classical outcome a 2 {1, . . . , N} to Bob, who traces out all but the a-th port
which contains the teleported state. The entanglement fidelity of this protocol with the maximally entangled
ports as a resource for any d � 2, N � 2 is given by:
Theorem 3 [7]. The fidelity for the deterministic PBT with N ports and a resource state consisting of

maximally entangled pairs with local dimension d is given by F = 1
d

N+2

P
↵`N�1

⇣P
µ=↵+⇤

p
d
µ

m
µ

⌘2
, where

the sum over ↵, µ ranges over all Young diagrams of height at most d.
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When we optimize both the measurement and resource state we find that the optimal fidelity F
opt

,
surprisingly, only depends on a maximum eigenvalue of a certain matrix M

F

. For a given N and d, the rows
and columns of M

F

are indexed by the weakly increasing Young diagrams of height at most d consisting of
N boxes as illustrated in Fig. 1. Each element of M

F

is filled according to two simple rules: (1) the number
on the diagonal corresponds to a number of ways to obtain a Young diagram which indexes the element
from a set of valid Young diagrams which have one box less (i.e. having the height d and the non-increasing
number of boxes on each row from the top to the bottom) (2) the o↵-diagonal element equals 1 if it is
possible to obtain the shape that indexes a column from that which indexes a row by moving a single box,
or 0 otherwise.

The Teleportation Matrix M
F

has a number of interesting properties. It turns out that it is positive
semidefinite; when d � N one has: spec(M

F

) = {0, 1, 2, . . . , N � 2, N}; when d < N we provide a fast
algorithm to determine its maximum eigenvalue and eigenvector which is subsequently used to determine
the optimal state and POVM [1].

We show that the best achievable fidelity of teleportation in the deterministic PBT is given by [1]:

F
opt

=
1

d2
||M

F

||1. (1)

1 1

1 112

1 112

1 122

1 121

1 121

1 1

Figure 1: Teleportation matrix M
F

for deterministic PBT schemes with N = 5 ports (N also describes the
number of boxes in each shape) and varying dimensions of each port and teleported state (the maximum
admissible height of each shape). A sequence of principal submatrices corresponds to an optimal performance
of a di↵erent deterministic PBT scheme: the entire matrix (solid blue frame) corresponds to d � 5, and
its first principal submatrix (dashed green frame) corresponds to the deterministic PBT d = 4, followed by
d = 3, 2 (dash dotted yellow frame and dotted black frame respectively). Empty cells contain zeros.

Our approach to studying properties of the PBT schemes may be replicated for the study of systems with
arbitrary partial symmetries. First, one needs to classify the symmetries of the system (S(N) and S(N � 1)
in the case of the PBT). Next, to identify and study the structure and the natural representation of the
algebra corresponding to the elements with these symmetries (algebra of partially transposed permutation
operators in the case of the PBT). Finally, to compute functions of products of the operators (such as trace)
e�ciently one needs to adjust the theory partially reduced irreducible representations to account for the
symmetries of the system in question.

3
393



References

[1] See the attached manuscript.
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Abstract

Deterministic port-based teleportation (dPBT) protocol is a scheme where a quantum state is
guaranteed to be transferred to another system without unitary correction. We characterize the
best achievable performance of the dPBT when both the resource state and the measurement is
optimized. Surprisingly, the best possible fidelity for an arbitrary number of ports and dimension
of the teleported state is given by the largest eigenvalue of a particular matrix – Teleportation
Matrix. It encodes the relationship between a certain set of Young diagrams and emerges as
the the optimal solution to the relevant semidefinite program.

1 Introduction

Quantum teleportation is one of the earliest and most widely used primitives in Quantum Informa-
tion Science which performs an arbitrary quantum state transfer between two spatially separated
systems [2]. It involves pre-sharing an entangled resource state and consists of three simple stages.
The first stage involves a joint measurement of the teleported subsystem together with the share
of the resource state on the sender’s side. In the second step, classical measurement outcome is
communicated to the receiver. The last step consists of applying a requisite correction operation
which recovers the transmitted quantum state.

One type of protocols, stands out for its simplicity and its surprising qualities which are
unattainable by the preexisting set of protocols – dubbed the Port-based teleportation (PBT).
It was able to reduce the three-step procedure to the one where the remaining correction step is
trivial. In this protocol, the sender and receiver share a large entangled resource state and the
sender implements a joint POVM on the teleported system and the resource state. Depending on
the type of POVM, one distinguishes two operational regimes: probabilistic and deterministic. In
the former case, the measurement is designed to ensure that the teleported state arrives intact to
the receiver, but there is a small probability of failure. In the latter case, the state always gets to
the receiver but incurs some distortion. In both protocols the sender communicates the classical
measurement outcome (including the failure in the former case) to the receiver who then traces out
part of the resource state indicated by the classical communication and finishing with the teleported
state in the case of dPBT or maximally mixed state in case of the probabilistic PBT.

While the optimal functioning of the probabilistic PBT is well-understood, for a number of
practical applications it may be critical to have a teleportation protocol without a unitary cor-
rection which always succeeds even when the replica is distorted. Understanding the feasibility of

1
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such protocols (with optimal measurements and the corresponding resource state) for an arbitrary
number of ports and local dimension of the teleported state remained a di�cult open problem.

Despite the superficial similarity to the probabilistic PBT, characterizing optimal performance
of the dPBT remained elusive due to the distortion which a↵ected the teleported state – the existing
tools were ill-suited for the analysis of the resulting quantum state on the receiver. In our work,
we show that the optimal performance regime for the dPBT, remarkably, can be reduced to the
study of a static object – Teleportation Matrix. This extraordinarily simple matrix emerges as a
result of an SDP optimization, and characterizes the abstract relationship between the input and
the output states of the protocol.

In this work we obtain a relationship between the dPBT and its companion Teleportation
Matrix and provide a fast algorithm to determine its infinity norm that characterizes the best
possible fidelity of teleportation when both the resource state and measurement are optimized. In
particular, when the dimension of the teleported state is greater or equal to the number of ports,
the maximal eigenvalue is obtained analytically. In the other case we provide a fast algorithm to
compute it.

In Section 2 we review the connection of PBT protocols with the algebra of partially transposed
permutation operators, followed by a short review of basic facts about the induced and restricted
representations of the symmetric group S(N) in Section 3. In the same section we also prove a
group-theoretic lemma about characters of the induced representations which will play an important
role in the following sections. Then, in Section 4 we formally introduce the Teleportation Matrix
(TM) and study its properties. In particular, we present an analytical expression for its eigenvalues
and corresponding eigenvector when the dimension of underlying local Hilbert space is large enough
compared to the number of ports. Finally, in Section 5 we show how it naturally appears as a result
of semidefinite optimization and describe a fast algorithm which calculates its infinity norm with
corresponding eigenvector when dimension of the local Hilbert space is smaller than number of
ports.

2 dPBT and its connection to algebra representation

We now recall the details of the dPBT introduced in [6, 7, 8], and introduce the notation emphasize
the connection with the algebra of partially transposed permutation operators Atn

n

(d). Here we
review the most important facts regarding the representation of Atn

n

(d) (for detailed discussion of
properties of Atn

n

(d) see [11, 12, 13]). In the dPBT, two parties, Alice and Bob, share a resource
state consisting of N copies of bipartite maximally entangled states | +i. Then Alice performs a
joint measurement on her half of the resource state and the unknown state ✓

C

which she wants to
teleport by choosing one of the POVM from the set {e⇧

a

}N
a=1, where each e⇧

a

is given in the form
of square root measurement [7]. She then communicates the measurement outcome a 2 {1, . . . , N}
to Bob. This outcome a labels the port on Bob’s side which contains the teleported state. Bob
then traces out all the ports except for the a-th. In this protocol, teleportation always succeeds
but the teleported state arrives distorted. To characterize the performance of the dPBT we need
to evaluate the fidelity of teleportation F [7]:

F =
1

d2

NX

a=1

Tr
h
�
a

e⇧
a

i
=

1

d2

NX

a=1

Tr
h
�
a

⇢�1/2�
a

⇢�1/2
i
, e⇧

a

= ⇢�1/2�
a

⇢�1/2, (1)
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which is a function of number of the ports N and local dimension of the Hilbert space d. For
1  a  N

�
a

=
1

dN
1

aC

⌦ eP+
aC

=
1

dN
1

aC

⌦ V tC (a, C), (2)

where 1

aC

denotes the identity operator acting on all subsystems except a-th C-th, eP+
aC

denotes

an unnromalised projector onto the maximally entangled state |�+i
aC

= 1p
d

P
d

i=1 |iiiaC between

subsystems a and C, where the set {|ii}d
i=1 is the standard basis in Cd. In the second equality

in (1) we use a well-known fact that eP+
aC

= V tC (a, C), where t
C

is a partial transposition with
respect to subsystem C performed on permutation operator V (a, C) acting between subsystems a
and C. The operator ⇢ in (1) is called the PBT operator, and can be expressed as (see [12]):

⇢ =
NX

a=1

�
a

=
1

dN

NX

a=1

1

aC

⌦ V tC (a, C) =
1

dN
⌘. (3)

Since every element 1
aC

⌦ V (a, C) acts as a permutation on the full Hilbert space (Cd)⌦n, where
n = N + 1, we will further denote it by V (a, C). To keep the notation consistent with the earlier
works that study Atn

n

(d) we label subsystem C by the index n, then expressions (2), (3) read

�
a

=
1

dN
V tn(a, n), ⇢ =

NX

a=1

�
a

=
1

dN

NX

a=1

V tn(a, n) =
1

dN
⌘. (4)

From the above identities it follows that ⇢ is strictly connected with the algebra Atn
n

(d) of partially
transposed permutation operator where partial transposition t

n

is performed with respect to last
n�th subsystem. The operator ⇢ can be regarded as an element of the algebra Atn

n

(d). From [11, 13]
we know that the full algebra Atn

n

(d) splits into direct sum of two left ideals Atn
n

(d) = M � S.
From [12] we also know that the part of the algebra Atn

n

(d) containing the ideal S does not play
any role in the description of the dPBT, so we will not discuss it here. In the ideal M all irreducible
representations (irreps) of Atn

n

(d) are labelled by the irreps of the symmetric group S(N � 1), and
they are strictly connected with the irreps of the group S(N) induced by those irreps of S(N � 1).

Furthermore, we denote the corresponding projector (including multiplicities) on chosen irrep
labelled by ↵ ` N � 1 (symbol ` indicates that the diagram ↵ is obtained for N � 1 boxes) by
M
↵

, and its support space by S(M
↵

). Further by P
µ

we denote the Young projector (including
multiplicities) onto irrep of S(N) labelled by µ ` N induced from a given irrep ↵ of S(N � 1). It
occurs when a Young diagram µ ` N can be obtained from a Young diagram ↵ ` N � 1 by adding
a single box ⇤ (we denote this by µ 2 ↵), and when all irreps labelled by ↵ and µ occur. The latter
happens when the heigh of the first column of ↵ and µ is less of equal to the dimension d of the
local Hilbert space (i.e. when h(↵)  d, h(µ)  d). Define projectors

8 µ 2 ↵ F
µ

(↵) ⌘ M
↵

P
µ

, (5)

which project onto irreps of S(N) contained in M
↵

labelled by Young diagrams µ and induced from
the irreps of S(N � 1) labelled by ↵ [12]. Denoting by P

↵

a Young projector onto irrep labelled by
↵ ` N � 1 we get the following representation of ⌘ from Eqn. 4:

⌘ =
X

↵

⌘(↵) =
X

↵

V (a,N)P
↵

V tn(N,n)V (a,N). (6)
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The support of every ⌘(↵) is the space S(M
↵

) which is invariant with respect to action of S(n�1),
so we see that F

µ

(↵) are eigenprojectors of ⌘(↵). From [12] we know that projectors F
µ

(↵) can be
written as:

F
µ

(↵) = ��1
µ

(↵)P
µ

⌘(↵)P
µ

, (7)

where the numbers �
µ

(↵) are the eigenvalues of the operator ⌘ from (4) given by

�
µ

(↵) = N
m

µ

d
↵

m
↵

d
µ

, (8)

where d
↵

, d
µ

are dimensions of the irreps of S(N �1), S(N) labelled by Young diagrams ↵ ` N �1,
µ ` N respectively, and m

↵

,m
µ

are their multiplicities.
Combining the above facts, the PBT operator ⇢ which is strictly connected with ⌘ has the

following form:

⇢ =
X

↵`N�1

X

µ2↵
�
µ

(↵)F
µ

(↵), (9)

where

�
µ

(↵) =
1

dN
�
µ

(↵). (10)

In our previous work [12] we give an explicit expression for the fidelity F given in equation (1)
in terms of N, d, the dimensions d

µ

, and multiplicities m
µ

of irreps of the permutation group S(N)
when the resource state is given by as a N�fold tensor product of | +i. In this case we also know
that optimal POVMs {e⇧

a

}N
a=1 are given in the form of square root measurements (see (1)). In the

qubit case when both the measurement and the resource state are optimized simultaneously it is
known that it is possible to achieve a significantly higher teleportation fidelity [8]. In the latter
case, the resource state di↵ers from | +i⌦N , and one has a di↵erent set of POVMs. In the qudit
case we similarly take the resource state to be

| i = (O
A

⌦ 1

B

) | +i
A1B1 ⌦ | +i

A2B2 ⌦ · · ·⌦ | +i
ANBN , (11)

where A = A1A2 · · ·AN

, B = B1B2 · · ·BN

, and TrO†
A

O
A

= dN , where O
A

encodes an arbitrary
quantum operation on Alice’s side. We want to compute

F =
1

d2
max
{⇧a}

NX

a=1

Tr [⇧
a

�
a

] , (12)

with respect to the following constraints

(1)
NX

i=a

⇧
a

 X
A

⌦ 1

B

, (2) TrX
A

= TrO†
A

O
A

= dN , (13)

where {⇧
a

}N
a=1 is some new, optimal set of POVMs which are compatible with operation O

A

and
1

B

is identity operator acting on single qudit space on Bobs’ side. We see that the problem of
simultaneous optimisation over a resource state | i and the set of POVMs {⇧

a

}N
a=1 can be case

as a semi-definite program (SDP) [3]. Most of this work is dedicated to finding an optimal form
of the Alice operation O

A

, optimal form of POVMs, and expression for the optimal value of the
fidelity (12). As we have mentioned above we solve this problem by giving an analytical solution
of the primal and the dual SDP. Moreover, all such solutions are presented in terms of objects
characterising Atn

n

(d).

4

398



3 Facts about symmetric group S(N)

Before we state and prove our results, we need to introduce further group-theoretic notation.

i) By the symbol ⌫/µ = ⇤ we denote two Young diagrams µ, ⌫ for the same natural number N
when µ can be obtained from ⌫ by moving a single box ⇤ (and vice versa).

ii) By ↵ 2 µ we denote Young diagrams ↵ ` N�1 which can be obtained from µ ` N by removing
one box ⇤.

iii) By bS(N) we denote the set of all possible irreps of the symmetric group S(N), and by |bS(N)|
its cardinality.

iv) By '↵, µ, etc. we denote irreps of respective symmetric groups belonging to sets bS(N � 1) or
bS(N).

