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PREFACE 
This document  contains  the  abstracts  for  the  talks  and posters of  the  seventeenth Asian 
Quantum  Information Science Conference (AQIS 2017), which  is being held at the National 
University of Singapore, in Singapore, September 4‐8, 2017. 
 
AQIS 2017 is the 17th conference in a series that includes EQIS 2001‐05 and ASQIS 2006‐16. 
The  scope  of  the  meeting  includes  quantum  computation,  algorithms,  and  complexity; 
quantum  information  theory;  techniques  for  suppressing  decoherence;  quantum 
cryptography;  the  theory  of  entanglement  and  non‐locality;  quantum  communication 
experiments  and  theory;  implementations  of  quantum  information  processing;  and 
quantum processor and computer design. 
 
This  is  the  first year  that  the  conference has come  to Singapore. Last year  it was held at 
Academia  Sinica  in  Taipei,  Taiwan.  Although  it  has  always  been  held  in  Asia,  AQIS  has 
developed  a  strong  reputation among  the  international quantum  information  community 
and draws participants  from around the world. This year, submissions were received  from 
researchers  in Australia, Belgium, Brazil, Canada, Chile, China, Denmark, France, Germany, 
Hong  Kong,  Hungary,  India,  Indonesia,  Israel,  Italy,  Japan,  Korea,  New  Zealand,  Poland, 
Russia, Singapore, Slovakia, Spain, Sri Lanka, Switzerland, Taiwan, the United Kingdom, and 
the United States. 
 
This year’s program  includes 8  invited  talks, 4  invited  tutorial  talks  (by  two  speakers), 46 
contributed talks (12 of which are long talks), and 88 posters. The conference received 146 
submissions,  including  28  poster‐only  submissions.  The  program  committee  undertook  a 
rigorous evaluation process, writing 359 reviews and carrying out an extensive discussion of 
the submissions. While any review process is necessarily subjective, our opinion is that the 
conference  program  includes many  outstanding  recent  results  and  reflects  well  on  the 
current state of quantum information as a field. 
 
We would  like  to  thank everyone who  submitted work  to  the conference and  the  invited 
speakers. We would also  like  to  thank  the members of  the Program Committee  for  their 
hard work in reviewing the submissions, the Steering Committee Chair, Hiroshi Imai, for his 
valuable guidance, and all members of the Organizing Committee. Finally, we would like to 
thank  Tan  Hui  Min  Evon  for  providing  excellent  administrative  support  and  Shigeru 
Yamashita  for much  help with  setting  up  and managing  the  online  EasyChair  conference 
system (they also helped prepare this booklet). 
 
 
Richard Cleve (Chair, Program Committee) 
Christian Kurtsiefer (co‐Chair) 
François Le Gall (co‐Chair) 
Valerio Scarani (co‐Chair) 

 

 



General Information 
 
 

Secretariat Contact 

Evon Tan, +65 9009 5369 
 

 
Overview 

 

Conference Venue & Shaw Foundation Alumni House, Auditorium, Level 2 
Parallel Session (A)s National University of Singapore 

11 Kent Ridge Drive 
Singapore 119244 
Monday, 4 Sept – Friday, 8 Sept 2017 

 
 

Parallel Session (B)s NUSS Guild House, Guild Hall, Level 1 
National University of Singapore 
9 Kent Ridge Drive 
Singapore 119241 
Monday, 4 Sept – Friday, 8 Sept 2017 

 
 

Poster Sessions Shaw Foundation Alumni House, Level 2 
Basil, Clove and Lemongrass 
Monday, 4 Sept – Tuesday, 5 Sept 2017, 5pm 
 
 

Tea break, lunches &   Shaw Foundation Alumni House, Level 2, Foyer 
Welcome Reception 
 
Conference Dinner Peach Garden OCBC Centre 

Level 33, 65 Chulia Street, OCBC Centre, Singapore 049513 
Wednesday, 6 September 2017, 7pm 

 
 

Instructions for speakers 
A laptop will be provided, which all speakers are requested to upload their presentations 
before the relevant session. 

 

Instructions for poster presenters 
Please check your poster number in the program. Your poster number will tell you where to 
attach it. You can put up your poster in the morning of the respective poster session. The 
tape to stick on the poster panel can be collected from the secretariat table. Please remove 
the posters at the end of your session. 



Conference Venue Information

Shaw Foundation Alumni House Level 2, Floorplan

Shaw Foundation Alumni House Level 
2 
11 Kent Ridge Drive, NUS 
Singapore 119244 

NUSS Guild House (next building) 

Guild Hall, Level 1 
9 Kent Ridge Drive 
Singapore 119241 

Main Session

& Parallel (A) 

Poster 

 session 

Poster 

 session 

Poster 

 session 

Lunches and 

break 



About Singapore 

Transportation 

Traveling around Singapore  is a cinch! An efficient public  transportation network of  taxis, 
buses and the modern Mass Rapid Transit (MRT) rail system ensures that getting from point 
A to point B is hassle‐free and extremely affordable. There are also taxis which can be hired 
from taxi stands, hailed by the roadside, or booked by phoning the numbers listed below. A 
booking fee is usually charged when hired by telephone.  

Comfort CabLink/ Citycab  +65 6552 1111
SMRT Taxis         +65 6555 8888
Smart Cab        +65 6485 7777
TransCab        +65 6555 3333
Premier Taxis         +65 6363 6888
Prime Taxi         +65 6778 0808

uber or grab apps services are also available in Singapore. 

Medical Facilities 

In the case of emergency, dial 995 for an ambulance. Pharmaceuticals are available at many 
outlets  including  supermarkets,  department  stores,  hotels  and  shopping  centres. 



AQIS 2017 Programme Schedule [4 September – 8 September 2017]

 Day 1 (Monday, 4 September 2017) 
--------------------------------------------------------------------------------------------------- 

11:00am - 11:30am [Long talk] 
 Quantum non-malleability and authentication 
Gorjan Alagic and Christian Majenz 

11:30am - 12:00pm [Long talk] 
Dining Philosophers, Leader Election and Ring Size problems, in the quantum setting 

Maor Ganz, Dorit Aharonov and Loick Magnin 
----------------------------------------------------------------------------------------------------------------------------------------------- 

1:30pm - 2:45pm 

[Parallel session]  1A 

(1)  Characterizations of symmetrical and partial Boolean functions with exact quantum query
complexity
Daowen Qiu and Shenggen Zheng

(2)  Quantum algorithm for linear differential equations with exponentially improved dependence
on precision
Dominic Berry, Andrew Childs, Aaron Ostrander and Guoming Wang

(3) Quantum centrality ranking via quantum walks and its experimental realisation
Joshua Izaac, Xiang Zhan, Jian Li, Peng Xue, Paul Abbott, Xiaosong Ma and Jingbo Wang

[Parallel session]  1B 

--------------------------------------------------------------------------------------------------------------------------------------------- 

2:45pm - 3:35pm [Tutorial 1a] Peter Høyer 

4:00pm - 4:50pm [Tutorial 1b] Peter Høyer

 ------------------------------------------------------------------------------------------------------------------------------------------ 

(1) Resource Destroying Maps with new applications
Zi-Wen Liu, Xueyuan Hu, Ryuji Takagi and Seth Lloyd

(2) Logical paradoxes in deterministic quantum state injection
Nadish de Silva

(3) Convex geometry of quantum resource quantification: A general framework for measures of
quantum resources
Bartosz Regula

9:00am - 10:00am [Invited talk] Shalev Ben-David 
The structure necessary for quantum speedups

----------------------------------------------------------------------------------------------------------------------------------------------- 
10:30am - 11:00am [Long talk] 

Experimental certification of millions of genuinely entangled atoms in a solid 
Florian Fröwis, Peter Strassmann, Alexey Tiranov, Corentin Gut, Jonathan Lavoie, Nicolas 
Brunner, Félix Bussières, Mikael Afzelius and Nicolas Gisines  

Title : Quantum walks



5:00pm - 6:30pm [Poster session 1] : Poster #01 - #46 

[Poster #01] Degenerate cavity supporting more than 31 Laguerre- Gaussian modes 
Cheng Zedi, Jinshi Xu, Chuanfeng Li  

[Poster #02] Experimental observation of the optimal form of Quantum state independent 
contextuality under no-signaling conditions  
Ya Xiao, Zhen-Peng Xu, Qiang Li, Kai Sun, Jin-Ming Cui, Zong-Quan Zhou, Hong-Yi Su, Adán Cabello, 
Jin-Shi Xu, Jing-Ling Chen, Chuan-Feng Li and Guang-Can Guo  

[Poster #03] Demonstration of Multisetting One-Way Einstein-Podolsky-Rosen Steering 
Ya Xiao, Xiang-Jun Ye, Kai Sun, Jin-Shi Xu and Chuan-Feng Li 

[Poster #04] 1-out-of-2 Oblivious transfer using flawed Bit- string quantum protocol 
Martin Plesch, Marcin Pawlowski and Matej Pivoluska 

[Poster #05] Evaluation of entanglement measures by a single observable 
Chengjie Zhang, Sixia Yu, Qing Chen, Haidong Yuan and C.H. Oh 

[Poster # 06] Entropy production described by the GKSL master equation in two-qubits system and its 
application 
Satoshi Iriyama  

[Poster #07] Entropy and Information Functions: A Geometric Perspective 
Aalok Pandya 

[Poster #08] Cryptographic quantum bound on nonlocality 
Satoshi Ishizaka 

[Poster #09] Quantitative Coherence Witness for Finite Dimensional States 
Xueyuan Hu 

[Poster #10] Emergent phases in a compass chain with multisite interactions 
Wen-Long You 

[Poster #11] Experimental implementation of a quantum walk on a circle with single photons      
Zhihao Bian, Jian Li, Xiang Zhan, Jason Twamley and Peng Xue  

[Poster #12] Experimental Test of Uncertainty Relations for General Unitary Operators  
Lei Xiao, Kungkung Wang, Xiang Zhan, Zhihao Bian, Jian Li, Yongsheng Zhang, Peng Xue and Arun 
Kumar Pati  

[Poster #13] Bell-type inequalities and higher-dimensional Entanglement 
Chandan Datta, Pankaj Agrawal and Sujit Choudhary  

[Poster #14] Optimal experimental demonstration of error-tolerant quantum witnesses 
Kunkun Wang, George C. Knee, Xiang Zhan, Zhihao Bian, Jian Li and Peng Xue  

[Poster #15] Beyond the temporal Tsirelson bound: an experimental test of a Leggett-Garg inequality 
in a three-level system 
Kunkun Wang, Clive Emary, Xiang Zhan, Zhihao Bian, Jian Li, Peng Xue  

[Poster #16] Faithful transmission of qubit in a quantum communication network with 
heterogeneous channels  
Na Chen, Changhua Zhu and Changxing Pei  



[Poster  #17] Superadditivity of logarithm of violation of geometric Bell inequalities for qudits 
Marcin Wiesniak 

[Poster #18] Quantum metrology with quantum error detection 
Yuichiro Matsuzaki and Simon Benjamin  

[Poster #19] Optimizing Quantum Walk Search on a Reduced Uniform Complete Multi- Partite Graph 
Chen-Fu Chiang and Chang-Yu Hsieh  

[Poster #20] Experimental entropic test of quantum contextuality in photonic system 
Xiang Zhan, Kunkun Wang, Zhihao Bian, Jian Li, Yongsheng Zhang and Peng Xue 

[Poster #21] Self-guaranteed measurement-based quantum computation 
Masahito Hayashi and Michal Hajdusek  

[Poster #22] Quantum Teleportation of Six-qubit State via An Eight-qubit Cluster State 
Nan Zhao, Min Li and Nan Chen  

[Poster #23] Matrix product state methods for predictive modelling 
Chengran Yang, Felix Binder, Varun Narasimhachar and Mile Gu  

