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Degenerate cavity supporting more than 31 Laguerre-Gaussian modes

Ze-Di Cheng1 2 ∗ Jin-Shi Xu1 2 † Chuan-Feng Li1 2 ‡

1CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026,
People’s Republic of China

2Synergetic Innovation Center of Quantum Information and Quantum Physics, University of Science and Technology
of China, Hefei 230026, People’s Republic of China

Abstract. Photons propagating in Laguerre-Gaussian modes have characteristic orbital angular momen-
tums, which are fundamental optical degrees of freedom. The orbital angular momentum of light has
potential application in quantum information processing. In this work, we experimentally construct a
ring cavity with 4 lenses and 4 mirrors that is completely degenerate for Laguerre-Gaussian modes. By
measuring the transmission peaks and patterns of different modes, the ring cavity is shown to supporting
more than 31 Laguerre-Gaussian modes. The constructed degenerate cavity opens a new way for using the
large resource of available angular momentum states simultaneously.

Keywords: laser resonator, vortex beams

1 Introducation

The Laguerre-Gaussian modes are solutions for beam
profiles with circularly symmetric. They are written in
cylindrical coordinates using Laguerre polynomials and
shown to obtained well defined orbital angular momen-
tums (OAM) [1]. The inherent degree of freedom of OAM
states of light has been of fundamental and practical
importance. The phase fronts of light beams in OAM
eigenstates rotate, clockwise for positive OAM values,
anti-clockwise for negative values, which could result in
some unique features. The eigenstates of OAM construc-
t an infinite Hilbert space. They can generate dough-
nut beam and induce rotational Doppler effects [2, 3].
The synthetic dimension supported by OAM photons is
recognized as a unique asset in many studies, includ-
ing high-capacity optical communication [4, 5], versatile
optical tweezers [6], quantum information and quantum
foundation [7, 8, 9]. It has been recently demonstrat-
ed quantum entanglement involving angular momenta as
high as hundreds [8, 10]. The manipulation and measure-
ment of OAM states can be reached with high precision
[11, 12, 13, 14], which leads to new applications of OAM
states, such as detecting of a spinning object and lateral
motion [15, 16].

Here, we present an experimental framework using
numbers of OAM states in an optical cavity simultane-
ously, which is referred to a degenerate cavity. Different
from previous works with OAM in cavities [17, 18], we
precisely measure the transmission peaks and patterns of
different modes in the cavity, which is shown to support-
ing more than 31 Laguerre-Gaussian modes. Moreover,
in view of the high degree of symmetry of our cavity, it
is convenient to couple the cavities with each other and
can be used in schemes of quantum simulation, such as
the investigation of photonics topological matters [19].

∗chzhdi@mail.ustc.edu.cn
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2 Theorem

The theoretical framework of a degenerate cavity was
introduced in [20, 21]. From a geometrical optics point of
view, an optical cavity is degenerate when an arbitrary
ray retraces its own path after a single round trip. To
understand the design principles of completely degener-
ate cavities, we consider the propagation of light field in
a cavity between two planes perpendicular to the axis of
the cavity. The transmitted electric field E1(x1, y1) can
be written in the form of the Collins integral [22]

e−ikz1E1(x1, y1) = e−ikLe−ikz0
i

λB

∫ ∫
E0(x0, y0)×

e[−
i
λB (Ax2

0+Dx
2
1−2x0x1+Ay

2
0+Dy

2
1−2y0y1)]dx0dy0,

(1)

where λ and k are the wavelength and wave num-
ber. E0(x0, y0) is the initial electric transverse field.
A,B,C,D are the elements of the ray matrix between
the two planes. And L is the length of the optical path
along the optical axis between the two planes.

The resonance frequencies and eigenmode of the de-
generate cavity can be solved by using the condition that
the field must reproduce itself after a round trip in the
cavity. If the optical elements have cylindrical symmetry,
the solutions happen to be the Laguerre-Gaussian modes
Ep,le

−ikz with the transverse field [23]

Ep,l(ρ, ϕ) =E0

√
2p!

π(|l|+ p)!

1

w(z)
(

√
2ρ

w(z)
)|l|×

L|l|p (
2ρ2

w2(z)
)e

−ρ2

w2(z) e
−ikρ2
2R(z) e−i[2p+|l|+1]ψ(z)e−ilϕ,

(2)

where ρ, ϕ and z are the parameters of polar coordinate
system. p and l are the parameters of the Laguerre poly-
nomials and l identifies the topological charge of the cor-
responding vortex beam. w(z) is the transverse width of
the light beam. R(z) is the wavefront curvature radius.
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Figure 1: Experimental setup. The degenerate cavity
consists of 4 lenses and 4 mirrors. The laser from a sin-
gle mode fiber (SMF) is split into two parts by a polar-
ization beam splitter (PBS). One is used as a reference
light and to lock the cavity. The other is used as the
signal. The half wave plate (HWP) is used to adjust the
intensity ratio of the split beams. The acoustic optical
modulator (AOM) is used to shift the frequency of the
reference light. The electro-optical modulator (EOM) is
used to do sideband modulation to lock the cavity. The
signal beam illuminated on the screen of a spatial light
modulator (SLM) is transformed into Laguerre-Gaussian
modes. Then these two beams are combined by a PBS
and pumped into the cavity. An etalon is used to fil-
ter out the reference laser from the beam reflected by the
cavity mirror and the reference light is detected by a pho-
toelectric detector (PD). The electrical signal is leaded to
an equipment using Pound-Drever-Hall (PDH) technique
to lock the cavity by driving the piezoelectric transduc-
er (PZT). Another two etalons are used to distinguish
the reference laser and signal laser from the transmission
beam, which are separated into two beams and detected
by PDs.

ψ(z) is the Gouy phase, and L
|l|
p (x) is the generalized

Laguerre polynomial.
The resonance frequency for each Ep,l mode in a ring-

type cavity is determined by [20]

kL0 − (2p+ l + 1)arccos
A+D

2
= 2nπ, (3)

where n is an integer, L0 is the length of the round-trip
optical path. When A = D = 1, the resonance frequency
is independent of parameters p and l, which means the
cavity is degenerate for spatial modes. The off diagonal
elements of the round-trip ray matrix, B and C, only
affect the beam waist w0 of the resonance modes.

We consider a cavity consisting of 4 lenses arranging
in a 4f lens system. This kind of cavity has been shown
to satify the degenerate condition and the corresponding
matrix happens to be the unit matrix.
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Figure 2: The transmission peaks of the modes. (a) The
Gaussian mode. The blue triangular wave corresponds
to the electric signal driving the piezoelectric transducer
(PZT), and the peaks correspond to transmission peaks
of reference light (Ref, black line) and signal beam (red
line labelled with the topological charge l) respectively.
The left coordinate scale corresponds to the signal driving
the PZT while the right coordinate scale corresponds to
the transmission peaks. (b) The dispersion relationship
of our cavity. The purple lines define the linewidth of the
cavity. Rh and Lh correspond to right-handed and left-
handed rotating vortex beams in degenerate situation,
while “Dis” represents that one of the 4 lenses subjects
to some displacements from the degenerate situation. (c)-
(e) The transmission peaks of left-handed rotating vortex
beams in degenerate situation. (f)-(h) The transmission
peaks of right-handed rotating vortex beams.

3 Experimental setups and results

The experimental setup is shown in Fig. 1. A contin-
uos ultra-narrow bandwidth laser (MBR, Coherent In-
t.) is splitted into two beams. One is used as a ref-
erence light and to lock the cavity. The other is used
as the signal. The reference light is shifted about one
free spectrum range (FSR) of our cavity via an acoustic
optical modulator (AOM). The electro-optical modulator
(EOM) is used to assist on locking the cavity in which the
Pound-Drever-Hall (PDH) technique is applied. The sig-
nal beam illuminated on the screen of a spatial light mod-
ulator (SLM) loaded with hologram [11] is transformed
into Laguerre-Gaussian modes. Then these two beams
are combined and pumped into the cavity. Three etalons
with linewidth approximating 100 MHz and FSR approx-
imating 7 GHz are used to distinguish the reference laser
and signal laser. The laser beams are detected by photo-
electric detectors (PDs).

In the experiment, we fix the frequency of the mi-
crowave driving the AOM and then drive the piezoelectric
transducer (PZT) attached to one of the cavity mirrors to
scan the transmission peaks. In Fig. 2 (a), the triangular
wave corresponds to the electric signal driving the PZT,
which changes the cavity length accordingly. The trans-

38



(c)

(b)

（a）

+1 +2 +5 +8 +9 +11

-1 -2 -5 -8 -9 -11

±1 ±5

j=0 j=1 j=2 j=3 j=4 j=5

±4 ±10 ±11 ±15

Figure 3: Experimental results of beam shapes. (a) The
transmission beam shapes of Laguerre-Gaussian modes
with topological charges signed in the corners. The black-
white images are theoretical results while the coloured
pictures are experimental results. (b) The transmission
beam shapes of conjugate superposition states with topo-
logical charges signed in the corners. (c) The transmis-
sion beam shapes of a class of six-dimension orthograph-
ical superposition states corresponding to |Φj〉.

mission peak signals are then recorded. The black line
corresponds to the signal of reference light and the red
line presents the signal of Gaussian mode (l=0), which
almost completely overlap. Fig. 2 (c)-(e) show the left-
handed rotating vortex beams and Fig. 2 (f)-(h) show
the right-handed rotating vortex beams, with the cor-
responding topological charges signed above the peaks.
From the figures we can see that the transmission peaks
of Laguerre-Gaussian modes coincide with the reference
light roughly, which means different Laguerre-Gaussian
modes resonate at the same point and the cavity is de-
generate.

Fig. 2 (b) shows the dispersion relationship of the cav-
ity. As we can see in Fig. 2 (a), even the two peaks
coincide with each other mostly, there does exist differ-
ences. The frequency driving the AOM is fine tuned to
make the peaks coinciding perfectly, and the correspond-
ing frequency is recorded. Horizontal axis is the topolog-
ical charge of the pumped beam, and longitudinal axis

shows the frequency differences between reference light
and Laguerre-Gaussian modes. The purple lines sepa-
rated by 12 MHz corresponds to the linewidth of the
cavity. Rh and Lh correspond to right-handed and left-
handed rotating vortex beams in degenerate situation,
while “Dis” represents the right-handed signals that one
of the 4 lenses leads to some displacements from the de-
generate situation. From the figure we can see that in the
degenerate situation the differences between modes with
topological charges from 0 to 15 are limited to 12MHz.
However, in the displaced situations, the differences in-
crease almost linearly. When the topological charge is
only 7, it has already surpassed the region of the cavi-
ty linewidth. The frequency of Lh increase more slowly
than that of Rh. With the increase of topological charges,
Lh can still located in the cavity linewidth, which im-
plies that our cavity can support more than 31 Laguerre-
Gaussian modes.

Next, we fix the frequency of the microwave driving
the AOM and lock the cavity to the reference light.
Fig. 3 shows the transmission beam shapes with different
Laguerre-Gaussian modes. The coloured ones are exper-
imental results and the black-white ones are the corre-
sponding theoretical predictions. From Fig. 3 (a), we can
see the eigen shapes of vortex beams clearly with topo-
logical charges signed in the corners. Fig. 3 (b) shows
beam shapes of conjugate superposition states, namely

|Ψ〉 =
1√
2

(|+ l〉+ | − l〉) . (4)

The experimental beam shapes with petals agree well
with the theoretical predictions. We further prepare a
class of six-dimensional orthographical superposition s-
tates. patterns of transmission beams in Fig. 3 (c) co-
incide perfectly with the theoretical beam shapes. Al-
though we observed that in Fig. 2 the transmission peak-
s attenuated and broadened slightly as the topological
charge grows, the details of beam petals are still distinct
in the superposition states.

4 Conclusion

In summary, we have constructed a degenerate ring
cavity supporting more than 31 Laguerre-Gaussian
modes simultaneously. Due to the perfect symmetry of
our four-armed cavity, it is convenient to couple simi-
lar cavities with each other, which has potential usage
in many research areas, such as the quantum simulation
[19]. The degenerate cavity can also be used to generate
lasers and entangled-photon sources of high dimensional
Laguerre-Gaussian modes.
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Abstract. Contextuality, the impossibility of assigning context-independent measurement outcomes,
is a critical resource for quantum computation and communication. Finding and testing optimal non-
contextual inequalities are important because they offer in general a larger deviation from classical bounds
and are thus more friendly in experimental tests. Moreover, an essential requirement for any test of
contextuality, namely, no-signaling between successive measurements should be accomplished. Here, we
provide an optimal state-independent contextuality inequality, which is then experimentally tested using
single photons generated from a defect in a bulk silicon carbide, while satisfying the requirement of no-
signaling within the experimental error.

Keywords: Quantum contextuality, no-signaling, state-independent

1 INTRODUCTION

Quantum mechanics, since its foundation, has so many
features that are inconsistent with classical models. A
typical feature of quantum mechanics is measurement re-
sult of a quantum observable depends on the physical ar-
rangement of a second commuting observable being mea-
sured with it, which is known as quantum contexuality
[1]. Quantum contextuality has been shown to play im-
portant roles in fundamental quantum physics and prac-
tical quantum information processing.

Furthermore, contextuality offers an unusual perspec-
tive on the striking features of the quantum world by
pointing out scenarios in which primitive notions such
as preparations and states play no role, which is known
as the state-independent contextuality (SIC). It has been
recently proven that the simplest of these scenarios is the
one introduced by Yu and Oh [2], consisting in a set of 13
elementary measurements on a three-dimensional quan-
tum system (or qutrit). In practical, it would be helpful
to obtain the optimal violation of the state-independent
non-contextual inequalities, in which the ratio between
the prediction of quantum mechanics and the classical
bound is maximal, which will be more friendly in exper-
imental tests.

Moreover, in any contextuality experiment with se-

∗xya@mail.ustc.edu.cn
†xuzp1009@gmail.com
‡qianglee@mail.ustc.edu.cn
§jsxu@ustc.edu.cn
¶chenjl@nankai.edu.cn
‖cfli@ustc.edu.cn

quential measurements, there exists a crucial assumption.
That is, there should be no signaling between one mea-
surement and the next. If this no-signaling condition
cannot be satisfied, the bound of the non-contextuality
inequality has no physical motivation. Previous exper-
iments attempted to observe the simplest form of SIC
in the Yu-Oh scenario do not shown to satisfy such
condition. Although the work by Kirchmair satisfies,
within the experimental error, no-signaling, but it is not
a quantum state-independent contextuality experiment
with qutrits.

The aim of this Letter is to observe state-independent
contextuality in the Yu-Oh scenario under the condition
of no-signaling. That is, guaranteeing that the marginal
probabilities of all the measurement outcomes are the
same in any context. For that, we use a recent method
proposed for performing contextuality experiments on
systems in which nondemolition measurements are dif-
ficult [3] and apply it to single photons generated from
a defect in a bulk silicon carbide [4]. This allows us
to achieve a very high control of the measurement and
assure that, within the experimental error, there is no-
signaling. These results will be helpful in deeply under-
standing of quantum contextuality under the no-signaling
conditions.

2 Theoretical framework

Our system is a qutrit and we use the basis
{|i1〉, |i2〉, |i3〉} to express its states. The Yu-Oh elemen-
tary measurements correspond to the projectors onto the
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a. Single Photon Source b. State Prepara�on c. State Measurement

Figure 2: Experimental setup to test the noncontextuality inequality. a. The preparation of a single photon source.
A single photon is generated by using a 632.8 nm laser to excite an intrinsic defect in a 4H-SiC sample which is
mounted on a piezoelectric XYZ stage (PZT). The dichroic mirror (DM) is used to separated the pump laser and the
fluorescence, which is further filtered by an interference filter (IF) centered at 720 nm with a bandwidth of 13 nm. b.
State preparation of a single photon qutrit. The polarization of the photon is set to be horizontal by the polarization
beam splitter 1 (PBS1). After passing the first three haft-wave plates (HWP1, HWP2 and HWP3) and two beam
displacers (BD1 and BD2), the photon is split into three paths. By adjusting the angle settings of HWPs, we can
prepare different initial qutrit states. c. The setup for state measurement. The angle of HWP4 is set to 45◦ and the
photon in paths 1 and 3 are combined by the BD3. Different measurement bases are implemented by rotating HWP5,
HWP6, and HWP7. Several phase plates (PCs) are inserted into paths to compensate relative phases. The photon is
then detected by a single-photon avalanche detector (SPAD).

vectors |vi〉, with i = 1, . . . , 13, in Fig. 1 and are repre-
sented there by blue circles numbered from 1 to 13. Ac-
cording to the method in [3], to compute probabilities
in our experiment, we have to consider four more pro-
jectors, {|v14〉, |v15〉, |v16〉, and |v17〉}, to make sure that
every projector is measured as part of a complete basis.
These extra projectors are represented in Fig. 1 by red
circles numbered from 14 to 17.

The optimal state-independent NC inequality we want
to test is given by

Iopt = 3

9∑
i=1

P|ϕ〉(vi = 1)

(
1− 1

2

∑
(i,j)∈E

P|vi〉(vj = 1)

)

+ 2

13∑
i=10

P|ϕ〉(vi = 1)

(
1− 1

2

∑
(i,j)∈E

P|vi〉(vj = 1)

)
≤ 11,

(1)

P|ϕ〉(vi = 1) (P|vi〉(vj = 1)) represent the probability
to obtain vi (vj) when the input state is |ϕ〉 (vi). The
edge set E with (i, j) ∈ E indicates that |vi〉 and |vj〉
are orthogonal, i.e., 〈vi|vj〉 = 0. The two-point prob-
ability P|ϕ〉(vi = 1, vj = 1) will be calculated through
P|ϕ〉(vi = 1)P|vi〉(vj = 1). All non-contextual hidden
variable models satisfy inequality (1), while the quantum
theory predicts that, for any qutrit state, IoptQM = 35/3,
which is shown to be optimal. Obviously, the quantum
prediction is greater than the upper bound of classical
models set by the non-contextual realism. Thus the in-
equality (1) can be used to test quantum SIC of a qutrit.

3 The no-signaling conditions

Since our detector has imperfect detection efficiency
and our setup only measures rank-one projectors, to com-
pute probabilities like P|ϕ〉(vi = 1) when the input state
is |ϕ〉, we need to measure vi as part of a complete ba-
sis set of {vi, vi′ , vi′′ }. In a contextuality experiment, it

is crucial to measure each observable vi the same way
with independence of the context. Thus, for each vi, we
always use the same orthogonal basis, and P|ϕ〉(vi = 1)
can be expressed as follows:

P|ϕ〉(vi = 1) =
N|ϕ〉(vi)

N|ϕ〉(vi) + N|ϕ〉(vi′ ) + N|ϕ〉(vi′′ )
, (2)

where N|ϕ〉(vi) is the number of counts corresponding to
outcome (vi = 1) when the system is prepared in state |ϕ〉
and we take a projective measurement of |vi〉. In our case,
there are seven group bases: {v1, v4, v7}, {v2, v5, v8},
{v3, v6, v9}, {v4, v13, v17}, {v7, v12, v16}, {v8, v10, v14},
and {v9, v11, v15}.

As emphasized before, in any test of contextuality, we
should achieve no-signaling between the measurements
in the same context. This implies that the influence be-
tween first measurements and second measurements (de-
noted as ε(−, 0|−, vi) and ε(−, 1|−, vi) with the outcomes
of vi being 0 and 1, respectively, for all vj adjacent to vi)
must be, within the experimental error, compatible with
zero, while this error should be equal to the one affect-
ing the influence between second measurements and first
measurements (denoted as ε(0,− |vj ,− ) and ε(1,− |vj ,− )
with the outcomes of vj being 0 and 1, respectively, for
all vi adjacent to vj), which, according to causality, is
zero. More precisely, ε(−, 0|−, vi) ≈ ε(0,− |vj ,− ) ≈ 0,
ε(−, 1|−, vi) ≈ ε(1,− |vj ,− ) ≈ 0.

4 Results

Figure 2 shows our experimental setup. Figure 3 shows
the experimental influence between measurements for the
input sate ϕ1(= |i1〉). It clearly shows that, for that in-
put state, our experiment satisfies the no-signaling condi-
tion. The errors are estimated from the counting statis-
tics which are assumed to follow a Poisson distribution.

The experimental results violating inequality (1) are
shown in Fig. 4. We test the inequality with different
pure and mixed states. We observe that the inequality (1)
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Figure 1: Graph of the compatibility relations between
the measurements for the Yu-Oh scenario. Circles rep-
resent vectors vi and edges represent compatibility rela-
tions. The blue circles represent the vectors in the Yu-Oh
set. The red circles represent the extra vectors used for
assuring that each projector is always measured using
a complete basis. The states are represented as v1 =
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Figure 3: Influence between adjacent measurements with
the input state ϕ1(= |i1〉).

is violated, almost uniformly, for all the states tested in
experiment and that the experimental values never sur-
pass the quantum bound for sharp measurements.
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Figure 4: The experimental results of Iopt (shown by the
red squares) with different input states. For all states, we
obtain a violation of the inequality, which demonstrates
its state-independent character. The dashed line in the
left-hand side specifies the upper bound imposed by non-
contextual hidden variable models, while the dashed line
in the right-hand side corresponds to the quantum me-
chanical prediction. The error bars are estimated from
the counting statistics.

5 Conclusion

We have observed for the first time the optimal form
of quantum state-independent contextuality respecting
the condition of no-signaling between the measurements
in the same context, which is essential to make sense of
any test of contextuality. Our experimental results agree
with the quantum predictions and confirm the existence
of contextual correlations between sequential compatible
measurements which are independent of the initial state
of the system. Our results shed a new light on the study
of quantum contextuality under no-signaling conditions.

Note: you can see our poster for more details.
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Abstract. Einstein-Podolsky-Rosen (EPR) steering describes the ability of one party to remotely affect
another’s state through local measurements. One of the most distinguishable properties of EPR steering
is its asymmetric: steering can work in one direction but fail in the opposite direction. However, an
experimental demonstration of genuine EPR steering in the simplest two-qubit system is still lacking. In
this work, we firstly demonstrate the multi-setting one-way steering in a two-qubit system. The steerability
is quantified by a necessary and sufficient steering criterion, i.e., the steering radius. Our results will provide
a deeper understanding of the asymmetric characteristic of steering.

Keywords: one-way EPR-steering, steering radius, multi-setting measurements

1 Introduction

In 1935, Einstein, Podolsky and Rosen (EPR) de-
scribed a “spooky” action permissible under the rules
of quantum mechanics: “as a consequence of two differ-
ent measurements performed upon the first system, the
second system may be left in states with two different
(ensembles of) wave functions”. As a response to EPR’s
work, Schrödinger generalized this argument and referred
to the ability of Alice to remotely affect Bob’s state by
choosing her measurement basis as steering. The rigorous
definition and operational framework for understanding
steering were recently formulated by Wiseman et al. [1] ,
in which the authors showed the hierarchy of nonlocality:
steerable states are a subset of the entangled states and
a superset of Bell nonlocal states.

Another interesting property of steering according to
the definition is its asymmetry: steering can work in
one direction but fail in the opposite direction. This
type of one-way steering can never be found in entangle-
ment or Bell nonlocality by their definitions, which may
provide potential applications for the one-sided device-
independent quantum key distribution.

It is natural to verify steering by violating steering in-
equalities. However, to certify a one-way steerable state,
one needs to solve two obstacles. The first difficulty is
when all those one-way steerable states are Bell-local
states; thus, a highly efficient and experimental error-
tolerant steering criterion is required to verify Alice’s
ability to steer Bob. The second difficulty, which is the
most challenging part, is to prove, for any measurement
settings, that Bob cannot steer Alice.

A few experiments have also been carried out over the

∗xya@mail.ustc.edu.cn
†xiangjun@ustc.edu.cn
‡skaikai@mail.ustc.edu.cn
§jsxu@ustc.edu.cn
¶cfli@ustc.edu.cn
‖gcguo@ustc.edu.cn

past few years to study the asymmetric steering. The
first experimental demonstration was restricted to Gaus-
sian measurements for Gaussian states. Recently, two
more experiments were conducted to observe the one-
way steering. Based on the analysis of detector efficiency,
Wollmann et al. designed an experiment to demonstrate
one-way steering in a qubit-qutrit system.The other ex-
periment regarding asymmetric EPR-steering was re-
ported by Sun et al., in which the protocol is restricted to
two-measurement settings. The one-way steering charac-
teristic may disappear with more measurement settings.
The demonstration of genuine one-way steering with mul-
timeasurement settings in the simplest bipartite system
would be of fundamental interest and provide practi-
cal applications in one-way quantum information tasks,
which are still lacking.

In this work, we experimentally demonstrate the multi-
setting one-way steering in a two-qubit system for the
first time. The steerability is quantified by a necessary
and sufficient steering criterion, i.e., the steering radius
[2]. These results will provide a deeper understanding of
the asymmetric characteristic of steering.

2 Multi-setting one-way EPR steering
and steering radius

To clarify the steering scenario, we show the process
of Alice steering Bob in the case of three-measurement
settings in Fig. 1. Bob is not sure whether the re-
ceived qubit state is from half of a steerable state (ρAB ,
from channel a) or from a local hidden state model
(LHSM, from channel b). He asks Alice to measure
her qubit in one of the directions {~n1, ~n2, ~n3} through
classical communication. Alice then sends Bob the mea-
surement result a ∈ {0, 1}. Correspondingly, Bob ob-
tains a conditional state ρ̃a|~n = TrA((Ma|~n ⊗ IB)ρAB).
Ma|~n = (IA + (−1)a~n ·~σ)/2 is the measurement operator
of Alice’s state. IA (IB) represents the identity matrix
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on Alice’s (Bob’s) side, and ~σ = (σx, σy, σz) is the Pauli
vector. When Bob’s state can be described by a LHSM,
the conditional state can be written as

ρ̃a|~n =
∑
i

P (a|~n, i)piρi, (1)

where P (a|~n, i) is a conditional probability. {piρi} is the
local hidden state ensemble, with the state ρi and cor-
responding probability pi. Otherwise, Bob is convinced
that Alice can steer his state and that the qubit he re-
ceived is from channel a.

Alice

0          10          1

�
AB

LHSM
or

Bob

�̃ →

Steering
Radius

a
or
b

�|n

{��, ��, ��}   →→ →

(1)

(2)

(3)

Classical Communication 

{0|��,1|��,0|��,1|��,0|��,1|��}   
→ → → → → →

(4)

Figure 1: Illustration of the EPR steering scenario with
three-measurement settings. The steps in the task, from
(1) to (4), are as follows. (1) Alice sends a qubit to
Bob, who is not sure whether the state is from a steer-
able state (ρAB , channel a) or from a local hidden state
model (LHSM, channel b). (2) Alice measures her qubit
along one of the directions {~n1, ~n2, ~n3} required by Bob
through classical communication. (3) Alice sends her
measurement results {0|~n1, 1|~n1, 0|~n2, 1|~n2, 0|~n3, 1|~n3} to
Bob. Six corresponding conditional states are obtained
by Bob, which are denoted as ρ̃a|~n, with a ∈ {0, 1} and
~n ∈ {~n1, ~n2, ~n3}. (4) Bob analyzes the results to calculate
the steering radius RA→B . If RA→B > 1, Alice success-
fully steers Bob’s state. The qubit received by Bob is
confirmed to be from channel a.

Here, we use a value called steering radius RA→B to
quantify the ability of Alice to steer Bob. In the case
of three-measurement settings, it has been proven that
eight local hidden states are sufficient to reproduce the
six conditional states if a LHSM exists. The radius of the
Bloch vector of the corresponding local hidden state ρi
is represented as |~Ri|, with i ∈ {1, 2 · · · 8}. For a differ-
ent solution set of {piρi} of Eq. 1, the minimum radius

is defined as r{~n1,~n2,~n3} = min
{piρi}

{max{|~Ri|}}. Obviously,

r{~n1,~n2,~n3} is dependent on a given measurement direction
assemblage {~n1, ~n2, ~n3}. The steering radius is defined as
RA→B = max

{~n1,~n2,~n3}
{r{~n1,~n2,~n3}}. If RA→B > 1, there is

no physical solution of Eq. 1, which indicates that there
is no LHSM to describe the conditional states obtained
on Bob’s side. The steering task from Alice to Bob is
successful. Otherwise, if RA→B ≤ 1, the EPR steering
task fails. The analysis can be extended to more mea-
surement settings, and the steering radius for the case

in which Bob steers Alice (RB→A) can be analyzed in a
similar way.

In this work, we prepare a family of two-qubit states:

ρAB(p, θ) = p|ψ(θ)〉〈ψ(θ)|+ (1− p)IA/2⊗ ρθB , (2)

where |ψ(θ)〉 = cos(θ)|HH〉+ sin(θ)|V V 〉, with H and V
representing the horizontal and vertical polarizations, re-
spectively. ρθB = TrA(|ψ(θ)〉〈ψ(θ)|). It has been demon-

strated [3] that for θ ∈ [0, π/4] and cos2(2θ) >
2p− 1

(2− p)p3
,

the steering from Bob to Alice is impossible even for an
infinite number of projective measurements carried out
by Alice. However, Alice can steer Bob for p > 1/2.

Experimentally, we focus on two- and three-
measurement settings. The conditions of states ρAB sat-
isfying one-way steering from Alice to Bob are RA→B > 1
and RB→A ≤ 1. In the case of two-measurement settings,
the condition can be rewritten as: θ ∈ (0, π/4) and

1√
2
< p ≤ 1√

1 + sin2(2θ)
. (3)

while the condition for three-measurement settings is θ ∈
(0, π/4) and

1√
3
< p ≤ 1√

1 + 2 sin2(2θ)
. (4)

3 Experimental results

We prepared 40 entangled states in the form of
ρAB(p, θ) to perform the EPR steering task. Fig. 2a
presents the distribution of the experimental states with
different p and θ. In the scenario of three-measurement
settings, the light red region described by Ineq. 4 denotes
the case of one-way steering in which Alice can steer Bob,
but Bob cannot steer Alice. In other cases, states located
in the light brown region are steerable, and states located
in the light blue region are unsteerable in both directions.
It is clear that a tunable p allows the state to be shifted
from a region where it is unsteerable in both directions
to a region where it is one-way steerable and finally to a
region where it is two-way steerable. We further show the
one-way steering region in the case of two-measurement
settings, which is bounded by the dashed black lines ac-
cording to Ineq. 3. With more measurement settings,
more states are shown to be steerable. One-way steer-
able states can be turned into two-way steerable states
by increasing the measurement settings for some param-
eters. For the infinite-measurement settings, there is still
a parameter region where states are shown to be one-way
steerable, which could not be demonstrated in the pre-
vious work restricted to two-measurement settings. As
shown in Fig. 2a, the states below the solid red curve

described by the relation cos2(2θ) =
2p− 1

(2− p)p3
are one-

way steerable with infinite-measurement settings.
We further consider the ability of Bob to steer Alice

using the linear EPR-steering inequality, which is repre-

sented as Sn =
1

n

∑n
k=1〈σkABk〉 6 Cn. σkA is the Pauli
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operator for Alice’s state, and Bk ∈ {−1, 1} is the ran-
dom variable on Bob’s side. Cn is the bound given by
the LHSM with n-measurement settings. The difference
between Sn and Cn (Sn − Cn) for the one-way steerable
states in the black box in Fig. 2a is shown in Fig. 2b.
If Sn − Cn > 0, the steerability is demonstrated. We
find that Sn−Cn slowly increases as the number of mea-
surement settings increases. All Sn are shown to be well
below Cn.

However, Sn−Cn is not a necessary and sufficient cri-
terion to quantify steering for states ρAB(p, θ). It only
shows, for a specific linear function, whether there ex-
ists a LHSM to obtain the value predicted by quantum
mechanics. Thus, it just tests partial properties of the
conditional states. However, the steering radius, as a
simplified variant of steering robustness, directly shows
whether there exists a LHSM to simulate the correspond-
ing conditional states and gives a necessary and sufficient
criterion for steerability. We measure the steering radii
RA→B and RB→A of the corresponding states in Fig.
2a to clearly demonstrate the one-way EPR steering, as
shown in Fig. 3. The blue dots represent states for which
the EPR steering task fails in both directions (A=B,
RA→B ≤ 1 and RB→A ≤ 1). The states represented
by red triangles show the case in which Alice steers Bob
(A→B, RA→B > 1 and RB→A ≤ 1). The brown squares
represent the cases in which Alice and Bob can steer each
other (A↔B, RA→B > 1 and RB→A > 1). The values
of RA→B and RB→A clearly distinguish different steering
situations, which agree well with the theoretical predic-
tions. The inset in Fig. 3 is a magnification of the region
in the red pane. Error bars are due to Poissonian count-
ing statistics.

4 Conclusion

In our work, we construct a class of states that are
only steerable from Alice to Bob, even for infinite-
measurement settings. By measuring the steering ra-
dius, the asymmetric steerability of the prepared states
is clearly shown. Compared with the previous experi-
ments, our work provides a more essential and intuitive
way to understand the asymmetric characteristic of EPR
steering. Our experimental results for the simplest bi-
partite system, with a smaller requirement of quantum
resources, can yield potential applications in future one-
way quantum information tasks.

Note: you can see Phys. Rev. Lett. 118, 140404
(2017) for more details.
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Abstract. Oblivious transfer (OT) is an important tool in cryptography. It serves as a subroutine
to other complex procedures of both theoretical and practical significance. Common attribute of OT
protocols is that one party (Alice) has to send a message to another party (Bob) and has to stay oblivious
on whether Bob did receive the message. Specific (OT) protocols vary by exact definition of the task – in
the all-or-nothing protocol Alice sends a single bit-string message, which Bob is able to read only with 50%
probability, whereas in 1-out-of-2 OT protocol Bob reads one out of two messages sent by Alice. These
two flavours of protocol are known to be equivalent. Recently a computationally secure all-or-nothing OT
protocol based on quantum states was developed in [A. Souto et. al., PRA 91, 042306], which however
cannot be reduced to 1-out-of-2 OT protocol by standard means. Here we present an elaborated reduction
of this protocol which retains the security of the original.

Keywords: Oblivious transfer

1 Introduction

Oblivious transfer (OT) is a very important build-
ing block for various cryptographic protocols. Oblivious
transfer exists in two flavours. The first one, called all-
or-nothing OT provides a way to transfer a message from
Alice to Bob in such a way that Alice, as the sender, does
not know whether Bob did receive the message. More
precisely, Alice sends an encoded message m to Bob. Bob
can decode the message with probability 1

2 . Importantly,
Alice shall not learn whether Bob was able to read the
message, thus the name oblivious.

It is a well-known fact that oblivious transfer cannot be
executed with unconditional security neither within the
classical domain, nor in quantum cryptography. Clas-
sically, the security is usually assured by computational
complexity arguments based on hardness of factoring (see
e.g. [2]). This, however makes the existing protocols vul-
nerable against attacks using quantum computers utiliz-
ing Shor’s factoring algorithm [3]. This naturally mo-
tivated the research towards quantum algorithms safe
against quantum attacks, such as the result of Souto et.
al. [5]. There the authors presented a quantum compu-
tationaly secure protocol for oblivious transfer under the
assumption of at most few-qubits measurements avail-
able.

Shortly afterwards He in [6] pointed out the incomplete
security of this protocol, mainly due to the fact that Al-
ice can assure in certain runs that Bob does not receive
the message. Souto et. al. replied [7] by arguing that
such a partially limited security of the protocol is not of
a significant hinder for its use. Although this statement
might be true for a subclass of utilizations of this obliv-
ious transfer protocol, for other classes this is certainly
not the case. One of the later examples is its possible uti-
lization in a reduction to the 1-out-of-2 oblivious transfer
protocol.

In 1-out-of-2 oblivious transfer, the task is slightly

∗plesch@savba.sk

modified: Alice sends two different messages m0 and m1.
The aim of the protocol is to assure that Bob is be able
to read exactly one them, whereas Alice shall not learn
which message was accessed by Bob. As shown by the
seminal work by Crépeau [4], all-or-nothing OT and 1-
out-of-2 OT protocols are equivalent in the sense that
one can be efficiently used to implement the other. This
however only works if the starting protocol is perfectly se-
cure, which is not the case for the protocol introduced in
[5]. As correctly pointed out in [6], using the protocol of
Souto et. al. together with Crépeaus reduction leads to
a complete loss of security. This might have two possible
causes – either the protocol of [5] is unsuitable for reduc-
tion to 1-out-of-2 OT protocol per se, or the Crépeaus
reduction is not appropriate for this flawed protocol. In
this paper we show the latter is the case – we introduce an
improved reduction that maintains the level of security of
the original quantum protocol throughout the reduction.
This reduction has however a more general use: it shows
that the two flavors of OT protocols are equivalent even
in the presence of reasonably bounded security flaw.

In this extended abstract we present the motivation
and main results. In the full paper [1] all technical details
are available.

2 Preliminaries

2.1 Quantum oblivious transfer of Souto et. al.

First we briefly analyze the protocol introduced in [5].
Alice wants to send a message, here a bit string m, to
Bob, where Bob shall only with probability 1

2 learn the
whole message, otherwise he shall not learn (almost) any-
thing. Analysis in [5] correctly shows that

1. If both Alice and Bob are honest, Bob receives the
message m with probability 1

2

2. Bob knows whether he got the message or not

3. Bob’s cheating is limited to a negligible probability
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4. Alice does not know whether Bob received the mes-
sage if she was sending it honestly.

However, as correctly pointed out by He in [6], Alice
can perform a more sophisticated attack. She can decide
to use incorrect message in the last step of the protocol,
which causes Bob’s failure to obtain the correct message.

Bob cannot check whether Alice was honest in a sin-
gle run of the protocol. On the other hand, Alice cannot
increase the probability of Bob to obtain the correct mes-
sage above 1/2. Thus, every run of the protocol in which
Alice decides to cheat causes a decrease of the frequency
of Bob’s successes below 50%. Thus, Alice and Bob can
agree on a constant s being a security parameter. With
N repetitions of the protocol, Bob will terminate the co-
operation with Alice if he receives less than N

2 − β
√
N

messages from Alice. If Alice wants to avoid termina-
tion of the protocol, she can act dishonestly only in up

to o(β)√
N

fraction of rounds, which can be made arbitrary

small with increasing N . As shown in [7], this is fine for
some applications of the protocol, but certainly not for
all. Next we show why the reduction to 1-out-of-2 OT
protocol due to Crépeau [4] fails.

2.2 Failure of Crépeaus reduction

The original reduction from all-or-nothing to 1-out-of-
2 oblivious transfer protocol from [4] works as follows:

1. Alice chooses at random N bits r1, r2, ..., rN .

2. For each of these N bits, Alice uses the all-or-
nothing OT protocol to disclose the bit ri to Bob.

3. Bob selects indices U = {i1, i2, ..., in} and V =
{in+1, in+2, ..., i2n} where n = N

3 with U ∩ V = ∅.
Additionally, it is required that he knows ril for
each index il ∈ U . If he didn’t receive enough mes-
sages to select U , the protocol is terminated.

4. Bob sends (X,Y ) = (U, V ) if he wants to read m0

and (X,Y ) = (V,U) otherwise.

5. Alice computes k0 =
⊕

x∈X rx and k1 =
⊕

y∈Y ry.

6. Alice returns to Bob k0 ⊕m0 and k1 ⊕m1.

7. Bob computes
⊕

u∈U ru ∈ {k0, k1} and uses it to
get his secret bit m0 or m1 according to his previous
choice.

The main idea behind this reduction is hidden in the
step 3. If number N of the messages sent to Bob is large,
then it is highly improbable that he will receive less than
N
3 of the messages correctly. On the other hand, it is

equally improbable that he will receive more than 2N
3 of

the messages correctly. Therefore, except for a marginal
probability, he will be able to produce a subset U con-
sisting of one third of rounds for which he knows all the
messages, but not both subsets U and V . Later Alice
encrypts two bits: one using the messages from U as the
key, the second using messages from V , knowing that

Bob will be able to decrypt only one. If the underly-
ing all-or-nothing OT is not compromised, Alice will not
know which bit Bob can decrypt, as she has no informa-
tion on which of the two sets consist of messages Bob has
successfully received.

However, as it was pointed out in [6], the situation
changes drastically if Alice can cheat, even to a small
extent, as in protocol of [5]. Alice can choose s rounds
where she knows Bob did not receive the correct mes-
sage. When Bob chooses rounds for the subset V , he can
choose roughly N

6 indices of received messages (Bob re-

ceived roughly N
2 messages, however he needs N

3 of them

for U), but needs to select another roughly N
6 indices

belonging to the messages he did not receive. Note that
each out of the s dishonest rounds will be chosen with
probability at least 1

3 . The probability that Bob chooses
at least one of these rounds as a member of V is thus can
be upper bounded as 1−

(
2
3

)s
, which quickly approaches

unity with increasing s.
If there is at least a single element from s in V , Al-

ice can with certainty learn whether (X,Y ) = (U, V )
or (X,Y ) = (V,U). Thus she can learn which bit Bob
intents to read with only negligible probability to be
caught.

2.3 Security Parameters

In what follows we analyse the security of different two
different protocols implemented with the help of flawed
OT protocol of [5], where the first analysed protocol is
used as a subroutine for the second one. We are in princi-
ple interested in three basic parameters: the probability
of the protocols to fail if both parties are honest, de-
noted pf , and the probabilities that Alice or Bob cheat
successfully, pA and pB respectively (with the other party
being honest). In what follows we evaluate the param-
eters of the protocol depending on these three output
parameters. To make the analysis easier to access, we
set pA = pB = ε and pf = 1

2 , to get a single security
parameter of the respective protocol.

3 Element choosing protocol

First we introduce a subroutine protocol which uses a
possibly compromised all-or-nothing OT as a primitive
and allows the parties to choose one element from some
large set T with cardinality NT . This set has two subsets
A ⊂ T and B ⊂ T ,A∩B = ∅ with NA and NB elements
respectively. Alice wins if an element from A is chosen
and Bob wins if an element from B is chosen. Our goal is
to have a protocol in which, with high probability, neither
of them wins, thus the chosen element does not belong
to either A or B.

The protocol is defined as follows:

1. Alice and Bob agree on a parameter α < 1
2 .

2. Parties count the elements of T and label them with
integers from 1 to NT .

3. Alice chooses at random NT messages
r1, r2, ..., rNT , where each of the messages consists
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of ` bits. Alice will choose ` large enough so that
the probability of guessing ri will be low enough
in comparison to any other probability within the
protocol.

4. Alice sends each message ri with the all-or-nothing
OT protocol from [5].

5. Bob replies by publishing αNT messages he re-
ceived correctly. If he is not able to do so, the
protocol is aborted.

6. Indices of the published αNT messages are used as
the new set T . Alice and Bob repeat points 2-5 of
this protocol x times, in each round keeping an α
fraction of previously held messages; they will end
up with N = αxNT messages.

7. Alice randomly chooses one of these messages to be
the outcome of the protocol.

The protocol aborts if Bob announces incorrectly any
received message (which shall not happen for honest play-
ers) or if Bob is not able to announce αNT messages in
some round. At the end of the protocol, Alice and Bob
choose a single message ri. In [1] we calculate the prob-
ability of failure, as well as the cheating probabilities for
Alice and Bob in this protocol.

4 1-out-of-2 OT protocol

Now we are ready to formulate the main protocol. In
the protocol both m0 and m1 are single bit messages
denoted b0 and b1. Let us denote B the choice of the
bit wished by Bob – if he wants to learn b0, he chooses
B = 0, otherwise he chooses B = 1.

1. Alice and Bob agree on the security parameters c
and β.

2. Alice first splits her messages b0 and b1 into groups
of random bits bj0 and bj1 such that

⊕c
j=1 b

j
0 = b0

and
⊕c

j=1 b
j
1 = b1.

3. For every pair bj0 and bj1, Alice chooses N single bit
messages r1, r2, ..., rN .

4. For each of these N messages, Alice uses the all-
or-nothing OT protocol to disclose them to Bob.
The protocol is terminated if Bob did not receive

at least n = N
2 − β

√
N
2 messages.

5. Let us denote S the set of indices of messages that
Bob received correctly. Bob chooses n pairs of in-
dices {(ui, vi)}ni=1, such that ∀i, ui ∈ S if B = 0,
otherwise he chooses ∀i, vi ∈ S. Also, for each pair
Bob chooses a single random bit ki. If ki = 1, he
switches the order of the pair (ui, vi), otherwise he
keeps the order intact. After this operation, Bob
publishes the set of pairs, but keeps ki secret.

6. Alice and Bob use the element choosing protocol
described above with T being the set of pairs of
indices announced by Bob. Therefore, NT = n =
N
2 − β

√
N
2 . Let us denote the pair chosen h.

7. Bob announces the bit kh so that Alice can switch
the order of the selected pair if kh = 1; let us denote
the final key (u, v).

8. Alice sends bj0 ⊕ ru and bj1 ⊕ rv to Bob. Since he
knows one of the messages ru or rv, he can calculate
bjB of his choice.

9. Steps 2-6 are repeated c times for all pairs of bj0 and

bj1. To obtain bit bB in which Bob is interested, he

needs to learn all the bits bjB .

In [1] we calculate the probability of failure, as well
as the cheating probabilities for Alice and Bob also for
the main protocol. In the security analysis we show that
with the security parameters pA = pB = ε and pf = 1

2
one is able, for each ε > 0, choose suitable parameters of
the protocol.

5 Conclusions

Oblivious transfer protocols are important building
blocks in cryptography. Perfect all-or nothing OT pro-
tocol can be used to construct a 1-out-of-2 OT protocol
(and vice-versa), but this is in general not true for pro-
tocols with security security flaw as the one in [5]. And
as unconditionally secure OT protocols provably do not
exist, it is of utmost importance to investigate protocols
with security based on reasonable assumptions.

In this paper we have introduced an improved version
of the reduction protocol from all-or-nothing to 1-out-
of-2 OT protocol. Contrary to the existing results, this
reduction is immune against a security loophole in the
original protocol allowing Alice to learn partial one-sided
information in a small fraction of the protocol runs. This,
in particular, allows the use of the protocol suggested in
[5] for such a reduction. But our result is more general,
opening the possibility for utilizing other imperfect im-
plementations of all-or-nothing OT protocols as well.
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Abstract. We present observable lower bounds for several bipartite entanglement measures including
entanglement of formation, geometric measure of entanglement, concurrence, and convex-roof extended
negativity. The lower bounds facilitate estimates of these entanglement measures for arbitrary finite-
dimensional bipartite states. Moreover, these lower bounds can be calculated analytically from the expec-
tation value of a single observable. Based on our results, we use several real experimental measurement
data to get lower bounds of entanglement measures for these experimentally realized states. In addition,
we also study the relations between entanglement measures.

Keywords: entanglement measures, lower bounds, single observable

1 Introduction

Quantum entanglement is widely recognized as a valu-
able resource in quantum information processing. How-
ever, it is far from simple to fully determine entangle-
ment. Therefore, the characterization and quantifica-
tion of entanglement become fundamental problems in
quantum information theory. Lots of entanglement mea-
sures have been proposed, such as entanglement of forma-
tion, geometric measure of entanglement, concurrence,
and convex-roof extended negativity.
Consider a finite dimensional bipartite system, one is

subsystem A and the other one is subsystem B. The en-
tanglement of formation (EOF) is the first entanglement
measure built by the convex roof construction. For a pure
state |ψ⟩, it is defined by EF (|ψ⟩) = S(ϱA), where S(ϱ) =
−Tr(ϱ log2 ϱ) stands for the von Neumann entropy and
ϱA = TrB(|ψ⟩⟨ψ|) is the reduced density matrix of sub-
system A. For a mixed state ϱ, the EOF is defined by
the convex roof, EF (ϱ) = inf{pi,|ψi⟩}

∑
i piEF (|ψi⟩) for all

possible ensemble realizations ϱ =
∑
i pi|ψi⟩⟨ψi|, where

pi ≥ 0 and
∑
i pi = 1. The infimum represents the min-

imal possible average entanglement over all pure state
decompositions of ϱ. The geometric measure of entan-
glement (GME) is another kind of convex-roof entangle-
ment measures. For an arbitrary bipartite pure state
|ψ⟩ = UA⊗UB

∑
i

√
µi|ii⟩ with

√
µi being its Schmidt co-

efficients, the GME is defined by EG(|ψ⟩) = 1−max{µi}.
Similarly, the GME is extended to mixed states by the
convex roof. The concurrence was used for two-qubit
states, and based on it Wootters and co-workers derived
computable formulae for concurrence and EOF in the
two-qubit case. After that, it was extended to bipartite
higher-dimensional systems, i.e., C(|ψ⟩) =

√
2(1− Trϱ2A)
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for pure states, and its convex roof for mixed states.
Last but not least, the convex roof extended negativ-
ity (CREN) is generalized from the negativity, which is
strongly related with the partial transpose. For a bi-
partite state ϱ, its negativity reads N(ϱ) = ∥ϱTB∥ − 1
(for simplicity we ignore the coefficient 1/2 ), where ∥ · ∥
stands for the trace norm and TB is partial transpose
with respect to subsystem B. The positive negativity is
a necessary and sufficient condition of entanglement for
pure states, 2× 2 and 2× 3 mixed states, but only a suf-
ficient condition for higher-dimensional mixed states. To
overcome this drawback, Lee et al. proposed the CREN.
For a pure state |ψ⟩, CREN is defined by the negativity
N (|ψ⟩) = N(|ψ⟩) = ∥|ψ⟩⟨ψ|TB∥ − 1. For mixed states,
CREN is defined by the convex roof as well.
Although many entanglement measures have been pro-

posed, there are only a few explicit expressions of these
measures for two-qubit states and some special kinds of
higher-dimensional mixed states. Furthermore, for a gen-
eral state it is proved that computing many entanglement
measures including the entanglement of formation is NP-
hard, which implies that we could only derive bounds on
(rather than compute exact values of) these entangle-
ment measures. Thus, in order to evaluate entanglement
measures, lower and upper bounds of entanglement mea-
sures for general higher-dimensional states have been pro-
posed. Besides, the lower bounds of entanglement mea-
sures can server as a valuable tool for optimal control.
However, if the proposed bound cannot be directly mea-
sured in experiments, quantum state tomography has to
be performed which leads to rapidly growing experimen-
tal resources as system size increases. Therefore, exper-
imentally observable lower and upper bounds of entan-
glement measures attract much interest recently.
In this study [1], we shall propose observable lower

bounds for EOF, GME, concurrence, and CREN in finite-
dimensional bipartite systems. These lower bounds can
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be obtained from the expectation value of a single observ-
able. Based on our results, we will present several exam-
ples using real experimental measurement data. Further-
more, the relations between entanglement measures will
be studied.

2 Lower bounds of entanglement mea-
sures by a single observable

For simplicity, we use the denotation co(g). Here co(g)
denotes the convex hull of the function g, which is the
largest convex function that is bounded above by the
given function g. The denotation has been used to get
explicit expressions and bounds for the EOF.
Theorem 1. For any m ⊗ n (m ≤ n) quantum state

ϱ, its entanglement of formation EF (ϱ) satisfies

EF (ϱ) ≥ co[R(Λ)], (1)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, R(Λ) =
H2[γ(Λ)] + [1 − γ(Λ)] log2(m − 1), γ(Λ) = [

√
Λ +√

(m− 1)(1− Λ)]2/m, with H2(x) = −x log2 x − (1 −
x) log2(1 − x) being the standard binary entropy func-
tion, and |ϕ⟩ = VA ⊗ VB

∑m
i=1

√
si|ii⟩ being an arbitrary

pure entangled state in m ⊗ n system (where {√si} are
its Schmidt coefficients in decreasing order). The convex
hull of R(Λ) is

co[R(Λ)] =


H2[γ(Λ)] + [1− γ(Λ)] log2(m− 1),

Λ ∈
[
1
m ,

4(m−1)
m2

]
,

m log2(m−1)
m−2 (Λ− 1) + log2m,

Λ ∈
[ 4(m−1)

m2 , 1
]
.

(2)

Similar to entanglement of formation, we can also find
an observable lower bound for the GME.
Theorem 2. For any m ⊗ n (m ≤ n) quantum state

ϱ, its geometric measure of entanglement EG(ϱ) satisfies

EG(ϱ) ≥ co[Q(Λ)], (3)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, Q(Λ) = 1 − γ(Λ)
with γ(Λ) = [

√
Λ +

√
(m− 1)(1− Λ)]2/m, and

co[Q(Λ)] = Q(Λ). (4)

In the following, we shall also present an observable
lower bound for the concurrence.
Theorem 3. For any m ⊗ n (m ≤ n) quantum state

ϱ, its concurrence C(ϱ) satisfies

C(ϱ) ≥ co[P (Λ)], (5)

where P (Λ) =
√
2[1− γ(Λ)][mγ(Λ) +m− 2]/(m− 1),

with γ(Λ) = [
√
Λ +

√
(m− 1)(1− Λ)]2/m, Λ =

max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, and

co[P (Λ)] =

√
2m

m− 1
(Λ− 1

m
). (6)

Last but not least, an observable lower bound of CREN
has been presented as follows.

Theorem 4. For any m ⊗ n (m ≤ n) quantum state
ϱ, its convex-roof extended negativity N (ϱ) satisfies

N (ϱ) ≥ mΛ− 1, (7)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}.
Remark 1. It is worth noticing that when we choose

a special case for |ϕ⟩, i.e. |ϕ⟩ = |ψ+⟩ where |ψ+⟩ =
1/
√
m
∑m
i=1 |ii⟩ is the maximally entangled state, then

s1 becomes to 1/m and Λ = max{⟨ψ+|ϱ|ψ+⟩, 1/m}.
For this special case, our results shown in all the above
theorems can be proved in a different manner: for an
arbitrary m ⊗ m state ϱ, one can project it onto the
isotropic states by the twirling operation, i.e. ϱiso =∫
dU(U⊗U∗)ϱ(U⊗U∗)†, which is a local operations and

classical communication (LOCC) operation and there-
fore cannot increase entanglement. Moreover, we have
⟨ψ+|ϱ|ψ+⟩ = ⟨ψ+|ϱiso|ψ+⟩, since it is invariant under
the twirling operation. The entanglement measures of
the isotropic states can be expressed as a function of
⟨ψ+|ϱiso|ψ+⟩. Thus, one can get lower bounds of entan-
glement measures for ϱ from the entanglement measures
of the isotropic states, this idea to get a lower bound
has been known since the earliest paper by Bennett et
al.. However, this alternative proof for |ϕ⟩ = |ψ+⟩ is not
valid for a general |ϕ⟩.
Remark 2. From Theorem 1 to Theorem 4, all the

lower bounds proposed above are the functions of Λ,
which only depends on the expectation value of a sin-
gle observable |ϕ⟩⟨ϕ|. Therefore, it will be much easier
to evaluate than tomography in experiments.
Examples. The first example is a real experimen-

tal state shown in Ref. [2]. Tonolini et al. exper-
imentally realized a high-dimensional two-photon en-
tangled state, with dimension of each photon being
equal to d = 17. They reconstructed the density ma-
trix ϱexp1 of the experimental state, and found the fi-
delity with the maximally entangled pure state being

Tr
√√

ϱexp1 |ψ+⟩⟨ψ+|√ϱexp1 = 0.831. Therefore, our

parameter for this experimental state should be Λ1 =
max{⟨ψ+|ϱexp1 |ψ+⟩, 1/17} .

= 0.69. Using Eqs. (1), (3),
(5), and (7), one can arrive at

EF (ϱexp1) ≥ 2.68, EG(ϱexp1) ≥ 0.45,

C(ϱexp1) ≥ 0.92, N (ϱexp1) ≥ 10.73,

for this real experimental state.
The second example is also from a real experiment

[3]. In Ref. [3], the authors experimentally real-

ized a three-photon slice state: |ψslice⟩ =
√
3
2 |000⟩ +

√
3
4 |110⟩ + 1

4 |111⟩ and a four-photon Dicke state with
two exciations |D2

4⟩ = 1√
6
(|0011⟩ + |0101⟩ + |0110⟩ +

|1001⟩ + |1010⟩ + |1100⟩). The square of fidelities for
the slice state and the Dicke state are measured to
be ⟨ψslice|ϱexp2 |ψslice⟩ = 0.9821 and ⟨D2

4|ϱexp3 |D2
4⟩ =

0.9780, respectively. For simplicity, we only consider
the entanglement under A|BC bipartition for the three-
photon slice state and AB|CD bipartition for the four-
photon Dicke state. Other bipartition entanglement can
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also be calculated analytically based on our theorems.
Therefore, our parameters for these experimental states
should be Λ2 = max{⟨ψslice|ϱexp2 |ψslice⟩/(s1m), 1/m} .

=
0.6547 with m = 2 and s1 = 3/4, and Λ3 =
max{⟨D2

4|ϱexp3 |D2
4⟩/(s1m), 1/m} .

= 0.3667 with m = 4
and s1 = 2/3. Using Eqs. (1), (3), (5), and (7), one can
arrive at

EF (ϱexp2) ≥ 0.1661, EG(ϱexp2) ≥ 0.0245,

C(ϱexp2) ≥ 0.3094, N (ϱexp2) ≥ 0.3094,

EF (ϱexp3) ≥ 0.1437, EG(ϱexp3) ≥ 0.0160,

C(ϱexp3) ≥ 0.1905, N (ϱexp3) ≥ 0.4668,

for these real experimental states.

3 Relations between entanglement mea-
sures

There have been comparative studies of entanglement
measures. Horodecki et al. introduced axiomatic ap-
proach for entanglement measures. Eltschka et al. pro-
posed inequalities between the concurrence and CREN
for any m⊗n (m ≤ n) quantum state ϱ, N (ϱ) ≥ C(ϱ) ≥√
2/[m(m− 1)]N (ϱ). We shall study the relations be-

tween concurrence, geometric measure of entanglement
and CREN.
Theorem 5. For any m⊗n (m ≤ n) quantum state ϱ,

its concurrence C(ϱ), geometric measure of entanglement
EG(ϱ), and convex-roof extended negativity N (ϱ) satisfy

N (ϱ) ≤ mγ
(
1− EG(ϱ)

)
− 1, (8)

EG(ϱ) ≥ 1− γ

(
N (ϱ) + 1

m

)
, (9)

c(ϱ)2 +
(
1− eG(ϱ)

)2 ≤ 1, (10)

where γ(x) = [
√
x +

√
(m− 1)(1− x)]2/m with

x ∈ [1/m, 1] and the integer m ≥ 2, c(ϱ) =√
m/[2(m− 1)]C(ϱ), eG(ϱ) = mEG(ϱ)/(m− 1).

4 Discussion and conclusion

Actually, the method we used to get lower bounds
of EOF, GME, concurrence and CREN can be gener-
alized to arbitrary bipartite convex-roof entanglement
measures. Suppose that the entanglement measure on
an m ⊗ n (m ≤ n) pure state |ψ⟩ is E(|ψ⟩) = f(µ⃗),
where µ⃗ is the Schmidt vector. We first get the min-
imal admissible f(µ⃗) for a given λ = (

∑m
i=1

√
µi)

2/m,
i.e., F (λ) = minµ⃗{f(µ⃗)|λ = (

∑m
i=1

√
µi)

2/m}. Thus, for
a general m⊗n (m ≤ n) state ϱ, the lower bound of this
entanglement measure E(ϱ) is given by E(ϱ) ≥ co[F (Λ)]
with Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, if the final function
co[F (λ)] is a monotonously increasing convex function
with respect to λ.
In conclusion, we present observable lower bounds for

several entanglement measures defined by convex roof,
which include EOF, GME, concurrence, and CREN. The
lower bounds estimate these entanglement measures for
arbitrary finite-dimensional bipartite states. Moreover,

these lower bounds can be easily obtained from the ex-
pectation value of a single observable. Based on our re-
sults, we present some examples using real experimental
measurement data. In principle, our method can be used
for arbitrary finite-dimensional bipartite convex-roof en-
tanglement measures. Last but not least, the relations
between entanglement measures are studied.
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Entropy production described by the GKSL master equation in
two-qubits system and its application

Satoshi Iriyama1 ∗
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Abstract. Ohya and Volovich proposed a quantum algorithm with the amplification process based on
the logistic map[2]. In this paper, the computational complexity of quantum algorithm is estimated as a
number of unitary gates and how many amplification map is applied[4]. It is shown that the amplification
process, so called the Chaos amplifier, can increase the success probability of quantum algorithm in a short
time. However it is not known how to construct it physically.

In this talk, we describe the amplification process in two-qubits system by the GKSL master equation,
and show parameter conditions achieving the Chaos amplifier and efficient amplifications.

Keywords: quantum algorithm, chaos dynamics, GKLS master equation

1 Introduction

Let C2 be a Hilbert space spanned by |0〉 =
(
1
0

)
and

|1〉 =
(
0
1

)
, a normalized vector |ψ〉 = α |0〉 + β |1〉 is

called a qubit. Let n be a positive integer, we call a
Hilbert space (C2)⊗n a n-qubits system. The quantum
algorithm is described by a density operator ρ on the
Hilbert space and the quantum channels Λ∗ defined on
a set of all density operators S. Logical calculations in
quantum algorithm is written in products of fundamental
unitary gates(see [1]). The language classes of quantum
algorithm are discussed based on a decomposition of the
quantum channel into unitary gates.

After applying quantum calculation by the product of
unitary gates to the suitable initial state, we measure
an observable on the state to obtain the output. Ohya
and Volovich proposed an amplification process when the
success probability of the quantum algorithm is small.
The process was constructed by the quantum channel
based on the logistic map, so called Chaos Amplifier[2].
However, the precise condition to achieve the channel was
not discussed.

In this study, we show a method to construct the Chaos
Amplifier using the lifting map, unitary evolution and the
two-qubits system described by the GKSL master equa-
tion. The lifting map is introduced by Accardi et al. [3]
to define the quantum Markov process rigorously. We
show examples of lifting map to achieve effective ampli-
fication processes.

2 GKSL Master Equation

The Gorini Kossakowski Sudarshan and Lind-
blad(GKSL) master equation was introduced in the pa-
pers [5, 6] to describe the state change in open systems.
The mathematical formulation of entropy production was
essentially started by Spohn[7], and there were many ap-
plications. In two qubits case, the GKSL master equation
with H = 0 is represented by

d

dt
ρ =

∑
i,j

{
LijρL

∗
ij −

1

2

(
L∗ijLijρ+ ρL∗ijLij

)}
∗iriyama@is.noda.tus.ac.jp

where
Lij =

√
rij |i〉 〈j| , rij ≥ 0

ρ0 = (ρij) ,
d

dt
ρ = (ρ̇ij)

i, j ∈ {0, 1, 2, 3}

3 Amplification Process in two-qubits
System

The final state of quantum algorithm is described as
the classical state (1 − p) |0〉 〈0| + p |1〉 〈1| obtained by
the von-Neumann measurement. Here we construct the
amplification quantum channel using a lifting and a time
evolution described by the GKSL master equation.

The lifting was introduced by Accardi and Ohya [3] as
a map from a system to the compound system including
the original system. In a quantum algorithm, we obtain
the final state ρ1 in a system 1, and can bring the another
state ρ2 in system 2 to amplify the success probability of
the system 1. This operation is described by the lifting
E : S(C2)→ S(C2 ⊗ C2) as

E(ρ1) = ρ1 ⊗ ρ2.

After applying the lifting, we consider the time evolu-
tion Λ∗ : S(C2 ⊗ C2) → S(C2 ⊗ C2) described by the
GKSL master equation introduced above. The systems
interact each other in particular case which is given by
parameters rij , i, j = 0, 1, 2, 3 in two-qubit system. After
the interaction, we cut off the system 2, and obtain the
modified state in the system 1. Therefore, the total op-
eration is described as tr2EΛ∗ where tr2 means taking a
partial trace in the system 2. In a quantum algorithm,
this method is applied after obtaining the final state by
von-Neumann measurement. The final state is given in
the form ρ = (1− p) |0〉 〈0|+ p |1〉 〈1|, as a classical state.

Here we prepare the states ρ1 and ρ2 as the two dif-
ferent trials of the given quantum algorithm. The total
process of the amplification is described as tr2Λ∗E(ρ1) =
tr2Λ∗(ρ1 ⊗ ρ2) where the channel Λ∗ is represented by
the GKSL master equation on two-qubits system. The

54



purpose of this paper is to find suitable parameters for
the channel to achieve effective amplifications. We obtain
the following theorems.

Theorem 1 If we take the parameters of the GKSL mas-
ter equation in a two-qubits system rij > 0, i, j = 0, 1, 2, 3
as 

r02 + r12 − r21 − r31 = a
2

r03 + r13 = 1
2

r20 + r30 = 1
2

rij > 0, otherwise

where a ∈ [0, 4], the quantum channel tr2Λ∗E works as
the Chaos Amplifier Λ∗CA[2]:

Λ∗CA (ρ) =
(I + ga (ρ)σ3)

2

where ga(x) is a logistic map with parameter a.

Theorem 2 The channel tr2Λ∗E∗ : S(C2) → S(C2) is
an amplification channel in one-qubit system, if the pa-
rameters rij of the channel Λ∗ satisfy the following con-
ditions:

r01 = r02 = r03 = r13 = r20 = r30 = 0

r23 = 1− r10
r31 + r32 = 2r10

r21 − r12 − r32 = 1− 2r10

r10 arbitrary

(1)

FIG. 1 is the plots of p′ = tr
(

(tr2Λ∗E∗)k (ρ) |1〉 〈1|
)

for k steps, where the parameters are

(rij) =


0.2 0 0 0
0.7 0 0 0
0 0.2 0.3 0.3
0 0.8 0.6 0.5

 (2)

The horizontal line is the number of steps to amplify.
The parameters rij are

One can see in both figures that the channel amplifies
inputs, which are p = 1/2, to 1000/230 and 1/230 to
1 with steps in polynomial of log p. When p = 0, the
channel does not change the input.
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Figure 1: For p = 1/2 (a) , 1000/230 (b), 1/230 (c) and 0
(d), the change of p′ with parameters (2).
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The geometry of information functions and that of probability, locus of probability flow, 

conserved probability and probability current explored in the recent times is discussed and 

further investigated in a geometric perspective. A deeper philosophical observation reveals 

that the geometrical surfaces corresponding to statistical geodesics and entropy functions 

represent spread of information. This discussion presents a comparative study and a 

geometric perspective of various information and entropy functions. A striking common 

geometric attribute of these well explored information functions is that most of them do not 

satisfy triangle law of addition. Thus, it is suggested that if we could employ an information 
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1. Introduction 

Having inspired by recent studies [1] of statistical geodesics and divergences in the form of 

probability flow, we further explore the geometry of probability. The discussion in this paper 

presents a geometric perspective on Information Theory. Also, we in this paper emphasize 

geometric and physical relevance of the probability discussed in references such as [2-9] 

based on the dynamical origin of probability in the Quantum Mechanics. The nature of 

probability and its spread is found to be important in the studies of statistical inference and 

decision making as deliberated in Amari [3] and Arima and Nagaoka [5].  

Thus the explorations of geodesics and distances in statistical forms have come a long way as 

is evident from Amari [2] and Arima and Nagaoka [5], Beck [6-8], Bengtsson [9, 10], 

Braunstein and Caves [11], and Braunstein [12] and Brody and Hughston [13, 14]. 