Recall that the representations ResS(N)
S(N�1)( 

⌫),  ⌫ 2 bS(N) and IndS(N)
S(N�1)('

↵) '↵ 2 bS(N � 1),
have the following structure

ResS(N)
S(N�1)( 

⌫) =
M

↵2⌫
'↵, IndS(N)

S(N�1)('
↵) =

M

µ2↵
 µ, (14)

so they are simply reducible. Some properties of ResS(N)
S(N�1)( 

⌫) and IndS(N)
S(N�1)('

↵) will be necessary
for Section 4:

Proposition 1. We have the following:

a) '↵ 2 ResS(N)
S(N�1)( 

⌫) if and only if  ⌫ 2 IndS(N)
S(N�1)('

↵).

b) Irreps  µ, ⌫ 2 bS(N), µ 6= ⌫ are in the relation ⌫/µ = ⇤ if and only if there exists '↵ 2
ResS(N)

S(N�1)( 
⌫) :  µ 2 IndS(N)

S(N�1)('
↵).

Proof. The statement a) of the Proposition is a well-known result in representation theory. We
prove part b). From the assumption we have

⌫ = (⌫1, . . . , ⌫
k

, . . . , ⌫
l

, . . . , ⌫
p

) ) µ = (⌫1, . . . , ⌫
k

� 1, . . . , ⌫
l

+ 1, . . . , ⌫
p

) (15)

for some indices k, l. We chose

↵ = (⌫1, . . . , ⌫
k

� 1, . . . , ⌫
l

, . . . , ⌫
p

) ` N � 1, (16)

which is properly defined Young diagram because by assumption µ is properly defined Young

diagram and we have µ 2 ↵, so  µ 2 IndS(N)
S(N�1)('

↵). On the other hand for b) we have from the

assumption that for a given ⌫ = (⌫1, . . . , ⌫s, . . . , ⌫t, . . . , ⌫q) such that s 6= t

↵ = (⌫1, . . . , ⌫s, . . . , ⌫t � 1, . . . , ⌫
p

), µ = (↵1, . . . ,↵s

+ 1, . . . ,↵
t

, . . . ,↵
q

), (17)

so µ = (⌫1, . . . , ⌫s + 1, . . . , ⌫
t

� 1, . . . , ⌫
q

) and ⌫/µ = ⇤.

The next result concerns the characters of the induced representations.
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Lemma 2. Let � 2 S(N) and suppose that � has the following cycle structure � 2 (1k, 2⇠2 , . . . , N ⇠n),
where k � 1, ⇠

i

� 1, then

�
Ind

S(N)
S(N�1)('

↵)
(�) = k�↵(1k�1, 2⇠2 , . . . , N ⇠n). (18)

In particular for � = e 2 (1N ), where e denotes identity element of the group S(N) we have

�
Ind

S(N)
S(N�1)('

↵)
(e) = Nd

↵

. (19)

Proof. Recall that the induced representation IndS(N)
S(N�1)('

↵) : '↵ 2 bS(N � 1) has the following
form

8� 2 S(N) �Ind('↵)
ai,bj

(�) = e'↵
ij

[(aN)�(bN)], (20)

where

e'↵
ij

(⇡) =

(
'↵(⇡), ⇡ 2 S(N � 1),

0, ⇡ /2 S(N � 1),
(21)

and a, b = 1, . . . , N . We thus get the following formula for the character of the induced represen-
tation

�Ind('↵)(�) =
dim'

↵X

i=1

NX

a=1

e'↵
ii

[(aN)�(aN)] =
NX

a=1

e�↵[(aN)�(aN)], (22)

where e�↵ is defined in the same way as e'↵
ij

. Let � = C1C2 · · ·C
k

2 S(N) be a unique decomposition
of the permutation � into disjoint cycles. For a given transposition (aN) of the natural transversal,
the number a appears in only one cycle C

i

in �, and similarly for the number N and we have the
following possibilities for the cycles, which include the numbers a,N

(aN)(ai1 · · · ip)(aN) = (Ni1 · · · ip), i
k

6= N,

(aN)(Ni1 · · · ip)(aN) = (ai1 · · · ip), i
k

6= a,

(aN)(ai1 · · ·N · · · i
p

)(aN) = (Ni1 · · · a · · · ip), i
k

6= a,N.

(23)

From the above it follows that if � = C1C2 · · ·C
k

2 S(N) is such that |C
i

| > 1 i.e. all cycles C
i

in
� are of the length greater than one, then for any transposition (aN) the permutation (aN)�(aN)
does not belong to S(N � 1), and �Ind('↵)(�) =

P
N

a=1 e�↵[(aN)�(aN)] = 0. Suppose now that a
permutation � contains the cycle of the length one i.e. it is of the form

� 2 (1k, 2⇠2 , . . . , (N � k)⇠n�k), k � 1, ⇠
j

� 1, � = (a1)(a2) · · · (a
k

)C1 · · ·Cp

, (24)

where a
i

= 1, . . . , N and |C
j

| > 1. In this case we have for i = 1, . . . , k

(a
i

N)�(a
i

N) = (a1) · · · (N) · · · (a
k

)C 0
1 · · ·C 0

p

2 S(N � 1), (25)

so for k transpositions of the transversal (a
i

N) : i = 1, . . . , k we have

e�↵[(a
i

N)�(a
i

N)] = �↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k) (26)

and for the remaining transpositions of the transversal (a
ji

N) : j > k we have

e�↵[(a
j

N)�(a
j

N)] = 0, (27)

so
�Ind('↵)(1k, 2⇠2 , . . . , (N � k)⇠n�k) = k�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k). (28)
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4 Teleportation Matrix

We are now ready to define the central object of our work – the Teleportation Matrix M
F

which
plays a key role in the analysis of the simultaneous optimisation over POVMs and the resource
state in the dPBT. Later, we derive a connection between M

F

and induced characters of the
symmetric group which enables us to use results from Section 3 in order to determine its spectral
properties. We provide an analytical expression for its eigenvalues whenever d � N , and show that
M

F

together with all of its principal submatrices is positive semi-definite. Finally, we derive a few
other important properties of M

F

like its irreducibility and primitivity which are necessary when
we discuss the fast algorithm for computation of the infinity norm of principal submatrices of M

F

(i.e. when d < N and the analytical expression for the eigenvalues is not known).

Definition 3. Let µ, ⌫ run over all irreps of the group S(N), define the following matrix M
F

of
dimension |bS(N)|

M
F

⌘ (n
µ

�
µ,⌫

+�
µ,⌫

), (29)

where n
µ

is the number of ↵ ` N � 1 for which ↵ 2 µ, and

�
µ,⌫

=

(
1 if µ/⌫ = ⇤,

0 otherwise.
(30)

The symbol µ/⌫ = ⇤ denotes such Young diagrams µ, ⌫ which can be obtained from each other by
moving a single box.

Fig 1 depicts M
F

for N = 2, 3, 4 when all the irreps of S(N) occur. From the representation
theory point of view, the structure of M

F

encodes relations among the irreps of the group S(N).
As we will see later, the relations that define the matrix M

F

are determined by the properties of the
representations Res and Ind (see Section 3). We will further assume that all indices  µ, ⌫ 2 bS(N)
of the matrix M

F

are ordered in the strongly decreasing lexicographic order, starting from the
biggest Young diagram µ = id. In such ordering, Young diagrams strongly decrease, whereas the
height of the Young diagrams weakly increases.
To reveal the connection between M

F

and irreps of S(N) we start from the following lemma:

Lemma 4. The numbers, which appear in the row ⌫ of the matrix M
F

, are the multiplicities of the
irreps  ⌫ 2 bS(N) appearing in all representations

IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫), '↵ 2 bS(N � 1), (31)

where the diagonal term n
⌫

shows how many '↵ 2 ResS(N)
S(N�1)( 

⌫).

Proof. The lemma is in fact, a corollary from the Proposition 1. From the statement a) of this
proposition we get that for a given  ⌫ 2 bS(N), so for a given row ⌫ of the matrix M

F

, the irrep

⌫ is included in all representations IndS(N)
S(N�1)('

↵) such that '↵ 2 ResS(N)
S(N�1)( 

⌫), and there are n
⌫

of them. From statement b) of Proposition 1 we get that if µ 6= ⌫ then ⌫/µ = ⇤ if and only if  µ

belongs to IndS(N)
S(N�1)('

↵) for some '↵ 2 ResS(N)
S(N�1)( 

⌫). It is not di�cult to prove that in the case

µ 6= ⌫ the irrep µ : ⌫/µ = ⇤ appears only once in all IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫).

In order to describe the spectral properties of the matrix M
F

we need
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1 1

1 1

1 1

1 1

1 12

1 1

1 1

1 1 1

1 1 1

1 1

2

2

A

B

C

Figure 1: Teleportation matrix for the dPBT schemes. The maximal eigenvalue of each of the
matrices determines the optimal performance of the dPBT scheme for: N = 2 (A), N = 3 (B),
N = 4 (C) in the case where all the irreps occur (i.e. local dimension d of the teleported state and
each of the port equals to N). Empty squares are filled with zeros.

Definition 5. The reduced character matrix for the group S(N) has the following form

T ⌘ (�
µ

(C)), (32)

where µ runs over all irreps of the group S(N), C = (1k, 2⇠2 , . . . , N ⇠N ) describes the class of
conjugated elements, �

µ

(·) is character calculated on irrep µ and elements from C. By T (C) =
(�

µ

(C)), where C runs over all classes of the group S(N), we denote the columns of the matrix T .
It is known that matrix T is unitary.

Matrix T = (�
µ

(C)) plays a central role in the description of spectral properties of the matrix
M

F

:

8
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Proposition 6. We have the following spectral properties of the matrix M
F

M
F

T (C) = kT (C) ,
X

µ

(M
F

)
⌫µ

�
µ

(C) = k�
⌫

(C), (33)

where C = (1k, 2⇠2 , . . . , N ⇠N ), so k is the number of cycles of the length 1 in the class C which is the
support of the eigenvector T (C). The reduced character matrix T for the group S(N), diagonalises
the matrix M

F

.

Proof. From Lemma 4 we deduce that for the given row ⌫ of the matrix M
F

the sum

X

µ

(M
F

)
⌫µ

�
µ

(C) (34)

is equal to the sum of all characters of the irreps of the group S(N) which are included in all

induced representations IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫),'↵ 2 bS(N � 1) i.e. we have

X

µ

(M
F

)
⌫µ

�
µ

(C) =
X

↵2Res
S(N)
S(N�1)(⌫)

�
Ind

S(N)
S(N�1)('

↵)
(C), (35)

where C = (1k, 2⇠2 , . . . , (N � k)⇠n�k). From Lemma 2 we have

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�
Ind

S(N)
S(N�1)('

↵)
(C) = k

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k), (36)

where the sum on RHS is the character of the representation ResS(N)
S(N�1)( 

⌫), and we have

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k) = �
v

(1k, 2⇠2 , . . . , (N � k)⇠n�k) = �
⌫

(C). (37)

Directly from Proposition 6 we deduce

Corollary 7. 1. The matrix M
F

has the following spectrum

spec(M
F

) = {0, 1, 2, . . . , N � 2, N}. (38)

Note that there is a gap in this spectrum – the number N � 1 does not occur.

2. The matrix M
F

is positive semi-definite.

3. The multiplicity of the eigenvalue k 2 spec(M
F

) is equal to the number of cycles classes of
the form (1k, 2⇠2 , . . . , N ⇠n), equivalently to the number of solutions in N[ {0} of the equation
(equations for ⇠

l

)
N�kX

l=2

l
⇠l
= N � k. (39)
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4. The eigenvector v = (v
µ

) for µ 2 bS(N) corresponding to maximal eigenvalue N has strictly
positive entries (which agrees with Frobenius-Perron Theorem - see Theorem 30 of Appendix B)
and 8µ 2 bS(N) v

µ

= d
µ

, where d
µ

is the dimension of the respective irrep.

5. The largest eigenvalue N , in fact spectral radius, has multiplicity one, which agrees with
Frobenius-Perron Theorem. Similarly the eigenvalues N � 2, N � 3 also are simple and the
multiplicities of the eigenvalues N � 4, N � 5 are equal 2 and so on.

The above statements are true when all irreps of S(N) occur. This happens whenever heights
h(µ), h(⌫) of Young diagrams labelling rows and columns of M

F

satisfy conditions h(µ)  d, h(⌫) 
d. The minimal dimension d for having all irreps is just equal to the heigh of the Young diagram
corresponding to antisymmetric space, so it happens when d � N . As we will see later, whenever d
is too small with respect to height of certain Young diagrams, our spectral analysis reduces to an
analysis of respective principal submatrices of the matrix M

F

.

Definition 8. By Md

F

we denote a principal submatrix (i.e. matrix localised on the main diagonal

in the upper left corner), which contains all irreps  ⌫ 2 bS(N), such that h(⌫)  d. For such choice
we have

N  d ) Md

F

= M
F

, (40)

and in particular MN

F

= M
F

.

On the Fig 2 we present matrix M
F

with its principal submatrices Md

F

for N = 5 when
d = 2, 3, 4, 5.

Remark 9. From Sylvester’s theorem (see Theorem 27 of Appendix B) it follows that all principal
matrices Md

F

are positive semi-definite.

Using Lemma 4 we can calculate how many irreps ⌫ of S(N) we have in IndS(N)
S(N�1)('

↵) : '↵ 2
ResS(N)

S(N�1)( 
⌫), i.e. how many 10s (with multiplicities) we have in the row ⌫ in the matrix Md

F

. We
thus get the following bound

Proposition 10. The number of all IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫) is not greater than

h(⌫)  d, so n
⌫

 d. In each induced representation IndS(N)
S(N�1)('

↵) we have at most h(⌫)+1 irreps

of S(N), if h(⌫) < d, and d irreps of S(N) if h(⌫) = d. From this it follows that in the matrix Md

F

,
the maximum number of 10s (with multiplicities) in each row is not greater than d2.

Defining ||A||1 ⌘ max
i

P
j=1 |aij |, for an arbitrary A = (a

ij

) 2 M(n,C), and using Proposi-
tion 10 we have the following

Corollary 11. We have the following upper bound for the norm of the matrix norm of Md

F

||Md

F

||1  d2. (41)

At the end of this section we show a few additional important features of the teleportation
matrix M

F

, and its principal matrices Md

F

. It turns out that matrices Md

F

have a few useful
properties regarding our algorithm presented further in Section 5.4– irreducibility and primitivity
which are explained in Definition 28, Definition 29, and Definition 31 of Appendix B.
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1 1

1 112

1 112

1 122

1 121

1 121

1 1

Figure 2: Teleportation matrix for the dPBT schemes with fixed number of ports (N = 5 – number
of boxes in each shape) and varying dimensions of each port and teleported state (the maximum
admissible height of each shape). A sequence of principal submatrices corresponds to an optimal
performance of a di↵erent dPBT scheme: the entire matrix (solid blue frame) corresponds to d � 5,
and its first principal submatrix (dashed green frame) corresponds to the dPBT d = 4, followed
by d = 3, 2 (dash dotted yellow frame and dotted black frame respectively). Empty cells contain
zeros.

Fact 12. M
F

defined in (3) is irreducible in the sense of Definition 29.

Proof. From the Definition 3 we see that the matrix M
F

is at least three-diagonal. The number of
zeros in every row of the matrix M

F

is equal then to m = |bS(N)| � 2. After the exponentiation
of M2

F

the positions (M
F

)1,3 6= 0, . . . , (M
F

)|bS(N)|�2,|bS(N)| 6= 0, so the third upper (lower) diagonal

becomes nonzero. ComputingM3
F

we see that the fourth upper (lower) diagonal has strictly positive

entries. Because of the construction continuing process of the multiplication m + 1 = |bS(N)| � 1
times we have (Am+1)

ij

> 0 for every 1  i, j  |bS(N)|. In general matrix M
F

has strictly positive
numbers also outside of the three main diagonals. It means that in the general case the required
number of the multiplications can be smaller than m+ 1.