[Poster #24] Sine-wave gating InGaAs/InP single photon detector with ultralow afterpulse 
Yong-Jun Qian, Juan Wu, De-Yong He, Shuang Wang, Wei Chen and Zhen-Qiang Yin  

[Poster #25] Quantum Learning Speed-up with Classical Training Data  
Joong-Sung Lee, Jeongho Bang, Sunghyuk Hong, Changhyoup Lee, Kang Hee Seol, Jinhyoung Lee 
and Kwang-Geol Lee  

[Poster #26] Duality in entanglement of macroscopic states of light  
Su-Yong Lee, Chang-Woo Lee, Pawel Kurzynski, Dagomir Kaszlikowski and Jaewan Kim 

[Poster #27] Discrete superposition of coherent states on a circle for quantum key distribution 
Seung-Woo Lee and Jaewan Kim  

[Poster #28] Experimental Test of Irreducibility in Coherent States of Light 
Kang Hee Seol, Jeongwoo Jae, Joong-Sung Lee, Kwang-Geol Lee and Jinhyoung Lee 

[Poster #29] Attaining fundamental bounds of Bell measurement with linear optics for long distance 
quantum communication  
Seung-Woo Lee, Timothy C. Ralph and Hyunseok Jeong  

[Poster #30] Improving the success probability for Shor's factoring algorithm with more available 
results  
Guoliang Xu, Daowen Qiu, Xiangfu Zou and Jozef Gruska 

[Poster #31] Quantum algorithms on Walsh transform and Hamming distance for Boolean functions 
Zhengwei Xie, Daowen Qiu and Guangya Cai 

[Poster #32] Evaluation of Counterfactuality in Counterfactual Communication Protocols 
David Arvidsson-Shukur, Axel Gottfries and Crispin Barnes  

[Poster # 33] Construction of sequential state discrimination for three linearly independent pure 
qutrits 
Min Namkung, Donghoon Ha and Younghun Kwon 



[Poster #34] Optimal Separation in Exact Query Complexities for Simon's Problem 
Guangya Cai and Daowen Qiu  

[Poster #35] Evaluating Qubit Control Performance by Indices of Quantum Entanglement 
Kuo Chung-Hsuan and Yang Ciann-Dong  

[Poster #36] Multipartite nonlocality and random measurements  
Anna de Rosier, Jacek Gruca, Tamas Vertesi, Fernando Parisio and Wieslaw Laskowski 

[Poster #37]State transfer by quantum walks with two coins 
Yun Shang and Yu Wang  

[Poster #38] A High-dimensional Quantum Key Distribution Scheme based on single photons in Temporal-
Polarization mode  
Haiwei Wei, Changhua Zhu and Changxing Pei  

[Poster #39] Multi-party Measurement-Device-Independent Quantum Key Distribution based on cluster 
states  
Chuanqi Liu, Changhua Zhu and Changxing Pei 

[Poster #40] Single-state semi-quantum key distribution protocol and its security proof 
Wei Zhang and Daowen Qiu  

[Poster #41] Revealing non- classicality of inaccessible objects  
Tanjung Krisnanda, Margherita Zuppardo, Mauro Paternostro, Chiara Marletto, Vlatko Vedral and 
Tomasz Paterek 

[Poster #42] On annealing schedule for classical optimal decoding by adiabatic quantum computation 
Yuta Nishino, Souichi Takahira and Tsuyoshi Usuda  

[Poster #43] A measurement driven analog of adiabatic quantum computation for frustration-free 
Hamiltonians 
 Liming Zhao, Carlos A Perez Delgado, Simon Benjamin and Joseph Fitzsimons 

[Poster #44] Single atoms coupled to a near-concentric cavity 
Chi Huan Nguyen, Adrian Nugraha Utama, Nick Lewty, Kadir Durak, Gleb Maslennikov, Stanislav 
Straupe, Matthias Steiner and Christian Kurtsiefer 

[Poster #45] Unbounded memory advantage in stochastic simulation using quantum mechanics 
Andrew Garner, Liu Qing, Jayne Thompson, Vlatko Vedral and Mile Gu  

[Poster #46] Channel capacity of quantum channel with beam wandering 
Tiancheng Wang, Kenshiro Kita and Tsuyoshi Usuda  



Day 2 (Tuesday, 5 September 2017) 
-------------------------------------------------------------------------------------------------- 

9:00am - 10:00am [Invited talk] Mio Murao 
 Higher order quantum operations of unitaries and their implications 

--------------------------------------------------------------------------------------------------------------------------------------------- 
10:30am - 11:00am [Long talk] 

Bell correlations in many-body systems 
Nicolas Sangouard, Sebastian Wagner, Roman Schmied, Batiste Allard, Matteo Fadel 
Valerio Scarani, Philipp Treutlein and Jean-Daniel Bancal

11:00am - 11:30am [Long talk] 
The information cost of quantum memoryless protocol 
André Chailloux, Iordanis Kerenidis and Mathieu Lauriere 

11:30am - 12:00pm [Long talk] 
Compression for Quantum Population Coding 
Yuxiang Yang, Ge Bai, Giulio Chiribella and Masahito Hayashi 

--------------------------------------------------------------------------------------------------------------------------------------------- 
1:30pm - 2:45pm  

[Parallel session] 2A  

(1)  Detecting metrologically useful asymmetry entanglement by few local measurements  
Chao Zhang, Benjamin Yadin, Zhi-Bo Hou, Huan Cao, Bi-Heng Liu, Yun-Feng Huang, Reevu 
Maity, Vlatko Vedral, Chuan-Feng Li, Guang-Can Guo and Davide Girolami

(2) Past of a quantum particle: Common sense prevails
Berge Englert, Kelvin Horia, Jibo Dai, Yink Loong Len and Hui Khoon Ng

(3)  Occam’s Vorpal Quantum Razor: Memory reduction when simulating continuous-time 
stochastic processes with quantum devices
Thomas Elliott and Mile Gu 

[Parallel session] 2B  

(1) Semidefinite programming converse bounds for quantum communication
Xin Wang, Kun Fang and Runyao Duan

(2) Locality Preserving Logical Operators in Topological Stabiliser Codes
Paul Webster and Stephen D. Bartlett

(3) Self-testing of binary observables based on commutation
Jedrzej Kaniewski

-------------------------------------------------------------------------------------------------------------------------------------------- 
2:45pm - 3:35pm [Tutorial 2a] Charles Bennett  

4:00pm - 4:50pm [Tutorial 2b] Charles Bennett

Title : Forging the culture of quantum information science  

--------------------------------------------------------------------------------------------------------------------------------------------- 



5:00pm - 6:30pm [Poster session 2] : Poster #47 - #86 

[Poster #47]  Effects of the UNOT gate on classical and quantum correlations  
Kuan Zhang, Jiajun Ma, Xiang Zhang, Jayne Thompson, Vlatko Vedral, Kihwan Kim and Mile Gu 

[Poster #48] One-shot measurement compression with quantum side information using shared 
randomness  
Anurag Anshu, Rahul Jain and Naqueeb Ahmad Warsi 

[Poster #49] On the logical system mapping based on modular and non-modular quantum assembly 
codes  
Yongsoo Hwang and Byung-Soo Choi 

[Poster #50] A quantum computing software platform @ ETRI 
Yongsoo Hwang, Taewan Kim, Chungheon Baek and Byung-Soo Choi 

[Poster #51] A scheme to reduce the number of entangled qubits in quantum wireless sensor 
networks  (withdrawn)
Mohapatra Amit Kumar and Subramanian Balakrishnan 

[Poster #52] Origin of the gap between minimum error probability and its simple approximation 
Naoya Matsumoto, Akihito Kadoya, Souichi Takahira, Yuta Nishino and Tsuyoshi Usuda 

[Poster #53] Geometry of the quantum set and its connection with self-testing 
Koon Tong Goh, Jedrzej Kaniewski, Elie Wolfe, Tamas Vertesi, Yu Cai, Yeong-Cherng Liang and 
Valerio Scarani 

[Poster #54] Fidelity Based Measurement Induced Nonlocality 
Muthuganesan Rajendran and Sankaranarayanan R.  

[Poster #55] Coherent chemical kinetics: quantum info meets chemistry 
Tomek Paterek 

[Poster #56] Verifiable blind quantum computation with fault-tolerance 
Yuki Takeuchi, Keisuke Fujii, Tomoyuki Morimae and Nobuyuki Imoto 

[Poster #57] Adiabatic quantum computation and Grover search applied to higher-order quantum 
operations  
Shojun Nakayama, Akihito Soeda and Mio Murao  

[Poster #58] Amplitude Estimation based Algorithm for Circulant Linear Systems 
Souichi Takahira, Asuka Ohashi, Tomohiro Sogabe and Tsuyoshi Usuda  

[Poster #59] Spectral Measurement of Breakdown Flashes in InGaAs Avalanche Photodiodes  
Yicheng Shi, Lim Zheng Jie Janet, Poh Hou Shun, Tan Peng Kian, Tan Pei Yu Amelia, Ling Euk Jin 
Alexander and Christian Kurtsiefer 

[Poster #60] Device Independent Quantum Private Query with Finite Number of Entangled 
Qubits (withdrawn)                                                                                                                                                 
Jyotirmoy Basak, Bappaditya Ghosh, Arpita Maitra and Goutam Paul 

[Poster #61] An Ancilla Reduction Technique for Quantum Circuits Converted from NAND-based 
Circuits 
Soma Esaki, Masato Onoda and Shigeru Yamashita 



[Poster # 62] Computing on quantum shared secrets  
Yingkai Ouyang, Si-Hui Tan, Liming Zhao and Joseph Fitzsimons 

[Poster #63] Work extraction and fully entangled fraction 
Chung-Yun Hsieh and Ray-Kuang Lee  

[Poster #64] Nonlocal Correlation and Entanglement in Two-spin System 
Mr Rajendran and Sankara Narayanan 

[Poster #65] Synthesis of Physical-Limitation-Aware Optimal Quantum Circuits in 2-D Architecture 
Jingwen Ding and Shigeru Yamashita 

[Poster #66] Fate of time-evolved quantum correlaations under quenching across various phases in an 
XY spin chain 
Utkarsh Mishra, Debraj Rakshit and Prabhu Ramappa 

[Poster #67] Efficient key distillation for industrial quantum key distribution systems 
Aleksey Fedorov 

[Poster #68] Measurement-Device-Independent Quantum Group Key Agreement 
Shuquan Ma and Changhua Zhu 

[Poster #69] Conditional Quantum Discord  
Mathieu Lauriere, Tim Byrnes and Chandrashekar Radhakrishnan 

[Poster #70] Many-box locality  
Yu Cai, Yuqian Zhou, Jean-Daniel Bancal, Fei Gao and Valerio Scarani 

[Poster #71] InGaAs/InP avalanche photodiodes based single photon detectors for quantum key 
distribution over more than 100 km optical fiber  
Vladimir Zavodilenko, Anton Losev, Alexandr Miller, Vladimir Kurochkin and Yury Kurochkin 

[Poster #72] Quantum-secure blockchain application for urban QKD network 
Yury Kurochkin, Evgeny Kiktenko, Nikolay Pozhar, Maxim Anufriev, Anton Trushechkin, A.V 
Duplinskiy, V.E. Ustimchik, Alan Kanapin,Vladimir Kurochkin, Alexander Lvovsky and Aleksey 
Fedorov 

[Poster #73] Continuous variable qumodes as non-destructive probes of quantum systems
Thomas J. Elliot, Miles Gu, Jayne Thompson and Nana Liu

[Poster #74] On Layered Quantum Key Distribution 
Mehul Malik, Matej Pivoluska and Marcus Huber  