  A statistical model M is a family of probability distributions, characterized by a set of 

continuous parameters known as parameter space. One can regard M as a submanifold of the 

unit sphere S in a real Hilbert space H [3]. Therefore, H embodies the „state space‟ of the 

probability distributions, and the geometry of the given statistical model can be described in 

terms of the embedding of M in S. The geometry in question is characterized by a natural 

Riemannian metric known as Fisher-Rao metric as appeared in Brody and Hughston [13, 14] 

and in Amari [2] and Arima and Nagaoka [5]. There are a number of distinct geometrical 

formulations of classical statistical theory, corresponding, for example, to the various– 

embeddings of Amari [2] and Arima and Nagaoka [5], but one among these is singled out on 

account of its close relation to quantum theory: the geometry of square-root density functions.  

This geometry is special because of the way it singles out the Levi-Civita connection on 

statistical sub-manifolds. As a result, we are led to consider classical statistics in the language 

of real Hilbert-space geometry as given by Brody and Hughston [13, 14]. Fisher information 

is related to the „velocity‟ along the given curve in Hilbert space. This is a result that has 
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profound links with analogous constructions in quantum mechanics prominently described in 

[3, 5, 9-14] and in the references therein.  

We find it relevant to cite here the recent ontological investigations of dynamical origin of 

quantum probability and the complex trajectories [1, 15-17]. These exercises [15-17] have 

even addressed the notion of conserved probabilities. This trajectory representation of the 

probabilities and the notion of conserved probabilities has been a source of motivation for 

discussions on the notion of conserved probability flux.  

  It is imperative to recall here the importance of the geometrization of Quantum Mechanics 

discussed by Kibble [18], which pointed out that the Schrödinger evolution can be regarded 

as Hamiltonian flow on Hilbert space H. We wish to recast the same spirit in terms of 

probability flow in the Probability space or the configuration space as the case may be [1]. 

  We also analyze Shannon entropy [3-10], and compare it with all other entropy and 

information functions such as Rényi entropy [19], Tsallis entropy [20, 21], Landsberg- 

Vedral entropy [22], Abe‟s entropy [23],  Kaniadakis entopy [24], Sharma- Mittal entropy 

[25], Kullback- Leibler divergence [26-28], and a vital information measure such as Unified 

entropy that is useful for the description of complex systems and their geometric character in 

the light of recent development in Quantum Mechanics and Quantum Information. 

 We also wish to emphasize the relevance of the flow of probability and information and its 

applications such as Pattern Recognition and Machine Learning [30].   

  The importance of geometry of statistical geodesics, which is essentially geometry of 

probability, was put on a profound footing by Brody and Hughston [13, 14] in the context of 

geometry of quantum mechanics. The notion of statistical distance and the metricity, was 

given a concrete shape using differential geometry by Rao [3] and Rao in Amari [3].  
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The exercises in the present paper further investigate the geometry of the probability explored 

in the recent times with the interpretations of the continuity of probability and the locus of 

probability flow. This in many ways could be significant not only in the ongoing research in 

Statistics and Mathematics, but also in Physics in general and Quantum Information theory in 

specific. 

It is advisable to explore the geometry of probability in a larger context where even the origin 

of the probability in not so strictly emphasized. The terms entropy and information have a 

minute difference. Information is function of probability only. Entropy too could be 

expressed as function of probability. But, entropy could be function of other parameters as 

well, such as temperature. However, these days the two terms are very often used with 

indifference.   

The discussion in this paper will provide a comprehensive review and surely generate a 

worthwhile debate and will follow a trail of explorations on statistical geodesics and 

distances. 

2. The Geometry of the Probability Space 

Having inspired by the idea of probability flow, we explore the geometry of probability space 

in the following discussions. In Statistics, the probability distribution for the outcome of a 

physical process is given by  1n  real numbers ip  such that 

 1 and ,0
0





n

i

ii pp .                                                                                                              (1) 

The geometry of the n - sphere is almost manifest in [2, 3, 5, 9-10], and we find it such that  

 1    
0

2



n

i

iii p  .                                                                                                          (2) 

We note here that the space of all probability distributions lies on a sphere embedded in a flat 

space as given in [9-10], and therefore it carries the natural metric of the sphere, namely: 
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4

1
 

0 0

2  
 


n

i

n

i i

ii

ii
p

dpdp
ddds  .                                                                                             (3) 

In Statistics, this is known as the Bhattacharya metric or Fisher-Rao metric [2, 3, 5, 9-10]. It 

enables us to define the geodesic distance between two arbitrary probability distributions; if 

we consider the case wherein there are only two possible outcomes then the geodesic distance 

between two probability distributions ) ,1( 11 pp  and ) ,1( 22 pp  as: 

)1)(1(cos 2121 ppppd  .                                                                                         (4) 

Therefore distance d  is given by: 

))1)(1((cos 2121

1 ppppd   .                                                                                   (5) 

Using the identity of inverse circular functions we find that- the expression of geodesic in 

probability space is equivalent to   

)(cos)(cos 2

1

1

1 ppd   .                                                                                                (6) 

The Fisher-Rao metric admits triangle law of addition to some extent. The presence of sine 

and cosine functions in the Fisher-Rao metric is reassuring this.    

It is interesting to note that abstract graph structure is not directed one. It is only in a specific 

physical framework that these graphs appear to be directed. Also, the statistical distance for 

binomial distribution of probabilities [2, 3, 5, 9-10] is given by: 

)(sin)(sin 2

1

1

1 ppd   .                                                                                                 (7) 

The geometry of the geodesic in the equation (6) follows as: 
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Fig. 1: Graph representing geodesic )(cos)(cos 2

1

1

1 ppd    in probability space. 

If we plot the expression in eq. (7), we get a similar graphic as follows. 

 
                                                                                                                                                    

Fig. 2: Graph representing geodesic )(sin)(sin 2

1

1

1 ppd    in the probability space. 
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We have an interpretation of this expression that even if we do not consider any separation 

between two probabilities 21  and pp , there exists a geodesic corresponding to each of the 

probabilities 21  and pp  separately. That is if one can afford to drop any of the two terms, one 

finds that 

)(cos 1

1 pd  ;                                                                                                                      (8) 

or a geodesic with the second part as 

)(cos 2

1 pd  ,                                                                                                                      (9) 

The corresponding geometry could be found as follows: 

 

 

Fig. 3: Graph representing )(cos 1

1 pd   in the probability space. 

 

A philosophically relevant observation crops up that even in the absence of probability 2 p , 

geodesic with probability 1p  alone exists and manifests in the corresponding geometry.   

The expression of statistical geodesic is often given in an alternative form as: 
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)(cos 21

1 ppd  .                                                                                                                (10) 

If we plot geometry of this expression, we finally obtain a nice sprawling surface as given in 

the fig. 4. In case one finds it difficult to plot the above equation, one can extrapolate it in the 

following way. Take log  of the expression )(cos 21

1 ppd  , which appears as: 

)log()log(cos 21 ppd  . 

Or )log()log()log(cos 21 ppd  , 

or )}]log(){log(2/1exp[cos 21 ppd  , 

or )}])log(){log(2/1(exp[cos 21

1 ppd   .                                                                         (11) 

 

 

 

Fig. 4: Graph representing geodesic )(cos 21

1 ppd  . 
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Again this makes us notice philosophically relevant observations. The expression of geodesic 

in equation (5), if we drop the second term then results into equation (11). The second part in 

the equation (5) has terms )1( 1p  and )1( 2p  that stand for probabilities of not 

happening of 21  and pp  respectively. Thus, if we include the complementary probabilities 

21 1 and 1 pp   along with probabilities 21  and pp  in the information measure, we get 

different elaborate picture in the form of a surface. And if we do not include the 

complementary probabilities, we get a more constrained picture as in fig. 2.  

Now an important question might arise as: What does this mesh or grid represent? Of course, 

it is probability distribution. In terms of information, one may call it- spread of the 

information or at best the information network.  

3. The Cases of Physical Importance 

It is not that the present discussion pertains only to abstract aspects of mathematical and 

statistical importance. We essentially draw inspiration from the cases of interest for 

physicists. 

3.1. Geometry of Shannon entropy in quantum mechanical formulation 

In the absence of any explicit information, the uniform probability distribution is the best bet. 

Moreover, the further problem lies with the condition- where the results of the experiments 

crop up. This problem occurs in Statistical Mechanics, and the method used there is to 

maximize the Shannon entropy [6-10]: 


i

ii ppS ln ;                                                                                                                   (12) 

subject to the constraints  





n

i

ip
1

1, and 



n

i

ii Constpaa
1

.                                                                                    (13)                                                                                                            
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The second constraint is thought to be due to some experimental result. The Shannon entropy 

has some unique features, which need not be discussed here. Statistically speaking this is an 

optimization problem. We explore the geometry of Shannon entropy function widely 

discussed in Information theory, and given as: 


i

ii ppS ln .                                                                                                                   (14) 

In fact S  is a geometric expression of entropy. One can easily show [3, 6, 7, 9, 10] that this is 

the entropic form that nicely satisfies all four Khinchin axioms that it follows uniquely up to a 

multiplicative constant from these postulates. If we plot Shannon‟s entropy, we observe:  

0.2 0.4 0.6 0.8 1.0
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Fig. 5: Graph representing Shannon entropy 
i

ii ppS ln  in the probability space. 

Interestingly, though logarithmic in nature, Shannon‟s function too has concavity. We 

understand the physical reason is as follows. The curvature of this statistical metric stems 

from the fact that the statistical fluctuations are much smaller when we are close to the pure 

65



11 

 

state that is close to the edges of the simplex. The curvature or the cavity of this surface is 

inward. For the uniform distribution 
W

pi

1
 , the Shannon entropy takes on its maximum 

value: 

WkS ln  .                                                                                                                            (15) 

This is famous Boltzmann‟s entropy formula.  

Maximization of the Shannon entropy subject to suitable constraints leads to ordinary 

Statistical Mechanics [17-19]. In thermodynamic equilibrium, the Shannon entropy can be 

identified as the „physical‟ entropy of the system, with the usual thermodynamic relations. 

Generally, the Shannon entropy has an enormous range of applications not only in 

equilibrium Statistical Mechanics but also in Coding Theory and Computer Science. It is easy 

to verify that Shannon entropy is a concave function of the probabilities ip , which is an 

important formulate of Statistical Mechanics. 

0.2 0.4 0.6 0.8 1.0
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1

 

 

Fig. 6: Graph representing Boltzmann entropy WkS ln  . 
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We now discuss some more general information measures. 

3.2. Geometry of the Rényi entropies 

With the consideration that the entropy of independent systems should be additive, we 

discuss an information measure that is called- Rényi entropy [19]. For an arbitrary real 

parameter q ,  Rényi entropy is defined as: 

 



i

q

i

R

q p
q

S ln
1

1
.                                                                                                              (16) 

The Rényi information measure is important for the characterization of multi-fractal sets that 

is about fractals with a probability measure on their support as well as for certain applications 

in computer Science [29-30].  

The geometrical plot of this entropic function appears as follows: 

 

 

Fig. 7: Graph representing Rényi entropy.  
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The summation is over all events i  with 0ip . For 1q  Rényi entropy reduces to the 

Shannon entropy: 

SSLim R

q
q




 
1

,                                                                                                                          (17) 

It can be easily derived by setting 1q  and performing a perturbative expansion in the 

small parameter   in eq. (17).  

3.3. Geometry of the Tsallis entropies 

We now discuss yet another important entropy function known as Tsallis‟ entropy. This is 

given by the following expression [20, 21]: 












 

W

i

q

i

T

q p
q

S 1
1

1
.                                                                                                         (18) 

The geometrical plot of this entropic function appears as follows: 

 

 

 

Fig. 8: Graph representing Tsallis entropy 
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Tsalli was the first person who in his seminal papers [20, 21] had suggested generalization of 

Statistical Mechanics using these entropic forms. Tsallis entropies are different from Rényi 

entropies, as it does not have logarithmic term any more. A relation between Rényi and the 

Tsallis entropy can be easily established as: 

R
qSqT

q

i

q

i eSqp
)1(

)1(1


 .                                                                                             (19) 

However, the Tsallis entropy is a monotonous function of the Rényi entropy, such that any 

maxima of Tsallis entropy imply maxima of Rényi entropy and vice-versa. And yet, Tsallis 

entropy has many distinguished properties that make it a better and more suitable candidate 

for generalization of Statistical Mechanics than Rényi entropies. One such property is 

concavity. We can observe these nice attributes from the following expressions: 

1

1










 q

i

T

q

i

p
q

q
S

p
;                                                                                                               (20) 

and 

ij

q

i

T

q

ji

qpS
pp

2
2





.                                                                                                           (21) 

This means that, as a sum of concave functions T

qS  is also concave for all 0q . This 

property does not hold for Rényi entropies. Tsallis entropy also reduces to Shannon entropy 

as a special case when 1q . Tsallis entropy thus reads as: 

)Shannon(  
1

1 SSLimS T

q
q

T 


.                                                                                                (22) 

Like a good information measure the Tsallis entropy assumes its extremum for the uniform 

distribution i
W

pi    ;
1

. This extremum is given by  

q

W
S

q
T

q







1

11

.                                                                                                                       (23) 

Which, in the limit 1q , reduces to Boltzmann‟s celebrated formula: WkS ln  . 
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3.4. Geometry of Landsberg- Vedral entropy 

We now analyze an information measure with the following expression: 



























1
1

1

1

1

W

i

q

i

L

q

p
q

S                                                                                                           (24) 

explored by Landsberg and Vedral [22] and thus bears their names. It could be easily realized 

that the Landsberg- Vedral entropy is related to the Tsallis‟ entropy  T

qS  as:  





W

i

q

i

T

qL

q

p

S
S

1

.                                                                                                                          (25) 

The geometrical plot of this entropic function appears as follows: 

 

 

Fig. 9: Graph representing Landsberg- Vedral entropy. 

And hence L

qS  is sometimes also called normalized Tsallis entropy. Landsberg- Vedral 

entropy L

qS  converges with the Shannon entropy in special case as:  
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(Shannon)  
1

SSLt L

q
q




.                                                                                                           (26) 

 

3.5. Geometry of Abe entropy 

Abe‟s entropy is [23] introduced as a kind of symmetric modification of Tsallis entropy. This 

is invariant under the exchange 1 qq  and is given by: 

 






















i

q

i

q

iAbe

q
qq

pp
S

1

1

.                                                                                                       (27) 

This symmetric choice in q  and 
1q is inspired by the theory of quantum groups which often 

exhibit invariance under the „duality transformation‟ 1 qq . The geometrical plot of this 

entropic function appears as follows: 

 

 

Fig. 10: Graph representing Abe entropy 
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3.6. Geometry of Kaniadakis entropy 

The Kaniadakis entropy denoted by  entropy is defined by the following expression [24]: 

 











 




i

ii pp
S






2

11

.                                                                                                         (28) 

It is pertinent to mention that it is a kind of Shannon entropy, which reduces to the original 

Shannon entropy for 0 . We also note that for small  , and by writing 1q  and 

 11q , the Kaniadakis entropy approaches the Abe entropy. Kaniadakis was motivated 

to introduce this entropic form by special relativity wherein the relativistic sum of two 

velocities of particles with mass m  satisfies a similar relation as does the Kaniadakis entropy, 

identifying 
mc

1
 . Kaniadakis entropies are also concave and said to be Lesche-stable. The 

geometrical plot of this entropic function appears as follows: 

 

 

Fig. 11: Graph representing Kaniadakis entropy 
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3.7. Geometry of Sharma- Mittal entropies 

There is yet another prominent information measure which represents two-parameter families 

of entropic forms [25] called Sharma- Mittal entropies. It can be written in the form: 
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2

, .                                                                                                   (29) 

Sharma- Mittal entropies correspond to many other entropies in special cases. The Tsallis 

entropy is obtained from Sharma- Mittal entropies for  r  and 21 q . The 

Kaniadakis entropy is obtained from Sharma- Mittal entropies for 0r . The Abe entropy is 

obtained for )(
2

1 1 qq  and 1)(
2

1 1  qqr . The Sharma-Mittal entropies are also 

concave and Lesche stable. The geometrical plot of this entropic function appears as follows: 

 

 

 Fig. 12: Graph representing Sharma- Mittal entropy 
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3.8. Geometry of Kullback- Leibler entropy 

In  theory of probability and Information theory, the Kullback- Leibler divergence [26-28] 

that is also referred as information divergence, information gain, relative entropy, is a non-

symmetric measure of the difference between two probability distributions p  and q .  It is 

prominent information function that is employed in image processing software and computer 

science [29].  Kullback- Leibler measures the expected number of extra bits required to code 

samples from p when using a code based on q  rather than using a code based on p . 

Typically probability p represents the „true‟ distribution of data, observations, or a precisely 

calculated theoretical distribution. Whereas, probability q  typically represents a theory, 

model, description, or approximation with respect to p . For probability distributions p  and 

q  of discrete random variables the corresponding Kullback- Leibler divergence is defined as: 


i i

i

iKL
q

p
pqpd log)( .                                                                                                       (30) 

The Kullback- Leibler divergence is defined only when  0p  and 0q  for all values of i , 

and also  1
i

ip  and 1
i

iq .  

Though, referred as metric and distance, the Kullback- Leibler divergence is not a true 

metric. It is due to the reason that Kullback- Leibler divergence from p  to q is not 

necessarily the same as the Kullback- Leibler divergence from q  to p . Also, it is important 

to notice that it does not satisfy the triangle inequality of distances.  

For the distributions  p  and q  of a continuous random variable, Kullback- Leibler 

divergence is defined in the integral form as: 
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 dx
xQ

xP
xPqpdKL

)(

)(
log)()( ,                                                                                             (31) 

where P and Q  denote the densities of  p and q. If we explore the geometry of the Kullback- 

Leibler divergence, it span as follows: 

 

Fig. 13: Graph  representing Kullback- Leibler entropy.  

More generally, if p and q are probability measures over a set X, and q is absolutely 

continuous with respect to p, then the Kullback- Leibler divergence from p  to q is defined as 


X

KL dp
dp

dq
qpd log)( .                                                                                                      (32) 

It is important point to note that most formulas involving the Kullback- Leibler divergence 

hold irrespective of log base. In information theory, the Kraft-McMillan theorem prescribes 

that any directly-decodable coding scheme for coding a message to identify one value xi out 
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of a set of possibilities X can be seen as representing an implicit probability distribution q(xi) 

= 2
−l

i over X, where li is the length of the code for xi in bits. Therefore, Kullback- Leibler 

divergence can be interpreted as the expected extra message-length per datum that ought to 

be communicated if a code that is optimal for a given distribution q is used, while using a 

code based on the true distribution p .  

 
xx

KL xPxPxQxPqpd )(log)()(log)()( ,                                                                (33) 

                )(),( pHqpH  ;                                                                                                 (34) 

Where, ),( qpH  is called the cross information corresponding to p and q , and )( pH  is the 

information defined over p . 

Properties of Kullback- Leibler divergence 

The Kullback- Leibler divergence is always non-negative, 

0)( qpdKL
.                                                                                                                        (35) 

This result is also known as Gibb‟s inequality, with 0)( qpdKL
 iff qp  .  

The entropy )( pH  thus sets a minimum value for the cross-entropy ),( qpH , the expected 

number of bits required when using a code based on q  rather than p ; and the Kullback- 

Leibler divergence therefore represents the expected number of extra bits that must be 

transmitted to identify a value x drawn from X, if a code is used corresponding to the 

probability distribution q , rather than the true distribution p . 

The Kullback- Leibler divergence remains well-defined for continuous distributions, and is 

invariant under transformation of parameters. It can therefore be seen as in some ways a more 

fundamental quantity than some other properties in information theory such as self-
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information or Shannon entropy, which may turn undefined or negative for non-discrete 

probabilities. 

Metricity in Kullback-Leibler Divergence 

Though, it is generally referred as distance or metric on the space of probability distributions, 

but this is not truly a distance or metric in the strict sense as the Kullback- Leibler divergence 

is not symmetric. Since, 

p

q
q

q

p
p loglog  ;                                                                                                                 (36) 

one can easily verify that  

)()( pqdqpd KLKL  ;                                                                                                            (37) 

Nor does it satisfy the triangle inequality. Still, being a pre-metric, it generates a topology on 

the space of generalized probability distributions, of which probability distributions proper 

are a special case.  

Relationship with other quantities of information theory 

Many other quantities of information theory can be interpreted as applications of the 

Kullback- Leibler divergence pertaining to specific cases. 

The self-information 

}){()( iimKL pdmI  ;                                                                                                           (38) 
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is the Kullback- Leibler divergence of the probability distribution ip  from a Kronecker delta 

representing certainty that mi   that is the number of extra bits that must be transmitted to 

identify i if only the probability distribution ip  is available to the receiver, not the fact that 

mi  . 

The mutual information 

))()(),(();( YpXpYXpdYXI KL ,                                                                                     (39) 

is the Kullback- Leibler divergence of the product  )()( YpXp  of the two marginal 

probability distributions from the joint probability distribution ),( YXp  that is the expected 

number of extra bits that must be transmitted to identify X  and Y  if they are coded using 

only their marginal distributions instead of the joint distribution. Equivalently, if the joint 

probability ),( YXp  is known, it is the expected number of extra bits that must on average be 

sent to identify Y if the value of X is not already known to the receiver. 

Reduction to the Shannon entropy 

(i) )}({)( xIEXH x ,                                                                                                           (40) 

(ii) ))()((log)( XpXpdNXH UKL ;                                                                              (41) 

is the number of bits which would have to be transmitted to identify X from N equally likely 

possibilities, less the Kullback- Leibler divergence of the uniform distribution )(XpU from 

the true distribution )(Xp  that is less the expected number of bits saved, which would have 

had to be sent if the value of X were coded according to the uniform distribution )(XpU  

rather than the true distribution )(Xp .                
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3.9. Unified entropy 

Unified entropy [30] is yet another standard information measure that most information 

functions converge to. This is in addition to one such convergence of information functions 

we often observe such as Shannon entropy.  

For a quantum state  , unified- ),( sq entropy is 

 1)((
)1(

1
:)(, 


 sq

sq tr
sq

S  ,                                                                                            (42) 

for 0, sq  such that 0,0  sq .  

The unified- ),( sq  entropy converges to Rényi - q  entropy [19], 

)(
)1(

1
)(,

0
 q

q

sq
s

Rtr
q

SLim 





.                                                                                      (43) 

Also, it reduces to Tsalli‟s- q  entropy [20, 21] as: 

)()1(
)1(

1
)(,

1
 q

q

sq
s

Ttr
q

SLim 





.                                                                               (44) 

In the case where 1q , )(, sqS  converges to the von Neumann entropy, that is 

 

)(log)(,
1

 StrSLim sq
q




                                                                                           (45) 

Although unified- ),( sq entropy is singular for 0or  1  sq , and we can consider them to be 

von Neumann entropy or Rényi- q  entropy, respectively.  

Thus, we may conclude that 

)()(,1  SS s  ;                                                                                                                      (46) 

and 

)()(0,  RSq  .                                                                                                                     (47) 

For a bipartite pure state 
AB

 ; for each 0, sq  unified- ),( sq  entanglement is defined as 
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  )(: ,, AsqABsq SE  ,                                                                                                        (48) 

 

where 
BABA tr   is the reduced density matrix for subsystem A. 

Now that relation of unified entropy is known with various entropy expressions, we discuss 

relationships between respective entanglements and entropies. 

As unified- ),( sq  entropy converges to Rényi and Tsallis‟ entropies when s  tends to 0 and 1  

respectively, 

)()(,
0

ABqABsq
s

RELim  


;                                                                                                     (49) 

where )( ABqR   is the Rényi - q  entanglement of  AB . Similarly, 

)()(,
1

ABqABsq
s

TELim  


,                                                                                                      (50) 

where )( ABqT   is the Tsalli‟s- q  entanglement of  AB ; and when 1q  

)()(,
1

ABfABsq
q

EELim  


,                                                                                                    (51) 

where )( ABfE   is entanglement of formation of AB . 

Thus, unified- ),( sq  entanglement is a two parameter generalization of this entanglement of 

formation. 

We now briefly discuss analytic formula of unified- ),( sq  entanglement for two-qubit states 

using the concurrence and its functional relation with entanglement of formation in two-qubit 

systems. For any bipartite pure state 
AB

  , its concurrence  
AB

C   is given by: 

  )1(2 2

AAB
trC  .                                                                                                      (52) 

where  
BABA tr . And for a mixed state AB , its concurrence is 

     
k ABkAB

pC )(min ;                                                                                          (53) 

where the minimum is taken over all pure state decompositions, 
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kBAkk kAB p  .                                                                                                    (54) 

The Geometry of the concurrence in eq. (52) is well known. It is the geometry of Fubini-

Study metric with a corresponding divergence on the probability space [4, 9-10]. The 

equivalent expression of distance for pure states on the projective Hilbert space is given as:  





























~ ;                                                                                    (55) 

where   is the local coordinate on the quantum state space.  

Also, this alternative expression of distance (metric) on the quantum state space is nothing 

but manifestation of uncertainty in the energy that is 

2
22  HHE .                                                                                             (56) 

Since, there exists a finite non-zero probability corresponding to each quantum state. And, the 

probabilities live on the probability space, thus there is one-to-one correspondence between 

points of the projective space and the probability space where quantum information is 

described [4, 9-10].  

 

4. Summary and Discussion 

The discussion in the present paper could prove to be of substantial importance in the 

ongoing research in Statistics and Mathematics, also in Physics, and in particular in the 

studies of Gravity and Information theory. This also raises interesting philosophical questions 

such as: how two geodesics are manifested in two different geometrical forms, once when the 

probability of not happening of an event is included or else when this is not included. We 

arrive on remarkable conclusion that if we include the complementary probabilities 

21 1 and 1 pp   along with probabilities 21  and pp  in the information measure, we get 

different picture. The geometry of Landsberg- Vedral entropy and Rényi entropy are pretty 
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similar except with the difference that the two entropy functions hold at different scales. The 

geometry of Kaniadakis entropy and Sharma- Mittal entropy are pretty similar. The geometry 

of Abe entropy is similar to that of Tsallis‟ entropy if it gets rid of the singularity at 0q . 

The stability conditions of different entropy functions could also be discussed in the light of 

this geometrical analysis. The geometries of Landsberg- Vedral entropy and Rényi entropy 

are pretty similar. Both of them have an unusual interface at 0q  wherein two surfaces with 

opposite orientation meet. Probably this attribute could be seen as indicator that Landsberg- 

Vedral entropy and Rényi entropies are not Lesche stable.  

The discussion is also suggestive of a few research and application initiatives. It is worth 

emphasizing that if Kullback- Leibler information which does not obey triangle law of 

addition, if substantiated with property of triangle law of addition, could be much more useful 

and precisel. Probably, it could save a small amount of time as well in its applications in 

image processing. The only information function that obeys triangle law of addition to some 

extent is Fisher-Rao metric. Therefore, we are suggestive that it should be used in the image 

processing applications.  

We propose to study kinematical notions such as “mean free path” and “average scattering 

length” in the context of statistical distances and probabilities. Thus it is advisable to explore 

the concept of “mean statistical geodesics”. 

 

† All graphics in this paper have been produced by using Mathematica. 
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Cryptographic quantum bound on nonlocality

Satoshi Ishizaka1

1 Graduate School of Integrated Arts and Sciences, Hiroshima University,
1-7-1 Kagamiyama, Higashi-Hiroshima, 739-8521, Japan

Abstract. Information causality states that the information obtainable by a receiver cannot be greater
than the communication bits from a sender, even if they utilize no-signaling resources. This physical princi-
ple successfully explains some boundaries between quantum and postquantum nonlocal correlations, where
the obtainable information reaches the maximum limit. We first point out that no-signaling resources of
pure partially entangled states produce randomness (or noise) in the communication bits, and achievement
of the maximum limit is impossible, i.e., the information causality principle is insufficient for the full iden-
tification of the quantum boundaries already for bipartite settings. Next, to show how such randomness
affects the strength of nonlocal correlations, we extend the nonlocality inequalities such as so-called the
Tsirelson inequality, and as a result, a relation followed by most of quantum correlations in the simplest
Bell scenario is revealed. The extended inequalities reflect the cryptographic principle that a completely
scrambled message cannot carry information.

Keywords: Bell nonlocality, entanglement

1 Introduction

It was shown by Bell that the nonlocal correlations pre-
dicted by quantum mechanics are inconsistent with local
realism [1]. The nonlocal correlations do not contradict
the no-signaling principle that prohibits instantaneous
communication. However, it was found that the set of
quantum correlations is strictly smaller than the set of
no-signaling correlations [2, 3]. Concretely, a particular
type of the Bell inequality, the Clauser-Horne-Shimony-
Holt (CHSH) inequality [4], was shown to be violated up
to 4 in general no-signaling correlations [3], while from
the Tsirelson inequality [2] the violation is bounded by
2
√

2 in quantum correlations. Since then, many efforts
have been made to search for a simple physical principle
to close this discrepancy.

Information causality (IC) [5] is such a physical prin-
ciple. Consider two remote parties, Alice and Bob, who
share no-signaling nonlocal resources such as entangled
states. When Alice sends a message to Bob, IC states
that the total information obtainable by Bob cannot be
greater than the number of the message bits even if they
utilize the no-signaling resources [5]. A powerful neces-
sary condition for respecting the IC principle was derived
by considering an explicit communication protocol [5].
The condition successfully explains the Tsirelson inequal-
ity, and even explains some curved boundaries between
quantum and postquantum correlations [5, 6]. At those
quantum boundaries, the protocol achieves the maximum
limit of the obtainable information (the number of the
message bits). It is then expected that, for every quan-
tum boundary, there exists a protocol for which the max-
imum limit is achieved.

Apart from searching for physical principles, the iden-
tification of the quantum boundaries is originally a diffi-
cult problem. Indeed, the analytical necessary and suffi-
cient criterion for the identification has not been given yet
even in the simplest Bell scenario, although the Tsirelson-
Landau-Masanes (TLM) criterion [7, 8, 9] is known for a
case of unbiased marginals.

2 Insufficiency of the IC principle

We first point out that pure partially entangled states,
which were shown to give rise to boundary correlations
[10, 11, 12, 13], produce randomness in the message, and
the achievement of the maximum limit is impossible no
matter what protocol is executed, i.e., the IC principle
is insufficient for the full identification of the quantum
boundaries already for bipartite settings (as far as the
number of the message bits is finite). Note that sim-
ilar results have been obtained in multipartite settings
[14, 15]. To see this, let us recall the derivation of the
IC principle. In the general setting of communication,
where Alice is given a bit string ~x = (x1, x2, · · · ) and
sends ~m to Bob as a message, the information about ~x
obtainable by Bob is characterized by the mutual infor-
mation I(~x : ~mρB), where ρB is the state of Bob’s half
of no-signaling resources. Using the no-signaling condi-
tion and the information-theoretical relations respected
by quantum mechanics, it was shown that [5]

I(~x : ~mρB) ≤ H(~m)−H(~m|~xρB) ≤ H(~m). (1)

Since the entropy H(~m) cannot exceed the number of
bits in ~m, the IC principle is derived.

Let us then focus on the term H(~m|~xρB) omitted in
the derivation of the IC principle. What we would like
to point out is that the term is inevitably nonzero for
the partially entangled states and hence the saturation
of Eq. (1) is impossible. This has been already shown in
[23] briefly, but we would like to explain the details here.

Suppose that Alice and Bob share n identical “quan-
tum boxes”, each of which accepts inputs (u, v) and pro-
duces outputs (a, b) according to the conditional prob-
abilities p(ab|uv), where the simplest Bell scenario is
considered for simplicity (see Fig. 1). A protocol may
connect the inputs and outputs of the n boxes in a
complicated way, but let us denote Alice’s outcomes by
~a = (a1, a2, · · · , an), where ai is the outcome of the i-
th quantum box. Now, consider the boundary correla-
tions realized by pure partially entangled states men-
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Figure 1: A protocol may connect the quantum boxes
in a complicated way, but anyway let us denote the out-
puts of the boxes by ~a = (a1, a2, · · · , an). In order to
achieve the maximum limit set by the IC principle, the
protocol must satisfy H(~m|~xρB) = 0, i.e., Bob must be
able to completely determine the value of the message ~m
from ~x and his local state ρB . The message ~m is con-
structed from ~a and ~x, but ~a is ambiguous for Bob. Can
Alice construct an unambiguous message ~m by using the
ambiguous output ~a from the quantum boxes?

tioned above. Since Alice’s measurements (on a single
box) are non-commuting [16], the basis of at least one
measurement of Alice differs from the Schmidt basis. As
a result, Bob’s local states (of the single box) for differ-
ent values of ai become nonorthogonal. This implies that
he cannot completely determine ai, and hence ~a, even if
he knows ~x (and even knows all Alice’s inputs ~u to the
boxes), i.e., H(~a|~xρB) > 0. Note that, in most cases of
such boundary correlations [10, 11, 12, 13], the realiza-
tion is unique up to local isometry and H(~a|~xρB) > 0 is
inevitable regardless of the system dimension of the re-
alization. In this situation, ~a appears to have some ran-
domness and be scrambling the information of ~x encoded
in ~m from the viewpoint of Bob, and the information ob-
tainable by Bob is inevitably reduced. Indeed, since ~m
is constructed from ~x and ~a, it is clear from Eq. (1) that
any protocol whose ~m contains the information of ~a and
hence H(~m|~xρB)> 0 cannot achieve I(~x : ~mρB)=H(~m).
Note that any redundant coding technique cannot re-
duce Bob’s ambiguity about ~a, because the ambiguity
is originating from ρB which is not under Alice’s control
(e.g. ~a~a~a has exactly the same ambiguity as ~a for Bob).
Note further that ai’s are essentially independent vari-
ables (Alice can control the value of ai via the input ui

to a little degree, but ai is anyway determined in a proba-
bilistic way by p(ai|ui)). The only way for H(~m|~xρB)=0
is thus that ~m does not contain the information of ~a
at all (or utilizes the unambiguous outcomes only) [18].
In this case, the achievement of I(~x : ~mρB) = H(~m) is
possible, but the protocol does not utilize the quantum
correlation at all (or utilizes a classical correlation only
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Figure 2: The results of the Monte Carlo calculations,
where a two-qubit realization to give the maximal viola-
tion of a randomly generated Bell expression is obtained.
The numerical values of the right and left hand side of
the TLM inequality are plotted. The results suggest that
the equality of the scaled TLM inequality holds for ev-
ery extremal correlation with biased marginals. The inset
shows the minimum and the maximum of the generalized
trace-distances.

[19]), and hence cannot explain the outperformance of
the pure entangled states at all.

Note that it is not difficult to search for boundary
correlations such that the outcome a is ambiguous for
both u = 0 and 1 regardless of the system dimension
(this is rather typical as an extremal correlation with
biased marginals) by a numerical method based on the
1+AB level of the Navascués-Pironio-Aćın (NPA) hi-
erarchy [20, 21]. For such correlations, ~m cannot con-
tain any information of ~a at all. The same holds for
the asymptotic n→∞ limit, i.e., H(~m|~xρB)→0 implies
I(~a : ~m|~xρB)→ 0 [18], and ~m must become independent
on ~a (see also [22]). Namely, the asymptotic strategy
utilizing infinitely many quantum boxes is not helpful.

In this way, it is found that any protocol that genuinely
utilizes the quantum correlation cannot achieve the max-
imum limit set by the IC principle due to the ambiguity
(or randomness) originating from the nonorthogonality
of Bob’s local states.

3 Quantum bounds

Next, to show how the randomness affects the strength
of nonlocal correlations, we extend the TLM inequal-
ity by including the state-dependent quantity measuring
the orthogonality between Bob’s local states, because the
nonorthogonality is key to the randomness as discussed
above. The result is

∣∣∣C̃00C̃01 − C̃10C̃11

∣∣∣ ≤ (1− C̃2
00)

1
2 (1− C̃2

01)
1
2

+ (1− C̃2
10)

1
2 (1− C̃2

11)
1
2 , (2)
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where C̃xy ≡ 〈Ax ⊗ By〉/D̃x and D̃x is the generalized
trace-distance like quantity measuring the orthogonality
(see [23] for the definition). Namely, it can be shown
that the TLM inequality must hold true even when the
correlation functions are scaled by D̃x. This inequality
has a property such that it is saturated for all (boundary
and non-boundary) correlations in the case of unbiased
marginals. Importantly, the inequality can be saturated
even in the case of biased marginals. Indeed, the results
of our numerical calculations suggest that, somewhat sur-
prisingly, the inequality is saturated for every extremal
correlation with biased marginals (Fig. 2). In this way,
it is found that most of correlations including the case of
biased marginals in the simplest Bell scenario appear to
obey a simple scaling law, which is revealed by consider-
ing the nonorthogonality between local states.

4 Information theoretical aspects

Finally, we discuss the information theoretical aspects
of the extended inequality, and show that the inequality
and its saturation (i.e. the scaling law mentioned above)
reflects the cryptographic principle that a completely
scrambled message cannot carry information [17]. More-
over, the inequalities reflecting the cryptographic prin-
ciple contain a quantity defined in quantum mechanics,
and the principle cannot immediately exclude postquan-
tum correlations by itself, but tells us a way to determine
the quantum boundaries. The key is again the trace-
distance like quantities measuring the orthogonality be-
tween Bob’s local states. It is found that the maximalness
of the orthogonality (or vanishment of the randomness)
plays an important role in determining some of the quan-
tum boundaries.

Those results were recently published in [23]. This
work was supported by JSPS KAKENHI Grant No.
24540405.
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Quantitative Coherence Witness for Finite Dimensional States
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Abstract. We define the stringent coherence witness as an observable whose mean value vanishes for all
incoherent states but nonzero for some coherent states. Not only is the witness efficient in testing whether
a state is coherent, but also its mean value can quantitatively reveal the amount of coherence. Three
optimization problems are solved and a connection between the witnessed coherence and the l1-norm of
coherence is built. Our results provide a way to directly measure the coherence in arbitrary finite dimension
states and an operational interpretation of the l1-norm of coherence.

Keywords: quantum coherence, coherence witness, coherence measure

The quantum coherence [1, 2], a fundamental property
in quantum theory, serves as a “resource” in quantum
information tasks. Further, the quantum coherence has
been related to other well-studied quantum resource such
as the entanglement [3], quantum correlations [4, 5, 6]
and the randomness [7, 8]. Inspired by the entanglement
witness, the coherence witness was proposed, and proved
to be related to the randomness of coherence and l1-norm
of coherence for certain classes of states [8, 9]. Similar
to entanglement witness, the coherence witness was de-
fined as an observable whose mean value is nonnegative
for incoherent states and hence a negative mean value
indicates the coherence.
On the prefixed incoherent basis {|j⟩}, the incoher-

ent states [10] are defined as those with diagonal den-
sity matrices I := {ρI : ρI =

∑
j pj |j⟩⟨j|}, and

the incoherent operations [10] are those with incoher-
ent Kraus decompositions IO := {ΛI : ΛI(·) =∑
nKn(·)K†

n, s.t. KnIK†
n ⊂ I}. Among various co-

herence measures, the l1-norm of coherence Cl1(ρ) =∑
i̸=j

∣∣⟨i|ρ|j⟩∣∣ has ideal properties, such as strong mono-
tonicity [10] and computational simplicity, but lacks an
operational interpretation.
Here we propose the stringent coherence witness de-

fined as a Hermit operator W which satisfy
(C1) tr(Wρ) ̸= 0, for some coherent state ρ,
(C2) tr(WρI) = 0, ∀ρI ∈ I.
The stringent coherence witness exists for any finite di-
mension coherent states, because the dimension of the
state space D(Hd) is d2 − 1 but all of the incoherent s-
tates live in a (d−1)-dimension subspace. This witness is
efficient, in the sense that most of coherent states can be
detected by only one witness, and the number of unsure
states reduces fast as the number of witnesses increases.
Another advantage of our witness is that it simplifies

the optimization problems. We will give answers to the
three optimization problems:
(Q1) For a given witnessW and its mean value tr(Wρ) =
c, what is the minimum coherence contained in the un-
known state ρ?
(Q2) For a given known state ρ, what is the optimal wit-
ness whose mean value reaches the maximum?
(Q3) For a given witnessW and a known state ρ, what is

∗xyhu@sdu.edu.cn

the maximal mean value of W if we apply an incoherent
operation on ρ before measuring W?
The answer to (Q1) shows that, even through we know

nothing about the state ρ previously, the measurement
result of W can reveal the lower bound of the coherence
in ρ. The application of (Q2) is that, if we have some pre-
vious knowledge of ρ, we can chose the optimal witness
accordingly and measure the coherence directly. Then a
straightforward question is that, if the optimal witness of
some states are not available, whether we can apply some
incoherent operations on these states and then measure
the available witness W , such that the measurement re-
sult can reach the coherence. This is just what we will
study in (Q3).
In order to study the quantitative connection between

the witness and the coherence measure, we first introduce
some labels. Let σjks = |j⟩⟨k| + |k⟩⟨j|, σjka = −i|j⟩⟨k| +
i|k⟩⟨j| and σl =

√
2

l(l+1)

(∑l−1
j=0 |j⟩⟨j| − l|l⟩⟨l|

)
with 0 ≤

j < k ≤ d − 1 and 1 ≤ l ≤ d − 1 denote the Gell-mann
matrices [11], and then any d-dimension state ρ can be
written as

ρ =
I
d
+

1

2

∑
j,k

(bjks σ
jk
s + bjka σ

jk
a ) +

1

2

∑
l

blσl. (1)

Direct calculation show that the general form of the co-
herence witness satisfying both (C1) and (C2) is W =∑
jk (w

jk
s σ

jk
s + wjka σ

jk
a ). Because multiplying W by a

constant real number will cause a change in the mean
value tr(Wρ), we need to “normalize” the witness in or-
der to get a meaningful relationship between Cl1(ρ) and
c. We call a witness normalized when each of the vec-
tor ωjk = (wjks , w

jk
a ) is normalized. Hence a normalized

coherence witness can be written as

W =
∑
jk

(cos θjkσ
jk
s + sin θjkσ

jk
a ). (2)

where θjk ∈ [0, 2π) are called the orientation of W . The
set of normalized coherence witness is labeled as Wnor.
Now we are ready to present the answers to the three
problems. For (Q1), we have the following theorem.

Theorem 1 For a given normalized coherence witness
W and an unknown state ρ, we have

Cl1(ρ) ≥
∣∣⟨W ⟩

∣∣, (3)
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where ⟨W ⟩ := tr(Wρ) is the measurement mean value of
W in ρ.

This theorem provides a quantitative connection be-
tween the measurement result of coherence witness and
the amount of coherence contained in ρ. Namely, if we
measure a coherence witness and obtain the mean value
c, we know that the l1-norm of coherence contained in ρ
is at least |c|.
For (Q2), we define the witnessed coherence as

CW (ρ) := max
W∈Wnor

tr(Wρ). (4)

The normalized witness that reach the maximum of E-
q. (4) is called the optimal witness of ρ, and labeled as
Wopt(ρ). Direct calculations show that the witnessed co-
herence of a state coincides with the l1-norm of coherence

CW (ρ) = Cl1(ρ). (5)

This equality demonstrates an operational meaning of
the l1-norm of coherence, and provides a way to detect
the amount of quantum coherence by measuring only one
observable if we have some previous knowledge of the
state.
The answer to (Q3) is stated in the following theorem.

Theorem 2 For ρ ∈ D(Hd), W ∈ Wnor, and ΛI ∈ IO,

max
ΛI

tr(WΛI(ρ)) ≤ CW (ρ). (6)

The equation holds only when the orientations {θij} and
{θ′ij} of W and Wopt(ρ) satisfy that there exist a one-to-
one function f(i) from the index set of basis such that

θf(i)f(j) + θf(j)f(k) − θf(i)f(k) = θ′ij + θ′jk − θ′ik, (7)

∀i, j, k satisfying bij , bjk, and bik in ρ are nonzero.

If there is only one or two nonzero bjk in ρ, the e-
quality in Eq. (6) holds for any normalized witness.
For example, when ρ is a general single qubit state ρ =
1
2 (I+ r cos θ′σx + r sin θ′σy + rzσz), (r > 0) and the wit-
nessW = cos θσx+sin θσy is fixed, we can always find the

incoherent unitary operator UI = |0⟩⟨0| + ei(θ−θ
′)|1⟩⟨1|,

such that the measurement result tr(WUIρU
†
I ) = r can

reached the witnessed coherence CW (ρ). However, for
high dimension cases, the the equality in Eq. (6) does
not always holds.
A direct application of Theorem 2 is the following

quantum game. In this game, the referee controls a de-
tector which measures the observable W as in Eq. (2).
The player has a known state ρ and he can implement
any incoherent unitary operator UI to it. After he opti-
mizes his state, he put it in the referee’s detector. If the
measurement result is a positive number a, the player
can earn a dollars; if a negative number −b is measured,
he would lose b dollars. The average payoff function is
then

P(ρ) = tr(WUIρU
†
I ). (8)

From Theorem 2, the player can earn some money on
average as long as he has some initial coherence, and the

maximal average gain is upper-bounded by the coherence
of his initial state. If the player’s state is a single-qubit
one, the maximal average gain equals exactly to the ini-
tial coherence. When higher dimension is considered, the
average payoff cannot reach the initial coherence if the
orientations of ρ and W do not match. It means that,
some amount of coherence in quantum systems of dimen-
sion higher than two can not be activated in this game.
In conclusion, we define the stringent coherence wit-

ness as an observable whose mean value vanishes for
all incoherent states but nonzero for some coherent s-
tates. Such witnesses are proved to exist for any finite-
dimension states. Not only is the witness efficient in
testing whether a state is coherent, but also its mean
value can quantitatively reveal the amount of coherence.
For an unknown state, the modulus of the mean value
of a normalized witness provides a tight lower bound to
the l1-norm of coherence. When we have some previ-
ous knowledge of a state, the optimal witness which has
the maximal mean value is derived. It is proved that for
any finite dimension state, the mean value of the optimal
witness, which we call the witnessed coherence, equals
to the l1-norm of coherence. In the case that both the
witness and the state are fixed, we can implement inco-
herent operations before measuring the witness, and the
maximal mean value can reach the witnessed coherence
if and only if certain relations between the fixed witness
and the initial state are satisfied. Our results provide a
way to directly measure the coherence in arbitrary finite
dimension states and an operational interpretation of the
l1-norm of coherence.
Acknowledgements.— This work was supported by NS-

FC under Grant No. 11504205.
Note added.— The technical version of the work was

posted online (arXiv:1705.09027).
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Emergent phases in a compass chain with multisite interactions
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Abstract. We study a dimerised spin chain with biaxial magnetic interacting ions in the presence of an
externally induced three-site interactions out of equilibrium. In the general case, the three-site interactions
play a role in renormalizing the effective uniform magnetic field. In contrast, an exotic spin liquid phase can
emerge in the compass limit through a Berezinskii-Kosterlitz-Thouless (BKT) quantum phase transition.
Such a BKT transition is characterized by a large dynamic exponent z = 4, and the spin-liquid phase is
robust under a uniform magnetic field. We find the relative entropy and the quantum discord can signal
the BKT transitions.

Keywords: compass chain; Berezinskii-Kosterlitz-Thouless transition; relative entropy; quantum discord

1 The Model

In this paper [1] , we study the quantum phase tran-
sitions in the one-dimensional (1D) generalized compass
model (GCM) with an externally induced three-site in-
teractions out of equilibrium and the associated charac-
terization of quantum critical points through quantum
information approaches.
The 1D GCM is a microscopic model to mimic zigza-

g spin chains in perovskite transition metal (TM) ox-
ides. The characteristic feature of this model is bond-
dependent Ising interactions. The complete Hamiltonian
reads

H =

N ′

∑

i=1

Joσ̃2i−1(θ)σ̃2i(θ) + Jeσ̃2i(−θ)σ̃2i+1(−θ)

+ K

N
∑

i=1

(

σx
i−1σ

z
i σ

x
i+1 + σy

i−1
σz
i σ

y
i+1

)

+

N
∑

i=1

~h · ~σi,

(1)

where the operator with a tilde sign is defined as a linear
combinations of {σx

i , σ
y
i } pseudospin components,

σ̃i(θ) ≡ cos(θ/2)σx
i + sin(θ/2)σy

i . (2)

Jo (Je) denotes the amplitude of the nearest-neighbor
planar interaction on odd (even) bonds, K character-
izes the strength of uniform exchange interaction between
three consecutive spins, ~h is the magnitude of the exter-
nal field. Equation (1) interpolates between the Ising
model at θ = 0 to the quantum compass model (QCM)
at θ = π/2.

2 Quantum phase transitions

Hamiltonian Eq.(1) can be exactly solved by employ-
ing Jordan-Wigner transformation and Bogoliubov trans-
formation. A crucial step is that the Jordan-Wigner
transformation maps explicitly the pseudospin operators
to spinless fermion operators. Thus we can study the
fermionic spectra, excitation gap, critical exponents, and
established the phase diagram.

∗wlyou@suda.edu.cn

For general titling angle θ (θ 6= π/2), the three-site
(XZX+YZY) interactions renormalize the effect of mag-
netic field

|hc −Kc| = 2
√

JoJe cos θ. (3)

For |h − K| ≤ 2
√
JoJe cos θ, the system is in the cant-

ed Néel phase (weak-coupling BCS regime in spinless
fermions). In such a phase it exhibits a pair of zero-
energy Majorana modes at each end of the open chain,
and it is also characterized with a Pfaffian topological
invariant ν = −1 with periodic boundary condition.
At θ = π/2, the 1D GCM Eq. (1) describes a com-

petition between two pseudospin components, {σx
i , σ

y
i },

and has the highest possible frustration of interactions.
In this compass limit, it is clear that the critical lines
h−K = −

√
JoJe cos θ and h−K =

√
JoJe cos θ will get

closer as θ approaches π/2. So it is expected there will
be no phase transitions. In contrast, we show that an
exotic spin liquid phase can emerge in the compass lim-
it, i.e, θ = π/2 through a Berezinskii-Kosterlitz-Thouless
(BKT) quantum phase transition. More precisely, the
system remains gapless as long as |h/K| ≤ 1. There
is no spontaneous symmetry breaking in this spin-liquid
phase across the quantum critical point (QCP). Such a
BKT transition is characterized by a large dynamic ex-
ponent z = 4, and the spin-liquid phase is robust under
a uniform magnetic field.

3 Quantum information theoretical mea-

sures

Interdisciplinary studies have harvested rich but rather
mixed research findings in the past decades. A bloom-
ing topic is the characterization of QPTs in terms of the
ideas from the field of quantum information in recen-
t years. Different from traditional descriptions of phase
transitions in the theory of condensed matter, the local
order parameters, key ingredients of Ginzburg-Landau-
Wilson paradigm, are not necessary in such a formalism.
Instead, quantum information approaches tend to cap-
ture the nonlocal information and universal properties
near criticality despite the great diversity of the nature
of miscellaneous phases. It should be emphasized that
the entanglement entropy and the fidelity susceptibility
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are frequently considered. As a new perspective of the
phase transitions and the associated universality, they
have proven to be useful measures.

3.1 Fidelity susceptibility

The fidelity susceptibility is a general probe of phase
transition which originates from Anderson’s orthogonal-
ity catastrophe. By definition, quantum fidelity of a
many-body Hamiltonian Ĥ(λ) = H0 + λHI is

F (λ0, λ1) = |〈Ψ0(λ0)|Ψ0(λ1)〉|, (4)

where |Ψ0〉 is the ground state, λ0 and λ1 specify two
points in the parameter space of driving parameter λ.
In this respect, fidelity susceptibility is defined as first
nonzero order of the Taylor expansion of the overlap func-
tion F (λ, λ+ δλ),

χF = lim
δλ→0

−2 lnF (λ, λ+ δλ)

(δλ)2
. (5)

The results show that the fidelity susceptibility for θ =
π/3 detects the second-order QPTs, while such a tran-
sition is absent for θ = π/2. Our findings suggest that
the fidelity susceptibility does not diverge at BKT-type
QPTs in one spatial dimension.

3.2 Relative entropy and quantum discord

The two-qubit density matrix can be reduced to an
X-state,

ρij =









u+ 0 0 z1
0 w1 z2 0
0 z∗2 w2 0
z∗1 0 0 u−









, (6)

with

u± =
1

4
(1± 2〈σz

i 〉+ 〈σz
i σ

z
j 〉), (7)

z1 =
1

4
(〈σx

i σ
x
j 〉 − 〈σy

i σ
y
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A simplified form of relative entropy has been proven
as a valid measure of coherence for a given basis:

C(ρij) = S(ρdiag)− S(ρij), (11)

where S(•) stands for the von Neumann entropy of • and
ρdiag is obtained from ρ by removing all its off-diagonal
entries. The non-analyticity of the ground state at QCPs
can be characterized by the singularity of the coherence
susceptibility, which is defined as

χco ≡ ∂C(ρ)/∂λ. (12)

Here, ρ stands either for the density operator of the whole
system or for the reduced density operator of a subsys-
tem.

It was interesting to note that quantum discord, in
contrast to entanglement, is able to signal the BKT-type
QPTs. The quantum discord was introduced to quantify
non-classical correlations beyond entanglement paradigm
in quantum states and thus was given by the difference of
the mutual information I(ρ) and the classical correlation
J(ρ),

D(ρ) = I(ρ)− J(ρ). (13)

Similarly we can define discord susceptibility,

χqd ≡ ∂D(ρ)/∂λ. (14)

We find that the relative entropy and quantum discord
share similar trends and there are sharp changes across
the QPTs. The peaks of their susceptibilities at h = 1
and the step-like behavior at h = 3 indicate the QCPs.

4 Conclusion

In the paper we analyze quantum phase transitions
in a class of the one-dimensional compass models with
an (XZX+YZY)-type of three-site interactions. In the
compass limit the competition between the three-site
(XZX+YZY) interactions and the magnetic field drives
the system into a gapless phase through a Berezinskii-
Kosterlitz-Thouless transition. The dynamic exponent is
a measure for characterizing the coherence of the system
and it is found to be z = 4 across the quantum critical
points. Thus, coherence is very sensitive to whether the
system is at the compass limit, i.e., at the angle θ = π/2
which is more incoherent than the other cases. It has
been shown that z can be extracted from the measure-
ment of the low-temperature specific heat and entropy in
the Tomonaga-Luttinger-liquid phase.
To complete the analytic approach, we present a study

of diverse measures of quantum correlations including fi-
delity susceptibility, von Neumann entropy, relative en-
tropy, coherence susceptibility, pairwise concurrence and
quantum discord in the generalized compass chain with
three-site (XZX+YZY) interactions. Analytical expres-
sions are obtained from the spin-spin correlation func-
tions. We show that all these measures can be useful
to detect the second-order transition, while only the rel-
ative entropy and the quantum discord can signal the
Berezinskii-Kosterlitz-Thouless transition. We note that
the one-dimensional compass model with (XZX+YZY)-
type interactions can provide an ideal benchmark for
other computational methods to testify the Berezinskii-
Kosterlitz-Thouless quantum phase transition. We al-
so point out that deriving the correlation functions for
the systems with broken reflection symmetry requires a
rather careful and subtle procedure.
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Abstract. We experimentally implement a quantum walk on a circle in position space. Using a different
arrangement of linear optical elements, our experiment realizes clockwise-cycling and counterclockwise-
cycling walks. Periodic evolutions in quantum walks on four-node circles with uniform coin flipping for
each step and a localized initial walker state are observed, and the full revival of the walker+coin state
occurs. Coherent information encoded in the coin state shows the periodic collapse and revival due to the
interaction between the coin and walker. The technology to realize clockwise-cycling and counterclockwise-
cycling walks can be expanded to simulate a quantum walk on a circle with arbitrary nodes.
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In recent years, interest in the field of quantum walks
has grown hugely. This interest is motivated by the im-
portance of classical random walks in computer science,
as well as the advantages that quantum walks may pro-
vide when compared to their classical counterparts. The
discrete-time quantum walk on a line, is the most stud-
ied example and has been demonstrated in a number of
physical systems, such as nuclear magnetic resonance,
trapped atoms and ions, linear optics and integrated op-
tics. Especially the quantum walk on a circular graph
has been realized in integrated optics and with atomic
system.

An important problem in the study of classical ran-
dom walks is determining the probability of the walker
returning to its origin. Thus diffusion on a cycle lattice,
is important and its quantum analogy is also worth at-
tention. In this paper we implement a proof of principle
for lattice cycle quantum walk with one coin using linear
optics. We clearly reveal the differences from its classical
counterpart through the measured position distribution
and its variance. Our work experimentally highlights the
differences between the classical and quantum walks in
nontrivial groups, providing an important proof of prin-
ciple.

Compared to the implementation of quantum walk on
a circle in phase space, where increasing or decreasing
the phase of the walker state represents walking right or
left, we realize a quantum walk on a circle in real position
space. The walker moves clockwise or counterclockwise in
position space depending on the coin state. The mixing
time on the circle increase quadratically faster as com-
pared to the classical random walk. With certain choices
of the uniform coin operator for each step, the quantum
walk on a cycle returns to its initial state within a finite
number of steps.

We consider a graph which is a cycle with N nodes.
This two-regular graph can be viewed as the Cayley
graph of the Abelian group ZN with the generators +1
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(clockwise-cycling) and −1 (counterclockwise-cycling).
The Hilbert space of the walker+coin system is CN ⊗C2

with the walker space spanned by N -dimensional qudit
basis states. We choose a coin tossing operator for each
step and the conditional position shift transform moves
the walker clockwise or counterclockwise depending on
the coin state. The quantum walk on a circle is then de-
fined as the repeated application of the operation on the
coin followed by the shift on the walker+coin system.

In our paper [1], firstly we consider the general quan-
tum walk on a N -cycle which arises when the number of
nodes is limited to N . If N tends to infinity, a quantum
walk on a N -cycle can be regarded as the quantum walk
on a line. We assume that the walker initially starts at
some point on a circle denoted by x = 0. The coin op-
eration, which we choose to be identical for each step,
is applied on an arbitrary initial coin state. In a quan-
tum walk on a N -cycle, for even N , after t = N/2 − 1
steps, the walker occupies N/2 odd nodes with certain
probabilities. After that, for each step the walker moves
from the N/2 odd or even nodes to N/2 even or odd
nodes. Whereas for odd N , after t = N − 1 steps, the
walker spreads over all N nodes. After that, for each
step it moves from N nodes to N nodes. The walker
moves clockwise or counterclockwise determined by the
coin state |0〉c or |1〉c. The conditional shift operation
can be written as

FN =
1∑

c=0

N−1∑
x=0

|(x+ c(N − 2) + 1) mod N〉w 〈x| ⊗ |c〉c 〈c| .

(1)

The unitary operator for each step of the quantum walk
on a N -cycle is then U = FN (1N ⊗ CN ), where 1N is
a N × N identity matrix, and CN is the coin flipping
operation. Therefore the state of the system after t steps
is |ψt〉 = U t |ψ0〉, where |ψ0〉 is the initial state of the
walker+coin system.

Now we consider four-node quantum walk which arises
when the number of nodes is limited to 4 (x = 0, 1, 2, 3)
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as an example. Let us assume the walker initially starts
from a localized position denoted by x = 0,

P (x = 0, t = 0) = 1. (2)

The Hadamard operation, as a uniform coin flipping for
each step, is written as

C4 =
1√
2

(
1 1
1 −1

)
. (3)

The conditional shift operation can be written as

F4 =
1∑

c=0

3∑
x=0

|(x+ 2c+ 1) mod 4〉w 〈x| ⊗ |c〉c 〈c| (4)

=


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⊗ ( 1 0
0 0

)

+


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

⊗ ( 0 0
0 1

)
.

The complete operator for each step of this discrete quan-
tum walk on a four-cycle is then U = F4(14⊗C4), where
14 is a 4 × 4 identity matrix. Therefore the state of the
system after t steps is |ψt〉 = U t |ψ0〉. By choosing the
particular uniform coin operator C4 for each step, the
unitary operation over every 8 steps becomes the 8 × 8
identity matrix, i.e.

U8m = 18, |ψ8m〉 = |ψ0〉 (5)

with m ∈ Z+. The quantum state of the system com-
pletely revives after every 8-step evolution. Furthermore,
after 4 steps, the unitary operation becomes

U4(2m+1) =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⊗ ( 1 0
0 1

)
(6)

That means after every 4-step evolution the walker’s po-
sition swaps between sites 0 ↔ 2 and 1 ↔ 3, and a coin
initial state revival occurs.

Here we present a proposal to implement a quantum
walk on a N -cycle. We realize clockwise-cycling and
anticlockwise-cycling walks with single photons rather
than a photonic walk on a line. The coin operator for
each step can be realized via a half-wave plant (HWP)
with a certain setting angle. To realize the conditional
position shift operations, a pair of birefringent calcite
beam displacers (BDs) and certain number of the HWPs
with the setting angle 45◦ form an interferometer, which
are placed in sequence and need to have their optical axes
mutually aligned. The optical axis of each BD is cut so
that vertically polarized photons are directly transmitted
and horizontal photons move up a 2.7mm lateral displace-
ment into a neighboring mode, which then interfere with
the vertical photons in the same mode. The HWPs with

Figure 1: Detailed sketch of the setup for the realization
of a conditional shift on a general N -node circle (for an
arbitrary even N).

the setting angle 45◦ are used to exchange the polariza-
tions of the photons whose spatial modes will then change
after passing through the following BDs (See Fig. 1).

Without loss of generality, we consider a quantum walk
on a N -cycle with N an even number. The walker is ini-
tially localized at x = 0. For each step, the coin flipping
can be realized by a HWP at a certain setting angle and
the conditional shift operation can be realized by N/2-
input and N/2-output interferometer involving a pair of
BDs and at most N/2 + 2 HWPs with the setting an-
gle 45◦ which change |H〉 (|V 〉) to |V 〉 (|H〉)in order to
make all two neighboring even nodes to interfere to each
other. For the first step as an example (see Fig. 2), the
walker starts from x = 0. The coin flipping can be re-
alized by a HWP (Hc) and the conditional position shift
operation can be realized by a pair of BDs and several
HWPs (H2). The photons in x = 0 with the vertical
polarization are transmitted directly from the first BD.
Then H2 changes the polarization of the photons to be
horizontal and these photons move down a 2.7mm dis-
placement into the node which is defined as x = 1 after
passing through the second BD. This gives a single-step
of the counterclockwise walk. Meanwhile the photons
with horizontal polarization move down to the neighbor
node after passing through the first BD. Thus the pho-
tons continue moving down to the node which is defined
as x = N − 1 after passing through the second BD. That
gives a single-step of the clockwise walk. After the first
step, the walker is localized at two possible positions de-
pendent on the coin states. For the second step, after the
second coin flipping following by the conditional position
shift operation, the walker is then localized at three pos-
sible positions defined as x = 0, 2, N − 2. The walker
steps to x = 0, 2 from x = 1 and to x = 2, N − 2 from
x = N−1 with certain probabilities. Thus we can realize
a quantum walk on an arbitrary N -cycle with an initially
localized walker.

For a quantum walk on a four-cycle the optical ele-
ment possesses 2 inputs and 2 outputs. The spatial input
modes 0 and 2 transform into the spatial output modes
1 and 3, and vice versa. Here the input means the in-
put for the optical element implementing a single walker
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step and not the initial state of the quantum walk. For
this type of unbiased quantum walk with an initially lo-
calized state, only spatial modes 0 and 2 (or 1 and 3)
are occupied at any instant during the evolution and the
optical element need only perform the transformation be-
tween them. We use two BDs and some HWPs to build
the optical element with 2 spatial inputs and 2 spatial
outputs.

Figure 2: Detailed sketch of the setup for realization of
photonic quantum walk on a four-node circle. For each
step, a coin flipping can be realized by a HWP (Hc4) at
22.5◦. A pair of BDs and several HWPs (H2) at 45◦ are
used to realize the conditional shift operation and several
HWPs at 0◦ (not shown) are needed to compensate the
temporal delay.

To explain how to realize the element we use an ex-
ample of evolution of a single-step quantum walk on a
4-cycle which can be expressed as

F
[
|0〉w (α0 |H〉+ β0 |V 〉)c + |2〉w (α2 |H〉+ β2 |V 〉)c

]
∝ |1〉w (α0 |H〉+ β2 |V 〉)c + |3〉w (α2 |H〉+ β0 |V 〉)c,

(7)

F
[
|1〉w (α1 |H〉+ β1 |V 〉)c + |3〉w (α3 |H〉+ β3 |V 〉)c

]
∝ |0〉w (α3 |H〉+ β1 |V 〉)c + |2〉w (α1 |H〉+ β3 |V 〉)c,

(8)

for any αi and βi normalized coefficients.
For each step, the coin flipping C4 in Eq. (3) can be

realized by a HWP (Hc4) at 22.5◦. A pair BDs are placed
in sequence and need to have their optical axes mutually
aligned to build an interferometer with high visibility.
After passing through the pair of BDs the horizontally
polarized photons in the spatial mode x move clockwise
to spatial mode (x+ 1 mod 4) and the vertically polar-
ized photons move counterclockwise to (x − 1 mod 4).
Between the two BDs, HWP (H2) at 45◦ are inserted
to change the polarization of photons in certain spatial
modes and ensure they merge in a neighboring mode after
the second BD. Another HWP is set at 0◦ to compensate
the temporal delay caused by H2 which is not shown in
Fig. 2. With the choice of the uniform coin flipping C4 for
each step, the unitary operator generates a finite cyclic
group and quantum state revival will occur every 8 steps.

The measured probability distribution of an 8-step
quantum walk on a four-node circle is shown in Fig. 3.
The experimental data show that the periodicity of quan-
tum walk on a 4-node circle is 8.

Coherent information encoded in the coin state shows
the periodical collapse and revival due to the interaction

Figure 3: (a) Measured position distributions for the first
8 steps of quantum walk on a 4-node circle. (b) Position
distributions for the 4th step and the 8th step of quantum
walk. Error bars indicate the statistical uncertainty. (c)
and (d) are the histograms of the real and imaginary
parts of the density matrices of the coin state obtained
after the 8th step of quantum walk.

between the coin and walker. For a quantum walk on a
four-node circle, the walker can be considered to coher-
ently transport quantum information encoded in the coin.
In particular information encoded in the initial state of
the coin can be swapped around the cycle upon execution
of U2, which for the 4-node corresponds to x = 2 ↔ 0,
and 3↔ 1, coherently during the execution of the quan-
tum walk. Due to the information exchange between the
coin and walker the initial coin state collapses and re-
vives, which is observed in our experiment.

In summary, we have realized a quantum walk on a
circle in position space with single photons propagating
through linear optical elements. Our experimental results
demonstrate the implementation of the quantum walk on
a N -node circle with a uniform coin flipping for each step
and a localized initial walker state and the observation
of a complete periodicity in four-cycle quantum walks.
The state of walker+coin revives after each 8-step evolu-
tion. Coherent information encoded in coin state shows
the periodical collapse and revival due to the interaction
between the coin and walker. Realization of clockwise-
cycling and counterclockwise-cycling of quantum walks
using linear optics is the key point of our experiment and
this technology can be expanded to simulate a quantum
walk on a circle with arbitrary nodes by using a set of
BDs and HWPs.
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Abstract. The uncertainty relations are the hallmarks of quantum physics and have been widely inves-
tigated since its original formulation. To understand and quantitatively capture the essence of preparation
uncertainty in quantum interference, the uncertainty relations for the unitary operators need to be investi-
gated. Here, we report the first experimental investigation of the uncertainty relations for general unitary
operators. In particular, we experimentally demonstrate the uncertainty relation for general unitary oper-
ators proved by Bagchi and Pati which places a non-trivial lower bound on the sum of uncertainties and
removes the triviality problem faced by the product of the uncertainties. The experimental findings agree
with the predictions of quantum theory and respect the new uncertainty relation.