Using the same argumentation as in Fact 12 we can show that every principal matrix Md

F

is also
irreducible. MatrixM

F

, and its principal matricesMd

F

are also primitive matrices (see Definition 31

11
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of Appendix B). Matrices M
F

, Md

F

satisfy all assumptions of Proposition 32 of Appendix B, so we
can formulate

Corollary 13. The matrices M
F

,Md

F

are primitive.

Remark 14. It follows also directly from the positive semi-definiteness of the matrices Md

F

.

We end this section with the following

Remark 15. The matrix M
F

given in the Definition 29 is a centrosymmetric matrix according to
Definition 33 of Appendix B.

5 Optimisation over a resource state in the dPBT

We now turn to the case when both the resource state | i and Alice’s measurements {⇧
a

}N
a=1 are

optimised simultaneously. Since from [8] we know that this problem can be cast in terms of SDP,
we provide analytical solutions to both primal and dual SDPs obtaining optimal form of POVMs
and the state | i. By showing that the primal matches the dual, we obtain the optimal fidelity. We
also show how optimal fidelity of the dPBT relates to a maximal eigenvalue of the Teleportation
Matrix M

F

given in Definition 3 or its principal matrices if the dimension d is smaller than number
of the ports N . Figure 3 illustrates how optimal fidelity compares to previous results.

Figure 3: Best achievable fidelity of port-based teleportation when both the state and the measure-
ment is optimized. dX ENT denotes the fidelity of the dPBT when the resource state consists of
maximally entangled pairs and only measurement is optimized; X corresponds to the dimension of
the teleported state. dX OPT denotes the best possible fidelity achieved by optimizing the resource
state and measurement simultaneously

12
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5.1 The primal SDP problem

The primal problem is to compute:

F ⇤ =
1

d2
max
{⇧i}

NX

a=1

Tr [⇧
a

�
a

] , (42)

with respect to constraints

(1)
NX

a=1

⇧
a

 X
A

⌦ 1

B

, (2) TrX
A

= dN . (43)

In the above {⇧
a

}N
a=1 is the set of POVMs used by Alice, and X

A

= O†
A

O
A

, where O
A

is a global
operation performed on Alices’ half of the maximally entangled resource state. The solution of (42)
with the constraints (43) is given in the following

Theorem 16. The quantity F ⇤ in the primal problem can be expressed as:

F ⇤ =
1

d2
||M

F

||1 , (44)

where ||M
F

||1 denotes the infinity norm of the Teleportation Matrix M
F

is given in Definition 3.

Proof. Here we assume the most general form of the POVMs (indeed more general than in (94));
for a = 1, . . . , N we take:

⇧
a

= ⇧�
a

⇧, (45)

with
⇧ =

X

↵

X

µ2↵
p
µ

(↵)F
µ

(↵), p
µ

(↵) � 0, (46)

and
X

A

=
X

µ

c
µ

P
µ

, c
µ

� 0. (47)

We rewrite expression (42) using our assumption about the form of POVMs ⇧
a

for a = 1, . . . , N
given in (45):

F ⇤ =
1

d2
max
{⇧a}

Tr

"
NX

a=1

⇧
a

�
i

#
=

1

d2
max
⇧

X

a

Tr [⇧�
a

⇧�
i

]

=
N

d2
max
⇧

Tr [⇧�
N

⇧�
N

] =
N

d2N
max
⇧

Tr [⇧(1⌦ P+)⇧(1⌦ P+)] ,

(48)

where we use the fact that Tr [⇧
a

�
a

] does not depend on the index a = 1, . . . , N . This property
allows us to compute the trace for fixed value a = N and multiply it N times. Here and further in
this manuscript by P+ we denote projector onto maximally entangled state |�+i between N�th and
n�th subsystem, and the identity operator 1 on N�1 first subsystems. Substituting decomposition
of ⇧ given in (46), fact that 1⌦ P+ = 1

d

V tn(N,n), and decomposition (5) we write:

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵0)}

X

↵,↵

0

X

µ2↵
µ

02↵0

p
µ

(↵)p
µ

0(↵0) Tr
⇥
M
↵

P
µ

V tn(N,n)M
↵

0P
µ

0V tn(N,n)
⇤
. (49)
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Using that V tn(N,n)M
↵

= V tn(N,n)P
↵

(see Fact 13 of [12]) we have

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵0)}

X

↵,↵

0

X

µ2↵
µ

02↵0

p
µ

(↵)p
µ

0(↵0) Tr
⇥
P
µ

V tn(N,n)P
↵

0P
µ

0V tn(N,n)P
↵

⇤
. (50)

Using properties [P
↵

, V tn(N,n)] = 0, [P
↵

, P
µ

] = 0, P
↵

P
↵

0 = �
↵↵

0P
↵

, and again V tn(N,n)M
↵

=
V tn(N,n)P

↵

we reduce above expression to

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

(↵)p
µ

0(↵) Tr
⇥
P
µ

V tn(N,n)P
↵

P
µ

0V tn(N,n)P
↵

⇤

=
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

(↵)p
µ

0(↵) Tr
⇥
F
µ

(↵)(P
↵

⌦ P+)F
µ

0(↵)(P
↵

⌦ P+)
⇤
.

(51)

In the next step we use of the identity operator in the form 1 =
P

↵

P
↵

=
P

↵

P
d↵
k=1

P
m↵
r=1 |'k,r

(↵)ih'
k,r

(↵)|,
where vectors {|'

k,r

(↵)i}d↵
k=1 span r-th block of the irrep labelled by Young diagram ↵:

F ⇤ =
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)⇥

⇥
d↵X

k,l=1

m↵X

r,s=1

Tr
⇥
F
µ

(↵)|'
k,r

(↵)ih'
k,r

(↵)⌦ P+|F
µ

0(↵)|'
l,s

(↵)ih'
l,s

(↵)|⌦ P+
⇤

=
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)⇥

⇥
d↵X

k,l=1

m↵X

r,s=1

Tr
⇥|'

l,s

(↵)ih'
k,r

(↵)|⌦ P+F
µ

0(↵)
⇤
Tr [|'

k,r

(↵)ih'
l,s

(↵)⌦ P+|Fµ

(↵)] .

(52)

Using Fact 25 we can simplify above expression as

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)
m

µ

0m
µ

m2
↵

d↵X

k,l=1

m↵X

r,s=1

�2
lk

�2
sr

=
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

d
↵

m
↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)m
µ

0m
µ

=
N

d2N+2
max

{pµ(↵)}

X

↵

d
↵

m
↵

 
X

µ2↵
p
µ

(↵)m
µ

!2

.

(53)

Form the definition of ⇧ we see that 8⇡ 2 S(N) [⇧, V (⇡)] = 0. Together with (9) we write

NX

a=1

⇧
a

= ⇧
NX

a=1

�
a

⇧ = ⇧⇢⇧ = ⇧2⇢ =
X

↵

X

µ2↵
p2
µ

(↵)�
µ

(↵)F
µ

(↵). (54)
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Similarly to Eqn.(37) in [8] we get

NX

a=1

⇧
a

=
X

↵

X

µ2↵
p2
µ

(↵)�
µ

(↵)F
µ

(↵) =
X

µ

X

↵2µ
p2
µ

(↵)�
µ

(↵)F
µ

(↵) 
X

µ

c
µ

P
µ

⌦ 1

n

. (55)

Note that F
µ

(↵) ⇢ P
µ

, so we have p2
µ

(↵)�
µ

(↵)  c
µ

. Now we see that the fidelity F ⇤ given by
expression (53) can only increase, when we increase coe�cients p

µ

(↵). Thus for any fixed c
µ

it is
optimal to choose p

µ

(↵) satisfying

8↵ p2
µ

(↵)�
µ

(↵) = c
µ

. (56)

Finally from the normalisation condition (expression (2) of (43)) and by substitution of (47) we
get constraint on coe�cients c

µ

TrX
A

=
X

µ

c
µ

TrP
µ

=
X

µ

c
µ

d
µ

m
µ

= dN . (57)

Taking v2
µ

= 1
d

N c
µ

d
µ

m
µ

together with the equation ensuring maximal possible value of the quantity
F ⇤ given in (56) we write

p2
µ

(↵)�
µ

(↵)d
µ

m
µ

=

✓
1

dN
c
µ

d
µ

m
µ

◆
dN = dNv2

µ

. (58)

Using the explicit formula for �
µ

(↵) we can compute p
µ

(↵) in terms of new coe�cients v
µ

as

p
µ

(↵) =
dNp
N

r
m
↵

d
↵

v
µ

m
µ

. (59)

Now inserting above formula into (53) we have

F ⇤ =
N

d2N+2
max
{vµ}

X

↵

d
↵

m
↵

 
X

µ2↵

dNp
N

r
m
↵

d
↵

v
µ

m
µ

m
µ

!2

=
1

d2
max
{vµ}

X

↵

 
X

µ2↵
v
µ

!2

. (60)

Using equation (57) we get

dN
 
X

µ

1

dN
c
µ

d
µ

m
µ

!
= dN

X

µ

v2
µ

= dN )
X

µ

v2
µ

= 1. (61)

The above condition is just a normalisation condition for some vector v, i.e. ||v||2 =
P

µ

v2
µ

= 1.
Finally writing more explicitly the double sum in (60) we see the following

X

↵

 
X

µ2↵
v
µ

!2

=
X

↵

0

BB@
X

µ2↵
v2
µ

+
X

µ6=⌫
µ,⌫2↵

v
µ

v
⌫

1

CCA =
X

µ

n
µ

v2
µ

+
X

µ6=⌫
µ/⌫=⇤

v
µ

v
⌫

, (62)

where n
µ

is number of ↵ ` N � 1 for which µ 2 ↵. Having expression (62) together with (61) we
rewrite the equation (60) as

F ⇤ =
1

d2
max

v:||v||=1
hv|M

F

|vi ⌘ 1

d2
||M

F

||1, (63)
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5.2 The dual SDP problem

The dual problem is to compute:

F⇤ = dN�2min
⌦

||Tr
B

⌦||1 , (64)

with respect to constraints
⌦� �

a

� 0, a = 1, . . . , N. (65)

In the above ⌦ is an arbitrary operator acting on N subsystems. The solution of (64) with the
constraints defined in (65) is given in the following

Theorem 17. The quantity F⇤ in the dual problem can be expressed as:

F⇤ =
1

d2
||M

F

||1 , (66)

where ||M
F

||1 denotes the infinity norm of the Teleportation Matrix M
F

is given in Definition 3.

Proof. Assume the general form of the operator which gives contribution to F⇤ as

e⌦ =
X

↵`N�1

e⌦(↵) =
X

↵`N�1

X

µ2↵
!
µ

(↵)F
µ

(↵), !
µ

(↵) � 0. (67)

By choosing coe�cients !
µ

(↵) we ensure that e⌦� �
a

� 0 for a = 1, . . . , N , where �
a

= 1
d

N�11an ⌦
P+
a,n

(see condition (65)), and P+
a,n

is projector onto maximally entangled state |�+i
a,n

between
a�th and n�th subsystem. Due to symmetry it is enough to check it only for a = N , and on all
irreps ↵.

e⌦ � �
N

() 8↵ e⌦(↵) � �
N

P
↵

, (68)

where P
↵

denotes a Young projector onto irrep labelled by the Young diagram ↵ ` N � 1. More
explicitly using form of the operator e⌦(↵) from (67) and resolution of the identity in terms of Young
projectors P

↵

we have

8↵ ` N � 1 dN�1
X

µ2↵
!
µ

(↵)F
µ

(↵) � P
↵

⌦ P+. (69)

We now ask when above condition is fulfilled. Form [10] we know, that

A(↵)� 1

c(↵)
R(↵) � 0 if c(↵) =

d↵X

k=1

m↵X

l=1

h�+|h'
k,l

(↵)|A�1(↵)|'
k,l

(↵)i|�+i, (70)

where for fixed l = 1, . . . ,m
↵

vectors |'
k,l

(↵)i span one irrep of S(N�1) labelled by Young diagram
↵ and

A(↵) = dN�1
X

µ2↵
!
µ

(↵)F
µ

(↵), R(↵) = P
↵

⌦ P+. (71)
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Having above we are in the position to compute the constant c(↵) for all irreps ↵

c(↵) =
1

dN�1

d↵X

k=1

m↵X

l=1

h�+|h'
k,l

(↵)|
X

µ2↵
!�1
µ

(↵)F
µ

(↵)|'
k,l

(↵)i|�+i

=
1

dN�1

X

µ2↵
!�1
µ

(↵)
d↵X

k=1

m↵X

l=1

Tr [|'
k,l

(↵)ih'
k,l

(↵)|⌦ P+Fµ

(↵)]

=
1

dN

X

µ2↵
!�1
µ

(↵)
m

µ

m
↵

,

(72)

since we used Fact 25 from Appendix A. Now, redefining the operator e⌦(↵) as

⌦(↵) ⌘ c(↵)e⌦(↵) = 1

dN

X

⌫2↵
!�1
⌫

(↵)
m
⌫

m
↵

X

µ2↵
!
µ

(↵)F
µ

(↵)

=
1

dN

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
↵

!
⌫

(↵)
F
µ

(↵)
(73)

we satisfy the constraint ⌦��
N

� 0, since ⌦ =
P

↵

⌦(↵). In the next step we compute the quantity
dN�2Tr

n

⌦ form (64)

dN�2Tr
n

⌦ =
1

d2

X

↵

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
↵

!
⌫

(↵)
Tr

n

F
µ

(↵) =
1

d2

X

↵

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
µ

!
⌫

(↵)
P
µ

=
1

d2

X

↵

X

µ2↵

P
⌫2↵ t⌫(↵)

t
µ

(↵)
P
µ

=
1

d2

X

µ

X

↵2µ

P
⌫2↵ t⌫(↵)

t
µ

(↵)
P
µ

,

(74)

where
t
µ

(↵) ⌘ m
µ

!
µ

(↵)
. (75)

From definition of t
µ

(↵) we have to exclude all coe�cients !
µ

(↵) which are equal to zero from the
decomposition (67) . Finally, the quantity F⇤ in the dual problem given in (64) is given as

F⇤ = dN�2min
⌦

||Tr
n

⌦||1 =
1

d2
min

{tµ(↵)}
max
µ

X

↵2µ

P
⌫2↵ t⌫(↵)

t
µ

(↵)
. (76)

Since we are looking for the feasible solution we assume that 8↵ 8µ 2 ↵ t
µ

(↵) = t
µ

:

8µ ` N
X

↵2µ

P
⌫2↵ t⌫
t
µ

=

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

, (77)

where matrix M
F

is given in Definition 3. Substituting (77) into (76) we reduce min�max problem
to

F⇤ =
1

d2
min
{tµ}

max
µ

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

. (78)
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Consider the eigenproblem for the matrix M
F

t = �t, where t = (t
µ

), and � � 0, since M
F

is
positive semi-definite. Writing eigenproblem for M

F

in the coordinates we have

8µ ` N
X

⌫

(M
F

)
µ⌫

t
⌫

= �t
µ

) � =

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

. (79)

Taking minimization over all vectors t and maximal possible value over all allowed Young diagram
µ we get definition of the maximal eigenvalue of the matrix M

F

:

F⇤ =
1

d2
min
{tµ}

max
µ

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

=
1

d2
||M

F

||1. (80)

From Theorem 16 and Theorem 17 we get:

Proposition 18. • From equality F ⇤ = F⇤ we find that

F
opt

=
1

d2
||M

F

||1 (81)

is an optimal value of the fidelity in the case of the dPBT, where M
F

is Teleportation Matrix
diven in Definition 3.

• The optimal POVMs ⇧
i

= ⇧�
i

⇧ for i = 1, . . . , N where ⇧ are given as:

⇧ =
dNp
N

X

↵

X

µ2↵

r
m
↵

d
↵

v
µ

m
µ

F
µ

(↵), (82)

where the �
i

is from (2). The coe�cients v
µ

are the components of the eigenvector v corre-
sponding to the maximal eigenvalue of the Teleportation Matrix M

F

when d � N or respective
principal submatrix of M

F

otherwise.