[Poster #75] Uniquely determination of an arbitrary input pure state on any dimension with rank-1 
POVM  
Yu Wang and Yun Shang 

[Poster #76] Analytic self-testing bound of the singlet for binary measurements 
Xinhui Li, Fei Gao, Yukun Wang, Dandan Li, Qianyan Wen 

[Poster #77] Resonant transition-based quantum computation 
Chang Yu Hsieh and Chen-Fu Chiang  



[Poster #78] Quantum Non-Markovianity from Information Perspective 
Hongting Song and Yuanyuan Mao  

[Poster #79] Taming finite statistics for device-independent quantum information 
Pei-Sheng Lin, Denis Rosset, Yanbao Zhang, Jean-Daniel Bancal and Yeong-Cherng Liang 

[Poster #80] Comparing Simulated Annealing with Simulated Quantum Annealing on Max-cut and 
Other NP-Hard Problems  
Hyungseok Chang, Hidefumi Hiraishi and Hiroshi Imai 

[Poster #81] Device-Independent Tests of Quantum States, Channels, and Measurements  
Michele Dall'Arno, Sarah Brandsen, Francesco Buscemi and Vlatko Vedral 

[Poster #82] Optimal Port-based Teleportation in Arbitrary Dimension  
Michal Studzinski, Sergii Strelchuk, Marek Mozrzymas and Michal Horodecki 

[Poster #83] Quantum Circuit Design by Using ESOP Minimization 
Masato Onoda and Shigeru Yamashita  

[Poster #84] Locating Loops for TCSC Considering Bridge Transformation 
Kentaro Haneda and Shigeru Yamashita 

[Poster #85] Quantum Toeplitz implementation and its applications 
Anuradha Mahasinghe and Jingbo Wang 

[Poster #86] Decoy State BBM92 Quantum Key Distribution Protocol with Multi-photon-event 
Rejection 
Liang Min, Akihisa Tomita and Atsushi Okamoto 



Day 3 (Wednesday, 6 September 2017) 
-------------------------------------------------------------------------------------------------- 
9:00am - 10:00am [Invited talk] Masahito Hayashi 

Role of Hypothesis Testing in Quantum Information 

---------------------------------------------------------------------------------------------------------------------------------------------- 
10:30am - 12:35pm  

[Parallel session]  3A 

(1) Practical round-robin-differential-phase-shift quantum key distribution
Zhen-Qiang Yin, Shuang Wang, Wei Chen, Yunguang Han, Zheng-Fu Han and Guangcan Guo

(2) Flow ambiguity: A path towards classically driven blind quantum computation
Atul Mantri, Tommaso Demarie, Nicolas Menicucci and Joseph Fitzsimons

(3) A Cost-Effective Approach for Satellite Based Quantum Key Distribution
Alexander Lohrmann, Aitor Villar, Debashis Demunshi, Zhongkan Tang, Rakhitha
Chandrasekara and Alexander Ling

(4) Lorentz invariant entanglement distribution for the space-based quantum network
Tim Byrnes, Batyr Ilyas, Louis Tessler, Masahiro Takeoka, Segar Jambulingam, Jonathan P.
Dowling

(5) Efficient classical verification of quantum computations
Richard Jozsa and Sergii Strelchuk

[Parallel session]   3B 

(1) Quantum Sphere-Packing Bounds with Polynomial Prefactors
Hao-Chung Cheng, Min-Hsiu Hsieh and Marco Tomamichel

(2) Verifiable fault-tolerance in measurement-based quantum computation
Keisuke Fujii and Masahito Hayashi

(3) Bayesian Quantum Noise Spectroscopy
Christopher Ferrie, Chris Grande, Gerardo Paz-Silva and Howard Wiseman

(4)  Moderate Deviations for Classical-Quantum Channels
Hao-Chung Cheng and Min-Hsiu Hsieh

(5) Analog quantum error correction with encoding a qubit into an oscillator
Kosuke Fukui, Akihisa Tomita and Atsushi Okamoto



Day 4 (Thursday, 7 September 2017) 
-------------------------------------------------------------------------------------------------- 
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Abstract: One of the central insights in quantum computing has been that quantum computation seems 
to provide exponential speedups over classical computation, but only for certain "structured" problems, 
such as factoring. For unstructured problems, like NP-complete problems, we do not expect an 
exponential quantum speedups. This raises the question: can we formalize this intuition? What types of 
structure suffice?  In this talk, I will outline some of what we know about this problem, focusing 
primarily on the query complexity model due to its relative tractability. In the query complexity setting, 
we know that exponential speedups are not possible for total functions, but are sometimes possible 
when there is a promise on the input; I will describe what we know about the problem of characterizing 
the promises that allow exponential quantum speedups 



Experimental certi�cation of millions of genuinely entangled atoms in a

solid
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Abstract. Quantum theory predicts that entanglement can also persist in macroscopic physical systems,
albeit di�culties to demonstrate it experimentally remain. Recently, genuine entanglement between up
to 2900 atoms was reported. Here we demonstrate 16 million genuinely entangled atoms in a solid-state
quantum memory prepared by the heralded absorption of a single photon. We develop an entanglement
witness for quantifying the number of genuinely entangled particles based on the collective e�ect of directed
emission combined with the nonclassical nature of the emitted light. The method is applicable to a wide
range of physical systems and is e�ective even in situations with signi�cant losses.

Keywords: Multipartite entanglement, entanglement depth, solid-state quantum memory

1 Introdution

A clear picture of large-scale entanglement with its
complex structure is so far not developed. It is however
important to understand the role of di�erent facets of
multipartite entanglement in nature and in technical ap-
plications [1, 2]. For example, the so-called Schrödinger
cat states [3] are fundamentally di�erent from a single
photon coherently absorbed by a large atomic ensemble;
even though both are instances of multipartite entangle-
ment [4, chapter 16.5]. The theoretical study of large-
scale entanglement has to be followed by an experimen-
tal demonstration, which consists of two basic steps: the
preparation of an entangled system and a subsequent ap-
propriate measurement verifying the presence of entan-
glement. In the context of entanglement in large systems,
the preparation of entanglement is generally much sim-
pler than its veri�cation. For example, single-particle
measurements are often not possible and collective mea-
surements are typically restricted to certain types and
are of �nite resolution. These limitations call for new
witnesses that allow one to certify entanglement based
on accessible measurement data.
The concept of entanglement depth [5] was shown to

be meaningful for and applicable to large quantum sys-
tems. It is de�ned as the smallest number of genuinely
entangled particles that is compatible with the measured
data. This allows one to witness at least one subgroup
of genuinely entangled particles in a state-independent
and scalable way. Large entanglement depth was suc-
cessfully demonstrated with so-called spin-squeezed and
oversqueezed states by measuring �rst and second mo-
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Collective 

emission

Noncollective

emission

Figure 1: Basic intuition. When atoms spontaneously
emit photons, phase coherence between the atoms leads
to constructive interference and enhanced emission prob-
ability in a certain direction, measured by a single photon
detector. Emission in any other direction is incoherent
and hence not enhanced. If this phase coherence is gen-
erated by absorbing a single photon, the atoms are nec-
essarily entangled.

ments of collective spin operators [6, 7, 8, 9]; lately up of
680 atoms [10]. Recently, a witness was proposed that is
designed for the W state, which is a coherent superpo-
sition of a single excitation shared by many atoms [11].
Based on this witness, an entanglement depth of around
2900 was measured [12]. However, these witnesses do not
detect entanglement when the vacuum component of the
state is dominant [11], even though the W state is known
to be quite robust against various sources of noise, in
particular, against loss of particles and excitation [13].
Hence, much larger values for the entanglement depth
could be expected.
Here, we present theoretical methods and experimen-

tal data that verify a large entanglement depth in a solid-
state quantum memory. A rare-earth-ion-doped crystal
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spectrally shaped to an atomic frequency comb (AFC)
is used to absorb and re-emit light at the single-photon
level [14, 15, 16, 17], where at least 40 billion atoms collec-
tively interact with the optical �eld. Using the measured
photon number statistics of the re-emitted light we col-
lect partial information about the quantum state of the
atomic ensemble before emission. Then, we show that
certain combinations of emission probabilities for one and
two photons imply entanglement between a large number
of atoms. With the measured data from our solid-state
quantum memory we demonstrate inseparable groups of
entangled particles containing at least 16 million atoms.

2 Results

Before discussing the experiment, we give an intuitive
explanation for the appearance of large entanglement
depth when a large atomic ensemble coherently interacts
with a single photon. Suppose that N two-level atoms
(|g〉 and |e〉 denote ground and excited state, respec-
tively), couple to a light �eld. The quantised interaction
in the dipole approximation is described by [18]

Hint =
∑
j,~k

e−i
~k·~rja~kσ

(j)
+ + ei

~k·~rja†~k
σ
(j)
− , (1)

that is, a single photon with wave vector ~k is annihi-
lated by exciting atom j via σ+ |g〉 = |e〉 and vice versa.

The phase is given by the scalar product between ~k and
the position ~rj of the atom. When an incoming light
�eld is absorbed via interaction (1), the imprinted phase
relation between the atoms serves as a memory for the
direction and the energy of the absorbed photons. With-
out this information, a spontaneous, directed re-emission
is not possible. In other words, phase coherence between
the atoms is necessary in order to a have well-controlled
re-emission direction [19, 20]. Now, depending on the na-
ture of the absorbed light, this coherence implies entan-
glement between the atoms or not. On the one hand, the
absorption of a coherent state leads to a coherent atomic
state, which is unentangled [4, chapter 16.7]. On the
other hand, if a single photon |1〉 is absorbed, the quan-
tisation of the �eld leads to a W state (or Dicke state with
a single excitation) of the atomic state [4, chapter 16.5]

|1〉 → |D1〉 ∝
∑
j

e−i
~k·~rj |g . . . gejg . . . g〉 . (2)

Then, the ensemble is genuinely multipartite entangled
[13]. These examples suggest a generic relation between
directed emission, single-photon character of the emitted
light and large entangled groups.
In our experiment, we use a neodymium-based solid-

state quantum memory operating at a total read-write
e�ciency of 7%. This memory was demonstrated to
be capable of storing di�erent types of photonic states
and preserving state properties such as the single-photon
character [15, 17, 22, 23, 24]. A heralded single photon
is produced via spontaneous parametric down conversion
[25] and coupled to the atomic ensemble, which was pre-
pared in the ground state |D0〉 = |g〉⊗N . After a 50 ns
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Figure 2: Lower bounds on the entanglement depth K
for N ≈ 4.0(1) × 1010 [21]. Entanglement is required to
reach small p2 while keeping p1 constant. The number
next to a colored line is the minimal K that is compatible
with data points on this line. The two black crosses are
data points from the experiment including one standard
deviation: (i) raw data, (ii) taking detector noise into
account (cp. table 1).

delay time, the coherent excitation is spontaneously re-
emitted in forward direction and detected. In practice,
this optical state is not exactly a single photon. Due to
losses at di�erent levels, the state contains a large vacuum
component. Also higher photon components are present.
However, since directed emission and non-classical pho-
ton number statistics are largely preserved, entanglement
between large groups of atoms is expected.
In order to certify this entanglement, we develop the

following entanglement witness. Suppose a pure state
that is subdivided into a product of M groups

|ψ〉 = |φ1〉 ⊗ · · · ⊗ |φM 〉 , (3)

where the |φi〉 are arbitrary. Phase coherence between
the groups imply that each group has to carry some exci-
tation. This necessarily amounts to an emission spectrum
that also contains multi-photon components.
To be more speci�c, we consider the probabilities of

the atoms emitting one and two photons, p1 and p2, re-
spectively. In the low-excitation limit, these probabili-
ties correspond to p1 = | 〈D1| ψ〉 |2 and p2 = | 〈D2| ψ〉 |2,
where

|D2〉 ∝
∑
j<l

e−i
~k·(~rj+~rl) |g . . . gejg . . . gelg . . . g〉 , (4)

that is, the phase-coherent superposition of two excitia-
tons. As shown in Ref. [21], it is possible to �nd the
minimal p2 for a given p1 within the class (3) with �xed
M . By varying p1 and M one �nds a lower bound on
p2 as a function of p1 and M . Given the linearity of
p1 and p2 when mixing states like in Eq. (3) (with arbi-
trary grouping but lower-bounded M), the extension of
the bound to mixed states is straightforward. Comparing
the lower bounds with experimental data in turn gives an
upper bound on M and, by additionally measuring N , a
lower bound on the entanglement depth, which simply
reads K = N/M .
Experimentally, p1 is obtained from the probability

to measure a single re-emitted photon in the forward
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Table 1: Results for entanglement depthK for (i) the raw
data and (ii) the data after the detector noise has been
subtracted out (cf. Fig. 2). By sampling p1, p2 and N
around the measured values within the estimated uncer-
tainties, we calculate the expected entanglement depth
K. The values in the last columns are lower bounds on
K with con�dence 3σ = 99.7%.