Keywords: uncertainty relations, unitary operators, tomography , projection measurement

In quantum theory there are two kinds of uncer-
tainty relations: one is the preparation uncertainty re-
lation and the other is the measurement uncertainty re-
lation. The uncertainty relation that is typically taught
in text book is the preparation uncertainty which sug-
gests that it is impossible to prepare quantum system for
which uncertainties in two non-commuting observables
can be arbitrarily small. This is well documented via
the Heisenberg-Robertson-Schrödinger uncertainty rela-
tion that exists between any two non-commuting observ-
ables of a quantum-mechanical system. The uncertainty
relations are useful for a wide range of applications in
quantum technologies including quantum cryptography,
quantum entanglement, quantum computation, and gen-
eral physics. Uncertainty relations were tested experi-
mentally with neutronic and photonic qubits. Recently,
stronger uncertainty relations for all incompatible ob-
servables are proved which go beyond the Heisenberg-
Robertson uncertainty relations and have been verified
experimentally with linear optics. Thus, the stronger
preparation uncertainty displays ‘more’ limitations on
the statistical spread in observables in an ensemble of
similarly prepared systems.
The uncertainty relations are the hallmarks of quan-

tum physics and have been well investigated. On the
other hand, unitary is a fundamental tenet of quantum
theory. Every evolution of a closed quantum state can
always be represented by the unitary operators and evo-
lution of open system can be represented by acting a
unitary on an enlarged system consisting of the quan-
tum system as a subsystem. If one prepares a quantum
system and evolves the state under two non-commuting
unitary operators, can one reveal the preparation uncer-
tainty without measuring physical observables? That is
indeed possible with the uncertainties associated with the
unitary operators. Therefore, the uncertainty relations of
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the unitary operators are naturally of broad interest to
investigate. Recently, the uncertainty relation for two ar-
bitrary unitary operators acting on physical states of any
Hilbert space are derived by Bagchi and Pati in [1]. The
uncertainty relation for two arbitrary unitary operators
can reveal the preparation uncertainty and thus the new
uncertainty will unify two fundamental features of quan-
tum world, namely, the interference and the uncertainty.
In this letter, we experimentally demonstrate this uncer-
tainty relation relating on that sum of variances are valid
in a state-dependent manner and the lower bound is guar-
anteed to be nontrivial for two observables being incom-
patible on the state of the system being measured. The
behaviour we find agrees with the predictions of quantum
theory and obeys the new uncertainty relation.
Consider a quantum system prepared in the state

|ψ⟩ ∈ H with H being a finite or infinite dimensional
Hilbert space. Let us consider two unitary operators U
and V that act on the quantum state. The uncertainties
associated with U and V in the state |ψ⟩ are defined as

∆U2 = 1− | ⟨ψ|U |ψ⟩ |2 = 1− Tr (|ψU ⟩ ⟨ψU |ψ⟩ ⟨ψ|)
∆V 2 = 1− | ⟨ψ|V |ψ⟩ |2 = 1− Tr (|ψV ⟩ ⟨ψV |ψ⟩ ⟨ψ|) (1)

where |ψU ⟩ = U |ψ⟩ , |ψV ⟩ = V |ψ⟩ with 0 ≤ ∆U2 ≤
1 and 0 ≤ ∆V 2 ≤ 1. The uncertainty in any unitary
operator has simple physical meaning: it is the distance
between the original and the unitarily evolved quantum
state. The uncertainties in two unitary operators U and
V are lower bounded as [1]

∆U2 +∆V 2 ≥ 1 + | ⟨ψU |ψV ⟩|2 − 2 cosϕ|∆(3)| (2)

where

| ⟨ψU |ψV ⟩|2 = ⟨ψ|V †U |ψ⟩ ⟨ψ|U†V |ψ⟩
= Tr

(
V †U |ψ⟩ ⟨ψ|U†V |ψ⟩ ⟨ψ|

)
(3)
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∆(3) = ⟨ψ|ψU ⟩ ⟨ψU |ψV ⟩ ⟨ψV |ψ⟩
= Tr

(
U |ψ⟩ ⟨ψ|U†V |ψ⟩ ⟨ψ|V † |ψ⟩ ⟨ψ|

)
(4)

is the 3-point Bargmann invariant and ϕ = Arg∆(3).
The physical meaning of the uncertainty relation for

two general unitary operators is that one cannot pre-
pare a quantum state with two distinguishable metrics
and the sum of them is arbitrarily small. Alternately,
one can interpret this as sum of visibility in the inter-
ference setup due to two non-commuting unitary oper-
ators is non-trivially upper bounded. For certain class
of states, uncertainty relation for two unitary operators
can reduce to the uncertainty relations for two Hermitian
operators. The advantage of the preparation uncertainty
based on the unitary operators is that we do not need
to measure two incompatible observables on identically
prepared quantum systems. We simply prepare and let
the system to evolve under two different unitary opera-
tors to test the intrinsic preparation uncertainty relation
in Eq. (2).
Without loss of generality, we show an example by

choosing two unitary operators [1]

U =

 1 0 0

0 e−i
2
3π 0

0 0 e−i
4
3π

 , V =

 0 1 0
0 0 1
1 0 0

 (5)

and a family of qutrit states being measured

|ψθ⟩ = cos θ |0⟩ − sin θ |2⟩ (6)

with θ ∈ [0, π].
The unitary operators U and V belong to a particularly

important class of unitary operators so called the clock
and shift matrices [1], which are the non-Hermitian gen-
eralizations of the Pauli matrices to higher dimensions.
They are the cornerstones in the quantum mechanics of
the finite dimensional Hilbert space. The bases of the
two unitary operators are the mutually unbiased bases
with respect to each other, and they are related to each
other via the discrete Fourier transform. It is important
to study the uncertainty relation with respect to the mu-
tually unbiased bases since the mutually unbiased bases
have found wide applications in quantum information.
This explains why we choose the unitary operators U and
V shown in (5) as an example to study the uncertainty
relation in Eq. (2).
Now we focus on the feasibility of demonstration of

the new uncertainty relation. The terms of left-hand
side (LHS) of the inequality, i.e., the variances ∆U2 and
∆V 2 can be calculated by the measured expectation val-
ues of U and V . The second term of the right-hand side
(RHS) of the inequality can be calculated by the expec-
tation values of the operator V †U . The third term of the
RHS of the inequality can be obtained by tomography of
the initial state |ψθ⟩, the evolved states |ψU ⟩ and |ψV ⟩,
respectively. Thus we can demonstrate the uncertainty
relation for two unitary operators.
We report the experimental test of the uncertainty re-

lation for two three-level unitary operators [1] with pho-
tonic qutrits. A photonic qutrit is represented by three

modes of the single photons. The basis states |0⟩, |1⟩,
and |2⟩ are encoded by the horizontal polarization of the
photon which is in the lower spatial mode, the horizon-
tal polarization of the photon in the upper spatial mode,
and the vertical polarization of the photon in the upper
spatial mode, respectively. Figure 1 shows the experi-
mental step which involves three stages of demonstration:
the specific state preparation, state evolution, measure-
ment on the system of interest (projection measurement
or state tomography).
The specific state is prepared by letting heralded sin-

gle photons to pass through a polarizing beam splitter
and a half-wave plate (H1) with the certain setting angle
and then to be split by a birefringent calcite beam dis-
placer into two parallel spatial modes—upper and lower
modes due to their polarizations. After passing through
a beam displacer, the vertically polarized photons are
directly transmitted and horizontally polarized photons
undergo a 3mm lateral displacement into a neighboring
mode. Therefore the photons are prepared in the state
|ψθ⟩ in Eq. (6). We choose eleven values of θ ∈ [0, π],
i.e., total eleven states for testing the uncertainty rela-
tion proposed in [1]. For the stage of the state evolution,

beta barium borate avalanche photodiode

polarizing beam splitter

beam displacer half-wave plate

quarter-wave plate

Figure 1: Experimental setup. The herald single photons
are produced via type-I spontaneous parametric down-
conversion in a β-barium-borate nonlinear crystal and
are injected into the optical network. The first polar-
izing beam splitter, half-wave plate (H1) and beam dis-
placer (BD1) are used to prepare a qutrit state |ψθ⟩. Two
sandwich-type sets of wave plates (Q1-H2-Q2 and Q1-H3-
Q2) are used to realize the evolution operator U . The
half-wave plates (H4-H7) and two beam displacers (BD2

and BD3) are used to realize the evolution operator V
(or V †). The projection measurement {P1, P2} can be
realized by four half-wave plates (H8-H11) and two beam
displacers (BD4-BD5). Tomography of the qutrit state
can be realized by half-wave plates (H12-H14), quarter-
wave plate (Q3), BD6 and a polarizing beam splitter.

firstly we consider the LHS of the inequality, i.e., the sum
of the uncertainties ∆U2 + ∆V 2. It can be calculated
by the expectation values ⟨U⟩ and ⟨V ⟩. The expecta-
tion values of U and V can be measured by applying the
projection measurement {P1, P2} on the evolved states
|ψU ⟩ and |ψV ⟩, respectively, where P1 = |ψθ⟩ ⟨ψθ| and
P2 = I− P1.
In the stage of measurement, the projection measure-
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ment can be realized by two beam displacers (BD4-
BD5) and four half-wave plates (H8-H11), where H8-H10

are used to realize bit-flip operation on the polariza-
tion modes of photons, and H11 combining with BD5

maps the state |ψθ⟩ to the certain spatial mode accom-
plishing the projection measurements with single-photon
avalanche photodiodes. The outcomes represented by
the click of the single-photon avalanche photodiode
D2 give the measured probabilities pU1 and pV1 , which
equal to the probabilities Tr(U |ψθ⟩ ⟨ψθ|U† |ψθ⟩ ⟨ψθ|) and
Tr(V |ψθ⟩ ⟨ψθ|V † |ψθ⟩ ⟨ψθ|). To measure the expectation
values ⟨U⟩ or ⟨V ⟩, we remove the setup for realizing V
or U , respectively.
Now we consider the RHS of the inequality. There are

three terms each of which can be obtained from the ex-
perimental data. The first term is a constance. The sec-
ond term, i.e., the expectation value of the operator V †U
can be obtained with a similar way. The photons pass
through the setup for realizing V †U and are projected to
the initial state |ψθ⟩. The measured | ⟨ψU |ψV ⟩|2 is equiv-
alent to the probability of the photons being measured in
|ψθ⟩. The probability is obtained by normalizing photon
counts in the single-photon avalanche photodiode D2 to
the total photon counts.
The last term of the RHS of the inequality depends on

the Bargmann invariant ∆(3) which cannot be measured
directly. However, one can obtain it via the state to-
mography and reconstruction of the initial state |ψθ⟩ and
the evolved states |ψU ⟩ and |ψV ⟩. To realize the qutrit
state tomography, we project the states into nine basis
states {|0⟩ , |1⟩ , |2⟩ , (i |0⟩+|1⟩)/

√
2, (i |0⟩+|2⟩)/

√
2, (|1⟩+

i |2⟩)/
√
2, (|0⟩ + |1⟩)/

√
2, (|0⟩ + |2⟩)/

√
2, (|1⟩ + |2⟩)/

√
2}.

To realize the state tomography, we replace the block
of “projection measurement” by the block of “state to-
mography” in Fig. 1. Firstly, one projects the states
into the bases

{
|1⟩ , |2⟩ , (|1⟩+ i |2⟩)/

√
2, (|1⟩+ |2⟩)/

√
2
}
.

The photons in the upper mode directly pass through the
wave plates (Q3 and H14) to apply the rotation on the
qutrit state and a polarizing beam splitter to map the
state into the certain basis states. The photon count
in the single-photon avalanche photodiode D3 is pro-
portional to the probabilities of the projection measure-
ments. To project the photonic states into the rest six
bases, the photons pass through the wave plates (H12-
H14, Q3) and a beam displacer (BD6) to apply the ro-
tation on the qutirt state and a polarizing beam splitter
to map the state into the certain basis states.The photon
count in the single-photon avalanche photodiode D4 is
proportional to the probabilities of the projection mea-
surements.
In Fig. 2, we show the experimental results of the ver-

ification of the uncertainty relation for general unitary
operators in (2). The solid black line corresponds to the
theoretical prediction of the LHS of the inequality, i.e.,
∆U2+∆V 2. The black triangles represent the sum of the
measured uncertainties of ∆U2 and ∆V 2 with the eleven
states |ψθ⟩. The red dashed line corresponds to the the-
oretical prediction of the RHS of the inequality. The red
squares represent the experimental results of the RHS of

0.0 0.5 1.0 1.5 2.0 2.5 3.0

1.0

1.2

1.4

 Theoretical LHS
 Theoretical RHS
Experimental LHS
Experimental RHS

 

 

(rad)

Figure 2: Experimental results. The solid black line cor-
responds to the theoretical prediction of the LHS of the
inequality, i.e., ∆U2 + ∆V 2. The black triangles repre-
sent the sum of the measured uncertainties of ∆U2 and
∆V 2 with the eleven states |ψθ⟩. The red dashed line
corresponds to the theoretical prediction of the RHS of
the inequality. The red squares represent the experimen-
tal results of the RHS of inequality with the eleven states
|ψθ⟩. Error bar indicates the statistical uncertainty which
is obtained based on assuming Poissonian statistics.

inequality with the eleven states |ψθ⟩. For θ = 0, π/2, π,
the inequality becomes an equality, which shows the new
uncertainty inequality (2) is tight. The experimental re-
sults agree remarkably well with the theoretical predic-
tion. Thus we provide the first experimental demonstra-
tion of the new uncertainty relation for general unitary
operators.
Uncertainty relation imposes quantitative limitation

on the mutual exclusiveness of sharp preparations for two
incompatible observables. Since its inception, the prepa-
ration uncertainty relation has been usually tested using
Hermitian operators in quantum theory. However, it is
possible to test the limitation on the joint sharp prepara-
tion of quantum system using the uncertainty relation for
unitary operators. We have demonstrated a method for
experimentally testing the uncertainty relation for gen-
eral unitary operators. This has allowed us to test the
uncertainty inequality for general unitary operators. Our
demonstration provides the first evidence for the validity
of the preparation uncertainty relation proposed to be
universally valid. We hope that the experimental confir-
mation of a fundamental limitation of preparation uncer-
tainty using unitary operators will provide deep insights
into the nature of intrinsic uncertainty that prevails at
fundamental state preparation level.
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Abstract. We propose a scheme to measure the entanglement of bipartite pure states and some classes of
mixed states. It is shown that the Son-Lee-Kim (SLK) inequality function can be related with a measure of
entanglement. In literature there are many ways to characterize entanglement, but in most of the schemes
the number of observables increases largely with the dimension. However, our scheme required only four
observables. Experimental feasibility of this scheme is also discussed.
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1 Introduction

Quantum entanglement is an important resource for
many information processing tasks. So its characteriza-
tion is very important from both fundamental and prac-
tical point of view. Higher dimensional entanglement
is much more advantageous in quantum communication
than the two qubit entanglement. Using higher dimen-
sional entanglement one can get more security against
eavesdropping in cryptography [1], increase the channel-
capacity via superdense-coding [2]. Moreover, it is much
more robust against environmental noise [3]. However,
to implement these protocols practically, we need to cre-
ate, detect and quantify higher dimensional entangled
states. Bell-type inequalities is one of the way to detect
entanglement. Therefore, it has created much interest
recently [4, 5, 6, 7, 8, 9, 10, 11]. In 2002, Collins, Gisin,
Linden, Massar, and Popescu (CGLMP) [5] introduced
a d-dimensional tight [12] Bell inequality. But it is not
violated maximally by a maximally entangled states [13].
Later in 2006, Son, Lee, and Kim (SLK)[6] found a set
of Bell-type ineqalities for d-dimensional systems. Inter-
estingly, this inequality violates a maximally entangled
states maximally. For a specific measurement setting, we
find that the value of the Bell-SLK function is zero for a
product state. Hence, a nonzero value immediately sug-
gest that the two qudit pure state is entangled. Moreover,
we showed that the Bell-SLK function can be related to
the concurrence [14, 15] of the state. Therefore, it gives
a way to measure the entanglement of two qudit pure
states. In addition to that we have also shown a similar
relation for a class of mixed states known as isotropic
states.

In quantum state tomography [16], the entanglement
is measured by reconstructing the state after measuring
some set of observables. However as dimension increases,
the number of observables also increases dramatically
[17]. There are suggestions to reduce the number of the
observables for two qubit system [18]. Although the al-
ternative suggestions reduces the number of observables
for higher dimensional systems, but still the number in-
creases with the dimension [19]. Moreover, it is a very

∗chandan@iopb.res.in
†agrawal@iopb.res.in
‡sujit@iopb.res.in

substantial task to implement these observables in an ex-
periment [20]. Our method requires only four observables
to be measured. Besides this, this method can be exper-
imentally implemented.

2 Bell-SLK function and concurrence

In an usual Bell-SLK scenario, two distant observers
Alice and Bob can independently choose one of the ob-
servables from A1, A2 and B1, B2 respectively. The mea-
surement outcomes of the observables belong to the set
V = {1, ω, · · · , ωd−1}, where ω = exp (2πi/d). For a d-
dimensional system the Bell-SLK function, ISLK [7], is
given by

ISLK = 1√
2

d−1∑
n=1

(
ω−n/4Cn1,1 + ω−3n/4Cn2,1 + ωn/4Cn1,2

+ω−n/4Cn2,2
)

+ c.c.,
where c.c. stands for complex conjugate, ω = exp(2πi/d)
and Cna,b = 〈AnaBnb 〉. The local-realistic upper bound for

this Bell function is Imax
SLK (LR) = 1√

2

(
3 cot π

4d−cot 3π
4d

)
−

2
√

2 [7]. One can transform a Bell inequality to joint
probability space from correlation space and vice versa
by simple Fourier transformation. Hence, We can write
the Bell-SLK function in joint probability space as [7, 21]

ISLK =

d−1∑
α=0

f(α)[P (A1 = B1 + α) + P (A2 = B2 + α)

+P (B1 = A2 + α+ 1) + P (B2 = A1 + α)],(1)

where f(α) = 1√
2

(
cot[πd (α+ 1

4 )]−1
)

and sums inside the

probabilities are modulo d sums. Let’s consider a arbi-
trary pure two qudit state |ψ〉 =

∑
i ci|ii〉 in the Schmidt

basis. We now calculate the value of the Bell-SLK func-
tion for this state with the measurement settings [22] as
follows

|k〉A,a =
1√
d

d−1∑
j=0

ω(k+δa)j |j〉,

|l〉B,b =
1√
d

d−1∑
j=0

ω(−l+εb)j |j〉, (2)

where |k〉A,a and |l〉B,b represents the nondegenerate

eigenvectors of the operators Âa, a = 1, 2, and B̂b,
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b = 1, 2, respectively and δ1 = 0, δ2 = 1/2, ε1 = 1/4
and ε2 = −1/4. After a few step of calculation one can
get [23]

ISLK =
4

d

d−1∑
α=0

f(α)
d−1∑
p,q=0

cpcqω
(α+1/4)(p−q). (3)

Using the identity
d−1∑
k=0

(−1)k cot( 2k+1
4d )π = d [24] and

hence,
d−1∑
k=0

cot( 4k+1
4d )π = d, we get

d−1∑
α=0

f(α) = 0. There-

fore, Eq. (3) can be rewritten as

ISLK =
4

d

d−1∑
α=0

f(α)
∑
p6=q
p>q

2cpcq cos
(2π

d
(α+

1

4
)(p−q)

)
. (4)

To evaluate further, we need two sums. For the first sum,

one can show (p − q = m),
d−1∑
α=0

cos
(

2πm
d (α + 1

4 )
)

= 0,

using trigonometrical identity given in [25]. To calculate
the second sum we need these two following sums [26]

k−1∑
j=0

cos
2πaj

k
cot (

πj

k
+ πb) = k cos [b(2a− k)π] cosec (bkπ)

k−1∑
j=0

sin
2πaj

k
cot (

πj

k
+ πb) = −k sin [b(2a− k)π] cosec (bkπ),

where a and k being positive integer such that a < k, and
0 < b < 1. Using these above two sums and difference
formula for cosines, we get,

d−1∑
α=0

cos
(

2πm
d (α+ 1

4 )
)

cot
(
π
d (α+ 1

4 )
)

= d.

Using these above results and after a few step of calcula-
tion, we find

ISLK = 4
√

2
∑
p6=q
p>q

cpcq = 2
√

2(d− 1)C, (5)

where C =
∑

p6=q
p>q

cpcq
2
d−1 , is the concurrence of a two

qudit pure state. Therefore, we establish a nice relation
between Bell-SLK function and concurrence for a partic-
ular measurement setting. It is easy to check that the
value of this function is zero for product states. Hence, a
nonzero value suggest that the state is entangled and it’s
increases linearly with the concurrence [27]. So it pro-
vides an experimental way to measure the entanglement
of a two qudit system.

3 Bell-SLK function and Mixed States

3.1 Isotropic states

In the case of mixed bipartite states, there is no known
relation between Bell-CHSH function and entanglement.
The concurrence C(ρ) for mixed bipartite states is de-
fined as:

C(ρ) = inf
{pi,|ψi〉}

{∑
i piC(|ψi〉)

∣∣∣∣∣∑i pi|ψi〉〈ψi| = ρ

}
.

Rungta and Caves in [28] have showen that it is an en-
tanglement monotone and obtained a closed from, for the
isotropic states. These states has the form

ρF = 1−F
d2−1

(
I − |Ψ+〉〈Ψ+|

)
+ F |Ψ+〉〈Ψ+|,

where F is the fidelity between ρF and |Ψ+〉 satisfying
0 6 F 6 1. For F 6 1/d, these states are separable [29].
Now using the measurement settings given in (2), we find
[23]

ISLK =

{
2
√
2

d+1 (d2F − 1), F 6 1/d,
2
√
2

d+1

(
(d− 1)(dC(ρF ) + 1)

)
, 1/d 6 F 6 1,

(6)
where C(ρF ) is the concurrence of the isotropic state [28]

C(ρF ) =

{
0, F 6 1/d,
dF−1
d−1 , 1/d 6 F 6 1.

(7)

Hence, we find an interesting relation between the con-
currence and the Bell-SLK function for isotropic states.
Notice that for separable isotropic states, i.e. for F 6
1/d, the Bell-SLK function in (6) is upper bounded by
2
√
2

d+1 (d − 1). A value larger than this suggest that the
isotropic state is entangled and it’s entanglement can be
computed from the Bell-SLK function. We note that for
d = 2, isotropic state is same as Werner state upto some
local unitary transformation.

3.2 Maximally entangled state passing through
noisy channels

Another class of mixed states can be obtained when
a maximally entangled state pass through noisy chan-
nels. Since there is no closed from of concurrence for
a general two qudit mixed state, we use another en-
tanglement measure named as negativity [30] which is

defined as N (ρ) = ||ρTB ||1−1
d−1 , where ρTB is the partial

transpose of the state ρ with respect to the subsystem
B and || · ||1 stands for the trace norm. For a two
qudit pure state |ψ〉 =

∑
i ci|ii〉, the negativity is [31]

N
(
|ψ〉〈ψ|

)
=
∑

p6=q
p>q

cpcq
2
d−1 , where ci are the Schmidt

coefficients. Hence, we can express the Eq. (5) also in
terms of negativity as

ISLK = 2
√

2(d− 1)N . (8)

A party prepares a maximally entangled two qudit state
and sends it to two distant parties through some noisy
channels. As a result the state will get mixed. This kind
of situation often happen in laboratories. We explore
the relation between Bell-SLK function and negativity
for four well known quantum channels. For simplicity we
take same channels to send the entangled particles.

3.2.1 Amplitude damping channel

A maximally entangled two qutrit state is sent to dis-
tant parties through same amplitude damping channel.
The Kraus representation of this channel is [32]

K0 =

1 0 0
0
√

1− p 0
0 0

√
1− p

,
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Figure 1: Bell-SLK function and negativity vs. purity
for the amplitude damping channel.
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Figure 2: Bell-SLK function and negativity vs. purity
for the phase damping channel.
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Figure 3: Bell-SLK function and negativity vs. purity fo
the depolarizing channel.

K1 =

0
√
p 0

0 0 0
0 0 0

, K2 =

0 0
√
p

0 0 0
0 0 0

,

where p is the channel parameter. Interestingly, there
exists still a relation between Bell-SLK function and neg-
ativity. From FIG.(1) it is clear that, we can compute
states negativity by looking at the ISLK curve.

3.2.2 Phase damping channel

Phase damping channels can be represented by the fol-
lowing Kraus operators [32]

K0 =
√

1− p

1 0 0
0 1 0
0 0 1

 and K1 =
√
p

1 0 0
0 ω 0
0 0 ω2

,

where ω = e
2πi
3 and p is the channel parameter. Again

form FIG.(2) we can see by measuring the value of ISLK ,
we can easily determine the negativity of the state and
hence entanglement.

3.2.3 Depolarizing channel

The effect of a depolarizing channel on a state ρ can
be expressed as Φ(ρ) = p Id + (1 − p)ρ [33], where I is
the maximally mixed state of dimension d and p is the
channel parameter. For this kind of channel, it is clear
from FIG.(3) that, we still get a relation between Bell-
SLK function and negativity.
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Figure 4: Bell-SLK function and negativity vs. purity
for the ladder channel.

3.2.4 Bit-flip like ladder channel

We now consider a generalization of bit flip channel for
qubit [33] - ladder channel. Here for d = 3 we take the
flipping operation such that it changes the basis vector
in this following way |0〉 → |1〉 → |2〉 → |0〉. The Kraus
operators for this channel are as follows

K0 =
√

1− p

0 0 1
1 0 0
0 1 0

 and K1 =
√
p

1 0 0
0 1 0
0 0 1

,

where p is the channel parameter. Here also we get a
similar kind of situation.

4 An Experimental scheme

With the help of present day’s technology [8, 9], this
SLK test can be implemented in laboratories. There
are ways to generate higher dimensional entanglement.
One elegant way is by using the orbital angular momen-
tum states of photons [34] to encode a state of a qudit.
Dada et al. in [8] measured the CGLMP inequality vi-
olation for bipartite qudit systems with dimensions up
to twelve. They have used the same measurement set-
ting as given in Eq. (2). So the Bell-SLK function can
be measured using the same experimental setup. In this
setup we need four observables with (d−1) measurement
setting. Later Lo et al. [9] created higher dimensional en-
tanglement by simulating qudits using multiple pairs of
polarization-entangled photons. They also demonstrate
the violation of CGLMP inequality upto the dimension
d = 16. Since CGLMP inequality is maximally violated
by a non maximally entangled state, so it cannot help
to find the amount of entanglement in a bipartite state.
However, the Bell-SLK function can help us to find the
amount of entanglement in a pure two qudit state and a
class of mixed state.

5 Conclusion

We can characterize higher dimensional entanglement
using Bell-SLK inequality for bipartite qudit systems.
We have shown that it can be useful to quantify the
amount of entanglement present in a bipartite pure state
and a class of mixed state. We have also discussed the ex-
perimental feasibility of this scheme. Current experimen-
tal setup suggest that this scheme can be implemented
in laboratories. The earlier schemes to quantify entan-
glement requires number of observables which increases
largely with the dimension. However, this scheme re-
quired only four observables.
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Abstract. In a classical world, it is possible (in principle) to measure the properties of macroscopic
systems without affecting them. This point of view, referred to as macroscopic realism, is in strong
contradiction with quantum mechanics. We use two error-tolerant quantum witnesses to efficiently test
macroscopic realism with a photonic qubit and qutrit: the first tests the invasiveness of a ‘blind’ measure-
ment, the second of any quantum operation. In each case we extract violations close in magnitude to the
theoretical maximum – for the first witness, this grows with the dimensionality of the system, while for
the second it can be achieved in a dimension-independent manner.

Keywords: macroscopic realism, quantum witness, error-tolerant, qubit, qutrit

1 Introduction

Since the birth of quantum mechanics it has been dif-
ficult to reconcile the principle of quantum superposi-
tion with the intuitive experience of macroscopic objects,
which appear to always inhabit explicit states indepen-
dently of observation. Leggett and Garg formulated a
possible solution by defining macroscopic realism, a world
view combining two assumptions: (MRps) Macroscopic
realism per se (that properties of macroscopic objects
exist objectively) and (NIM) Non-invasive measurability
(that the properties are not influenced by measurements).
From these assumptions, they derived Leggett-Garg (LG)
inequalities, which are used to test for the quantum be-
havior of a system undergoing coherent evolution. The
LG inequalities have been tested for a wide range of quan-
tum mechanical systems, such as defect centers in dia-
mond, superconducting circuits, photons, atoms in opti-
cal lattices, nuclear magnetic resonance and phosphorus
impurities in silicon, and violations have been observed
as quantum mechanics predicts. One of the major ex-
perimental challenges has been the implementation of
truly noninvasive measurements. Recently, an alterna-
tive test of macroscopic realism has been proposed: it is
described, variously, as a quantum witness, no-signalling
in time, or non-disturbance condition. Compared to a
LG test which needs to involve at least three possible
measurement times and the measurement of two-time
correlations, the quantum-witness test enjoys many ad-
vantages: Because only instantaneous expectation val-
ues are required, it can usually be violated for a much
wider parameter regime, and is more robust to imperfec-
tions. Furthermore, it was recently shown (with a sophis-
ticated dimensional analysis of probability spaces) that
Fine’s theorem (derived initially for local realism) does
not apply for macroscopic realism. In other words, LG
inequalities do not form an optimal tight boundary for
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macroscopic realism. In contrast, the quantum witness
condition is both necessary and sufficient for macroscopic
realism. Here we continue in the pursuit of rigorous and
amenable protocols for testing macroscopic realism, with
a view to spurring-on tests which will non-trivially con-
strain future theories of physics.

2 First witness:

Consider two observables, A and B, measured at times
t = 0 and t = T > 0, respectively. The measurement of
observable A is a blind measurement (the measurement
is performed but the result is not recorded) shown in
Fig. 1(a). The outcomes of the first measurement (of
A) are written {ai} for i = 1, ...,M , with corresponding
probabilities P (ai); b is a particular outcome of the later
measurement (of B). Based on the joint measurement of
these two observables the probability of obtaining result
b in the later measurement is P ′(b) =

∑M
i=1 P (b|ai)P (ai)

with P (b|ai) the conditional probability of the outcome
b given the earlier result ai. The probability of outcome
b without the prior measurement of A is written P (b).
The first of our two quantum witness is then defined as

W := P (b)− P ′(b). (1)

Based on the tenets of macroscopic realism, the presence
of the blind measurement of A should not affect the sub-
sequent evolution of the system. One then has

W = 0, (2)

our first quantum witness condition. It can be derived
under the same assumptions as the LG inequalites. Equa-
tion (2) can be violated by a quantum-mechanical sys-
tem; the theoretical upper bound on the violation is given
by

Wmax = 1− 1

M
, (3)

where the number of blind-measurement outcomes M ≤
N , the dimension of the system under study. The max-
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Figure 1: (a) Generic procedure for testing our two quantum-witnesses. We need four processes, including state
preparation, state evolution U1 and projective measurement (PM) of B. We also require the optional application
of either i) blind measurement (BM) of A (for testing witness W ) or ii) some generic operation E , here chosen as a
phase modulation U0. (b) Experimental setup. The heralded single photons are created via type-I SPDC in a BBO
crystal and are injected into the optical network. Qubit states are prepared via a PBS and HWP. For the qutrit, the
PBS, HWP and BD are used for state preparation. The phase operation U0 can be implemented by a set of wave
plates, while a quartz crystal (QC) is used to realize a blind measurement of A. U1 can be implemented cascaded
interferometer network for qutirt and HWP for qubit. The projective measurement of B is realized via a BD which
maps the basis states of the qubit/qutrit to the spatial modes.

imum violation can be found in the von Neumann mea-
surement limit when M = N and Wmax = 1− 1/N .

3 Second witness:

In this paper, we also employ a new and subtly differ-
ent notion of classicality that makes yet further improve-
ments on Leggett and Garg’s approach. The new notion
follows the spirit of macroscopic realism, but makes one
important departure. Our second quantum witness V
consists in replacing the blind measurement of W with a
generic quantum operation:

V := P (b)− P ′′(b). (4)

P ′′(b) denotes the probability of getting outcome b in
the later measurement of B at t = T , when a generic
quantum operation has been performed at t = 0. Since
the generic operation could be, but need not be, a blind
measurement, we see that P ′(b) is a special case of P ′′(b)
when such an operation is chosen. The notion of classical-
ity is subtly changed from LG’s original one: the pivotal
assumption of non-invasive measurability (NIM) has be-
come an assumption of non-invasive operability (NIO).
This new assumption need not be motivated by any re-
course to ‘careful’ operations (such as weak or indirect
measurements). Instead it is motivated by the measur-
ably zero (or near zero) effect of said operation on certain
‘fixed point’ preparation states. Quantum mechanics pre-
dicts that a modulation of the global quantum phase of
a state, for example, should have such a null effect. At-
tempting to interpret a superposition of such fixed-point
states (where, according to quantum mechanics the vari-
ous states now pick up definite relative phases) as a mere
classical or incoherent mixture leads to the condition

V = 0. (5)

According to quantum mechanics, once the operation
is relaxed from a blind measurement to some general map

E , we have Vρ = Tr(Πb [Φ(ρ)− Φ(E(ρ))]) for Πb the pro-
jector corresponding to outcome b of the later measure-
ment, and Φ describing the time evolution of density op-
erator ρ from t = 0 to t = T . It is easy to see that
for pure state ρ = |ψ〉〈ψ|, E(ρ) = U0ρU

†
0 , and choosing

Πb= Φ(ρ) = U1ρU
†
1 (U0, U1 are unitary operators), we

can achieve
Vρ = 1− |〈ψ|U0|ψ〉|2. (6)

Therefore, if U0 orthogonalises |ψ〉, the V witness can
reach its algebraic maximum value of 1 in any dimension.

4 Error tolerance:

The conditions W = 0 and V = 0 are not suitable for
experimental test: since almost any real experiment will
find a violation (because of finite statistical or technical
errors), one may question the meaning of inferences made
from data recorded in such an experiment. It is better to
construct the compound conditions

mini(Wi) ≤Wσ ≤ maxi(Wi) (7)

mini(Vi) ≤ Vσ ≤ maxi(Vi), (8)

where Wi (Vi) corresponds to the witness measured in the
fixed-point states ψi, and Wσ (Vσ) is a witness measured
in the state ψσ =

∑
i αiψi, where

∑
i |αi|2 = 1. That the

Wi (Vi) can be nonzero constitutes an important facet of
error-tolerance not present in conditions (2) or (5): one
requires the signature of quantumness to be significant
w.r.t the control quantities Wi or Vi. It is still impor-
tant, however, that these are small in magnitude, since
this motivates the assumption of NIM (NIO). Although
theoretically it may be tempting to assume them to be
zero when quantum theory predicts, measuring the con-
trol quantities experimentally instead has the advantage
of forming a more logically watertight argument contra
macrorealism, since the degree of ‘clumsiness’ is deter-
mined and accounted for. Otherwise, the idea that the
system under study is not quantum at all, but merely a
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Figure 2: (a) Experimentally determined values for our two quantum witnesses W and V , for the fixed-point prepara-
tions 0 and 1 (also 2) and for the superposition preparation σ of a photonic qubit (and qutrit). Theoretical predictions
ate represented by dashed and dotted lines. Error bars indicate the statistical uncertainty which is obtained based
on assuming Poissonian statistics. (b) Experimental results showing maximum violations of both quantum witness
conditions for two-level and three-level photonic systems. The blue (red) dashed (dashed-dotted) line represents the
theoretical predictions of the maximum violations of the first (second) quantum witness condition.

classical system that is being subjected to clumsy oper-
ations, remains a substantial loophole. The use of min
and max functions to lower-bound and upper-bound Wσ

and Vσ allows for the most general macrorealist expla-
nation, interpreting the superposition σ as an arbitrarily
weighted incoherent mixture of the fixed-point states.

Assuming ancillary tests have been performed to de-
termine Wi (Vi), and found each to be close to zero, all
that remains is the testing of Wσ (Vσ). By judiciously
choosing U0 and |ψσ〉, the maximum violation of (8) is
generally greater than the maximum violation of (7), and
furthermore independent of the dimension of the system.
This is clearly more experimentally favourable; there is
a greater robustness to imperfection. Note that with the
introduction of the control quantities Vi, it might seem
that a violation of (8) with magnitude greater than one
is possible – for example by arranging all Vi = −1 and
Vσ = +1. This, however, such violations are not permit-
ted by quantum mechanics [1].

5 Results and discussion

To test the maximal violation of first quantum witness
condition , we need to compare the probability P to P ′

(obtained with a prior blind measurement) with suitable
time evolution of U1. After the blind measurement is
applied, the system is a mixture with diagonal density
matrix, e.g. ρblind =

∑
m |〈ψm|ψσ〉|2 |ψm〉 〈ψm|. Note

that ρblind is a mixed state. Thus the blind measurement
can be realized by a quartz crystal (QC), inserted into the
lower spatial mode so as to reduce the spatial coherence of
the photons. To test the violation of our second quantum
witness condition, we replace the QC by wave plates with
certain setting angles.

In Fig. 2(a), the experimentally determined values of
our witnesses are shown for the qubit and qutrit. Due
to the high precision nature of this laboratory setup, we
found all quantities to be close to their predicted values.
In particular the fixed point preparations gave witness
values close to zero. We further found W 2D

σ = 0.4980 ±

0.0060 (35sd), V 2D
σ = 0.9998 ± 0.0004 (80sd),W 3D

σ =
0.6700±0.0080 (44sd), V 3D

σ = 0.9820±0.0020 (72sd). The
number of standard deviations (sd) of violation, given by
(Ξσ − maxi Ξi)/

√
Var(Ξσ) + Var(maxi Ξi) (Ξ = W,V ),

is shown parenthetically. Note how using the second wit-
ness lead to violations of macroscopic realism with higher
statistical significance.

In Fig. 2(b), the maximum violations of both equal-
ity and inequality for two-level and qutrits are shown,
which also agrees with the theoretical prediction and sat-
urates the upper bounds. The maximum violation of the
first quantum witness condition only asymptotes to 1 as
the number of dimensions of the system being measured
tends to ∞. Whereas for the conditions on V , the maxi-
mum violations can reach 1 in a dimension-independent
manner.

6 Conclusion

We have recorded experimental violations of two
quantum-witness conditions in both a photonic qubit and
qutrit.Our results agree well with the theoretical maxi-
mum violations, and our demonstration showcases (par-
ticularly with the second witness) perhaps the final, fine
tuned, protocol for testing macroscopic realism, which
gives the greatest possible chance for finding convincing
violations in truly macroscopic systems, while remaining
error-tolerant and evading the clumsiness loophole.
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Abstract. Macrorealism, as defined by Leggett and Garg, posits that a macroscopic system always exists
in a well-defined state and that it can be measured without disturbing it. From these assumptions follow
a set of inequalities, the Leggett-Garg inequalities, which hold under macrorealism but can be violated by
quantum mechanics. The degree to which quantum systems can violate these inequalities is bounded and,
in particular, if the measurements on the system are genuinely dichotomic, the bound for these temporal
inequalities is the same as the Tsirelson bound of the corresponding spatial Bell inequality. In this paper
we realise a photonic Leggett-Garg test on a three-level system and implement measurements that admit
three distinct measurement outcomes, rather than the usual two. In this way we obtain violations of
a Leggett-Garg inequality significantly in excess of the Tsirelson bound. This underlines the difference
between Bell and LG inequalities and hence spatial and temporal correlations in quantum mechanics. We
also report violations of a second consequence of macrorealism, the quantum-witness equality, up to the
maximum permitted for a three-outcome measurement.

Keywords: Leggett-Garg inequality, quantum witness, temporal Tsirelson bound

In contrast to Bell inequalities which probe correla-
tions between multiple spatially-separated systems, the
Leggett-Garg inequalities (LGIs) test the temporal cor-
relations of a single system. The LGIs are based on two
macrorealistic assumptions that intuitively hold in the
world of our everyday experience: (i) macroscopic re-
alism per se — that a system exists at all times in a
macroscopically-distinct state; and (ii) non-invasive mea-
surability — that it is possible to measure a system with-
out disturbing it. Since both these assumptions fails un-
der quantum mechanics, quantum systems can violate
the LGIs. Hence the use of these inequalities as indica-
tors of quantum coherence, in particular in macroscopic
systems.
The simplest LGI concerns the correlation functions of

a dichotomic variable Q(t) = ±1 at pairs of three times
ti; i = 1, 2, 3, and can be written

K ≡ ⟨Q(t2)Q(t1)⟩+ ⟨Q(t3)Q(t2)⟩ − ⟨Q(t3)Q(t1)⟩ ≤ 1.

This inequality, or its close relatives, have been tested
and violated in many experiments, with most studies hav-
ing been performed on two-level quantum systems. In
such systems, the maximum quantum-mechanical value
of the Leggett-Garg (LG) correlator K is KTTB = 3/2.
The derivation of this value is analogous to that of the
Tsirelson bound of the corresponding Bell inequality

B ≡ ⟨ab⟩+ ⟨bc⟩ − ⟨ac⟩ ≤ 1, (1)

and thus we shall refer to it as the temporal Tsirelson
bound (TTB). It is known that KTTB bounds the LGI
for quantum systems of arbitrary size provided that the

∗gnep.eux@gmail.com

Figure 1: Experimental setup for the LGI and quantum-
witness tests.

measurements are genuinely dichotomic, i.e. can be mod-
elled with exactly two projection operators. Recently,
however, it was predicted that values of K exceeding
KTTB are possible for N -level systems when the mea-
surement apparatus provides more information than a
single bit, and is thus modelled with M > 2 orthogo-
nal projectors [1]. In particular, for a three-level system
with measurements decomposed as three projectors (each
nevertheless associated with a value of either Q = +1 or
Q = −1) it was predicted that the maximum value of the
LG correlator is Kmax = 2.1547. A similar substitution
of multi-outcome measurements into the Bell inequality
Eq. (1) leaves its (spatial) Tsirelson bound un-altered.
In this paper [2], we report on an LG experiment with

single photons that implements a three-level quantum
system measured with three orthogonal projectors. Our
main result is the observation of a value of the LG cor-
relator K = 1.97 ± 0.06, which clearly represents a sig-
nificant enhancement over the TTB. We also consider a
quantum-witness (or no-signalling-in-time) test for our
system. This is based on the same assumptions as the
LGIs but is simpler and is in some ways preferable. In
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contrast with our results for the LGI, where the measured
violation was still lower than the theoretical maximum,
our measured value for the quantum witness saturates
the maximum for a three-outcome test, and presents a
significant enhancement over the hitherto-observed value
for a two-outcome case.
These values we obtain using ideal negative measure-

ments (INMs). These allow us to acquire information
about the system (here, the photon) without interact-
ing with it directly, and thus take measures to address
the “clumsiness loophole”. Our interferometeric set-up
makes the designation of our measurements as INM ex-
tremely clear-cut.
Three-outcome LGI test:- We begin with a common

simplification and assume the coincidence of state prepa-
ration with measurement at t1. By defining Q(t1) = 1
the LGI reads

K ≡ ⟨Q(t2)⟩+ ⟨Q(t3)Q(t2)⟩ − ⟨Q(t3)⟩ ≤ 1. (2)

We consider a system in which we measure a trichoto-
mous (M = 3) variable m. We connect with the stan-
dard LGI framework by introducing the mapping of a
measurement of mi at times ti (i = 2, 3) onto the value
Qi = Q(ti) = q(mi, ti) ∈ {−1,+1}. This mapping leaves
the classical upper bound unaffected.
To construct the LGI of Eq. (2) we require two dis-

tinct types of measurement set-up. In the first we
measure only at time t3 and obtain P3(m3), the prob-
ability of result m3 at time t3. We then construct
⟨Q(t3)⟩ =

∑
m3

q(m3, t3)P3(m3). In a second con-
figuration we measure at times t2 and t3 to obtain
P32(m3,m2), the joint probability to obtain m2 and m3

at these times. The correlation functions can then be
written as ⟨Q(t2)⟩ =

∑
m3,m2

q(m2, t2)P32(m3,m2) and
⟨Q(t3)Q(t2)⟩ =

∑
m3,m2

q(m3, t3)q(m2, t2)P32(m3,m2).
Quantum violations:- The smallest system that will ad-

mit a three-outcome measurement is a three-level system
(M = N = 3), and we thus consider a qutrit with states
|n⟩ ; n = A,B,C. We prepare the system in state |C⟩
and let the unitary time-evolution operator between time
t1 and t2 be

U1 =

 cos θ 0 sin θ
sin θ sinϕ cosϕ − cos θ sinϕ

− sin θ cosϕ sinϕ cos θ cosϕ

 , (3)

in the basis |A⟩ = (1, 0, 0)T, |B⟩ = (0, 1, 0)T, |C⟩ =
(0, 0, 1)T. We take the time evolution operator between

t2 and t3 to be U2 = U†
1 .

We identify our measurements as projections onto the
three basis states with outcomes m ∈ {A,B,C} and
thus the probability P (m, t) of obtaining outcome m
is the same as the probability P (n, t) of detecting the
system in state n. Choosing the measurement values
q(A, ti) = q(B, ti) = 1 and q(C, ti) = −1 for i =
2, 3, we obtain the correlation functions ⟨Q(t3)⟩ = −1,
⟨Q(t2)⟩ = sin2 θ − cos2 θ cos 2ϕ, and ⟨Q(t3)Q(t2)⟩ =
cos 2θ

[
sin2 θ + cos2 θ(cos4 ϕ− sin4 ϕ)

]
. The maximum

value of the corresponding LGI is K = 2, which occurs
for the evolution parameters θ = π/4, 3π/4 and ϕ = π/2.

Experimental results:- We now describe our realisation
of the above scenario with single photons, Fig. 1. The ba-
sis states |A⟩, |B⟩, and |C⟩ are encoded respectively by
the horizontal polarization of the heralded single photons
in the upper mode, the horizontal polarization of the pho-
tons in the lower mode, and the vertical polarization of
the photons in the lower mode.
The unitary evolution applied on a qutrit state can be

decomposed into three unitary operations, each of which
applies a rotation on two of the basis states, leaving the
other unchanged. Each of them can be realized by two
HWPs and subsequent BD. One of the HWPs is used to
apply a rotation on two modes of the qutrit state and
the other is used to compensate the optical delay. The
setting angles of H3, H4 and H7 can be calculated by the
parameters θ and ϕ of the unitary operations. Whereas
H2, H5 and H6 are used to compensate the optical delay.
The BD2 and BD3 are used to split the photons with
different polarizations into different spatial modes and to
combine the photons with certain two of the polarization
modes in the same spatial mode. Then two-mode (polar-
ization mode) transformations can then be implemented
using wave plates acting on the two polarization modes
propagating in the same spatial mode. The evolution U2

is similarly be realized by the HWPs (H8-H12) and BDs
(BD4 and BD5).
For the first measurement setup, we perform projective

measurements on the output states to obtain the proba-
bilities P3(n3, t3). The second PBS is used to map the ba-
sis states of qutrit into three spatial modes and to accom-
plish the projective measurement. The photons are de-
tected by single-photon avalanche photodiodes (APDs),
in coincidence with the trigger photons. The probabil-
ity of the photons being measured in |n⟩ (n = A,B,C)
is obtained by normalizing photon counts in the certain
spatial mode to total photon counts. The count rates
are corrected for differences in detector efficiencies and
losses before the detectors. We assume that the lost pho-
tons would have behaved the same as the registered ones
(fair sampling). Experimentally this trigger-signal pho-
ton pair is registered by a coincidence count at APD with
7ns time window. Total coincidence counts are about
14000 over a collection time of 7s.
For the second measurement setup, from which we de-

rive P32(n3, n2), combines a projective measurement at
t3, as above, with an INM at t2 between the evolutions
U1 and U2. The INM are realised by placing Blocking
elements into the optical paths. With, for example, the
channels A and B blocked, we obtain the probabilities
P32(n3, n2 = C) without the measurement apparatus
having interacting with the photon. In our experiment,
this blocking is realized by a BD following by an iris. The
BD is used to map the basis states of qutrit to three spa-
tial modes and the iris is used to block photons in two of
the three spatial modes and let the photons in the rest
one pass through. By changing the position of the iris,
we can block any two of the channels and let the photons
in the rest one pass through for the next evolution.
Figure 2(a) shows the observed values of K as func-
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Figure 2: (a) Experimentally-determined values of the
Leggett-Garg correlator K for our three-level, three-
outcome set-up with time evolution described by the
parameters ϕ and θ. Theoretical predictions are rep-
resented by solid lines and the experimental results by
symbols. Error bars indicate the statistical uncertainty
based on the assumptions of Poissonian statistics. (b)
The experimentally-determined values of the quantum
witness W and the corresponding LGI KW = 1 +W for
our three-level, three-outcome setup.

tions of θ and ϕ. Maximum violations are found for
ϕ = π/2 with values K = 1.97 ± 0.06 at θ = π/4 and
K = 1.95 ± 0.06 at θ = 3π/4, in close agreement with
the theoretical prediction. Error bars indicate the statis-
tical uncertainty, based on the assumption of Poissonian
statistics. The main deviation from theory arises in the
first measurement setup where, by construction, the fi-
nal state should be the same as the initial state such
that ⟨Q(t3)⟩ = −1. However, due to imperfection in the
cascaded interferometers in this setup, P3(n3 = C) is
smaller than 1 and we obtain ⟨Q(t3)⟩ = 0.977± 0.003 at
{ϕ, θ} = {π/2, π/4}. In the second measurement setup,
there is no cascaded interferometer, and these effects are
reduced.
Quantum witness:- Whilst the above set-up does not

saturate the maximum theoretical value of the LGI with
N = M = 3, it does saturate the M = 3 bound for the
the quantum witness

W ≡ P3(m3 = C)−
∑
m2

P32(m3 = C, n2), (4)

based on registering the outcome m3 = C. Under
macrorealism and non-invasive measurability, we have
the equality W = 0. This witness can be constructed
from the same probabilities as used in the LGI test
and these results are shown in Fig. 2(b). Theory pre-
dicts a maximum value of this witness should occur for
the parameters ϕ = π/4 and θ = arccos

√
2/3 and

θ = π − arccos
√

2/3. At these points we observe the
valuesW = 0.65±0.02 andW = 0.64±0.02. This agrees
well with the theoretical value of W = 1 −M−1 = 2/3,
which is the maximum possible value for a three-projector
measurement (and thus, also for a three-level system).
We can related this quantum witness directly to a

LGI inequality if we choose measurement value assign-
ments q(m2, t2) = 1 at t2 (a blind measurement), and
q(m3, t3) = δm3,C . In this case, the LGI of Eq. (2) re-
duces to

KW = 1 +W ≤ 1. (5)

Thus the value by which the witness exceeds zero is the
extent to which the corresponding LGI is violated. The
maximum violation of this LGI with this measurement
assignment is thus KW = 1.65± 0.02.
There is certain connection between enhanced viola-

tions of the LGI, quantum witness equality and dimen-
sion witnesses. However, from the view of experiment,
the dimension of the system being measured is usu-
ally known before we can design an experimental setup.
Therefore the dimensionless witness test is not considered
here.
Discussion:- We have demonstrated experimentally a

violation of LGI in a three-level system and obtained
a value of the LGI correlator greatly in excess of the
TTB KTTB = 3/2, familiar from studies of two-level sys-
tems. We have also demonstrated a similar excess for the
quantum-witness equality. These enhancements arise be-
cause the decisive t2-measurement here admits three dis-
tinct measurement outcomes, rather than the usual two.
Under this measurement, the collapse of the wave func-
tion is greater than with two projectors and the resultant
additional information gain enables the enhanced viola-
tion. In particular, in the case of the witness, the post-
measurement state of the qutrit is the maximally mixed
state ρ = 1

3 × 1. The corresponding violation is there-
fore up to the theoretical maximum for three-outcome
measurements. These results provide an experimental
demonstration of the difference between spatial and tem-
poral correlations in quantum mechanics, since the (spa-
tial) Tsirelson bound in the Bell inequality Eq. (1) is fixed
at 3/2, irrespective of the number of projectors.
In the future, it will be interesting to look at temporal

analogues of different (spatial) Bell inequalities, in par-
ticular ones with multi-outcome measurements. We note
that our measurements are within the standard quantum-
mechanical framework and thus demonstrate that post-
quantum effects are not needed to obtain enhanced LGI
violations
Classical invasive measurements can give violations of

the LGI, all the way up the algebraic bound. It is there-
fore important to ensure the non-invasivity of the mea-
surements in any LGI test. Whilst no known scheme can
completely rule out such invasivity, we have used INMs
here which rule out the direct influence of the measure-
ments on the system itself. Nevertheless, our measure-
ments of the quantum witness indicate that the correla-
tions here are of the “signalling” type and we have both
signalling and K > KTTB.
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Quantum communication networks enable long-distance qubit transmission and distributed quan-

tum computation. In the past years, quantum communication networks with maximally entangled

states have motivated a tremendous amount of research activities. However these researches ignore the

influence of long-distance quantum channel on maximally entangled states, such as decoherence effect,

which can take maximally entangled states to partially entangled states or mixed states. Recently,

many efforts have been devoted to the research of quantum networks with partially entangled states.

While these studies are based on an assumption that the quantum channels in a network are homo-

geneous. In other words, the partially entangled states that shared between various adjacent nodes

are identical within the whole network, which is an ideal precondition. Furthermore, in the available

researches on quantum communication networks based on partially entanglement, the probability of

successfully transferring qubit is less than one. In order to perform scalable quantum computation, it

is of essential importance to improve this success probability to a value close to 100%. Considering

the above problems，in this paper, we focus our attention on faithful qubit transmission in a quantum

network with heterogeneous quantum channels. The main results are as follows.

1. A quantum communication network with heterogeneous quantum channels is constructed,

more akin to real-world deployment of quantum communication networks, which will inevitably be

physically heterogeneous with high- and low-quality channels.

2. A novel quantum routing algorithm is proposed to select the highest-throughput quantum path

between two arbitrary end-user nodes.

3. A near-deterministic scheme of transferring qubits is presented, employing the automatic repeat

request (ARQ) mechanism, the success probability of transferring arbitrary qubits is improved. The

numerical analyses and simulation show that even in a low-quality quantum channel with serious

decoherence or noise, only modest number of target qubits are extra required to achieve the near-

deterministic qubit transmission.

Compared with some presented quantum networking schemes, our research here shows some ad-

vantages. First of all, the ideal precondition of identical quantum channels in a quantum network

is loosen. Secondly, referring to the quantum path selection，a single route metric is replaced by

the balancing combination of the number of residual entangled pairs and the entanglement genera-

tion rate. The current and predicted status of a quantum channel is considered. Last but not least,

by introducing the auxiliary qubit that predicts the success transmission and the ARQ mechanism,

near-deterministic qubit transmission can be achieved.

†Corresponding author. E-mail: na chen xd@126.com
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1. Network model

Similar to the idea of wide-area quantum key distribution networks, trusted relay nodes are em-

ployed to construct a quantum communication network, as shown in Fig.1. The network is composed

of some trusted relays and end-user nodes, which are quantum devices with both quantum and classical

communication capabilities. Three local area networks are involved in this quantum communication

network. Trusted relay nodes share entangled pairs with some other relay nodes, constituting a mesh

topology. They also share entangled pairs with some end-users, constituting a star topology.

Throughout this network, quantum channels are heterogeneous when considering their length

and the decoherence effects caused by the surrounding environment. Classical data are transmitted

through classical wireless channels, which are not depicted in Fig.1 for simplicity.
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Fig.1. Quantum communication network with heterogeneous channels.

2. Quantum routing algorithm

In this paper, Bellman-Ford algorithm is used to determine quantum paths in the quantum network

shown in Fig.1. A novel balancing link metric is defined as follows

Rl =
1

Er
+

1

Eg
, (1)

where Er and Eg denote the number of residual entangled pairs and the entanglement generation

rate respectively on a specific link. The former indicates current situation of this link and the latter

indicates the predicted status of the link.
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With the aforementioned link metric, we define the quantum path metric, reads

Rp =
∑
i

Rl (i), i ∈ {P} , (2)

where {P} is the set of links in a quantum path and Rl (i) is the metric for link i.

In a word, a balancing combination of the number of residual entangled pairs and entanglement

generation rate is used as the route metric, the highest-throughput quantum path is thus selected.

3. Qubit transmission scheme

In quantum communication networks, after the quantum path is selected, quantum teleportation is

usually performed to transfer qubits from one end-user to another. In a practical situation, the quality

of the maximally entangled EPR pair is usually degraded with decoherence and noise. Without loss

of Generality, we might as well assume that
∣∣Φ+

ai

⟩
= 1√

1+ai2
|00⟩ + ai√

1+ai2
|11⟩ is obtained after the

distribution of |Φ+⟩, where 0 ≤ ai ≤ 1 is correlated with heterogeneous quantum channels. When

ai = 0, there is no entanglement, while for ai = 1,
∣∣Φ+

ai

⟩
is a maximally entangled state.
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Fig.2. Operation flowchart of one-hop qubit transmission.

As depicted in Fig.1, suppose that end-user U1 wants to transfer the target qubit |ϕ⟩ = α |0⟩+β |1⟩
to U6. U1 transfers the target qubit |ϕ⟩ to R1 to which it directly connected, according to the flowchart

shown in Fig.2. Auxiliary qubit is introduced to indicate whether qubit transmission is successful or

not. If |1⟩aux is obtained, this round of qubit transmission fails, then R1 send an ARQ message to

U1, a new round of transmission will start, until the target qubit |ϕ⟩ is successfully retrieved by R1.

Then R1 forwards |ϕ⟩ to U6. R1 inquires its quantum routing table to determine the next-hop node,

let’s say R2. Then R1 transfers |ϕ⟩ to R2 according to the flowchart shown in Fig.2. In this way, the

target qubit |ϕ⟩ can be faithfully transferred to its destination node U6 hop by hop, as illustrated by

the red lines in Fig.1. Clearly, the ARQ mechanism ensures the deterministic qubit transmission.
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Quantum communication networks enable long-distance qubit transmission and distributed quan-

tum computation. Here a quantum communication network with heterogeneous quantum channels is

constructed using trusted relay nodes. Based on Bellman-Ford algorithm, a novel quantum routing

algorithm is proposed to select the highest-throughput path between two arbitrary end-user nodes.

Furthermore, a faithful qubit transmission scheme is presented. We show that even in a low-quality

quantum channel with serious decoherence, by introducing automatic repeat request mechanism, only

modest number of target qubits are extra required to achieve near-deterministic qubit transmission.
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1. Introduction

Quantum communication promises skyscraping security for information transmission.[1] One

of the main activities in quantum communication field is quantum networks, which will support

long-distance quantum bits (qubits) transmission and distributed quantum computation.[1−4]

Quantum teleportation[5] transfers the quantum state of a physical system instead of the system

itself, underlying the proposals of quantum communication networks. Recently, quantum com-

munication networks based on quantum teleportation have attracted much attention in both

theoretical[6−13] and experimental[14,15] research.

In the past years, quantum communication networks with maximally entangled states have

motivated a tremendous amount of research activities.[6−11] However these researches ignore the

†Corresponding author. E-mail: na chen xd@126.com
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influence of long-distance quantum channel on maximally entangled states, such as decoherence

effect, which can take maximally entangled states to partially entangled states or mixed states.

Recently, many efforts have been devoted to the research of quantum networks with partially

entangled states. Yu et al proposed a distributed wireless quantum communication network,

where arbitrary qubits are teleported hop-by-hop.[12] Chen et al developed a satellite-to-ground

quantum communication network, where qubits are transferred after end-to-end entangled pairs

have been established.[13] While these studies are based on an assumption that the quantum

channels in a network are homogeneous. In other words, the partially entangled states that

shared between various adjacent nodes are identical within the whole network, which is an ideal

precondition. Furthermore, in the available researches on quantum communication networks

based on partially entanglement, the probability of successfully transferring qubit is less than

one. In order to perform scalable quantum computation, it is of essential importance to im-

prove this success probability to a value close to 100%. Considering the above problems，in

this paper, we focus our attention on faithful qubit transmission in a quantum network with

heterogeneous quantum channels. Similar to the idea of wide-area quantum key distribution

networks, here we use some trusted relay nodes to construct a quantum communication net-

work with heterogeneous channels. A novel quantum routing algorithm is proposed. Moreover,

by introducing automatic repeat request (ARQ) mechanism, a near-deterministic scheme of

transferring qubits is presented, thus achieving faithful transmission of arbitrary qubits.

The rest of this paper is organized as follows. In Section 2, a quantum communication

network employing trusted relay nodes and heterogeneous channels is constructed. In section

3, a novel quantum routing algorithm is proposed to set up a quantum path between arbitrary

two end-user nodes. In section 4, a faithful qubit transmission scheme based on ARQmechanism

is presented in detail. Finally, some conclusions are drawn in section 5.

2. Network model

Similar to the idea of wide-area quantum key distribution networks, trusted relay nodes are

employed to construct a quantum communication network, as shown in Fig.1. The network

is composed of some trusted relays and end-user nodes, which are quantum devices with both

quantum and classical communication capabilities. These nodes can store quantum particles

and process information, such as performing Bell State Measurement (BSM), unitary operations

and forwarding the measurement outcomes. Three local area networks are involved in this

quantum communication network. Trusted relay nodes share entangled pairs with some other

relay nodes, constituting a mesh topology. They also share entangled pairs with some end-users,

constituting a star topology.
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In quantum communication networks, classical and quantum channels are both required. A

quantum channel carries quantum optical signals in the forward direction. A classical channel

transfers some quantum measurement results. Real-world deployment of quantum communica-

tion networks will inevitably be physically heterogeneous with high- and low-quality channels,

rather than idealized, homogeneous links. In the quantum network shown in Fig.1, three kinds

of quantum channels are depicted, the quantum channel connecting two trusted relay nodes in

the same local area, the channel between two trusted relay nodes belonging to two separate

local areas, and the channel connecting a trusted relay node and an end-user node. Throughout

this network, quantum channels are heterogeneous when considering their length and the deco-

herence effects caused by the surrounding environment. Classical data are transmitted through

classical wireless channels, which are not depicted in Fig.1 for simplicity.
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Fig.1. Quantum communication network with heterogeneous channels.

In the quantum network based on teleportation, pre-shared entanglement is needed, which

can be accomplished by generating Einstein-Podolsky-Rosen (EPR) pairs and distributing them

to the communication nodes through quantum channels. In a practical situation, the quality of
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the maximally entangled EPR pair is usually degraded with decoherence and noise. Generally,

a maximally entangled state may become a partially entangled state. For instance, |Φ+⟩ =
1√
2
(|00⟩+ |11⟩) may degrade to

∣∣Φ+
ai

⟩
= 1√

1+ai2
|00⟩+ ai√

1+ai2
|11⟩, where 0 ≤ ai ≤ 1 is correlated

with heterogeneous quantum channels. When ai = 0, there is no entanglement, while for

ai = 1,
∣∣Φ+

ai

⟩
is a maximally entangled state. |0⟩ and |1⟩ represent the horizontal and vertical

polarizations, respectively.

3. Quantum routing algorithm

The optimal multihop routing is more beneficial for quantum communication networks.

There have been presented various quantum routing schemes. The number of EPR pairs shared

between neighbors was adopted as route metric in Ref. [16] for maximizing the network lifetime.

In Ref. [12], the hop-count in a specific path was employed as the route metric for minimizing

consumption of entangled particles. In this section, a novel quantum routing algorithm is

proposed. The highest-throughput quantum path can thus be selected between two arbitrary

end-users in the quantum communication network shown in Fig.1.

The Bellman-Ford algorithm[17,18] has an important property that at its nth iteration, it

identifies the optimal path from a source node to a destination node at most n hops. In this

paper, Bellman-Ford algorithm is used to determine quantum paths in the quantum network

shown in Fig.1. A novel balancing link metric is defined as follows

Rl =
1

Er

+
1

Eg

, (1)

where Er and Eg denote the number of residual entangled pairs and the entanglement generation

rate respectively on a specific link. The former indicates current situation of this link and the

latter indicates the predicted status of the link.

With the aforementioned link metric, we define the quantum path metric, reads

Rp =
∑
i

Rl (i), i ∈ {P} , (2)

where {P} is the set of links in a quantum path and Rl (i) is the metric for link i.

The quantum routing algorithm is formally stated in pseudocode, as shown in Alg.1.
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Algorithm 1：：： Quantum routing algorithm

Data: Network topology G = (V,E)

Data: metric of link Rl(e) ∀e ∈ E

1 Run Bellman-Ford algorithm to find the optimal path from any node to t,

let Rp(v) denotes the optimal path metric found from v to t;

2 T := the tree composed of the optimal paths to t;

3 S := the set of links not in T ;

4 for each e ∈ S do

/* assume e is a directed edge joining u to v*/

5 c(e) := Rp(v)−Rp(u) +Rl(e)

6 end

7 Start with an empty priority queue Q;

8 Q.push(∅ with priority queue 0);

9 while Q not empty do

10 σ := Q.pop();

11 Output the optimal path from s to t according to T and σ;

12 for each e ∈ S − σ do

13 σ′ := σ ∪ {e} ;
14 if σ′ represent a valid path then

15 Q.push( with priority
∑

e∈σ′ c (e));

16 end

17 end

18 end

Each trusted relay maintains a quantun routing table, in which the current optimal quantum paths

from itself to all the other destination nodes are listed, along with the corresponding path metrics.

At regular intervals, a trusted relay sends its quntum routing table to its neighboring relays, and at

the same time, it receives quntum routing tables from these relays. For example, the trusted relay R2

updates its quantum routing to R9. At regular intervals, R2 receives quantum routing tables from

its neighbors R1, R3, R5 and R6. Upon receiving these routing tables, R2 reads the corresponding

quantum path metrics to R9, denoted as Rp(1, 9), Rp(3, 9), Rp(5, 9), Rp(6, 9), respectively. Afterwards,

R2 updates its quantum path metric to R9 as follows

Rp(2, 9) = min {Rp(2, 9), Rl(2, 1) +Rp(1, 9), Rl(2, 3) +Rp(3, 9), Rl(2, 5) +Rp(5, 9), Rl(2, 6) +Rp(6, 9)}
(3)

Meanwhile, the quantum path from R2 to R9 is updated correspondingly.

In a word, a balancing combination of the number of residual entangled pairs and entanglement

generation rate is used as the route metric, the highest-throughput quantum path is thus selected.

4. Qubit transmission scheme

In quantum communication networks, after the quantum path is selected, quantum teleportation

is usually performed to transfer qubits from one end-user to another. The pre-shared entanglement is
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indispensable. Practical implementations of quantum entanglement distribution are hampered by the

exponential attention and decoherence of photons traveling between two adjacent nodes. At present,

the scheme of qubit transmission via partially entangled pairs has been extensively studied.[19−23] Some

researchers pointed out that the pre-shared partially entangled pairs are firstly converted to maximally

entangled pairs via entanglement distillation,[24−27] quantum teleportation is then performed. How-

ever, to obtain a small number of maximally entangled pairs, a large number of partially entangled

pairs are required. In Ref.[12,13], quantum teleportation is performed using partially entangled pairs

directly without entanglement distillation. Whereas, these discussions are based on an assumption

that ideally identical partially entangled states are pre-shared within the whole network. Furthermore,

the probability of successfully transferring a qubit is less than one, which should be improved to a

value close to 100% for the sake of efficiency.