• The resource state | i:

| i = (O
A

⌦ 1

B

) | +i
A1B1 ⌦ | +i

A2B2 ⌦ · · ·⌦ | +i
ANBN , (83)

where
O

A

=
p
dN
X

µ

v
µp

d
µ

m
µ

P
µ

. (84)

is the optimal resource state. In the above P
µ

denotes Young projector onto irrep labelled by
the Young diagram µ ` N .

Proof. Taking (46) together with (59) we obtain desired form of operator ⇧. To obtain expres-

sion (84) we use (47) with the condition X
A

= O†
A

O
A

.

In the regime d  N from Proposition 7 of Section 4 we can give a simple formula for optimal
fidelity F

opt

in the dPBT:

F
opt

=
N

d2
, (85)
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since in this particular case ||M
F

||1 = N . We can run the same analysis for the eigenvector
v = (v

µ

): when d � N we know its analytical form as long as we assume that the respective
characters of the irreps of S(N) are given. In this case such vector is given as a column of the
reduced character matrix T = (�

µ

(C)) introduced in Definition 5 of Section 4. We can construct it
explicitly due to item 4 in Corollary 7. When d < N we do not have analytical expressions (except
for the qubit case discussed below) for the infinity norm of the principal submatrices of M

F

or
eigenvector v. In this case we use the algorithm presented in the Section 5.4.

The method of construction of the explicit matrix representation of the optimal POVMs and
the state in the computational basis is described in detail in Appendix C.

At the end of this section we discuss the asymptotic behaviour of the optimal fidelity F
opt

=
F
opt

(N, d) when number of ports N tends to infinity with fixed local dimension of the Hilbert space
d. From Corollary 11 and from well known relation r(A)  ||A||, where r(A) ⌘ ||A||1 is the spectral
radius of 0  A = (a

ij

) 2 M(n,C), and || · || is any matrix norm we get that fidelity F
opt

(N, d) is
bounded in the following way

8N, d F
opt

(N, d)  1, (86)

which certifies our calculations. Denote by eF
ent

= eF
ent

(N, d) the lower bound for the fidelity in
the non-optimised case, when the resource state is a tensor product of N d�dimensional singlets
(see [1])

eF
ent

=
N

d2 +N � 1
. (87)

We have eF
ent

(N, d)  F
opt

(N, d) if both calculated for the same set of parameters N, d. Moreover

we see that for fixed dimension d we have lim
N!1 eF

ent

(N, d) = 1, so together with expression (86)
we see that lim

N!1 F
opt

(N, d) = 1.

5.3 Comparison with known results

In this section we compare our results to the only previously investigated case of d = 2 from [6, 7, 8].
We show how our approach relates to the latter when it comes to determining optimal fidelity and
optimal POVMs with known representation of the dPBT. Moreover, we show how extending to
higher dimensions of the underlying local Hilbert space reproduces the expression for the fidelity
of the teleported state in the case of maximally entangled resource state presented in [12]. The
proof presented here, remarkably, does not require notion of partially reduced irreps which was
indispensable in the previous approach of [12].

We start from showing how the optimal fidelity F
opt

given in Proposition 18 from Section 5.2
reduces to the results presented in earlier works. Whenever N > 2, d = 2 Proposition 7 from
Section 4 is not applicable since not all irreps of S(N) appear. We thus cannot use the analytical
formula for the optimal fidelity given by 85, and instead have to carry out the analysis of the infinity
norm of principal submatrices of M

F

. Fortunately, for this case principal submatrices of M
F

(we
absorb coe�cient 1/4 into definition of M

F

) reduce to so-called tridiagonal matrix of the form

M
F

=
1

4

0

BBBBB@

�x1 + b c 0 0 · · · 0 0
a b c 0 · · · 0 0
0 a b c · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · a �x2 + b

1

CCCCCA
2 M(t,R), (88)
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for which analytical expressions for eigenvalues are known; t is the number of allowed Young
diagrams of N for d = 2, a = c = 1, and b = 2. The coe�cients x1, x2 depend on the parity of N .
Let us consider them separately.

a) x1 = 1 and x2 = 0 when N is odd.

In this case from [14] (Theorem 1, page 72) we know that all eigenvalues of M
F

for k = 1, . . . , t are
of the form:

�
k

=
1

4


b+ 2

p
ac cos

✓
2k⇡

2t+ 1

◆�
=

1

2


1 + cos

✓
2k⇡

2t+ 1

◆�
= cos2

✓
k⇡

2t+ 1

◆
, (89)

since cos(2y) = 2 cos2 y � 1. When N is odd matrix M
F

is (N + 1)/2�dimensional, so

�
k

= cos2
 

k⇡

2
�
N+1
2

�
+ 1

!
= cos2

✓
k⇡

N + 2

◆
, k = 1, . . . , (N + 1)/2. (90)

b) x1 = x2 = 1 when N is even.

In this case from [14] (Theorem 4, page 73) we know that all eigenvalues of M
F

for k = 1, . . . , t are
of the form

�
k

=
1

4


b+ 2

p
ac cos

✓
k⇡

t

◆�
=

1

2


1 + cos

✓
k⇡

t

◆�
= cos2

✓
k⇡

2t

◆
. (91)

When N is even matrix M
F

is N/2 + 1�dimensional, so

�
k

= cos2
 

k⇡

2
�
N

2 + 1
�
!

= cos2
✓

k⇡

N + 2

◆
, k = 1, . . . , N/2 + 1. (92)

In both cases, i.e. when N is odd or even the maximal eigenvalue is obtained for k = 1, and then
optimal fidelity F

opt

is equal to:

F
opt

= ||M
F

||1 = cos2
✓

⇡

N + 2

◆
. (93)

We see that above expression reproduces optimal fidelity in Eqn. (41) from [8].
We now turn to the connection between our optimal POVMs and those derived in [8] where

authors propose the following optimal POVMs

e⇧
a

=

(N�1)/2X

s=smin

z(s)⇢(s)�1/y(s)�
a

(s)⇢(s)�1/y(s), a = 1, . . . , N, (94)

where s is the total spin number, and z(s), y(s) some constant numbers for fixed s. This expression
is valid only for the qubit case, but it can be easily translate into language of the irreps of S(N)
and all d � 2. Assume the general form of the optimal POVM to be

e⇧
a

=
X

↵`N�1

z(↵)⇢(↵)�1/y(↵)�
a

(↵)⇢(↵)�1/y(↵), a = 1, . . . , N, (95)

where sum runs over all irreps labelled by Young diagrams of N whose height is not greater than
dimension d of the underlying local Hilbert space. Now we are in the position to present direct
connection between the most general decomposition of POVMs presented in (45),(46) and the form
given in (95).
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Corollary 19. Having decompositions of POVMs defined in (45),(46), and (95) by comparison we
can write the following equality between coe�cients p

µ

(↵) and z(↵):

p
µ

(↵) =
p

z(↵)�
µ

(↵)�1/y(↵). (96)

In particular for d = 2 we have a direct translation between optimal POVMs presented in [7, 8, 6]
(or see (94)) and the decomposition presented in this manuscript.

The equation (96) can be obtained by direct comparison of (45), (46) with the expression (95)
and fact that ⇢ =

P
↵

P
µ2↵ �µ(↵)Fµ

(↵).
Before we go further and prove that the choice of the POVMs given in (95) reproduces correct

expression for the fidelity in the dPBT in the case of the maximally entangled resource state we
need the following auxiliary lemma

Lemma 20. The fidelity of the teleported state with the POVMs given from (95) is given by

F =
1

dN+1

X

↵`N�1

z(↵)c(↵, y(↵)) Tr
h
⇢(↵)1�1/y(↵)

i
, (97)

where

c(↵, y(↵)) =
1

d

X

µ2↵
�
µ

(↵)�1/y(↵)mµ

m
↵

. (98)

Proof. From [8] we know that fidelity F in the deterministic version of the protocol is given by

F =
1

d2
Tr

"
NX

a=1

⇧
a

�
a

#
, (99)

where ⇧
a

are the POVMs given in (95). Using explicit form of POVMs we get:

F =
1

d2

NX

a=1

Tr

"
X

↵

z(↵)⇢(↵)�1/y(↵)�
a

(↵)⇢(↵)�1/y(↵)�
a

(↵)

#

=
N

d2N

X

↵

z(↵) Tr
h
⇢(↵)�1/y(↵)P

↵

⌦ P+⇢(↵)
�1/y(↵)P

↵

⌦ P+

i
.

(100)

We used the fact that due to symmetry the trace in (99) does not depend on the index i and that
�
N

(↵) = P
↵

⌦P+. Using the decomposition of the Young projector P
↵

=
P

d↵
k=1

P
m↵
r=1 |'k,r

(↵)ih'
k,r

(↵)|
we have

F =
N

d2N

X

↵

z(↵)
d↵X

k,l=1

m↵X

r,p=1

Tr
h
|'

k,r

(↵)ih'
k,r

(↵)|⌦ P+⇢(↵)
�1/y(↵)|'

l,p

(↵)ih'
l,p

(↵)|⌦ P+⇢(↵)
�1/y(↵)

i

=
N

d2N

X

↵

z(↵)
d↵X

k,l=1

m↵X

r,p=1

h�+|h'
k,r

(↵)|⇢�1/y(↵)|�+i|'
l,p

(↵)iTr
h
|'

k,r

(↵)ih'
l,p

(↵)|⌦ P+⇢
�1/y(↵)

i
.

(101)
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Using Remark 26 and with some simplification we get

F =
N

d2N

X

↵

z(↵)c(↵, y(↵))
d↵X

k=1

m↵X

r=1

Tr
h
|'

k,r

(↵)ih'
k,r

(↵)|⌦ P+⇢(↵)
�1/y(↵)

i

=
N

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr


P
↵

dN�1
⌦ P+⇢(↵)

�1/y(↵)

�

=
N

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr
h
�
N

(↵)⇢(↵)�1/y(↵)
i

=
1

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr

"
NX

a=1

�
a

(↵)⇢(↵)�1/y(↵)

#

=
1

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr
h
⇢(↵)1�1/y(↵)

i
.

(102)

In (102) we used the fact that ⇢(↵) =
P

N

a=1 �a(↵) =
P

N

a=1 P↵/d
N�1 ⌦ P+

a,n

, where P+
a,n

is the
projector on the maximally entangled state |�+i

a,n

between a�th and n� th system.

We do not claim yet that POVMs given by (95) are indeed the optimal ones for any d � 2.
We only derived the formula for the fidelity of the teleported state for this particular choice of
measurements. Now using above lemma we can show that

Lemma 21. Substituting in expression (97) of Lemma 20 and eq. (94) 8↵ y(↵) = 2 and z(↵) = 1
we reproduce POVMs (square root measurement) and fidelity in the dPBT in the case of maximally
entangled state as a resource state.

Proof. Inserting 8↵ z(↵) = 1, y(↵) = 2 into eq. (95) we reproduce their form in the case of maxi-
mally entangled state as a resource state. We get form of the square root measurement which we
now is the optimal one in this case

e⇧
i

=
X

↵`N�1

1p
⇢(↵)

�
a

(↵)
1p
⇢(↵)

, a = 1, . . . , N. (103)

Making the same substitution in eq. (97) and using the explicit form of coe�cients c(↵, y(↵)) given
in Eqn. (26) and operator ⇢(↵) we get

F =
1

dN+2

X

↵`N�1

X

µ2↵
�
µ

(↵)�1/2mµ

m
↵

Tr

2

4
X

µ

02↵
�
µ

0(↵)1/2F
µ

0(↵)

3

5

=
1

dN+2

X

↵`N�1

X

µ,µ

02↵
�
µ

(↵)�1/2�
µ

0(↵)1/2d
µ

0m
µ

,

(104)

since TrF
µ

0(↵) = d
µ

0m
↵

. Finally using explicit form of �
µ

(↵) = N

d

N
mµd↵

m↵dµ
we have

F =
1

dN+2

X

↵`N�1

X

µ

0
,µ2↵

p
d
µ

m
µ

p
d
µ

0m
µ

0 =
1

dN+2

X

↵`N�1

 
X

µ2↵

p
d
µ

m
µ

!2

. (105)

We reproduce the formula for the fidelity of the teleported state from [12].
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We can also reproduce expression for the fidelity of the teleported state in the case of maximally
entangled state using certain choice of the coe�cients p

µ

(↵) in the most general form of the POVM
given by (46).

Corollary 22. Choosing coe�cients p
µ

(↵) in the decomposition (46) as

8↵ 8µ 2 ↵ p
µ

(↵) =
1p
�
µ

(↵)
=

s
dN

N

m
↵

d
µ

d
↵

m
µ

, (106)

and plugging them in (53) we reproduce fidelity for the maximally entangled state as a resource
state (see Theorem 12 of [12] or expression (105) above).

5.4 Fast algorithm for computing fidelity

We now describe a method of approximation of maximal eigenvalues and corresponding eigenvector
of principal submatrices Md

F

1. We use this algorithm for 2 < d < N , since in this regime we do not
know an analytical expressions for maximal eigenvalue and corresponding eigenvector of matrix
M

F

which are required for computation of F
opt

together with optimal state and POVM. From
Fact 12 and Corollary 13 from Section 4 we can apply Frobenius-Perron theorem (see Theorem 30
of Appendix B) to M

F

as well as to all of its principal submatrices Md

F

, and write

Proposition 23. If matrix A 2 M(n,R) is non-negative and irreducible then it satisfies the fol-
lowing eigenequation

Ax = r(A)x, (107)

where x = (x
i

) :
P

i

x
i

= 1 and x
i

> 0, so this eigenvector is positive. Such a vector x is called
Perron eigenvector of the matrix A.

Making use of irreducibility and the primitivity, one can approximate maximum eigenvalues
and find the corresponding eigenvector of Md

F

, which are positive semi-definite and primitive (see
Corollary 7 and Remark 9).

Theorem 24. Let A 2 M(n,R) be a positive semi-definite and primitive matrix (in particular
Md

F

). Suppose that the vector w0 is of the form

w0 = (w0
i

) :
nX

i

w0
i

= 1, w0
i

> 0, (108)

then we define

vm+1 = Awm, m = 0, 1, . . . wm+1 =
vm+1

P
j

vm+1
j

, m = 0, 1, . . . (109)

We thus have the following limits

lim
m!1

wm = x, lim
m!1

nX

j

vm
j

= r(M), (110)

1
SageMath code for implementing the algorithm as well as routines to generate the respective matrices is available

upon request.
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where x is Perron eigenvector of the matrix A. So the sequence of vectors { wm} approximates Per-
ron eigenvector of the matrix A, whereas the number sequence {Pn

j

vm
j

} approximates the spectral
radius r(A) of the matrix A.

Proof. In the proof we use the method of calculation of eigenvalues of diagonalisable matrices
described in [9], and for sake of completeness of this manuscript we adopt this method to our
particular case of positive semi-definite, non-negative and irreducible matrices.