Level of modeling p1 K K − 3σ
(i) raw data 0.0023(3) 4.76× 105 7.54× 104

(ii) after re-mission 0.013(2) 1.64× 107 3.72× 106

mode heralded by the detection of the idler photon at the
source. The value of p2 corresponds to the two-photon
statistics and is inferred from the measured autocorrela-
tion function g

(2)
ss|i = 2p2/p

2
1 and p1. From the raw data,

we �nd p1 = 2.3(3) × 10−3 and p2 = 5(2) × 10−8. The
relatively small value of p1 is a product of the e�ciencies
of the source, the memory and detectors. By taking the
detectors ine�ciencies into account, we can estimate the
real values of p1, p2, which are higher.
A key element in the experiment is the high-precision

measurement of N . The ratio of the coherent emission
in the forward direction and the incoherent emission in
the backward direction is a lower bound on the number
of resonant atoms [20]. Since incoherent emission from
single photons is much lower than detector dark counts,
the single photon source is replaced by a bright coherent
state for this measurement and we �nd N ≥ 4.0(1)×1010
[21]. The resulting K is presented in Fig. 2 and table 1
for the raw data and detector-noise-subtracted data.

3 Discussion

This work demonstrates that large entanglement depth
is experimentally certi�able even with atomic ensembles
beyond 1010 atoms and low detection and re-emission ef-
�ciencies. We prove that entanglement between many
atoms is necessary for the functioning of quantum mem-
ories that are based on collective emission, because the
combination of directed emission (i.e., high memory ef-
�ciency) and preservation of the single-photon character
imply large entanglement depth.
Our results further illustrate the fundamental di�er-

ence between various manifestations of large entangle-
ment. The scales at which we observe entanglement
depth seem to be completely out of reach for other types
of large entanglement, such as Schrödinger-cat states
[2, 26].
We report lower bounds on the minimal number of

genuinely entangled atoms, which should not be con-
fused with quantifying entanglement with an entangle-
ment measure. Indeed, the nature of the target state,
the W state |D1〉, and the experimental challenges sug-
gest that only a small amount of entanglement is present
in the crystal during the storage.
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1. Introduction.

Quantum cryptography has grown to be an important subfield of quantum information science.
While the most well-known results (like QKD) concern the use of quantum information for classical
cryptography, there has also been an increased interest in extending the framework of symmetric-
key cryptography to the encryption of quantum data.

In its most basic form, encryption ensures the secrecy of transmissions against eavesdroppers.
Besides secrecy, another desirable property is non-malleability, which guarantees that an adversary
cannot meaningfully modify the plaintext by manipulating the ciphertext. In the classical setting,
secrecy and non-malleability are independent: there are schemes which satisfy secrecy but are
malleable, and schemes which are non-malleable but transmit the plaintext in the clear.

In the setting of quantum information, encryption is the task of transmitting quantum states
over a completely insecure quantum channel. Information-theoretic secrecy for quantum encryption
is well-understood. Moreover, significant progress has been made on more advanced constructions,
such as authenticated encryption [5], quantum fully-homomorphic encryption [8], and many more.
Despite this high-level progress, a basic aspect of quantum encryption remains largely unstudied.
Indeed, quantum non-malleability was considered in only one previous work, by Ambainis, Bouda
and Winter [4]. Their definition (which we call ABW-NM) requires secrecy, and that the “effective
channel” Dec ◦ Λ ◦ Enc of any adversary Λ is trivial1.

Unlike non-malleability, the closely-related subject of quantum authentication (where decryp-
tion is allowed to reject) has received significant attention (see, e.g., [1, 5, 7, 9, 10].) In this set-
ting, there are two definitions. The widely-adopted definition of Dupuis, Nielsen and Salvail (DNS-
authentication) asks that, regardless of whether decryption rejects, the average effective channel of
any adversary does not touch the plaintext [9]. A more recent definition of Garg, Yuen and Zhandry
(GYZ-authentication) asks that, in the accept case, the adversary does not touch the plaintext with
high probability over the key (rather than on average) [10].

2. Summary of results.

In this work, we devise a new definition of quantum non-malleability (denoted NM). We prove
several new results about quantum non-malleability, quantum authentication, and the connections
between these two concepts. A summary of our results is as follows; we will focus on the exact case,
but all the definitions and results have appropriate relaxations to the approximate setting; see the
full paper for details [2].

1 More precisely, it is either the identity or replacement by a fixed state (or some combination of the two).
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2.1. New definition. We give a new definition of quantum non-malleability (NM), which improves
on ABW-NM in a number of ways:

1. it is expressed in terms of entropic quantities, generalizing classical definitions [11];
2. it can be alternatively characterized in terms of the effective attack (Theorem 5) for practical

security guarantees
3. it prevents more powerful attacks, which make use of side information about the plaintext;
4. it is immune to a devastating “plaintext injection” attack, whereby an adversary against an

ABW-NM scheme can send a plaintext of their choice to the receiver;
5. it does not require secrecy; instead, we show quantum non-malleability implies quantum secrecy.

The last point is analogous to the fact that quantum authentication implies encryption [5].
Informally, our definition states that any attack on the ciphertext will result in no information

gain – except via a “trivial attack” which is always possible against any scheme. In this trivial
attack, the adversary simply decides whether or not to destroy the ciphertext, and remembers that
choice in their side information. A formal definition is as follows. The relevant quantum registers
are: plaintext A, ciphertext C, user’s reference R, and adversary’s side information B.

Definition 1 A scheme is non-malleable (NM) if for any %ABR and any attack ΛCB→CB̃, the

effective channel Λ̃AB→AB̃ = Dec ◦ Λ ◦ Enc satisfies

I(AR : B̃)Λ̃(%) ≤ I(AR : B)% + h(p=(Λ, %)).

The binary entropy term h(p=(Λ, %)) captures the information gain of the aforementioned trivial

attack. Formally, p=(Λ, %) = F
(
TrB̃Λ((·)C ⊗ %B)

)2
is the squared entanglement fidelity of the

attack map as it acts on the ciphertext register if %B is input in the side information register.
Theorem 5 below provides an alternative way of defining NM, that is more suitable for practical
security definitions. It can be understood in the ”real vs. ideal” framework: for NM schemes, the
real effective attack is equal to the ideal, trivial, linear combination of the identity and a fixed
constant channel.

2.2. New results on non-malleability. As mentioned above, our first result is that NM implies
secrecy. Here, secrecy stands for one of a number of equivalent notions of security; one may for
instance use analogues of IND [6] or SEM [3] for computationally unbounded adversaries.

Theorem 2 If a quantum encryption scheme is non-malleable (NM), then it is also secret.

We remark that this is a significant departure from the classical case, where secrecy and non-
malleability are independent properties.

Next, we show that NM implies ABW-NM, and give a separation scheme which is secure under
ABW-NM but insecure under NM. As described in [2], this scheme is susceptible to a powerful
attack, whereby a simple adversary can freely choose the output of decryption.

Theorem 3 If a quantum encryption scheme is NM, then it is also ABW-NM.

On the other hand, if we restrict our attention to schemes where the encryption maps are unitary,
then we are able to show the following.

Theorem 4 Let Π be a quantum encryption scheme such that encryption Ek is unitary for all
keys k. Then Π is NM if and only if {Ek}k is a two-design.
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Together with the results of [4], this implies that NM and ABW-NM are in fact equivalent for
unitary schemes. Finally, we can also characterize NM schemes in the general case, as follows.

Theorem 5 A scheme is NM if and only if, for any ΛCB→CB̃, there exist maps Λ′
B→B̃, Λ′′

B→B̃
such that the effective attack Λ̃AB→AB̃ has the form

Λ̃ = idA ⊗ Λ′ +
1

|C|2 − 1
(|C| 〈DK(1C)〉 − id)A ⊗ Λ

′′ .

The maps Λ′ and Λ′′ are explicit functions of Λ [2]. This theorem shows that our notion provides
ciphertext non-malleability : if the ciphertext is modified, the plaintext is replaced by DK(1C).

2.3. New results on quantum authentication. The techniques we developed for quantum non-
malleability also yield several new results on quantum authentication, as follows. We note that our
definitions of authentication deviate slightly from the original versions [9, 10], in that decryption
outputs a reject symbol in place of the plaintext (rather than setting a flag to “reject.”)

First, we show how to build authentication from non-malleability. Given an encryption scheme
Π = {Ek}, we define Πtag

t to be a new scheme whose encryption is % 7→ Ek
(
%A ⊗ |0〉〈0|⊗tB

)
E†k, and

whose decryption rejects unless B measures to |0t〉.

Theorem 6 If a scheme Π = {Ek} satisfies NM, then Πtag
t is 22−t-DNS-authenticating.

If the starting NM scheme is encryption via the Clifford group, then the result is the well-known
Clifford scheme for authentication [1].

Next, we show that GYZ-authentication implies DNS-authentication.

Theorem 7 If a scheme is ε-GYZ-authenticating, then it is also O(
√
ε)-DNS-authenticating.

This result is technically non-trivial: on one hand, GYZ requires high probability of success while
DNS only needs success-on-average; on the other hand, GYZ requires nothing in the reject case
while DNS still makes rather stringent demands.

Finally, we show that GYZ-authentication can be satisfied by a scheme which “tags” plaintexts
as before, and encrypts with a unitary 2-design. This is a significant improvement over the analysis
of [10], which required eight-designs for the same construction.

Theorem 8 Let Π = {Ek}k be a 2−t-approximate 2-design scheme. Then Πtag
t is 2−Ω(t)-GYZ-

authenticating.

Given the conclusions of Theorem 4, we may state this as follows: if a unitary scheme Π is non-
malleable, then Πtag

t is GYZ-authenticating. We remark that the simulation of adversaries in this
proof is efficient, in the sense of [7].

3. Conclusion and open problems.

In this work, we introduced a new definition of quantum non-malleability, a core concept in en-
cryption. Our notion addresses a major vulnerability in the previous definition, and can serve as
a primitive for constructing authentication schemes. When using unitary 2-designs (e.g., the Clif-
ford group) for non-malleable encryption, the resulting authentication schemes are secure under
the strongest known definitions [10]. We remark that our work is also a natural starting point for
future research on quantum non-malleability in the setting of many messages and computational
security assumptions.
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Dining Philosophers, Leader Election and Ring Size problems, in the
quantum setting
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Abstract. We provide the first quantum protocol for the Dining Philosophers problem (DP), a central
problem in distributed algorithms, and use it to provide a new quantum protocol for the tightly related
problem of exact leader election, improving significantly over Tani et al [TKM12]. These two problems
are related to another important problem in distributed algorithms, the ring size problem, and interesting
connections are discussed. The results raise several interesting open questions.