To solve the aforementioned problems, a new qubit transmission scheme is proposed in this section.

We discuss qubits transmission using partially entangled pairs via heterogeneous channels.

Now we turn our attention to detail the faithful transmission of an arbitrary qubit in the quantum

network shown in Fig.1. Suppose that the target qubit to be transmitted is as follows

|ϕ⟩ = α |0⟩+ β |1⟩ , (4)

where α and β are complex probability amplitudes satisfying |α|2+ |β|2 = 1. Partially entangled pairs

pre-shared between adjacent communication nodes are in following formation

∣∣Φ+
ai

⟩
=

1√
1 + ai2

|00⟩+ ai√
1 + ai2

|11⟩ , (5)

where ai is correlated with heterogeneous channels.

Start End

n target qubits ready for n

rounds of transmission

sequentially

Perform BSM on

particles t and A

Take out one target

qubit of particle t

Send the BSM

result

Perform Pauli unitary

operation on particle B

Perform U(1) or U(2) on

particle B and |0>aux

Perform PM on

auxiliary particle

|0>aux

Send

ARQ

message

the target qubit

retrieved on

particle B

Yes

No

last-hop node next-hop node

Fig.2. Operation flowchart of one-hop qubit transmission.
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Without loss of generality, suppose that end-user U1 wants to transfer the target qubit |ϕ⟩ to U6,

expressed as Eq.(4). Without inquiring the quantum routing table, U1 transfers the target qubit |ϕ⟩
to R1 to which it directly connected, according to the flowchart shown in Fig.2.

Firstly, U1 prepares n − 1 extra qubits in the same state as the target qubit |ϕ⟩, thus n target

qubits are ready for n rounds of transmission to R1 sequentially. Only if the first round fails, can

the second round begin, and so on. Once a certain round is successful, U1 has to discard any further

rounds of transmission.

As already stated, the partially entangled state pre-shared between U1 and R1 is
∣∣Φ+

ai

⟩
AB

, ex-

pressed as Eq.(6). where particle A belongs to U1, that acts as a last-hop node in this transmission,

and particle B belongs to R1, acting as the next-hop node.

∣∣Φ+
ai

⟩
AB

=
1√

1 + ai2
|00⟩AB +

ai√
1 + ai2

|11⟩AB (6)

U1 takes out one target qubit, reads

|ϕ⟩t = α|0⟩t + β|1⟩t, (7)

where the subscript illustrates that the qubit is encoded on the state of particle t. U1 performs Bell

State Measurement (BSM) on particles t and A, which can be expressed as follows

|ϕ⟩t ⊗
∣∣Φ+

ai

⟩
AB

= (α|0⟩t + β|1⟩t)⊗
(

1√
1 + ai2

|00⟩AB +
ai√

1 + ai2
|11⟩AB

)

=

√
|α|2 + ai2|β|2

2 (1 + ai2)

(∣∣Φ+
⟩
tA

⊗ |ξ1⟩B +
∣∣Φ−⟩

tA
⊗ |ξ2⟩B

)
+

√
|β|2 + ai2|α|2

2 (1 + ai2)

(∣∣Ψ+
⟩
tA

⊗ |ξ3⟩B +
∣∣Ψ−⟩

tA
⊗ |ξ4⟩B

)
,

(8)

where ∣∣Φ±⟩
AB

=
1√
2
(|00⟩AB ± |11⟩AB) ,

∣∣Ψ±⟩
AB

=
1√
2
(|01⟩AB ± |10⟩AB) , (9)

|ξ1⟩B =
α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

, |ξ2⟩B =
α |0⟩ − aiβ |1⟩√
|α|2 + ai2|β|2

,

|ξ3⟩B =
β |0⟩+ aiα |1⟩√
ai2|α|2 + |β|2

, |ξ4⟩B =
−β |0⟩+ aiα |1⟩√
ai2|α|2 + |β|2

.

(10)

It can be seen from Eqs.(8-10) that particles t and A are projected onto one of the four Bell bases

and meanwhile particle B is projected onto a state that is related to the target qubit. Then U1 sends

the BSM result (represented by 2 bits of classical information) to R1. Upon receiving this result,

R1 performs a result-dependent unitary operation on particle B, as shown in Table 1. The state of
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particle B evolves as follows

|ξ1⟩B
I−→ |φ1⟩B =

α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

, |ξ2⟩B
σz−→ |φ2⟩B =

α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

,

|ξ3⟩B
σx−→ |φ2⟩B =

aiα |0⟩+ β |1⟩√
ai2|α|2 + |β|2

, |ξ4⟩B
iσy−−→ |φ2⟩B =

aiα |0⟩+ β |1⟩√
ai2|α|2 + |β|2

.

(11)

It is obvious from Eq.(11) that |φ1⟩B = |φ2⟩B, |φ3⟩B = |φ4⟩B.
Table 1. Corresponding relations between the BSM results and unitary operation. Here I is the

identity operator and σx, σy and σz are Pauli operators.

BSM result unitary operation

|Φ+⟩tA I

|Φ−⟩tA σz

|Ψ+⟩tA σx

|Ψ−⟩tA iσy

In order to recover the target qubit |ϕ⟩t = α|0⟩t + β|1⟩t, R1 prepares an auxiliary qubit, |0⟩aux. If
U1’s BSM result is |Φ+⟩tA or |Φ−⟩tA, R1 will implement unitary matrix U (1)

U (1) =


ai

√
1− ai2 0 0

0 0 0 1

0 0 1 0√
1− ai2 −ai 0 0

 (12)

on |φ1⟩B|0⟩aux or |φ2⟩B|0⟩aux, reads

U (1)|φ1⟩B|0⟩aux = U (1)|φ2⟩B|0⟩aux

=
ai√

|α|2 + ai2|β|2
(α |0⟩+ β |1⟩)B ⊗ |0⟩aux +

√
1− ai2√

|α|2 + ai2|β|2
α|0⟩B ⊗ |1⟩aux

(13)

Afterwards, R1 performs the projective measurement (PM) on the auxiliary qubit with the computa-

tional basis {|0⟩ , |1⟩}. From Eq.(13), it can be seen that if R1 obtains |0⟩aux, definitely his particle B

collapses to the target qubit (α |0⟩+ β |1⟩)B, thereby qubit transmission is successful.

For another case, when U1’s BSM measurement result is |Ψ+⟩tA or |Ψ−⟩tA , R1 will implement

unitary matrix U (2)

U (2) =


1 0 0 0

0 0 0 1

0
√
1− ai2 ai 0

0 −ai
√
1− ai2 0

 (14)

on |φ3⟩B|0⟩aux or |φ4⟩B|0⟩aux, reads

U (2)|φ3⟩B|0⟩aux = U (2)|φ4⟩B|0⟩aux

=
ai√

ai2|α|2 + |β|2
(α |0⟩+ β |1⟩)B ⊗ |0⟩aux +

√
1− ai2√

ai2|α|2 + |β|2
β|1⟩B ⊗ |1⟩aux

(15)
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After projecting the auxiliary qubit onto basis {|0⟩ , |1⟩}, qubit transmission is successful if and only

if R1 obtains |0⟩aux.
Apparently, the auxiliary qubit indicates whether qubit transmission is successful or not. If |1⟩aux

is obtained, this round of qubit transmission fails, then R1 send an ARQ message to U1, a new round

of transmission will start, until the target qubit |ϕ⟩ is successfully retrieved by R1. Clearly, the ARQ

mechanism ensures the deterministic qubit transmission.

After the target qubit |ϕ⟩ is retrieved successfully, R1 forwards |ϕ⟩ to U6. Firstly, according to

the destination address of U6, R1 inquires its quantum routing table to determine the next-hop node,

let’s say R2. Then R1 transfers |ϕ⟩ to R2 according to the flowchart shown in Fig.2. Analogous to

the aforementioned analysis, the target qubit |ϕ⟩ can be faithfully transferred to its destination node

U6 hop by hop, as illustrated by the red lines in Fig.1.

Through the above analyses, faithful transmission of arbitrary qubit is ensured by the ARQ

mechanism, along with the extra-prepared target qubits. The number of target qubits extra prepared

at each node are quiet modest, as shown in Fig.3 for various quantum channel indicators, a=0.5, 0.6,

0.7, 0.8, 0.9.
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Fig.3.The relationship between the number of extra-prepared states at each node and the

success probability in one-hop transmission.

From Fig.3, first of all we can see that for a high-quality quantum channel with a=0.9, extra-

prepared target qubits are not need, the locally retrieved qubit can be transferred to the next-hop node

directly, its success probability is 0.8950. If one target qubit is extra prepared, the success probability

in one-hop transmission can reach 0.9890. For a quantum channel with a=0.8, if one target qubit

is extra prepared, the success probability in one-hop transmission is 0.9518. For a quantum channel
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with a=0.7, if 2 target qubits are extra prepared, the success probability in one-hop transmission is

0.9599. Even for a serious-decoherence quantum channel with a=0.5, when 5 target qubits are extra

prepared, the success probability in one-hop transmission can reach 0.9533. Therefore, the number of

extra target qubits required for near-deterministic qubit transmission at each node is modest even for

low-quality channels.

5. Conclusions

We have constructed a quantum communication network with heterogeneous quantum channels.

Taking into account the number of residual entangled pairs and the entanglement generation rate, a

new route metric is defined, and a novel quantum routing algorithm is proposed to select the highest-

throughput path between two arbitrary end-users in the constructed quantum network. Furthermore,

we proposed a faithful scheme to transfer arbitrary qubits employing the ARQ mechanism, more akin

to the hop-by-hop behavior of packet-switched networks. The numerical analyses and simulation show

that even in a low-quality quantum channel with serious decoherence or noise, only modest number of

target qubits are extra required to achieve the near-deterministic qubit transmission. Compared with

some existing quantum networking schemes, our research here shows some advantages. First of all, the

ideal precondition of identical quantum channels in a quantum network is loosen. Secondly, referring

to the quantum path selection，a single route metric is replaced by the balancing combination of the

number of residual entangled pairs and the entanglement generation rate. The current and predicted

status of a quantum channel is considered. Last but not least, by introducing the auxiliary qubit which

predicts the success transmission and the ARQ mechanism, near-deterministic qubit transmission can

be achieved.
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Many protocols of quantum information processing
rely on entanglement. A particular class of entangled
states are those, which violate a certain Bell inequal-
ity (BI) [1]. BIs distingiush between strictly quantum
correlations and those, which can be mimicked with lo-
cal realistic model, in which all local measurements have
preassigned values independent of actions on other par-
ticles. The noise robustness, the amount of how much
of experimental imperfections that can be tolerated with
an inequality still being violated, typically expressed by
the ratio of maximal quantum and local realistic values
of the Bell operator (quantum to classical ratio, QCR),
is often understood as one of measures of nonclassicality
of a state (for example, Ref. [2]).

One may ask the following question. Imagine that
a group of observers shares an entangled state of large
quantum constituents, say in a GHZ state. They care to
achieve as strong violation of a BIs possible. Would it
be more beneficial for the observers to treat their subsys-
tems as a whole, or rather as tensor products of smaller
systems?

we begin with the derivation of geometric Bell inequal-
ities (GBIs) for qutrits. GBIs were first introduced by
[3] and later, they have demonstrated their outstanding
noise resistance for correlation functions of many qubits
[5].

We will consider N qutrits, whose common state, is
the GHZ state,

|GHZN,3〉 =
1√
3

2∑
i=0

|i〉N . (1)

A qutrit belonging to νth observer (ν = a, b, ..., N) is
measured and said to yield result jν if it is projected
onto a state parametrized by ν1 and ν2:

|jν , ν1, ν2〉 =
1√
3

(1, ei(ν1+2πjν/3)), ei(ν2+4πjν/3)). (2)

The local results summed modulo 3 points which of the
three vectors is used as an outcome of a measurement:

~v3,0 = (1, 0),

~v3,1 =
1

2
(−1,

√
3),

~v3,2 =
1

2
(−1,−

√
3),

(3)

so the N -qutrit vector-valued observables are given by

~ON,3(a1, a2, ..., n1, n2)

=
2∑

j1,...,jn=0

n⊗
ν=a

|jν , ν1, ν2〉〈jν , ν1, ν2|

⊗~v3,∑n
ν=a jν

. (4)

Together equations (1-3) lead to the following correla-
tion function (x1 =

∑n
ν=a ν1, x2 =

∑n
ν=a ν2, ν denoting

the observer)

~E(x1, x2)

=〈GHZN,3| ~ON,3(a1, a2, ..., n1, n2)|GHZN,3〉

=

(
1

3
(cos 2πx1 + cos 2π(x1 − x2) + cos 2πx2) ,

4

3
sinπx1 sinπ(x1 − x2) sinπx2

)
.

(5)

The correlation function given by Eq. (5) can be now
confronted with local realistic model. Geometric Bell in-
equalities are not only among the strongest ones known,
but, since they relay on a general fact of linear algebra,
rather than taking a form of a special algebraic expres-
sion, it can be readily formulated for various formalisms
[4]. Consider a convex set of vectors S (here, the set of
local realistic model). We want to test if a given vector
~V (the quantum me belongs to S. If this is not the case,
for some real scalar product (or, more general, a bilinear

form) F ( ~A, ~B)T = ~A · T · ~B ∈ Reals (where T ≥ 0 ) and

every vector ~L ∈ S we shall have F (~V , ~V )T > F (~V , ~L)T .

Intuitively, if ~V /∈ S, it has one or more components that
are larger than the respective spans of the set. Our only
task is to find the bi-linear form which singles out these
components.

Here, we will use the usual scalar product,

~A · ~B ≡
∫ 1

0

da1

∫ 1

0

da2...

∫ 1

0

dn1

∫ 1

0

dn2

× ~A(a1, a2, ...n1, n2) · ~B(a1, a2, ...n1, n2) (6)

Note that the correlation function (5) depends only on
sums of local parameters x1 = a1 + b1 + ... + n1 and
x2 = a2 + b2 + ...+ n2. Consequently, we have∫ 1

0

da1

∫ 1

0

da2| ~E(a1 + x′1, a2 + x′2)|2

=
1

3
,

~E(a1, a2, ..., n1, n2) · ~E(a1, a2, ..., n1, n2)

=

∫ 1

0

da1

∫ 1

0

da2| ~E(a1 + x′1, a2 + x′2)|2,
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2

=
1

3
, (7)

with x′1/2 = b1/2 + ...+ n1/2

The local realistic model needs to satisfy the following

conditions

~C(a1, b1, ..., aN , bN ) =~v3,
∑N
n=1 In(an,bn) mod 3,

In(an, bn) ∈{0, 1, 2},
In(an + 2π/3, bn + 4π/3) =(In(an, bn) + 1) mod 3.(8)

It is postulated that

Iν(ν1, ν2) =


0 − 1

3 ≤ ν1 − ν1,0 + ν2 − ν2,0 < 1
3&− 1

3 ≤ ν1 − ν1,0 <
1
3&− 1

3 ≤ ν2 − ν2,0 <
1
3

1 − 1
3 ≤ ν1 − ν

′
1,0 + ν2 − ν′2,0 < 1

3&− 1
3 ≤ ν1 − ν

′
1,0 <

1
3&− 1

3 ≤ ν2 − ν
′
2,0 <

1
3

2 − 1
3 ≤ ν1 − ν

′′
1,0 + ν2 − ν′′2,0 < 1

3&− 1
3 ≤ ν1 − ν

′′
1,0 <

1
3&− 1

3 ≤ ν1 − ν
′′
2,0 <

1
3

(9)

with ν1,0 and ν2,0 being shifts, ν′1,0 = ν1,0 + 1
3 , ν′′1,0 =

ν2,0 + 2
3 , similarly for ν2,0, and the boundary conditions

modulo 1 apply.
The convolution of the quantum mechanical corre-

lation function with the so-constructed local-realistic
model reproduces the correlation function itself with a
factor. Consider charasteric function λν(aν , bν) equal to
1 for Iν(ν1, ν2) = 0 and 0 otherwise (with an,0, bn,0 = 0,
confirm Eq. (9)).∫ 1

0

da1

∫ 1

0

da2 ~E(a1 + x′1, a2 + x′2)λa(a1, a2)

=
9 + 2

√
3π

12π2
~E(x′1, x

′
2). (10)

Combining Eqs. (7) and (10) we get the quantum-to-
classical ratio (QCR) for N qutrits

QCR ≡
~E · ~E

maxC ~E · ~C
=

1

3

(
4π2

9 + 2
√

3π

)N
≈ 1

3
1.98556N .

(11)
Notice that the factor 3N appears since there are that
many combinations of local realistic predictions.

We continue using vector-valued observables. First,
observers locally project their subsystems on states

|ψd,j ,~a〉 =
1√
d

(1, ωjde
2πia1 , ω2j

d e
2πia2 , ...)T ,

ωd =e
2πi
d ,

~a =(a1, a2, ..., ad−1). (12)

Let us now pass to qudits. The outcome vectors are
obtained iteratively,

~vd,0 = (1, 0, ..., 0),

~vd,i =

− 1

d− 1
,

√
1−

(
1

d− 1

)2

~vd−1,i−1

 . (13)

The tensor product is replaced by the outcome shift,

~ON,d(~a,~b, ...~n)

= ~O
[1]
d (~a)↔ ...↔ ~O

[n]
d (~n)

=
d−1∑

j1,...jN=0

~vd,
∑
k=1N jk mod d

×|ψd,j1 ,~a〉〈ψd,j1 ,~a|[1] ⊗ ...⊗ |ψd,jN , ~n〉〈ψd,jN , ~n|[N ](14)

and the system is assumed to be in the GHZ state,

|GHZd,N 〉 =
1√
d

d−1∑
j=0

|j〉⊗N . (15)

Let us define ~x = (x1, x2, ...) = ~a+~b+ .... Consequently,
the correlation function reads

~Ed,N (~a,~b, ...)

= ~Ed(~x) = 〈GHZd,N |Od,N (~a,~b...)|GHZd,N 〉. (16)

Hereafter, 4 ≤ d ≤ 7 will be considered. For d = 4, we
have been able to reach the following formula:

~E4(~x)

=[ 1

4
√

3
(sin(2π(x1 − x2)) + cos(2π(x1 − x2))

−sin(2πx1) + cos(2πx1) + sin(2π(x2 − x3))

+cos(2π(x2 − x3)) + sin(2πx3) + cos(2πx3)),

1

2
√

3
(cos(2π(x1 − x3)) + cos(2πx2)),

1

4
√

3
(− sin(2π(x1 − x2)) + cos(2π(x1 − x2))

+sin(2πx1) + cos(2πx1)− sin(2π(x2 − x3))

+cos(2π(x2 − x3))− sin(2πx3) + cos(2πx3))]. (17)

We have also been able to obtain explicit forms of the

correlation function for ~E5(~x), ~E6(~x), but for the sake
of sparing space we will not reprint them here. It is
noteworthy that the norm of the correlation functions
satisfies∫

...

∫
| ~Ed(~a+ ...+ ~n)|2dN−1a...dN−1n =

1

d
. (18)
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3

d,N Ld,N N.o.P. d,N Ld,N N.o.P.

4,2 0.170095 2 × 107 4,3 0.0701762 108

4,4 0.0290669 7.2 × 107 4,5 0.012056 5 × 106

5,2 0.129613 2.5 × 106 5,3 0.046970 2 × 106

5,4 0.016911 2 × 106 5,5 0.006144 2 × 106

6,2 0.103236 7 × 106 6,3 0.03329571 7.6 × 106

6,4 0.0106653 8 × 106 6,5 0.00328929 4 × 106

6,6 0.00114045 1.2 × 107

7,2 0.085252 5 × 105 7,3 0.0247165 5 × 105

7,4 0.0108164 5 × 105

TABLE I. Values of Ld,N found by Monte Carlo integration.
N.o.P. is the number of random points used to compute each
integral

d ad bd

2 π
2

1

3 4π2

9+2
√
3π

1

4 2.41607 1.00979

5 2.76446 1.00933

6 3.09007 1.02226

7 3.50654 0.948745

TABLE II. Approximation of values 1/Ld,N to aNd bd.

For d > 3 we do not have the neat convolution property
mentioned above, that is, the correlation function takes
a different form, when it is locally integrated over the re-
gion, where a local realistic model (as concluded from the
intersection of the correlation function) predicts the same
results. Thus we simply use Monte Carlo integration of
the of the overlap between the local-realistic an quan-

tum mechanical correlation function. We choose ~a, ..., ~n
at random, investigate, which of the vectors is the closest

to the value of ~E(~a), ..., ~E(~n), sum the results modulo d
and calculate the overlap of the vector indicated by the

result wit ~E(~x. The overlap averaged over many itera-
tions of this procedure is denoted as Ld,N . The results
are presented in Table I. They follow the exponential be-
havior 1/Ld,N = aNd bd, where values of ad and bd are
given in the Table II. These fits were found with weight
factors attached to values, proportional to the number of
point used in the Mote Carlo integration.

Note the values of bd are close to 1, but they oscillate
around this value. This is very likely a numerical artifact.
Therefore, another fit, Ld,N = (a′d)

−N was performed.
Let us now draw conclusions from Tables I and II. Con-

sider an experiment, in which a source distributes high-
dimensional systems, which are jointly in a GHZ state. It
seems a bit more beneficial for them to conduct a single
Bell. It is noteworthy that the deficit appears for both
four- and six-dimensional system, and is more significant
for d = 4. For this system, unlike for d = 6, we know
the complete set of mutually unbiased bases (MUBs). By

d ad

2 π
2

3 4π2

9+2
√
3π

4 2.42282

5 2.77184

6 3.10456

7 3.44975

TABLE III. Approximation of values Ld,N to aNd .

construction, the inequalities swipe over all possible sets
of MUBs, in which we can observe correlations.

[1] J.S. Bell, Physics 1, 195 (1964).
[2] A. Sen(De), U. Sen, M. Wieśniak, D. Kaszlikowski, and
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1 Introduction

A two-level system is an attractive way to detect small
external fields. The frequency of the qubit can be shifted
by external fields such as magnetic fields, electric fields,
temperature, and gravity [1, 2, 3]. Such a change in
frequency can be detected via a Ramsey type interfer-
ence experiment. Here, the target fields induce a relative
phase shift between quantum states of the qubit and such
a relative phase can produce measurable signals, which
we call a single-qubit sensing. One of the obstacles to re-
alize a sensitive field sensor with a qubit is decoherence
[4]. Coherent phase can be perturbed by a coupling with
the environment, and this decreases the signal to noise
ratio.
Quantum error correction (QEC) is one of the ways to

overcome decoherence problem [5, 6, 7, 8]. By encoding
the quantum information in a logical qubit with more
than a single qubit, we can detect and recover the er-
rors induced by unwanted coupling with the environment.
QEC has been proposed to realize a scalable quantum
computer, and there have been experimental demonstra-
tions in several systems such as superconducting qubits
[9, 10, 11, 12], nitrogen vacancy centers [13], and ion traps
[14]. Recently, magnetic field sensing with the QEC has
been proposed, and it has been shown that the sensitivity
is actually improved under specific conditions [5, 6, 7, 8].
QEC is not useful to suppress dephasing because an ac-
cumulated coherent phase shift from the target fields is
also suppressed by the QEC. So the QEC is useful for the
quantum field sensing when a bit-flip noise is the main
source of decoherence. Actually, there are experimental
reports with an nitrogen vacancy center and an optical
setup to demonstrate quantum metrology with the QEC
[?, 15]. An artificial bit-flip noise was applied, and the
improvement of the sensitivity due to the QEC was ob-
served. However, to our knowledge, there has not yet
been any experimental demonstration to observe the en-
hancement of the sensitivity by the QEC under the effect
of a natural environment.
In solid state systems, there are two relevant decoher-

ence sources, low-frequency dephasing and energy relax-
ation [16]. Importantly, we can remove the low-frequency
dephasing by the dynamical decoupling [17], which is use-
ful when we measure time oscillating fields [18]. In this
case, the coherence time is limited by the energy relax-

∗matsuzaki.yuichiro@lab.ntt.co.jp

ation [19, 20]. So it is important to study the perfor-
mance of quantum metrology under the effect of energy
relaxation.
In this paper, we show an advantage to use quantum

error detection (QED) for quantum metrology under the
effect of energy relaxation [21] where we adopt a posts-
election to discard the state when an error is detected.
Interestingly, we have shown that quantum sensing with
QEC shows no advantage over the single-qubit sensor
when energy relaxation is the main source of decoherence.
Importantly, the energy relaxation induces not only the
bit-flip noise but also the phase-flip noise, and the QEC
is not useful to suppress the phase noise to improve the
sensitivity of the metrology. On the other hand, we have
found that, despite the cost of the postselection tech-
nique, quantum sensing with QED shows better perfor-
mance than the standard single-qubit sensing with energy
relaxation.
Let us review the quantum metrology with the stan-

dard single-qubit sensing [4].The Hamiltonian is given as
H = ω

2 σ̂z. where ω denotes a frequency shift due to the
target fields. We assume that the state is affected by an
energy relaxation. Such a dynamics can be described by
the Lindblad type master equation as follows [22, 23].

dρ

dt
= −i[H, ρ]− Γ(1− s)[σ̂+σ̂−ρ+ ρσ̂+σ̂− − 2σ̂−ρσ̂+]

−Γs[σ̂+σ̂−ρ+ ρσ̂+σ̂− − 2σ̂−ρσ̂+] (1)

where Γ denotes the decay rate and s is a parameter
corresponding to the temperature of the bath [?]. To
sense the target fields, we consider the following sequence.
First, we prepare a state of |ϕ⟩ = 1√

2
(|0⟩ + |1⟩). Sec-

ond, let this state evolves for a time t. Finally, we
perform a projective measurement about σ̂y. We de-
fine a probability to project the state into 1√

2
(|0⟩+ i|1⟩)

as P+1. We repeat this experiment during the given
time of T . The uncertainty of the estimation is given

as δω =

√
P+1(1−P+1)

| dP+1
dω |

1√
N

where N denotes a number of

the repetition. We assume that we can prepare the ini-
tial state and measure the state with much shorter time
scale than the interaction time t, and the repetition num-
ber is approximated as N = T

t . Also, we aim to detect
weak fields such as ωt ≪ 1. For a single-qubit sensor,
the uncertainty is δω = 2.33√

T/Γ
where we choose t = 1

2Γ to

minimize the uncertainty.
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Next, we study the effect of energy relaxation for quan-
tum metrology with the QEC using a two-qubit system
where one of them is called a probe qubit and the other is
called a memory qubit [5, 6, 7, 8]. The probe (memory)
qubit is strongly (weakly) coupled with the fields while
the coherence time is short (long). The Hamiltonian is

given as H = ω
2 σ̂

(p)
z + ω′

2 σ̂
(m)
z where ω (ω′) denotes the

frequency shift of the probe (memory) qubit. We con-
sider the case of ω ≫ ω′, and so we can drop the term of
ω′

2 σ̂
(m)
z from the Hamiltonian. We adopt the same form

of the Lindblad master equation in the Eq. 1 where only
probe qubit is affected by the energy relaxation. To per-
form the QEC for the two-qubit system, parity measure-
ments are required [5, 6, 7, 8], which are defined by pro-
jective operators of P̂odd = |01⟩pm⟨01| + |10⟩pm⟨10| and
P̂odd = |00⟩pm⟨00| + |11⟩pm⟨11|. The quantum metrol-
ogy with the QEC can be performed as follows. First,
prepare a state of |ϕ0⟩ = 1√

2
(|00⟩pm + |11⟩pm). Second,

let the state evolve for a time t
n where n denotes the

number of the performed parity measurements during a
single sequence. Thirdly, we implement the parity mea-
surements. If the parity is odd, we apply a bit flip oper-

ation of σ̂
(p)
x on the probe qubit. Finally, after repeating

the second and third step n times, we readout the states

with projective operators as P̂(f)
± = |ϕ(±)

f ⟩pm⟨ϕ(±)
f | where

|ϕ±f ⟩ = 1√
2
(|00⟩pm ± i|11⟩pm). We calculate the uncer-

tainty δω for the quantum sensing with the QEC, and
we analytically (numerically) show that this uncertainty
becomes the same as that for the standard single-qubit
sensing for the case of n = 1 (n ≥ 2). Therefore, the
QEC does not improve the sensitivity of the quantum
metrology over the single-qubit strategy under the effect
of the energy relaxation.
We discuss intuitive reasons why the quantum metrol-

ogy with QEC has the same sensitivity as the standard
single-qubit sensing. By solving the Lindblad master
equation in the Eq. (1), we confirm that the state is
affected by three type of Pauli noise: σ̂x, σ̂y, and σ̂z [24].
Since the initial state is an eigenstate of σ̂x for the single-
qubit sensing, the effect of σ̂x noise is relatively small as
long as the frequency shift ω is small, and so σ̂y and σ̂z
errors mainly induce decoherence. On the other hand,

if we use a two-qubit encoded state for the QEC, σ̂
(p)
x ,

σ̂
(p)
y , and σ̂

(p)
z are all relevant sources of decoherence.

Also, if σ̂
(p)
y is applied on the state due to decoherence,

this can be detected by the parity measurements, and an
implementation of the correction during the QEC cycle

transforms this noise into σ̂
(p)
z noise, which is indistin-

guishable from the coherent phase shift from the target
fields. So, even if we use QEC for quantum sensing, two

Pauli noise (σ̂
(p)
y and σ̂

(p)
z ) still affects the coherence time

of the states, which is similar to the single-qubit sensing.
This could explain the reason why the QEC cannot im-
prove the sensitivity.
We introduce our scheme to use the QED for quan-

tum metrology. After the preparation of the initial state
of 1√

2
(|00⟩pm + |11⟩pm), we frequently perform the par-

ity measurements with a time period of t
n as we do in

Figure 1: The protocol to perform an adaptive feedback
in our QED strategy to estimate the target magnetic
fields.

the QEC scheme. The difference is that, whenever the
result of the parity measurement is odd, we immedi-
ately initialize the state, and prepare the initial state
of 1√

2
(|00⟩pm + |11⟩pm) for the next round. We show the

details of our sequence in Fig. 1.
Also, we consider an effect of imperfect parity pro-

jections. When the parity is even, the state becomes

ρ′ = (1 − ϵ) P̂evenρP̂even

Tr[P̂evenρP̂even]
+ ϵ 14 1̂pm where ρ (ρ′) denotes

a state before (after) the parity measurement and ϵ de-
notes an error rate. Moreover, we take the time cost
of the postselection into account in our calculation. We
plot the results in the Fig. 2, and show that the un-
certainty of the estimation becomes 0.68 times smaller
than that of the standard single-qubit scheme for s = 0.5
and ϵ = 0.02 by optimizing t and n. Also, for ϵ = 0.02,
we have confirmed that the uncertainty with our QED
scheme is always smaller than that of the single-qubit
scheme for any other values of s, which shows a clear
advantage to use the QED. This is a consequence from
the fact that we can eliminate the degrading effect of

both σ̂
(p)
x and σ̂

(p)
y via the QED. So only σ̂

(p)
z is the rel-

evant noise for the QED scheme, while the single-qubit
scheme is affected by two Pauli errors. It is worth men-
tioning that recent development of quantum state control
technology let experimentalists achieve an accurate gate
control for single-qubit and two-qubit gate with a fidelity
of 99% by using an Nitrogen vacancy (NV) center in di-
amond [25]. Since the NV center has an electron spin for
the probe and a nuclear spin for the memory, our scheme
may be realized by this system.
In conclusion, we have investigated a performance of

quantum error correction and quantum error detection
in quantum metrology under the effect of energy relax-
ation. In quantum error correction, we perform a cor-
rection when an error is detected. On the other hand,
in quantum error detection, we adopt postselection to
discard the state when error is detected. Surprisingly,
although quantum error correction is believed to be use-
ful for quantum metrology, we have shown that quan-
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Figure 2: Uncertainty of the estimation of the magnetic
fields by using imperfect parity projections with a finite
error rate of ϵ. Here we fix s = 0.5, Γ = 1, and ϵ = 0.02

tum error correction does not improve the sensitivity of
quantum sensing under the effect of energy relaxation.
However, a quantum error detection shows an advantage
in sensing over a single-qubit scheme in the same condi-
tions, even when quantum error detection is moderately
noisy. Since energy relaxation is the typical noise types
in solid state systems, our results pave a way to realize a
practical quantum enhanced sensor.
This work was supported by JSPS KAKENHI Grant

No. 15K17732 and partly supported by MEXT KAK-
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Optimizing Quantum Walk Search on a Reduced Uniform Complete
Multi-Partite Graph
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Abstract. In a recent work by Novo et al. (Sci. Rep. 5, 13304, 2015), the invariant subspace method
was applied to the study of continuous-time quantum walk (CTQW). The method helps to reduce a graph
into a simpler version that allows more transparent analyses of the quantum walk model. In this work,
we adopt the aforementioned method to investigate the optimality of a quantum walk search of a marked
element on a uniform complete multi-partite graph. We formulate the eigenbasis that would facilitate the
transport between the two lowest energy eigenstates and demonstrate how to set the appropriate coupling
factor to preserve the optimality.

Keywords: continuous time quantum walk, Lanczos algorithm, coupling factor, optimization

1 Introduction

Quantum walks can be formulated in both discrete
time [1] and continuous time [3] versions. In this work,
we focus on the study of continuous-time quantum
walk (CTQW), not only because it offers a simpler
physical picture but also it is less challenging to perform
CTQW experiments in comparison to their discrete-time
counterparts. We adopt the invariant subspace method
from Ref.[4], which allows us to perform a dimension-
ality reduction to simplify the analyses of CTQW on
a uniform complete multi-partite graph. In short, the
key is to transform the original graph to a much simpler
structure yet retain pertinent properties that we would
like to investigate, such as the optimality of a quantum
walk search. In this way, the analysis becomes more
transparent and the dynamics of the walker can be more
intuitively understood on an abstract level. Throughout
the text, we also refer to a multi-partite graph as a
P -partite with a slight twist on the standard notation.
The difference is that the whole graph has actually P +1
partitions where the extra one partition is the partition
that contains the solution (marked vertex).

The contribution from this work is as follows. By
applying the systematic dimensionality reduction tech-
nique via Lanczos algorithm, we extend the applicable
graphs from complete graphs, complete bipartite graphs
and star graphs [4] to uniform complete multi-partite
graphs. We extend a reduction scheme to transform an
arbitrary N by N adjacency matrix Ha of a uniform
complete multi-partite graph into a 3 by 3 reduced
Hamiltonian that has fast transport between its two
lowest eigenenergy states. We further parameterize
the coupling factor based on the configuration of a
given uniform complete multi-partite graph to keep the
CTQW search optimal.

∗chiangc@sunyit.edu
†changyuh@mit.edu

2 Invariant Subspace of a Quantum Walk

Continuous-time quantum walk on a graph is a quan-
tum dynamical process governed by a tight binding
Hamiltonian Ha. Alternatively, Ha is simply called the
adjacency matrix of the unweighted graph. A time-
evolved wave function on the graph is given by

|ψ(t)〉 = exp(−iHat)|ψ(0)〉

=

∞∑
n=0

(it)n

n!
Hn
a |ψ(0)〉

=
∞∑
n=0

(it)n

n!
|ψ(n)(0)〉. (1)

Due to the finite dimensionality of the Hilbert space,
the number of independent states I(Ha, |ψ(0)〉) ≡
span{|ψ(n)(0)〉 = Hn

a |ψ(0)〉} generated from the unitary
dynamics (equivalent to repeated actions of the Hamilto-
nian) is bounded by |V |, the cardinality of vertex set. Fol-
lowing Ref. [4], we designate I(Ha, |ψ(0)〉) as the invari-
ant subspace with respect to |ψ(0)〉. When the Hamilto-
nian features certain symmetries, the invariant subspace
could be much smaller than |V |. Let P be the projection
onto I(Ha, |ψ(0)〉), one finds the same unitary dynamics
can be generated by an effective Hamiltonian PHaP =
Hra, i.e exp(−iHat)|ψ(0)〉 = exp(−iHrat)|ψ(0)〉 for all
time t. In the following sections, we should apply this
concept to identify the invariant subspace of a marked
element |w〉 in multi-partite graphs and study the prop-
erties of CTQW in the reduced Hilbert space with an
effective Hamiltonian Hra.

3 Search in Uniform Complete Multi-
Partite Graphs

3.1 Dimensionality Reduction

A uniform complete P-paritite graph
G(V0, V1, ..., VP , E) has P + 1 sets of vertices that
each vertex vi in set Vj connects to all other vertices in
Vk as long as j 6= k. Let us denote this set of graphs
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as Km0,m1,··· ,mP
where mi = |Vj |,∀j ∈ {0, 1, 2, · · · , P}

such that (1)
∑P
i=0mi = N and (2) each partition is

of the same size except partition P0 where the market
element resides.

Without loss of generality, let us assume the marked
vertex |ω〉 is in V0. Define the subspace that is spanned
by |ω〉, |SV0−ω〉, |SV1

〉, · · · , |SVP
〉. Here

|SV0−ω〉 =
1√

m0 − 1

∑
i∈V0,i6=ω

|i〉, |SVi〉 =
1
√
mi

∑
j∈SVi

,i6=0

|j〉

By use of Lanczos algorithm and the property that
mi = mj ,∀i, j ∈ {1, 2, · · · , P}, we can obtain the reduced
adjacency Hamiltonian Hra in the (|ω〉, |SV0−ω〉, |SV̄0

〉)
basis as the following:

Hra =

 0 0 X1

0 0 X2√
N −m0

√
(N −m0)(m0 − 1) X3

 (2)

where |SV̄0
〉 = 1√

N−m0

∑P
i=1

√
mi|SVi

〉 and

X1 =
√
N −m0, X2 =

√
(N −m0)(m0 − 1), X3 =

(Pm1(N −m0 −m1))/(N −m0).

3.2 Optimality Preserving and Coupling Factor
Tuning

For simplicity, let us define α = m0

N and α1 = m1

N =
m2

N = · · · = mP

N . The Hamiltonian of a continuous quan-
tum walk is as [2]

Hseek = −γHra − |ω〉〈ω| (3)

where γ is the coupling parameter between connected
vertices. By Eqn.(2, 3), Hseek = H(0) + H(1) can be
expressed in the (ω, SV0−ω, SV̄0

) basis as

H(0) =

−1 0 0

0 0 −γN
√
α(1− α)

0 −γN
√
α(1− α) −γN((1− α)− Pα2

1

1−α )



H(1) =

 0 0 −γ
√

(1− α)N
0 0 0

−γ
√

(1− α)N 0 0

 .
It is worth noticing that the format of this reduced Hamil-
tonian differs from the format derived in [4] as ours has
a self loop for the basis vector SV̄0

.
The proof of optimality preserving relies on the fol-

lowing Theorems and Lemma. Theorem 1 provides us
the technique to construct desired reduced Hamiltonian
Hseek with self loop in the eigenbasis (|ω〉, |e1〉, |e2〉) of
H(0). Lemma 2 discovers important properties of Hamil-
tonian Hseek to be used in Theorem 3. Theorem 3 shows
the necessary condition for fast transport and Theorem 4
shows how to choose the right coupling factor γ with fast
transport for uniform complete P -partite graphs. Finally
Theorem 5 shows the optimality is preserved when γ is
based on Theorem 4.

Theorem 1 Given a reduced Hamiltonian H =
H(0) +H(1) in the (|ω〉, |b1〉, |b2〉) basis where

H(0) =

−1 0 0
0 0 v1

0 v1 v3

 , H(1) =

 0 0 v2

0 0 0
v2 0 0

,

v1 and v2 are negative numbers and v3 is a non-positive
number, v1/v2 ≥ 1 and the eigenvectors basis of H(0)

is (|ω〉, |e1〉, |e2〉). We know |e1〉 = (|b1〉+β+|b2〉)√
1+β2

+

and

|e2〉 = (|b1〉+β−|b2〉)√
1+β2

−
where β± = κ±

√
κ2+4
2 , κ = v3

v1
and

the corresponding eigenvalues are λ± = v1β±. H can be
written in the (|ω〉, |e1〉, |e2〉) eigenbasis as

H =


−1 v2

β+√
β2
++1

v2
β−√
β2
−+1

v2
√
β2
++1

β+−β−
λ+ 0

−v2
√
β2
−+1

β+−β−
0 λ−

 . (4)

Lemma 2 Given a reduced Hamiltonian H written in
the (|ω〉, |e1〉, |e2〉) basis shown in Theorem 1, (a) the ma-
trix H is symmetric (b) v1/v2 ≥ 1 and β+ > 0 > β− (c)

λ+ < 0, λ− > 0 and δ1 = v2
β+√
β2
++1

< 0, δ2 = v2
β−√
β2
−+1

>

0.
By use of Lemma 2, then H can be written in the

(|ω〉, |e1〉, |e2〉) basis as

H =

−1 δ1 δ2
δ1 λ+ 0
δ2 0 λ−

 (5)

where |ω〉 and |e1〉 can form the basis for the two states
of the lowest eigenvalue.

Theorem 3 Given a Hamiltonian H in the form shown
in Lemma 2, it is desirable to have λ+ = −1 such that
|ω〉 and |e1〉 form the basis for the two states of the
lowest eigenvalue. Suppose v1 is a function of a vari-
able γ and some constants N and α. That is v1 =
−γN(

√
α(1− α)). Then the degeneracy between site en-

ergies of |ω〉 and |e1〉 facilitates transport between these
two states, hence γ = (N

√
α(1− α)β+)−1. The trans-

port between |ω〉 and |e2〉 is prohibited by the energy gap
between them since δ2 is much smaller than λ−.

Theorem 4 Given a uniform complete P-partite graph
with an adjacency matrix Hamiltonian Ha, by use of The-
orem 1 we can obtain the reduced Hamiltonian Hseek as-
sociated with a coupling factor γ for the underlying con-
tinuous quantum walk. The coupling factor is determined
based on the following conditions:
(I) P = 1: γ = (N

√
α(1− α))−1

(IIA) 2 ≤ P ≤ N − 1 and α ∝ 1
N : γ = 1

N(1−Pα2
1)

;

(IIB) 2 ≤ P ≤ N − 1 and α ∝ 1 such as N−1
N : γ = 1√

N
;

(IIC) 2 ≤ P ≤ N − 1 and α is some constant: γ =
(N
√
α(1− α)β+)−1.
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Theorem 5 For γ chosen based on Theorem 4, the
underlying CTQW is optimal.
Proof. Since 〈e1|Hseek|ω〉 = |δ1| = | v2β+√

β2
++1
| and

v2 = −γ
√
N(1− α), let us verify the existence of

optimality when the coupling factor is chosen based on
Theorem 4.
(I) P = 1: Clearly β± = ±1 and |δ1| = 1√

2αN
. Optimal-

ity is preserved as shown in [4].

Since 1 ≤ β+ ≤
√
N for a large N , we have the following:

(IIA) 2 ≤ P ≤ N−1 and α ∝ 1
N : Since κ ∝

√
N − 1 and

γ ' N−1 from Theorem 4 (IIA), it implies β+ '
√
N .

We can further obtain |δ1| ∝ |v2| ∝
√
N−1
N ' 1√

N
.

(IIB) 2 ≤ P ≤ N − 1 and α ∝ 1 such as N−1
N : Since

κ ∝ 1/
√
N − 1 and γ ' 1/

√
N from Theorem 4 (IIB),

we know β+ ' 1 then |δ1| ∝ |v2/
√

2| ∝ γ/
√

2 ' 1√
2N

.

(IIC) 2 ≤ P ≤ N−1 and α is some constant: Since |δ1| =
1/(
√
Nα(β2

+ + 1)) and α(β2
+ + 1) < 2.2, the quadratic

speed-up is preserved as |δ1| is at least 1√
2.2N

.

Finally, let the overlap between |e1〉 and |s〉 be defined as

PO = |〈e1|s〉|2 =
∣∣∣
√

α
β2
+
− 1

β2
+N

+
√

1− α√
1 + 1

β2
+

∣∣∣2. (6)

Since 1/N ≤ α ≤ (N − 1)/N and 1 ≤ β+ ≤
√
N ,

the only time PO could be exponentially small is when
α ∝ (N − 1)/N . But when α ∝ (N − 1)/N , we know
β+ ∝ 1 from IIB. Hence, PO remains as some constant
that is not exponentially small.

From the facts I, IIA, IIB, IIC and PO is some non-
exponentially small constant, we conclude that when γ
is chosen based on Theorem 4, the underlying CTQW
remains optimal as the quadratic speed-up is preserved.

4 Specific Examples

Given a uniform complete P-partite graph (UCPG)
G = (V,E), we know P ∗m1 +m0 = N and the X3entry
for Hra for an UCPG can be simplified as (N−m0)(1− 1

P )

since P∗m1(N−m0−m1)
N−m0

= (N−m0)(1− 1
P ). We can easily

translate the UCPG into the three extreme graphs; com-
plete graph, bipartite graph and star graph, as demon-
strated in [4] by simply choose the right value for P and
m0.

5 Discussion

The notion of invariant subspaces[4] of continuous-
time quantum walk (CTQW) problems is a powerful
technique that simplifies the analyses of various quantum
walk related studies such as the spatial search algorithm,
quantum transport, and quantum state transfer. In
essence, it maps a spatial search algorithm to a transport
problem on a reduced graph. The dimensional reduction
is purposely constructed to preserve the dynamical
evolution of a walker. Hence, any quantum walker

optimization on a reduced graph guarantees an optimiza-
tion on the original graph. In this work, we apply this
technique to deduce an appropriate coupling factor for
the underlying CTQW to run optimally (to keep the
quadratic speed-up with running time O(

√
N)) for a

spatial search. We generalize the result in [4] from com-
plete graphs (CG), complete bipartite-graphs (CBG) and
star graphs (SG) to uniform complete P-partite graphs
(UCPG). It is clear that UCPG could be non-regular
or regular based on the constraints we impose. More
specifically, we (1) derive the formula for the coupling
factor γ and (2) show that CTQW constructed based on
our choice of coupling factor will remain optimal.

To demonstrate the validity of our main results in
section 3, we show the how to translate a UCPG graph
to CG, CBG and SG. It is clear we have the hierarchy
CG,CBG,SG ⊂ UCPG by simply adding constraints
on the general class to form more limited classes as
explained in section 4. We further verify our work by
examining our conclusion on UCPG with the CG, CBG
and SG cases shown in [4]. Our coupling factor formula
acting on the reduced UCPG echoes the results shown in
the CG, CBG and SG cases.

The proof of the optimality is two-fold. The speed
of the CTQW is based on (1) the transport efficiency
between the two lowest energy eigenstates (one is the
marked state |ω〉 and the other state is |e1〉) and (2)
the overlap between the initial state |s〉 and the |e1〉 in
the invariant subspace. We showed that the transport
efficiency preserved the quadratic speed-up and the
overlap is some constant that does not scale with the
inverse N (that is to say it would not be exponentially
small). Therefore, the CTQW based on a coupling factor
determined by our formula will remain optimal.
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Experimental entropic test of quantum contextuality in photonic system
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Abstract. Contextuality is an essential characteristic of quantum theory, and supplies the power for
many quantum information processes. Previous tests of contextuality focus mainly on the probability
distribution of measurement results. We report the first experimental test of contextuality based on
conditional entropies of measurement results. The entropic contextual inequality is violated with more
than 13 standard deviations, which shows that no such classical model can exist that correctly describes
the results of a simple set of pairwise compatible measurements. The information-theoretic approach to
state-dependent contextuality provides a general treatment of nonclassical correlations.

Keywords: contextuality, entropic contextual test, information-theoretic approach

Introduction:-Entropy is a key concept in both classical
and quantum information theory and provides a simple
characterization of classical and quantum correlations.
Entropy can be used to develop a framework of new ap-
plications, such as information entropic inequalities are
used as a fundamental tool in the context of quantum
information processing and measurement. In informa-
tion theory, the relation between different events can be
quantified by the notion of conditional entropy. It was
successfully applied to study the relation between sep-
arated measurements on different parts of an entangled
quantum system. The conditional entropies for measure-
ments on such systems do not obey classical properties of
entropy, which is yet another manifestation of quantum
nonlocality. As a consequence, Braunstein and Caves
proposed that entropic Bells inequality can be used to
test local realism, and argued that if local realism holds,
then the joint Shannon entropies have to satisfy a certain
form of inequalities.
Classical properties of entropy also fail do describe

measurements in contextual scenarios. In the classical
world, the outcomes of measurements are preassigned
probabilities according to a joint probability distribu-
tion. This defines the nonconextuality that the results of
a measurement are independent of other measurements
performed on the same system. In quantum theory, the
lack of joint probability distribution for a set of pairwise
compatible measurements, even though there exists joint
probabilities for each pair of compatible measurements,
implies the existence of quantum contextuality. Entropic
test of quantum contextuality has been studied theoret-
ically [1]. The violation of the entropic contextual in-
equality indicates that the joint probability distribution
does not exist. Insistence on a joint probability distribu-
tion would result in negative information whose deficit is
measured by the violation of the inequality. In this pa-
per, we experimentally study the contextuality of a three-
level quantum system using classical conditional entropy

∗gnep.eux@gmail.com

of measurement outcomes and provide the first experi-
mental violation of the entropic contextual inequality by
13 standard deviations. This paves the way to compact
and portable devices for contextuality-based quantum-
powered protocols.
Ideas:-When a measurement is compatible with each of

two other measurements that are incompatible with one
another, these define distinct contexts for the given mea-
surements. The noncontextuality theorem rules out mod-
els of quantum theory that satisfy a particular assump-
tion of context-independence. First we briefly review the
notion of compatibility. Consider two measurements A
and B, which accept an input system and output random
variables a and b, respectively. A and B are compatible
if there is conditional distribution, i.e., the probabilities
of outputs a and b equal to the marginal probabilities of
the joint probabilities p(A = a,B = b) of measurement
results of context {A,B},

p(A = a) =
∑
b

p(A = a,B = b),

p(B = b) =
∑
a

p(A = a,B = b).
(1)

Now we consider what these notions of compatibility
correspond to in quantum theory. In quantum theory
the measurements A and B are represented by projective
measurements. Then A and B are compatible if they are
orthogonal

⟨A|B⟩ = 0. (2)

We study the contextuality of a three-level quantum
system using classical conditional entropy of measure-
ment outcomes [1]. At least five projective measure-
ments M = {A1, A2, . . . , A5} where Ai = |Ai⟩⟨Ai| sat-
isfies cyclic orthogonality restriction ⟨Ai|Ai+1⟩ = 0 and
the subscript is modulo five, are required to show the lack
of joint probability distribution and to reveal the contex-
tuality. In the measurement set M, neighboring projec-
tors are jointly measurable due to their orthogonality. As
a result, for every projector Ai there exist two contexts
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Figure 1: (a) Single photons are distributed in
three modes, which represent the basis states |Ai+1⟩,
|Ai ×Ai+1⟩, and |Ai⟩. (b) A transformation Ti+1→i−1

is applied to the two upper modes, and the basis states
are transformed into |Ai−1⟩ and |Ai−1 ×Ai⟩. The lower
mode is kept completely unchanged. (c) An example of
realizing the projective measurements {A1, A2}. (d) Con-
ceptual scheme for the measurements {A5, A1}.

{Ai, Ai±1}. Therefore, although there are joint proba-
bility distributions p(Ai, Aj) of each pair of compatible
measurements, a joint probability distribution of all the
five measurements is absent in quantum theory, which
imposes the conflict with the noncontextual assumption.
With the assumption of noncontextual description of

the measurements inM, i.e., there exists a joint probabil-
ity distribution for all five projectors p(A1, A2, . . . , A5),
one can define a joint entropy [1]

H(A1, . . . , A5) =

4∑
i=1

H(Ai|Ai+1, . . . , A5) +H(A5) (3)

with the application of the chain rule H(A,B) =
H(A|B) + H(B), where the Shannon entropy H(A) =
−
∑
a p(A = a) log p(A = a), conditional entropy

H(A|B) =
∑
b p(B = b)H(A|B = b), and joint entropy

H(A,B) = −
∑
a

∑
b p(A = a,B = b) log p(A = a,B =

b). With application of the relation H(A|B) ≤ H(A) ≤
H(A,B), the entropic contextual inequality is yielded [1]

C = H(A1|A5)−
4∑
i=1

H(Ai|Ai+1) ≤ 0. (4)

The maximal violation of the inequality for a three-
level system [1] is numerically solved with the input state
|ψ⟩ = (sin θ, cos θ, 0)T and projectors |Ai⟩ as [1]

|A1⟩ =
(√

cos 2ϕ√
2 cosϕ

,
tanϕ√

2
,
1√
2

)T

,

|A2⟩ = (0, cosϕ,− sinϕ)T, |A3⟩ = (1, 0, 0)T,

|A4⟩ = (0, cosϕ, sinϕ)T, |A5⟩ = |A1 ×A4⟩ ,

where |Ai ×Aj⟩ = (|Ai⟩×|Aj⟩)/(|| |Ai⟩×|Aj⟩ ||) denotes
a normalized projector orthogonal to both |Ai⟩ and |Aj⟩.
The maximal violation of the inequality Cmax = 0.0911
exists when the parameters θ = 0.2366 and ϕ = 0.1698.
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Figure 2: Experimental setup. In the type-I spontaneous
parametric down-conversion process, pairs of 780nm pho-
tons are created both in horizontally polarized state. One
photon is detected by trigger detector to herald the other
photon which is guided to the optical circuit. The polar-
ization beam splitter (PBS) is used to filter the unwanted
vertical polarization and initializing the photon into hori-
zontally polarized. The half-wave plates (HWPs) H0 and
H1 are used to prepare the photonic three-level system
in the basis state |A4⟩, |A5⟩, and |A4 ×A5⟩. Different
spatial modes are split and combined using calcite beam
displacers (BDs). The HWPs H4, H5, and H8 are used
to switch on or off the transformations between differ-
ent bases. The HWPs H2, H3, H6, and H7 are used to
compensate the different path lengths between the two
spatial modes and flip the polarization. The photons
are detected by the single-photon avalanche photo diodes
(APDs).

Experimental scheme:-The entropic inequality can be
tested experimentally if we assume that a long series of
individual experimental runs would result in a fair sam-
pling of a joint probability distribution. In Fig. 1(a),
we prepare single photons, each distributed among three
modes. The two outcomes of a given measurement are
monitored by detectors. For example, the outcomes of
the measurement Ai+1 are given by the response of the
upper detector D, and we assign value to the outcome
as a1 = 1 if it clicked, and 0 if not. Similarly, the out-
comes of measurement Ai are given by the response of
the lower detector D’. By measuring Ai and Ai+1 to-
gether for a number of photons we obtain the average
value ⟨AiAi+1⟩. To measure the other context {Ai−1Ai},
we perform a transformation Ti+1→i−1 on the two upper
modes in Fig. 1(b). The lower detector still measures
the outcome of Ai, while the upper detector defines a
different measurement Ai−1. For any specific run of the
experiment it appears reasonable to assume that whether
or not detector Ai clicks must be independent of whether
we apply the transformation to the other two modes or
not. The other detector (not shown in Fig. 1 on the mode
corresponding to the state distinguishes the non-click of
both detectors from the case that no photon arrives.
In our experiment, at the first stage of measurement

the response of two detectors monitoring the optical
modes defines a pair of measurements {A4, A5}. The
photons in the hybrid optical modes are then split into
three spatial modes and the output of three detectors re-
veal the measurement results of context {A4, A5}. The
transformation T5→3 is applied on the two upper modes
to transform the basis to A3A4 and the average value
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⟨A3A4⟩ is obtained by measuring A3 and A4 together
for a number of single photons. The cascaded transfor-
mations T5→3 and T4→2 are applied and we obtain the
average value ⟨A2A3⟩. Similarly we obtain ⟨A1A2⟩ by
applying the cascaded transformations T5→3 on the two
upper modes, T4→2 on the two lower modes and T3→1

on the two upper modes in Fig. 1(c). The transforma-
tions are applied, each time changing one measurement
and leaving the other unaffected. Finally, the measure-
ment of context {A5, A1} is realized by applying all the
transformations and at the same time blocking the spa-
tial mode corresponding to the outcome a5 = 0(1) of the
projector A5 in Fig. 1(d). We only apply the projective
measurement A1 and the outcome a1 gives the outcome
of the joint measurement (a5 = 1(0), a1).
Experimental test:-The experimental setup is shown

in Fig. 2. In the type-I spontaneous parametric down-
conversion process, pairs of 780nm photons are created
both in horizontally polarized state. Triggering on one
photon prepares the other photon into a horizontally po-
larized single-photon state. Two of the three modes are
realized as two polarizations of a single spatial mode.
Different spatial modes are split and combined using cal-
cite beam displacers. The transformations can be imple-
mented using half-wave plates acting on the two polariza-
tion modes propagating in the same spatial mode. The
transformations are activated and deactivated by tuning
the setting angles of the certain half-wave plates for re-
alizing the projective measurements.
Photons are detected by single-photon detectors. We

only register the coincidences between the detectors D1,
D2 and D3 and the trigger one with a 3ns coincidence
time window. The two-fold clicks of the detectors pro-
vide the outcomes of measurements {Ai, Ai+1} as (Ai =
1, Ai+1 = 0), (Ai = 0, Ai+1 = 1) and (Ai = 0, Ai+1 = 0),
respectively. The outcome (Ai = 1, Ai+1 = 1) is as-
signed by the three-fold coincidence clicks of two detec-
tors corresponding to the projectors Ai and Ai+1 and
the trigger one. Since we use heralded single photons,
the probability of the three-fold coincidences is of order
10−4 and is negligible. It agrees with the fact that the
result (Ai = 1, Ai+1 = 1) corresponds to an impossi-
ble event that a vector is simultaneously proportional
to two orthogonal vectors. For each measurement, we
record clicks for 5s, and register about 40000 single pho-
tons. After correcting the counts by the relative effi-
ciencies of the different detectors, the photon counts are
used to construct the measured probabilities. The mea-
sured probabilities are then used to calculate the condi-
tional entropies H(Ai|Ai+1) to evaluate the value C in
the entropic contextulity inequity. The experimental re-
sult C = 0.0881 ± 0.0063 violates the noncontextuality
bound of inequality by 13 standard deviations and fits
well with the theoretical prediction 0.0911 [1].
The compatibility of measurements in contexts and the

identity relation between the same measurement in dif-
ferent contexts, are two important issues in the exper-
iment to test contextuality. The compatibility between
two measurements {Ai, Ai+1} (i = 1, ...4) in our experi-

ment is enforced by the experimental setup as the basis
states |Ai⟩ are represented by photons in the different
modes and the outcomes of the measurements are mon-
itored by the detectors in the different modes. Thus the
projectors {Ai, Ai+1} (i = 1, ...4) are pairwise orthogonal
in principle. The compatibility between A5 and A1 de-
pendents on the accuracy of the optical circuit, especially
the precision of the half-wave plates and the visibility of
the interference built by each pair of beam displacers. In
our experiment, the uncertainty of the setting angles of
half-wave plates is about 1◦, and the visibility of each in-
terference built by pair of beam displacers is larger than
99.8%. The probability p(A5 = 1|A1 = 1) = 0.0006(1)
denotes that ⟨A5|A1⟩ ≃ 0, i.e., A1 and A5 can be re-
garded to be orthogonal. A1 and A5 are compatible in
our experiment within acceptable errors. All the pro-
jective measurements in our experiment are performed
via a single optical circuit which can be tuned to vari-
ous configurations when it is needed for measuring dif-
ferent contexts. It ensures that the same measurement
in two different contexts are undoubtedly operationally
equivalent. Furthermore, unlike the method in, the mea-
surement {A5, A1} is realized by blocking the photons
in certain spatial modes rather than blocking the pho-
tons with certain polarizations. Therefore the blocking
process does not introduce any unwanted bias (such as
the probability of transmitting vertically polarized pho-
ton due to unperfect splitting ratio or the changes in the
optical length between different spatial modes) to the fol-
lowing optical circuit.
Detector efficiencies and losses in the setup open up

the detection loophole in our experiment. Thus, a fair-
sampling assumption is taken in our experiment, which
assumes all the events recorded by the detectors are un-
biased representative samples of all created photons.
The experiment accounts for the coincidence between

the trigger and two of the detectors (D1, D2 and D3),
which gives the rational negligible probability with single
photon while it is invalid with classical light. our setup
offers a contextuality test in novel ways that cannot be
achieved using classical light.
Summary:-We study the contextuality of a three-level

quantum system using classical conditional entropy of
measurement outcomes experimentally. Our experimen-
tal results show a violation of the entropic contextual in-
equality with single photons. To our knowledge this is the
first rigorous demonstration of entropic text of quantum
contextuality. Our method to test the entropic contex-
tuality sheds new light on the conflict between quantum
mechanics and noncontextual realistic models, and paves
the way for further research on fundamental quantum
resources.
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Abstract. In order to guarantee the output of a quantum computation we usually assume that the com-
ponent devices are trusted and behave ideally. This assumption becomes difficult to justify experimentally
with increasing size of the computation and verifying the output becomes problematic. We introduce a
verification protocol in the context of measurement-based quantum computation with untrusted devices.
For a computation on n qubits, the overhead for our protocol scales as O(n4 log n).
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Quantum computation offers a novel way of process-
ing information and promises solution of some classically
intractable problems ranging from factorization of large
numbers [1] to simulation of quantum systems [2]. How-
ever, as quantum information processing technologies im-
prove, a natural question arises; “How can we guarantee
the computation outcome of a prepared quantum com-
putation machine?” For problems such as factorization,
this does not present an issue as verification takes the
form of simple multiplication of numbers. However, we
cannot deny a possibility that the constructed quantum
device suffers from unexpected noise or unaccounted cor-
relations between several subsystems resulting from our
insufficient experimental control. That is, we need to
guarantee (verify) the outcome without any noise model
and this task is called the verification of quantum com-
putation [3, 4, 5, 6, 7, 8, 9].

At first this may seem a daunting task, particularly
when considered in the context of quantum circuit model.
In order to verify the correctness of the output it would
appear that one needs to keep track of the entire dynam-
ics, effectively classically simulating the quantum com-
putation. This can of course be achieved only for the
smallest of quantum systems due to the exponential in-
crease in the dimensionality of the Hilbert space with
increasing system size.

Measurement-based model of quantum computation
(MBQC), is equivalent to the quantum circuit model
but uses non-unitary evolution to drive the computation
[10, 11, 12]. In this model, the computation begins with
preparation of an entangled multi-qubit resource state
and proceeds by local projective measurements on this
state that use up the initial entanglement.

In order to verify a quantum computation it is neces-
sary to guarantee the initial resource state as well as the
operation of quantum measurement devices. If the mea-
surement devices are ideal and therefore can be trusted,
it is sufficient to perform stabiliser test on the initial state
to guarantee the computation [13].

We propose a new hybrid protocol [14] that guarantees
the computation outcome without trusting the measure-
ment devices. We employ stabiliser test to guarantee the
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†cqtmich@nus.edu.sg

Figure 1: Triangular lattice is represented by a three-
colarable graph.

initial state as well as self-testing techniques to certify
the operation of quantum devices. Self-testing [15, 16]
is a statistical test that compares measured correlations
with the ideal ones and based on the closeness of these
two cases draws conclusions whether the real devices be-
have as instructed under a particular definition of equiv-
alence. Self-testing does not make any artificial assump-
tions about the Hilbert space structure of the devices
or the measurement operators corresponding to classical
outcomes observed.

Existing verification protocols have astronomical over-
head requirements [3, 4]. For a computation on n qubits
the number of copies required to verify the computation
using our protocol scales as O(n4 log n) as opposed to
O(nk), where k > 8000 in the case of [3], and O(n22) in
[4]. Same scaling as ours has been achieved by protocol
in [5] using measurements with complex coefficients and
verification tools developed in [8].

We consider a particular universal set of measurements
given by Pauli X, Z, A(0) and A(1), where A(i) =
(X + (−1)iZ)/

√
2, acting on a triangular graph state

[17] pictured in FIG. 1, avoiding complications with self-
testing measurements with complex coefficients. The ba-
sic building block of our protocol is a self-testing routine
for two-qubit state |Φ′〉 = (|0,+〉 + |1,−〉)/

√
2 pictured
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Figure 2: Representation of the self-testing procedure for
the state (|0,+〉+ |1,−〉)/

√
2.

in FIG. 2. Here we use primes to denote real states and
real measurement operators that may deviate from the
ideal case. Self-testing of Bell states was considered in
[15, 16] and greatly simplified in [18]. However using
these particular tests would require O(n8) copies of Bell
pairs therefore we consider a modified test with differ-
ent measurement settings which reduce the overhead to
O(n4).

We prepare 8m copies of the state |Φ′〉 which are ran-
domly split into 8 groups that are then measured with
8 different measurement settings to check the following
correlations,

〈X ′1Z ′2〉, 〈Z ′1X ′2〉 = 1,

〈A(0)′1(Z ′2 +X ′2)〉, 〈A(1)′1(Z ′2 −X ′2)〉 ≥
√

2− c1/
√
m,

|〈X ′1X ′2 + Z ′1Z
′
2〉| ≤ c1/

√
m,

where c1 quantifies the deviation from ideal correlations.
This leads to the following theorem.

Theorem 1 Given a significance level α and an accep-
tance probability β, there exists a pair of positive real
numbers c1 and c2 satisfying the following condition. If
the state (|0,+〉 + |1,−〉)/

√
2 and measurement are pre-

pared with no error, Bell pair test with the above c1 is
passed with probability β. Once the test with the above
c1 is passed, we can guarantee, with significance level α,
that there exists an isometry U : H′1 → H1 such that

‖UM ′1U† −M1‖ ≤ δ,

where δ := c2m
−1/4 is the required precision level and

M ∈ {X,Z,A(0), A(1)}.

Significance level α is the maximum passing probability
when at least one of the measured correlation inequalities
does not actually hold. The acceptance probability β is
also called the power of the test in hypothesis testing and
is the probability to accept the test in the ideal case. To

satisfy the detectability and the acceptability, α and β
are chosen to be constants close to 0 and 1, respectively,
which leads to their trade-off relation.

Next step is to generalise the above test to the case of
a triangular lattice |G′〉 being the initial state. In [14]
we show how the Bell pair test can be simply extended
to the triangular graph. This is achieved by starting
with the prepared triangular state and applying Pauli
Z ′ measurements and unitaries to transform the initial
state into a collection of states |Φ′〉 and subsequently
self-testing them as outlined above. The last part of our
protocol is the stabiliser test that tests the correlations
of the triangular lattice and certifies the correctness of
the initial state as shown in [13].

The full verification procedure starts by preparing
75m + 1 copies of the initial triangular graph state, di-
viding them randomly into 75+1 groups, where 1 copy is
left for the computation itself. This leads to the following
theorem.

Theorem 2 Given a significance level α and an accep-
tance probability β, there exists a pair of positive real
numbers c2 and c4 satisfying the following condition. If
the state |G〉 and our measurements are prepared with no
error, the test with c1 = c4(log n)1/2 is passed with proba-
bility β. Once the test with c1 = c4(log n)1/2 is passed, we
can guarantee, with significance level α, that there exist
local isometries Ui : H′i → Hi such that∥∥UiM

′
iU
†
i −Mi

∥∥ ≤ δ, Tr
[
σ(I − P ′)

]
≤ α

m

where δ := c2( logn
m )1/4, σ is the resultant state on the

final group, and P ∈ {P1, P2, P3} are POVM elements
corresponding to passing the stabiliser tests.