By induction using the non-negativity and irreducibility of the matrix A we get

8m 2 N vm = (vm
i

) : vm
i

> 0 )
X

j

vm
j

> 0, (111)

so the vectors wm are well defined. From our assumptions on the matrix A and Perron-Frobenius
Theorem it follows that A has the following spectral decomposition

A =
KX

k=1

µ
k

P
k

, (112)

where µ1 = r(A) > µ
t

: t � 2 and P1 = p1p
†
1 : p1 =

w

||w|| 2 Rn. The vector w is the Perron vector of

the matrix A, so it satisfies w = (w
i

) :
P

i

w
i

= 1, w
i

> 0. The remaining projectors have the form
the standard form

P
k

=
X

l

pl
k

pl†
k

: pl
k

= (pl
ki

) 2 Rn, ||pl
k

|| = 1, k � 2. (113)

Using this spectral decomposition we calculate

v1 = (v1
i

) = µ1p1(p1, w
0) +

X

k�2

µ
k

X

l

pl
k

(pl
k

, w0), (114)

where (p1, w0) is the standard, Euclidean scalar product of vectors in the space Rn. From this we
get X

j

v1
j

= µ1s(p1)(p1, w
0) +

X

k�2

µ
k

X

l

s(pl
k

)(pl
k

, w0), (115)

where s(x) =
P

i=1 xi for x = (x
i

) 2 Rn. So we have

w1 =
µ1p1(p1, w0) +

P
k�2 µk

P
l

pl
k

(pl
k

, w0)

µ1s(p1)(p1, w0) +
P

k�2 µk

P
l

s(pl
k

)(pl
k

, w0)
. (116)

By induction we get

wm =
µm

1 p1(p1, w0) +
P

k�2 µ
m

k

P
l

pl
k

(pl
k

, w0)

µm

1 s(p1)(p1, w0) +
P

k�2 µ
m

k

P
l

s(pl
k

)(pl
k

, w0)
(117)

and
nX

j=1

vm+1
j

=
µm+1
1 s(p1)(p1, w0) +

P
k�2 µ

m+1
k

P
l

s(pl
k

)(pl
k

, w0)

µm

1 s(p1)(p1, w0) +
P

k�2 µ
m

k

P
l

s(pl
k

)(pl
k

, w0)
, (118)

where µ1 = r(A) > µ
t

: t � 2 and s(p1) =
P

i wi

||w|| = 1
||w|| > 0, (p1, w0) > 0. We thus have

lim
m!1

wm =
p1

s(p1)
= w, lim

m!1

nX

j=1

vm+1
j

= µ1 = r(M). (119)

24

418



6 Conclusions and discussion

We showed that the question of the optimal functioning of the dPBT reduces to finding a maximal
eigenvalue of a certain class of matrices which encode the relationship between Young diagrams. To
our knowledge it is the first teleportation protocol of its kind which can be e�ciently characterized
in terms of a single ‘static’ object – Teleportation Matrix. It brings about a question about whether
one could formulate the study of the optimal performance of any other important LOCC protocols
in Quantum Information Processing as a study of a simple object which encodes the relationship
between the given input and desired output states of such protocol.
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A Auxiliary facts and lemmas

The set of vectors {|'
k,r

(↵)i}d↵
k=1 spans the r-th irrep of S(N � 1) is labelled by Young diagram ↵.

Define the following operators

E↵

kl

=
m↵X

r=1

|'
k,r

(↵)ih'
l,r

(↵)|, (120)

where m
↵

is a multiplicity of irrep labelled by ↵. The above operators play an important role in
the description of the irreps of the symmetric group, but we skip the details here (see for example
Appendix F of [12]).

Fact 25. Assume, that F
µ

(↵) are projectors onto irreps of algebra Atn
n

(d), then

h'
k,r

(↵)|h�+|F
µ

(↵)|�+|'
l,s

(↵)i = 1

d

m
µ

m
↵

�
kl

�
rs

, (121)

where vectors {|'
k,r

(↵)i}d↵
k=1 span the r-th irrep of S(N � 1) labelled by Young diagram ↵.

Proof. Direct calculation shows that

h'
k,r

(↵)|h�+|F
µ

(↵)|�+|'
l,s

(↵)i = Tr
⇥|'

k,r

(↵)ih'
l,s

(↵)|⌦ |�+ih�+|F
µ

(↵)
⇤

=
1

m
↵

Tr [E↵

kl

⌦ P+M↵

P
µ

] �
rs

=
1

dm
↵

Tr
⇥
E↵

kl

V tn(n� 1, n)M
↵

P
µ

⇤
�
rs

=

=
1

dm
↵

Tr
⇥
P
µ

P
↵

V tn(n� 1, n)E↵

kl

⇤
�
rs

=
1

dm
↵

Tr [P
µ

P
↵

E↵

kl

] �
rs

= �
kl

�
rs

1

dm
↵

Tr [P
µ

E↵

ii

] = �
kl

�
rs

1

d

1

d
↵

m
↵

Tr [P
µ

P
↵

] =
1

d

m
µ

m
↵

�
kl

�
rs

,

(122)

since Tr [P
µ

P
↵

] = m
µ

d
↵

, and Tr
n

V tn(N,n) = 1

N

.
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Remark 26. As a natural consequence of Fact 25 we have for k, l = 1, . . . , d
↵

and r, p = 1, . . . ,m
↵

the following
h�+|h'

k,r

(↵)|⇢�1/y(↵)|�+i|'
l,p

(↵)i = c(↵, y(↵))�
kl

�
rp

, (123)

where

c(↵, y(↵)) ⌘ 1

d

X

µ2↵
�
µ

(↵)�1/y(↵)mµ

m
↵

, (124)

and y(↵) is an arbitrary non-zero real number depending on Young diagram ↵ ` N � 1.

Using that ⇢(↵) =
P

µ2↵ �µ(↵)Fµ

(↵) we get desired statement.

B Additional facts from general matrix theory

We begin with a short overview of some basic facts from the matrix theory which are required for
the analysis of the spectral properties of the matrix M

F

described in Section 4. We discuss the
notion of irreducibility for the matrices with non-negative entries (which is the case for matrix M

F

)
and primitivity.

Recall Sylwester’s Theorem [5]

Theorem 27. (Sylwester) A Hermitian matrix A is positive semi-definite if and only if all principal
minors are positive.

Definition 28. Let A 2 M(m,C), then the matrix A is irreducible if cannot be conjugated into
block upper triangular form by a permutation matrix P :

PAP�1 6=
✓
A1 A2

0 A3

◆
, (125)

where A1, A3 are non-trivial square matrices.

If A 2 M(m,R) is non-negative we have equivalent definition (which is the case for the telepor-
tation matrix M

F

):

Definition 29. Let A 2 M(m,R) be a non-negative matrix, then the matrix A is irreducible if for
any pair of indices 1  i, j  n there exists a q 2 N such that (Aq)

ij

> 0.

We now present a stronger version of the Frobenius-Perron theorem:

Theorem 30. (Frobenius-Perron) Let A be an m ⇥ m irreducible matrix with non-negative, real
entries with the spectral radius r(A). Then we have the following:

1. The number r(A) is a positive real number and it is an eigenvalue of matrix A (Perron-
Frobenius eigenvalue).

2. The multiplicity of an eigenvalue r(A) is equal to one.

3. The matrix A has an eigenvector corresponding to an eigenvalue r with all positive compo-
nents.

Definition 31. A non-negative matrix A 2 M(m,R) is primitive if it is irreducible and has only
one non-zero eigenvalue of maximum modulus.
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On the other hand we have [5]:

Proposition 32. If the matrix A 2 M(m,R) is non-negative, irreducible and has positive diagonal
then A is primitive.

At the end we introduce the notion of the centrosymmetric matrices.

Definition 33. Matrix A 2 M(m,C) is called centrosymmetric if its entries satisfy

A
i,j

= A
m�i+1,m�j+1 for 1  i, j  m. (126)

C Explicit form of the Young projectors and operators Fµ(↵) in
the natural representation

We provide the construction of the permutation operators V (�), where � 2 S(N), Young projectors
P
µ

, and projectors F
µ

(↵) in the computational basis. Using this representation we can construct
the explicit form of the optimal POVM (82) and state (83) for various N, d.

Consider a unitary representation of a permutation group S(N) acting on the N�fold tensor
product of complex spaces Cd, so our full Hilbert space is H ⇠= (Cd)⌦N . For a fixed permutation
� 2 S(N) a unitary transformation V(�) is given by

V (�) (|e
i1i ⌦ . . .⌦ |e

iN i) = |e
i��1(1)

i ⌦ . . .⌦ |e
i��1(N)

i, (127)

where the set {|e
i1i ⌦ · · · ⌦ |e

iN i} is a standard basis in (Cd)⌦N . Then the explicit form of the
operator V (�) for some � 2 S(N) is given by

V (�) =
X

ei1 ,...,eiN

|e
i��1(1)

i ⌦ · · ·⌦ |e
i��1(N)

ihe
i1 |⌦ · · ·⌦ he

iN |. (128)

Having an expression for any permutation operator V (�), the explicit form of the Young projectors
in the natural representation is

P
µ

=
f
µ

N !

X

�2S(N)

�µ

�
��1

�
V (�), (129)

where �µ(�) is the character calculated on irreducible representation labelled by the Young diagram
µ ` N on the permutation � 2 S(N), fµ is some constant depending on the Young diagram µ ` N
(see for example [4]). The explicit form of the projectors F

µ

(↵) described briefly in the introductory
part of our manuscript (for complete description see [12]) are given by

F
µ

(↵) =
1

�
µ

(↵)
P
µ

NX

a=1

V (a,N)P
↵

⌦ eP+V (a,N)P
µ

, (130)

where P
↵

, P
µ

are Young projectors onto irreducible spaces labelled by Young diagrams ↵ ` N � 1

and µ ` N�1 respectively, eP+ is a unnormalised projector onto maximally entangled state between
N�th and n = N + 1�th, and �

µ

(↵) is given in (8).
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1 Introduction

In order to demonstrate the ability of quantum com-
puting in the near future, an efficient quantum algorithm
should be implemented efficiently. In general, a quantum
algorithm includes a part to calculate (classical) logic
functions corresponding to a problem instance. Thus,
an efficient design technique for realization of a (clas-
sical) logic function should be very important even for
quantum circuits, as pointed out in the literature (e.g.,
[1]). Therefore, the design methodology of reversible cir-
cuits has been studied very extensively in the reversible
computation as well as quantum computation research
communities.
There are many ways to design a reversible circuit to

calculate a Boolean function; one of the most popular
ways is to design an initial circuit consisting of Mixed
Polarity Multiple-Control Toffoli (MPMCT) gates, and
then decompose a large gate (i.e., with the large num-
ber of inputs) into elementary gates. In the latter part,
there have been proposed many methods dedicated to
reversible/quantum circuits.
For the first part, the important task is to find a small

Exclusive-or Sum-Of-Products (ESOP) expression for a
given Boolean function because we can generate a re-
versible circuit for a logic function by concatenating an
MPMCT gate corresponding to each product term in the
ESOP expression (as we will mention later). There are
many ESOP-based synthesis methods; in the approaches
our essential task is to find a small (with respect to the
quantum cost) ESOP expression, which may be a pure
classical logic synthesis problem.
There is an efficient quantum circuit design method [2]

which utilizes a property such that we can copy a logic
realized by MPMCT gates, and the logic optimization of
Kmap. The method can design a quantum circuit with
Multiple-outputs. However, it may need huge computa-
tion time when the numbers of primary inputs and logic
minterms becomes large. Thus, we may need another
method to design quantum circuits for larger multiple-
output functions. Thus, we propose a new heuristic
method to design large multiple-output functions with
reasonable time by using an ESOP minimization tech-
nique.

2 Reducing Quantum Cost by Adding
MPMCT Gates

2.1 Previous Method

In the following, we refer to a blank cell or a cell having
the 0 value as 0-value cell in a Kmap. Also, a cell hav-
ing the 1 value is called 1-value cell. A minterm of a

∗dax@ngc.is.ritsumei.ac.jp
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logic function is the combination of all the input variables
(negative or positive) when the logic function becomes 1.
Thus one minterm can corresponds to an MPMCT gate
that has n control bits, which is called anMPMCTn gate
in the following. One 1-value cell in a Kmap corresponds
to one minterm in a logic function, and a rectangular con-
sisting of 2m 1-value cells corresponds to an MPMCTm
gate.

Now let us explain the previous method in [2]. Let a
circuit G have qubits, x1, · · · , xn+1, and calculate a logic
function with n variables (x1, · · · , xn) on xn+1. Suppose
we add an MPMCT gate whose (possibly many) control
and target bits are some of x1, · · · , xn before and after
G. Let the set of control bits of the added MPMCT gate
be C and the target bit be xt. Then, if there is a gate
g in G such that the control bits of g is the same as
C + {xt} and the polarities for the control bits of g and
the added MPMCT gate are the same except for xt, we
need to change (i.e., invert) the polarity of xt of g to keep
the functionality of the circuit. This means that adding
an MPMCT can change the locations of 0-value cells and
1-value cells in a Kmap for the function realized by G.
Therefore, if we add appropriate MPMCT gates, we can
modify the given function so that it has a much simpler
ESOP forms; the total quantum cost can be reduced.
By using this modification, the previous method [2] can
design a circuit for a single output function with lower
quantum cost.

We can realize multiple logic functions efficiently by
using CNOT gates. Let us consider two quantum gates
G1, G2 that realize two logic functions, and let us also
consider to insert a CNOT gate between G1 and G2. If
the control and the target bits of the inserted CNOT
gate are the target bits of G1 and G2, respectively, we
can copy the logic function realized by G1 into the target
bit of G2. This means conceptually that 1-value cells in
the Kmap of G1 are copied into the Kmap of G2. By this
copy, we may change the Kmap into an easier one such
that we can realize the function by a quantum circuit
with the lower quantum cost.

2.2 Our New Idea

As we see, the previous method can design a multiple-
output function efficiently in some cases. However, it
may need huge computation time when the numbers of
primary inputs and logic minterms becomes large. Thus
we may need another technique to design a large func-
tion. Thus, we consider a method to reduce the com-
putational time by reducing the literal count by ESOP
minimization.

For example, let us optimize ESOPs for Kmaps as
shown in Fig. 1 and Fig. 2. In the optimization of ESOPs,
0-value and 1-value cells in a Kmap should be enclosed by
even and odd number of loops, respectively. When there
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Figure 1: An Kmap for func-
tion 1.
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Figure 2: An Kmap for func-
tion 2.
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Figure 3: Minimization pat-
tern 1 for 1.
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Figure 4: Minimization pat-
tern 2 for 1.

are many patterns to do so with the minimum literal
counts, we consider to use as much as possible the same
loops between multiple functions. For example, there are
four optimal minimization of ESOP for Fig. 1 including
Figs. 3 and 4. Also, for Fig. 2, there are two optimal
minimization of ESOP, i.e., Figs. 6 and 5. In this exam-
ple, the yellow loops in Fig. 3 and Fig. 5, and in Fig. 4
and Fig 6, are the same. Therefore, if we optimize the
function of Fig. 1 into Fig. 3, we should optimize Fig. 2
into Fig. 5. Also, if we optimize the function of Fig. 1
into Fig. 4, we should optimize Fig. 2 into Fig. 6. There
is a very efficient heuristic that can optimize ESOPs very
fast even for large cases; we can utilize such a heuristic
to copy the logic of the same loops by using CNOT gates
in the above ESOP minimization.
We further consider to copy logic functionality after

the above-mentioned ESOP minimization. For example,
let us consider a part of a quantum circuit in Fig. 7; let
us assume the circuit is generated by utilizing the ESOP
minimization technique, and it realizes 6-input and 4-
output functions consisting of 80 minterms. Because the
logic expression for each output is already optimized, we
cannot optimize the circuit further by using only the pre-
vious method. By the proposed method in this paper, we
insert a CNOT gate as shown in Fig. 8 to copy the logic of
f(a) into f(c). Then, we can realize the modified f(c) by
the smaller quantum cost as shown in Fig. 8. We found
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Figure 5: Minimization pat-
tern 1 for 2.
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Figure 6: Minimization pat-
tern 2 for 2.