Keywords: AQIS, Dining philosophers, Leader election, Ring size problem, Symmetry breaking, Quan-
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Extended Abstract

Before stating the results, we provide background on
the problems:

Dining philosophers problem The DP problem was
first introduced by [Dij71] and is one of the central prob-
lems in distributed algorithms; it is heavily related to
many synchronization problems, memory allocations and
semaphores mechanisms. It is defined as follows. A group
of n philosophers are sitting (and thinking) around a cir-
cular table in a Chinese restaurant. Between each pair of
philosophers there is a chopstick (a total of n). As time
passes by, a philosopher might get hungry. In order for a
hungry philosopher to eat, he must hold both chopsticks
(to his right, and to his left). A philosopher can only pick
up one chopstick at a time, and obviously cannot pick up
a chopstick which is already in the hand of a neighbor.
The only communication allowed, is message sending be-
tween adjacent philosophers (neighbors). Our goal is to
find an algorithm (each of the philosophers is identical
(no ID) and runs the same algorithm - anonymous) s.t.
every hungry philosopher will eventually eat, and to try
and minimize the communication complexity, as well as
the running time. In most of the paper we assume that
n, the number of philosophers, is known in advance to all
philosophers (or at least they know an upper bound for
it). It was shown in [LR81] that no deterministic classi-
cal algorithm can solve the DP problem, even if we only
want to ensure that one hungry philosopher will eventu-
ally eat. However, randomly, this is possible; and only
O (1) (classical) memory is required for each philosopher.

Fair leader election problem It turns out that the
DP question is tightly related to the problem of leader
election (LE). In this problem, we have a set of n iden-
tical parties, who want to elect a leader among them-
selves. Each party should have the same probability to

∗dorit.aharonov@gmail.com
†maor.ganz@mail.huji.ac.il
‡loick@e-magnin.com

be elected. Again each party is anonymous and runs the
same algorithm.

A deterministic algorithm always ends in finite time
and results in the election of a single leader. It is easy
to show that LE, like the DP problem, cannot be done
classically in a deterministic way, because LE implies DP.
What about a probabilistic solution?

A randomized LE protocol is allowed to never end or
to not elect a leader with some probability (preferably as
small as possible), but is not allowed to elect more than
one leader. When n is known to the players, or even
when some bound is known, then indeed there exists a
randomized solution to the LE problem [IR90].

It is based on the following idea: each player randomly
chooses a number in some finite range which depends on
n, and the one with the biggest number gets elected. The
players use their knowledge about n to make sure that
there is only a single biggest number.

In the quantum setting, a surprising result due to Tani
et. al [TKM12] provides a quantum algorithm which
solves the exact LE problem. Again, this assumes that
some bound on n is known in advance.

The ring size problem The question of whether n
is known to the players or not, plays an important role
in the context of the LE and DP problems. A related
question is thus the ring size problem. It is defined to
be the problem of finding n, the size of the ring, un-
der the same anonymous conditions. Classically, the ring
size also cannot be deterministically determined even if
we have an upper bound on n beforehand ( [ASW88],
[IR90]), but [IR90] showed that it can be found with
small error probability if we know bounds on the ring
size: N ≤ n < 2N . [IR90] also proved that the ring
size problem can be solved (even when no bound on n is
known beforehand) with arbitrarily small error.

Unfortunately, the probabilistic algorithm for the ring
size problem with error cannot be used to resolve the
LE problem even with error, because due to the error,
the possibility of choosing two leaders cannot be ruled
out. Indeed, we know LE to be impossible even in the
probabilistic setting, if no bound is known on n, but the
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randomized ring size problem can be solved in this set-
ting.

Our results To the best of our knowledge, neither the
DP nor the ring size problem were investigates in the
quantum setting before. Hence the current paper is the
first time they are discussed in this context.

We first show:

Theorem 1 Existence of an exact DP quantum
protocol. (roughly) There exists a quantum protocol for
the exact DP problem, in the setting in which n is known
or at least a bound on it is known.

This follows from the following lemma, which shows
that one can derive a DP algorithm from a LE algorithm,
by a simple classical reduction.

Lemma 2 LE-to-DP. (roughly) The existence of a LE
protocol implies that of a DP - inheriting its properties
[exact / random], with an addition O (n) time.

We can thus use the Quantum algorithm for exact LE
[TKM12] to give the above first result. Unfortunately,
this solution for the DP problem inherits its parame-
ters from the quantum solution. Moving forward, we can
prove that a solution exists which is much more efficient
in terms of memory, and is also just linear in time com-
plexity and communication complexity. To this end, we
reduce the DP problem, to the problem of breaking the
symmetry, namely, dividing the parties to two non-trivial
groups:

Lemma 3 (7) (roughly) Given a symmetry breaking
protocol, there exists a solution to the exact DP problem.

The protocol of [TKM12] offers a way to break the sym-
metry; we find an improved way to achieve symmetry
breaking. This leads to a more efficient algorithm for
exact DP than our first algorithm:

Theorem 4 (3) Efficient exact DP quantum pro-
tocol. (roughly) There exists a deterministic quantum
protocol to the DP problem, when n or an upper bound
on n is known, which uses O (1) quantum memory and
O (log n) classical memory per philosopher and O

(
n2

)
time complexity.

Perhaps one can also prove an implication in the other
direction, DP-to-LE? As we show, this does hold in the
exact (quantum) case when n is known. Thus, the two
problems are equivalent in the quantum setting, whereas
interestingly, in the classical randomized setting they are
not.

We thus make use of the following lemma:

Lemma 5 (4) DP-to-LE in the exact case. Given
a protocol that solves the DP problem deterministically,
when n is known, one can solve the exact LE problem on
a ring.

The proof idea is to use rounds of DP as black box, ad-
vancing eating philosophers to higher rounds, while elim-
inating the others.

By plugging-in our own efficient protocol of DP, we
actually get a significant improvement on the best pre-
viously known quantum algorithm for LE on the ring
(again, when n or a bound on it is known), and with
only O(1) memory:

Theorem 6 (10) A new and more efficient quan-
tum protocol for exact LE on a ring. There exists a
deterministic quantum LE algorithm on a ring of a known
size n with O

(
n2 log n

)
time, O (1) quantum memory

and O (log n) classical memory per philosopher, and total
classical communication complexity of O

(
n2 log n

)
, and

quantum communication complexity of O (n log n).
If only a bound N on n is known, then the algorithm

uses instead O
(
N2 · n

)
time complexity, O (1) quantum

memory and O (logN) classical memory per philoso-
pher, and total quantum bit communication complexity
of O

(
N2

)
and classical bits communication complexity

of O
(
N2 · n

)
.

Open questions What about when n is unknown? It
is long known ([IR90], [AW04]) that LE is classically im-
possible in this case, even for a randomized algorithm.
The idea is that one can build from a successful run on
a ring with n parties, a run on a ring with 2n parties,
by mirroring the parties. This yields two leaders, which
is strictly forbidden. If there exists a quantum protocol
for the exact ring size problem, this would lead to exact
quantum algorithms for these problems. As we recall, a
randomized solution for DP when n is unknown does ex-
ist; However like for LE, an exact protocol for DP is also
not known.

An important related open question is whether these
exact protocols can be achieved with O(1) total (classical
and quantum) memory. This is related to the follow-
ing seemingly basic question: Is there a constant depth,
translation invariant quantum circuit over constant di-
mensional particles on a circle, that can break symmetry
exactly? We conjecture that the answer is no; Proving
impossibility would be interesting, and possibly related
to better understanding of quantum states emerging in
translationally invariant quantum systems.

A Complete paper

A full version of the paper can be found online, quant-
ph arXiv 1707.01187. The additional numbers in paren-
theses next to some of the lemmas and theorems are the
numbers of these lemmas and theorems as they appear
in the full version. We have added those in the cases in
which these numbers do not match the numbers in this
abstract, for convenience of reading.
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Abstract. We give and prove an optimal exact quantum query algorithm with complexity k + 1 for
computing the promise problem (i.e., symmetric and partial Boolean function) DJk

n defined as: DJk
n(x) = 1

for |x| = n/2, DJk
n(x) = 0 for |x| in the set {0, 1, . . . , k, n−k, n−k+1, . . . , n}, and it is undefined for the rest

cases, where n is even, |x| is the Hamming weight of x. The case of k = 0 is the well-known Deutsch-Jozsa
problem. We outline all symmetric (and partial) Boolean functions with degrees 1 and 2, and prove their
exact quantum query complexity. Then we prove that any symmetrical (and partial) Boolean function f
has exact quantum 1-query complexity if and only if f can be computed by the Deutsch-Jozsa algorithm.

Keywords: exact quantum query algorithms, Deutsch-Jozsa problems, query complexity, symmetric
Boolean functions, promise problems

1 General Description

The quantum query models are the quantum analog
to the classical Boolean decision tree models, so they
are also called quantum decision tree models [4] and are
at least as powerful as the classical decision tree model-
s. The implementation procedure of a quantum decision
tree model is exactly a quantum query algorithm, and
it can be roughly described as: it starts with a fixed s-
tarting state |ψs〉 of a Hilbert space H and performs a
sequence of operations U0, Ox, U1, . . . , Ox, Ut, where Ui’s
are unitary operators that do not depend on the input
x but the query Ox does. This leads to the final state
|ψf 〉 = UtOxUt−1 · · ·U1OxU0|ψs〉. The result is obtained
by measuring the final state |ψf 〉.

A quantum query algorithm A exactly computes a
Boolean function f if its output equals f(x) with proba-
bility 1, for all inputs x. The exact quantum query algo-
rithms for computing total Boolean functions also have
been studied. The best known quantum speed-up was
just by a factor of 2 for many years [6, 8]. In 2013, as a
breakthrough result, Ambainis [2] has presented the first
example of a Boolean function f : {0, 1}n → {0, 1} for
which QE(f) = O(D(f)0.8675...), where D(f) denotes the
minimum number of queries used by any classical deter-
ministic query algorithm. The result was improved to
nearly-quadratic separation by Ambainis et al [1, 3] in
2016.

However, for computing partial Boolean functions,
there can be more than exponential separation [5, 9] be-
tween exact quantum and classical deterministic query
complexity, and the first result was the well-known
Deutsch-Jozsa algorithm [7]. Deutsch-Jozsa problem
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iv:1603.06505. This work was supported by the National Natural
Science Foundation of China (Nos. 61572532, 61272058, 61602532)
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can be described as a partial Boolean function DJ0
n :

{0, 1}n → {0, 1} defined as: n is even, and DJ0
n(x) = 1

for |x| = n
2 and DJ0

n(x) = 0 for |x| = 0 or n, and the oth-
er cases are undefined, where |x| is the Hamming weight
of x.

Different from partially symmetric Boolean functions
in literature, the functions DJ0

n and DJ1
n above are both

symmetric and partial, so, they may be termed as sym-
metrically partial Boolean functions (i.e. promise prob-
lems) in this paper and the exact definition can be de-
scribed as follows.

Definition 1 Let f : {0, 1}n → {0, 1} be a partial
Boolean function, and let D ⊆ {0, 1}n be its domain of
definition. If for any x ∈ D and for any y ∈ {0, 1}n with
|x| = |y|, it holds that y ∈ D and f(x) = f(y), then f is
called a symmetrically partial Boolean function. When
D = {0, 1}n, f is a symmetric function.

So, a Boolean function is symmetrically partial if and
only if it is symmetric and partial. In this paper, we give
and prove an optimal exact quantum query algorithm
with complexity k + 1 for computing the symmetrically
partial Boolean functions DJk

n defined as: DJk
n(x) = 1 for

|x| = n/2, DJk
n(x) = 0 for |x| in the set {0, 1, . . . , k, n −

k, n−k+ 1, . . . , n}, and it is undefined for the rest cases,
where n is even, |x| is the Hamming weight of x. The
case of k = 0 is the well-known Deutsch-Jozsa problem
[7].