Theorem 2 can be used to show that an adaptive
POVM {M ′i}i on all the vertices ofthe graph state satis-
fies

‖UM ′iU† −M‖ ≤ 8nδ,

where the isometry is U = U1 ⊗ . . .⊗ Un. The prepared
initial state satisfies

‖UσU† − |G〉〈G|‖1 ≤ 6nδ +
3δ

m

Combining these expressions leads to a bound on the
probability of accepting an incorrect outcome of a com-
putation,

pincorrect ≤ 14nδ +
3α

m
,

where δ = O( logn
m )1/4. Choosing the number of copies of

the initial state m to scale as O(n4 log n) we are able to
achieve a constant bound for pincorrect.

Our protocol is related to measurement-only blind
quantum computation [9]. While our setting does not
consider explicitly any malicious party, the unexpected
error can be considered to be generated by such party.
Therefore, our result can be translated into the setting
of measurement-only blind quantum computation which
has been recently demonstrated experimentally in a pho-
tonic setup [19]. Ability to quickly generate and measure
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quantum states is essential in any verification protocol
therefore we believe that this setup shows great promise
for implementing the self-guaranteed protocol in the near
future. Further simplification compared to other existing
schemes is that we only require independence between 4
parts of our protocol, namely between the preparation
stage and the measurements on the 3 sets of vetices of
the triangular lattice corresponding to the 3 colours of
the underlying graph.
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tion of quantum computation. quant-ph/1512.04375,
2015.

[7] S. Barz, J. F. Fitzsimons, E. Kashefi, P. Walther.
Experimental verification of quantum computation.
Nature Physics 9, 727, 2013.

[8] J. F. Fitzsimons, E. Kashefi. Unconditionally veri-
fiable blind computation. Phys. Rev. A 96, 012303,
2017.

[9] T. Morimae. Verification for measurement-only blind
quantum computing. Phys. Rev. A 89, 060302, 2014.

[10] R. Raussendorf, H. J. Briegel. A one-way quantum
computer. Phys. Rev. Lett. 86, 5188, 2001.

[11] R. Raussendorf, D. E. Browne, H. J. Briegel.
Measurement-based quantum computation on cluster
states. Phys. Rev. Lett. 68, 022312, 2003.

[12] H. J. Briegel, D. E. Browne, W. Dür,
R. Raussendorf, and M. Van den Nest. Measurement-
based quantum computation. Nature Physics 5, 19,
2009.

[13] M. Hayashi, T. Morimae. Verifiable measurement-
only blind quantum computing with stabilizer testing.
Phys. Rev. Lett. 115, 220502, 2015.

[14] M. Hayashi, M. Hajdušek. Self-guaranteed
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Abstract. We present a scheme for teleporting a certain class of six-qubit state via an eight-qubit cluster
state as quantum channel. In our scheme, the sender merely needs to perform an eight-qubit von-Neumann
projective measurement, and the receiver gives a corresponding general evolution to restore the original
state. Our scheme is a deterministic scheme. Based on the comparison between our scheme and other
schemes proposed before, our scheme possesses higher intrinsic efficiency.
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1 Introduction
Quantum teleportation is an important research con-

tent in quantum information, and it has the main re-
search value in quantum computation and quantum com-
munication. In 1993 Bennett et al. firstly proposed
the concept of quantum teleportation [1], and designed
a theoretical scheme of quantum teleportation of two-
level particles. Research about quantum teleportation
has been constantly development, people proposed that
using EPR state [2], W state [3], GHZ state [4], Clus-
ter state et al. entangled state as quantum channel of
quantum teleportation. Among them, Cluster state has
the properties of GHZ and W entangled states [5]. When
the number of particles is more than three, cluster state
also has the characteristics of maximum connectedness
and a high persistency of entanglement[6, 7]. Therefore,
cluster state is widely used in quantum teleportation.
Transferring an arbitrary two-particle state by using a
one-dimensional cluster state of QT is proposed by X.
W. Wang et al. [8]. Binayak S. Choudhury proposed
quantum teleportation protocol of three-qubit state us-
ing four-qubit quantum channels [9]. Many teleportation
protocols using the multi-particle cluster state are pro-
posed [10].

In this paper, we use an eight-qubit cluster state to
teleport a six-qubit state. Firstly, the sender Alice op-
erates an eight-qubit von-Neumann projective measure-
ment. Then, Alice informs the receiver Bob of her mea-
sured results via the classical channel. To restore the
target state, Bob gives a corresponding general evolution
on his particles. The successful possibility of our scheme
is 1. In addition, we also compared our scheme with oth-
er schemes [9, 11], our scheme has the higher intrinsic
efficiency.

2 Main result
Alice wants to transmit an unknown six-qubit entan-

gled state to a distant receiver Bob. The six-qubit pure
quantum state is described as

∗zhaonan@xidian.edu.cn
†min-li-1025@163.com
‡nchen@mail.xidian.edu.cn

|χ⟩abcdef = (α |000000⟩+ β |000010⟩

+γ |111101⟩+ δ |111111⟩)abcdef
(1)

where|α|2 + |β|2 + |γ|2 + |δ|2 = 1. Suppose one quantum
channel shared between Alice and Bob : an eight-qubit
cluster state is given by,

|ϕ⟩12345678 = (α |00000000⟩+ β |00001001⟩
+γ |11110110⟩+ δ |11111111⟩)12345678

(2)

where the qubits a, b, c, d, e, f, 7 and 8 belong to Alice,
qubits 1, 2, 3, 4, 5 and 6 belong to Bob, respectively.

The details of the joint state of the six-qubit state and
the quantum channel is listed in Equation 19.

Consider mutually orthonormal eight-qubit states in
Alice′s possession

∣∣φi⟩
adcdef78

(i = 1, 2, · · · , 16)are given
by, ∣∣φ1⟩

abcdef78
=

1

2
(α |00000000⟩+ β |00001001⟩

+γ |11110110⟩+ δ |11111111⟩)abcdef78
(3)

∣∣φ2⟩
abcdef78

=
1

2
(α |00000000⟩ − β |00001001⟩

+γ |11110110⟩ − δ |11111111⟩)abcdef78
(4)

∣∣φ3⟩
abcdef78

=
1

2
(α |00000000⟩+ β |00001001⟩

−γ |11110110⟩ − δ |11111111⟩)abcdef78
(5)

∣∣φ4⟩
abcdef78

=
1

2
(α |00000000⟩ − β |00001001⟩

−γ |11110110⟩+ δ |11111111⟩)abcdef78
(6)

∣∣φ5⟩
abcdef78

=
1

2
(α |00000001⟩+ β |00001000⟩

+γ |11110111⟩+ δ |11111110⟩)abcdef78
(7)

∣∣φ6⟩
abcdef78

=
1

2
(α |00000001⟩ − β |00001000⟩

+γ |11110111⟩ − δ |11111110⟩)abcdef78
(8)

∣∣φ7⟩
abcdef78

=
1

2
(α |00000001⟩+ β |00001000⟩

−γ |11110111⟩ − δ |11111110⟩)abcdef78
(9)
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∣∣φ8⟩
abcdef78

=
1

2
(α |00000001⟩ − β |00001000⟩

−γ |11110111⟩+ δ |11111110⟩)abcdef78
(10)

∣∣φ9⟩
abcdef78

=
1

2
(α |00000010⟩+ β |00001000⟩

+γ |11110111⟩+ δ |11111101⟩)abcdef78
(11)

∣∣φ10⟩
abcdef78

=
1

2
(α |00000010⟩ − β |00001000⟩

+γ |11110111⟩ − δ |11111101⟩)abcdef78
(12)

∣∣φ11⟩
abcdef78

=
1

2
(α |00000010⟩+ β |00001000⟩

−γ |11110111⟩ − δ |11111101⟩)abcdef78
(13)

∣∣φ12⟩
abcdef78

=
1

2
(α |00000010⟩ − β |00001000⟩

−γ |11110111⟩+ δ |11111101⟩)abcdef78
(14)

∣∣φ13⟩
abcdef78

=
1

2
(α |00000011⟩+ β |00001010⟩

+γ |11110101⟩+ δ |11111110⟩)abcdef78
(15)

∣∣φ14⟩
abcdef78

=
1

2
(α |00000011⟩ − β |00001010⟩

+γ |11110101⟩ − δ |11111100⟩)abcdef78
(16)

∣∣φ15⟩
abcdef78

=
1

2
(α |00000011⟩+ β |00001010⟩

−γ |11110101⟩ − δ |11111100⟩)abcdef78
(17)

∣∣φ16⟩
abcdef78

=
1

2
(α |00000011⟩ − β |00001010⟩

−γ |11110101⟩+ δ |11111100⟩)abcdef78
(18)

After the measurement, Alice informs Bob of her mea-
surement result by the classical channel. Bob gives a
corresponding Pauli rotation, and restores the target s-
tate. Alice′s measured results, her communicated results
to Bob and Bob′s corresponding operations are listed in
Table 1.

In addition, we further compare our scheme with other
similar schemes proposed before. To compare the follow-
ing four aspects: the quantum resource expenditure, the
number of quantum channel, the classical resource expen-
diture and the intrinsic efficiency. They are summarized
in Table 2.

From Table 2, comparing our scheme to the Z and B
schemes, we can readily discover that our scheme has the
remarkable advantages of requiring fewer quantum chan-
nels, possessing higher intrinsic efficiency, and transmit-
ting more quantum information bits.

3 Conclusion
In summary, we propose a deterministic scheme for the

teleportation of a six-qubit state. We have explicitly giv-
en the required measurements for Alice and the specific
unit operations required for Bob to reconstruct the six-
qubit state. The successful possibility of our scheme is 1.
In section 2, we also have compared our scheme with oth-
er schemes on four aspects. Comparisons show that our
scheme has the remarkable advantages of requiring fewer
quantum channels, possessing higher intrinsic efficiency,
and transmitting more quantum information bits. In ad-
dition, based on the existing technologies our scheme is
feasible.
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|τ⟩ = |χ⟩abcdef ⊗ |ϕ⟩12345678

=
1

4

[∣∣φ1⟩
abcdef78

(α |000000⟩+ β |000010⟩+ γ |111101⟩+ δ |111111⟩)123456

+
∣∣φ2⟩

abcdef78
(α |000000⟩ − β |000010⟩+ γ |111101⟩ − δ |111111⟩)123456

+
∣∣φ3⟩

abcdef78
(α |000000⟩+ β |000010⟩ − γ |111101⟩ − δ |111111⟩)123456

+
∣∣φ4⟩

abcdef78
(α |000000⟩ − β |000010⟩ − γ |111101⟩+ δ |111111⟩)123456

+
∣∣φ5⟩

abcdef78
(α |000010⟩+ β |000000⟩+ γ |111111⟩+ δ |111101⟩)123456

+
∣∣φ6⟩

abcdef78
(α |000010⟩ − β |000000⟩+ γ |111111⟩ − δ |111101⟩)123456

+
∣∣φ7⟩

abcdef78
(α |000010⟩+ β |000000⟩ − γ |111111⟩ − δ |111101⟩)123456

+
∣∣φ8⟩

abcdef78
(α |000010⟩ − β |000000⟩ − γ |111111⟩+ δ |111101⟩)123456

+
∣∣φ9⟩

abcdef78
(α |111101⟩+ β |111111⟩+ γ |000000⟩+ δ |000010⟩)123456

+
∣∣φ10⟩

abcdef78
(α |111101⟩ − β |111111⟩+ γ |000000⟩ − δ |000010⟩)123456

+
∣∣φ11⟩

abcdef78
(α |111101⟩+ β |111111⟩ − γ |000000⟩ − δ |000010⟩)123456

+
∣∣φ12⟩

abcdef78
(α |111101⟩ − β |111111⟩ − γ |000000⟩+ δ |000010⟩)123456

+
∣∣φ13⟩

abcdef78
(α |111111⟩+ β |111101⟩+ γ |000010⟩+ δ |000000⟩)123456

+
∣∣φ14⟩

abcdef78
(α |111111⟩ − β |111101⟩+ γ |000010⟩ − δ |000000⟩)123456

+
∣∣φ15⟩

abcdef78
(α |111111⟩+ β |111101⟩ − γ |000010⟩ − δ |000000⟩)123456

+
∣∣φ16⟩

abcdef78
(α |111111⟩ − β |111101⟩ − γ |000010⟩+ δ |000000⟩)123456

]

(19)

Table 1: Strategy for recovering the six-qubit state
Alice′s
results

Classical
information Bob’s state Bob’s operation∣∣φ1

⟩
0000 α |000000⟩+ β |000010⟩+ γ |111101⟩+ δ |111111⟩ I ⊗ I ⊗ I ⊗ I ⊗ I ⊗ I∣∣φ2

⟩
0001 α |000000⟩ − β |000010⟩+ γ |111101⟩ − δ |111111⟩ I ⊗ I ⊗ I ⊗ I ⊗ δz ⊗ I∣∣φ3

⟩
0010 α |000000⟩+ β |000010⟩ − γ |111101⟩ − δ |111111⟩ I ⊗ I ⊗ I ⊗ δz ⊗ I ⊗ δz∣∣φ4

⟩
0011 α |000000⟩ − β |000010⟩ − γ |111101⟩+ δ |111111⟩ I ⊗ I ⊗ I ⊗ δz ⊗ δz ⊗ I∣∣φ5

⟩
0100 α |000010⟩+ β |000000⟩+ γ |111111⟩+ δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ δx ⊗ I∣∣φ6

⟩
0101 α |000010⟩ − β |000000⟩+ γ |111111⟩ − δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ iδy ⊗ I∣∣φ7

⟩
0110 α |000010⟩+ β |000000⟩ − γ |111111⟩ − δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ δx ⊗ δz∣∣φ8

⟩
0111 α |000010⟩ − β |000000⟩ − γ |111111⟩+ δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ iδy ⊗ δz∣∣φ9

⟩
1000 α |111101⟩+ β |111111⟩+ γ |000000⟩+ δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ I ⊗ δx∣∣φ10

⟩
1001 α |111101⟩ − β |111111⟩+ γ |000000⟩ − δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ δz ⊗ δx∣∣φ11

⟩
1010 α |111101⟩+ β |111111⟩ − γ |000000⟩ − δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ I ⊗ iδy∣∣φ12

⟩
1011 α |111101⟩ − β |111111⟩ − γ |000000⟩+ δ |000010⟩ δx⊗ δx⊗ δx⊗ iδy⊗ δz⊗ δx∣∣φ13

⟩
1100 α |111111⟩+ β |111101⟩+ γ |000010⟩+ δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ δx⊗ δx∣∣φ14

⟩
1101 α |111111⟩ − β |111101⟩+ γ |000010⟩ − δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ iδy⊗ δx∣∣φ15

⟩
1110 α |111111⟩+ β |111101⟩ − γ |000010⟩ − δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ δx⊗ iδy∣∣φ16

⟩
1111 α |111111⟩ − β |111101⟩ − γ |000010⟩+ δ |000000⟩ δx⊗δx⊗δx⊗ iδy⊗ iδy⊗δx

Table 2: Comparison between three prorocols

S QRE QC CRE QIBT η

Z 2 GHZ-like State 2 6 2 2/12
B 3 Four-qubit Cluster State 3 12 3 3/24
Our 1 Eight-qubit Cluster State 1 8 6 6/16

The Z,B, in turn, on behalf of Ref [9, 11]. The intrinsic efficiency of the communication scheme
is defined [12] as η = qs/ (qu + bt), where qs is the number of qubits that consist of the quantum
information to be exchanged, qu is the number of the qubits which are used as the quantum channel
(except for those chosen for security checking), bt is the classical bits transmitted
QRE quantum resource expenditure, QC the number of quantum channel, CRE classical resource
expenditure, QIBT quantum information bits transmitted
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MATRIX PRODUCT STATE METHODS FOR PREDICTIVE
MODEL

CHENGRAN YANG1,∗, FELIX BINDER1,VARUN NARASIMHACHAR1, MILE GU1,2

1) OVERVIEW
Predictive models use a stochastic process’s past to
predict its future [1]. Among them, ε machines re-
quire the least memory. Quantum ε machines use
quantum storage to further reduce the memory re-
quirement [2, 3].
Matrix product states (MPS) are mathematical tools
used to simplify the representation of quantum
states in condensed matter physics [4]. Here we ap-
ply MPS to the states of quantum ε machines, open-
ing up potential for adapting insights from MPS the-
ory to understanding stochastic processes. To illus-
trate, we present a simple MPS-based derivation of
the memory size of a quantum ε machine.

2) ε MACHINE
Discrete stochastic process with alphabet X :

p(←→x ),←→x ≡ · · ·x−1x0x1 · · · , xi ∈ X

Predictive model: Predict the future according to
the given the past.

Causal states Sk: Partitions of the set {←−x } of all
pasts, induced by the equivalence relation

←−x ∼ ←−x
′
: p(−→x |←−x ) = p(−→x |←→x )

ε-machine stores the causal state when given the
past.

ε(←−x ) = Si

Transition probability between causal states:

T xk→j = p(Sj , x|Sk)

Classical memory Cµ for ε-machine:

Cµ = −
∑
k

p(Sk) log2 p(Sk)

where p(Sk) is stationary distribution of causal
states.
An example: Nemo process

An edge labeled “p|x” denotes a state transition
generating symbol x and occurring with probabil-
ity p.

3) QUANTUM ε MACHINE
A quantum ε-machine stores quantum signal states
instead of classical causal states.
Length-1 quantum signal states:

|S1
k〉 =

∑
x,j

√
p(Sj , x|Sk)|x〉|j〉

where {|x〉} and {|j〉} are orthogonal bases corre-
sponding to outcomes and causal states, respec-
tively.
Length-L quantum signal state:

|SLk 〉 =
∑

x1···xL,j

√
p(Sj , x1 · · ·xL|Sk)|x1 · · ·xL〉|j〉

Quantum predictive model:

Mixed quantum signal state:

ρ =
∑
k

p(Sk)|SLk 〉〈SLk |

Quantum memory:

Cq(L) = S(ρ) ≤ Cµ

where S(ρ) is the von Neumann entropy of ρ.

4) MATRIX PRODUCT STATES
A generic n-sites quantum state |ψ〉 expressed on a
certain basis

|ψ〉 =
∑

i1i2···in

ci1i2···in |i1i2 · · · in〉

MPS method decomposes coefficients into a se-
quence of site matrices:

ci1i2···in = A[1]i1A[2]i2 · · ·A[n]in

Graphical representation of an MPS:

Each site matrix is represented by a node with two
or three legs related to the corresponding indices.
The link between two nodes is the summation over
the corresponding index.
The canonical form of an MPS corresponds to
Schmidt decomposition at each site:

λ[i] ≡ Schmidt coefficients for partition at site i.

5) MPS FOR QUANTUM ε MACHINE
quantum sample state: Sample a stochastic process
by measuring on a certain basis.

|ψ〉 =
∑
←→x

√
p(←→x )|←→x 〉

MPS representation for a quantum sample state:

The site matrix A is translationally invariant

The amplitude is the square root of probability dis-
tribution:

Length-L quantum signal states:

At L = ∞, mixed quantum signal state is obtained
by partial tracing over the past of the quantum sam-
ple state:

As L → ∞, the entanglement entropy at any parti-
tion approaches the quantum memory

E = S(ρ) = Cq(∞)

6) CALCULATING Cq USING MPS
The process of calculating quantum memoryCq(∞):

The canonical form provides the Schmidt coeffi-
cients.
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Sine-wave gating InGaAs/InP single photon detector with ultralow
afterpulse

Yong-Jun Qian1 2 3 ∗ Juan Wu1 2 3 † De-Yong He1 2 3 ‡ Shuang Wang1 2 3 §

Wei Chen1 2 3 Zhen-Qiang Yin1 2 3

1 CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026, P.
R. China

2 Synergetic Innovation Center of Quantum Information & Quantum Physics, University of Science and Technology
of China, Hefei, Anhui 230026, P. R. China

3 State Key Laboratory of Cryptology, P. O. Box 5159, Beijing 100878, P. R. China

Abstract. Sine-wave gating method is widely used in high-speed single photon detection (SPD), but
shows extra afterpulse probability compared with the self-differencing technique. Here, we demonstrate that
most extra afterpulses of the sine-wave gating SPD come from successive avalanche signals and distortion
of electrical filters, and also propose an effective method by removing the wider filtered avalanche signals
to reduce the afterpulse probability. At 1 GHz gating frequency, the ultralow afterpulse probability is
characterized as 1.0% and 0.54% for a photon detection efficiency of 20.7% and 10.9%, respectively.

Keywords: single photon detector, quantum key distribution, Quantum cryptography

1 Introduction

Single photon detector (SPD) has been one of the key
components in many emerging fields, especially in optical
quantum information applications [1]. In near-infrared
SPDs, InGaAs/InP avalanche photodiodes (APD) are
widely employed. In order to get better performance,
the InGaAs/InP APDs are typically operated in gated
Geiger mode, by adding short gating pulses which are
coincident with signal photons over a DC biased voltage.
However, due to the junction capacitance of APD, the ca-
pacitive noise corresponding to the gating pulses would
bury the weak avalanche signal. And, the afterpulsing
effect caused by defects of APD limits the working speed
of the near-infrared SPD.
To improve the performance of SPDs based on In-

GaAs/InP APD over GHz speed, several novel techniques
such as sine-wave gating method [2, 3], self-differencing
technique [4], and coherent addition of discrete harmon-
ics [5] have been invented. In which, the sine-wave gating
method has the advantages that not only the capacitive
response of APD can be efficiently rejected by cascaded
filters, but also it allows to work over a wider frequency
range. Compared with the self-differencing technique,
the sine-wave gating method shows extra afterpulse prob-
ability [7], which has limited its further application.
In this letter, we first concluded that most extra after-

pulses of the sine-wave gating SPD come from the two or
more successive avalanche signals and distortion of elec-
trical filters. And one experiment was set up to demon-
strate our conclusion. To reduce the afterpulse proba-
bility, we proposed an effective method by removing the
wider signals, and designed a variable width discrimina-
tor for the sine-wave gating SPD to achieve the optimal

∗yjqian@mail.ustc.edu.cn
†yj165@mail.ustc.edu.cn
‡hedeyong@mail.ustc.edu.cn
§wshuang@ustc.edu.cn

Figure 1: (Color online) Experimental setup used to
demonstrate our conclusion. SG: signal generator; BPF:
band pass filter; LPF: low pass filter; AMP: amplifier;
OSC: oscilloscope.

performance.

2 Experiment and Result

The experimental setup we designed is shown in
Fig. 1,details are demonstrated in Ref[13]. Typical ex-
perimental results recorded by CH1 and CH2 of OSC are
shown in Fig. 2, in the case that the APD was illuminated
by the synchronous laser pulses with 10 MHz repetition
rate, 30 ps temporal width and 0.1 mean photon number
per pulse at 1550 nm. The left subfigures are from CH1
recording the amplified avalanche signals, whose ampli-
tude varies randomly, and temporal width is about 200
ps; the right subfigures are from CH2 recording the cor-
responding filtered avalanche signals, whose amplitude
and the temporal width both vary. Here, we grouped
the amplified avalanche signals into three categories, and
found that the corresponding filtered avalanche signals
were also be grouped. (a) Only one isolated avalanche
occurred, or the amplitude of the subsequent avalanche
signal was very small (see subfigure (a1)), the falling edge
of the corresponding filtered avalanche signals was at 3.4
ns (see subfigure (a2)); (b) The amplitudes of the two suc-
cessive avalanche signals were close (see subfigure (b1)),
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Figure 2: (Color online) Typical results from two chan-
nels (CH1 and CH2) of the oscilloscope. The left subfig-
ures are from CH1, and the right ones are from CH2.

Figure 3: (Color online) Time and width distributions of
5000 filtered avalanche signals from CH2 of OSC.

the falling edge of the corresponding filtered avalanche
signals was at 3.7 ns (see subfigure (b2)); (c) The ampli-
tude of the subsequent avalanche signal was about twice
of the previous one (See subfigure (c1)), the falling edge
of the corresponding filtered avalanche signals was at 4.3
ns (see subfigure (c2)). In subfigure (c1), one event with
three consecutive avalanches occurred, the falling edge
of the corresponding filtered avalanche signals was at 4.8
ns. Incidentally, there were also other successive events,
such as four or more consecutive avalanches, but their
probabilities were very small.
Through grouping the amplified and the correspond-

ing filtered avalanche signals respectively, we not only
demonstrated our conclusion, but also provided an intu-
itive picture about one main source of the extra afterpulse
when the filtering method was implemented. When some
consecutive avalanches occur, the response characteris-
tics of the filters make these avalanches stick together,
and become a wide filtered signal. Once the falling edge
of the filtered signal extends to the next cycle, an error
output is produced. We totally collected 5000 filtered
avalanche signals, and whose time and width distribu-
tion are shown in Fig. 3.

Figure 4: (Color online) Schematic diagram of a vari-
able width discriminator. CMP: comparator; PWS: pulse
width shaping; DFF: D flip-flop; D: data; CLK: clock.

From the point of view of width distribution, there are
4903 signals distributed from 0 ns to 2.5 ns, and 97 signals
distributed from 2.5 ns to 4 ns. In Fig. 3, we draw one
line at the time of 4.0 ns and another line at the width of
2.5 ns. These two lines divide the figure into quadrants:
quadrant a, b, c, and d. Quadrants a and b are filled
with correct avalanche signals. There are 4885 signals in
quadrant a, and 3 signals in quadrant b, so almost all
correct avalanche signals locate in quadrant a with the
width narrower than 2.5 ns. While, quadrants c and d
are filled with afterpulse signals. There are 17 signals in
quadrant c, and 94 signals in quadrant d, so most after-
pulse signals locate in quadrant d with the width wider
than 2.5ns. If we remove the filtered avalanche signals
that are wider than 2.5 ns, we can eliminate most (about
84.7%) error afterpulse signals, but only throw very little
(about 0.06%) correct avalanche signals away. There-
fore, the method by removing the wider signals could
effectively reduce the afterpulse probability.
A variable width discriminator (see Fig. 4) is designed

to implement our proposed method. It mainly consists of
a high-speed comparator (CMP), two pulse width shap-
ing (PWS) units, and a D flip-flop (DFF). One filtered
avalanche signal with the width of W is first input the
CMP to be compared with a variable threshold voltage
Vth, whose typical value is less than 20 mV. As the re-
sult of comparison, a pair of differential outputs with the
width of W are generated, and then coupled in parallel
to two PWS units respectively. The PWS unit broadens
its input into a pulse with the width of ∆, and is effective
with the rising edge of the input. The output of PWS1 is
directly sent to the D port of DFF. While, the output of
PWS2 is first delayed by the variable Delay1, and then
coupled to the CLK port of DFF. The Q port of DFF
is the output of the variable width discriminator, whose
width depends on the Delay2 which is put between the Q
and RESET ports. For this variable width discriminator,
if the width of its input W is larger than

τ ≡ ∆−Delay1, (1)

there would be no output. Therefore, by setting some
fixed Delay1, we could remove the signals wider than τ
using this discriminator.
Fig. 5 shows the performances (including the detection

efficiency, afterpulse probability and dark count probabil-
ity) of the detector after using the variable width discrim-
inator. For which, the parameters are as follows: ∆ =6
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Figure 5: Detection efficiency (η), afterpulse probability
(Pa) and dark count probability (Pd) as a function of the
variable width (τ) of the discriminator for two typical
detection efficiencies about 20% and 10%, respectively.

ns, Delay1 is set to six values – 1 ns, 2.5 ns, 3.5 ns, 3.8 ns,
4 ns, and 4.5 ns, and Delay2 is set to 10 ns. Therefore,
the variable width τ of the discriminator varies among
six values – 5 ns, 3.5 ns, 2.5 ns, 2.2 ns, 2 ns, and 1.5 ns.
And, two typical detection efficiencies, 10% and 20%, of
the SPD are tested.
As the width of the discriminator gets narrower, the de-

tection efficiency, afterpulse probability and dark count
probability of the SPD decrease, but the afterpulse prob-
ability drops before the other two. In the section from
3.5 ns to 2.2 ns, the detection efficiency and dark count
probability decline a little, but the afterpulse probability
drops a lot. This difference is consistent with our pre-
vious results, and also demonstrates the effectiveness of
the method to reduce the afterpulse probability. Take
the detection efficiency of near 20% for example, when
the width τ =3.5 ns, the detection efficiency is 21.3%,
the afterpulse probability is 3.2%; when τ =2.2 ns, the
detection efficiency is 20.7%, but the afterpulse probabil-
ity reduces to 1.0%. And, for the case with the detection
efficiency near 10%, the detection efficiency is nearly un-
changed, about 10.9%, but the afterpulse probability is
reduced from 1.3% to 0.54%, when the width τ changes
from 3.5 ns to 2.2 ns. If we further narrow τ , the de-
tection efficiency starts to dive, but the decrease of the
afterpulse probability slows. So, we could choose the op-
timal width of the discriminator to achieve high detection
efficiency and low afterpulse probability.

3 Conclusion

The conclusion demonstrated in this article provides
us an effective way to reduce the extra afterpulse prob-

ability when we employ the sine-wave gating method.
In previous low-noise SPD research, Nambu et al. ob-
tained 0.61% afterpulse probability at 10.9% detection
efficiency, and believed the quality of APD is of primar-
ily importance [12]. Here, we achieve 0.54% afterpulse
probability at the same efficiency, and present the origin
of this improvement clearly. Only by removing the wider
filtered avalanche signals, the afterpulse probability was
reduced from 1.3% to 0.54% but the detection efficiency
was nearly unchanged at 10.9%, and the reduction of af-
terpulse probability came up to 2.3% (from 3.3% to 1.0%)
at over 20% detection efficiency. Such an effective reduc-
tion has the potential to develop further applications of
the sine-wave gating method.
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INTRODUCTION

The fundamental questions of the quantum machine
learning (QML), which has become one of the major top-
ics of quantum information, are “is it possible to enjoy
the quantum learning speed-up?” and/or “what and how
quantum effects contribute to it (if any)?” The satisfac-
tory answers have already been made in [1–3]. However,
noting that the most of the recent QML’s focus is on the
use the big quantum training data, we here arise another
question: Can the quantum learning speed-up still be
possible even with the (classical) user-recognizable data?
This question is also linked to another (practical) issue,
namely about the necessity of using so-called ‘quantum
RAM (qRAM)’—a hypothetical device that can store the
big classical data and that allows them to be the quantum
superposition extremely quickly—to achieve the expo-
nential quantum learning speed-up (for details, see [4]).
Here, we provide an affirmative answer to the aforemen-
tioned our main question, by the experiments for proof-
of-principle demonstration [5].

BRIEF SCENARIO OF THE SCHEME AND
EXPERIMENT

To develop the above-described scenario, we consider
a simple but important example, called email-filtering
problem, which classifies the incoming emails into the
spam or nonspam. To deal with this problem formally,
we introduce a binary-classification function fτ : x ∈
{0, 1}n → y ∈ {0, 1} mapping the classical input x =
xnxn−1 · · ·x1, i.e., user’s emails, to the corresponding
label y ∈ {0 = spam, 1 = nonspam}. Here, the bit-
numbers xj ∈ {0, 1} (j = 1, . . . , n) denote the features of
an email x. Then, the goal of the machine learning is to
identify a hypothesis h ' fτ . For this, we design two ver-
sions (classical and quantum) of the linear-optical circuit
to implement all possible Boolean function fτ . The de-
signed circuits commonly consist of two parts: One is the
channel for the classical training data and the other is a
single-bit ancillary system that contains the learning con-
trol gates. The critical difference is whether the ancillary
part is the classical bit system or qubit system. Thus,
in the quantum learning experiments, we use the single-
photon states (H and V polarized, or their superposi-

tion) as the signals of the qubit ancillary system. As the
learning control qubit gates, the fundamental combina-
tion of the quarter and half wave-plates (QWPs/HWPs)
is employed. For the comparison, the classical learning
experiments are also performed, where we intentionally
destroy the quantum superposition nature involved in the
ancillary system so that the learning control gates are to
be the probabilistic gates. The other experimental ele-
ments are equally presented. Here, we perform the ex-
periments for the simple case, i.e., n = 1, because the
learning speed-up of larger n ≥ 1 can be validated from
that of this simple case. Then, investigating further, the
experiments are also performed in the presence of the
decoherence in the quantum learning.

CONCLUSION

By performing the proof-of-principle experiments, we
could demonstrate that the quantum learning speed-up
(roughly ' 36%) can be enjoyed with the classical train-
ing data. We could explain that such a result originates
from the faithful use of the quantum superposition na-
ture, consistently with the previous results regarding the
quantum parallelism. Furthermore, we could show that
the speed-up can be valid unless the quantum coherence
involved in the ancillary system is completely destroyed.
Even in the fully decohered case, the quantum learning
would be at least as efficient as the classical learning.
We believe that our work brings a paradigm-shift toward
seemingly more feasible QML with the near-future tech-
nology.
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Duality in entanglement of macroscopic states of light
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Abstract. We investigate duality in entanglement of a bipartite multi-photon system generated from a
coherent state of light. The system can exhibit polarization entanglement if the two parts are distinguished
by their parity, or parity entanglement if the parts are distinguished by polarization. We propose a
generation scheme of polarization- coherent state entanglement. After sorting the entangled state in each
degree of freedom (DOF), we observe each entanglement by means of quantum information protocol.
Furthermore we show that the many-particle scenario can be also considered in squeezed vacuum state.

Keywords: duality, entanglement, macroscopic state

Indistinguishable phenomena simply appear in life,
such as pictures of sunrise and sunset, and time by a me-
chanical clock. There are two pictures: One is a picture
of sunrise and the other is a picture of sunset. We cannot
distinguish the two pictures without any prior informa-
tion. There is a mechanical clock in an isolated room.
We cannot say whether time is AM or PM without any
prior information. In quantum mechanical regime, given
two identical particles, they are physically indistinguish-
able. Although we put some labels on each particle, some
observable properties of two identical particles are not af-
fected by the permutation of the labels.

In the scenario of quantum systems, quantum indis-
tinguishability of identical particles has been tested using
the interference effect of a Hong-Ou-Mandel-type scheme
[1]. It assumes that indistinguishable particles scatter
independently, e.g., on a beam splitter and do not inter-
act. One cannot, however, exclude the possibility that
the resultant bunching or anti-bunching effect actually
originates from the interaction between distinguishable
particles. Therefore, in order to verify true particle in-
distinguishability one needs to preclude the possibility
of inter-particle interaction. One such way is to pre-
pare an entangled state of identical particles and probe
if the entanglement encoded in a certain degree of free-
dom (DOF) can be converted to one in another DOF.
This interchangeability of entanglement between differ-
ent DOFs is studied in Ref. [2] and dubbed “duality in
entanglement.” Since such duality does not arise in case
of distinguishable (e.g., different species of) particles, it
is considered a novel way to manifest quantum indistin-
guishability. For example, if two single photons are gen-
erated in a parametric down-conversion and thereby are
entangled in polarization DOF (H,V ), the entanglement
can be accessed because the two particles are effectively
distinguishable by their path DOF, say, (1, 2). How-
ever, if one decides to effectively distinguish the identical
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particles by their polarizations, one will observe entan-
glement in the path DOF. This phenomenon would not
occur for distinguishable particles and hence it can be
used in testing their indistinguishability.

We consider macroscopic light field states that are en-
tangled in polarization DOF and by entanglement duality
can also be regarded as entangled in parity DOF. Specif-
ically, we consider coherent states—in principle their size
can be arbitrarily large—which can be effectively distin-
guished by parity (the former case) or by polarization
(the latter):

1√
2

(|H〉even|V 〉odd ± |V 〉even|H〉odd)

=
1√
2

(|even〉H |odd〉V ± |odd〉H |even〉V ). (1)

It can be generated by injecting an odd coherent state
into a 50:50 beam splitter, and then by applying H (V)
polarizer and a polarizing beam splitter. Here, |even〉 =
Ne(|α〉 + | − α〉) and |odd〉 = No(|α〉 − | − α〉) are even
and odd coherent states with normalization constants
Ne and No respectively. We adopt orthogonal coherent
state basis {|even〉, |odd〉} instead of non-orthogonal one
{|α〉, | − α〉}. Notice that an even coherent state is or-
thogonal to an odd coherent state since an even (odd)
coherent state is a superposition of even- (odd-) number
Fock states. The entanglement of (macroscopic) coher-
ent states encoded in polarization/parity DOF is inter-
changeable between these two DOFs and accordingly its
duality in entanglement can be identified. To access only
a single entanglement, we sort each DOF by linear optical
components and controlled process [3].

To identify entanglement in each DOF, one can con-
sider quantum information protocols such as CHSH-Bell-
type inequality test based on displaced parity detector
[4] or interaction-free measurement scheme [5]. Fur-
thermore, instead of using the definite-parity coherent
states one can consider another macroscopic state basis,
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namely squeezed vacuum and a single-photon-subtracted
squeezed vacuum state, which also comprises a parity-
based orthogonal basis: Squeezed vacuum state is a
superposition of even-number Fock states whereas its
single-photon-subtracted version consists of odd-number
Fock states.
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Abstract. Quantum key distribution(QKD) is one of the most promising applications of quantum in-
formation technologies. For perfect realizations of QKD, a single photon source is necessary, but is not
feasible within current technologies. In practical realizations, a weak laser has been considered as a source
which can be written as a coherent state. An assumption for its security proof is that the phase of the
coherent state is uniformly random. Many efforts have been devoted to realize fully random phase of source
in experiments and also to prove the security without full continuous phase randomization. We propose
an alternative scheme to generate discrete random phase source for QKD using cross-Kerr nonlinearity.
The state is in the form of discrete superposition of coherent states on a circle in phase space. By using
the state as a source for QKD, we study the security of BB84 protocol. The possibility to enhance the key
rate by developing a high-dimensional QKD protocol will be also discussed.

Keywords: Quantum key distribution, Coherent states, Cross-Kerr nonlinearity

Quantum key distribution(QKD) is one of the most
promising applications of quantum information technolo-
gies. For perfect realizations of QKD, a single photon
source is necessary which is not feasible within current
technologies. In practical realizations, the signal can con-
tain more than one photon. While the security of QKD
has been proven with strong coherent state using decoy
states, a weak laser has been also widely used for the
QKD source which can be written as a coherent state

|αeiθ〉 = e−|α|
2/2

∞∑
n=0

(αeiθ)n√
n!
|n〉, (1)

where eiθ is the phase of the coherent state and |n〉 is the
photon number state. A necessary assumption for the
security proof of QKD is that the phase of the coherent
state is uniformly random [1, 2]. Thus, to an eavesdrop-
per without a priori knowledge on the phase, the QKD
signal with random phase source is indistinguishable with

1

2π

∫ 2π

0

|αeiθ〉〈αeiθ|dθ = e−|α|
2
∞∑
n=0

|α|2n

n!
|n〉〈n|, (2)

a Poisson distributed mixed state in photon number ba-
sis.

However, it is experimentally challenging to implement
continuous random phase of the coherent state from the
source. It has been shown that if the phase is not fully
randomized, the security of QKD can be significantly re-
duced [1]. As a naive approach, switching on and off of
the laser source might be considered, but it does not guar-
antee a continuous fully random phase due to the possi-
ble correlation between the phases of adjacent pulses. A
phase modulator can be used to randomly modulate of
the phase from the source, but only allows to realize a dis-
crete phase with finite number of random numbers. Many
efforts have been devoted to realize the random phase
source in experiments and also to prove the security with-
out perfect phase randomization. A direct phase modu-

lation using gain-switched laser diodes has been devel-
oped, which naturally provides phase-randomized coher-
ent state pulse [3]. A security of QKD with non-random
phase source was analyzed first in Ref. [1]. Recently, the
security of QKD with discrete-phase-randomized coher-
ent state was rigorously studied [2]. It was shown that the
performance of QKD with discrete-phase-randomization
is close to the case with continuous randomization with
only a small number (e.g. 10) of discrete phase. An active
phase modulation by a phase modulator with random
number generator has been used in this study.

We here propose an alternative scheme to generate
discrete-phase-randomized source of coherent state for
QKD. It naturally provides a perfect discrete random
phase without active phase modulation with random
number generator. Our scheme employs a cross-Kerr
nonlinearity with the interaction Hamiltonian −~χn̂1n̂2,
where n̂i is the number operator in ith mode. If it is ap-
plied to two-mode coherent state input |α〉1|β〉2 for time
t = 2π/dχ, the output state becomes

1

d

d−1∑
j=0

( d−1∑
q=0

ω−jq|αωq〉
)
1
|βωj〉2, (3)

where ωk = e2πik/d denotes the d number of discrete
phases k ∈ {0, ..., d− 1}. By measurement performed on
mode 2 with outcome j (e.g. by homodyne detection),
the output of 1st mode is determined as a discrete su-
perposition of coherent states {|α〉, |αω〉, ..., |αωd−1〉} on
a circle in phase space, which can also be represented as

e−|α|
2/2

∞∑
n≡j(mod d)

αn√
n!
|n〉, (4)

in the number basis [4, 5].
We employ this state as a source for QKD, by which

the signal and reference states are encoded with a typical
phase encoding scheme [2]. The security of BB84 QKD
protocol is rigorously studied by changing the interaction
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time and nonlinearity strength in our scheme. The effects
of noises and losses are analyzed. We will also discuss a
possibility to enhance the key rate by formulating a high-
dimensional QKD protocol based on our scheme.
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Experimental Test of Irreducibility in Coherent States of Light
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Abstract. Here we propose an optical method to test a nonclassical feature with a coherent state input.
We design this test with a multiplexer of on/off detectors and post-selection. Detection events are selected
when there is single or no click in each branch. We examine whether statistics are reproduced by a classical
model assuming stochastic detectors [1]. We demonstrate that the coincident probability of two branches
of multiplexer cannot be reproduced by the classical model.
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Coherent states are an essential part of quantum
optical experiments and optical realizations for quantum
information processing. Coherent states themselves are
commonly regarded to be the most classical of quantum
states. They have counterparts in the classical theory
of electromagnetic fields if quantum uncertainties are
replaced with stochastic ones. A state whose P function
is a probability measure is said as classical. As P
functions are in general highly singular, the tests have
been proposed in terms of moment. Sub-binomiality
is one of such moments for the click distribution in a
multiplexer of on/off detectors. These studies claim that
coherent states have the classical counterparts, roughly
speaking, coherent states are classical, witnessed by their
non-negative P functions, i.e., probability measures. It
does not matter how small the intensities are.

However, quantum predictions result from the in-
terplay of quantum states and measurements and they
can inherit nonclassical features from the those of states
[2-6] and/or measurements [7-9]. For instance, consider
a test of the second-order coherence g(2), where a
squeezer intervenes the preparation of a coherent state.
Adopting the Schrdinger picture, one may argue that
the squeezed coherent state has negative P function and
the nonclassical feature originates from the state [10].
On the other hand, adopting the Heisenberg picture,
it may be argued that the initial coherent state has a
non-negative P function and the nonclassical feature
originates from the measurement accompanying the
squeezer. This shows that the measurement can be
solely responsible for the nonclassical feature, while the
source is classical. In addition, it is remarkable to note
that coherent states can have negative values in uncon-
ventional number-phase Wigner functions [10] and they
occasionally result in negative weak values of photon
number in a weak measurement [12]. Nevertheless, it is
still misty whether coherent states have own nonclassi-
cal features that are distinct from those of measurements.

In this work we suggest an optical method to demon-
strate the nonclassical feature of coherent states. The
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test is designed with a multiplexer of on/off detectors
and post-selection. We use picosecond pulses at 800 nm
wavelength and at a repetition rate of 76 MHz from a
mode-locked Ti:sapphire laser and the repetition-rate
of pulses down to 2 MHz by a pulse picker. We change
the intensity of the light by neutral density filters.
Non-polarizing 50:50 beam splitters are used to split
the light into paths. The photons are detected by
single-photon detectors. Detection events are selected
when there is single or no click in each branch.

Figure 1: Experimental setup. Picosecond pulses at 800
nm wavelength and at a 76 MHz repetition rate are at-
tenuated by ND filters. The incident photons are divided
by the first BS. The transmitted photons go to the sec-
ond BS directly, but the reflected photons delayed by
fiber. The photons are detected by single-photon detec-
tors. Detection events are selected when there is single
or no click in each detector.

We test if statistics are reproduced by a classical model
assuming stochastic detectors. We show that the coinci-
dent probability of two branches of multiplexer cannot
be reproduced by the classical model. The failure of the
classical model results from the classical description of
light, i.e. the divisibility of intensity into parts. These
results imply that our test identifies the nonclassical fea-
ture of irreducibility against the classical divisibility of
light and furthermore the coherent states possess the ir-
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reducibility.
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Abstract. There are two major obstacles for efficient quantum communication over long distances: one
is ‘photon loss’ and the other is ‘low success probability of the Bell measurement’. The survival probability
of a traveling photon decays exponentially with distance due to photon losses. The Bell measurement, an
essential task in quantum communication protocols, has the 50% upper limit of the success probability with
linear optics. We here propose a complete Bell measurement with linear optics, discriminating Bell states
not only loss-tolerantly but also near-deterministically. It is directly applicable to long distance quantum
teleportation under losses. An efficient teleportation-based quantum repeater can be developed in an all-
optical fashion without long-lived quantum memory. We demonstrate that it is possible to establish an
ultrafast and efficient long-distance quantum communications based on our scheme.

Keywords: Bell measurement, Linear optics, Quantum repeater, Quantum communication

Photons appear as the primary medium for quantum
communication. However, there have been two major
obstacles to realize quantum communication over long
distance with photons. The first one is ‘photon loss’
during the transmission typically through optical fibers.
The probability that a traveling photon survives decays
exponentially with distance. Thus the communication
rate over long distance is significantly low. The other is
the upper limit of ‘the success probability of Bell mea-
surement’ with single photons. The Bell measurement,
discriminating the four Bell states, is an essential task
in quantum communication protocols such as quantum
teleportation and entanglement swapping. However, the
standard technique of the Bell measurement with linear
optics allows to discriminate only two out of the four
Bell states encoded in photon pairs, so that its success
probability has the upper limit 50% [1].

In order to extend the communication range under
losses, a quantum repeater can be used, working at the
intermediate nodes that divide the entire distance by
a shorter one. A quantum repeater can suppress the
effect of losses during the transmission by either her-
alded entanglement generation or quantum error correc-
tion. The former scheme, employed in earlier version
of quantum repeaters, requires two-way classical com-
munication, purification, and long-lived quantum mem-
ories, resulting in significant overheads and low commu-
nication rate. On the other hand, recently quantum re-
peater has been developed based on quantum error cor-
rection schemes. Photons encoded in an error correction
code travel, and error correcting protocol is performed in
each (teleportation-based) repeater. In principle, fault-
tolerant and deterministic corrections of losses and oper-
ation errors are possible. As it requires neither quantum
memory, long-waiting time for signaling, nor purification,
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a fast long-distance communication is possible. Mean-
while, several schemes to beat the 50% limit of the success
probability of Bell measurement have been proposed by
employing ancillary photons, in-line squeezing, or multi-
photon entanglement encoding. It has been shown that
the highest success probability achieved among the pro-
posed schemes so far is 1 − 2−N when total N photons
are consumed per qubit in the process [2].

We here introduce a complete Bell measurement
scheme with linear optics, discriminating Bell states not
only loss-tolerantly but also near-deterministically. Our
scheme is ‘complete’ in the sense that it attains the fun-
damental bounds restricted by i) linear optics and ii) no-
cloning theorem: It reaches the limit of the success proba-
bility with linear optics, i.e. 1−2−N when N photons are
used per qubit. It can also tolerate up to 50% of loss in
a single qubit, the bound by no-cloning theorem. There-
fore, we expect that our scheme can solve the two major
problems of photonic quantum communication, photon
loss and low success probability, at once.

We employ a photonic qubit encoded in the quantum
parity code QPC(n,m), containing total N = nm pho-
tons [3]. Our scheme is constructed with the standard
Bell measurement technique with linear optics in a con-
catenated manner. It plays a role as the logical Bell
measurement in QPC(n,m). The success probability of
our Bell measurement scheme increases to unit by in-
creasing the size of encoding N even under losses. It
is remarkable that all the photons contained in a qubit
contribute to either increase the success probability or
tolerate losses effectively. This is contrast to the recent
proposal that consumes a lot redundant photons for pro-
tecting a qubit from losses in the protocol [4]. It is shown
that our scheme achieves much higher success probability
than the others under the same loss rate when the same
number of photons are used in the process.

We show that a deterministic quantum teleportation is
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possible even when qubits are subjected to losses in our
approach. Based on this, an efficient teleportation-based
quantum repeater can be developed in an all-optical fash-
ion without using a long-lived quantum memory. It also
requires neither photon-matter interaction [5, 6] nor ad-
ditional complicated feedforwards [7]. Moreover, it is ro-
bust to imperfections during the preparation and mea-
surement process in the repeater in contrast to the pro-
tocol in ref. [4]. We optimize the protocol to find a
best strategy for long distance quantum communication
by numerical search over the encoding size (n,m) and
the distance between nodes L0. Finally, we demonstrate
that an ultrafast and efficient quantum communications
is possible over 10,000 km.
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Improving the success probability for Shor’s factorization algorithm
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Abstract. Shor’s factorization algorithm (SFA)—a probabilistic algorithm—is used to find a non-trivial
factor of a given composite integer N . In the original SFA and all previous SFAs, the chosen co-prime
and its order should satisfy two constraints. In particular, a successful order-finding algorithm seems
necessary. This paper proves that SFA may succeed even if not all of the above constraints are meet, and,
in addition, that a new success probability can be bigger than those of the previous SFAs. Finally, in order
to demonstrate a potential of our approach, we consider factorization of those integers N that are used as
moduli for RSA, that is those N that are products of two safe primes, and we show that in this case the
fault probability can be reduced to O(1/N) with our method.

Keywords: Shor’s factorization algorithm, available result, success probability

1 Introduction

In the previous approaches [1, 2, 3, 4], in order to make
SFA succeed, a chosen good co-prime y and its order 2r
(2r is here an integer) should satisfy the following condi-
tions:

The order 2r of y is even, i.e., r is an integer; (1)

yr 6≡ −1(mod N). (2)

Using y as the input, OFA succeeds if the result

r′ ∈ {r, 2r}. (3)

In this paper we show that SFA may still succeed even
if one of the conditions Eq. (2) or Eq. (3) does not hold,
and, in addition, that a new success probability can be
bigger than those of the previous SFAs [1, 2, 3, 4]. In
particular, for the widely-used moduli N for the RSA
protocol [5], being the product of two safe primes, the
fault probability of which is O(1/

√
N) in Leander’2002,

can be reduced to O(1/N).

2 Notations and Some Basic Results

Any integer N has a unique a prime factorization

N =
k∏
i=1

pαii (4)

where k ≥ 1, 1 < p1 < p2 < . . . < pk and αi ≥ 1 for
all i ≤ k). Z∗N denotes the group of whose elements
that are as integers co-prime to N . ordN (y) = 2r de-
notes the order of y in Z∗N , i.e., the smallest positive
integer 2r satisfying y2r ≡ 1(mod N). We can know
that ordN (y) = 2ordN (y2) if r is an integer. Unless ex-
plicitly stated, the order of y means the order of y in
Z∗N . ri is the order of y in Z∗

p
αi
i

. r̃ is the smaller in-

teger of the set {r, r/2} where r is an integer. r′ de-
notes a result of the quantum subroutine in SFA, i.e.,

∗issqdw@mail.sysu.edu.cn

the denominator of the fraction obtained by the con-
tinued fractions (CF) algorithm [2]. The greatest com-
mon divisor of integers a and b is denoted by gcd(a, b).
The least common multiple of a and b is denoted by
lcm{a, b}. a | b means a divides b, and a - b means a
does not divide b. a | b | c means that a divides b and
b divides c. ϕ(N) is Euler phi function and is defined
to be the number of non-negative integers less than N
which are co-prime to N . In particular, let ϕ(1) = 1.
R = {r′ | There exists an index i such that r̃i|r′|2r},
and R1 = {r′ | r′ ∈ R and r′ < r}. We can see that
R1 = R− {r, 2r}.
gpαii

is a generator of Z∗
p
αi
i

. Then,

Z∗
p
αi
i

={gsi
p
αi
i

(mod pαii )|1 ≤ si ≤ ϕ(pαii )}. (5)

Suppose that y is chosen randomly such that gcd(y,N) =
1. From that it follows that gcd(y, pαii ) = 1. In addition,

ordN (y) = 2r = lcm{ri | 1 ≤ i ≤ k}. (6)

Moreover, if r is an integer, Eq. (6) implies that at least
one of ri is even. Let y ≡ gsi

p
αi
i

(mod pαii ) ∈ Z∗
p
αi
i

and

ordpαii
(y) = ri = ordpαii

(gsi
p
αi
i

). Then, ϕ(pαii )|siri, and,

we have

ri =
ϕ(pαii )

gcd(ϕ(pαii ), si)
. (7)

Thus ordpαii
(y2) = r̃i. If r is an integer,

r = lcm{r̃i | 1 ≤ i ≤ k}. (8)

Comment: In this paper, we mainly improve the fol-
lowing three versions of SFA [1, 2, 3] (Shor’1997, Niel-
son’2000, and Leander’2002). We will call them as Al-
gorithm 1, 2 and 3, respectively. For a more thorough
introduction and analysis to SFA, see Refs. [1, 2, 3].

3 Our Results

In this paper, we test the approach used for the case
that chosen co-prime is an integer with Jacobi-Symbol -1.
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This is of importance since in such a case the even order,
i.e., Eq. (1), can be ensured [3]. Furthermore, the result
r′ being a factor of the even order can be also ensured
with a high probability as desired [2].

If y2r ≡ 1(mod N), then N | (y2r − 1) implies∏
i∈S1

pαii | (y
r − 1) and

∏
i∈S2

pαii | (y
r + 1).

Note that S1 ∩ S2 = ∅ because (yr + 1) − (yr − 1) =
2 implies gcd(yr + 1, yr − 1) ≤ 2 < pi. Furthermore,
S1 ∪ S2 = {i | 1 ≤ i ≤ k} and S2 6= ∅, since S2 = ∅
implies S1 = {i | 1 ≤ i ≤ k} and N | (yr − 1), in
contradiction to ordN (y) = 2r. SFA then tells that it
would yield factors from gcd(yr ± 1, N) if S1 6= ∅ and
that it will fail if not.

Lemma 1 If ri = ordpαii
(y), where pi > 2 is a prime,

then yr̃i ≡ ±1(mod pαii ).

Proof. If ri is odd, the result is straightforward. If ri is
even, then pαii | (yri − 1) = (yri/2 − 1)(yri/2 + 1). Note
that pαii -(yri/2 − 1), because pαii |(yri/2 − 1) implies that
ordpαii

(y) divides ri/2, in contradiction to ri = ordpαii
(y).

If pαii - (yri/2 + 1), then pi| gcd(yri/2−1, yri/2+1) implies
that

2<pi≤ gcd(yri/2−1, yri/2+1)≤(yri/2+1)−(yri/2−1)=2.

However, 2 < 2 is a contradiction and therefore the proof
is finished. �

Using Lemma 1, we can get the following theorem.

Theorem 1 If r′ ≤ r and r′ ∈ R, then a non-trivial
factor of N can be obtained from gcd(yr

′ ± 1, N), with
the exception of the case that S1 = ∅ and r′ = r.

Proof. According to Lemma 1, r̃i | r′ | 2r implies

yr
′

= (yr̃i)r
′/r̃i ≡ (±1)r

′/r̃i ≡ ±1(mod pαii ), (9)

i.e.,
pαii | (y

r′ − 1) or pαii | (y
r′ + 1). (10)

Note that S1 = ∅ and the order of y is 2r implies that r
is the least value such that yr ≡ −1(mod N). In fact, if
there exists a r̂ with r̂ < r, such that yr̂ ≡ −1(mod N),
y2r̂ ≡ 1(mod N) and 2r̂ < 2r, in contradiction to
ordN (y) = 2r. Thus, S1 = ∅ and r′ < r leads to

N - (yr
′
− 1) and N - (yr

′
+ 1). (11)

At the same time, S1 6= ∅ and r′ ≤ r also implies E-
q. (11).

According to Eqs. (10,11), at least one non-trivial fac-
tor of N can be got from gcd(yr

′ ± 1, N) except the case
that it holds S1 = ∅ and r′ = r. By that the proof is
finished. �

We can run the following test algorithm to use our
theorem.

Algorithm 4 A Test algorithm

Inputs: (1) A big integer N ; (2) A co-prime y; (3) An
integer r′ (to be a result of the order finding subroutine)

Outputs: Either an integer to be a non-trivial factor
of N or “A bad result” or “A bad co-prime”.

(1) If r′ is an even, compute gcd(yr
′/2 ± 1, N) and

gcd(yr
′
+ 1, N); If r′ is an odd, compute gcd(yr

′ ±
1, N). If one of these is a non-trivial factor, return
that factor.

(2) If yr
′ 6≡ 1(mod N), output “A bad result”.

(3) Output “A bad co-prime”.

The success probabilities of each quantum process for
Algorithms 3 and Algorithm 3 with Test algorithm are
determined as follows. Here, δ1 and δ2 are possible incre-
ments which depend on a specific N , and δ1 = δ2 = 0 is
the lower bound of the corresponding probability. More-
over, ε can be set up as required in advance.

(1) Algorithm 3 [3]. By adding some additional qubits,
Ref. [2] raises the probability of |2rj (mod 2t)| ≤
r(0 ≤ j ≤ 2t − 1) from 4/π2 in Ref. [1] to 1 − ε.
Meanwhile, by choosing the integer with Jacobi-
Symbol −1, Ref. [3] raises the lower bound of the
probability of y being good to 3/4. Therefore,

(1−ε)×(
3

4
+δ2)× ϕ(r) + ϕ(2r)

2r
, 0 ≤ δ2 ≤

1

4
. (12)

(2) Algorithm 3 with the Test algorithm. According
to Theorem 1, the success probability for this algo-
rithm is

1−ε
2r

[(
3

4
+δ2)(

∑
r′∈R

ϕ(r′))+(
1

4
−δ2)(

∑
r′∈R1

ϕ(r′))].

(13)

When compared with the Algorithm 3 [3], the raising
probability is

1− ε
2r

(
∑
r′∈R1

ϕ(r′)) (14)

what follows from Eq. (13) minus Eq. (12). Thus, the
total raising probability for SFA is∑

2r

Pr(ordN (y) = 2r)
1− ε

2r
(
∑
r′∈R1

ϕ(r′)) (15)

4 The New Efficiency for RSA

Example 1 Let N = p1p2 where pi−1=2qi>10100,
log2(p1/p2) is small, |p1−p2| is big, pi and qi are odd
safe primes and i = 1, 2. Numbers of this form are likely
candidates for moduli of the RSA [5] protocols.

Remark 1 When Algorithm 3 [3] is used in Example 1,
Eq. (12) becomes

(1− ε)× ϕ(r)

r
. (16)
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Proof. First, ( yN ) = −1 = ( yp1 )( yp2 ). Without loss of
generality, we can assume that

(
y

p1
) = 1 and (

y

p2
) = −1. (17)

Combining with Eqs. (5,7), Eq. (17) implies that s1 is
even and s2 is odd, and

r1=
q1

gcd(q1, s1/2)
is odd, and r2=

2q2
gcd(2q2, s2)

is even.

According to Eq. (6), ordN (y) = 2r = lcm{r1, r2}.
Therefore, we have r = lcm{r1, r2/2}. Then, r1 | r im-
plies that yr ≡ 1(mod p1). However, yr ≡ −1(mod N)
implies that yr ≡ −1(mod p1). Thus, ( yN ) = −1 implies
that Eq. (2) always holds and δ2 = 1

4 in Eq. (12).
Then, applying Eq. (7),

ri =
ϕ(pi)

gcd(ϕ(pi), si)
=

2qi
gcd(2qi, si)

, 1 ≤ si ≤ 2qi. (18)

Thus, ri must be the factor of 2qi, i.e., 1, 2, qi
and 2qi. According to Eqs. (17), (r1, r2) is one of
(1, 2), (1, 2q2), (q1, 2) and (q1, 2q2). We have

ordN (y) = lcm{r1, r2} ∈ {2, 2q1, 2q2, 2q1q2}. (19)

Thus, the Eq. (16) can be obtained. By that the proof is
finished. �

Now, we can start to determine the improvement suc-
cess probability in the following remark.

Remark 2 Compared with Algorithm 3 [3], the raising
probability of Algorithm 3 with the Test algorithm for R-
SA [5] is greater than 2/

√
N in each quantum process.

Proof. First, in Algorithm 3, the success probability is

P1 =
∑
t

Pr(r̃′ = r | 2r = t)Pr(2r = t) (20)

where t can take any value in {2, 2q1, 2q2, 2q1q2}.
In Algorithm 3 with the Test algorithm, according to

Eq. (18), r̃1 and r̃2 is one of (1, 1), (q1, 1), (1, q2) and
(q1, q2). Thus, ordN (y2) = r = lcm{r̃1, r̃2} is one of
1, q1, q2 and q1q2. The success probability of Algorithm
3 with the Test algorithm is

P2 =
∑
t

Pr(r̃i divides 2r̃′ | 2r = t)Pr(2r = t). (21)

Using Eqs. (20,21), the raising probability is:

P2−P1≥
2∑
j=1

Pr(r̃′=qj |2r=2q1q2)Pr(2r=2q1q2). (22)

According to Eqs. (18,19), we have

Pr(r = q1q2)=
2∏
j=1

Pr(r̃j = qj) =
(q1 − 1)(q2 − 1)

q1q2
. (23)

Because r̃′ = r/gcd(r, s) where 1 ≤ s ≤ r, we get

2∑
j=1

Pr(r̃′ = qj | r = q1q2) =
q1 + q2 − 2

q1q2
. (24)

Computing the product of Eqs. (23,24), we have

P2 − P1 ≥
(q1 − 1)(q2 − 1)

q1q2

q1 + q2 − 2

q1q2

>
1

q1
+

1

q2
− 1

q21
− 1

q22
− 5

q1q2

>
1

q1
+

1

q2
− 7

min2{q1, q2}

>
1

min{q1, q2}
>

2

min{p1, p2}
>

2√
N
.

where min2{q1, q2} > 7max{q1, q2} is used in that
log2(p1/p2) is small and pi−1=2qi >10100. By that the
proof is finished. �

Meanwhile, according to Eqs. (23,24), we can see that
the success probability is close to 1 even if SFA does
not have to its disposal the ideal value of the order from
the order determing algorithm.However, Algorithm 5 is
behind the possibility to increase success probability to
1. In fact, only for r′y2 = 1 and r = q1q2, we can not
obtain a factor in the improved version of the SFA. But
in such a case the raising probability is

Pr(r̃′ = 1 | r = q1q2)Pr(r = q1q2). (25)

With the similar argument, it is not difficult to verify
that Eq. (25) is O(1/N).
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Abstract. In this paper, we explore quantum algorithms to approximate the absolute value of Walsh
transform Wf at a single point z0(i.e., |Wf (z0)|) for n-variable Boolean functions with probability at
least 8

π2 using the number of O( 1
|Wf (z0)|ε ) queries, promised that the accuracy is ε. Then, we exploit

another quantum algorithm which approximately computes Ham(f, g) with probability at least 2
3 using

the expected number of Θ(
√

N
(bεtc+1) +

√
t(N−t)
bεtc+1 ) queries, where N = 2n and Ham(f, g) = t 6= 0. Moreover,

our algorithm is optimal. Finally, we present an exact quantum query algorithms for promise problem on
Hamming distance using O(1) queries, while any classical deterministic algorithm solving the problem uses
Ω(2n) queries.

Keywords: Walsh transform, Hamming distance, Bernstein-Vazirani algorithm, Quantum algorithm,
Quantum amplitude estimation

1 Introduction

The theory of Boolean functions is a wide area of re-
search in cryptography, coding theory and combinatorics
[1]. Walsh spectrum or Walsh transform is alternative
description of Boolean functions. The nonlinearity of a
Boolean function f is defined as the minimum Hamming
distance to the set of all affine functions, and also can be
obtained through the Walsh transform. There are well-
known results [2, 3] which described the characterization
and application of Hamming distance for Boolean func-
tions. Quantum query complexity is a black-box model
of quantum computation, where the resource measured
is the number of queries needed to compute a function.
Normally, one provides “black-box access” to a function
f , meaning that the quantum algorithm can apply a u-
nitary transformation that maps basis states of the form
|x〉|y〉 to basis states of the form |x〉|y ⊕ f(x)〉 (or |x〉 to
(−1)f(x)|x〉, if f is Boolean function). This model cap-
tures the great algorithmic successes of quantum com-
puting like Grover’s search algorithm [4] and the period
finding subroutine of Shor’s factoring algorithm [5]. A
natural goal is to minimize the number of queries to the
oracle needed to solve the problem, and this minimum
is the query complexity of the problem. In this paper,
we mainly consider the computation of Walsh transform
and Hamming distance on Boolean function. Let f be a
Boolean function from {0, 1}n to {0, 1}, and let Bn de-
note the set of Boolean functions of n variables. The two
important concepts and one lemma are as follows.

Definition 1 Suppose f ∈ Bn, the Walsh transform of
f is defined as as Wf (ω) = 1

2n

∑
x∈{0,1}n(−1)f(x)+ω·x,

where ω ∈ {0, 1}n.

Definition 2 Suppose f, g ∈ Bn, then Ham(f, g) =
|{x ∈ {0, 1}n : f(x) 6= g(x)}|.

∗issqdw@mail.sysu.edu.cn

Lemma 3 (Amplitude Estimation [6]) For any positive
k, the Est-Amp Algorithm outputs ã (0 ≤ ã ≤ 1) such
that

|ã− a| ≤ 2πk

√
a(1− a)

M
+ k2

π2

M2
(1)

with probability at least 8
π2 when k = 1 and with proba-

bility greater than 1 − 1
2(k−1) for k ≥ 2. It uses exactly

M evaluations of χ. If a = 0 then ã = 0 with certainty,
and if a = 1 and M is even, then ã = 1 with certainty.

Please refer to document [6] for the detailed process and
meaning of the algorithm.

2 Algorithm to approximate Walsh
transform for Boolean functions

In this section, we explore quantum algorithms to ap-
proximate the absolute value of Walsh transform using
Bernstein-Vazirani algorithm [7] and quantum amplitude
estimation algorithm [6].
Problem 1 Given z1 ∈ {0, 1}n and f ∈ Bn, computing
|Wf (z1)|.
Algorithm 1

1. Initialize state |ψ0〉 = |0〉⊗n0 |0〉⊗n|−〉 in three reg-
isters, where n0 is a constant determined later.

2. Perform unitary operator I⊗H⊗n⊗I on the initial
state |ψ0〉, giving

|ψ1〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉 |0〉 − |1〉√

2
. (2)

3. Apply the f -controlled-NOT gate on latter two
registers, producing

|ψ2〉 =|0〉⊗n0

∑
x∈{0,1}n

(−1)
f(x)

√
2n

|x〉 |0〉 − |1〉√
2

. (3)
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4. We again apply H⊗n to the second n qubits, pro-
ducing

|ψ3〉 =|0〉⊗n0

∑
z∈{0,1}n

∑
x∈{0,1}n

(−1)
f(x)⊕z·x

2n
|x〉 |0〉 − |1〉√

2

(4)

=|0〉⊗n0

∑
z∈{0,1}n

Wf (z)|z〉 |0〉 − |1〉√
2

(5)

=|0〉⊗n0 |ψ〉 |0〉 − |1〉√
2

, (6)

where

|ψ〉 =
∑
z=z1

Wf (z)|z〉+
∑
z 6=z1

Wf (z)|z〉 (7)

= |Ψ1〉+ |Ψ0〉, (8)

|Ψ1〉 =
∑
z=z1

Wf (z)|z〉 and |Ψ0〉 =
∑
z 6=z1

Wf (z)|z〉.