𝑥1

𝑥2

𝑥1

𝑥2

0
0

𝑓(𝑎)

𝑓(𝑏)

𝑥6 𝑥6

0
0

𝑓(𝑐)

𝑓(𝑑)

𝑥3

𝑥4

𝑥3

𝑥4

𝑥5𝑥5
・・・ ・・・ ・・・

Figure 7: A part of a designed quantum circuit.
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Figure 8: Further optimized circuit from Fig. 7.

an example where the quantum costs of Fig. 7 and Fig. 8
are 85 and 74, respectively, which means our method in-
deed can reduce the quantum cost in some cases.

3 Conclusions and Future work

In this paper, first we discuss a method to copy logic
functionality by inserting CNOT gates, and its problem.
To solve the problem, we proposed a method to utilize
an ESOP minimization heuristic.

For future work, we need to implement the presented
method and improve the computational efficiency of the
method. The effect of the logic copy used in the proposed
method depends on the relation between logic functions;
the order of the realization of output functions may have
some effects on the final results. So we need to consider
the order of the outputs as our future work.
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1 Introduction

The TQC (Topological Quantum Computing) model
has been receiving a lot of attention because it has proven
to be one of the most promising fault-tolerant quantum
computation models. In the TQC model, we arrange
qubits in a two-dimensional space, and we encode logical
qubits by using a surface code for error correction. By
adding the time axis, we consider the three-dimensional
space to represent calculation steps for the TQC model.
In a three-dimensional space, a region of physical qubits
measured in a specific basis is called a defect. We pre-
pare a pair of defects to encode one logical qubit. Then,
in a TQC model, we can perform a desired calculation by
moving defects in the space [1]. This computation model
is called topological cluster state computation (TCSC),
and computation steps can be represented by defect pat-
terns in the three-dimensional space.
In TCSC, if the two defect patterns are topologically

equivalent, the represented two quantum computations
by the defect patterns are proven to be the same. We
can optimize the space for TCSC by using this property.
There have been found various transformations which do
not keep the topological equivalence, but still keep com-
putational equivalence [4].
Theoretically, we can optimize the necessary space (or,

volume) size for TCSC by applying transformation rules.
However, it is not fully automated to find a good order
of applying the rules up to today, and it is desirable to
have an automated software to do so [3]. The method
which formulate transformation rules by representing the
TCSC circuit as a set loops[2] is one of the automated
optimization method.
In the method, we should dispose geometrical infor-

mation of the TCSC circuit. So, we should locate loops
into the three dimensional space. Additionally, the trans-
formation rule called bridge is not formulated in this
method. Because bridge transformation can reduce the
space size of TCSC circuit dramatically, it is desired to
have a method which can utilize the rule.
Thus, in this paper, we propose the way to locate loops

considering the most effective order of loops for bridge
transformation.

∗hub@ngc.is.ritsumei.ac.jp
†ger@cs.ritsumei.ac.jp

Figure 1: Loop representation of TCSC circuit

Table 1: Crossing loops, injection, cap each loops has
Loop Crossing Cap
1 {6} {*1}
2 {6, 7, 8}
3 {8} {*2}
4 {6, 7} {*3}
5 {7, 8} {*4}
6 {1, 2, 4}
7 {2, 4, 5}
8 {2, 3, 5}

2 Space Optimization for TCSC

2.1 Loop Representation

We can represent all TCSC circuit as a set of loops. All
loops exists in either primal-phase or dual-phase. A loop
can cross other loops which are in the different phase. 　
Also, a loop can have some caps or injectors on it. Cap
represents external I/O of the whole circuit and injection
generally represents one qubit gate. For example, The
TCSC circuit shown in Figure 1 is represented as a set
of loops shown in Table 1.

We can also represent these circuits as a graph shown
in Figure 2. In this graph, a node means loops, and an
edge means the crossing of loops. We call this graph a
crossing graph.

2.2 Transformation Rules for Loops

We have three transformation rules for TCSC circuit
represented as a set of loops. We show details of the rules
in the following.

Rule 1. If a loop crosses only one loop and it has less
than two injections, we can remove the loop. If the loop
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Figure 2: Crossing graph

Figure 3: Rule 1. Figure 4: Rule 2.

has a injection, the injection moves on the crossing loop.
Figure 3. shows the example of this rule.
Rule 2. If a loop crosses exactly two loops, and it

does not have any injection or cap, we can remove the
loop and combine two crossing loops. Figure 4. shows
the example of this rule.
Rule 3. If a loop, which has neither injection nor cap,

crosses more than three loops, and one of the crossing
loops has neither injection nor cap, we can transform
these loops as mentioned in Figure 5.

2.3 Bridge and Switch Transformation

By using a transformation rule called bridge, we can
connect two defects in the same phase. Figure 6 shows
the example of bridge transformation. Also, we can move
a defect parallelly as Figure 7 shows. This transformation
rule is called switch. Switching after bridging can help
us removing defects. In addition, because the number of
defects decrease, we may be able to remove further a loop
by using Rule 1. In a situation when a defect conflicts
other defect in the other phase when moving, we cannot
move the defect with switch transformation.

2.4 Placement of Loops

To locate loops in the three dimensional space, it is
easy to arrange primal loops on Y axis and dual loops
on X axis. Locating loops which crosses same loops ad-
jacently helps us remove more defects with bridge and
switch. Thus, if we locate loops in order of nodes we can
visit by breadth first search (BFS) for crossing graph, we
can use bridge and switch more effectively. We located
the loops in the graph as shown in Figure 8 in the order of

Figure 5: Rule 3.

Figure 6: Bridge Figure 7: Switch

Figure 8: A Graph of Circuit in Figures 9 and 10

the loop number to get the circuit as shown in Figure 9.
In contrast, we can get the circuit as shown in Figure 10
by locating loops in the order of BFS.

3 Conclusion and Future Work

In this paper, we proposed the method to locate loops
in the three dimensional space. Locating loops in order of
BFS helps us removing more defects and getting smaller
circuit.

As a future work, we must develop a method to locate
loops using three dimensional space more effectively. The
method we proposed in this paper locates loops on the X-
Y layer. Using Z axis will help us making smaller circuit.
Also, we must develop a method to transform circuits
topologically. There are some problems to get optimized
TCSC circuit and further study would be necessary.
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Introduction 

Efficient quantum implementation of matrix operations had been of particular interest in the past 

few years. Matrix operations through quantum circuits have provided exponentially faster 

solutions for several mathematical and physical problems. One of the interesting matrix 

operations through quantum circuits is the diagonal matrix implementation in [1], in which the 

fact that an arbitrary diagonal unitary matrix can be implemented efficiently in a quantum circuit 

was proved using Walsh functions and operators. Much more interesting result on matrix 

implementation has been proven in [2]. That is, any unitary matrix having polynomially many 

(efficiently computable) nonzero entries in each row (or column), can be efficiently implemented 

in a quantum circuit. These results prove that several classes of matrices are efficiently 

implementable in quantum circuits. However, arbitrary matrices cannot be efficiently 

implemented in quantum circuits in general [3]. Consequently, it is natural to inquire which 

classes of matrices are efficiently implementable. For example, sparsity can be used as a 

condition for being efficiently implementable in a quantum circuit [4,5].  

Our previous work proved that a sparse or Fourier-sparse Toeplitz matrix can be 

efficiently implemented in a quantum circuit [6]. A Toeplitz matrix is a square matrix in which 

its elements are constant along all diagonals parallel to the main diagonal. If a Toeplitz matrix 

has polynomially many (efficiently computable) nonzero entries in any row or column, we call it 

a sparse Toeplitz. It is possible to see that an     Toeplitz consists maximum of       

distinct entries. Thus, we can regard the vector consisting of these      entries as the 

generating vector of the Toeplitz matrix. If this vector is sparse in the frequency domain (that is, 

if its Fourier transformation is sparse), then the relevant Toeplitz is called Fourier-sparse. It is 

easy to construct a dense and Fourier sparse Toeplitz. This encourages to find out the classes of 

efficiently implementable classes of matrices, and also to provide quantum algorithmic solutions 
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for many real-world problems. The latter is due to the tremendous applicability of Toeplitz and 

other structured matrices in real problems. 

 

Applications 

One major application of the quantum Toeplitz implementation is its capability of solving a 

sparse circulant linear system efficiently. Circulant linear systems had been always a topic of 

interest in linear algebra and numerical methods. A number of classical algorithms are available 

for solving circulant systems [7-10]. Though exponential in time complexity, these algorithms 

are significantly less-exhaustive over non-circulant linear system solvers. That is, in classical 

circulant linear system solvers, the circulant symmetry has been taken into account in order to 

reduce the complexity. It is interesting to ask if this advantage can be taken also in a quantum 

method. In order to address this question, we first consider the widely known HHL algorithm 

[11], which solves a sparse linear system in polynomial complexity, using quantum circuits. This 

HHL quantum circuit includes a number of Hadamard gates, several phase estimations, 

uncomputations etc. Thus, even when the linear system is circulant, if the HHL is used to solve 

the system, all these operations might take place. In this context, we show that the quantum 

algorithm for implementing the Toeplitz matrix in [6] can be modified slightly to solve this 

system in polynomial time. Compared to the HHL circuit, our method provides a much simpler 

way of solving the circulant linear system in same runtime and resource cost. 

Secondly, the quantum Toeplitz implementation can be used to calculate the velocities 

and accelerations of large rotating systems with exponentially many sectors, whenever the 

displacement of each sector is known. We show that these entities are related to displacement by 

a Toeplitz matrix, for which the efficient implementation is guaranteed. 

The quantum implementation of a Toeplitz matrix is useful in solving differential 

equations too. A differential equation representing exponential growth with circulant coefficients 

can be efficiently solved, given that the corresponding circulant matrix is sparse. Further, the 

quantum Toeplitz circuit can be slightly modified to efficiently solve the heat equation with 

periodic Neumann boundary conditions. 

Also the quantum Toeplitz circuit can be used to implement several other structured 

matrices. A Hankel matrix (elements are constant along all diagonals parallel to the skew 

428



3 
 

diagonal) is an example, which can be efficiently implemented with a very slight modification of 

the original circuit. 

 

Further work 

In addition to those applications, recent advances in linear algebra indicate that the quantum 

Toeplitz implementation can be helpful for implementing several other matrices as well. A very 

recent work proved that every square matrix is a product of Toeplitz matrices [12]. We are 

currently engaged in Toeplitz decomposition of matrices, in order to identify efficiently 

implementable classes through this result. Also it had been a conjecture until recent times 

whether every matrix is similar to a Toeplitz [13]. Though the conjecture was proved to be false 

[14], it is evident that many classes of matrices are similar to Toeplitz matrices. We are currently 

working on this similarity transformation too, in order to identify other efficiently implementable 

matrices in quantum circuits. 
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Appendix 01: Quantum Toeplitz implementation and its applications 

I. INTRODUCTION 

Matrix operations through quantum circuits have provided exponentially faster solutions for several 

mathematical and physical problems. In particular, quantum algorithms for implementing matrices on 

vectors, such as the diagonal matrix implementation [1], the HHL sparse matrix inversion [2] were proved 

to provide solutions to real problems, exponentially faster than existing classical solutions. A recent work 

proved that sparse or Fourier–sparse Toeplitz and Hankel matrices can be efficiently implemented in 

quantum circuits [3]. Here we discuss several applications of this quantum implementation.  

 

II. QUANTUM TOEPLITZ IMPLEMENTATION  

A Toeplitz matrix is a square matrix in which its elements are constant along all diagonals parallel to 

the main diagonal. The quantum Toeplitz implementation makes use of the formula given below: 
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Given a sparse (or Fourier-sparse) Toeplitz matrix of order  ,     in the above equation is the Fourier 

matrix of order   ,    the circulant matrix [
   
   

] in which   is embedded [3],     the diagonal 

matrix consisting of the eigenvalues of    and   (   ) its Halmos dilation, and  ( (   )) the 

Hermitian embedding of  (   ). In order to describe the formula, let us take an example Toeplitz matrix 
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, where   is the square-root of the maximum modulus of   . 

The Hermitian embedding of  (   ) is given by  ( (   ))  [
  (   )
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]. The quantum 

circuit which implements equation (1) is given by Fig. 1. This implements  | ⟩ in runtime and resource 

cost  (        (  
 

 
 ‖
 

 
 | ⟩‖

 
)). The quantum algorithm makes use of sparse Hamiltonian lemma 

and Hermitian embedding of non-Hermitian matrices as key ingredients. The derivation of equation (1) 

and more details can be found in [3].  

Now we consider some problems, which are solvable by the direct implementation of the circuit in Fig. 

1, and also some problems for which slight modifications of the circuit will provide solutions. 

 

III. SOLVING SPARSE CIRCULANT SYSTEMS 

 

It is widely known that the HHL algorithm is capable of solving sparse linear systems in polynomial 

time and resource cost. It should be noted that the HHL circuit consists of several Hadamard gates, phase 
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estimations and controlled rotations etc. Therefore, in case the linear system is circulant, the quantum 

Toeplitz implementation provides a simpler way of solving the system. 

Given a sparse circulant linear system     , we encode the vector   in a quantum state |  ⟩ using 

quantum random access memory [4]. The eigenvalues of    are the eigenvalue reciprocals of  . 

In other words, if the Fourier decomposition of   is given by     
     (          )  , then the 

inverse circulant is       
     (

 

  
 
 

  
   

 

  
)  .  

This can efficiently implemented on |  ⟩, using analogous quantum gates. 

 

 

 

 

 

 

 

 

 

 

 

IV. CALCULATING VELOCITIES AND ACCELERATIONS OF ROTATING MECHANICAL 

SYSTEMS 

 

Given the displacement vector   of a rotating mechanical system consisting of   components, in which 

any two sectors are lie within a distance  , approximations for its velocity and acceleration, are given by 

 ̇  
 

 
    and  ̈   

 

  
   , where   and    denote the first and the second order difference matrices. 

Since these matrices are sparse Toeplitz matrices with known entries and the displacement vector can 

be encoded in a quantum state as in the previous case, it is possible to calculate the acceleration of the 

system in polylog complexity.  
 

 

 

 

V. SOLVING THE HEAT EQUATION WITH PERIODIC NEUMANN BOUNDARY CONDITIONS 

The discretised version of  

  

  
 
   

   
 

over mesh points             with second order central difference approximations 

 ̈  
             

  
 

and system boundary conditions        , takes the form 
  

  
  

 

  
     

where    is the second–order difference matrix. Here we consider the periodic Neumann boundary 

conditions; that is,  

 ( )   ( )      
  

  
( )  

  

  
( )  

Due to these conditions, the corner elements of   are changed and it becomes the circulant matrix 

      (               ), in which the solution can be expressed as 

 

 FIG. 1 Circuit for quantum Toeplitz implementation.  
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 ( )   
 
  

   ( )  
a circulant exponentiation [5].  

The circulant   has the Fourier decomposition     
    , where   is the diagonal matrix of the 

eigenvalues of   and    the  –dimensional Fourier matrix. Thus, it follows that      
     .  It is 

possible that    is non–unitary. In such cases we use Halmos dilation  (  ) and embed it in a unitary. If 

the dilated matrix is non–Hermitian, we use the Hermitian embedding as used in [3]. Also it follows from 

[6] and [3] that 

 

 ( (  ))    
  
 
 
 ( (  ))

  

Therefore,  

 

(     
 )  

  
 
 
 ( (  ))(     )| ⟩| ⟩| ⟩  | ⟩(| ⟩

 

 
  
     | ⟩   | ⟩  

 √  
 

  
(  )      | ⟩)  

The initial state  ( ) can be encoded in the quantum state | ⟩ with resource cost      using the 

quantum random access memory [4], and the state will undergo the above operations which can be 

approximated (by sparse Hamiltonian lemma [7] and quantum Fourier transformation) to an arbitrary 

accuracy   with  (          
 

 
 ‖
 

 
  | ⟩‖

 
) runtime and resources. The desired solution vector is 

obtained by appropriate measurement. The state of the vector has changed into after the implementation. 