We outline all symmetrically partial Boolean function-
s with degrees 1 and 2, and prove their exact quantum
query complexity. Then we prove that any symmetri-
cally partial Boolean function f has exact quantum 1-
query complexity if and only if f can be computed by
the Deutsch-Jozsa algorithm.

We also discover the optimal exact quantum 2-query
complexity for distinguishing between inputs of Ham-
ming weight {bn/2c, dn/2e} and Hamming weight in the
set {0, n} for all odd n. In addition, a method is provid-
ed to determine the degree of any symmetrically partial
Boolean function.
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2 A list of our main results

A general generalization of Deutsch-Jozsa problem is
the following symmetrically partial function:

DJk
n(x) =

{
1 if |x| = n/2,
0 if |x| ≤ k or |x| ≥ n− k, (1)

where n is even and 0 ≤ k < n/2. When k = 0, it is the
Deutsch-Jozsa problem, and when k = 1, it equals the
problem given by Montanaro et al [10]. Our first main
result is as follows.

Theorem 2 The exact quantum query complexity of
DJk

n satisfies:
QE(DJk

n) = k + 1. (2)

However, the classical deterministic query complexity
for DJk

n is:
D(DJk

n) = n/2 + k + 1. (3)

A natural question is, what do Boolean functions with
the same exact quantum query complexity have in com-
mon? Due to the importance and simplicity of symmet-
ric functions, here we consider the case of exact quantum
1-query complexity for all symmetrical and partial func-
tions.

Therefore, the question is what can be solved with
exact quantum 1-query complexity? We can pose the
question more precisely: if an exact quantum 1-query
algorithm A computes a symmetrically partial function
f , then, can any symmetrically partial function g with
QE(g) = 1 be computed by A? Our second main result
answers this question as follows.

Theorem 3 Any symmetrical and partial Boolean func-
tion f has QE(f) = 1 if and only if f can be computed
by the Deutsch-Jozsa algorithm.

To prove the above theorem, we prove the following
three results.

Theorem 4 Let n > 1 and let f : {0, 1}n → {0, 1} be an
n-bit symmetric and partial Boolean function. Then:

(1) deg(f) = 1 if and only if f is isomorphic to the

function f
(1)
n,n;

(2) deg(f) = 2 if and only if f is isomorphic to one of
the functions

f
(1)
n,k(x) =

{
0 if |x| = 0,
1 if |x| = k,

(4)

f
(2)
n,k(x) =

{
0 if |x| = 0,
1 if |x| = k or |x| = k + 1,

(5)

f
(3)
n,l (x) =

{
0 if |x| = 0 or |x| = n,
1 if |x| = l,

(6)

f (4)n (x) =

{
0 if |x| = 0 or |x| = n,
1 if |x| = bn/2c or |x| = dn/2e, (7)

where n− 1 ≥ k ≥ bn/2c, and dn/2e ≥ l ≥ bn/2c.

Theorem 5 Let n be even and let f : {0, 1}n → {0, 1} be
an n-bit symmetric and partial function. Then QE(f) =
1 if and only if f is isomorphic to one of these functions:

f
(1)
n,k and f

(3)
n,n/2, where k ≥ n/2.

Theorem 6 Let n be odd and let f : {0, 1}n → {0, 1} be
an n-bit symmetric and partial function. Then QE(f) =
1 if and only if f is isomorphic to one of the functions

f
(1)
n,k, where k ≥ dn/2e.
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Abstract. We present a quantum algorithm for systems of (possibly inhomogeneous) linear ordinary dif-
ferential equations with constant coefficients. The algorithm produces a quantum state that is proportional
to the solution at a desired final time. The complexity of the algorithm is polynomial in the logarithm of
the inverse error, an exponential improvement over previous quantum algorithms for this problem. Our
result builds upon recent advances in quantum linear systems algorithms by encoding the simulation into
a sparse, well-conditioned linear system that approximates evolution according to the propagator using a
Taylor series. Unlike with finite difference methods, our approach does not require additional hypotheses
to ensure numerical stability. The full version of this work is given in Ref. [1].

Keywords: quantum algorithm, complexity, differential equations

1 Introduction

One of the original motivations for developing a quan-
tum computer was to efficiently simulate Hamiltonian dy-
namics, i.e., differential equations of the form d~x

dt = A~x
where A is anti-Hermitian. Given a suitable description
of A, a copy of the initial quantum state |x(0)〉, and an
evolution time T , the goal is to produce a quantum state
that is ε-close to the final state |x(T )〉. The first algo-
rithms for this problem had complexity polynomial in 1/ε
[2, 3, 4, 5]. Subsequent work gave an algorithm with com-
plexity poly(log(1/ε))—an exponential improvement—
which is optimal in a black-box model [6]. More re-
cent work has streamlined these algorithms and improved
their dependence on other parameters [7, 8, 9, 10, 11, 12].

While Hamiltonian simulation has been a focus of
quantum algorithms research, the more general prob-
lem of simulating linear differential equations of the form
d~x
dt = A~x + ~b for arbitrary A is less well studied. Ref-
erence [13] solves this problem using a quantum linear
systems algorithm (QLSA) [14] to implement linear mul-
tistep methods, which represent the differential equations
with a system of linear equations by discretizing time.
The complexity of this approach is poly(1/ε). Consider-
ing the recent improvements to the complexity of Hamil-
tonian simulation, it is natural to ask whether linear dif-
ferential equations can be solved more efficiently as a
function of ε.

Hamiltonian simulation is a central component of the
QLSA, and the techniques underlying poly(log(1/ε))
Hamiltonian simulation have been adapted to give a
QLSA with complexity poly(log(1/ε)) [15]. However,
even if this improved QLSA is used to implement the
algorithm of Ref. [13], the overall complexity is still
poly(1/ε), since the multistep method is a source of error.

In this work, we circumvent these limitations and
present a new quantum algorithm for linear differential

∗dominic.berry@mq.edu.au
†amchilds@umd.edu

equations with complexity poly(log(1/ε)), an exponen-
tial improvement over Ref. [13]. We use the new QLSA
in Ref. [15], but encode a truncation of the Taylor series
of exp(At), the propagator for the differential equation,
into a linear system, instead of using a linear multistep
method.

2 Contribution

2.1 Our Result

More formally, we consider the following problem:

ODE Simulation Problem: The N ×N matrix A =
V DV −1 is diagonalizable, s-sparse, and has eigenvalues
with non-positive real parts. In addition, ~b and ~xin are
N -dimensional vectors with known norms. We have an
oracle that computes entries of A, as well as oracles that
prepare states proportional to~b and ~xin. Produce a quan-
tum state ε-close (in `2 norm) to ~x(T )/‖~x(T )‖ for T > 0,
where ~x has the initial condition ~x(0) = ~xin and evolves
according to

d~x

dt
= A~x+~b. (1)

Our algorithm for solving this problem achieves the fol-
lowing (see Theorem 9 in [1]):

Main Result: Let g := maxt∈[0,T ] ‖~x(t)‖/‖~x(T )‖,
β := (‖~xin‖ + T‖|b〉‖)/‖~x(T )‖ and κV = ‖V ‖ · ‖V ‖−1.
There is a quantum algorithm that solves the ODE
Simulation Problem with constant probability which has
query and gate complexities that are poly(log (β/ε)) and
linear (up to logarithmic factors) in ‖A‖, T , s, g, and κV .

In addition to scaling well with the simulation error,
our algorithm has favourable performance as a function
of other parameters. The complexity is nearly linear in
the evolution time, which is a quadratic improvement
over Ref. [13] and is nearly optimal [5]. The complexity
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is also nearly linear in the sparsity of A and in g, which
characterizes the decay of the solution vector. The lat-
ter dependence is necessary since producing a normalized
version of a subnormalized solution vector is equivalent to
postselection, which is computationally intractable [16].
Along similar lines, we assume that the eigenvalues of
A have non-positive real parts, since it is intractable to
simulate exponentially growing solutions. This improves
upon Ref. [13], where the eigenvalues λ of A must sat-
isfy | arg(−λ)| ≤ α for some constant α depending on the
stability of the multistep method.

2.2 High-level Overview

Our new method is based on approximating the ma-

trix exp(Ah) by the sum Tk(Ah) =
∑k

j=0(Ah)j/j! and
then using that approximation to evolve the system for-
ward. The exact solution of the equation is ~x(t) =

exp(At)~x(0) + [exp(At) − I]A−1~b which we can approxi-
mate for small times h as ~x(h) = Tk(Ah)~x(0)+[Tk(Ah)−
I]A−1~b = Tk(Ah)~x(0)+

∑k
j=1[(Ah)j−1/j!]h~b. To see how

we implement this approximation, consider the following
linear system for k = 4.

I 0 0 0 0 0
−Ah I 0 0 0 0
0 −Ah/2 I 0 0 0
0 0 −Ah/3 I 0 0
0 0 0 −Ah/4 I 0
−I −I −I −I −I I




~z0
~z1
~z2
~z3
~z4
~z5

 =



~x(0)
~bh
0
0
0
0


(2)

The vector on the right-hand side only contains infor-
mation about the initial state and the inhomogeneity;
however, solving this system gives a vector that includes
information about ~x(h).

If we used a QLSA to solve this system, then we would
have a state proportional to

∑5
j=0 ~zj ⊗ |j〉. Conditioned

on measuring 5 in the last register, we would have a state
proportional to ~z5 = T4(Ah)~x(0) + [T4(Ah) − 1]A−1~b ≈
~x(h) up to some error. For j < 5 the ~zj do not give useful
information about the evolution of the state.

Using Tk(Ah) to evolve the system is advantageous be-
cause the coefficients for the Taylor series decay factori-
ally, so we obtain a good approximation of exp(Ah) even
with small k (i.e. low order of truncation). This should be
contrasted with Berry’s algorithm [13] which uses linear
multistep methods whose errors do not decay as rapidly
when going to higher orders. Berry’s algorithm also re-
quired additional hypotheses to guarantee the numerical
stability of the multistep method, whereas this is not a
problem for the Taylor series approach.

The system above only evolves forward for a short time
h. To evolve for the total time T , we simply construct
a matrix containing T/h copies of the matrix above (we
would choose h so T/h is an integer). In addition, at
the end we use lines with

(
· · · 0 −I I 0 · · ·

)
in

the matrix, to obtain a solution where many of the ~zj
are equal to the final value, which approximates ~x(T ).
Success is obtained when we obtain one of the ~zj that
approximates ~x(T ), so by this process we can boost the
success probability to a constant. See Section 2 of Ref. [1]
for details of this construction.

3 Conclusion

Compared to the previously proposed quantum algo-
rithm for linear differential equations [13], our algorithm
shows an exponential improvement with respect to the
error. Our result adds to the growing literature of quan-
tum algorithms for differential equations. Linear systems
are ubiquitous in the mathematical and natural sciences,
so our algorithm could be utilized in real-world applica-
tions of quantum computing.

References

[1] Dominic W Berry, Andrew M Childs, Aaron Ostran-
der, and Guoming Wang. Quantum algorithm for
linear differential equations with exponentially im-
proved dependence on precision. arXiv:1701.03684,
2017.

[2] Seth Lloyd. Universal quantum simulators. Science,
273(5278):1073–1078, 1996.

[3] Dorit Aharonov and Amnon Ta-Shma. Adiabatic
quantum state generation and statistical zero knowl-
edge. In Proc. of the 35th ACM STOC, pages 20–29,
2003.

[4] Andrew M. Childs. Quantum information process-
ing in continuous time. PhD thesis, Massachusetts
Institute of Technology, 2004.