(9)

5. Apply FN0
to the first register, where N0 = 2n0 .

6. Apply
∧
N0

(Q) to the first two registers, where Q =

−AS0A−1Sz1 , Sz1 is defined such that

|z〉 →
{
−|z〉 if z = z1
|z〉 if z 6= z1,

and A|0〉⊗n = |ψ〉.

7. Apply F−1N0
to the first register.

8. Measure the first register and denote the outcome
|z〉.

9. Output ã = sin2(π z
N0

).

Theorem 4 The Algorithm 1 outputs |W̃f (z1)| =
√
ã

with probability at least 8
π2 such that

| |W̃f (z1)| − |Wf (z1)|
Wf (z1)

| < ε. (10)

The quantum query complexity N0 of Algorithm 1 are as
follows:
1) If a = 0, then ã = 0 with certainty and N0 = O(1); if
a = 1 with certainty, then ã = 1 and N0 = O(1).

2) If a = Θ( 1
Nα ) (0 < α ≤ 2), then N0 = Θ(N

α
2

ε ).
3) If a = O(1) 6= 0, 1, then N0 = O(1).

Proof. Theorem 4 can be checked by Lemma 3. �

3 Computing Ham(f ,g) between f and g

In this section, we focus on computing the Hamming
distance between two Boolean functions.
Problem 2 Given two unknown functions f, g ∈ Bn,
computing Ham(f, g).
Algorithm 1 Algorithm 2(Ham(f, g), N0)

1. Initialize state |ψ0〉 = |0〉⊗n0 |0〉⊗n|0〉 in three reg-
isters, where n0 is a constant determined later.

2. Perform Unitary operator I⊗H⊗n⊗I on the initial
state |ψ0〉, giving

|ψ1〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|0〉. (11)

3. Apply the Uf on latter two registers, producing

|ψ2〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|f(x)〉. (12)

4. We again apply the Ug on latter two registers, pro-
ducing

|ψ3〉 =|0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|f(x)⊕ g(x)〉 (13)

=|0〉⊗n0 |ψ〉, (14)

where

|ψ〉 =
∑

f(x)6=g(x)

1√
2n
|x〉|1〉+

∑
f(x)=g(x)

1√
2n
|x〉|0〉

(15)

= |Ψ1〉+ |Ψ0〉, (16)

|Ψ1〉 =
∑

f(x)6=g(x)

1√
2n
|x〉|1〉 and (17)

|Ψ0〉 =
∑

f(x)=g(x)

1√
2n
|x〉|0〉. (18)

5. Apply FN0 to the first register, where N0 = 2n0 .

6. Apply ∧N0
(Q) where Q = −AS0A−1Sz to the

three registers and Sz is defined such that

|x〉|z〉 →
{
−|x〉|1〉 if z = 1
|x〉|0〉 if z = 0,

and A|0〉⊗(n+1) = |ψ〉.

7. Apply F−1N0
to the first register.

8. Measure the first register and denote the outcome
|z〉.

9. Output ã = sin2(π z
N0

) and H̃am(f, g) = N × ã .

Theorem 5 Given two Boolean functions f , g and any
ε such that 1

3N < ε ≤ 1, there exists a quantum al-

gorithm which outputs an estimate H̃am(f, g)such that
|H̃am(f, g) −Ham(f, g)| ≤ εHam(f, g) with probability
at least 2

3 , using an expected query number of
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Θ(

√
N

(bεtc+ 1)
+

√
t(N − t)
bεtc+ 1

), (19)

where t = Ham(f, g). If Ham(f, g) = 0 or Ham(f, g) =
N , then H̃am(f, g) = Ham(f, g) with certainty. More-
over, our algorithm is optimal.

Proof. The algorithm is composed by joint our
algorithm 2 and Algorithm (Approx− Count(f, ε)) in
literature [7]. The upper bound on query complexity is
obtained from Algorithm(Approx− Count(f, ε)). The
lower bound on query complexity is obtained from the
theorem 1.13 of Nayak and Wu [8]. Therefore, our algo-
rithm is optimal. �

4 Exact quantum query algorithms for
promise problems

Braunstein [9] et al. exploited the Grover operator
for the weight analysis of a Boolean function and solved
the weight-decision problem. Here we consider another
exact quantum query algorithms for Hamming distance
problem.
Problem 3 Given f, g ∈ Bn, either Ham(f, g) is 2n or
Ham(f, g) is h2n(0 ≤ h ≤ 3

4 ), determining which case
belongs to.
Algorithm 3

1. Initialize state |ψ0〉 = |0〉⊗n|0〉 in two registers.

2. Perform Unitary operator H⊗n ⊗ I on the initial
state |ψ0〉, giving

|ψ1〉 =
∑

x∈{0,1}n

1√
2n
|x〉|0〉. (20)

3. Apply the Uf on |ψ1〉, producing

|ψ2〉 =
∑

x∈{0,1}n

1√
2n
|x〉|f(x)〉. (21)

4. We again apply the Ug on |ψ2〉, producing

|ψ3〉 =
∑

x∈{0,1}n

1√
2n
|x〉|f(x)⊕ g(x)〉 (22)

=
∑

f(x)=g(x)

1√
2n
|x〉|0〉+

∑
f(x)6=g(x)

1√
2n
|x〉|1〉

(23)

= |Ψ1〉+ |Ψ0〉, (24)

|Ψ1〉 =
∑

f(x)=g(x)

1√
2n
|x〉|0〉, (25)

|Ψ0〉 =
∑

f(x) 6=g(x)

1√
2n
|x〉|1〉. (26)

5. We apply the Q = −AS0(φ)A−1S(ϕ)(φ =
2 arctan

√
3− 4h, ϕ = arccos 1−2h

2(1−h) ) on |ψ3〉, where

A|0〉⊗(n+1) = |ψ3〉 and S(ϕ) is defined such that

|x〉|b〉 →
{
eiϕ|x〉|0〉 if b = 0
|x〉|1〉 if b = 1.

6. Measure the last qubit and denote the outcome |z〉.

7. If |z〉 = |1〉, output Ham(f, g) = 2n; If |z〉 = |0〉,
then output Ham(f, g) = h2n.

Theorem 6 Algorithm 3 solves the promise problem 3
with certainty using O(1) queries, while any classical de-
terministic algorithm requires Ω(2n) queries.

Proof. Case 1. If Ham(f, g) is 2n, we have Q|ψ3〉 =
−eiφ|Ψ0〉 by lemma 2, i.e. |z〉 = |1〉. That is Algorithm
3 outputs Ham(f, g) = 2n.
Case 2. IfHam(f, g) is h2n, we haveQ|ψ3〉 = [−ei(ϕ+φ)+
(1− eiϕ)(1− eiφ)h]|Ψ1〉, i.e. |z〉 = |0〉. Hence Algorithm
3 outputs Ham(f, g) = h2n. �
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We provide an in-depth investigation of parameter estimation in Nested Mach-Zehnder interfer-
ometers (NMZIs) using two information measures: the Shannon mutual information and the classical
Fisher information. Protocols for counterfactual communition (CFC) have, so far, been based on
two different definitions of counterfactuality. In particular, some schemes have been based on NMZI
devices, but have recently been subject to criticism. We provide a methodology for evaluating the
counterfactuality of these protocols, based on an information theoretical framework. More specifi-
cally, we make the assumption that any realistic quantum channel in MZI structures will have some
weak uncontrolled interaction, and we use the Fisher information to measure counterfactual vio-
lations. The measure is used to evaluate the suggested counterfactual communication protocol by
Salih et al. [1]. The protocol of Arvidsson-Shukur and Barnes [2], based on a different definition, is
evaluated with a probability measure. Our results show that the definition of Arvidsson-Shukur and
Barnes is satisfied by their scheme, whilst that of Salih et al. is only satisfied by perfect quantum
channels. For realistic devices the latter protocol does not achieve its objective.

PACS numbers: 03.65.Ta, 03.67.Hk, 03.67.Ac

I. INTRODUCTION

During the past one and a half centuries, the study
of interferometers has resulted in some of the most pro-
found discoveries in physics. From the Michelson–Morley
experiment [3], which established the speed of light as
a constant, to Hardy’s Paradox [4], which elegantly
demonstrates the non-local behaviour of the fundamen-
tals of quantum physics, interferometers have played a
pivotal role. This is perhaps more evident today than
ever before, considering the recent discoveries of gravi-
tational waves made with two power-recycled Michelson
interferometers.[5]

Studies with optical quantum interferometers have
shown great promise for detection of external fields, or
external parameter estimation.[6–13] A common exam-
ple of this is phase estimation. By letting optical quan-
tum states interfere with a medium inside an interfer-
ometer it can be easier to establish the nature of a
phase-shift caused by the medium, than with a direct
interaction.[10, 14–16]

A framework for studying phase estimation in interfer-
ometers has been developed by Bahder et al. [13, 15, 16].
This framework uses the Shannon mutual information
and the classical Fisher information as measures of the
phase estimating capacity of different interferometers and
input states. The Shannon mutual information provides
a measure of the suitability of a specific experiment for
the estimation of a phase given some known or unknown
phase probability distribution. The classical Fisher in-
formation, on the other hand, provides a measure of how
well a specific—but unknown—phase-shift in the inter-
ferometer can be estimated by a single outcome event
from the specific interferometry experiment.

Another area of physics that has been developed en-

tirely via the study of interferometers, is that of counter-
factual phenomena:

counterfactuals—that is, things that might
have happened, although they did not in fact
happen

- Roger Penrose in ‘Shadows of the Mind’ [17]

The counterfactual phenomenon of interaction-free
measurements was originally discovered by Elitzur and
Vaidman in their seminal paper on quantum bomb
diffusal.[18] They showed how a Mach-Zehnder Interfer-
ometer (MZI) could be used in order to query weather
or not an absorbing object (e.g. a bomb) was or was not
present in the lower interferometer arm. The novelty of
their setup was that the photons propagating through the
interferometer sometimes allowed for the answering of the
query without interacting with the object in question, i.e.
counterfactually.[17] Kwiat et al. then showed how the
efficiency of this scheme could be taken arbitrarily close
to unity by creating a chain of several MZIs.[19, 20]

During the last decade there has been further investiga-
tions of counterfactual schemes. Many of these are based
on the use of so called “nested” Mach-Zehnder Inter-
ferometers (NMZIs). There have been suggestions that
quantum computation [21], direct communication [1] or
transmission of quantum states [22] can be conducted
without the interrogating particle ever entering the quan-
tum computer in the former case or interacting with the
information transmitter in the two latter. However, these
schemes have been under intense debate.[1, 22–30] The
criticism resulted in the development of another counter-
factual communication (CFC) scheme.[2] The definition
of counterfactuality in the former schemes does not al-
low any particles to travel between receiver and trans-
mitter. Alternatively, the definition in the latter allows
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particles to travel from receiver to transmitter but not
vice versa (i.e. particles are only allowed to travel in the
opposite direction of the message). The essence of the
criticism of the former schemes is based on an investiga-
tion of the weak trace [23] that the interrogating particle
leaves within the inner part of a NMZI. Essentially, the
inner part of the NMZIs have to be inaccessible to the
interrogating particle. However, if a weak interaction is
present in those parts, the effect of that is of the same or-
der or stronger than if the particle had freely propagated
through the interaction.[25, 26] The common rebuttal is
that this criticism is invalid as a weak interaction alters
the perfect interference of the interferometer used in the
suggested schemes.

Whilst the weak trace is an interesting concept, we
feel that an argument based on information theoretical
principles is desirable to bring clarity to the subtleties
of the counterfactual protocols. Furthermore, owing to
the intense discussion regarding NMZIs, we also see the
need of a thorough investigation of parameter estimation
in these structures.

In this paper we adapt the information measures of
phase estimation such that they can be used for param-
eter estimations in Mach-Zehnder Interferometer struc-
tures. We firstly give an outline of the theoretical frame-
work of the paper. Secondly, we provide a detailed anal-
ysis of the wavefunction evolution through the NMZI de-
vices. We observe how the Shannon mutual information
and classical Fisher information changes between exper-
iments with NMZIs depending on where in the interfer-
ometer an interacting medium is placed. Furthermore,
we evaluate the two different definitions of CFC, with
suitable measures of their respective violations. The un-
derlying argument of our work, is that absolutely lossless
and pure spatial transmission of quantum particles is not
attainable. Thus, a theory that relies on such perfect
quantum channels is as valid (read: invalid) as a thermo-
dynamic proof only valid at 0 K. We provide a model of
realistic devices that contain a weak un-controlled polar-
ization rotation. This serves the purpose of mimicking
real quantum evolutions. Based on this, we can evalu-
ate the counterfactuality of the communication schemes
according to their respective definitions. We see that
some “counterfactual” protocols violate their definition
of counterfactuality more than a free-space propagation
from a transmitter to a receiver. We can thus rule out
the counterfactuality of these schemes.

II. INFORMATION MEASURES

The basis of this work is the knowledge of how the sin-
gle particle wavefunction (and thus the probability den-
sity distribution) evolves through the devices we wish
to investigate. The wavefunction evolution is provided
by the calculation of unitary operations on some ini-
tial quantum state: |ψin〉 → Û |ψin〉. Throughout the
evolution, information will be encoded in the probabil-

ity density distribution via the interactions that act on
the wavefunction. Whilst the extension to multi-photon
states is straightforward, we wish to keep this study in
line with suggested counterfactual schemes [1, 2, 21, 22],
and restrict our work to single photon inputs.

It is often nonsensical to ask where a quantum parti-
cle has been present between two observations. However,
along the evolution of the quantum state, from input to
output, one can introduce an interaction that results in
parts of the wavefunction occupying a quantum state that
only is made available via this interaction. The wave-
function will carry some information about the nature
of that interaction and it is possible to interpret parts of
the probability density—that occupy states only made
available via this interaction—as having had a classical
presence at the area where the interaction was located.
The probability outputs, at the end of the quantum evo-
lution, allow for the estimation of the interaction param-
eters. The effectiveness of such an estimation, for a given
quantum device, can be evaluated with the two informa-
tion measures outlined in the following subsection.

II.I. Shannon Mutual Information & Fisher
Information

Consider an experiment, given an input state, ψin, and
a parameter, θ, that sets some interaction. We can cal-
culate the Shannon mutual information, H(θ : M), be-
tween the parameter θ and the measurement outcomes
M = {Mi}, where Mi represents an event that occurred
in the ith detector location of the total spatial Hilbert
space, H:

H(θ : M) =
∑
i∈H

∫ θmax

θmin

dθP (Mi|θ, ψin)p(θ)

× log2

[
P (Mi|θ, ψin)

P (Mi|θ, ψin)

]
, (1)

where P (Mi|θ, ψin) =
∫ θmax
θmin

dθ′P (Mi|θ′, ψin)p(θ′),

P (Mi|θ, ψin) is the probability of Mi for some specific
θ and ψin, and p(θ) is the a priori probability distri-
bution of the parameter θ [15, 31]. The Shannon mutual
information provides a measure of how much information
about θ that can be obtained through knowledge of the
measurement outcomes of a specific experiment. A large
value of H(θ : M) indicates a good device for parameter
estimations of an unknown parameter θ.

The Shannon mutual information takes into account a
prior distribution of θ: p(θ). However, if the value of θ
is fixed but unknown, one might ask oneself how much
information a single use of a specific interferometer yields
about θ. This quantity of information is given by the
classical Fisher information [13, 31]:

F (θ) =
∑
i∈H

1

P (Mi|θ, ψin)

[
∂

∂θ
P (Mi|θ, ψin)

]2
. (2)
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In the Cramér-Rao inequality F (θ) sets a lower bound
on the variance of the estimator of θ, θe, obtained in a
specific experiment:

Var(θe) ≥
1

F(θ)
. (3)

II.II. Fisher Information as a Measure of Presence
in Optical Circuits

Many optical quantum interferometers do not involve
polarization operations. However, any “real” experiment
with single photons will naturally include some polariza-
tion operations—owing to, for example, material impuri-
ties and systematic errors in the experimental setup. We
mimic the inevitable imperfect nature of real quantum
channels by introducing single polarization interactions
somewhere in the optical circuits. We call this interaction
the “tagging” of the wavefunction. By introducing the
polarization degree of freedom, we can use the Fisher in-
formation to estimate the parameters associated with the
interaction. As has been described above, a tagged part
of the wavefunction can be considered to have had a past
at the location of the polarization interaction. In this
subsection we show that, given access to all the outcome
possibilities, the classical Fisher information, in the inter-
ferometers studied in this work, is always proportional to
the integrated probability density distribution that has
evolved through the interaction in the Schrödinger pic-
ture.

Firstly, we define an optical input vector, a, of length
2n, which evolves into an output vector, b. The 2n levels
correspond to the n different optical paths of the device,
each of which can exist in one of the two polarization
states. We choose the order of the vector elements so that
the first n entries have the polarization of the initial input
state, and so that the following n entries have orthogonal
polarization.

We can describe the evolution of the input state, a,
through the interferometer by a scattering matrix, S, in
terms of three operations:

Sa ≡
(
V̂ · f̂ (k)(θ) · Û

)
a ≡ b(k), (4)

where Û and V̂ are the unitary operators of the evo-
lution up to and after the tagging polarization rotation

respectively, and f̂ (k)(θ) is the unitary operator that de-
scribes the single polarization rotation at the specific spa-
tial path of k (where 1 ≤ k ≤ n) by an angle θ. A sketch
of the optical circuit of S is given in Fig. 1.

We can define the wavefunction after Û has been ap-
plied as c ≡ Ûa, with:

ci =
2n∑
j=1

Ui,jaj . (5)

FIG. 1. (color online) Sketch of an optical circuit of the form
of Eq. 4, which is described in the text.

The rotation matrix is then applied to this state. It
rotates the quantum state between two of the vector lev-
els, k and k′. It can be represented by the following real
matrix:

f̂ (k)(θ) =



1 · · · 0 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · fk,k(θ) · · · fk,k′(θ) · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · fk′,k(θ) · · · fk′,k′(θ) · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · 0 · · · 0 · · · 1


, (6)

where fk,k =

√
1−

(
fk,k′(θ)

)2
, fk′,k(θ) = −fk,k′(θ) and

fk′,k′(θ) = fk,k(θ).
We further arrange the vector entries such that l and

l+ n correspond to the same spatial location for 1 ≤ l ≤
n. This means that k′ = k + n in Eq. 6 and ci = 0 for
i > n in Eq. 5. We express the quantum state after the

polarization interaction as d(k)(θ) ≡ f̂ (k)(θ)c, with:

d
(k)
i (θ) =

2n∑
j=1

f
(k)
i,j (θ)cj . (7)

We note that the only components of d(k) that depend

on θ are d
(k)
i=k = fk,k(θ)ck and d

(k)
i=k+n = fk+n,k(θ)ck.

Finally, we can apply the last unitary evolution V̂ . Fol-
lowing the steps above, we express the output vector as
b(k) ≡ V̂ d(k)(θ), with:

b
(k)
i (θ) ≡ β(k)

i + b
(k)
i,θ (θ) =

2n∑
j=1

Vi,j(θ)d
(k)
j (θ), (8)

where the θ-dependence of b
(k)
i (θ) is encapsulated in

b
(k)
i,θ (θ) and the term independent of θ is defined as β

(k)
i .
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The probability of measuring the single photon in the
ith output port, is then given by:

P
(k)
i (θ) = |β(k)

i + b
(k)
i,θ (θ)|2. (9)

This can be re-expressed as

P
(k)
i (θ) ≡ |β(k)

i + b
′(k)
i f

(k)
j,k (θ)|2, (10)

where j = k if i ≤ n and j = k + n if i > n. For
convenience we now drop the (k) superscript.

Using Eq. 2, the individual Fisher information com-
ponents can be expressed as:

Fi =
1∣∣βi + b′ifj,k(θ)

∣∣2 [ ∂∂θ ∣∣βi + b′ifj,k(θ)
∣∣2]2

=
1(

βi + b′ifj,k(θ)
)(
β∗i + b′∗i fj,k(θ)

)
×
[ ∂
∂θ

(
βi + b′ifj,k(θ)

)(
β∗i + b′∗i fj,k(θ)

)]2
(11)

This expression can be simplified by expressing the co-
efficients as βi ≡ |βi|eiφi and b′i ≡ |b′i|eiφi,θ and defining
φ ≡ φi − φi,θ:

Fi =

(
cos (φ)|βi|+ |b′i|fj,k(θ)

)2(
|βi|2 + |b′i|2f2j,k(θ) + 2 cos (φ)|βi||b′i|fj,k(θ)

)
×4|b′i|2

( ∂
∂θ
fj,k(θ)

)2
.

(12)

We notice that if the phase difference φ is a multiple
of π, the expression simplifies to:

Fi =4|b′i|2
( ∂
∂θ
fj,k(θ)

)2
.

(13)

This phase criterion is satisfied if the phases of all the
spatial comontents, i ≤ n, of the input state are the same
and S is real (e.g. the optical setup only contains beam-
splitters that can be represented by real operators). It is
also satisfied by all the optical setups considered in Refs.
[1, 2, 18–20, 23].

For the quantum optical setups of interest in this pa-
per, we can thus express the classical Fisher information
(Eq. 2) as:

F (θ) =
2n∑
i=1

4
[ ∂
∂θ

∣∣bi,θ(θ)∣∣]2. (14)

This can be re-expressed as:

F (θ) =
n∑
i=1

4
[ ∂
∂θ

∣∣Vi,kdk(θ)
∣∣]2

+
2n∑

i=n+1

4
[ ∂
∂θ

∣∣Vi,k+ndk+n(θ)
∣∣]2

=
n∑
i=1

4
∣∣Vi,k∣∣2[ ∂

∂θ

∣∣dk(θ)
∣∣]2

+
2n∑

i=n+1

4
∣∣Vi,k+n∣∣2[ ∂

∂θ

∣∣dk+n(θ)
∣∣]2 (15)

Û and V̂ do not manipulate the polarization of the wave-
function. Thus, the symmetry of the matrix V̂ is such
that Vi,k = Vi+n,k+n. It also implies that Vi,k = 0 for
i > n and Vi,k+n = 0 for i ≤ n . By assuming a real
S and defining a suitable reference-point for the global
input phase we simplify our expression further:

F (θ) =

2n∑
i=1

4|Vi,k|2
[ ∂
∂θ
|dk(θ)|

]2
+

2n∑
i=1

4|Vi,k|2
[ ∂
∂θ
|dk+n(θ)|

]2
. (16)

We sum the squared entries in the column of our unitary
matrix to unity, and the expression simplifies to:

F (θ) =4
[ ∂
∂θ
|dk(θ)|

]2
+ 4
[ ∂
∂θ
|dk+n(θ)|

]2
. (17)

At this stage we note that the total Fisher information
of the device does not contain any dependence on the
unitary operation V̂ .

We continue by substituting the expressions of dk and
dk+n from above (Eq. 7) to obtain a final expression of
the Fisher information:

F (k)(θ) =4|ck|2
([ ∂
∂θ

(
fk,k(θ)

)]2
+
[ ∂
∂θ

(
fk+n,k(θ)

)]2)
,

(18)

where we briefly re-introduce the (k) superscript.
To conclude this section, we make the observation that

the Fisher information, Eq. 18, is proportional to |ck|2.
|ck|2 is the probability of observing the photon in the kth

spatial state if a detector had been placed at the location
of the tagging interaction. Näıvely the extent to which
the wavefunction spreads into a spatial location, accord-
ing to the time-dependent Schrödinger equation, could
be interpreted as a measure of how much the particle
has been present there. However, owing to the nature of
quantum mechanics, it is philosophically problematic to
specify what the physical meaning of the wavefunction
between measurements is.1 Nevertheless, in the circuits

1 This is discussed at length in Wheeler’s “The ‘Past’ and the
‘Delayed-Choice’ Double-Slit Experiment”, which has been re-
produced in ref. [32]
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TABLE I. The counterfactual nature of the Type I [1] and
the Type II [2] communication schemes. In both schemes a
message is transmitted from a transmitter, Bob, to a receiver,
Alice.

Scheme \ Bit Logical 0: Logical 1:

Type I: No particles cross the transmission line
between Alice and Bob.

Type II: Particles propagate
from Alice to Bob
via the transmission
line.

Particles propagate
from Alice to the
transmission line
and back again.

studied above, the tagging mechanism, which rotates the
initial polarization of the photon into a superposition
state, is the only polarization component of the inter-
ferometer. Hence, it is arguably less näıve to consider an
output photon in an altered polarization state to have
had a past that has included the passage through the
tagging part of the interferometer. Even if the intro-
duced tagging polarization rotations are very small and
do not affect the specific interferometer significantly, Eq.
18 shows that the information content, which travels from
the polarization rotator to the output ports, is weighted
by the square of the integrated wavefunction at the loca-
tion of the interaction. Hence, the Fisher information is
arguably a good measure of the extent to which a particle
can be considered to previously have had a presence at
the tagging location.

III. MEASURES OF COUNTERFACTUAL
VIOLATION

In this section we develop measures for the extent a
process violates counterfactuality.

There are two main schemes for CFC, based on dif-
ferent definitions of the concept. One was developed in
2013 by Salih et al.[1] We refer to the definition of CFC in
that protocol as the Type I definition. Another scheme
was developed by Arvidsson-Shukur and Barnes in 2016
[2] and we refer to its definitions as the Type II defi-
nition. The two schemes are outlined in detail in later
sections, nevertheless, their differences in counterfactual-
ity are summarised in Table I.

The counterfactuality of an interaction-free process,
naturally depends on the definition of the spatial extent
of the respective “laboratories” of the participants in the
protocol. Both the Type I and II definitions state that
for a process in Bob’s laboratory to be counterfactual
with respect to Alice, it is essential that particles should
never propagate from Bob to Alice (such that parts of
a wavefunction that interacts with Bob’s laboratory will
have a vanishing probability to end up in Alice’s). More-
over, both the Type I and II schemes utilise the quantum
Zeno effect [33, 34] to produce their respective logical 1
bit-values in a counterfactual manner. We are not aware
of any works disputing the counterfactual nature of these

processes. That leaves us with the task of evaluating the
Type I and II logical 0 processes. The Type I definition
should forbid particles to propagate from Alice to Bob
and vice versa. Following the discussion in the section
above, a good measure of the violation of such a pro-
cess could be based on the Fisher information encoded
at Bob’s laboratory, in a particle originating from Alice.

In order to evaluate the “strength” of a violation of
a Type I logical 0 process (caused by a tagging interac-
tion as discussed above) we need a Fisher information
benchmark. In this work we benchmark with respect to
the Fisher information of a free-space evolution, Ffree,
subject to the same tagging interaction as the circuits
of interest. This can, for example, be the scenario of
Bob directly sending a photon to Alice (see Fig. 2)—a
clearly non-counterfactual scenario. We can now define
our new measure for the violation of Type I counterfac-
tuality. We call the measure the Type I counterfactual
violation strength:

D ≡ F

Ffree
. (19)

This quantity can effectively be thought of as the Fisher
information encoded in a particle originating from Alice,
owing to an interaction at Bob’s laboratory, as a frac-
tion of the Fisher information of a free-space interaction.
A value of D = 0 corresponds to no wavefunction in-
teracting with Bob’s laboratory; and a value of D ≥ 1
corresponds to an interaction stronger than or equal to
that of a free-space interaction. Values of the order of
unity or bigger are convicted of violating Type I coun-
terfactuality.

When it comes to evaluating the logical 0 in Type II
protocols, we need a different measure than Eq. 19. This
is because this scheme allows Alice’s particles to be en-
coded by Bob, as long as they do not return to Alice.[2]
The probability of detection in Alice’s laboratory in this
process is null for perfect quantum channels (θ = 0).
Thus, a reasonable measure of a counterfactual viola-
tion would be the total probability of a particle return-
ing to Alice as a result of a non-collapsing interaction
(i.e. θ 6= 0) in Bob’s laboratory. Let Mj∈HA

denote the
measurement outcomes triggered in the Hilbert space of
states within the spatial extent of A. Additionally, let
Mj′ /∈HA

denote the negative measurement that indicate
all outcome states outside the spatial extent of A. Our
new Type II measure can then be expressed as:

PA ≡
∑
j∈HA

P (Mj |θ, ψin) = 1− P (Mj′ /∈HA
|θ, ψin). (20)

This measure can be interpreted in a way such that PA =
1 corresponds to a full counterfactual violation of the
Type II logical 0 and PA = 0 corresponds to perfect
counterfactuality.

Moreover, even though the probability to trigger a de-
tection in Alice’s laboratory can be very small (PA ≈ 0),
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FIG. 2. (color online) A single-photon Fock state is incident
on a weak polarization rotator. The photon is then measured
in its number state and polarization state.

small probabilities can generate large Fisher informa-
tions. We thus introduce the spatially restricted Fisher
information, FA. FA is a measure of the sum of the in-
dividual components of the classical Fisher information
(Eq. 2), as experienced by an observer A. We define:

FA(θ) ≡
∑
j∈HA

1

P (Mj |θ, ψin)

[
∂

∂θ
P (Mj |θ, ψin)

]2

+
1

1− PA

[
∂

∂θ
PA

]2
. (21)

Interestingly, in a Type II scheme, Alice can still obtain
a large Fisher information of Bob’s θ, even if counterfac-
tuality is only violated weakly by θ.

IV. INFORMATION IN NESTED MZIS

IV.I. Free Space Interaction

As a reference scenario for the optical circuits discussed
in later sections of this paper, we provide the simplest
of examples of perturbations caused by a polarization
rotator. We consider a single-photon Fock state. It has
a polarization degree of freedom, and propagates in a
straight line. It interacts with a polarizing medium—the
rotator—shortly after which it is measured. See Fig. 2

The quantum interaction of the wavepacket with the
rotator results in a rotation of the polarization set by
the parameter θ = θw. We can calculate the Shannon
mutual information, H(θw : M), of the parameter θw
and the measurement outcomes.

We introduce the creation operators â†H and â†V , which
create a single photon in a horizontal and vertical state
respectively. Our polarization axes are defined such that
the input state can be written as:

â†H |0〉 ≡
(

1
0

)
. (22)

For the case of a single polarizing rotator, the scattering
matrix (Eq. 4) takes the form:

S = f̂ (1)(θw) =

(√
1− θ2w θw
−θw

√
1− θ2w

)
. (23)

The polarization rotations of the different optical circuits
studied in this paper will all be of the form of Eq. 23.

The detector in Fig. 2 measures in the basis: |nH , nV 〉,
where nH and nV are the respective photon numbers of
horizontal and vertical polarization at the output. The
output probabilities are given by:

P (nH = 1|θw) = 1− θ2w, (24)

P (nV = 1|θw) = θ2w, (25)

where we have adopted a notation such that the state-
ment ns = 1 implicitly assumes that all other possible
measurement outcomes, t 6= s, satisfy

∑
t6=s nt = 0. As

we continue to work with single photon input states, we
keep this notation throughout this paper.

We assume no prior knowledge of θw such that θmin =
−1, θmax = 1 and p(θ) = 1/2 in Eq. 1. The mutual
information is given by:

H(θw : M) =
ln(108)− 4

3 ln(2)
≈ 0.328. (26)

Furthermore, the classical Fisher Information of the
free-space rotation is given by Eq. 2 or Eq. 18:

Ffree =
4

1− θ2w
. (27)

Eq. 27 will be used as the free-space benchmarking
Fisher information in Eq. 19 when calculating counter-
factual violation strengths further on in this paper.

IV.II. Nested MZI Interaction

We now investigate how the position of a polarization
rotator in the nested Mach-Zehnder interferometer (see
Fig. 3) changes the output probabilities, the Shannon
mutual information and the Fisher Information.

In general one can describe the normalised input and
output vectors, a and b, of the NMZIs by:

a =
1√
La



na1,H
na2,H
na3,H
na1,V
na2,V
na3,V

 , b =
1√
Lb



nb1,H
nb2,H
nb3,H
nb1,V
nb2,V
nb3,V

 , (28)

where La and Lb are some normalisation constants. The
corresponding input creation operators are given by â†i .
These are transformed into the output operators via the

scattering matrix (see Eq. 4) b̂†j = Si,j â†i . In the fol-
lowing sections we restrict our input states to horizontal
single photon states, initially occupying the first spatial

input port, such that |ψin〉 = â†1,H |0〉. We drop the su-
perscripts of the vector elements.

The beam-splitters, BSi, have reflection and transmis-
sion coefficients ri and ti respectively. In the NMZI de-
vice r2 = t2 = r3 = t3 = 1√

2
, such that the scattering
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FIG. 3. (color online) A single-photon state is sent as the
input to one of the ports of a NMZI. There are six possible
detection outcomes (three spatial outcomes, each having a
polarization degree of freedom). The green barred lines and
blue arrowed lines represent mirrors and non-polarizing beam-
splitters respective.

matrix of the NMZI device, without polarization rotators

(i.e. f̂ (k)(θ) = 1̂ in Eq. 4), is given by:

S =


r1r4 t1r4 t4 0 0 0
−r1t4 −t1t4 r4 0 0 0
t1 −r1 0 0 0 0
0 0 0 r1r4 t1r4 t4
0 0 0 −r1t4 −t1t4 r4
0 0 0 t1 −r1 0

 . (29)

We proceed by evaluating the NMZI device for parame-
ter estimation by considering five different scenarios with
a polarization rotator placed in one out of five locations
in the NMZI device (see Fig. 4).

1. One

In our first scenario, we introduce a rotator in the lower
arm of the Nested MZI. See position (1) in Fig. 4.

The scattering matrix of this device is given by:

S1 =


r1r42θw t1r42θw t4 r1r4θw t1r4θw 0
−r1t42θw −t1t42θw r4 −r1t4θw −t1t4θw 0

t1 −r1 0 0 0 0
−r1r4θw −t1r4θw 0 r1r42θw t1r42θw t4
r1t4θw t1t4θw 0 −r1t42θw −t1t42θw r4

0 0 0 t1 −r1 0

 , (30)

where θw ≡
√

1− θ2w/2.

FIG. 4. (color online) A polarization rotation is added to
one, but only one, of the positions, 1 - 5, in the Nested Mach-
Zehnder Interferometer from Fig. 3.

Assuming the single photon input state from above,
|ψin〉, we get the following conditional probabilities for

the possible output detections:

P (n1,H = 1|θw) = r21r
2
4

(
1− θ2w

)
, (31)

P (n1,V = 1|θw) = r21r
2
4θ

2
w, (32)

P (n2,H = 1|θw) = r21t
2
4

(
1− θ2w

)
, (33)

P (n2,V = 1|θw) = r21t
2
4θ

2
w, (34)

P (n3,H = 1|θw) = t21, (35)

P (n3,V = 1|θw) = 0. (36)

The Shannon mutual information of the device is given
by:

H(θw : M) =
ln(108)− 4

3 ln(2)
r21. (37)

Furthermore, the Fisher Information of this device is
given by:

F =
4

1− θ2w
r21. (38)

We see that the information content obtained from the
measurement outcomes, as compared to the free-space
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scenario, is scaled by the square of the reflection coeffi-
cient of the first beam-splitter (BS1). The information is
reduced exactly by the square of the norm of the wave-
function that is scattered through parts of the interfer-
ometer not passing through the polarization rotator in
the Schrödinger picture.

2. Two

In our next scenario, we consider the rotator to be
placed in the upper interferometer path, before the sec-
ond beam-splitter. The scattering matrix then takes the
form of:

S2 =


r1r4 t1r4 t4 0 0 0
−r1t4 −t1t4 r4 0 0 0
t12θw −r12θw 0 t1θw −r1θw 0

0 0 0 r1r4 t1r4 t4
0 0 0 −r1t4 −t1t4 r4

−t1θw r1θw 0 t12θw −r12θw 0

 . (39)

The conditional probabilities of this example are sim-
ilar to those in Scenario One. However, the dependence
on θw is transferred to the third output port, from the
first and second in the example above. The conditional
probabilities are now given by:

P (nH1 = 1|θw) = r21r
2
4, (40)

P (nV1 = 1|θw) = 0, (41)

P (nH2 = 1|θw) = r21t
2
4, (42)

P (nV2 = 1|θw) = 0, (43)

P (nH3 = 1|θw) = t21
(
1− θ2w

)
, (44)

P (nV3 = 1|θw) = t21θ
2
w. (45)

The Shannon mutual information is given by:

H(θw : M) =
ln(108)− 4

3 ln(2)
t21. (46)

Additionally, the Fisher Information is scaled similarly,
such that it is given by the expression:

F =
4

1− θ2w
t21. (47)

The r1 dependency of the previous scenario has, natu-
rally, been transformed into a t1 dependency. Owing to
the design of the NMZI device, the beam-splitters of the
inner MZI have no effect on the information of θw if the
rotator is placed just after the first beam-splitter.

3. Three

In this scenario we investigate how the above stud-
ied properties change if the polarizing rotator is instead

placed after the third—but before the fourth—beam-
splitter. The scattering matrix is then given by:

S3 =


r1r4 t1r4 t42θw 0 0 t4θw
−r1t4 −t1t4 r42θw 0 0 r4θw
t1 −r1 0 0 0 0
0 0 −t4θw r1r4 t1r4 t42θw
0 0 −r4θw −r1t4 −t1t4 r42θw
0 0 0 t1 −r1 0

 .

(48)

The conditional probabilities are given by:

P (nH1 = 1|θw) = r21r
2
4, (49)

P (nV1 = 1|θw) = 0, (50)

P (nH2 = 1|θw) = r21t
2
4, (51)

P (nV2 = 1|θw) = 0, (52)

P (nH3 = 1|θw) = t21, (53)

P (nV3 = 1|θw) = 0. (54)

The lack of dependence on θw can simply be explained
by the fact that the interference effects of the device pro-
hibits any part of the wavepacket to evolve into the spa-
tial location where the rotator is placed in this scenario.

The Shannon mutual information is given by:

H(θw : M) = 0. (55)

The absence of θw in the conditional probabilities leads
to a vanishing Shannon mutual information. The same
applies to the Fisher Information:

F = 0. (56)

In the investigation of this scenario, we make the obser-
vation of how the introduction of a polarizing rotator, (3)
in Fig. 4, does not alter the output probabilities from the
original device in Fig. 3. There is never any part of the
wavefunction moving from the third to the fourth beam-
splitter. Hence, an interaction in this region should not
yield any information encoded in the particle.

4. Four & Five

In Scenario Four and Five we place the polarizing rota-
tor in the upper and lower path of the inner MZI respec-
tively. The scattering matrices of these cases are given
by:
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S4 =


r1r4 − t1t4θ−w t1r4 + r1t4θ

−
w t4θ

+
w t1t4θw −r1t4θw t4θ

2

w

−r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w r4θ

+
w t1r4θw −r1r4θw r4θw

t1θ
+
w −r1θ+w −θ−w t1θw −r1θw θw

−t1t4θw r1t4θw −t4θw r1r4 − t1t4θ−w t1r4 + r1t4θ
−
w t4θ

+
w

−t1r4θw r1r4θw −r4θw −r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w r4θ

+
w

−t1θw r1θw −θw t1θ
+
w −r1θ+w −θ−w

 , (57)

S5 =


r1r4 − t1t4θ−w t1r4 + r1t4θ

−
w −t4θ+w −t1t4θw r1t4θw t4θw

−r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w −r4θ+w −t1r4θw r1r4θw r4θw

t1θ
+
w −r1θ+w θ−w −t1θw r1θw θw

−t1t4θw r1t4θw t4θw r1r4 − t1t4θ+w t1r4 + r1t4θ
+
w −t4θ−w

−t1r4θw r1r4θw r4θw −r1t4 − t1r4θ+w −t1t4 + r1r4θ
+
w −r4θ−w

−t1θw r1θw θw t1θ
−
w −r1θ−w θ+w

 . (58)

where θ±w ≡ (1±θw)/2 and where we temporarily make a

superficial change of variables such that θw →
√

1− θ2w.
For the two scenarios of introducing the polarization

rotator inside the nested part of the interferometer, the
conditional probabilities take more complicated forms:

P (nH1 = 1|θw) =
1

4
(2r1r4 − t1t4(1− θw))2, (59)

P (nV1 = 1|θw) =
1

4
t21t

2
4(1− θ2w), (60)

P (nH2 = 1|θw) =
1

4
(2r1t4 + t1r4(1− θw))2, (61)

P (nV2 = 1|θw) =
1

4
t21r

2
4(1− θ2w), (62)

P (nH3 = 1|θw) =
1

4
t21(1 + θw)2, (63)

P (nV3 = 1|θw) =
1

4
t21(1− θ2w). (64)

The corresponding Shannon mutual information for
these devices is complicated and not very informative.
However, by making the assumption that t4 = r1 and
r4 = t1, we can simplify the expression of the mutual
information such that:

H(θw : M) =
1

3 ln (2)t21

[
− 2r31 ln (r21)

+t21

(
3 ln (3) + t21

(
ln (2)− 1

)
−2−

(
3r21 + t41

)
ln
(
3r21 + t41

))]
. (65)

Furthermore, we can approximate this expression. For
scenarios where t1 ≈ 0, the Shannon mutual information
is successfully modelled by a second order term:

H(θw : M) ≈ −3 + ln (2) + 3 ln (3)

3 ln (2)
t21. (66)

To obtain an even better model we can use a Padé ap-
proximant [35] of order [6/4]:

H(θw : M) ≈ a2t
2
1 + a4t

4
1 + a6t

6
1

1 + b2t21 + b4t41
, (67)

with constants ai and bj for i = {2, 4, 6} and j = {2, 4}
given in Table II. Fig. 5 shows the mutual information
from Eq. 65 and the two approximations as functions
of t1. The second order Taylor expansion (for t1 ≤ 0.4)
and the Padé approximation, model the true curve within
mean squared errors of 3.1×10−8 and 2.8×10−9 respec-
tively.

The corresponding Fisher Information of the device in
Fig. 4, with a polarization rotator in the nested part ((4)
or (5)), is given by:

F =
2

1− θ2w
t21. (68)

In accordance with Eq. 18, we see that the Fisher in-
formation is proportional to how much of the wavepacket
that—in the Schrödinger picture—has passed through
the rotator in the device. In the scenarios of this subsec-
tion, the part of the wavefunction that travelled through
the rotator in Scenario Two, is halved by the second
beam-splitter before it is allowed to interact with the
rotator. Hence, F (in Eq. 68) is halved as compared to
its value in Scenario Two (Eq. 47).

TABLE II. Numerical constants in [6/4] Padé approximation
of Eq. 65.

i ai bi

2 −3+ln (2)+3 ln (3)
3 ln (2)

−1

4 25−6 ln (2)+25 ln (3)
18 ln (2)

−1
10(−7+3 ln (3))

6 254−3 ln (2)−429 ln (3)+180 ln (3)2

90(−7+3 ln (3)) ln (3)
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FIG. 5. (color online) The mutual information between the
polarization rotation, θw, and the measurement outcomes,
{Mi}, as a function of beam-splitter transmission, t1, as de-
scribed in the text. The solid black line shows the true curve
of Eq. 65, the thick grey line shows the Padé approximation
(virtually indistinguishable from the true curve) and the red
dashed line shows the second order Taylor expansion.

V. EVALUATION OF TYPE I
COUNTERFACTUAL COMMUNICATION

V.I. Numerical Analysis of Chained NMZIs

Fig. 6 shows a chained nested Mach-Zehnder inter-
ferometer. The first proposal of direct CFC [1] is based
on such a device. The chained NMZI is divided such
that the top right part of the individual NMZIs are in
Bob’s laboratory. The communication scheme allows Al-
ice to input a photon in the top left path (solid black
line). If Bob wishes to transmit a logical 0, he leaves all
paths open. If he, instead, wishes to transmit a logical
1, he blocks all paths with his detectors, DB . Bob’s ac-
tion, together with the number of inner and outer beam-
splitters (M and N respectively), sets the output statis-
tics in Alice’s Laboratory (detections at D1 or D2). The
outer and inner beam-splitters have there transmission
coefficients set such that tn=1,...,N = sin (π/2N) and
tm=1,...,M = sin (π/2M) respectively. For sufficiently
large numbers of beam-splitters (see Fig. 7), the pho-
ton will end up at D2 (logical 1) or D1 (logical 0) if Bob
inserts or does not insert DB in his laboratory, respec-
tively.

Ref. [1] assumes that the evolution of the interrogating
particle in the above described scheme can be modeled
by perfectly unitary rotation matrices. For reference, we
numerically calculate the detection probabilities of D1

and D2 detections in the scenarios of Bob keeping his
laboratory open and blocked respectively. These proba-
bilities are shown in Fig. 7 and are in accordance with

FIG. 6. (color online) The chained nested Mach-Zehnder in-
terferometer suggested for CFC in Ref. [1]. Alice inputs a
photon in the upper left path and Bob has the choice of intro-
ducing detectors in his part of the device. His choice governs
the statistics of the final output detections at D1 and D2.

FIG. 7. (color online) Probability of detection at D1 (a) and
D2 (b) if Bob unblocks and blocks his path in Fig. 6 respec-
tively.

those calculated in Ref. [1].

Fig. 7 suggests that for a communication scheme with
low logical bit errors we need M � N . Furthermore, as
discussed in Ref. [2], a success rate of about 95% requires
a total of approximately 60000 beam-splitters to be used.

We now calculate the quantum evolution of the Type I
logical 0 process (no DB), with a polarization rotation of
θw in every inner MZI in Bob’s laboratory. In accordance
with the previous sections of this paper, the weak rota-
tions mimic disturbances of realistic quantum channels.
This allows us to calculate the counterfactual violation
strength (Eq. 19). An analytical analysis of the Fisher
information in the chained NMZI devices of Fig. 6 yields
a complicated non-informative expression, even for small
numbers of M and N . Instead, a numerical finite differ-
ence method allows for a comprehensive approximation
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FIG. 8. (color online) The spatially conditioned Type I coun-
terfactual violation strength as a function of the beam-splitter
numbers N and M for the scenario of Bob not introducing his
detectors in Fig. 6.

of the counterfactual violation strength. Fig. 8 shows
the spatially conditioned Type I counterfactual violation
strength (i.e. F → FA in Eq. 19), DA, as a function
of N and M , assuming that Bob leaves his path open
and that the polarization rotations are carried out with
a weak polarization parameter: θw = 10−6 � M−1. A
simple calculation shows that D ≥ DA, such that Fig. 8
can be used as a lower bound on the Type I counterfac-
tual violation strength in the device of Fig. 6.

As stated before, large values of M and N are needed
to carry out the direct communication scheme with high
success probability. For such values, the counterfactual
violation strength of the chained NMZI communication
scheme is many orders of magnitude larger than unity.
For realistic quantum channels, we can thus, based on
our counterfactuality measure, conclude that the sug-
gested communication scheme of Ref. [1] is, de facto,
not counterfactual.

V.II. Analytical Analysis of a Single NMZI

Ref. [26, 36] suggests that the conceptual problem of
the chained NMZI in Ref. [1] can be reduced to a study
of a single NMZI device by considering pre- and post-
selected events. This enables an analytical analysis of
Type I “counterfactual” schemes based on NMZI struc-
tures.

Consider Fig. 9. We pre-select our states such that the

input is the usual |ψin〉 = a†1,H |0〉 from before. Bob has
the option of introducing some absorbing object in his
laboratory. Furthermore, we include a weak polarization
rotation in Bob’s laboratory to mimic some disturbance

FIG. 9. (color online) The Nested Mach-Zehnder Interferom-
eter as used in the communication scheme presented in the
text.

in the device. We also post-select our states such that
we exclude the events of absorption in Bob’s laboratory,
by DB or D3.

If Bob wishes to transmit a logical 1 to Alice, he intro-
duces the absorbing object in his laboratory. The renor-
malized output probabilities are then given by:

P1(nH1 = 1|nH,V3,B = 0) = N1

(
r1r4 − r2t1t2t4

)2
, (69)

P1(nV1 = 1|nH,V3,B = 0) = 0, (70)

P1(nH2 = 1|nH,V3,B = 0) = N1

(
r1t4 + r2r4t1t2

)2
, (71)

P1(nV2 = 1|nH,V3,B = 0) = 0, (72)

with N1 ≡
(

1− t21
(
r42 + t22

))−1
.

We set the beam-splitter parameters according to Fig.
9, with r2 = t2 = 1/

√
2. This simplifies our expression

such that:

P1(nH1 = 1|nH,V3,B = 0) =
r21t

2
1

3r21 + 1
, (73)

P1(nV1 = 1|nH,V3,B = 0) = 0, (74)

P1(nH2 = 1|nH,V3,B = 0) =

(
r21 + 1

)2
3r21 + 1

, (75)

P1(nV2 = 1|nH,V3,B = 0) = 0. (76)

The corresponding value for the conditioned Fisher in-
formation of this 1-bit protocol is:

F 1 = 0. (77)

This is expected, as any part of the wavefunction that
interacts with the rotator is then absorbed by DB and
can thus not reach Alice.
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Now, consider the process in which Bob instead wishes
to transmit a logical 0 to Alice. He then leaves his labora-
tory free, without any absorbing objects. The renormal-
ized probabilities of detecting the particle in the following
states are given by:

P0(nH1 = 1|θw, nH,V3,B = 0) =N0

(
r1r4 + r2t1t2t4

×
(
2θw − 1

))2
, (78)

P0(nV1 = 1|θw, nH,V3,B = 0) =N0

(
r22t

2
1t

2
2t

2
4θ

2
w

)
, (79)

P0(nH2 = 1|θw, nH,V3,B = 0) =N0

(
r1t4 − r2r4t1t2

×
(
2θw − 1

))2
, (80)

P0(nV2 = 1|θw, nH,V3,B = 0) =N0

(
r22r

2
4t

2
1t

2
2θ

2
w

)
, (81)

with N0 ≡
(

1− t21
(
r42 + t42 + 4r22t

2
2θw

))−1
. Again, we set

the beam-splitter parameters according to Fig. 9, with
r2 = t2 = 1/

√
2. The probabilities then simplify to:

P0(nH1 = 1|θw, nH,V3,B = 0) = N ′0r21t21
(
1 + 2θw

)2
, (82)

P0(nV1 = 1|θw, nH,V3,B = 0) = N ′0r21t21θ2w, (83)

P0(nH2 = 1|θw, nH,V3,B = 0) = N ′0
(
1 + r21 − 2t21θw

)2
, (84)

P0(nV2 = 1|θw, nH,V3,B = 0) = N ′0t41θ2w, (85)

where N ′0 =
(

4− 2t21
(
1 + 2θw

))−1
.

For the 0-bit scheme considered above, we then obtain:

F 0 =
t21

1− θ2w
. (86)

This can be compared to the 1-bit scheme, where the
value is F 1 = 0, such that there is no information about
the angle θw given to Alice.

The two processes described in this section can be used
in order to transmit information from Bob to Alice in a
scenario where Bob only has access to the inner part of
the NMZI (see Fig. 9). However, in order for our setup to
be representative of the behaviour of the Chained NMZI
structure from the section above, we set θw � t1 �
r1. Hence, the polarization rotation will have a minute
impact on the probability outputs. For t1 � r1, the
probability distributions for the 0- and 1-bit processes are
very similar. We see that in both processes of the scheme,
Alice will detect the state |nH2 = 1〉 with high probability.
Thus, in order for Alice to obtain Bob’s choice of bit-
value, with high probability, each logical bit has to be
decoded from a larger bit string.

The communication scheme is as follows: Alice sends
a number, nγ , of single photons (excluding the particles
that do not fulfil the post-selection criterion and are ab-
sorbed by either DB or D3) into the device of Fig. 9, one

after another. Depending on what logical bit Bob wishes
to transmit, he either inserts detector DB or leaves his
laboratory open, for all the nγ particles. Alice makes sub-
sequent particle detections of the nγ events: |nH1 = 1〉,
|nH2 = 1〉, |nV1 = 1〉 or |nV2 = 1〉. If she measures any
event in |nV1 = 1〉 or |nV2 = 1〉, she knows with certainty
that a logical 0 was sent. However, owing to the fact that
θw is very small, the accumulative probability of these
events is also small. Hence, Alice will, with high proba-
bility, have to use the statistics of |nH1 = 1〉 and |nH2 = 1〉
detections to infer the logical bit. From the number of
particles, q, that Alice measure in the |nH1 = 1〉 state, she
decides whether Bob sent a logical 0 or a logical 1.

The question of interest is: what number, nγ , of single
photon evaluations of the device, allows for an effective
communication scheme with a limited number of errors.

We re-define P1 ≡ P1(nH1 = 1|nH,V3,B = 0) and P0 ≡
P0(nH1 = 1|θw, nH,V3,B = 0). For small t1 and θw � t1, we
see that P1 < P0. Alice will thus note down a 1 every
time q < q′. In the limit of long message strings, Bob
will produce logical 0s and 1s at the same rates, and the
exact value of q′ is given by:

q′ =

 nγ ln
(

1−P1

1−P0

)
ln
(
P0

P1

)
− ln

(
1−P0

1−P1

)
. (87)

The probability for a non-faulty logical bit-transmission
is thus:

Psucc. =
1

2

q′∑
q=0

nγ !P q1 (1− P1)nγ−q

q!(nγ − q)!

+
1

2

nγ∑
q=q′+1

nγ !P q0 (1− P0)nγ−q

q!(nγ − q)!
. (88)

Eq. 88 can be used to numerically find an acceptable
value of nγ , given the parameters of the setup. However,
in order to evaluate the setup discussed in Ref. [1, 23,
25–28], we need the transmission coefficient to be small
(t1 = sin (π/2N) � 1, with N � 1). As t1 is small, we
can, by the central limit theorem, assume that nγ has
to be large and that the two bit-processes will generate
normally distributed events. The two processes will each
have a mean situated at P1 and P0 respectively. Their
respective standard deviations will be given by:

σi =

√
Pi(1− Pi)

nγ
, (89)

where i = 0, 1, which decreases reciprocally with the
square-root of nγ . For Alice to be able to distinguish
between the logical 0 and 1 bits a 1 − ε fraction of the
processes, we require that:

nγ ≥

(
Φ−1(ε)

√
P0(1− P0) +

√
P1(1− P1)

P0 − P1

)2

, (90)
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where Φ−1(ε) is the inverse of the standard normal cu-
mulative distribution function.

We can Taylor expand nγ for small values of t1 such
that:

nγ ≥
(
Φ−1(ε)

)2 4

t21
+O(t−11 ). (91)

As the Fisher information scales linearly with the num-
ber of evaluations of the channel, nγ , our counterfactual
violation strength for a Type I logical 0-bit is given by:

D = nγ
F 0

Ffree
&
(
Φ−1(ε)

)2
. (92)

For a success rate of roughly 95%, we thus obtain a value
of D ≈ 2.7, and we conclude that the CFC schemes de-
scribed in this subsection is no more counterfactual than
a free space evolution of particles between Alice and Bob.
This conclusion agrees with that of Vaidman’s week trace
evaluation in Ref. [28].

V.III. Quantum Evolution in NMZI

In order to illustrate the origin of a counterfactual vi-
olation inside a NMZI device, we provide a numerical
simulation of the time-dependent Schrödinger equation.
We simulate a massive spin-12 particle that propagates
through a NMZI that we have mapped onto a linear 1D
structure. The Hamiltonian to implement such an evo-
lution can be tailored as in Ref. [2]. The solution is
calculated by a GPU-boosted version of the Staggered
Leapfrog Algorithm as in Ref. [37]. Fig. 10 shows the
evolution of the wavefunction.

The Hamiltonian has been tailored such that the beam-
splitter parameters are given by: t2 = r2 = t3 = r3 = 1√

2
,

t1 = t4 = 1
2 and r1 = r4 =

√
3
2 .

As can be seen from Fig. 10, the effect of the weak
interaction in Bob’s laboratory (right frame in (d)) is to
distort the interaction on the beam-splitter (between (d)
and (f)). In the scenario of no interaction, the second
passage through the right beam-splitter causes the entire
wavepacket to propagate to Bob’s laboratory, never to
return to Alice. However, a weak interaction in Bob’s
laboratory allows for a fraction of the wavepacket (right
frame in (e)) to propagate back towards Alice’s labo-
ratory and interfere on the left beam-splitter. Hence,
the probability density distributions around x = 0.5 and
x = 2.5 in Alice’s laboratory are different depending on
whether or not a weak interaction took place. This is
why the Type I counterfactuality is satisfied, only if ab-
solutely pure quantum channels are present in the NMZI
device.

FIG. 10. (color online) This figure shows the quantum evo-
lution (time steps (a) to (f)) of the probability density distri-
bution of a spin- 1

2
particle in a nested Mach-Zehnder inter-

ferometer with and without a weak spin-rotation interaction
(exaggerated for visibility) in Bob’s laboratory. The dotted
red and solid blue curves indicate spin up and spin down com-
ponents of the wavefunction respectively. The dashed green
curves show the potentials. Beam-splitters are denoted with
vertical yellow lines. The spatial components are indicated
with the vertical dashed grey lines.
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FIG. 11. (color online) The Chained Mach-Zehnder interfer-
ometer as used in the CFC scheme of Ref. [2].

VI. EVALUATION OF TYPE II
COUNTERFACTUAL COMMUNICATION

We now consider the Type II protocol suggested
by Arvidsson-Shukur and Barnes[2], which relies on a
chained MZI (CMZI) device. Such a device is shown in
Fig. 11.

In this protocol, Alice sends a single photon state into
the upper left input path of the device (solid black line).
The photon then enters the transmission line, which
shares a CMZI device with Bob’s laboratory. Bob has the
possibility of inputting detectors in his path or leaving it
open. If Bob leaves his path open, the quantum evolution
of the photon in the device will lead it to emerge onto
detector D2 in Bob’s laboratory, without the wavepacket
ever spreading into Alice’s laboratory after it first left it.
However, if Bob instead inputs detectors, DB , after each
beam-splitter, the wavepacket will either be absorbed by
one of them or collapse onto a state in the lower part of
the CMZI device that can re-enter Alice’s laboratory to
be detected by detector D1. In the limit of large N and
inserted detectors, the quantum Zeno effect can make the
probability of re-entering in Alice’s laboratory arbitrar-
ily close to unity. Hence, Bob’s action of either leaving
his path free or inserting detectors affects the detection
probabilities in Alice’s laboratory and—in the limit of
large N—allows her to deduce Bob’s action with high
probability of success.2

This protocol is conceptually different from the one
presented in Ref. [1]. That protocol suggests a scenario
where the photon would never travel from Bob to Alice
or vice versa. The protocol described in Ref. [2] indeed
never sees the photon wavefunction travelling from Bob

2 The protocol presented in Ref. [2] shows how a clever logical
bit-encoding scheme can take the probability of success close to
unity, even for imperfect beam-splitters and N ≤ 7.

FIG. 12. (color online) The Type II logical 0 (see Ref. [2])
counterfactual violation strength, PA (dashed lines read on
the left y-axis), and the spatially conditioned Fisher informa-
tion, FA (solid line read on the right y-axis), as functions of
the beam-splitter number, N .

to Alice. It does, however, allow for the wavefunction to
propagate from Alice to Bob. The protocol is, neverthe-
less, counterfactual according to the Type II definition,
which allows particles to travel in the opposite direction
to the message.

We simulate the Type II counterfactual violation
strength (PA from Eq. 20) per photon transport through
the CMZI with Bob’s path open, as a function of N . The
weak polarization rotators are again inserted in each sep-
arate MZI of Bob’s laboratory. PA is dependent of θw
and we present results for various values of θw in Fig. 12.

The CMZI CFC protocol can be carried out with a high
success rate with less than 100 beam-splitters (the success
rate of the 1-bit process when Bob inserts his detectors
is above 95% if N ≥ 50). Hence, Fig. 12 validifies the
counterfactuality of the CMZI scheme for the values of
θw that we have considered. We see that for small values
of θw the value of PA is kept well below the free-space
interaction value of 1. Regardless of the small values of
PA, Fig. 12 shows that Alice obtains a large amount
of Fisher information FA(θ) about Bob’s parameter θw.
The value of FA(θ) is independent of changes in the value
of θ for small θ = θw ≈ 0. The value of PA is not.

VII. CONCLUDING REMARKS

In this paper we have carried out a thorough study
of the Shannon mutual information and the classical
Fisher information in Nested Mach-Zehnder interferom-
eters. We have calculated these information measures
with respect to the measurement outcomes caused by
polarization rotations in different parts of the structure.
In an otherwise non-polarizing optical circuits with real
beam-splitter matrices, the Fisher information caused
by a single polarization rotation is always proportional
to the integrated probability density distribution at the
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location of the interaction in the Schrödinger picture.
The Fisher information—in such a scenario—can thus
be thought of as a measure of inter-measurement “pres-
ence” at the rotator. Furthermore, we have developed
measures for the strength of counterfactual violations in
two different types of CFC schemes. Type I schemes do
not allow particles to cross the transmission line between
transmitter and receiver, whilst the Type II schemes al-
low particles to travel in to opposite direction to the mes-
sage. The rudimentary assumption made in this paper,
is that any real quantum channel will naturally have un-
wanted components to it. We introduce a small polariza-
tion rotation as a simple model of an unwanted quantum
evolution in the devices. We find that a suitable mea-
sure of Type I counterfactual violations is based on the
classical Fisher information of the parameter θw that set
the polarization rotation. It is scaled by the reciprocal
Fisher information from a free-space interaction of the
same strength as the one used in the device of interest.
Hence, a value of D = 1 corresponds to the counterfac-
tual violation strength of a free-space interaction inside
the laboratory of study and any value between 0 and 1
corresponds to a weaker-than-free-space counterfactual
violation. For example, we can show that the suggested
scheme of Salih et al. [1] strongly violates counterfac-
tuality. The Type II scheme developed by Arvidsson-

Shukur and Barnes [2] should be measured with another
counterfactual violation measure. This measure, PA, is
based on how much probability density that a weak non-
collapsing interaction in Bob’s laboratory generates in
Alice’s. We find that the Type II scheme of Ref. [2]
keeps the value of PA to a fraction of a percent, and thus
satisfies its counterfactuality definition. Moreover, we
provide an analytical study as well as a numerical sim-
ulation of the quantum evolution of a massive particle
in a single NMZI. The numerics show how the evolution
of the quantum wavefunction leads to Fisher information
of the interaction parameter (and ultimately the coun-
terfactual violations) in NMZIs communication schemes.
The analytical study supports the claim of the invalidity
of counterfactual schemes based on NMZIs.
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Construction of Sequential state discrimination
for three linearly independent pure qutrits
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Abstract. Recently, Ref.[20] proposed sequential state discrimination of two pure quantum states. In
this study, we extend the sequential state discrimination to three linealy independent pure qutrits. We
show that when the sender Alice prepares a quantum state out of three linealy independent pure qutrits,
Bob and Charlie can share the qutrit of Alice, with non-zero probability. Furthermore, we prove that when
three linealy independent pure qutrits are symmetric and have the equal prior probability, the optimal
POVM of Bob and Charlie for sequential state discrimination do not contain null element.

Keywords: quantum state discrimination, sequential state discrimination, quantum key distribution

1 Introduction

Quantum state discrimination[1, 2] is one of the
fundamental subjects in quantum information. In usual
quantum stste discrimination problem, a sender Alice
prepares a specific quantum state out of quantum states,
with a prior probabibity. The prior probability of each
quantum state is told to the receiver Bob by the sender
Alice. For quantum state discrimination, Bob has to
correctly guess the quantum state prepared by Alice.
Since quantum states are generally not orthogonal to
each other, Bob cannot always discriminate the quantum
state prepared by Alice correctly[3]. For quantum state
discrimination, Bob needs to prepare a measurement,
according to the strategy which he should choose. For ex-
ample, if the pure quantum states prepared by Alice are
linearly independent[4](or if the mixed quantum states
prepared by Alice do not have complete overlap[5]),
there exists the measurement of Bob with which Bob
can confidently have a conclusive result, however Bob
may have inconclusive result with non-zero probability.
This implies that Bob cannot obtain any information
about the quantum state of Alice. This strategy is called
unambiguous quantum state discrimination[6, 7, 8, 9],
where Bob should optimize his measurement, in order to
maximize the success probability of conclusive result and
have the inconclusive result with the least probability.
In addition, this strategy can be applied to quantum

∗mslab.nk@gmail.com
†mslab.h@gmail.com
‡yyhkwon@hanyang.ac.kr

key distribution[10]. Meanwhile, the other strategies
such as minimum error discrimination[3], maximal
confidence[11], error margin[12, 13, 14, 15], and fixed
rate of inconclusive result[16, 17, 18] have been studied.

Recently, a senario is proposed, where more than
two receivers participate in the quantum state discrim-
ination. This is called sequential state discrimination.
Sequential state discrimination deals with the fundamen-
tal problem of ”Can one obtain an information about the
prepared quantum state by measuring the post-measured
state?[19]” If one uses a projective measurement, one
cannot obtain any information by measuring the
post-measured state. However, if positive-operator-
valued-measurement(POVM) is considered, one may
obtain some information about the prepared quantum
state of Alice by measuring the post-measured state.
Along this line, through unambiguous discrimination,
Bergou et al.[20] proposed sequential state discrimina-
tion using POVM and showed that the receivers both
Bob and Charlie can succesfully discriminate Alice’s
quantum state, with non-zero probability. This implies
that Charlie can obtain some information about the
quantum state prepared by Alice, by measuring the
post-measured state of Bob.

Ref.[20, 21](Ref.[22]) considered sequential state
discrimination of two pure states with identical(general)
prior probability, which may be used for quantum key
distribution of multi-parties. Therefore, in the case,
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POVMs of Bob and Charlie are not allowed to be null
operator. The optimal success probability is shown by
an experiment[23]. In addition, Hillery et al.[24] studied
sequential state discrimination of N -symmetric pure
qudit where pure qubits are embedded into extra Hilbert
space. It means that Alice, Bob, and Charlie can share
more information by preparation of more pure states[24].

In this work, we propose sequential state discrimina-
tion of three linealy independent pure qutrits. For se-
quential state discrimination to succeed, Bob should use
non-optimal POVM without error, but Charlie should
use optimal POVM without error. Therefore, by apply-
ing the result of [25, 26, 27], we can obtain the optimal
condition for POVM of Bob. Furthermore, we show that
when POVM of Bob and Charlie do not have null ele-
ment, Bob and Charlie can obtain the best information
about quantum state of Alice. This implies that our result
can be effectively used for quantum key distribution[10].

Figure 1: Two set C and ∂C ′ which contain the real vec-
tors (α1, α2, α3) and (α′

1, α
′
2, α

′
3) corresponding to POVM

of Bob and Charlie. Here, ∂C ′ is a surface of convex set
C ′.