Measuring the second qubit in the standard basis, conditioning on seeing | ⟩, results in the desired state, 

with a global phase factor, which can easily be eliminated by a simple phase shift.  
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I. INTRODUCTION

Constructing an efficient quantum circuit to implement a given matrix operation is of

fundamental importance in the field of quantum computation and quantum information.

One direct implication of the works by Aharanov, Ta-Shma, Childs and Berry [1–4] is that,

the action of the exponent eiH of an arbitrary sparse Hermitian matrix H can be efficiently

implemented on a quantum state |ψ〉. An n × n matrix is row-sparse, if each row has at

most O(polylog(n)) nonzero entries. It is row-computable, if the non-zero elements in each

row can be computed in runtime O(polylog(n)). The sparse Hamiltonian lemma states that,

if a Hermitian matrix H is row-sparse, row-computable and ‖H‖ ≤ O(polylog(n)), then H

is simulatable [1, 2]. This means that the unitary operation U = e−iH can be approximated

to an arbitrary accuracy ǫ, using O(polylog(n), 1
ǫ
) quantum gates. The sparse Hamilto-

nian lemma has been the key ingredient in a number of practically significant quantum

algorithms [5, 6]. Simplifying and generalising a number of previous quantum algorithms,

Jordan and Wocjan [7] proved that, if U is unitary and sparse, it is possible to efficiently im-

plement U |ψ〉 directly. For an arbitrary diagonal unitary matrix, explicit quantum circuits

can be found in [8, 9].

Broadening the quantum circuit framework to perform non-unitary operations is also of

vital importance in order to extend the range of practically useful quantum algorithms. A

quantum algorithm for the efficient implementation of A−1 for an arbitrary sparse matrix A

was introduced by Harrow, Hassidim and Lloyd [5], which is known as the HHL algorithm.

Given a row-sparse matrix A, the HHL algorithm can implement A−1|ψ〉 with runtime and

resource cost O(polylog(n)). Quantum circuit implementations and experimental verifica-

tions of the HHL methods can be found in [10–12]. The HHL algorithm relies upon the

quantum Fourier transform, quantum eigenvalue estimation, and post-selection. Apart from

its direct application in solving sparse linear systems, the HHL algorithm has been applied

to solve several other important problems efficiently. A few examples are the d-dimensional

Poisson equation [13], systems of differential equations [14], curve fitting and computing the

effective resistance in electric networks [15]. The HHL algorithm is thus an example of high

applicability of non-unitary operations performed through quantum circuits.

One implication of the HHL algorithm is that, quantum circuits can efficiently implement

any sparse matrix as well as its inverse on any given quantum state. Thus, it is natural to
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ask if any other matrices can be implemented efficiently through quantum circuits. It is well-

known that implementing an arbitrary non-sparse matrix in a quantum circuit is a daunting

task. This motivates us to investigate classes of efficiently implementable matrices, which

also have a significant practical importance.

Two specific classes of matrices with a wide range of applications are the Toeplitz and

Hankel matrices. These matrices arise in different fields of physics, mathematics and engi-

neering; such as quantum mechanics, signal processing, partial differential equations, differ-

ential geometry, and numerical integration [16–18]. Application of the Toeplitz and Hankel

operators on states plays a key role in extracting information of systems with corresponding

symmetries. A number of physical systems are analysed through structured Toeplitz and

Hankel matrices [19–24]. Moreover, any arbitrary matrix can be decomposed into a product

of these matrices [16].

A n×n Toeplitz (or Hankel) matrix can be fully described by an array of 2n−1 elements.

Using this fact, for a given n × n Toeplitz matrix, it is possible to define a unique array

with 2n elements. The given Toeplitz matrix is row-sparse if and only if this array is

sparse. Therefore, a n × n row-sparse Toeplitz matrix is fully characterised by an array

of 2n elements, O(polylog(n)) of them are non-zero. On the other hand, if the Fourier

transform of this 2n-element array has only O(polylog(n)) non-zero elements (that is, if this

array is sparse in the frequency domain instead of the time domain), we say the relevant

Toeplitz matrix is frequency-sparse. It is noteworthy that a frequency-sparse Toeplitz can

be a non-sparse matrix.

We present an efficient quantum algorithm and circuit implementation for sparse and

frequency-sparse Toeplitz (and Hankel) matrices. Our algorithm has several straightforward

applications, such as implementing Laplacians, solving circulant systems. This approach

yields exponential speedups over existing classical algorithms. In the preceding section, we

describe our algorithm for sparse and frequency-sparse Toeplitz matrices, and in section

III we show that a slightly modified version would implement sparse and frequency sparse

Hankel matrices efficiently.

437



4

II. QUANTUM ALGORITHM

A Toeplitz matrix is a matrix in which its elements are constant along all diagonals

parallel to the main diagonal. More precisely, a Toeplitz matrix is a matrix of the form,

T =

































t0 t−1 t−2 · · · t
−(n−3) t−(n−2) t−(n−1)

t1 t0 t−1 · · · t
−(n−4) t−(n−3) t−(n−2)

t2 t1 t0 · · · t−(n−5) t−(n−4) t−(n−3)

...
...

...
. . .

...
...

...

tn−3 tn−4 tn−5 · · · t0 t−1 t−2

tn−2 tn−3 tn−4 · · · t1 t0 t−1

tn−1 tn−2 tn−3 · · · t2 t1 t0

































. (1)

Thus, a n× n Toeplitz matrix is fully described by the 2n− 1 entries of its first row and

column. With an extra zero element, we may associate the following array to the Toeplitz

matrix.

ψT =
(

t0, t−1, · · · , t−(n−1), 0, tn−1, tn−2 · · · t3, t2, t1
)

. (2)

An immediate observation is that, a Toeplitz matrix T is row-sparse if and only if ψT is

sparse. Considering the rows as sequences of data corresponding to different moments of

time, this can be described as the sparsity of ψT in the time domain. Similarly, we can also

regard the sparsity of an array in the frequency domain. Thus, we define a class of Toeplitz

matrices as follows: a Toeplitz matrix T so that ψT is sparse in the frequency domain is called

frequency-sparse. More precisely, if the Fourier transform of ψT has at most O(polylog(n))

non-zero elements, the corresponding Toeplitz matrix T is said to be frequency-sparse.

A special category of Toeplitz matrices with interesting spectral properties is the class

of circulants – square matrices in which the elements of each row are identical to those of

the previous row, but are moved one position to the right and wrapped around [25]. The

circulant C = circ(c1, c2, ..., cn) is given by,

C =

















c1 c2 · · · cn

cn c1 · · · cn−1

...
...

. . .
...

c2 c3 · · · c1

















.
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One of the major advantages of using a circulant in quantum circuits is its diagonalisation.

It is well known that an n × n circulant is diagonalised by the discrete Fourier transform

(DFT) matrix Fn, i.e.

C = F †

ndiag (λ1, λ2, . . . , λn)Fn, (3)

where λj is the j-th eigenvalue of C, given by λj = c1+c2ω
j−1+c3ω

(j−1)2+· · ·+cnω(j−1)(n−1),

and ω = exp (2πi/n).

Although a Toeplitz matrix is not circulant in general, any Toeplitz matrix T can be

embedded in a circulant defined by [18],

CT =





T BT

BT T



 , (4)

where BT is given below

BT =

































0 tn−1 tn−2 · · · t3 t2 t1

t
−(n−1) 0 tn−1 · · · t4 t3 t2

t
−(n−2) t−(n−1) 0 · · · t5 t4 t3
...

...
...

. . .
...

...
...

t−3 t−4 t−5 · · · t0 tn−1 tn−2

t−2 t−3 t−4 · · · t
−(n−1) t0 tn−1

t−1 t−2 t−3 · · · t−(n−2) t−(n−1) t0

































. (5)

Our objective is to implement the operation of T on a quantum state vector |ψ〉 efficiently,

using a quantum circuit, for any given row-sparse or frequency-sparse Toeplitz matrix T . It

can be readily seen that,




T BT

BT T









ψ

0



 =





Tψ

BTψ



 . (6)

Considering the diagonalisation of a circulant, we observe that both F and F † are unitary

operations; however, the diagonal matrix consisting of the eigenvalues may not be unitary

in general. In order to embed it in a unitary matrix, we make use of the unitary dilation.

Denoting the diagonal matrix diag (λ1, λ2, . . . , λn) by ΛCT
, we have the unitary dilation

U(ΛCT
) of ΛCT

given by,

U(ΛCT
) =





1
k
ΛCT

√

I − 1
k2
ΛCT

Λ†

CT
√

I − 1
k2
Λ†

CT
ΛCT

− 1
k
Λ†

CT



 , (7)
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where k is the square-root of the maximum modulus of CT , i.e.

k =
√

(max{|λj| : j = 1, 2, · · · , n}). (8)

If our chosen Toeplitz T is row-sparse, the circulant CT is row-sparse as well. Since each

of its eigenvalues is a function of tj ’s and ω and we have polynomially many tj ’s in T , each

eigenvalue is also efficiently computable. That is, the two non-zero elements in each row of

U(ΛCT
) are efficiently computable, which proves that U(ΛCT

) is a row-computable, 2-sparse

unitary matrix.

If T is frequency-sparse, then the array ψT has polynomially many non-zero elements

in its Fourier transform. Observe that ψT is the first row of the circulant CT . The jth

eigenvalue of CT is the j-th element of the Fourier transform of the first row (ψT ) of CT .

This can be done through the sparse Fourier transform (SFT) algorithm in polynomial time

[26, 27]. That is, the diagonal matrix U(ΛCT
) is computable in polynomial time, when T is

frequency sparse.

Note that the unitary matrix U(ΛCT
) is not necessarily Hermitian. Simulating a non-

Hermitian Hamiltonian can be done by Hermitian embedding as proposed by Jordan and

Wocjan [7]. For completeness, we briefly describe the Jordan and Wocjan procedure below.

To start with, one embeds the unitary matrix U(ΛCT
) in a Hermitian matrix,

H(U(ΛCT
)) =





O U(ΛCT
)

U(ΛCT
)† O



 . (9)

Note that H(U(ΛCT
)) is an involutory Hermitian matrix, i.e.

H(U(ΛCT
))2 =





U(ΛCT
)U(ΛCT

)† O

O U(ΛCT
)†U(ΛCT

)



 = I. (10)

Also, the Euclidean norm of H(U(ΛCT
)) is of unit value, namely ‖H(U(ΛCT

))‖ = 1. It

follows that,

e−iH(U(ΛCT
))θ = cos θI − i sin θH(U(ΛCT

)), (11)

and we have

H(U(ΛCT
)) = ie−iπ

2
H(U(ΛCT

)), (12)

as given by Jordan and Wocjan [7].
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Since U(ΛCT
) is row-computable and 2-sparse, it is an immediate observation that

H(U(ΛCT
)) is row-computable and 2-sparse as well. According to the sparse Hamiltonian

lemma, e−iH(U(ΛCT
))θ (and therefore H(U(ΛCT

))) is efficiently implementable [7] [1].

Let
∣

∣

∣
ψ̃
〉

= |0〉|ψ〉 and we write U(ΛCT
)† as,

U(ΛCT
)† =





u†11 u†12

u†21 u†22



 . (13)

It can be seen that,





O U(ΛCT
)

U(ΛCT
)† O



















0

0

Fψ̃

0















=

















1
k
ΛCT

Fψ̃
√

I − 1
k2
Λ†

CT
ΛCT

Fψ̃

0

0

















. (14)

Finally, we have















F †

F †

F †

F †















·





O U(ΛCT
)

U(ΛCT
)† O



·















F

F

F

F





























0

0

ψ̃

0















=

















1
k
F †ΛCT

Fψ̃

F †

√

I − 1
k2
Λ†

CT
ΛCT

Fψ̃

0

0

















.

(15)

In Dirac notation, it can be expressed as follows.

(

I4 ⊗ F †

2n

)

ie−iπ
2
H(U(ΛCT

)) (I4 ⊗ F2n) |1〉|0〉|0〉|ψ〉

= |0〉
(

|0〉 1
k
F †

2nΛCT
F2n|0〉|ψ〉+ |1〉F †

2n

√

I − 1
k2
Λ†

CT
ΛCT

F2n|0〉|ψ〉
)

= |0〉
(

1
k
|0〉(|0〉T |ψ〉+ |1〉BT |ψ〉) + |1〉F †

2n

√

I − 1
k2
Λ†

CT
ΛCT

F2n|0〉|ψ〉
)

.

(16)

Accordingly, we have a quantum circuit to implement T |ψ〉, as shown below.

|1〉

e−iπ
2
H(U(ΛCT

))

|0〉
|0〉 |0〉
|0〉

F F †

|0〉
|ψ〉 −iT |ψ〉
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By sparse Hamiltonian simulation, e−iπ
2
H(U(ΛCT

)) can be implemented efficiently, so

H(U(ΛCT
)), accordingly. Given the state |ψ〉 that we need to apply the Toeplitz T on,

we may append three qubits in the state |100〉 to |ψ〉. Then it will be followed by the

sequence of operations I4 ⊗ F2n, e
−iπ

2
H(U(ΛCT

)) and I4 ⊗ F †

2n. Measurement of the first

three qubits in the standard basis, conditioned on seeing |000〉 collapses the system to state

−iT |ψ〉. (The additional i is a global phase, that can be ignored.) It can be observed that

the first qubit is already in the state |0〉, which makes its post-selection a deterministic

operation. However, measurement of the second and the third qubits makes our algorithm

probabilistic, as there is no guarantee they would be in the state |00〉. The probability of

the measurement outcomes to be in the desired states is
∥

∥

1
k
T |ψ〉

∥

∥

2
, which implies, whenever

there is at least one entry in T |ψ〉 that is not exponentially small, the algorithm can be

repeated to get the desired result efficiently.

III. APPLICATIONS AND EXTENSIONS

From a large class of applications of Toeplitz matrices [17, 18], we briefly describe a

few tasks that can be done with our method, with an exponential saving, compared to the

classical ways of performing them.

A. Laplacians and banded Toeplitz matrices

One significant and straightforward application is the calculation of Laplacians. Let us

consider the second order Laplacian L2, which is derivable from the second order central

differences. The Laplacian L2 is a banded Toeplitz matrix, which takes the following form:

L2 =

































2 −1 0 · · · 0 0 0

−1 2 −1 · · · 0 0 0

0 −1 2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 2 −1 0

0 0 0 · · · −1 2 −1

0 0 0 · · · 0 −1 2

































. (17)
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Consider a rotating system with cyclic symmetry (such as fans, compressors, or turbines

[28]) consisting of n + 2 sectors, where the displacement of the ith sector is denoted by ui.

We can write down the discretised approximation of its acceleration, using second order

central difference, as

üi ≈
ui+1 − 2ui + ui−1

h2
, (18)

where h is the distance between two sectors. Taking the system boundary conditions as

u0 = un+1 = 0, the acceleration vector can be expressed as ü = − 1
h2L2u. We can encode

the displacement vector u =
(

u(0), u(1), · · · , u(n+1)

)T
of the system in a quantum state with

resource cost log(n) using, for example, the Quantum Random Access Memory proposed by

Giovannetti et. al. [29]. Since L2 is a sparse Toeplitz matrix, we can obtain the accelerations

of all sectors in this system efficiently using the quantum circuit proposed above.