[5] Dominic W. Berry, Graeme Ahokas, Richard Cleve,
and Barry C. Sanders. Efficient quantum algorithms
for simulating sparse Hamiltonians. Comm. Math.
Phys., 270(2):359–371, 2007.

[6] Dominic W. Berry, Andrew M. Childs, Richard
Cleve, Robin Kothari, and Rolando D. Somma. Ex-
ponential improvement in precision for simulating
sparse Hamiltonians. In Proc. of the 46th ACM
STOC, pages 283–292, 2014.

[7] Dominic W. Berry, Andrew M. Childs, Richard
Cleve, Robin Kothari, and Rolando D. Somma. Sim-
ulating Hamiltonian dynamics with a truncated Tay-
lor series. Phys. Rev. Lett., 114(9):090502, 2015.

[8] Dominic W. Berry, Andrew M. Childs, and Robin
Kothari. Hamiltonian simulation with nearly opti-
mal dependence on all parameters. In Proc. of the
56th Annual Symposium on Foundations of Com-
puter Science, pages 792–809, 2015.

[9] Guang Hao Low and Isaac L. Chuang. Optimal
Hamiltonian simulation by quantum signal process-
ing. Phys. Rev. Lett., 118(9):010501, 2017.

[10] Dominic W. Berry and Leonardo Novo. Cor-
rected quantum walk for optimal Hamiltonian sim-
ulation. Quantum Information and Computation,
16(15-16):1295, 2016.

[11] Guang Hao Low and Isaac L. Chuang. Hamiltonian
simulation by qubitization. arXiv:1610.06546, 2016.

14



[12] Leonardo Novo and Dominic W. Berry. Improved
Hamiltonian simulation via a truncated Taylor series
and corrections. Quantum Information and Compu-
tation, 17:0623, 2017.

[13] Dominic W. Berry. High-order quantum algorithm
for solving linear differential equations. J. Phys. A,
47(10):105301, 2014.

[14] Aram W. Harrow, Avinatan Hassidim, and Seth
Lloyd. Quantum algorithm for linear systems of
equations. Phys. Rev. Lett., 103(15):150502, 2009.

[15] Andrew M. Childs, Robin Kothari, and Rolando D.
Somma. Quantum linear systems algorithm with
exponentially improved dependence on precision.
arXiv:1511.02306, 2015.

[16] Scott Aaronson. Quantum computing, postselec-
tion, and probabilistic polynomial-time. P. Roy.
Soc. Lond. A, 461(2063):3473–3482, 2005.

15



Quantum centrality ranking via quantum walks and its experimental
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Abstract. Network centrality has important implications well beyond its role in physical and informa-
tion transport analysis; as such, various quantum-walk-based algorithms have been proposed for measuring
network vertex centrality. In this work, we propose a continuous-time quantum walk algorithm for deter-
mining vertex centrality, and show that it generalizes to arbitrary graphs via a statistical analysis of
randomly generated scale-free and Erds-Rnyi networks. As a proof of concept, the algorithm is detailed
on a four-vertex star graph and physically implemented via linear optics, using spatial and polarization
degrees of freedoms of single photons; the first successful physical demonstration of a quantum centrality
algorithm. Finally, we extend our quantum centrality to directed non-Hermitian graph structures using
PT-symmetric quantum walks; a statistical analysis shows strong agreement with the classical PageRank
measure on directed acyclic graphs.

Keywords: network centrality, quantum information, quantum algorithms, non-Hermitian dynamics

Quantum walks are an important tool in the field of
quantum information theory. Indeed as a method of uni-
versal quantum computation [4], they have motivated the
creation of quantum algorithms that are faster and more
efficient than their classical analogues [3], and provided
a vital link between quantum computation and model-
ing complex quantum dynamical systems (for example,
photosynthesis [7]). Moreover, in providing a method of
modelling network structures that doubles as a universal
system of quantum computation, the quantum walk is
uniquely placed in the quest to find quantum analogues
of classical network algorithms. As such, one potential
application of the quantum walk is in providing an effi-
cient quantum algorithm for vertex centrality ranking in
network analysis. Network centrality has important im-
plications well beyond its role in physical and informa-
tion transport analysis; as such, various quantum-walk-
based algorithms have been proposed for measuring net-
work vertex centrality. These include algorithms built on
the standard discrete-time quantum walk [3], the Szegedy
discrete-time quantum walk [9, 10, 6], or the continuous-
time quantum stochastic walk (QSW) [6, 11, 5]. How-
ever, whilst comparing well to classical centrality mea-
sures, these have the distinct disadvantage of requiring
expanded Hilbert spaces (up to N2 dimensions for a
graph of N vertices), or in the case of the QSW, mut-
ing the quantum behaviour due to decoherence. As such,
these quantum algorithms require increased quantum re-
sources, and as a result, for large networks are difficult
to implement on current experimental setups.

We instead propose a continuous-time quantum walk
algorithm for determining vertex centrality, allowing us
to preserve the full quantum behaviour of the walker,
whilst limiting the dimension of the Hilbert space to N .

∗josh.izaac@uwa.edu.au
†jingbo.wang@uwa.edu.au

Further, we show that this scheme generalizes to arbi-
trary graphs via a statistical analysis of randomly gen-
erated scale-free and Erdős-Rényi networks; the analysis
indicates that the proposed measure is highly correlated
with the classical eigenvector centrality, and we suggest
that it provides an extension of the eigenvector centrality
to the quantum realm. As a proof of concept, the algo-
rithm is detailed on a four-vertex star graph and phys-
ically implemented via linear optics, using spatial and
polarization degrees of freedoms of single photons. This
talk reports the first successful physical demonstration of
a quantum centrality algorithm.

Unfortunately, one disadvantage of the quantum walk
as utilised above is the imposition of unitarity, due to
the quantum nature of the walkers. As such, the con-
ventional quantum walk is unable to model or analyze
directed network structures, without either a) resulting
in non-unitary dynamics, or b) modifying the framework.
This serves as a particular hindrance in extending estab-
lished quantum algorithms (e.g. quantum search, cen-
trality measures, graph isomorphism) and quantum dy-
namical models to systems with direction/biased poten-
tials (such as transport of electrons or excitons).

One such solution to this problem lies in the field
of PT-symmetry, which offers the capability to perform
quantum walks on directed graphs with non-Hermitian
Hamiltonians whilst preserving the norm [1, 2, 8]. Thus,
in the second part of this presentation, we formalize a
rigorous framework for continuous-time quantum walk-
ers on pseudo-Hermitian directed graph structures. This
is then extended to the cases of multi-particle quantum
walks and interdependent networks, before being applied
to measure vertex centrality in ensembles of randomly
generated PT-symmetric scale-free and Erdős-Rényi net-
works – resulting in strong agreement with the classical
PageRank algorithm, and enabling the proposed quan-
tum ‘eigenvector-like’ centrality algorithm to accurately
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extract the most central vertex in directed acyclic net-
works which fail under the classical eigenvector centrality.
Furthermore, we show that this formalism is equivalent to
considering an undirected, yet weighted, complete graph
with self-loops, providing a structural interpretation that
may lead to simple experimental implementation.

Whilst prior work on quantum centrality measures
has generally focused on discrete-time quantum walk-
based algorithms, our work shows that those based on
continuous-time quantum walks should not be so read-
ily discounted. With a reduced Hilbert space, they
have the ability to rank vertices in a manner sugges-
tive of the classical eigenvector centrality, providing
an extension of eigenvector centrality to the quantum
realm. Moreover, through the PT-symmetric framework,
this proposed centrality scheme can be extended to di-
rected graph structures, and provide centrality rank-
ing on graphs which the classical eigenvector central-
ity ranking is inconclusive. Finally, we have demon-
strated a successful experimental implementation of a
quantum centrality scheme. By exploring the capability
of continuous-time quantum walks in network centrality
analysis, the work presented here may, in future, lead
to easily-implementable and efficient quantum centrality
algorithms that take advantage of the potential speedup
provided by quantum computation.
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Resource theory is a widely applicable framework for analyzing the physical resources re-
quired for given tasks, such as computation, communication, and energy extraction. We
propose a general scheme for analyzing resource theories based on resource destroying maps,
which leave resource-free states unchanged but erase the resource stored in all other states.
We introduce a group of general conditions that determine whether a quantum operation
exhibits typical resource-free properties in relation to a given resource destroying map. Our
theory reveals fundamental connections among basic elements of resource theories, in partic-
ular, free states, free operations, and resource measures. In particular, we define a class of
simple resource measures that can be calculated without optimization, and that are mono-
tone nonincreasing under operations that commute with the resource destroying map. We
apply our theory to the resources of coherence and quantum correlations (e.g., discord), two
prominent features of nonclassicality.

In an upcoming work, we use the theory of resource destroying map to show a rather sur-
prising result that a simple discord measure called diagonal discord is generically monotone
under local discord non-generating operations.

Resource theory originates from the observation that certain properties of physical systems
become valuable resources, when the operations that can be performed are restricted so that such
properties are hard to create. The framework of resource theory has been applied to various other
concepts in quantum information, such as purity [1], magic states [2] and coherence [3, 4], and to
broader areas, such as asymmetry [5] and thermodynamics [6]. In recent years, considerable effort
has been devoted to developing a unified framework of resource theories [7–9]. In particular, Ref.
[7] studies the general case where the set of free operations is maximal, i.e., all (asymptotically)
resource non-generating operations are allowed, when the resource satisfies several postulates (e.g.,
the set of free states is convex). Some key aspects of resource theories are not addressed by existing
frameworks, however. For example, characterizing a proper set of free operations is frequently a
major difficulty in establishing a resource theory, and we do not yet have general principles and
understandings for nonmaximal theories. Indeed, a successful resource theory is usually specified by
physical restrictions on the set of allowed operations: LOCC and thermal operations [6, 10, 11] are
prominent examples. But such restrictions are often stronger than merely nongenerating, and may
lead to mathematical difficulties in characterizing and calculating monotones. Moreover, existing
results do not apply to some resources, such as discord, where the set of free states is nonconvex.

In this work, we propose a mathematically friendly framework of resource-free operations based
on the notion of resource destroying maps. Our framework applies to all resources including those
with nonconvex sets of free states.

Resource destroying maps. This is the key concept of our theory. Let F be the set of
free states for a certain theory. For all input states ρ, a resource destroying map λ satisfies the
following requirements: (i) resource destroying: if ρ 6∈ F , λ(ρ) ∈ F ; (ii) nonresource fixing: if
ρ ∈ F , λ(ρ) = ρ. In other words, a resource destroying map outputs a free state if the input is
not free, and leaves the input unchanged otherwise. The resource destroying map characterizes
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the resource-free space: F consists precisely of the fixed points of λ. It is easy to see that resource
destroying maps are idempotent and surjective. It is helpful to draw an analogy with fiber bundles:
λ defines a bundle projection onto F . Call a non-free state a parent state of its image free state.
Then each free state defines a family consisting of corresponding parent states (the fiber) and the
free state itself. Note that many important properties of our framework sharply contrast linear
resource destroying maps with nonlinear ones (which we discuss in the long version).

Note that a resource destroying map does not have to be completely positive or linear, and can
be highly nonuniform. However, we are mostly interested in the physically motivated ones, usually
with simple descriptions that work universally for all inputs. For example, the simplest case is
when the resource destroying map can be represented by a quantum channel. It can be shown that
λ cannot be a linear map (thus not a channel) when F is nonconvex.