2 Scenario and optimization

In the section, we explain the scenario of sequential
state discrimination. We assume that Alice prepares a
quantum state ρi with a specific prior probability qi.
First, Alice tells Bob and Charlie the prior probabil-
ity. Second, Alice sends ρi to Bob. Third, Bob unam-
biguously discriminates Alice’s quantum state by using
POVM {Mi}. If Bob obtains a conclusive result i, Bob
sends his post-measurement state σi to Charlie. Then,
Charlie performs POVM {M ′

i} in order to unambigu-

ously discrimonate post-measurement state of Bob. The
rules that Bob and Charlie should obey are as follows:

• Bob should unambiguously discriminate Alice’s
quantum state in a non-optimal way. Meanwhile,
Charlie should unambiguously discriminate post-
measurement state of Bob optimally.

• There is no classical comminication between Bob
and Charlie.

Alice prepares a quantum state out of three lin-
early independent pure states {|ψ1⟩ , |ψ2⟩ , |ψ3⟩} in three-
dimensional Hilbert space. The POVM of Bob and Char-
lie can be represented by three dimensional real vector
(α1, α2, α3) ∈ C and (α′

1, α
′
2, α

′
3) ∈ ∂C ′. This implies

that POVM of Bob is not optimal but that of Charlie is
optimal. The two sets C and ∂C ′ are displayed in Fig.1,
where set C is a closed convex set and ∂C ′ is a surface
of closed convex set C ′. If Bob optimally discriminates
Alice’s quantum state, the element of C ′ is uniquely zero
vector. On the contrary, when POVM of Bob is not opti-
mal, there is a non-zero element of C ′. The set C ′ of Char-
lie is produced by the post-measurement state of Bob.
The sequential state discrimination of Bob and Charlie
can be formulated as the following optimization problem.

maximize P (B,C)
s = q1α1α

′
1 + q2α2α

′
2 + q3α3α

′
3

subject to (α1, α2, α3) ∈ C, (α′
1, α

′
2, α

′
3) ∈ ∂C ′.

(1)

Here, objective function P
(B,C)
s is a success probabil-

ity that Bob and Charlie succeed to discriminate the
quantum state. Since Eq.(1) is a non-linear optimization
problem, it is difficult to analytically solve it. In our
study, we use random search based on Monte Carlo
method[28]. When we use the method, we can numeri-
cally search every point inside the constraint region of
Eq.(1).

Example. Let us consider sequential state discrim-
inhation of three symmetric linearly independent pure
qutrits with equal prior probability. We assume that the
overlap ⟨ψi|ψj⟩ is real. Then global phase becomes zero
Φ = 0. When we apply our proposed method to this
problem, the optimal success probability can be found
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Figure 2: Optimal success probability of sequential state
discrimination of three linearly independent symmetric
qutrits in terms of overlap s. Here, the prior probability
of three qutrits is equal and N denotes the number of
pure qutrit states which Bob and Charlie discriminate.
That is, the number of null element of Bob and Charlie
is 3−N .

in Fig.2. According to this result, the case that Bob
and Chalie discriminate three pure qutrit provides the
best success probability. It implies that sequential state
discrimination of three symmetric linearly independent
pure qutrits can be used for quantum key distribution.
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Abstract. Simon’s problem is one of the most important problems demonstrating the power of quantum
computers, which achieves a large separation between quantum and classical query complexities. However,
Simon’s discussion on his problem was limited to bounded-error setting, which means his algorithm can not
always get the correct answer. Exact quantum algorithms for Simon’s problem have also been proposed,
which deterministically solve the problem with O(n) queries. Also, the quantum lower bound Ω(n) for
Simon’s problem is known. Although these algorithms are either complicated or specialized, their results
give an O(n) versus Ω(

√
2n) separation in exact query complexities for Simon’s problem (Ω(

√
2n) is the

lower bound for classical probabilistic algorithms). Nevertheless, it has not been proved whether this
separation is optimal. In this paper, we propose another exact quantum algorithm for solving Simon’s
problem with O(n) queries, which is simple, concrete and does not rely on special query oracles. Our
algorithm combines Simon’s algorithm with the quantum amplitude amplification technique to ensure its
determinism. In particular, we show that Simon’s problem can be solved by a classical deterministic
algorithm with O(

√
2n) queries (as we are aware, there were no classical deterministic algorithms for

solving Simon’s problem with O(
√

2n) queries). Combining some previous results, we obtain the optimal

separation in exact query complexities for Simon’s problem: Θ(n) versus Θ(
√

2n).

Keywords: Simon’s problem, exact query complexity

1 Introduction

Query complexity has been very useful to study the rel-
ative power of quantum computation and classical com-
putation. According to their output, query algorithms
can be studied either in the bounded-error setting (the
algorithm gives the correct result with probability at
least 2/3) or in the exact setting (the algorithm gives
the correct result with certainty). There are many algo-
rithms achieving large separation in query complexities
(for example, [1, 2]), and some of them have exponen-
tial speedup for computing partial functions, though it is
not known whether the separation is optimal for some of
them.

Simon’s problem [10] is a famous computational prob-
lem that achieves exponential separation in query com-
plexities. In the bounded-error setting, Simon gave an el-
egant quantum algorithm which solves the problem with
O(n) queries and the physical realization has demonstrat-
ed its efficiency [11]. The Ω(n) lower bound was also
proved in [8] using polynomial method [3]. On the oth-
er hand, the classical probabilistic query complexity for
this problem is Θ(

√
2n), which shows that the Θ(n) ver-

sus Θ(
√

2n) separation is an optimal one.
As for the exact query complexities of Simon problem,

Brassard and Høyer [4] combined Simon’s algorithm with
two post-processing subroutines to ensure that their al-
gorithm solves the problem exactly, which also requires
O(n) queries. However, their algorithm is quite compli-
cated and involved. Mihara and Sung [9] proposed a sim-
pler exact algorithm, but their algorithm relies on some
non-standard query oracles and they did not show the
construction of their oracles. Moreover, the Ω(n) quan-
tum query lower bound is a direct corollary of previous

∗issqdw@mail.sysu.edu.cn (D. Qiu)

bounded-error lower bound result. For the classical case,
the Ω(

√
2n) lower bound can be easily got. As we are

aware, it is not known whether this lower bound is a
tight one, so it is not known whether the O(n) versus
Ω(
√

2n) is optimal either.
In this paper, we propose a new exact quantum algo-

rithm for solving Simon’s problem also with O(n) queries,
which is much simpler and more concrete than Brassard
and Høyer’s algorithm [4] and does not rely on some non-
standard query oracles as Mihara and Sung’s construc-
tion [9]. Our algorithm directly combines Simon’s algo-
rithm with the quantum amplitude amplification tech-
nique [5] to ensure we get an exact result. Then, we
design a classical deterministic algorithm for solving Si-
mon’s problem withO(

√
2n) queries, which relies on some

crucial insights about the bitwise exclusive-or operation
results of the pairs of strings which is queried by the algo-
rithm. Thus, we prove the Θ(

√
2n) classical deterministic

query complexity for Simon’s problem. With previously
established results on exact quantum query complexity,
we can get the optimal separation in exact query com-
plexities for Simon’s problem: Θ(n) versus Θ(

√
2n).

2 New optimal exact quantum algorithm

The execution of Simon’s algorithm in a single loop
gives the following result:

A |0n, 0m〉 =
∣∣K⊥, f(T )

〉
=

1

2n−1

∑
x∈T
y∈K⊥

(−1)x·y |y, f(x)〉

where K⊥ = {g ∈ {0, 1}n | g · k = 0 for all k ∈ K} with
K = {0n, s} be the subgroup to be determined by the
algorithm and T is the set that consists of exactly one
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representative from each cosets of K. As described in [4]
and [9], to make the original Simon’s algorithm exact, we
should make sure the algorithm terminate in finite loops.
The heart of our algorithm is a subroutine that ensures
the set of measured results is always linear independent.
We directly utilize the quantum amplitude amplification
technique [5] to ensure it.

Algorithm 1 Quantum amplitude amplification measur-
ing good states

Require: Input parameters satisfy required conditions

Ensure: z ∈ K⊥ \ 〈Y 〉
1: procedure QuAmpAmp(registers

∣∣K⊥, f(T )
〉
, inte-

ger n, operator A, set Y )
2: l← |Y |
3: φ← 2 arctan

(√
2n−l

3·2n−l−4

)
4: ϕ← arccos

(
2n−l−1−1
2n−l−1

)
5: Apply Q to registers

∣∣K⊥, f(T )
〉

where Q =
−AS0(φ)A†(SA(ϕ, Y )⊗ I⊗m)

6: Measure the first register, get z
7: return z
8: end procedure

S0(φ) and SA(ϕ, Y ) are defined as below, they are vari-
ants of those defined in [5].

S0(φ) |x, b〉 =

{
|x, b〉 , x 6= 0n or b 6= 0m,

eiφ |x, b〉 , x = 0n and b = 0m,

SA(ϕ, Y ) |x〉 =

{
eiϕ |x〉 , x /∈ 〈Y 〉,
|x〉 , x ∈ 〈Y 〉.

By Algorithm 1, we can prove the following Lemma.

Lemma 1 Given
∣∣K⊥, f(T )

〉
and a set Y ⊆ K⊥ which

〈Y 〉 6= K⊥, there exits a quantum algorithm that outputs
an n-bit string z ∈ K⊥ \ 〈Y 〉. Moreover, if the set Y
only contains n-bit strings generated by that algorithm
as well as some constant number initial elements, the
algorithm requires O(1) queries and O(nl +m) gates for
other operations, where l = |Y |.

Utilizing the above Lemma, it is easy to design an exact
quantum algorithm solving Simon’s problem with O(n)
queries.

3 Optimal exact classical algorithm

Before describing the algorithm, let us introduce some
important definitions.

Definition 2 Let an n-bit string x ∈ {0, 1}n with x =
xnxn−1 · · ·x1. The most significant bit of x is m if and
only if xm = 1 and xi = 0 for all i > m, which is denoted
as MSB(x) = m. We specify that MSB(0n) = 0.

Definition 3 Let Y be a set containing some n-bit
strings and let S = {x ⊕ y | x, y ∈ Y } be its covering
set. If there exists an m ≤ n that 0n−m{0, 1}m ⊆ S,
then Y is called as m-significance.

For classical computers, it is easy to see that any algo-
rithm solving Simon’s problem requires explicitly query-
ing a pair of different n-bit strings x, y ∈ {0, 1}n satisfy-
ing f(x) = f(y). Equivalently, we must find two different
n-bit strings x, y that s = x ⊕ y. So, for a deterministic
algorithm solving Simon’s problem, it should generate a
query set whose covering set contains every n-bit string in
{0, 1}n, which means that the query set is n-significance.
This algorithm may contain the following steps:

1. Generate an n-significance query set Y .

2. Query every n-bit string in Y until there are two
different n-bits strings x, y ∈ Y satisfying f(x) =
f(y).

3. Output s = x⊕ y.

The crucial step of the algorithm above is generating
a query set whose cardinality is as small as possible. Al-
gorithm 2 is designed to accomplish this goal.

Algorithm 2 Generating the query set

Require: n > 2
Ensure: Y is n-significance
1: procedure QuerySetGenerator(integer n)
2: Y ← {0n, 0n−11, 0n−210}
3: for k ← 1 : n− 2 do
4: Z ← ∅
5: for all y ∈ Y and MSB(y) = k do
6: Z ← Z ∪ {2k+1 ⊕ y, 2k+1 ⊕ 2k−1 ⊕ y}
7: end for
8: Y ← Y ∪ Z
9: end for

10: return Y
11: end procedure

Theorem 4 Algorithm 2 correctly constructs an n-
significance query set with input n.

By calculating the cardinality of Y , It’s not hard to
show the query complexity of the whole algorithm.

Theorem 5 There exists a classical deterministic algo-
rithm that solves Simon’s problem with O(

√
2n) queries.

4 Conclusion

Combing previous result on the lower bounds of Si-
mon’s problem [7, 8], it is easy to show that the Θ(n)
versus Θ(

√
2n) separation is indeed an optimal one. By

proving an optimal separation in exact query complex-
ities for Simon’s problem, we have tested the power of
exact quantum computation for a certain problem and
a certain computational complexity. We have give the
proofs and technical details [6].

However, this separation is optimal only up to a con-
stant factor, and one may ask for an even tighter one.
Both our exact quantum query algorithm and Brassard
and Høyer’s one [4] require 3n− 3 queries, and the con-
stant factor is bigger than that in the proved lower bound
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by [8]. Mihara and Sung’s algorithm [9] only requires
n − 1 invocations of their oracle, but they did not show
its construction, and thus we can not count the actual
invocations of Of .

Also, we have not known whether the query set con-
structed by Algorithm 2 is the smallest one. In fact, we
imposes a stronger condition on that algorithm, so one
might utilize a weaker condition to design a more efficient
algorithm. Such problems may be worthy of further in-
vestigations.
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Ι、Motivation

Entangled states are crucial to quantum computation and quantum communication, and are usually treated as the target states to

be accessed by quantum control methods. While most of the researches focus on the generation of the desired entangled state at the

terminal state   𝜓
𝑓

, this paper not only considers the time-varying entanglement of the transient state   𝜓(𝑡) throughout the qubit

transfer process, but also implied four quantitative indices of quantum entanglement to evaluate the qubit control performance.

,

(A1) 𝑘𝑝 = 1 (A2) 𝑘𝑝 = 2

(A3) 𝑘𝑝 = 14 (A4) 𝑘𝑝 = 20

П、Lyapunov Quantum Control

where𝜌′ = 𝑒𝑖𝐻0  𝑡 ℏ𝜌𝑒−𝑖𝐻0  𝑡 ℏ is known as the density

matrix under the interaction picture.

𝑑

𝑑𝑡
𝜌′ 𝑡 =  

𝑘=𝑥,𝑦,𝑧

−(𝑖𝑒𝑖𝐻0𝑡𝐻𝑘𝑒
−𝑖𝐻0𝑡)𝑢𝑘 𝑡 , 𝜌′ 𝑡

By choosing :

where 𝑘𝑝 > 0 is a control gain. 

The quantum Liouville equation: 

𝑢𝑘 𝑡 = −𝑘𝑝 ∙ Trace −𝑖 𝜌′ 𝑡 , −𝜌𝑓 𝑒𝑖𝐻0𝑡𝐻𝑘𝑒−𝑖𝐻0𝑡𝑢𝑘

The simplest entangled system is composed of two

spin-coupled electrons with   00 to   11 , the numerical

results are shown by choosing four different gains:

Ш、Four indices of entanglement

(1) Bloch-ball radius: 𝑛(𝑡)

(2) Entanglement Entropy: 𝐸(𝜓 𝑡 )

(3) Concurrence: 𝐶 𝜌(𝑡)
(4) Relative Entanglement Entropy: 𝑆  𝜌𝐴 𝜌𝐵

The comparisons between low and high control gain shows

that quantum entanglement is vulnerable to strong field and a

high-gain control tends to attenuate the degree of

entanglement and reduce the accuracy of qubit transfer.

Our results show that the indices of entanglement,

especially quantum relative entropy, can be served as a useful

cost function to evaluate the performance of qubit control.

Ⅳ、Conclusions
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Abstract. We present an exhaustive numerical analysis of violations of local realism by families of mul-
tipartite quantum states. As an indicator of nonclassicality we employ the probability of violation for
randomly sampled observables. Surprisingly, it rapidly increases with the number of parties or settings
and even for relatively small values local realism is violated for almost all observables. We have observed
this effect to be typical in the sense that it emerged for all investigated states including some with ran-
domly drawn coefficients. We also present the probability of violation as a witness of genuine multipartite
entanglement.

Keywords: Bell theorem, random measurements

Quantum multiparticle systems do not provide a mere
amplification of the nontrivial effects displayed by two-
party systems. Rather, they bring about completely new
phenomena and applications. On the fundamental level,
multipartite systems, e. g., have been employed to illus-
trate nonlocality without Bell inequalities [1] and, more
recently, to show that finitespeed superluminal causal in
uences would allow for superluminal signalling between
spatially separated parties [2]. In what concerns applica-
tions, one-way quantum computing [3] and multipartite
secret sharing [4] are outstanding examples where com-
plex quantum systems can be employed.

As is the case for multipartite entanglement, the char-
acterization of nonclassical features of multiparticle sys-
tems is a hard problem with several open questions [5].
One interesting possibility to analyze the nonclassicality
of complex states is to study their correlation properties
under random measurements. With this motivation we
will be concerned with the following quantity

Pv(ρ) =

∫
f(Ω)dΩ, (1)

where the integration variables correspond to all param-
eters that can be varied within a Bell scenario and, f = 1
only for settings that lead to violations in local realism,
and vanishes otherwise. Note that, when properly nor-
malized, PV can be interpreted as a probability of viola-
tion of local realism. The probability PV can be used at
different context levels. One can select a particular Bell
inequality I and integrate fI over all possible settings
of the corresponding Bell experiment. This was mainly
the approach adopted in previous theoretical [6, 7] and
experimental [8] works. This is also the case of ref. [9],
where the quantity defined in (1) has been considered as
a measure of nonlocality and applied in the context of
the CGLMP inequality [10, 11]. This procedure, how-
ever, would face increasing difficulties as the number of
parties grows. For a relatively modest number of qubits,

∗wieslaw.laskowski@ug.edu.pl

e. g., the corresponding number of inequivalent Bell in-
equalities with a fixed (say 2) number of settings is al-
ready very large and, thus, addressing one inequality at
a time would become prohibitive. On a deeper level we
can dispense with the choice of a particular inequality
and directly consider the space of behaviors (space of
joint probabilities), which local polytopes inhabit. In this
case, the integration refers to all possible measurements,
the only context information required being the number
of measurements per party.

In this paper we employed linear programming as a
useful tool to analyze the nonclassical properties of quan-
tum states. We checked how many randomly generated
sets of observables allow for violation of local realism.
It is worth mentioning that the method allows us to re-
veal nonclassicality even without direct knowledge of Bell
inequalities for the given experimental situation. We
applied the numerical method to prominent families of
quantum states. We calculated the frequencies (1) for
an increasing number of different settings per site. The
main results of our work are:

• We observe a surprising feature, which emerges if
the number of qubits is larger than three. It is
well known that the N -qubit GHZ state maximizes
many entanglement conditions and measures. How-
ever, already for N = 4 the probability of viola-
tion for the cluster state is greater than for the
GHZ state. The situation is even more dramatic
for N = 5, where the probability is greater for ran-
domly sampled pure states.

• Even with only two observables per party it
becomes almost impossible not to detect non-
classicality for states with five qubits or more, i.e.,
all typical states of five or more qubits violate local
realism for almost all settings.

• Probability of violation rapidly increases with the
number of settings.

185



• Concerning the nonclassicality of two qutrits, max-
imally entangled and maximally nonclassical states
coincide (in contrast to CGLMP inequality [13]).

• We addressed the apparently paradoxical result ob-
tained in [12]. It amounts to the observation, that
the products of k-qubit GHZ states and (N − k)
pure single qubit states are more nonclassical than
the N qubit GHZ state, if we employ the robustness
of correlations against white noise admixture as a
measure of nonclassicality. Our numerical method
shows that PV (ρ) for such product states is the
same as for k-qubit GHZ state and thus strictly
smaller than for the N qubit GHZ state. This sug-
gests that resistance against noise, although rele-
vant, is not a good quantifier of nonclassicality.

• We also present the probability of violation as a
witness of genuine multipartite entanglement.

These results were published in: Phys. Rev. A. 96,
012101 (2017).
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Abstract. By quantum walks with two coins on the line or on the cycle, we can implement perfect
qubit state transfer. By quantum walks with two coins on complete graph, we first show perfect qudit
state transfer on the graph. Compared with existing results, we find that at most two moments the coin
operators are chosen to be Pauli operator X, and we can calculate them precisely in each case. This
determination will be very helpful for the routing path in state transfer.
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1 Introduction

Quantum state transfer between different sites is a
significant problem for quantum information processing
systems. Transport problems are also known as hitting
problems in computer science. It was Bose who first con-
sidered using spin chains of quantum systems to trans-
mit quantum states for communication links in quan-
tum computing [4]. Now, perfect state transfer has been
deeply studied with different efforts and goals by quan-
tum information technology. In this work, we consider
perfect state transfer scheme by quantum walks with t-
wo coins.

Quantum walks have been introduced as a quantum
analogue of classical random walks. It was first proposed
by Aharonov et al in 1993 [1]. The model of quantum
walks on the line was given by Ambainis et al [3] and A-
haronov et al [2] examined the model on a general graph.
Since then, there appeared much fruitful research in dis-
crete and continuous quantum walks [9, 11]. This paper
is concerned solely with the discrete time case. One of
the promising application of quantum walks is the per-
fect state transfer between two vertices of a graph or
a lattice. There exist different approaches to the prob-
lem. Kurzynski and Wojcik designed the local coin oper-
ators to achieve perfect state transfer with discrete-time
quantum walk on a cycle [10]. Here the coin operators
are dependent with the position and time. Zhan et al.
[14] designed paths using local coin operators of discrete
time quantum walks, either identity matrices or tensor
product of Pauli X, which leads to state transfer on a
square lattice. Especially, their coin operators are not
uniform and depend on the position heavily. Yalcinkaya
and Gedik [12] studied the state transfer on a cycle with
fixed coin operator. They have shown that only identity
or Pauli X achieves state transfer with unit fidelity over
arbitrary distance. However, the cycle is restricted on
even.

In this paper, we will concentrate on perfect state
transfer by quantum walks driven by many coins. Quan-
tum walks with multiple coins was proposed by Brun et
al. in 2003 [5]. By using of multiple quantum “coin-
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s”, the effects of interference can be diminished, which
can provide one possible route to classical behavior for
the discrete quantum random walk on the line. Though
it didn’t draw much attention like one coined quantum
walks from the beginning. However, we discover that
they have advantages in some quantum communication
task [13]. Here, we give their another important appli-
cation in information transfer. By using quantum walks
with two coins on the line and on the graph, respectively,
we find that any unknown qubit state can be perfectly
transferred on the line and on the cycle by using these
two coins alternatively. As for the line and cycle, we
don’t give any restriction on them. Through the model
of quantum walks on the complete graph with two coins,
we first show that an unknown qudit state can be per-
fectly transferred from one vertex to any other of vertex
on the graph. Though only identity or Pauli X can be
used as coin operators, however, we find that at most
two moments the coin operators are chosen to be Pauli
operator X and we can calculate them precisely in our
models. Obviously, this determination will be very help-
ful in routing the communication path. Certainly, these
transfer schemes have periods in some sense. This work
opens a new application for quantum walks with multiple
coins.

2 Preliminaries

One-dimensional quantum walk [3] takes place in a
compound Hilbert space comprising position space and
coin space, defined as H = HP ⊗ HC , where HP =
span{|n〉 : n ∈ Z} and HC = span{|0〉, |1〉}. The walker
walks in a one-dimensional line. Each step of the quan-
tum walk is described by the equation W (l) = S · (I⊗C),
where C is called a coin operator acting on coin space,
and the conditional shift operator S is denoted as

S =
∑
x

(|x+ 1〉〈x| ⊗ |0〉〈0|+ |x− 1〉〈x| ⊗ |1〉〈1|). (1)

The conditional shift operator simulates the classical way
of random walks. The walker moves either one step to
the left or to the right depending on the state of the coin.

Now we introduce quantum walks driven by many coins
[5]. Suppose that there are M coins totally. The state



of the walker and M -coins system is denoted by a vector
in the Hilbert space H = HP ⊗ HC1

⊗ · · · ⊗ HCM
. The

unitary transformation that results from flipping the mth
coin is given by Wm = Sm · (I ⊗ Cm), where Sm acts on
the position space and the m-th coin space. If we cycle
among the coins, doing a total of t flips (t/M with each
coin), then the state will be

|Ψ(t)〉 = (WM · · ·W1)t/M |Ψ0〉. (2)

There are M unitary transformations {Wm}, and they
all commute with each other: [Wm,Wn] = 0 for m 6= n.

3 Qubit state transfer on the one-
dimensional line

The initial state of the walker-coin-coin system is

|φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗ |0〉, (3)

where |a|2 + |b|2 = 1. Let |φ〉i denote the state describing
the system after the ith step.

In this scheme, the unknown state of coin 1 can be
transferred to an arbitrary position x after certain n steps
of quantum walks. The number of n is correlated to x.
The total process is described as:

|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(a|0〉+ b|1〉)⊗ U2|0〉, (4)

where U1 and U2 are recovery unitary operators.
It should be noted that we alternately use the two

coins. At the odd (even) steps, we use the first (sec-
ond) coin to control the movement of the walker. If the
coin operators are independent with the step i, the s-
tate of |φ〉i is given by the following. For an even num-

ber i, |φ〉i = W
i/2
1 W

i/2
2 |φ〉0. For an odd number i,

|φ〉i = W
di/2e+1
1 W

di/2e
2 |φ〉0.

In this scheme, the coin operators are just dependent
on the evolution of the time. They are independent with
the positions. That is, we use uniform coin operator at
each moment. This is different with the work in [14].
The coin operators are selected from {I,X}. There are
at most two moments we choose the coin operator to be
X. We discuss four cases respectively.
Case 1.1: The position x is a positive and even num-

ber.
We need to run 2x steps of walk. Only at the (x+1)-th

step of quantum walks, we choose the coin operator C1

on coin 1 space to be Pauli operator X. At the other
steps, the coin operators are all identity. After we run
2x steps of quantum walks, the state a|0〉 + b|1〉 can be
perfectly transferred.

Similarly, we can discuss other cases.
Case 1.2: The position x is a positive and odd number.
In this case, only at the (x+ 2)-th step, we choose the

coin operator C1 on coin 1 space to be Pauli operator X.
At the other steps, the coin operators are all identity. We
can perfectly transferred the unknown state with 2x+ 1
steps. U1 = X, U2 = I. The proof is similar with the
even case.

Case 1.3: The position x is a negative and even num-
ber.

In this case, we choose the coin operator C2 to be X
at the second step of quantum walks and we choose C1

to be X at the (x+ 1)− th step. At the other steps, the
coin operators are all identity. After we run 2|x| steps
of quantum walks, the state a|0〉 + b|1〉 can be perfect-
ly transferred (x is a negative number). The recovery
operators are: U1 = X, U2 = I.

Case 1.4: The position x is a negative and odd number.
In this case, we choose the coin operator C2 to be X

at the second step of quantum walks and we choose C1

to be X at the (|x|+ 2)− th step. At the other steps, the
coin operators are all identity. After we run 2|x|+1 steps
of quantum walks, the state a|0〉 + b|1〉 can be perfectly
transferred. The recovery operators are: U1 = X, U2 =
X. The proof is similar with the even case.

Moreover, The scheme can be used to perfectly transfer
the unknown coin state (qubit) from the initial position
to any target position.

4 Qubit state transfer on cycle

In the schemes above, we use quantum walks on the
line. Also, we can use quantum walks on graphs [2]. Let
G(V,E) be a graph, andHv be the Hilbert space spanned
by states |v〉, where vertex v ∈ V . At each vertex j,
there are several directed edges with labels pointing to
the other vertices. The coin spaceHc is spanned by states
|a〉, where a ∈ {0, · · · ,m}. They are the labels of the
directed edges. The conditional shift operation between
Hv and Hc is T =

∑
j,a |k〉〈j| ⊗ |a〉〈a|, where the label a

directs the edge j to k.
Choose a special graph, i.e., a cycle with d vertices,

where there are two edges at each vertex. Then the coin
space is spanned by |0〉, |1〉. The conditional shift op-
erator between the position space and the coin space is
defined as:

S1 =

d−1∑
k=0

(|(k+1) mod d〉〈k|⊗|0〉〈0|+|(k−1) mod d〉〈k|⊗|1〉〈1|)

(5)
In the paper [12], perfect state transfer can be achieved

by quantum walks onN -cycles with one coin space, where
there are even vertices on the cycle. The unknown state
is transferred from the initial position to the opposite
position (i.e. 0 → N/2, N is an even number). By in-
troducing a new coin space, perfect state transfer can
be achieved on cycles with any vertices and from the ini-
tial position to any target position. Unlike with quantum
walks on the line, it holds that 0 ≤ x ≤ d−1 for a certain
vertex x on the cycle. The whole process of transferring
is described in equation 4, where 0 ≤ x ≤ d− 1. There is
only one direction from the initial position 0 to the tar-
get position x in quantum walks on the line. But there
are two directions in quantum walks on cycle, clockwise
and anticlockwise. In order to transfer the unknown s-
tate from 0 to x, we discuss four methods to design the
scheme.



This process of walking on the cycle also have a peri-
odicity. The total process can be described as that the
initial state rotates x steps clockwise from the initial posi-
tion. When we rotate the new state d−x steps clockwise,
the state will return to the initial position.

5 Qudit state transfer on the complete
graph

The scheme above is to transfer a qubit a|0〉+ b|1〉 by
quantum walks on the line or on the cycle. Now we intro-
duce a scheme to perfectly transfer the qudit (coin state)
through quantum walks on the complete graph with two
coins. The qudit is

∑d−1
k=0 ak|k〉, where |ak|2 = 1.

Choose a special graph, i.e., a complete graph with d
vertices and add a loop at each vertex. Each coin space is
spanned by |0〉, · · · , |d−1〉. The conditional shift operator
between the position space and the coin space is defined
as:

S2 =

d−1∑
k=0

d−1∑
j=0

|(k + j) mod d〉〈k| ⊗ |j〉〈j| (6)

This operator simulates the shift regulations between the
vertices under the different tossed coin states.

Prepare the initial state of the walker-coin-coin system
to be

|φ〉0 = |0〉 ⊗ (

d−1∑
k=0

ak|k〉)⊗ |0〉, (7)

Let |φ〉i denote the state describing the system after the
ith step.

In this scheme, the qudit can be transferred to an arbi-
trary position x after certain n steps of quantum walks.
The number of n is correlated to x. The total process is
described as:

|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(

d−1∑
k=0

ak|k〉)⊗ U2|0〉, (8)

where U1 and U2 are recovery unitary operators.
It should be noticed that the coin operations are qudit

operation.

6 Conclusion

In this paper, we studied perfect state transfer by
quantum walks with two coins. We can implement per-
fect qubit state transfer by quantum walks with two coins
on the line or on the cycle. We first give perfect qudit
state transfer by quantum walks on the complete graph.
Compared with existing one coined walk models, we find
that there exist two moments to use Pauli X as coins
operator and we can calculate it precisely. This will be
very helpful for the routing path in communication task.
This work explores a new application for quantum walks
with multiple coins.
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Abstract. By using quantum state fusion and spatial-temporal mode conversion circuit, two polarization modes of two photons can 
be converted into one temporal-polarization mode of one photon. Also, by using quantum state fission and a temporal-spatial mode 
conversion circuit one temporal-polarization mode of one photon can be converted back into two polarization modes of two photons. 
When these processes are applied in quantum key distribution (QKD) system, the sender can transmit two polarization qubits at one 
time. The analysis results show that the key rate is improved efficiently and communication distance can be increased by 6~30Km. 
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1 Introduction  
In order to extend the distance of quantum key distribution 

(QKD) system, one feasible scheme is to use trusted relay, the 
other is to build key bits under the help of the satellite. The 
former requires that the relay must be fully trusted, and the 
latter is high in cost. Meanwhile, in order to improve the key 
generation rate, new type of high efficiency detectors will be 
helpful or new schemes should be proposed. High-dimensional 
QKD is one of the feasible schemes [1]. Here, we propose an 
efficient high-dimensional QKD system based on quantum state 
fusion and fission operation [2]. By state fusion and mode 
conversion one single photon pulse with temporal-polarization 
mode can carry two qubits information. So, the total count rate 
of photons is efficiently improved. In addition, the qubit error 
rate is decreased about an order of magnitude. Furthermore, the 
key generation rate is about 3~10 times of the one of standard 
BB84 protocol, and the communication distance is increased by 
6~30 Km depending on different noise parameters. 

2  Quantum State Fusion and Fission 
Quantum state fusion is a physical process by which the 

two-dimensional quantum states of two (or more) particles can 
be converted into a four (or more) dimensional state of a single 
particle. An inverse process, quantum state fission, is a physical 
process by which a higher-dimensional quantum state of a 
particle can be split into two (or more) lower-dimensional states 
of two (or more) particles. Here, we design a polarization state 
fusion module, in which two polarization states of the two 
single photons can be converted into a four-dimensional 
temporal-polarization quantum state by using the polarization 
state fusion scheme proposed by Vitelli et al. [2] and a spatial-
temporal mode conversion circuit [3]. The input quantum states 
are

111
11 avaha VH ββψ += and 

222
22 avaha VH ββψ += , 

respectively, where h1β , v1β , h2β  and v2β  are all complex, and 

12
1

2
1 =+ vh ββ , 12

2
2

2 =+ vh ββ . After the polarization state  
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fusion module, the output spatial-polarization four-dimensional 
quantum state can be given by 

2
'

2
'

1
'

1
'

2
'

1
' 21212121 bhvbhhbvvbvhbb

VHVH ββββββββψ +++=        (1) 
The detailed principle of the state fusion and fission can be 

obtained in Ref. [2]. The proposed quantum state spatial-
temporal mode conversion circuit and the temporal-spatial 
mode conversion circuit can be obtained in Ref. [3]. After the 
quantum state fission module the four-dimensional state is 
converted into two polarization states again. 

3  A QKD Scheme Based on Quantum State Fusion and 
Fission 

In our proposed temporal-polarization-coded QKD scheme 
based on BB84 protocol, as shown in Fig. 1, a quantum state 
fusion module is added at the sender, and a quantum state 
fission module is added at the receiver. The procedures of the 
QKD system are as follows: (1) Alice prepares single photons 
in the four possible BB84 polarization states (i.e., H , V , 

+ , and − ), and makes the two photons from two sources be 
fused by the quantum state fusion module. Alice sends the 
photons in fused states with temporal-polarization coding to 
Bob through an optical fiber quantum channel. (2) After 
receiving the fused states Bob perform state fission operation. 
The two single photon pulses with polarization coding are 
obtained and transmitted to two measurement setups which are 
the same as standard polarization-encoded BB84 QKD system. 
Each setup consists of a 50:50 beam splitter (BS) which is used 
to choose measurement bases randomly, two polarization beam 
splitters (PBSs) and four single photon detectors (SPDs) that 
construct the detection circuits in two bases. (3) The bit 
sequences with coincident encoding and measurement bases 
will be kept when the QBER is less than security threshold. (4) 
Post-processing: Alice and Bob perform information 
reconciliation and privacy amplification for two sifted key bit 
sequences. Then final key will be obtained.  

From the above-mentioned procedures, the security of the 
proposed QKD system is the same as the one of standard BB84 
protocol.  
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Figure 1. QKD scheme based on states fusion and fission 

4  Numerical Analysis of Key Generation Rate  
In optical fiber-based system, the transmission rate of single 

photons is dBf ttt η= , where ft  is optical fiber transmission 

rate and 10/10 L
ft α−= , α denotes optical fiber loss per unit 

length of optical fiber (in KmdB / ) and L is the length of optical 
fiber (in Km); Bt  is the transmission rate when the photons 
pass through the receiving circuit and reach the detector ; dη  is 
the detection efficiency of SPD. The sifted key rate is given by 

[ ] 3
0000 )1()1(45.0 YYttpRR ss −−+=⋅=                         (2) 

where 0Y  denotes the dark count probability of SPD, and  

sp denotes the percentage of the qubits that are used to 
negotiate the key after sifting. For BB84 protocol, 1 2sp = . 
Here we only consider error caused by polarization 
misalignment and dark counts, QBER 0E  can be given as 

[ ] ( )[ ]000 14)1(2 YttYtteE d −+−+=                                        (3) 
where de  denotes polarization misalignment error. The final 
key rate of BB84 QKD system is 

[ ] [ ]1 0 0 2 01 2 ( )s AB AE sR R I I R H E= − ≈ −                        (4) 
where ABI  denotes mutual information between Alice and 
Bob, )(1 02 EHI AB −= , −−= )(log)( 02002 EEEH  

)1(log)1( 020 EE −− , AEI  indicates mutual information 
between Alice and Eve, )( 02 EHI AE ≈ .  

For the proposed QKD system using quantum state fusion 
and fission, the sifted key rate can be given by 

[ ] ss pYYttR 3
001 )1()1(82 −−+=                                        (5) 

The QBER of sifted key bit sequence is presented as below 
[ ] [ ]001 )1(82)1(4 YttYtteE d −+−+=                                     (6) 

The final key generation rate of system is given by 

 [ ]2 1 2 11 2 ( )sR R H E= −                                                    (7) 
Let 25.0=α , 5

0 10−=Y , 1.0=⋅ dBt η . When de  is assigned 
three different values 0.033, 0.066, and 0.099, respectively. The 
relationship between the final key rate and the optical fiber 
length is shown in Fig. 2. When 099.0=de , the key generation 
rate is improved more than 10 times than the one of standard 

BB84 protocol, while the distance is extended from 75Km 

to105Km. When 066.0=de , the key generation rate is about 4 
times of the one of standard protocol, and the distance is 
extended from 98Km to 110Km.  When 033.0=de , the key 
generation rate is about 3 times of the one of standard protocol, 
and distance increases about 6 Km. 

 
Figure 2. The relationship between the key rate and the optical fiber length  

4 Discussion and Conclusion 
Our proposed protocol is different from the one in which 

multiple signals are transmitted through a single optical fiber. 
Wavelength division multiplexing is a typical example. Its 
principle is simple and many experiments have been reported. 
While, the performance against photons loss is not improved, 
and the communication distance is not increased. Although 
most of QKD systems are using weak coherent pulse light 
source, the research and development of single photon source is 
also very fast [4]. In addition, we only discuss the case of two 
quantum signals, which can be further extended to the case of 
multiple signals. 
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Multi-party Measurement-Device-Independent Quantum Key Distribution based on 
cluster states 
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Abstract. We propose a four-party measurement-device-independent quantum key distribution (MDI-QKD) 
protocol based on cluster states. A four-particle analyzer which can distinguish all the 16 cluster states constructs 
the measurement device. The analysis results show that four-party MDI-QKD is feasible over 280 km in the 
optical fiber channel when the key rate is about 610−  with the polarization misalignment parameter 0.015. 

Keywords: Multi-party, measurement-device-independent quantum key distribution, Cluster state 

1. Introduction 

    In the last few decades, quantum key distribution 
(QKD) [1] has been rigorously proved to be 
unconditionally secure [2]. However, due to the gap 
between theory and practice, practical QKD systems are 
vulnerable to various attacks, such as photon number 
splitting (PNS) attack, detector efficiency mismatch attack, 
time-shift attack, etc. Lo et. al. proposed a measurement- 
device-independent quantum key distribution (MDI-QKD) 
protocol [3], which can remove all detector side-channel 
attacks. Moreover, MDI-QKD with decoy states 
technology can also negate the security threats of the 
imperfect single-photon source. However, most of 
theoretical and experimental works of MDI-QKD are 
focused on two-party protocols. Although multi-party 
MDI-QKD protocols were proposed, e.g., the protocol 
based on Greenberger-Horne-Zeilinger (GHZ) states [4] 
and the protocol based on W states [5], the key rates 
remain to be improved. Fortunately, Briegel et. al. 
introduce a special class of entangled state, the cluster 
state which is maximally connected and has a large 
persistency of entanglement when particles number is 
larger than three [6]. Since all the sixteen four-particle 
cluster states can be distinguished by the cluster state 
analyzer [7], the cluster states based multi-party 
MDI-QKD protocol has inherent advantages over other 
related protocols. In this paper, we propose a four-party 
MDI-QKD protocol using four-photon cluster states. 

2. The multi-party MDI-QKD based on Cluster states 

The setup of four-party MDI-QKD protocol is 
depicted in Fig.1 (a). There are an untrusted network 
server (Emma) and four legitimate participants, i.e., Alice, 
Bob, Charlie, and David. The four participants’ setups are 
identical, as shown in Fig.1 (b). The procedures of the 
protocol are as follows: (1) Each participant possesses a 
single photon source (SPS) which can generate single 
photon pulses. The phase of each individual pulse is activ- 
* liuchuanqi1022@163.com 
† chhzhu@xidian.edu.cn 
‡ chxpei@xidian.edu.cn 
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Fig.1. (a) Schematic diagram of a Cluster-state-based four-party 
MDI-QKD protocol. (b) Schematic setup of legitimate participants. 

ely randomized by a phase modulator (PM) in the range of 
[0,2 ]π . The polarization of each pulse is randomly set to 
one of four BB84 states by a polarization modulator 
(Pol-M). Then, each participant sends the encoded pulses 
passing through a polarization controller (PC) to an 
untrusted relay, Emma. (2) Emma consists of a quantum 
circuit selection unit (QCSU) and a cluster states analyzer 
(CSA). The QCSU is used to make Emma free to choose 
arbitrary two of  four participants to generate secret key 
(when they are switched to the output port “3” and port 
“4”  ). When a successful output is obtained, the 
incoming signals can be projected into a cluster state. (3) 
Emma announces the events in which she obtained 
successful outputs. For the case in which all pulses are 
encoded by the rectilinear basis, the two users at port “3” 
and port “4” perform corresponding operations (they do 
nothing or one of them performs bit flip) according to the 
outcomes. Then they obtain the sifted key bits. (4) The 
two participants perform information reconciliation and 
privacy amplification. The security of the proposed 
protocol is the same as the two-party MDI-QKD protocol. 

3. Key rate of the four-party MDI-QKD protocol 

According to the protocol any two participants can 
build a secret key after Emma announces successful 
outputs. So the key rate can be obtained by referring to the 
case of two-party MDI-QKD [3]. We assume that the data 
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size is infinite, the ideal reconciliation algorithm is applied, 
and the quantum channel between each participant and 
Emma is identical. In this protocol, the QBER in Z basis 
equals the one in X basis under SPS. The key rate can be 
given as 

( )0 1 2 11 2R qQ H e= −    

Where q denotes the basis reconciliation factor; 
1e  

denotes the QBER between participants, 
( ) ( ) ( ) ( )2 2 2log 1 log 1H x x x x x= − − − − ;

1Q denotes the 
gain in the Z basis. Let the probability with which Z basis 
is used be nearly one, i.e., 1q ≈ . We take the background 
count rate 

0Y , the detector efficiency
dη , and the 

polarization misalignment de  into account. 

Then, 1Q can be estimated as 
 ( ) ( ) ( ) ( )4 3 22 3 4

1 1 4 1 6 1 4 1Q t t t t t t t t= − + − + − + − +  

and the QBER 1e  as 

[ ( ) ( )22
1 0 11 1 2 2d de t Y e Qη = + − − 

 

where t is the channel transmittance between the 
participant and the analyzer, /1010 lt α−= with α denoting 
the channel loss coefficient ( 0.2 /dB kmα ≈ for a 
standard telecom fiber) and l denoting the channel 
distance from each participant to Emma. Here, it is 
assumed that each detector has the same detection 
efficiency. 

 
Fig.2. Simulation result of the key rate.  

Let de be 1.5%, 
0Y be 66.02 10−×  and dη  be 93% 

[8]. The simulation result of the asymptotic key rate is 
shown in Fig.2. At this case, the secure transmission 
distance is just about 2.5 km. That is due to the fact that 
four detectors are employed to detect the photon in 
auxiliary coherent state. No matter whether the four 
photons arrive at measurement setup or not, there is 
always a successful output. However, half of these 
measurement results will cause bit error. Hence, this will 
result in high QBER. So the distance is very short. In 
order to overcome the disadvantage, we can only consider 
the case that the two participants’ photons arrive at the 
port “3” and “4” of Emma successfully. To implement this 
case, a heralding and detection unit is added in the 

measurement setup. In this case, 2
1Q t=  and 

( )( )2
1 00.5 1 1 2d de Y eη = + − −  .

 The key rate is shown in Fig.3. 

The distance between two participants is about 280 km 
when the key generation rate is about 610− .  

 
Fig.3. Simulation result of the key rate with improved analyzer. 

It is worth mentioning that the QBER is a constant if 
the related parameters are fixed. That is to say that it 
doesn’t correlate to the channel transmittance. Moreover, 
the QBER in this situation is less than 0.11. Therefore, the 
result in Fig.3 appears. 

4. Conclusion 

In our proposal, any two of four parties can share a 
secure key bit. This is suitable to the usual network 
scenario. Furthermore, the proposed protocol is practically 
secure and ready for implementation.  
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Abstract. In this paper, we present a new SQKD protocol and prove its unconditional security. In this
protocol, the sender Alice just sends one qubit to the classical Bob and Bob just prepares one state in the
preparation process. Indeed the classical user’s measurement is not necessary either. Then we prove it is
unconditionally secure by computing a lower bound of the key rate in the asymptotic scenario. We find a
threshold value of errors such that for all error rates less than this value, the secure key can be established
between the legitimate users definitely.
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1 Introduction

Boyer et al [1] designed the first SQKD protocol to
share secret keys between quantum Alice and classical
Bob successfully in 2007 (BKM07). In BKM07 proto-
col, Alice prepares qubits in two different basis randomly
and sends them to Bob, and Bob can do two kinds of
operations when he receives the state as follows:

• SIFT: Bob chooses to measure the qubit and resend
a new one to Alice.

• CTRL: Bob chooses to reflect it back.

When Alice gets the returning state, she measures it in
the Z-basis or X-basis randomly. When Bob chooses to
SIFT and Alice chooses to measure in the Z-basis, they
share a bit.
SQKD protocols mainly rely on a two-way quantum

channel, which leads to the eavesdropper Eve having t-
wo opportunities to attack the transit qubits during their
transmission. This may increase the possibility for Eve
to gain more information on A or B’s raw key and make
the security analysis more complicated. Most of the ex-
isting SQKD protocols are limited to discuss their robust-
ness rather than unconditional security. The robustness
of SQKD protocols can only assure any attack can be
detected, but it cannot tell us how much noise the pro-
tocol can tolerate to distill a secure key after applying
the technique of error correction and privacy amplifica-
tion. Krawec [2] proved that any attack operator was
equivalent to a restricted attack in a single-state SQKD
protocol in 2014. Then Krawec [3] further proved the
unconditional security of BKM2007 by giving the lower
bound on the key rate in the asymptotic scenario in 2015.
To the best of my knowledge, this is the first uncondi-
tional security proof of an SQKD protocol.
In this paper, we introduce the idea of B92 into semi-

quantum key distribution and design a new single-state
SQKD protocol. It can be seen as the semi-quantum
version of B92, comparing to the Protocol BKM07 as the

∗issqdw@mail.sysu.edu.cn

semi-quantum version of BB84 in fully quantum cryp-
tography. Additionally, the classical Bob has no need
to own measurement equipment and the CTRL-bit can
contribute to the raw key, in other words, the classical
Bob’s reflection can contribute to the raw key. All of
these make our protocol to be more practical and effi-
cient. In addition, we prove it to be unconditional secure
by finding a threshold value such that all the error rates
less than this value, the secure keys can be established
definitely.

2 Main ideas

2.1 The protocol

1. Alice prepares and sends N quantum states |+⟩ to
Bob one by one, where N = 4n(1 + δ), n is the
desired length of the INFO string, and δ > 0 is a
fixed parameter. Alice sends a quantum state only
after receiving the previous one.

2. Bob prepares N
2 quantum states |0⟩ and generates

a random string K̂B ∈ {0, 1}N to be his candidate
raw key. Bob chooses SIFT or CTRL randomly.
Here CTRL means reflecting it back with no dis-
turbance and SIFT means discarding the state he
received and sending |0⟩ to Alice instead.

(1) Define K̂
(i)
B = 0, when Bob chooses CTRL.

(2) Define K̂
(i)
B = 1, when Alice chooses SIFT.

3. Alice also generates a random string K̂A ∈
{0, 1,−1}N to be her candidate raw key. When
she measures the i-th quantum state in the Z basis

and gets the outcome 1, she sets K̂
(i)
A = 0. When

she measures the i-th quantum state in the X ba-

sis and gets the outcome −, she sets K̂
(i)
A = 1.

Otherwise, she sets K̂
(i)
A = −1. Then we can get

P (K̂
(i)
A = −1) = 1

2 , where P (x) denotes the proba-
bility of x.

4. Alice announces Bob to drop all the iterations when

K̂
(i)
A = −1 through authenticated classical channel
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shared previously. Then Alice and Bob will get
KA,KB ∈ {0, 1}l to be their raw key respectively.
Then l is expected to approximate N

2 . They abort
the protocol when l < 2n.

5. Bob chooses at random n bits from his raw key KB

to be TEST bits and announces their positions and
values respectively by the authenticated classical
channel. Alice checks the error rate on the TEST
bits. If it is higher than some predefined threshold
value PT , they abort the protocol.

6. Alice and Bob select the first n remaining bits of
KA and KB respectively to be their INFO string.

7. Alice announces ECC (error correction code) and
PA (privacy amplification) data, she and Bob use
them to extract the m-bit final key from the n-bit
INFO string.

Note that, we can make the classical Bob to prepare
qubit |1⟩ instead of |0⟩ when he SIFTs the qubit. Corre-
spondingly, Alice should set K̂i

A = 0 when she measures
in Z basis and gets measurement outcome 0.

2.2 The security proof

Krawec [2] has pointed out any collective attack
(UF , UR) is equivalent to a restricted operation (b, U)
where b ∈ (− 1

2 ,
1
2 ) in a single-state SQKD protocol. UF

and UR denote the attack operator performed by Eve in
the forward and reverse channel respectively. U is an
unitary operator acting as

U |0, 0⟩TE = |0, e00⟩TE + |1, e01⟩TE , (1)

U |1, 0⟩TE = |0, e10⟩TE + |1, e11⟩TE . (2)

The restriction attack strategy can be described as fol-
lows: Eve intercepts |+⟩T and resends another state |e⟩T
prepared by herself to Bob when Alice prepares and sends
state |+⟩T to Bob through the forward channel, where

|e⟩T =

√
1

2
+ b|0⟩T +

√
1

2
− b|1⟩T . (3)

Let P (i, j) denote the probability that the event A and
B’s raw key bits are i and j, respectively. Then we can
get

P (0, 0) =
1

4K
tr(P (|g+⟩E − |g−⟩E)) (4)

=
1

4K
(1− 2Re⟨g+|g−⟩),

P (0, 1) =
1

2K
tr(|e01⟩⟨e01|) =

1

2K
⟨e01|e01⟩, (5)

P (1, 0) =
1

2K
tr(|g−⟩⟨g−|) =

1

2K
⟨g−|g−⟩, (6)

P (1, 1) =
1

4K
tr(P (|e00⟩E − |e01⟩E)) (7)

=
1

4K
(1− 2Re⟨e00|e01⟩).

where

α =

√
1

2
+ b, β =

√
1

2
− b, (8)

|g+⟩E =
α√
2
|e00⟩E +

α√
2
|e01⟩E (9)

+
β√
2
|e10⟩E +

β√
2
|e11⟩E ,

|g−⟩E =
α√
2
|e00⟩E − α√

2
|e01⟩E (10)

+
β√
2
|e10⟩E − β√

2
|e11⟩E ,

K =
1

4
(1− 2Re⟨g+|g−⟩) +

1

2
⟨e01|e01⟩ (11)

+
1

2
⟨g−|g−⟩+

1

4
(1− 2Re⟨e00|e01⟩).

We can derive an lower bound of the key rate in the
asymptotic scenario by using the Devetak-Winter formu-
la [4, 5, 6] and specify it by some observable quantities
as

r ≥ h(P (0, 0) + P (0, 1))− h(k1)− k2 − k1h(λ) (12)

where

k1 = P (0, 0) + P (1, 1), (13)

k2 = P (0, 1) + P (1, 0), (14)

eZ = ⟨e01|e01⟩, (15)

q(0, 0) =
1

4
(1− 2Re⟨g+|g−⟩), (16)

q(0, 1) =
1

2
⟨e01|e01⟩, (17)

q(1, 0) =
1

2
⟨g−|g−⟩, (18)

q(1, 1) =
1

4
(1− 2Re⟨e00|e01⟩), (19)

P (0|0) = 2αβRe⟨e01|e11⟩ (20)

+(α2 − β2)⟨e01|e01⟩+ β2,

P (1|0) = ⟨g−|g−⟩, (21)

λ =
1

2
+

√
4(q(0, 0)− q(1, 1))2 + B2

4(q(0, 0) + q(1, 1))
, (22)

B =

√
2α

2
− 2

√
2αq(1, 1)−

√
2αeZ (23)

−
√
2

2α
[P (0|0)− (α2 − β2)eZ − β2]

+

√
2

α
[
1

2
− P (1|0)− α2(

1

2
− 2q(1, 1))

−αβeZ − β2
√
eZ(1− eZ)].

Then we can use this lower bound to derive a threshold
value of error rate such that the protocol can share secret
keys successfully as long as all the error rate below this
value.

2.3 Example

In this part, we illustrate how to compute the threshold
value of the error rates under the circumstance that the
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Figure 1: A graph of f(b, p) as a function of the depo-
larization channel parameter p for different b. Note that,
eZ = p

2 .

reverse channel is a depolarizing one with parameter p.
It can be specified as follows:

ξp(ρ) = (1− p)ρ+
p

2
I, (24)

where I is the identity operator. Thus, we can get a lower
bound on the key rate r as

r ≥ f(b, p), (25)

where

f(b, p) = h(
1− 2b+ 2pb+ p

K ′ )− h(
2− 2b+ 2pb

K ′ ) (26)

−1 + p− (1− p)
√
1− 4b2

K ′ − 2− 2b+ 2pb

K ′ h(λ),

K ′ = 3 + p+ (p− 1)
√

1− 4b2 + 2b(p− 1), (27)

λ =
1

2
+

√
(pb− b)2 + B2

2− 2b+ 2pb
, (28)

B =
2√

1 + 2b
[
√
1− 4b2(

1

2
− 3p

4
) (29)

−1

2
(
1

2
− b)

√
2p− p2]− p

2

√
1− 2p.

A graph of f(b, p) as a function of p for different b is
shown in Figure 1. In the graph, we can see when b = 0,
the key rate r is positive for all p ≤ 0.0692, which means
that when eZ = p

2 ≤ 3.46%, the key rate will always
be positive. Different values of b correspond to different
threshold values which assure the key rate r is positive.
We can see when the absolute value of b is far from 0,
the threshold value becomes smaller, which demonstrates
that the noise in the forward channel has an effect on the
final key rate in some extent.

3 The impact and importance

In this paper, we introduce the idea of B92 into semi-
quantum key distribution and design a new SQKD proto-
col with one qubit. To our best of knowledge, this is the

first semi-quantum version of B92 protocol, comparing
to BKM07 as the semi-quantum version of BB84. It is
not only more efficient but also more simplified to imple-
ment. Meanwhile, it is demonstrated that our protocol
is as secure as some existed SQKD and QKD protocols.
We provide an unconditional security proof of our proto-
col by computing a lower bound of the final key rate in
the asymptotic scenario and found a threshold value of
errors such that if all the errors are less than this value,
the secure key can be established definitely. We show
that our scheme can tolerate a maximum bit error rate
of 3.46% under the circumstance that there is no noise in
the forward channel.
This work is supported in part by the National Natural

Science Foundation of China (Nos. 61572532, 61272058),
the Fundamental Research Funds for the Central Univer-
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Abstract. Some physical objects are hardly accessible to direct experimentation. It is then desirable
to infer their properties based solely on the interactions they have with systems over which we have
control. In this spirit, here we introduce schemes for assessing non-classicality of the inaccessible objects as
characterised by quantum discord. We consider two probes individually interacting with the inaccessible
object, but not with each other. The schemes are based on monitoring entanglement dynamics between
the probes. As examples of strong technological relevance, our scheme is applicable for the revelation
of non-classicality of mechanical membrane in optomechanical system and photosynthetic organisms in a
driven Fabry-Perot cavity. We also foresee potential benefits for the inference of non-classical nature of
gravity.

Keywords: Entanglement, Quantum Discord, Non-classicality, Optomechanics.

1 Introduction

Positions and momenta of classical particles determine
their state. As no limitation on the precision of position
and momentum measurement is imposed by the classical
laws, all classical states are in principle distinguishable.
On the contrary, there is no measurement able to dis-
tinguish quantum states represented by non-orthogonal
Hilbert-space vectors. We thus declare a physical sys-
tem as non-classical if its description within quantum
formalism requires such non-orthogonal states. Quantum
correlations need this form of non-classicality of certain
subsystems, i.e. some quantum states of the multipartite
system are impossible to represent with only orthogonal
states for the subsystem.

This idea is explicitly present in the definition of quan-
tum discord, which asserts that two or more subsystems
share quantum correlations if there is no von Neumann
measurement on one of them that keeps the total state
unchanged [1–4]. Indeed, this only happens when the to-
tal state is not a so-called ‘quantum-classical’ one, which
implies that some non-orthogonal states are involved in
the description of the state of the subsystem. Our aim
here is to reveal the non-classicality of a subsystem, i.e.
the presence of quantum discord between such subsystem
and others, without actually accessing it.

Consider the three-body scenario depicted in Fig. 1.
The inaccessible object C mediates the interaction be-
tween two remote subsystems A and B, which are not
directly coupled. We allow A, B, and C to be open sys-
tems so that this scenario describes variety of physical
situations. See below for concrete applications.

In the case where C is environment of an open sys-
tem AB, a vast body of literature exists on the influ-

∗tanjungkrisnanda@yahoo.com
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ence of initial system-environment correlations (SECs),
on the evolution of the open system [5]. This resulted
in the design of proposals for their detection based on
monitoring of the dynamics of distinguishability [6–10] or
purity [11, 12] of the whole accessible system. Such pro-
posals have been implemented experimentally by means
of quantum tomography [13, 14]. We will show that our
scheme can also be used to reveal SECs, with the ad-
vantage that state tomography is not necessary. This is
achieved by dividing the open system into A and B parts
and monitoring the presence of entanglement between
them.

Figure 1: Subsystems A and B individually interact with
a mediator object C, but not with each other. The inter-
action hamiltonian is thus HAC +HBC . We assume that
C is inaccessible, i.e. no measurement can be performed
on it, and its state cannot be controlled. We show condi-
tions under which the gain of entanglement in the state
of AB implies the non-classicality of C. Our protocols
allow A, B, and C to be open systems.

Moreover, the possible non-classical nature of SECs
was linked to the impossibility of describing the evolution
of an open system through completely positive maps [15].
Hence detection schemes of quantum discord in the initial
system-environment state have been proposed [16,17] and
recently assessed experimentally [18–20]. We emphasise
that such schemes detect the non-classicality of the sys-
tem, whereas our schemes ascertain the non-classicality
of the environment, which is usually assumed to be inac-
cessible directly.
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2 The formal criteria

Theorem 1 For three open systems A, B, C with hamil-
tonian H = HAC + HBC and each coupled to its own
local environment, the entanglement satisfies the condi-
tion EA:BC(τ) ≤ EA:BC(0) if DAB|C(t) = 0 at any time
t ∈ [0, τ ].

The formal proof of this statement is presented in the
Appendix.

We emphasise the generality of this theorem, where
all three systems A, B, and C are open to their own
local environments, which is an assumption matching a
large number of experimentally relevant situations. The
setup where our systems are closed systems, is then a
special case of the theorem in which we have EA:BC(τ) =
EA:BC(0) if DAB|C(t) = 0 (see Appendix).

We are now in a position to study the non-classicality
of C from observing AB only. In light of the Theorem
above, a promising candidate for this goal is the entan-
glement gain. However, we now show that some features
of the initial tripartite state need to be ensured, but they
can be guaranteed by only operating on AB.

Let us consider H = σxA⊗ I⊗σxC + I⊗σxB ⊗σxC , where
σx is the Pauli-x matrix, and choose the initial state

ρ0 =
1

2
|ψ+〉 〈ψ+| ⊗ |+〉 〈+|+

1

2
|φ+〉 〈φ+| ⊗ |−〉 〈−| , (1)

where σx |±〉 = ±|±〉, and |ψ+〉 = 1√
2
(|01〉 + |10〉) and

|φ+〉 = 1√
2
(|00〉 + |11〉) are two Bell states between sub-

systems AB. As the initial state in Eq. (1) contains
the eigenstates of HC , the system remains classical, as
measured on C, at all times. Furthermore, the classi-
cal basis is the same at all times. Yet, one can verify
that the relative entropy of entanglement is given by
EA:B(t) = 1 − SAB(t), where SAB(t) is the von Neu-
mann entropy of the AB state at time t, and oscillates
between 0 and 1. Hence, in general, entanglement gain in
the partition A : B does not signify the non-classicality
of C.

Furthermore, the only way of gaining entanglement in
subsystem AB via classical C is to localise it from the
already present entanglement in A : BC (in our example
above, we have EA:BC = 1). This is a consequence of our
Theorem and reinforces its role as a proper generalisa-
tion of the monotonicity of entanglement to continuous
interactions. Namely,

EA:B(t) ≤ EA:BC(t) ≤ EA:BC(0). (2)

We now propose our scheme that can reveal non-
classicality of C with only one observable on AB. Ac-
cording to Eq. (2) if we ensure that the initial entangle-
ments coincide, i.e. EA:BC(0) = EA:B(0), entanglement
gain in system AB is only possible due to non-classicality
of C. As we are interested in observing entanglement
gain, it is natural to start with as small entanglement
as possible. This leads us to propose the application of
an entanglement-breaking channel to one of the available
systems, at time t = 0. Indeed, after application of the

channel, we have EA:B(0) = EA:BC(0) = 0. In a more
concrete example, the channel is a von Neumann mea-
surement. An arbitrary measurement is allowed and ex-
perimentalist should choose the one having potential for
biggest entanglement gain. Note that the measurement
results need not be known. Our main detection method
is illustrated and summarised in Fig. 2.

Figure 2: Proposed protocol detecting non-classicality of
inaccessible object C. Each system A, B, and C can be
open system, with its own local environment. The pro-
tocol makes no assumptions about the initial tripartite
state and the explicit expression for hamiltonians HAC +
HBC , and has the following steps: (i) von Neumann mea-
surement in subsystem A (or any entanglement-breaking
channel); (ii) evolution of the whole ABC; (iii) entangle-
ment estimation of AB. We show in the main text that
nonzero entanglement reveals non-classicality of subsys-
tem C, i.e. positive discord DAB|C .

If one is only interested in the detection of correla-
tions between AB and C, regardless of whether they are
classical or not, the entanglement-breaking channel can
be omitted. Indeed, for the initially uncorrelated state
ρ0 = ρAB⊗ρC , we have EA:BC(ρAB⊗ρC) = EA:B(ρAB),
and no entanglement gain in AB is possible via classical
C. Therefore, if one observes a gain, it would either be
ρ0 6= ρAB ⊗ ρC or DAB|C > 0 at some time. Both cases
show correlations between AB and C.

3 Applications

3.1 Optomechanics

We address now the practical implications of our crite-
ria for scenarios of current technological relevance. In
particular, we consider experiments of cavity optome-
chanics [21] as the paradigm of an open mesoscopic quan-
tum system for which the criteria identified above hold
the potential to be practically significant. In fact, one of
the goals of optomechanics is to infer the non-classicality
of the state of a massive mechanical system without af-
fecting its (in general fragile) state. A possible setting
for such a task is given by a so-called membrane-in-the-
middle configuration, where a mechanical oscillator (a
membrane) is suspended at the centre of a two-sided op-
tical cavity [22]. By driving the cavity with laser fields
from both its input mirrors, respectively, we realise a sit-
uation completely analogous to that in Fig. 1 (cf. Fig. 3).
Therefore our theorem directly applies here and we can
implement the detection method of Fig. 2.
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Figure 3: Optomechanics setup. The mechanical mem-
brane c is mediating interaction between driven cavity
fields a and b. The membrane is interacting with its local
environment at temperature T resulting in the Brownian
motion and the fields are independently interacting with
their respective driving lasers through the fixed mirrors.

In order to independently confirm the validity of our
detection method we now calculate entanglement dy-
namics using known models for the interaction (see Ap-
pendix). We choose the logarithmic negativity to quan-
tify entanglement. Starting from the experimentally nat-
ural state where c is in a thermal state and a and b are
coherent states, we calculate the dynamics of Ea:b and
Eab:c (a stronger type of quantum correlations than dis-
cord). As initially there is no entanglement, the first
step in Fig. 2 can be omitted. The results of our anal-
ysis are presented in Fig. 4 for varying power Pb of the
right laser. The parameters used in our simulations all
adhere to present-day technology [23]. We see that non-
zero Ea:b(t) is always accompanied by non-zero Eab:c at
some time (0, t). We have also performed similar calcula-
tions by varying the power of the left laser as well as the
frequencies of the lasers within experimentally accessible
ranges and observed consistent results.

Figure 4: Exemplary dynamics of entanglement (loga-
rithmic negativity) Ea:b and Eab:c for experimentally vi-
able parameters. Mass of membrane 145 ng with damp-
ing rate 2π × 140 Hz, temperature 0.3 K, length of each
cavity 25 mm with finesse 1.4 × 104, and wavelength of
both lasers is 1064 nm. Here we fixed Pa = 100 mW,
∆a = ωc, and ∆b = −ωc, where ωc = 2π×947 kHz is the
natural frequency of the membrane. We vary Pb = 20
mW (green), 40 mW (blue), 60 mW (red), and 80 mW
(black). Pa(b) stands for the power of the left (right)
laser, and ∆a(b) is its effective detuning (see Appendix
for detailed calculations). Note that non-zero entangle-
ment between the fields implies that the membrane is
entangled with them in the process.

3.2 Photosynthetic organisms

Our detection method can also be used to reveal
non-classicality of photosynthetic organisms, one of cur-
rent interest is photosynthetic bacterium, Chlorobaculum
tepidum [24, 25]. Consider the setup presented in Fig. 5.
The bacteria are inside a driven cavity where they in-
teract independently with a few cavity modes. These
interactions do not have to be known explicitly. We as-
sume that initially the bacteria and every mode are in
a product state. Experimentally one could simply start
with no light in the cavity whatsoever. It is crucial for
the method that the modes do not interact directly, but
only via the bacteria. This can be realised in practice by
choosing orthogonally polarised modes or different fre-
quency modes. Both the bacteria and every optical field
are treated as open systems — open to their own local
and independent environments. Under these general con-
ditions we have shown above that entanglement between
the modes cannot grow if at all times quantum discord
between modes and bacteria satisfy Dm|b = 0. Since we
start with a product state, once positive entanglement
between the modes is observed, we conclude the presence
of the quantum discord during the evolution. We stress
again that bacteria do not have to be measured and their
interactions with cavity modes can remain unknown.

Figure 5: A Fabry-Perot cavity with green sulphur bac-
teria is driven by lasers. A few cavity modes individu-
ally interact with the bacteria, but not with each other.
Both bacteria and cavity modes are open systems. In
particular, the interaction between bacteria and their en-
vironment results in the decay rate γ. Cavity mode m
experiences decay rate κm.

3.3 Quantum gravity

In a visionary perspective, system C could even be
a gravitational field interacting with masses A and B,
which are mutually non-interacting. By determining ex-
perimentally the entanglement gain between A and B
one would conclude, according to our scheme, the non-
classical nature of the gravitational field between them.
That is, if we were to embed into the quantum formalism
description of the masses and the field, there would have
to be non-orthogonal states in the Hilbert space of the
field.

4 Conclusion

We have proposed an entanglement-based criterion for
the inference of non-classicality of an inaccessible system.
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Our protocol is fully non-disruptive of the state of the sys-
tem to probe, and relies on only weak assumptions on the
nature of the interactions involved in the inference pro-
cess itself. This feature makes our proposal suitable to
address non-classicality at many levels, from experimen-
tally relevant technological platforms such as quantum
optomechanics, to fundamental problems on the nature
of gravity.