B. Sparse circulant systems

Our algorithm also provides an alternative way of solving sparse circulant systems effi-

ciently. The inverse of the non-singular circulant C = circ(c1, c2, ..., cn) is given by,

C−1 = F †diag

(

1

λ1
,
1

λ2
, . . . ,

1

λn

)

F. (19)

If C is sparse, then the eigenvalue reciprocals in the above diagonal matrix can be computed

efficiently; proving it to be a row-computable matrix. Following the above described steps,

including the unitary dilation and Hermitian embedding, it can be readily seen that C−1 is

efficiently implementable. Recall that the HHL algorithm can also implement C−1 efficiently,

however the HHL circuit involves a phase estimation circuit, a number of Hadamard gates

and controlled rotations, which are not present in our circuit. The quantum circuit described

in this paper serves as an alternative algorithm to solve a sparse circulant system, which

is conceptually simpler and therefore may lead to a more efficient physical implementation

than the HHL algorithm.

C. Hankel matrices

Recall that a Toeplitz matrix has constant elements in its diagonals. Contrastingly, a

Hankel matrix has constant elements in its skew-diagonals. More precisely, a Hankel matrix
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is of the following form,

H =

































h
−(n−1) h−(n−2) h−(n−3) · · · h−2 h−1 h0

h−(n−2) h−(n−3) h−(n−4) · · · h−1 h0 h1

h
−(n−3) h−(n−4) h−(n−5) · · · h0 h1 h2
...

...
...

. . .
...

...
...

h−2 h−1 h0 · · · hn−5 hn−4 hn−3

h−1 h0 h1 · · · hn−4 hn−3 hn−2

h0 h1 h2 · · · hn−3 hn−2 hn−1

































. (20)

It is possible to permute a Hankel matrix into a Toeplitz matrix. Mathematically, this can

be done by multiplying H by the following permutation matrix.

P =





















0 0 · · · 0 1

0 0 · · · 1 0
...
...

. . .
...
...

0 1 · · · 0 0

1 0 · · · 0 0





















(21)

Note that the matrix P is efficiently implementable in a quantum circuit, as it is equal

to the tensor product of Pauli x-operators. Let TH be the corresponding Toeplitz matrix;

that is, TH = HP . Also it follows that H = THP .

Consider the quantum state |ψ〉. Apply a Pauli x-gate to this state and make the state

P |ψ〉. Now, we may implement TH on a quantum state P |ψ〉 as described in section 2.

The respective measurement and post-selection gives an outcome proportional to THP |ψ〉,
which is equal to H|ψ〉. The runtime and the resource cost for the Hankel implementation

is almost the same as for the Toeplitz implementation, since the Pauli x-gates are efficiently

implementable in polynomial time and resource cost. Applications of Hankel matrices can

be found in [30].

IV. DISCUSSION AND CONCLUSION

We present quantum algorithms for implementing arbitrary row-sparse or frequency-

sparse Toeplitz and Hankel matrices, a class of matrices which has a number of applications

in different fields. The application of a classical sparse or frequency-sparse Toeplitz matrix
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is exponential, whereas the quantum algorithms presented in this paper can implement

them in polynomial time; gaining exponential speedup over the classical procedures. It

is noteworthy that the runtime of our algorithm is almost the same as the runtime of

e−iπ
2
H(U(ΛCT

)) for 2-sparse H . The two Fourier transforms has runtime O((log n)2), resulting

in overall O(polylog(n)) runtime. The probability of the measurement outcomes to be in

the desired states is
∥

∥

1
k
T |ψ〉

∥

∥

2
. Following the sparse Hamiltonian lemma, our algorithms

can implement any sparse or frequency-sparse Toeplitz or Hankel matrix T on a state |ψ〉 to
precision ǫ, in runtime O( polylog (n), 1

ǫ
,
∥

∥

1
k
T |ψ〉

∥

∥

2
). This implementation is able to provide

exponentially faster solutions to a variety of real-world problems.
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Abstract  Quantum key distribution systems with a heralded single photon source (HSPS) have been proved to offer a longer 

transmission distance than those using weak coherent pulse (WCP). However, high probability of multi-photon generation rate in 

the HSPS reduces key generation rate more than in the WCP. We propose a method of decreasing the multi-photon events to 

improve key generation rate. Our proposed method can improve the transmission distance and key generation rate of QKD 

systems. 
 

Key word  heralded single photon source, BBM92, decoy state, quantum key distribution 

 
1. Introduction 
The security of quantum key distribution (QKD) is 
founded on the principles of quantum mechanics. It 
enables sender (Alice) and receiver (Bob) to share 
random secret keys, which can be used to encrypt and 
decrypt messages. The most particular property of QKD 
is that it can detect the presence of eavesdropper (Eve). 
The security of QKD has been rigorously proved [1]. 

Despite the advantage on security, QKD has not been 
widely deployed yet. One of the main obstacle is the 
limited transmission distance. Though quantum repeaters 
will solve this problem, it is more practical to improve 
the transmission distance of the direct QKD link 
especially for applications that tolerate low key 
generation rate (for example, password sharing.)  

The transmission distance is limited by the false photon 
detection due to dark counts and stray photons. As the 
distance increases, signal photon detection events are 
decreased by the loss in transmission line. Once the 
photon detection rate falls below a threshold, roughly 
several multiple of dark count rate, high quantum bit 
error rate (QBER) prevents us from generating secure 
key. Therefore, we can extend our reach by improving 
detection rate of the signal photons. If we increase it 
tenfold, we will gain another 50 km.  

Weak coherent pulses (WCP) from a highly attenuated 
laser, often used in QKD systems, are not the best choice. 
They carry no photons with a high probability for the 
mean photon number 𝜇 smaller than one. If we increase 
the probability to contain one photon with pulses of a 
large mean photon number, we also increase the 
probability to contain more than one photon. 
Multi-photon pulses are vulnerable to photon number 
splitting (PNS) attack, where eavesdropper (Eve) safely 
obtain the key information. Though the decoy method [2, 
3] provides a countermeasure against the PNS attack, the 
key rate is still reduced for long distant transmission. A 
heralded single photon source (HSPS) [4] was proposed 
for long distance QKD [5], where one of the single mode 
spontaneous parametric down-conversion (SPDC) 
photons acts as a trigger. The HSPS improves the 
probability that emitted pulses contain photons 
effectively, and decreases the effect of dark counts. 
However, the effect of the multi-photon events will be 
more significant because the photon number probability 
of some HSPS obeys thermal distribution  

 𝑃𝑛(𝜇) =
𝜇𝑛

(1 + 𝜇)𝑛+1 (1) 

The probability of multiphoton emission given by Eq. (1) 
is higher than in the WCP sources, where the photon 
number probability obeys Poisson distribution. 

In this report, we propose a novel heralding method to 
reduce effects of the multi-photon events. We modify 
Bennett, Brassard, Mermin 1992 protocol (BBM92) [6] 
to add a function of detecting the multi-photon events. 
Our modification is simple, but not excludes all the 
multi-photon events. To reduce the effects of the residual 
multi-photons, we propose to combine the decoy method 
with our protocol. We analyze the key generation rate 
and find that our protocol yields the higher key rate than 
WCP-decoy-BB84 protocol and HSPS-decoy BB84 
protocol. 

 

2. Proposal 

In this section, we describe our protocol to decrease 
multi-photon events. A BBM92 QKD system is shown in 
Fig. 1. A SPDC source generates signal and idler photon 
pairs. The signal photon is sent to Bob and the idler 
photon is fed to Alice’s photon detectors. The SPDC is 
assumed to be in Alice side to reduce the loss of idler 
photon. A polarization rotator selects the basis to analyze 
with a polarization beam splitter. 
  

 
Fig. 1. A BBM92 protocol QKD system with HSPS 
 
We propose a heralding method to use only the events 
that either DA1 or DA2 detects a photon. The events of no 
detection and detection on both detectors are discarded. 
We can reduce the probability to send multi-photon 
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pulses, because the double click occurs when two or 
more photon pairs are generated. It is obvious that each 
photon has 1/2 chance to enter one of the two detectors, 
so it is 1/2 chance that two photons enter the different 
detectors, when one pulse contains two photons. The 
possible detection events, probabilities, and the actions, 
in case of one pulse containing two photons, are 
summarized in Table 1. It can be proved that the 
elimination probability is given by 1 − 2−(𝑛−1), if the 
pulse contains n photons. For example, it is 3/4 chance to 
eliminate the multi-photon events when one pulse 
contains three photons. 
 

DA1 DA2 Probability Result 

1 1 1/2 Discard 

2 0 1/4 Failure  

0 2 1/4 Undetectable 

Table 1. Principle of multi-photon events elimination for 
two-photon pulses 
 
Because the efficiency of detector is 𝜂𝐴(𝜂𝐴<1) for one 
photon, only zero or one photon may be detected, even 
when a pulse contains two or more photons. Then, the 
elimination of the multi-photon events sometimes fails. 
Considering the imperfect detection, we obtain the 
probability that Alice sends a pulse containing n photons 
to Bob as follows: 

𝜂𝐴𝑛 = 1 − (1 −
1

2𝑛−1) [1 − 𝑛𝜂𝐴(1 − 𝜂𝐴)𝑛−1 −

(1 − 𝜂𝐴)𝑛] − (1 − 𝜂𝐴)𝑛,  
(2) 

where[1 − 𝑛𝜂𝐴(1 − 𝜂𝐴)𝑛−1 − (1 − 𝜂𝐴)𝑛] stands for the 

probability that detectors click with two or more photons. 

The factor (1 −
1

2𝑛−1) refers to the probability to detect 

the multi-photon pulses. The last term is the probability 

that no photons are detected. 

We can reduce the probability of multi-photon pulses 
sent to Bob with the above heralding method. 
Nevertheless, it still remains a certain probability of 
sending multi-photons. The decoy method will help us to 
improve the security of QKD system. The key generation 
rate with decoy state method is given as follow [7]: 

 𝑅 ≥ 𝑞{−𝑄𝜇𝑓(𝐸𝜇)𝐻2(𝐸𝜇) + 𝑄1(1 − 𝐻2(𝑒1))} (3) 

where R is key generation rate, 𝑄𝜇is the gain, 𝐸𝜇  is 
quantum bit error rate, 𝑄1 is the gain of single photon 
states, 𝑞 =

1

2
 for BBM92 protocol, 𝐻2(𝑒) is a binary 

entropy function, and 𝑓(𝑒)  is the error correction 
efficiency. We here consider asymptotic case for 
simplicity. The comparison will be involved considering 
finite length code, because the performances 
significantly depend on the optimization of the system 
parameters. 

 

3. Numerical Simulation 

In this section, we calculate the key rate of proposed 
BBM92 with HSPS. The gain 𝑄μ for HSPS is given by: 

 

𝑄𝜇 = 𝑌0𝑑𝐴

1

1 + 𝜇
+ 𝑌1𝜂𝐴

𝜇

(1 + 𝜇)2

+ ∑ 𝑌𝑛𝑃𝑛(𝜇)𝜂𝐴𝑛

∞

𝑛=2

, 
(4) 

where 𝑌𝑛 is the yield of an n-photon pulse [6]. We need 
to consider 𝑌0  for vacuum pulses, because of the 
detection in Alice’s detectors by dark counts and stray 
light. Similarly, the QBER is given as a function of the 
mean photon number. We assume that 𝑒𝑛 as the QBER 
of an n-photon pulse.  Then, the QBER 𝐸𝜇, is shown as 
follows: 

 
𝑄𝜇𝐸𝜇 = 𝑒0𝑌0𝑑𝐴

1

1 + 𝜇
+ 𝑒1𝑌1𝜂𝐴

𝜇

(1 + 𝜇)2

+ ∑ 𝑌𝑛𝑃𝑛(𝜇)𝜂𝐴𝑛

∞

𝑛=2

𝑒𝑛 
(5) 

where the error rate of the dark count 𝑒0  is 1/2 
because dark counts occur randomly. Among four key 
variables needed to calculate the rate with Eq. (3), 𝑄𝜇 
and 𝐸𝜇 can be measured directly from experiment. The 
decoy method provides the lower limit s of 𝑌1 and the 
upper limit of 𝑒1in the asymptotic case as follows [8]: 

 

𝑌1 ≥ {
𝜇′

𝜇
(1 + 𝜇)3𝑄𝜇 −

𝜇

𝜇′
(1 + 𝜇′)3𝑄𝜇′ −

𝑌0𝑑𝐴 [
𝜇′

𝜇
(1 + 𝜇)2 −

𝜇

𝜇′
(1 + 𝜇′)2]} [𝜂𝐴(𝜇′ − 𝜇)]−1  

(6) 

and 

 

𝑒1 ≤
(1 + 𝜇)2𝑄𝜇𝐸𝜇 − (1 + 𝜇)𝑌0𝑑𝐴/2

𝑌1𝜂𝐴𝜇
 (7) 

where 0 < μ′ < μ are the mean photon numbers of the 
decoy and signal pulses, respectively. Experimentally, we 
can control the mean photon numbers of signal and idler 
photons by changing pump intensity as depicted by μ𝑠 
and μ𝑑 in Fig. 1.  

We can now calculate the final key generation rate with 
assumed and observed values. For convenience, we used 
parameters of the Gobby-Yuan-Shields (GYS) [9] 
experiment to our simulation. Figure 2 shows that 
proposed system, decoy QKD for BBM92 protocol with 
HSPS, has better key generation rate and longer 
transmission distance than Decoy QKD for BB84 
protocol with HSPS, when mean photon numbers of 
signal pulses for the famer and latter systems are set to 
0.6 and 0.1, respectively, to yield the longest 
transmission distance. The mean photon number of 
decoy pulses μ′  are optimized at each transmission 
distance. 
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Fig. 2. The solid line is decoy WCP with μ = 0.48. The 
dashed line is BBM92 decoy HSPS method (proposal), 
with μ = 0.6 and 𝜂𝐴 = 0.8. The dotted-dashed line is 
Decoy HSPS with μ = 0.1. The dotted line is HSPS 
with μ = 0.1. The stars are WCP with μ = 0.48. 
 
This improvement comes from the fact that we can 
increase mean photon number of signal pulses and 
decrease the probability of multi-photon pulses 
simultaneously. Furthermore, the proposed system 
provides longer transmission distance than decoy BB84 
system with WCP, because HSPS can decrease the dark 
count effect by triggering the receiver’s detectors only 
when the pulse contains photons. 

With the proposed system, sender (Alice) has to use two 
detectors to detect the multi-photon events, the efficiency 
of the detector may affect the final key generation rate 
significantly. We estimated the key generation rate with 
several values of the detector efficiency as shown in Fig. 
3. The results show that the more efficient detector 
provides the higher key generation rate, and longer 
transmission distance. 
 

 
Fig. 3. The effect of the detector efficiency 𝜂𝐴 on key 
generation rate. The lines correspond to 𝜂𝐴=0.2, 0.4, 0.6, 
0.8, 1 from the lower to the upper traces. 
 
4. Conclusion  
In summary, we have proposed a decoy state BBM92 
protocol for quantum key distribution system with a 
heralded single photon source. With this system, the 
probability of single photon events can be increased and 
the probability of multi-photon events can be decreased. 

Moreover, our simulation results showed that the 
proposed method would achieve a longer transmission 
distance and a higher key generation rate than decoy 
state QKD with HSPS. We also evaluated the effect of 
the detector efficiency on the final key generation rate. 
We found that the more efficient detector achieved the 
higher key generation rate and longer transmission 
distance. The proposed decoy state BBM92 system with 
a HSPS will improve the performances of QKD 
networks for long distance transmission. Recently, a 
HSPS based QKD system with multi-photon detection is 
reported [10]. From implementation point of view, our 
BBM92 system will show better performance, because it 
requires no state-preparation devices, which inevitably 
causes photon loss.  
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