5 Appendix

5.1 Proof of the theorem

Proof. Without loss of generality we take the hamilto-
nians as HAC = HA ⊗ HC and HBC = HB ⊗ Hγ . The
same steps can be applied to the general hamiltonians
HAC =

∑
µH

µ
A ⊗H

µ
C and HBC =

∑
ν H

ν
B ⊗Hν

γ . As we
are assuming vanishing discord (when C is measured) at
t = 0, we can write the initial state as

ρ0 =
∑
c

pc ρ
c
AB ⊗ |c〉 〈c| . (3)

After a time ∆t, the evolved state will be isomorphic to
ρ0 and will read

ρ∆t =
∑
c

pc(∆t) ρ
c
AB(∆t)⊗ |φc〉 〈φc| , (4)

where both {|c〉} and {|φc〉} form orthonormal bases. We
assume local environments inducing Markovian dynam-
ics. The evolution can thus be described by the following
master equation in Lindblad form (which we write, for
convenience, in a coarse-grained time form)

ρ∆t − ρ0

∆t
= −i[H, ρ0] +

∑
X=A,B,C

LXρ0, (5)

where the last term is the incoherent part of the evolu-
tion resulting from interactions with local environments,
and we have taken (in light of the declared Lindblad

form of the master equation) LXρ0 =
∑
kQ

X
k ρ0Q

X†
k −

1
2{Q

X†
k QXk , ρ0}, where QXk ’s act on system X only. We

now consider the following conditional state

pj(∆t) ρ
j
AB(∆t) = 〈φj | ρ∆t |φj〉

= 〈φj | ρ0 |φj〉 − i∆t 〈φj | [H, ρ0] |φj〉

+∆t
∑

X=A,B,C

〈φj |LXρ0 |φj〉 . (6)

We go to continuous time by taking ∆t → 0, which im-
plies that all terms proportional to O(∆t2) can be ig-
nored. Therefore, throughout this proof the symbol “'”
should be read as “equal up to O(∆t2)”. In this limit,
the basis states of C can only change as |c〉 → |φc〉 =
αc |c〉 + βc |c⊥〉, with |c⊥〉 orthogonal to |c〉 and βc pro-
portional to ∆t. This implies that |〈c|φj〉|2 ' δcj , and

thus 〈φj | ρ0 |φj〉 ' pjρjAB .
As the commutator in Eq. (6) is multiplied by ∆t, the

terms in 〈φj | [H, ρ0] |φj〉 proportional to ∆t can already
be ignored. One thus finds that

〈φj | [H, ρ0] |φj〉 ' pj [EjCHA + EjγHB , ρ
j
AB ], (7)

where EjC(γ) is the mean energy 〈j|HC(γ) |j〉. Hence the

coherent part of the evolution splits into the sum of ef-
fective local interactions.

Next, there are three terms for the incoherent part
of the evolution. The first two are local in A and B
respectively, and they are proportional to

〈φj |LAρ0 + LBρ0 |φj〉 ' pj(LA + LB)ρjAB . (8)

The last term can be written as

〈φj |LCρ0 |φj〉 '
∑
c

∑
k

pc| 〈j|QCk |c〉 |2ρcAB

− pj
∑
k

〈j|QC†
k QCk |j〉 ρ

j
AB . (9)

Therefore, we obtain the following explicit form of the
conditional state

ρjAB(∆t) '
pj(1−

∑
k 〈j|Q

C†
k QCk |j〉∆t)

pj(∆t)
ρ̃jAB

+
∑
c

pc
pj(∆t)

∑
k

| 〈j|QCk |c〉 |2∆t ρcAB ,(10)

where we have defined

ρ̃jAB ≡ ρjAB − i[E
j
CHA + EjγHB , ρ

j
AB ]∆t

+ (LA + LB)ρjAB∆t. (11)

Accordingly, the state ρ̃jAB is obtained from ρjAB by ap-
plying Lindblad master equation describing independent
local evolutions of subsystems A and B. The probabil-
ity pj(∆t) can be recovered by noting that the trace of
Eq. (10) equals unity. In particular,

pj(∆t) = pj

(
1−

∑
k

〈j|QC†
k QCk |j〉∆t

)
+
∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t, (12)

where we have used the cyclic property of trace. Note
that the numbers multiplying states ρ̃jAB and ρcAB in Eq.
(10) are all non-negative and sum up to unity, i.e. they
form a probability distribution.

Finally, we have

EA:BC(∆t) =
∑
j

pj(∆t) EA:B(ρjAB(∆t)) (13)

≤
∑
j

pjEA:B(ρjAB) (14)

−
∑
j

pj
∑
k

〈j|QC†
k QCk |j〉∆t EA:B(ρjAB)

+
∑
j

∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t EA:B(ρcAB),

=
∑
j

pjEA:B(ρjAB) = EA:BC(0), (15)

where the involved steps are justified as follows. In the
first line we use the flags condition [26]. The inequality
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follows from applying convexity of the relative entropy
of entanglement to EA:B(ρjAB(∆t)) and next monotonic-
ity of entanglement under local operations and classical
communication EA:B(ρ̃jAB) ≤ EA:B(ρjAB). By inserting∑
c |c〉 〈c| = I in between QC†

k and QCk in the second
line of (14) and exchanging dummy indices c ↔ j, one
finds that it cancels the third line, giving Eq. (15). In
the last step we again use the flags condition, this time
to the initial state. The theorem is apparent by evolv-
ing the system successively from t = 0 to τ and having
DAB|C(t) = 0 at anytime t ∈ [0, τ ]. �

A special case worth noticing is when the three systems
are closed, i.e. we have unitary evolution with hamilto-
nian H = HAC + HBC . In this case, it follows that the
conditional state reads

ρjAB(∆t) =
pj

pj(∆t)
ρ̃jAB , (16)

where ρ̃jAB = ρjAB − i[EjCHA + EjγHB , ρ
j
AB ]∆t. Tak-

ing the trace of Eq. (16) gives us pj(∆t) = pj and

ρjAB(∆t) = ρ̃jAB . The conditional state evolves under
effective local unitary transformations, hence entangle-
ment in the partition A : B stays the same. By utilising
the flags condition as in the proof of the theorem given
above, one can show that EA:BC(τ) = EA:BC(0).

5.2 Optomechanics

The hamiltonian of the setup (Fig. 3 in the main text)
in a rotating frame with frequency of the lasers can be
written as H = Hloc +Hint where [21]:

Hloc = ~∆0aa
†a+ ~∆0bb

†b+
~ωc
2

(p2 + q2)

+i~Ea(a† − a) + i~Eb(b† − b) (17)

and
Hint = −~G0aa

†a q + ~G0bb
†b q, (18)

where the annihilation (creation) operator of field j =
a, b is denoted by j (j†) with [j, j†] = 1, p and q
are dimensionless quadratures of the membrane with
[q, p] = i, Ej is the driving strength of laser j with
|Ej | = (2Pjκj/~ωlj)1/2, where Pj is the laser power and
ωlj denotes its frequency. κj = πc/2Fj lj is decay rate of
cavity j with finesse Fj . Cavity-laser detuning is defined
as ∆0j ≡ ωj−ωlj , where ωj is the frequency of the cavity
and G0j = (ωj/lj)(~/µωc)1/2 represents field-membrane
coupling strength, where lj is the length of the cavity, µ
is the mass of the membrane and ωc is its natural fre-
quency. Note that Hloc is local in a : b : c partition and
the two terms in Hint represent coupling in the partition
a : c and b : c respectively.

The dynamics of the operators, adding into account
noise and damping terms (also local), can be well written
by a set of Langevin equations in Heisenberg picture

ȧ = −(κa + i∆0a)a+ iG0aaq + Ea +
√

2κa ain

ḃ = −(κb + i∆0b)b− iG0bbq + Eb +
√

2κb bin
q̇ = ωcp

ṗ = −ωcq +G0aa
†a−G0bb

†b− γcp+ ξ (19)

where γc is damping rate of the membrane. Also
jin is input noise of field j associated with cavity-
input mirror interface and has only correlation function
〈jin(t)k†in(t′)〉 = δjkδ(t − t′) [27], whereas ξ is Brown-
ian noise of the membrane and has correlation function
〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 ≈ γc(2n̄+ 1)δ(t− t′) in the limit
of interest that is large mechanical quality of the mem-
brane, i.e. ωc/γc � 1 [28,29]. The mean phonon number
of the membrane reads n̄ = 1/(exp (~ωc/kBT )− 1).

The linearised Langevin equations can be obtained
by splitting the operators into steady state values and
fluctuating terms. In particular we write q = qs + δq,
p = ps + δp, and j = αs,j + δj. By inserting these into
Eq. (19) and ignoring nonlinear terms δj†δj and δjδq one
gets a set of linear Langevin equations for the fluctuation
of the quadratures

δẋa = −κaδxa + ∆aδya +
√

2κa xin,a

δẏa = −κaδya −∆aδxa +Gaδq +
√

2κa yin,a

δẋb = −κbδxb + ∆bδyb +
√

2κb xin,b

δẏb = −κbδyb −∆bδxb −Gbδq +
√

2κb yin,b
δq̇ = ωcδp

δṗ = −ωcδq − γcδp+Gaδxa −Gbδxb + ξ (20)

where effective detuning ∆a ≡ ∆0a − G0aqs, ∆b ≡
∆0b + G0bqs, and effective coupling Gj ≡

√
2G0jαs,j .

The steady state values are given by ps = 0, qs =

(G0a|αs,a|2−G0b|αs,b|2)/ωc, and αs,j = |Ej |/
√
κ2
j + ∆2

j .

The quadratures of the field xj and yj are related to
the field operator j through j = (xj + iyj)/

√
2. This

relation also applies for the input noise, i.e. jin =

(xin,j + iyin,j)/
√

2.

For simplicity one can re-write Eq. (20) as a
single matrix equation u̇(t) = Ku(t) + n(t) where
the vector uT (t) = (δxa, δya, δxb, δyb, δq, δp), n

T (t) =
(
√

2κaxin,a,
√

2κayin,a,
√

2κbxin,b,
√

2κbyin,b, 0, ξ), and

K =


−κa ∆a 0 0 0 0
−∆a −κa 0 0 Ga 0

0 0 −κb ∆b 0 0
0 0 −∆b −κb −Gb 0
0 0 0 0 0 ωc
Ga 0 −Gb 0 −ωc −γc

 . (21)

The solution to linearised Langevin equation is then
u(t) = M(t)u(0) +

∫ t
0
dsM(s)n(t − s) where M(t) =

exp (Kt).
The quantum state of the fluctuations is fully char-

acterised by covariance matrix Vij(t) ≡ 〈ui(t)uj(t) +
uj(t)ui(t)〉/2−〈ui(t)〉〈uj(t)〉. Note that the Gaussian na-
ture of the initial state is maintained since we have linear
dynamics and the noises involved are zero mean Gaussian
noises. One can show that the covariance matrix at time
t is V (t) = M(t)V (0)MT (t) +

∫ t
0
ds M(s)DMT (s) where

D = Diag[κa, κa, κb, κb, 0, γc(2n̄+1)]. A more explicit so-
lution of the covariance matrix, after integration, is given
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by

KV (t) + V (t)KT = −D +KM(t)V (0)MT (t)

+M(t)V (0)MT (t)KT

+M(t)DMT (t), (22)

which is linear and can easily be solved numerically. As
mentioned in the main text we take the initial state to
be thermal state for c and coherent state for field j, this
gives V (0) = Diag[1, 1, 1, 1, 2n̄ + 1, 2n̄ + 1]/2. If one is
only interested in steady state solution, it is guaran-
teed when all real parts of eigenvalues of K are nega-
tive, giving M(∞) = 0 such that the steady state covari-
ance matrix can be calculated from a simpler equation
KV (ts) + V (ts)K

T = −D.
The covariance matrix V describing our three-mode

optomechanical system can be written in block form

Vabc =

 Laa Lab Lac
LTab Lbb Lbc
LTac LTbc Lcc

 (23)

where for j, k = a, b, c the block component Ljk is a 2×2
matrix describing local mode correlation when j = k and
intermodal correlation when j 6= k. An N -mode covari-
ance matrix has symplectic eigenvalues {νk}Nk=1 that can
be computed from the spectrum of matrix |iΩNV | [30]
where

ΩN =

N⊕
k=1

(
0 1
−1 0

)
. (24)

For a physical covariance matrix 2νk ≥ 1 [31]. For an en-
tangled system, e.g. in the partition ab : c, the covariance
matrix will not be physical after partial transposition
with respect to mode c (this is equivalent to flipping the
sign of the membrane’s momentum fluctuation operator
δp in V ). For our system, this unphysical V Tc is shown by
one of its three symplectic eigenvalues ν̃min < 1/2. En-
tanglement is then quantified by logarithmic negativity
as follows Eab:c = max[0,− ln (2ν̃min)] [32,33]. Note that
the separability condition, when V Tc has ν̃min ≥ 1/2, is
sufficient and necessary for 1 : N mode partition [34]. En-
tanglement Ea:b is calculated in similar manner by only
considering system ab where the covariance matrix is now

Vab =

(
Laa Lab
LTab Lbb

)
. (25)

For our calculations we vary laser power Pj and laser-
cavity detuning ∆j . Other parameters have been fixed
such that this setup is viable with present-day technology
[23]. This includes µ = 145 ng, T = 300 mK, lj = 25 mm,
and (ωc, ωlj , γc) = 2π(947 × 103, 2.8 × 1014, 140) Hz. Fi-
nesse of each cavity is 1.4× 104.

The dynamics of entanglement quantified by logarith-
mic negativity is shown in Fig. 4 in the main text. It is
clear that nonzero Ea:b(t) implies non-classicality of the
membrane. If one is interested only in the steady state
regime, Fig. 6 shows the corresponding entanglement Ea:b

while Eab:c is zero in this range (not shown). Note that
red colour has been used in the plots for parameters that
do not correspond to steady state solution.

Figure 6: Steady state entanglement for varying values
of Pb, in units of 100 mW, and ∆b, in units of the natural
frequency of the membrane ωc.
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Annealing schedule for classical optimal decoding
using adiabatic quantum computation
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Abstract. Adiabatic quantum computation (AQC) is well-known to provide quick solutions for com-
binational optimization problems. In previous work, we applied AQC to classical optimal decoding with
single-parity-check codes in a digital communications scenario. In that study, we confirmed that a non-
linear annealing schedule is more appropriate than a linear annealing schedule for classical optimal decoding
using AQC. The issue in that study was to find the appropriate annealing schedule for classical optimal
decoding and to estimate the best computational complexity. In this paper, we examine whether the
instantaneous energy gap of the Hamiltonian for classical optimal decoding converges to a limit curve to
confirm whether there is an appropriate annealing schedule.

Keywords: quantum algorithm, adiabatic quantum computation, classical optimal decoding

1 Introduction

Quantum annealing theory [1] was proposed by Kad-
owaki and Nishimori in 1998 and adiabatic quantum com-
putation (AQC) [2, 3] using the theory was proposed by
Farhi, et al. in 2000. AQC solves combinational op-
timization problems quickly. Nevertheless, there are at
present only a few applications of AQC. In previous work
[4, 5], we applied AQC to classical optimal decoding,
which is the decoding method with the minimum error
probability using maximum likelihood and soft decision
decoding. The issue central to this work [4, 5] is the eval-
uation of the computational complexity of classical op-
timal decoding using AQC. We have to find an optimal
annealing schedule to estimate the best computational
complexity. The optimal annealing schedule depends in-
versely on the values of the instantaneous energy gap for
the lowest two states of a Hamiltonian. We therefore
need to confirm that this gap converges to a limit curve
to find the appropriate annealing schedule. Hence we ini-
tialize the Hamiltonian system with a provisional anneal-
ing schedule q1(t), and calculate the annealing schedule
q2(t). Next, we calculate similarly the annealing sched-
ule q3(t) for the Hamiltonian given annealing schedule
q2(t). By repeating these steps, if the instantaneous en-
ergy gap converges to a limit curve, the schedule qi(t)
is the appropriate annealing schedule for the problem.
However, if no convergence is obtained, then you cannot
find appropriate annealing schedule for the problem. In
this study, we confirm numerically that the energy gap
does converge to a limit curve and an optimal annealing
schedule for classical optimal decoding can be found with
single-parity-check (SPC) codes.

2 Adiabatic quantum computation

AQC is one quantum computing model that solves
combinational optimization problems [2, 3]. In AQC, the

∗im161008@cis.aichi-pu.ac.jp
†id171002@cis.aichi-pu.ac.jp
‡usuda@ist.aichi-pu.ac.jp

Hamiltonian is

H(t) =
(
1− q(t)

)
H0 + q(t)H1, (1)

where, H0 is an initial Hamiltonian, the ground state for
which is trivial, H1 is a final Hamiltonian, the ground
state of which corresponds to the solution, and q(t) asso-
ciated with H(t), is a monotonic-increasing function or
monotone that satisfies q(0) = 0 and q(1) = 1. AQC
works by maintaining the quantum state close to the in-
stantaneous ground state of Eq. (1). With the iterative
procedure, we obtain ultimately the ground state of H1.
To maintain an instantaneous ground state, we have to
change the quantum state carefully when the energy gap
between the ground state and first excited state is small.
Hence, we need to adjust appropriately the monotone q(t)
for each problem. For this purpose, we consider adjusting
q(t) based on the adiabatic theorem.

3 Classical optimal decoding for binary
linear codes

For this study, we used binary-phase-shift-keying
(BPSK) signals coded by binary linear codes, and we
assume that the noise in the channel is additive white
Gaussian noise (AWGN). To implement classical optimal
decoding, we have to find the codeword that maximizes
the conditional probability,

P (y|wi) =
n∏
j=1

p(yj |wi,j), (2)

where y = (y1, y2, . . . , yn) with yj ∈ C is the output, C
the entire set of complex numbers, wi, (i = 1, 2, . . . , 2k)
is the codeword, k is the number of information sym-
bols, and n is the codeword length; here p(yj |wi,j) is the
conditional probability of each output defined as:

p(yj |wi,j) =
1√
2πσ2

e−(yj−wi,j)
2/2σ2

, (3)

where wi,j ∈ {−A,A} is the amplitude of the BPSK sig-
nals and σ2 is the variance associated with the signal
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noise. A receiver decodes the signal of the original mes-
sage by deciding the codeword wi that has the maximum
conditional probability. In general, rather than maximiz-
ing the conditional probability, Eq. (2), we maximize its
logarithm likelihood,

logP (y|wi) =
n∑
j=1

−2yjwi,j + const. (4)

4 Classical optimal decoding using
adiabatic quantum computation

We introduce next the Hamiltonian for classical opti-
mal decoding for AQC.
First, the initial Hamiltonian H0 is constructed,

H0 = I2n − |ψ(0)⟩⟨ψ(0)| , (5)

where

|ψ(0)⟩ = 1√
2k

2k∑
i=1

|wi⟩ , (6)

|wi⟩ =
n⊗
j=1

|wi,j⟩ , (7)

|wi,j = A⟩ = (1, 0)T, |wi,j = −A⟩ = (0, 1)T, and IM is
the M ×M identity matrix.
Second, the final HamiltonianH1 is constructed so that

its eigenvalues can be used to obtain an expression for
the cost function of the problem. In classical optimal
decoding, the cost function is simply Eq. (4). With this
function and the property of SPC codes, the form of final
Hamiltonian H1 is

H1 =

n∑
j=1

λj − c(n)

n⊗
j=1

(
σzj − I2

)
, (8)

where c(n) is a penalty function that is determined for
the problem and λj is

λj = I2 ⊗ I2 ⊗ · · · ⊗ 2Ayjσ
z
j︸ ︷︷ ︸

jth

⊗ · · · ⊗ I2, (9)

and σzj is the Pauli matrix defined for each j by

σzj =

(
1 0
0 −1

)
. (10)

5 Problem setting

We next introduce classical optimal decoding with
SPC codes. In simulating AQC, for simplicity we ini-
tialize the codeword length to n = 6, the output to
y = (1, 1, 1, 1, 1, 1), the amplitude to A = 1, and the vari-
ance associated with the signal noise to σ2 = 1/2. We
chose a penalty function c(n) = nAn so that it increases
as the codeword length increases and the amplitude rises.
We construct the Hamiltonian of Eq. (1) using the above
forms for the initial and final Hamiltonian, H0 and H1.

Figure 1: Changes in monotone qi(t), for i = 1, 2, 3, 4.

6 Numerical result

To find the appropriate annealing schedule for a clas-
sical optimal decoding with SPC codes, we first adjust
the annealing schedule q1(t) to the instantaneous energy
gap of the Hamiltonian of Eq. (1) with q(t) = t. Second,
we calculate again the instantaneous energy gap of the
Hamiltonian Eq. (1) so that q(t) is replaced with mono-
tone q1(t). Third, we adjust the annealing schedule to
the energy gap of the Hamiltonian with q1(t). We repeat
these three steps until we confirm whether the annealing
schedule converges to a certain shape.
The result is shown in Fig. 1. The values of the mono-

tones qi(t), (i = 1, 2, 3, 4) are plotted against the elapsed
time t. The curves are seen to converge towards a limit
curve after three iterations. Therefore, q3(t) is the appro-
priate annealing schedule for classical optimal decoding
with SPC codes.

7 Conclusion

We considered the appropriate annealing schedule for
classical optimal decoding with SPC codes. We con-
firmed from AQC that the annealing schedules qi(t),
which are inversely proportional to the instantaneous en-
ergy gap of the Hamiltonian, converge to a limit curve.
That is, we have obtained numerically the appropriate
annealing schedule for classical optimal decoding with
SPC codes. Given the annealing schedule encountered
above, the computational complexity of classical optimal
decoding using AQC remains to be evaluated.
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Abstract. The adiabatic quantum algorithm has drawn intense interest as a potential approach to accelerating op-
timization tasks using quantum computation. The algorithm is most naturally realised in systems which support
Hamiltonian evolution, rather than discrete gates. We explore an alternative approach in which slowly varying mea-
surements are used to mimic adiabatic evolution. We show that for certain Hamiltonians, which remain frustration-
free all along the adiabatic path, the necessary measurements can be implemented through the measurement of
random terms from the Hamiltonian. This offers a new, and potentially more viable, method of realising adiabatic
evolution in gate-based quantum computer architectures.

Keywords: Measurement driven, Frustration-free Hamiltonian

In the field of quantum computation, it has long been recog-
nized that there exists deep connections between ground states
of Hamiltonians and problems of fundamental interest to the
study of computational complexity [1, 2]. It is known that the
problem of finding the ground state of a Hamiltonian is hard
even in the case of one-dimensional lattices [3], and that in
general the k-local Hamiltonian problem is QMA-hard (and
hence NP-hard) for any k ≥ 2 [4, 5]. Over the years many
classical and, more recently, quantum algorithms have been
proposed to address this problem [6, 7, 8, 9, 10, 11, 12]. While
all polynomial time algorithms are destined to fail, under the
assumption that P6=NP, such algorithms often work for Hamil-
tonians of practical interest.

One such quantum algorithm is the adiabatic algorithm
[13], which states that one can prepare the ground state of an
arbitrary Hamiltonian H f by first preparing the ground state
of some simple Hamiltonian HI and then subjecting the sys-
tem to a time varying Hamiltonian which slowly interpolates
between HI and HF . In general, the timescale required for
this evolution can be exponentially long, as it scales with the
reciprocal of the gap between the ground state and first ex-
cited state of the instantaneous Hamiltonians at each point in
time. This reconciles the adiabatic approach with the fact that
QMA is not known to be contained in BQP, the class of prob-
lems efficiently solvable on a quantum computer. Indeed, it
is now known that the adiabatic model is equivalent to circuit
model quantum computation [14]. While adiabatic evolution
is in principle possible in many monolithic quantum processor
architectures, the Hamiltonians possible are often restricted to
2-local interactions according to some fixed graph [15]. While
techniques have been devised to overcome these limitations,
they incur significant overhead [16, 17, 18]. The situation is
far worse when one considers the case of distributed quan-
tum computing architectures, such as many promising ion-
trap and quantum dot proposals [19, 20], which implement en-
tangling operations between nodes using discrete operations
rather than Hamiltonian dynamics. For such systems, a direct
implementation of adiabatic computation requires simulating
∗joseph f itzsimons@sutd.edu.sg

Hamiltonian dynamics with discrete logic gates, an approach
which would incur prohibitive overhead [21].

It is shown that combinatorial search problems described by
time-varying Hamiltonian can be solved by using sequentially
measurements which is similar with quantum adiabatic com-
putation [22]. Moreover, Gerardo A. Paz-Silva, A. T. Reza-
khani, Jason M. Dominy and D. A. Lidar propose an universal
quantum computation method based on quantum Zeno effect,
weak measurement and stabilizer quantum codes restricted in
local and bounded system-both interaction [23]. Here we give
a method to implement adiabatic-like evolution using rela-
tively simple measurements provided that the Hamiltonian re-
mains frustration free at all points along the adiabatic path. We
begin by presenting an alternate proof of a result in Ref [24].
We then show that for frustration-free Hamiltonians, measure-
ment of randomly chosen individual terms of the Hamiltonian
suffices to approximate measurement of the ground state, sat-
isfying our criterion for adiabatic-like evolution. For k-local
Hamiltonians, these measurement have constant complexity,
as they correspond to projectors on at most k qubits. This
potentially opens the door to a direct analogue of the adia-
batic algorithm well suited for distributed architectures, such
as ion-trap implementations and similar systems currently un-
der investigation [25, 26]. These results also provide some
level of theoretical understanding of the mechanism behind
a measurement-driven approach to SAT-solving proposed by
Benjamin [27] which has shown promising performance in
numerical experiments.

Let HI and HF be the initial and final Hamiltonian respec-
tively. Also, let {Hn}0≤n≤N be an ordered set of intermediate
interpolating operators, such that H0 ≡HI and HN ≡HF .
For simplicity, without loss of generality, we will assume that
every Hn is normalized such that the eigenvalues lie in the
range between 0 and 1, with the lowest eigenvalue being ex-
actly 0. We will make no assumption regarding the degener-
acy of the ground state space. Taking ψ0 to be a state in the
ground state space of HI , and taking ψn to denote the normal-
ized projection of ψn−1 onto the ground state space of Hn, the
evolution of the system then satisfies the following constraint.
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Theorem 1 Given a system initially in state ψ0, the state ψN
can be obtained with probability p ≥ 1− ε by measuring the
operators Hn in sequence for 1≤ n≤ N, provided that

max
1≤n≤N

(
‖ ∆Hn ‖2

∞

g(Hn)
2

)
≤ ε

N
, (1)

where g(Hn) is the gap between the eigenvalues correspond-
ing to the ground state space and first excited state of Hn, and
∆Hn = Hn−Hn−1. Furthermore, if at each step n the mea-
surement of Hn is replaced with any procedure that produces
a state ρn, such that the trace distance from ψnψn is at most
δ

2N , with probability at least ψnρn−1ψn, then the overall pro-
cedure yields a state ρN , with trace distance at most δ

2N from
ψNψN , with probability p′ ≥ 1− ε−δ .

Proof. Taking Pn to be the projector onto the ground state
space of Hn, then the probability of successfully obtaining ψn
from ψn−1 is given by pn = ‖Pnψn−1‖2. Then, the probability
of successfully projecting onto ψN during the final measure-
ment is bounded by p ≥ ∏n pn. The reason this is a bound
rather than an exact equality is due to the possibility of reach-
ing the correct final state through a sequence of measurements
fails to project onto the ground state of some intermediate
Hamiltonian.

Now, consider the probability of failure at step n, assuming
that all previous measurements have successfully projected
onto the ground state space of the associated Hamiltonian,

εn = ‖(I−Pn) |ψn−1〉‖2.

This can be turned into an inequality by making use of
Loewner order, noting that (I−Pn)≤ Hn

g(Hn)
I, and hence

εn ≤
∥∥∥∥ Hn

g(Hn)
|ψn−1〉

∥∥∥∥2

=

∥∥∥∥ ∆Hn

g(Hn)
|ψn−1〉

∥∥∥∥2

,

where the equality follows from the fact that Hn−1ψn−1 = 0.
This can be used to bound pn. By making use of the definition
of the infinity norm for matrices, we arrive at

pn ≥ 1− ‖ ∆Hn ‖2
∞

g(Hn)
2 .

The final success probability is then bounded by

p≥ 1−
N

∑
n=1

‖ ∆Hn ‖2
∞

g(Hn)
2 .

Provided that Eq. 1 holds, we then have p≥ 1−ε as required.
When considering the modified procedure, the modified

probability of success at each step is bounded from below by
p′n ≥ (Pnρn−1). This can be rewritten as p′n = pn+(Pn(ρn−1−
ψn−1ψn−1)). Using the trace distance constraint, this implies
p′n ≥ 1− ε

N −
δ

N and hence p′ ≥ 1− ε−δ as required. �

While Eq. (1) may appear unusual when compared to adi-
abatic conditions, due to the way in which N appears as a re-
ciprocal it can be transformed into a more conventional form
by making the substitution δNHn = N∆Hn, to obtain

N ≥ ε
−1 max

1≤n≤N

(
‖ δNHn ‖2

∞

g(Hn)
2

)
.

Suppose that for any N each of the measured Hamiltoni-
ans Hn is chosen along a fixed continuous path H (s), for
0 ≤ s ≤ 1, through the space of Hamiltonians, such that they
lie sequentially along this path at equal intervals. In this case,
for large N the finite difference δNHn tends to the deriva-
tive d

dsH (s), and is thus approximately constant for large N,
depending only on the path through the space of Hamiltoni-
ans. Note that N does not have dimensions of time, and so
this equation is not directly comparable to adiabatic theorems.
However, making the substitution T = N/max1≤n≤N δnHn
one obtains a more conventional adiabatic expression (simi-
lar to that in Ref. [28]).

While the result presented above provides a link between
the measurement of interpolating Hamiltonians and the adi-
abatic theorem, this does not imply that measurements are a
viable alternative to Hamiltonian evolution for implementing
adiabatic quantum computation. After all, the measurement
of a Hamiltonian is a non-trivial task, and implementing it
via controlled unitary evolution and phase estimation [?] may
provide little advantage over directly implementing adiabatic
evolution. In order to increase the utility of this correspon-
dence, we now introduce a method for efficiently projecting
onto the ground state of frustration-free Hamiltonians.

Let H be a frustration-free Hamiltonian which is the sum
of m terms,

H = ∑
m
i=1 ωiHi,

where every term Hi is a tensor product of 2× 2 Hermitian
operators. We assume that ∑

m
i=1 ωi = 1 and the eigenvalues

of each term is between 0 and 1, which can be done without
loss of generality as discussed earlier. For each Hi one can
construct a POVM measurement with measurement operators
Ei =

√
I−Hi and Ẽi =

√
Hi. Specifically, if the eigenvalues

are either 0 or 1, one can construct a projective measurement
with projectors Hi and I−Hi. The lowest energy subspace is
obtained when the measurement result is I−Hi.

Now, consider the following operation M on an arbitrary
quantum state ρ . First, an index 1 ≤ i ≤ m is selected at ran-
dom with probability ωi. A POVM measurement is then per-
formed on ρ with measurement operators Ei and Ẽi. If the
outcome of the measurement corresponds to application of Ẽi
then the procedure is said to fail. Otherwise, the resulting

state of the system is ρ ′i =
EiρE†

i
Tr(EiρE†

i )
. This latter case occurs

with probability p(s|i) = Tr(EiρE†
i ). Disregarding the choice

of i, the output state ρ ′ of a successful application of M will
be a mixed state consisting of a distribution over the various
possibilities for ρ ′i as follows. Let p(s) be the total success
probability. Since every i is chosen with probability p(i) =ωi,
we then have

p(s) =
m

∑
i=1

ωi

(
EiρE†

i

)
= 1− (H ρ) . (2)

From Bayes’ theorem, the output state ρ ′ is then given by

ρ
′ =

m

∑
i=1

p(i)p(s|i)
p(s)

ρ
′
i =

1
1− (H ρ)

m

∑
i=1

ωiEiρE†
i .

We now show that successful application of the operation M
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to a state ρ , with non-zero overlap with the ground state space,
will increase the projection onto the ground state space.

Lemma 2 Let H be a frustration-free Hamiltonian, as de-
scribed above. Let Pgs be the projector onto the ground state
space of H . Let ρ be an arbitrary density matrix and let ρ ′

be the resulting density matrix after a successful application
of the operation M as defined above to ρ . Then,

(
Pgsρ

′)= (Pgsρ)

1− (H ρ)
, (3)

and the probability that M is successful is 1− (H ρ).

Proof. We begin by noting that

(
Pgsρ

′)= 1
1− (H ρ)

(
Pgs

m

∑
i=1

ωiEiρE†
i

)
.

Using the cyclic property of trace, this can be rewritten as

(
Pgsρ

′)= 1
1− (H ρ)

m

∑
i=1

ωi

(
EiPgsE

†
i ρ

)
. (4)

The measurement operators can then be absorbed into Pgs.
Evaluating the summation then yields Eq. 3 as required. The
probability of success for applying M was previously calcu-
lated in Eq. 2. �

We now consider what happens when M is applied not once,
but some number of times k.

Theorem 3 Let H be a frustration-free Hamiltonian. Let Pgs
be the projector onto the ground state space of H . Let ρ be
a density matrix with non-zero overlap with the ground state
space of H and let ρ(k) be the resulting density matrix after
a successful application of the operation M as defined above
to ρ sequentially k times. Then,

(
Pgsρ

(k)
)
≥
(

1+(1−g(H ))k
(

1
(Pgsρ)

−1
))−1

Furthermore, Pgsρ
(k)Pgs ∝ PgsρPgs and the probability that all

k applications of M are successful is at least (Pgsρ).

Proof. We will consider the ratio

R` =

((
I−Pgs

)
ρ(`)
)

(
Pgsρ(`)

) =
(

Pgsρ
(`)
)−1
−1. (5)

By definition ρ(`) = M
(

ρ(`−1)
)

for all ` > 1, and hence from
Lemma 2 it follows that

R` =
(

1−
(
H ρ

(`−1)
))(

Pgsρ
(`−1)

)−1
−1.

Since
(
H ρ(`−1)

)
≥ g(H )

(
1−
(

Pgsρ
(`−1)

))
this gives rise

to the bound

R` ≤ (1−g(H ))

((
Pgsρ

(`−1)
)−1
−1
)
.

Using Eq. 5 we then arrive at the recurrence inequality

R` ≤ (1−g(H ))R`−1.

Hence Rk ≤ (1−g(H ))k R0. From Eq. 5 we can then replace
Rk and R0 to obtain(

Pgsρ
(k)
)
≥

(
1+(1−g(H ))k

(
1(

Pgsρ
) −1

))−1

as required.
Turning to the projection of ρ(k) onto the ground state

space, from the definition of M we have

ρ
(k) =

∑i1...ik Eik . . .Ei1ρE†
i1
. . .E†

ik

∑ j1... jk

(
E jk . . .E j1ρE†

j1
. . .E†

jk

)
and hence

Pgsρ
(k)Pgs ∝ ∑

i1...ik

PgsEik . . .Ei1ρE†
i1
. . .E†

ik
Pgs

= ∑
i1...ik

Eik . . .Ei1PgsρPgsE
†
i1
. . .E†

ik

= PgsρPgs.

The success probability for applying M any number of
times can be lower bounded by noting that M does not alter
states in the ground state space of H . Hence the trace of the
projection of ρ onto this subspace provides a lower bound. �

Theorem 3 implies that applying M sufficiently many times
satisfies the requirements of Theorem 1 for a procedure ap-
proximately projecting onto the ground state space of a Hamil-
tonian. This can be made quantitative by noting that if
k = α/g(H ) then (1−g(H ))k ≤ e−α . When used in the
context of Theorem 1 it will necessarily be the case that(

1
(Pgsρ)

−1
)
� 1. In such cases it should suffice to choose

α ∝ logN to provide the necessary accuracy.
The results presented above hold even for Hamiltonians

with degenerate ground states and thus are broadly applicable.
The combination of these results provides a means for imple-
menting adiabatic-like dynamics using measurements of only
modest complexity, at least for frustration-free Hamiltonians.
This suggests that such evolution can be realised without need
for Trotterisation of Hamiltonian dynamics, and provides a
potentially more viable approach in quantum computers based
on discrete gates, especially in the context of distributed ar-
chitectures. The restriction to frustration free Hamiltonians
is used to ensure that the ground state is simultaneously an
eigenstate of each possible measurement. Removing this re-
striction represents an interesting avenue for future research.

References
[1] Barahona, F. On the computational complexity of Ising

spin glass models. JPA Math. and General, 15(10),
3241,1982.

[2] Wille L T, Vennik J. Computational complexity of the
ground-state determination of atomic clusters. Journal
of Physics A: Mathematical and General, 18(8): L419,
1985.

207



[3] Aharonov D, Gottesman D, Irani S, et al. The power of
quantum systems on a line. Communications in Mathe-
matical Physics, 287(1): 41-65, 2009.

[4] Kitaev A. Quantum np. Talk at AQIP, 99, 1999.

[5] Kempe J, Kitaev A, Regev O. The complexity of the
local Hamiltonian problem. SIAM Journal on Comput-
ing,35(5): 1070-1097, 2006.

[6] White S R. Density-matrix algorithms for quantum
renormalization groups. Physical Review B, 48(14):
10345, 1993.

[7] Shao Y, Molnar L F, Jung Y, et al. Advances in methods
and algorithms in a modern quantum chemistry program
package. Physical Chemistry Chemical Physics, 8(27):
3172-3191, 2006.

[8] Verstraete F, Murg V, Cirac J I. Matrix product states,
projected entangled pair states, and variational renormal-
ization group methods for quantum spin systems. Ad-
vances in Physics, 57(2): 143-224,2008.

[9] Schollwck U. The density-matrix renormalization group
in the age of matrix product states. Annals of Physics,
326(1): 96-192, 2011.

[10] Huang Y. A polynomial-time algorithm for the ground
state of one-dimensional gapped Hamiltonians. arXiv
preprint arXiv:1406.6355, 2014.

[11] Abrams D S, Lloyd S. Quantum algorithm providing
exponential speed increase for finding eigenvalues and
eigenvectors. Physical Review Letters, 83(24): 5162,
1999.

[12] Aspuru-Guzik A, Dutoi A D, Love P J, et al. Simu-
lated quantum computation of molecular energies. Sci-
ence, 309(5741): 1704-1707, 2005.

[13] Farhi E, Goldstone J, Gutmann S, et al. Quantum com-
putation by adiabatic evolution. arXiv preprint quant-
ph/0001106, 2000.

[14] Aharonov D, Van Dam W, Kempe J, et al. Adiabatic
quantum computation is equivalent to standard quantum
computation. SIAM review, 50(4): 755-787, 2008.

[15] Bunyk P I, Hoskinson E M, Johnson M W, et al. Archi-
tectural considerations in the design of a superconduct-
ing quantum annealing processor. IEEE Transactions on
Applied Superconductivity, 24(4): 1-10, 2014.

[16] Lechner W, Hauke P, Zoller P. A quantum annealing ar-
chitecture with all-to-all connectivity from local interac-
tions. Science advances, 1(9): e1500838, 2015.

[17] Rocchetto A, Benjamin S C, Li Y. Stabilizers as a de-
sign tool for new forms of the Lechner-Hauke-Zoller an-
nealer. Science advances, 2(10): e1601246, 2016.

[18] Chancellor N, Zohren S, Warburton P A, et al. A direct
mapping of max k-SAT and high order parity checks to
a Chimera graph[J]. Scientific reports, 6, 2016.

[19] Kielpinski D, Monroe C, Wineland D J. Architecture
for a large-scale ion-trap quantum computer. Nature,
417(6890): 709, 2002.

[20] Loss D, DiVincenzo D P. Quantum computation with
quantum dots. Physical Review A, 57(1): 120, 1998.

[21] Wecker D, Bauer B, Clark B K, et al. Gate-count esti-
mates for performing quantum chemistry on small quan-
tum computers. Physical Review A, 90(2): 022305,
2014.

[22] Quantum search by measurement Childs A M, Deotto E,
Farhi E, et al. Quantum search by measurement. Physi-
cal Review A, 66(3): 032314,2002.

[23] Paz-Silva G A, Rezakhani A T, Dominy J M, et al. Zeno
effect for quantum computation and control. Physical re-
view letters, 108(8): 080501, 2012.

[24] Somma R, Boixo S, Knill E. Eigenstate preparation by
phase decoherence. Information Theory. CWIT 2009.
11th Canadian Workshop, 2009: 118-121, 2009.

[25] Monroe C, Kim J. Scaling the ion trap quantum proces-
sor. Science, 339(6124): 1164-1169, 2013.

[26] Nickerson N H, Fitzsimons J F, Benjamin S C. Freely
scalable quantum technologies using cells of 5-to-50
qubits with very lossy and noisy photonic links. Phys-
ical Review X, 4(4): 041041, 2014.

[27] Benjamin S. Performance of a measurement-
driven’adiabatic-like’quantum 3-SAT solver. arXiv
preprint arXiv:1509.00667, 2015.

[28] How powerful is adiabatic quantum computation? Van
Dam W, Mosca M, Vazirani U. How powerful is adia-
batic quantum computation? Foundations of Computer
Science. Proceedings. 42nd IEEE Symposium on. IEEE,
2001: 279-287, 2001.

208



Single atoms coupled to a near-concentric cavity
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Concentric cavities can lead to strong photon-atom coupling without a need for high finesse or
small physical-cavity volume. In a proof-of-principle experiment of this concept we demonstrate
coupling of single Rb atoms to a 11 mm long near-concentric cavity with a finesse F = 138(2).
Operating the cavity 1.65(1)µm shorter than the critical length, we observe an atom-cavity coupling
constant g0 = 2π × 5.0(2) MHz which exceeds the natural dipole decay rate γ by a factor g0/γ =
1.7(1).

PACS numbers: 32.90.+a, 37.30.+i, 42.50.Ct

Introduction. Optical cavities are widely used in a
range of modern technologies (e.g. lasers and optical
clocks) and are essential for mediating interaction of light
with other physical systems in many quantum technolo-
gies. In particular, by coupling atoms (or other quantum
emitter) resonantly to a cavity, strongly interacting hy-
brid systems of light and matter can be realized [1]. This
enhanced light-matter interaction is applied in quantum
networks [2, 3] and quantum metrology [4, 5].

In cavity quantum electrodynamics (cavity QED) the
conventional wisdom to realize a strongly coupled atom-
cavity system employs short cavities with high finesse.
The small mode volume V of these cavities results in a
large coupling g0 ∝ 1/

√
V between a single atom and

a single cavity photon. In this situation g0 exceeds the
cavity field decay rate κ and the dipole decay rate of the
atom γ, and the light-atom interaction is dominated by
the coupling to the cavity mode. Unfortunately, these
systems are experimentally demanding due to the need
of ultra-high-reflectivity coatings and sophisticated tech-
niques to trap single atoms in these short cavities. How-
ever, the notion that short cavities with high finesse are
inevitable has been challenged by efforts to use a partic-
ular cavity geometry, a (near-)concentric cavity, to im-
plement cavity QED with long cavities of low finesse [6–
13]. A cavity is concentric when the separation of the
two mirrors lcav matches twice the radius of curvature
of the mirrors RC . The field of the fundamental mode
is tightly focused in the center of the cavity, leading to
a small effective mode volume V while the physical size
of the cavity is large [13]. In addition, the cavity decay
rate κ ∝ 1/lcav is reduced by the increased length of the
cavity, which significantly eases the requirements for the
mirror coatings. The resulting large coupling g0 and low
cavity decay rate κ make strong coupling between single
atoms and single photons feasible even with low finesse
cavities.

A second intriguing aspect of concentric cavities is that
the frequencies of the higher-order transversal modes be-
come degenerate. This could allow the realization of mul-
timode cavity QED in the strong coupling regime [14].

feedback

MOT

Probe
780 nm

FORT
810 nm

DM

PD

DMBS

PZT

D1

D2

FIG. 1: Optical setup. A near resonant probe field at 780 nm
impinges on the cavity to characterize the light-atom inter-
action. The transmitted and the reflected light is coupled
into single mode fibers connected to avalanche photodetec-
tors. The cavity length is stabilized close to the concentric
length by a Pound-Drever-Hall lock to a frequency stabilized
810 nm laser. The intra-cavity field at 810 nm provides also
a far-off-resonant standing-wave dipole trap for the atoms.
BS: beam splitter with 70% reflectivity, DM: dichroic mir-
ror, PZT: 3D-piezo actuator stack, PD: photodiode, MOT:
magneto-optical trap, D1(2): avalanche photodetectors.

Different cavity modes could then effectively interact via
a commonly coupled atom – constituting a novel plat-
form for quantum information processing [15]. In this
work we experimentally implement the idea of concentric
cavity QED by trapping single 87Rb atoms in a 11 mm
long near-concentric cavity.

Cavity geometry. The cavity is composed of two iden-
tical mirrors with a radius of curvature RC = 5.5 mm.
To form a stable optical cavity, the stability parameter

g = 1− lcav/RC (1)

needs to satisfy 0 ≤ g2 ≤ 1 [16]. Thus, a concentric
cavity with lcav = 2RC is only marginally stable, and
highly susceptible to misalignment. However, we show
that in practice the cavity can still be reliably operated
extremely close to the concentric length.

We employ two methods to accurately determine the
cavity length lcav, which is stabilized by a Pound-Drever-
Hall lock to a frequency-stabilized laser at a wavelength
of 810 nm (Fig. 1) [17]. First, we analyze the frequency
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2

spacing of the transverse cavity modes by tuning the fre-
quency of a probe field with a wavelength around 780 nm.
We find a frequency spacing ∆νtrans = 109(2) MHz
between the fundamental and first adjacent transverse
mode. For a near-concentric cavity ∆νtrans is related to
the cavity length via

∆νtrans =
c

2lcav

(
1− cos−1 g

π

)
, (2)

where c is the speed of light [16]. The measured mode
spacing indicates a cavity length lcav = 2RC −1.7(1)µm,
and a cavity parameter g = −0.99969(2). In addition, we
also use the resonance frequencies ν780nm and ν810nm, of
two simultaneously resonant light fields to independently
determine the cavity length

lcav =
c∆n

2(ν780nm − ν810nm)
, (3)

where ∆n is the difference in longitudinal modes between
the fields. For ∆n = 1043 we obtain lcav = 2RC −
1.65(1)µm and g = −0.999700(2), in good agreement
with the length determined from the transversal mode
spacing. At this length, the beam waist of cavity mode is

expected to be w0 =
√
λlcav/(2π) [(1 + g)/(1− g)]

1/4
=

4.1µm [16]. Cavity finesse and losses. We further char-
acterize the cavity by the transmission and reflection of
the 780 nm probe field (Fig. 1). To achieve good mode
matching between the fundamental mode of the cavity
and the external probe field with Gaussian profile, we
implement a so-called anaclastic lens design [18, 19]: The
non-reflective back end of the mirrors have an ellipsoidal
shape to act as an aspheric surface, converting the plane
wavefront of a collimated Gaussian input beam to a con-
verging spherical wavefront [13].

Tuning the probe frequency, we record the
reflection- and transmission spectrum, which we fit
to Lorentzian profiles. We obtain a full-width-at-
half-maximum (FWHM) of 95(3) MHz and 99(1) MHz,
respectively (Fig. 2a-b). Conservatively, we attribute the
transmission linewidth to the fundamental mode of the
cavity, 2κ = 2π × 99(1) MHz, corresponding to a cavity
finesse F = πc/(2κlcav) = 138(2) [16]. Originally, the
finesse of the mirrors was higher F ≥ 500, but dropped
after bake-out of the vacuum chamber and operating the
Rubidium dispenser. From the finesse and the nominal
transmission T = 0.5% of the mirrors, we deduce a
round-trip absorption loss L, the maximum in-coupling
efficiency η, and resonant transmission Tmax in the usual
way [20] via

L = 2π/F − 2T = 3.6(1)%, (4)

η = 1− L2/(2T + L)2 = 39(1)%, (5)

Tmax = 4T 2/(2T + L) = 4.7(2)%. (6)

In a direct measurement, we observe a cavity incoupling
efficiency of η = 41.7(5)%, which agrees with Eq. 5 and
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FIG. 2: a) Reflection and b) transmission of a 780 nm probe
field measured after mode cleaning with the single-mode fiber.
Solid lines are Lorentzian fits. c) Normalized cavity transmis-
sion as one mirror is transversally displaced. Throughout the
experiment, the cavity length is actively stabilized to be res-
onant with the probe field.

demonstrates that the anaclastic design provides excel-
lent mode matching between the probe field and the fun-
damental cavity mode (Fig. 2a). The resonant transmis-
sion Tmax = 4.6(2)%, measured directly after the cavity,
is also in good agreement with Eq. 6. The transmission
shown in Fig. 2b is lower because the transmitted light
is coupled into a single mode fiber before detection.

Cavity stability. Approaching the concentric
length lcav → 2RC , the cavity becomes only marginally
stable, and consequently is highly sensitive to small mis-
alignments. Therefore, one of cavity mirrors is placed on
a 3D-piezo actuator stack which allows us to move the
mirror 5µm in each direction. Figure 2c shows the res-
onant transmission of the 780 nm probe field as we tune
the transversal position of one mirror; the transmission
shows a FWHM of 59(3) nm along both transverse di-
rections. This high sensitivity to the transversal align-
ment requires active stabilization to compensate drifts
caused, for example, by temperature fluctuations. Using
the transmission of the 780 nm and 810 nm light as feed-
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FIG. 3: a) Typical trace of detection events at detector D1

with an atomic cloud in the MOT inside the cavity. The cool-
ing light is 10 MHz red-detuned from the natural 5S1/2, F=2
to 5P3/2, F=3 transition frequency. The sudden increase of
fluorescence indicates the entering of an atom into the FORT.
b) Lifetime of single atoms in FORT without cooling light for
a time τ . The solid line represents an exponential fit with a
1/e-lifetime t0 = 230(30) ms.

back signals, we optimize the transversal mirror position
every 15 minutes.

Determining the atom-cavity interaction. To probe
the light-atom interaction, we prepare a cold ensemble
of 87Rb atoms in a magneto-optical trap (MOT). The
large physical separation of the two mirrors allows us
to form the MOT inside the cavity. Atoms from the
MOT are probabilistically loaded into the far off-resonant
dipole trap (FORT) created by the intra-cavity field of
the 810 nm light used to stabilize the cavity length. To
account for the light shift induced by the FORT, the cav-
ity length is set so that the resonance frequency is 22 MHz
higher than the 5S1/2, F=2 to 5P3/2, F=3 transition.
While operating the MOT, we detect the coupling of in-
dividual atoms to the fundamental cavity mode by the
sudden increase of fluorescence at detector D1 [21–23].
Figure 3 shows a typical fluorescent trace during the load-
ing process, exhibiting a telegraph signal characteristic
for single atom loading. From the low frequency of load-
ing events we infer that the probability of simultaneously
loading two atoms in the center region of the cavity to be
negligible. The lifetime of an atom in the trap is deter-
mined by switching off the cooling beams after a loading
event for different waiting times τ . The survival proba-
bility p(τ) decays exponentially with a characteristic 1/e
lifetime of 230(30) ms determined from a fit (Fig. 3b).

The single atom–cavity coupling g0 can be determined
from the cavity transmission and reflection [24, 25]. For a
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FIG. 4: Onset of the normal-mode splitting in the a) reflec-
tion and b) transmission spectrum when an atom is trapped
in the FORT. Red solid lines are fits based on Eq. 7. For com-
parison the empty cavity reflection/transmission (Fig. 2a) is
shown in gray.

weak coherent beam, the coefficients for intensity trans-
mission T (ω) and reflection R(ω) are given by

T (ω) =

∣∣∣∣ κT (i∆a + γ)

(i∆c + κ) (i∆a + γ) + g2
0

∣∣∣∣2 , (7)

R(ω) =

∣∣∣∣1− 2κT (i∆a + γ)

(i∆c + κ) (i∆a + γ) + g2
0

∣∣∣∣2 , (8)

with a cavity field decay rate through each mirror κT =
Tπc/lcav, and the detuning ∆c,(a) = ω − ωc,(a) of the
driving laser with respect to the cavity (atomic transi-
tion) frequency ωc,(a), respectively [1]. Once an atom
is loaded, we use an experimental sequence that alter-
nates between 1 ms of probing the cavity transmission,
and 1 ms of laser cooling by the MOT beams. The de-
tected photoevents during the cooling cycle are used to
check whether the atom is still present.

The atom-light interaction is revealed in the reflection–
and transmission spectrum obtained by tuning the fre-
quency of the probe laser. When an atom is present,
the spectra show the onset of the normal-mode split-
ting (Fig. 4, red circles). From a least-squares fit of the
transmission spectrum to Eq. 7 with two free parameters,
we obtain an interaction strength g0 = 2π × 5.0(2) MHz
and a frequency offset ωoff = ωc − ωa = 2π × 3.4(3) MHz
between cavity and atomic resonance. The amplitude of
the fit function T (ω) is set to the independently deter-
mined maximum transmission of the empty cavity. From
g0, the cavity linewidth 2κ = 2π × 99(1) MHz, and the
natural transition linewidth 2γ = 2π × 6.07 MHz, we
obtain the single atom cooperativity C0 = g2

0/(2κγ) =
0.084(4).

The reflection spectrum is analyzed in a similar way
by fitting to Eq. 8. For this, we use three fit parame-
ters, g0 = 2π × 4.6(4) MHz, the frequency offset ωoff =
2π × 4.4(7) MHz, and the reflected power far away from
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the atom/cavity resonance. The fits of Eq. 7-8 to the
transmission and reflection reproduce the observed val-
ues very well (Fig. 4, solid lines), and lead to similar
values for the atom-cavity coupling constant g0 and the
frequency offset ωoff.

The experimentally obtained value for g0 is lower than
expected for a clean two-level atom from the cavity ge-
ometry g0 =

√
3λ2cγ/(4πV ) = 2π × 12.1 MHz [1]. We

attribute this partly to the fact that in this experiment,
the atom is prepared by the MOT beams in a random
spin state mF of the 5S 1/2, F=2 manifold before the
transmission is probed with a linearly polarized probe
field. Averaging over the corresponding Clebsch-Gordan
coefficients, we estimate that the atom-cavity coupling
should be a factor

√
2 larger for a circularly polarized

probe field driving an atom prepared in the 5S1/2, F=2,
mF =2 on a transition to the 5P3/2, F=3, mF =3 state.

Discussion and conclusion. Our experiment demon-
strates the prospects and challenges of concentric cavity
QED. The realization of atom-cavity coupling exceeding
the natural dipole decay rate by a factor g0/γ = 1.7(1)
could stimulate further efforts employing concentric cav-
ities. The coupling observed in this proof-of-principle
experiment is already similar to many state-of-the-art
experiments in the strong coupling regime, but with a
cavity two orders of magnitude shorter [1]. Only in in
very short fiber cavities, significantly larger values of g0/γ
have been demonstrated [26]. Going closer to the concen-
tric length lcav → 2RC should increase the interaction

strength even further. We estimate that a ratio g0/γ ≥ 4
can be achieved for lcav ≈ 2RC − 100 nm. When sta-
bilizing the cavity near this point, we currently observe
that the cavity finesse and transmission drop, possibly
due to deviations of the mirror from an ideal spherical
surface, and stronger coupling of the probe field to other
higher-order transversal cavity modes.

Even without operating closer to the concentric length,
we expect that a single atom cooperativity above unity
can be reached by modestly increasing the finesse to
F = 1000 and performing the probing on a cyclic tran-
sition. A medium cavity finesse of F ≥ 4500 would put
this system into the single atom-single photon strong cou-
pling regime. While our experiments are performed with
single neutral atoms, concentric cavities are also inter-
esting for other quantum systems: examples are trapped
ions [27] and Rydberg atoms[28, 29], which both are ex-
perimentally difficult to hold within short cavities due to
the electric field noise near dielectric mirrors.
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Circuit for memory-efficient quantum simulation.  

Consider a small bead located on a circular ring with its position described by 𝑦 ∈ [0,1). 
At each time step 𝑡 ∈ ℤ, the bead’s position is stochastically perturbed. The perturbation 
is described by a random variable 𝑋 governed by a continuous probability density 
function 𝑃(𝑋), such that 

𝑌𝑡+1 = frac[𝑌𝑡 + 𝑋] 
where 𝑌𝑡 is the random variable that governs the location of  the bead at time 𝑡, and the 
frac 𝑦 = 𝑦 − 𝑦 ∈ [0,1) is the fractional part of 𝑦. 
This process is Markovian: the statistics of 𝑌𝑡+1 depend only on the most recent value of 
𝑌𝑡. 

𝜀-machine 
{𝜀, 𝑇} 

𝜀 is the causal state function: 

 We can map 𝑌  into several equivalent classes  S = 𝜀 𝑦 ≡

{𝑦 ′:  𝑦 ~𝑦 ′}, where 𝑃 𝑌 𝑦 = 𝑃 𝑌 𝑦 ′ . 

𝑇 is set of the transition matrices for states where 𝑇𝑗𝑘
𝑟 = 𝑃(𝑆𝑡 =

𝑠𝑘, 𝑋𝑡 = 𝑟|𝑆𝑡−1 = 𝑠𝑗) 

 𝑠𝑗  𝑠𝑘 

𝑇𝑗𝑘 

𝑇𝑘𝑗  

In our cyclic random walks, the causal states are typically in one-to-one 
correspondence with the 2𝑛 discrete values that  𝑌 can take. At the steady state, 
𝑃 𝑆 = 𝑠𝑖 = 1/𝑁, where 𝑁 = 2𝑛. And thus 𝐶𝜇 = 𝑛. So the classical simulation costs 

scale with precision. 

(a) Quantum memory cost for process with Gaussian noise (b) Quantum memory cost for process with uniform white noise 

(c) Gaussian noise function 𝜎 = 0.01, demonstrating unbounded 
difference in classical and quantum memory requirements. The 
dotted line shows the analytic upper bound 

𝐻𝑄 ≤
1

2𝑙𝑛2
− 1 + 4 2𝜋𝜎 𝑙𝑜𝑔22 2𝜋𝜎 

(d) Uniform noise function Δ = 0.01, demonstrating 
unbounded difference in classical and quantum memory 
requirements.  

In both examples, the quantum simulator has an unbounded memory advantage – the classical cost scales 
as 𝑙𝑜𝑔𝑁 while the quantum cost converges upon a constant value. The more rapidly the shift function 
diffuse 𝑋, the lower the limiting quantum memory requirement. 

Simulating the evolution of stochastic processes on a digital computer requires a trade-
off between the precision to which these quantities are approximated, and the memory 
required to store them. The statistical accuracy of the simulation is thus limited by the 
internal memory available to the simulator. Now using tools from computational 
mechanics, we show that quantum processors with a fixed finite memory can simulate 
stochastic processes of real variables to arbitrarily high precision. This demonstrates a 
provable, unbounded memory advantage that quantum simulator can exhibit over its 
best possible classical counterpart.   

Consider a stochastic process 𝒫 characterized by a 
bi-infinite sequence of random variables {𝑌𝑡}𝑡 
that generates its value at each time step 𝑡 ∈ ℤ. 
This process is captured by the probability 

distribution 𝑃(𝑌, 𝑌), where 𝑌 and 𝑌 represent for 
the past and future values respectively: 

𝑌 = ⋯𝑌−1𝑌0 

𝑌 = 𝑌1𝑌2… 

The internal entropy of the 𝜀-machine is called the statistical complexity 𝐶𝜇: 

𝐶𝜇 = − 𝑃 𝑠𝑖 𝑙𝑜𝑔𝑃(𝑠𝑖)

𝑖

 

where 𝑃 𝑠𝑖  is the probability of the machine being in state 𝑠𝑖. This value captures the 
absolute minimum memory any classical simulator of a process must store. Thus the 𝜀-

machine is the provably simplest classical model. 

 
The quantum 𝜀-machine model is an improved predictive model. 
Instead of storing each causal states 𝑠𝑖 directly, the quantum simulator stores a 
corresponding quantum state 

|𝑆𝑗 =  𝑝𝑘𝑗

𝑁−1

𝑘=0

|𝑘  

where {|𝑘 } form an orthonormal basis. 
And the memory required to store these states is given by the von Neumann entropy: 

𝐻𝑄 = −𝑇𝑟 𝜌𝑙𝑜𝑔𝜌 = − 𝜆𝑘𝑙𝑜𝑔𝜆𝑘
𝑘

 

where 𝜌 =
1

𝑁
 |𝑆𝑗  𝑆𝑗|𝑗  is the density matrix and 𝜆𝑘 are the eigenvalues of 𝜌. 

 

𝑠0 

𝑠1 

𝑠𝑁 
⋯ 

𝑌 

  

𝑃(𝑌|𝑌)  

Predictive models can generate precise future statistics based on 𝑃(𝑌|𝑌). 

𝑌 𝑌 

(A)  Gaussian noise 𝑃 𝑥 =
1

𝜎 2𝜋
exp (−

𝑥2

2𝜎2
) (B) Uniform white noise 𝑃 𝑥 =

1

2Δ
 when 𝑥 ∈ [−∆, ∆] and 

𝑃 𝑥 = 0 elsewhere. 
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Channel capacity of quantum channel with beam wandering
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Abstract. In analyzing wireless quantum communications such as satellite-based global quantum com-
munications, it is necessary to consider various inherent effects such as beam wandering. Whereas beam
wandering does not occur in optical fiber communications, studies of its effects on quantum communica-
tions are not necessarily as complete in comparison with those of pure-loss or thermal noise. In this paper,
we consider the capacity of a quantum channel with beam wandering when digital modulations are used.
We show that a binary modulation achieves almost the same capacity as multi-ary modulations over a
wide range of average number of photons when the effect of beam wandering is large.

Keywords: Quantum channel capacity, Beam wandering, Quantum channel

1 Introduction

Many studies on quantum communications and infor-
mation theory [1, 2, 3, 4] have assumed pure-loss or ther-
mal noise channels [5, 6]. The reason is that such chan-
nels are good models for optical fiber and free-space chan-
nels. However, there are many other models that con-
sider a variety of different situations. Beam wandering
(e.g. [7, 8]) is known as an inherent effect when wireless
communications such as satellite-based global communi-
cations are considered.
In our study of wireless quantum channels, we analyzed

the effect of fading [9]. We considered a model of a quan-
tum channel subject to probabilistic transmittance and
had obtained the performance of the optimum quantum
receiver when using digital modulations [9]. We also de-
rived the channel capacity when using phase shift keying
(PSK) [10]. As for beam wandering, Vasylyev, Semenov,
and Vogel clarified the quantum mechanical treatment
of quantum channels [11] and claimed that some non-
classical effects such as entanglement and squeezing are
preserved well.
Towards practical wireless quantum communications,

we consider in this paper the quantum channel with beam
wandering and present an expression for the capacity of a
channel carrying multiple digital signals. Quantum me-
chanical effects are also shown to be persist in regard to
channel capacity.

2 Quantum channel with beam wander-
ing

Let ρ(in) be a transmitted quantum state and ρ(out)

be a received quantum state, which here is the output
of a channel. In [11], beam wandering was modeled as a
probabilistic attenuation and the probability distribution
of transmission coefficient was derived. Therefore, we can
use the same expression in [9] to represent the received
quantum state. Suppose the transmitted quantum state
is the coherent state ρ(in) = |α⟩⟨α|. Then the received

∗im171003@cis.aichi-pu.ac.jp
†im161005@cis.aichi-pu.ac.jp
‡usuda@ist.aichi-pu.ac.jp

quantum state is represented as

ρ(out) =

∫ 1

0

P (T )|
√
Tα⟩⟨

√
Tα|dT, (1)

where T is energy transmissivity or transmission coeffi-
cient and P (T ) is its probability distribution. In [11],
beam wandering is modeled as a 2-dimensional Gaussian
distribution with mean values d and variance σ2. As a
result, P (T ) was shown to take the form

P (T ) =
2R2

σ2λT

(
2 ln

T0
T

) 2
λ−1

(2)

× I0

(
Rd

σ2

[
2 ln

T0
T

] 1
λ

)
e
− 1

2σ2

{
R2(2 ln

T0
T )

2
λ +d2

}
,

if 0 ≤ T ≤ T0 and P (T ) = 0 if T > T0, where

T0 :=

√
1− e−2 a2

W2 , (3)

a is the radius of receiver aperture, W is the radius of
beam-spot, and the shape and scale parameters are re-
spectively

λ =8 · a
2

W 2
·

e−4 a2

W2 I1

(
4 a2

W 2

)
1− e−4 a2

W2 I0
(
4 a2

W 2

)
×

ln
 2T 2

0

1− e−4 a2

W2 I0
(
4 a2

W 2

)
−1

,

(4)

R = a

ln
 2T 2

0

1− e−4 a2

W2 I0
(
4 a2

W 2

)
− 1

λ

, (5)

with I0(·) and I1(·) the modified Bessel functions of order
0 and 1. T0 is referred to as the maximum transmission
coefficient.

3 Multiple digital signals and channel ca-
pacity

When M -ary PSK (MPSK) coherent-state signals

are used, the transmitted quantum state ρ
(in)
i (i =
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Figure 1: Quantum channel capacity of the PSK signals
with a = 1,W = 2, d = 0, and σ2 = 1.

Figure 2: Quantum channel capacity of the PSK signals
with a = 1,W = 2, d = 0, and σ2 = 2.

0, 1, . . . ,M − 1) is

ρ
(in)
i = |αej 2πi

M ⟩⟨αej 2πi
M |, (6)

where j =
√
−1 is the imaginary unit.

The quantum channel capacity is calculated using the
formula [12, 13]

C = max
ξi

[
S
(∑

i

ξiρ
(out)
i

)
−
∑
i

ξiS
(
ρ
(out)
i

)]
, (7)

where ξi is the a priori probability. Moreover, the von
Neumann entropy S(ρ) is defined by

S(ρ) = −Trρlogρ, (8)

where ρ is the density operator.
For several M -ary PSK signals with beam wandering,

Figs. 1 and 2 plot the quantum channel capacities against
the average number of photons. In both figures, we set
a = 1, W = 2, and d = 0; the only difference is the
amount of beam wandering which is established by set-
ting σ2 = 1 (Fig. 1) and σ2 = 2 (Fig. 2). Black, red, and

Figure 3: Ratio of channel capacities: CBPSK/C8PSK.

blue lines correspond to BPSK, 4PSK, and 8PSK, respec-
tively. There are gaps between the capacities for the dif-
ferent modulations. However, in regard to small average
numbers of photons, all the lines almost overlap. That is,
channel capacity for binary signals almost achieves those
for the higher multi-ary signals. In comparing Figs. 1
and 2, this “almost identical range of average number of
photons” seems to widen if the amount of beam wan-
dering increases. Indeed, this observation is seen in Fig.
3 which demonstrates that the robustness of the binary
modulation outperforms the benefits of multiplicity in a
noisy environment.

4 Conclusion

In this paper, we considered the capacity of a quantum
channel with beam wandering when digital modulations
are used. We showed that when the effect of beam wan-
dering is large, a binary modulation almost achieves the
capacity of multi-ary modulations over a wide range of
average number of photons. Figure 3 is similar to the re-
sult in [14], in which the same capacities were computed
without beam wandering. By combining the results in
[14] and in [15], we conjecture that quantum mechani-
cal effects in channel capacity also remain when beam
wandering is present.
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