Resource-free conditions. The definition of resource destroying maps allows us to write
down a group of general conditions that determine whether an operation exhibits various key
resource-free properties. Consider a theory with resource destroying map λ. The following duo of
conditions

E ◦ λ = λ ◦ E ◦ λ (1)

λ ◦ E = λ ◦ E ◦ λ (2)

respectively determines if a quantum operation E is resource non-generating/non-activating. The
free set F is closed under resource non-generating operations [Eq. (1)]: they never map a free state
to a resourceful one. This is a necessary constraint on free operations, since any other operation
can create resource, thus making the theory trivial. As studied in e.g. [7, 8], such maximal theories
(under some assumptions e.g. convexity) possess a common structure: they are reversible, and
the regularized relative entropy is the unique monotone (asymptotically). On the other hand,
the non-activating condition [Eq. (2)] has not been well studied to our knowledge. Think of the
output of λ as the free part of an input state. This condition means that E cannot make use
of the resource stored in any input to affect the free part. An alternative interpretation is that
resource non-activating operations do not mix up fibers in the fiber bundle. More colloquially, such
operations never break apart a family: members of the same family cannot be mapped to different
families. The combination of these two constraints gives us the commuting condition:

λ ◦ E = E ◦ λ. (3)

It is also meaningful to consider the “selective” versions of each condition: in practice, one may want
to require that the above conditions be satisfied even when considering selective measurements,
i.e., the outcome of the measurement is accessible. This leads to the following variation of each
condition: there is a Kraus decomposition E(·) =

∑
µKµ · K†µ such that all Kraus arms Eµ(·) ≡

Kµ ·K†µ satisfies the condition.

The sets of free operations derived from the above resource destruction framework exhibit several
general features. We show that certain free operations can be constructed by composing arbitrary
operations and the resource destroying map in certain sequences. Moreover, all conditions hold
for convex combinations when λ is linear, and for compositions. In particular, we demonstrate
that the commuting condition plays a key role in the quantification of resources. In particular, the
distance (as measured by any contractive distance measure) between a state and its resource-free
version is monotone nonincreasing under commuting operations. More formally, for any state ρ
and contractive distance D, define D̃(ρ) := D(ρ, λ(ρ)), then, for any Γ that commutes with λ,

D̃(ρ) ≥ D(Γ(ρ),Γ(λ(ρ))) = D(Γ(ρ), λ(Γ(ρ))) ≡ D̃(Γ(ρ)), (4)
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where the inequality follows from the contractivity of D. Therefore, for any resource theory with
free operations satisfying the commuting condition, we have a class of computationally easy mono-
tones which avoid optimizations (given that λ is suitably defined). We should note that D̃ is not
necessarily continuous everywhere when λ is nonlinear, which requires more careful analysis in
application (as will be demonstrated for discord).

Applications. Coherence and quantum correlations are prominent features of nonclassical
systems, which are under active study in recent years. We explicitly apply our framework to these
two theories in this work.

The resource theory treatment of coherence has drawn a lot of attention in recent years. See [12]
for a recent review. For coherence, the natural resource destroying map is simply a measurement
in the preferred basis. We show that a class of coherence-free operations with different physical
correspondences can be derived from our theory. Notably, several recent proposals, namely In-
coherent Operations [3, 4], Strictly Incoherenct Operations [13], Dephasing-covariant Operations
(appeared during the preparation of this work) [14, 15], naturally emerge from the theory of coher-
ence destroying map. The results of coherence can therefore be extended to other theories through
our framework. See the long version for more details.

On the other hand, discord-type quantum correlation has been refusing satisfactory treatments
within the framework of resource theories. Unlike separable states for entanglement, the sets of
classically correlated states (discord-free states) are nonconvex, and various key aspects of discord
such as free operations are poorly understood. Nevertheless, discord fits well into our theory, which
provides new insights into discord-free operations and discord monotones. The canonical discord
destroying map is simply a local measurement in the eigenbasis, which we call π: classically corre-
lated states are fixed points of π (on the classical side); and a local projective measurement always
erases discord. Local operations that do not create discord have been studied in Refs. [16, 17],
but other classes have not been considered before to our knowledge. We find that some of the
simplest quantum operations exhibit typical but different behaviors in this theory. In this paper
and an upcoming work [18], we show that all local isotropic channels (including unitary, antiuni-
tary, depolarizing channels and their combinations) are π-commuting. Local rank-one projective
measurements, however, are discord non-generating but activating. We also define a measure-and-
prepare protocol depending on the input that can generate but cannot activate discord, but it is
unclear at the moment whether there are channels in this class. Contractive distances between any
ρAB and πA(ρAB), e.g., a physically motivated simple measure of discord called diagonal discord
[19], are monotone under X(π) (so all isotropic channels). Together with some numerical evidence
[18], we find that, rather surprisingly, diagonal discord is likely monotone under all local discord
non-generating channels. We should point out that diagonal discord may suffer from discontinuities
[20, 21], however it can be shown that they do not occur at full rank non-degenerate states [18].

Concluding remarks. In this work, we propose a simple and widely applicable theory of
resource theories based on the notion of resource destroying maps. Our theory provides a gen-
eral scheme for understanding the power of quantum operations in relation to certain quantum
resources. The theory shows how to extend results that have been previously derived for specific
resources to a more general class of resource theories. In particular, our framework may lead to
conceptual advances in understanding nonconvex theories such as discord. It would also be inter-
esting to apply the framework of resource destroying maps to other important resource theories,
such as those of entanglement, magic states, asymmetry and thermodynamics.
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While quantum computers are expected to yield considerable advantages over classical
devices, the precise features of quantum theory accounting for these advantages remain
unclear. Contextuality—the denial of a notion of classical physical reality—has emerged as
a promising hypothesis.

Howard et al. showed that single-qudit magic states, resources critical to achieving quan-
tum universality, exhibit a standard form of contextuality known to facilitate probabilistic
advantages in computational and communicational tasks. Strong contextuality is a logi-
cal form of contextuality describing systems, e.g. the GHZ state, that exhibit paradoxical
behaviour: the true statements describing their response to measurement are inconsistent.

We consider the role of paradoxes in deterministically achieving quantum universality. We
present large families of strongly contextual multiqudit magic states admitting deterministic
implementation of gates from the third level of the Clifford hierarchy. Our results contribute
to the computational resource theory of contextuality by applying logical tools towards a
structural understanding of quantum information theory.

Despite decades of research, identification of the precise physical and logical features accounting
for quantum advantages over classical devices, and the mechanisms by which they do so, remains a
pressing open problem in quantum computation. Further refinement of quantum computational re-
source theories will clarify for which computational problems quantum computers offer advantages
and facilitate concrete design improvements in the architecture of quantum devices.

Contextuality is a concept from the foundations of quantum mechanics first articulated by
Bell-Kochen-Specker [1, 2]. Their theorem denies the possibility of a classical explanation for the
statistical predictions of quantum theory in terms of hidden variables. Quantum measurements
cannot be straightfowardly modelled as revealing properties of a pre-existing classical reality. Con-
textuality subsumes nonlocality as a special case. Contextuality and nonlocality have emerged as
promising hypotheses as essential quantum resources needed for achieving advantages in computa-
tion and communication. In particular, a recent, seminal result of Howard et al. [3] demonstrates
the necessity of contextuality in fault-tolerantly achieving quantum universal computation in the
experimentally tractable setting of magic state distillation.

Our motivation is to refine the computational resource theory of contextuality by considering
the role of logical paradoxes realized by quantum resources. These paradoxes are relevant in a
diverse variety of settings: e.g. nonlocal games [4, 5], measurement-based quantum computation
[6], zero-error information theory [7], etc. We consider here, for the first time, their role in achieving
(fault-tolerant) universal quantum computation [8].

I. STRONG CONTEXTUALITY AND GHZ-TYPE PARADOXES

We make essential use of Abramsky-Brandenburger’s notion of strong contextuality [9], which
generalizes the notion of maximal nonlocality introduced by Elitzur-Popescu-Rohrlich [10] and Bar-
rett et al. [11]; it captures the paraxodical nature of systems that is key to achieving deterministic
advantages. Well known examples of strong contextuality include the GHZ state [12] and the PR
box [13]. Whereas standard contextuality is witnessed by the violation of a probabilistic inequality
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[14–16], strong contextuality is witnessed by a logical paradox [17]. Correlations exhibiting standard
probabilistic contextuality can be seen as stochastic mixtures of classical and paradoxical systems
[18]. Thus, the probabilistic advantage conferred by contextual resources can be understood as
a consequence of probabilistic access to paradoxical resources (and their attendant conferment of
deterministic advantages).

II. CONTEXTUALITY AS A RESOURCE

Contextuality (and the special case of nonlocality) has been shown to be critical to achieving
quantum advantage in a variety of information theoretic tasks. The pattern of strongly contex-
tual resources conferring deterministic advantages is seen in a diverse variety of computational
and communicational tasks: e.g. communication complexity [19], measurement-based quantum
computation [20], nonlocal games [4], zero-error classical channel capacity [7], etc.

Sharing an unlimited number of PR boxes between two parties renders all communication
complexity problems trivial [19]. Kochen-Specker configurations play an essential role in boosting
the zero-error (i.e. deterministic) capacity of certain classical channels [7]. Perfect strategies for
nonlocal games require strongly contextual resources [18].

Anders and Browne [21] proved that a linear computer with access to a GHZ state can deter-
ministically compute the OR of two bits (a non-linear function). The input bits determine which
measurements performed on the three qubits; linear post-processing of the measurement outcomes
yields the desired output bit. Raussendorf [20] generalised this to linear measurement-based quan-
tum computers. A computer restricted to performing linear arithmetic with access to measurements
on an empirical model can, with non-zero probability, compute a nonlinear function only if the
empirical model is contextual. It can deterministically compute a nonlinear function only if the
resource is strongly contextual. The success probability of the computation is bounded by the
product of a measure of the function’s nonlinearity and the contextual fraction of the resource
state [18].

III. RESULTS

As in Howard et al., we consider stabilizer quantum mechanics [22]. Circuits built within this
scheme, i.e. from Clifford gates, are relatively easy to implement in a fault-tolerant way. By
the Gottesman-Knill theorem [23], however, these circuits are efficiently classically simulable and
thus offer none of the power of quantum computation. The ability to perform a non-Clifford gate
promotes this scheme to universal quantum computation. This can be achieved by state injection
[24]: a variation on the quantum teleportation protocol that consumes a resource magic state and
implements a non-Clifford gate. Howard et al. showed that single-qudit magic states, resources
critical to achieving quantum universality, exhibit standard contextuality with respect to two-qudit
stabilizer operations once paired with an ancilla qudit. In this work, we consider the contextuality
properties of two-qudit resources needed for deterministic state injection.

Here, we establish a link between strong contextuality and the Clifford hierarchy [22], a distin-
guished class of gates admitting deterministic state injection. In contrast, a general magic state
must undergo a stochastic distillation and injection process (due to Bravyi and Kitaev [8]) before
being converted into a non-Clifford gate. We present large families of strongly contextual mul-
tiqudit magic states admitting deterministic implementation of gates from the third level of the
Clifford hierarchy.

Unlike Howard et al., we consider genuinely multiqudit states without the need for ancilla
qudits. We also make no use of negativity or Wigner functions [25]; instead, we exhibit GHZ-type
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paradoxical behaviour via elementary number theory.
The structure of our results is as follows:

• We use Cui-Gottesman-Krishna’s recent classification of the diagonal gates of the Clifford
hierarchy [26] to define strong magic states (Definition 1) as those capable of deterministically
injecting gates from the third level with the reasonable restriction of having vanishing local
terms.

• We prove a surprising lemma about the class of possible hidden variable models for multiqudit
stabilizer quantum mechanics. Lemma 1 indicates that such hidden variable models must
preserve the vector space structure of the Gross phase space [30] for stabilizer theory.

• We provide a number-theoretic criterion (Lemma 2) for the possibility vs. impossibility of
witnessing a given joint outcome upon stabilizer measurements on magic states.

• By choosing appropriate measurements to witness our paradoxes (Table 1), and exploiting
Dickson’s 1896 classification of permutation polynomials of low degree [31] (Theorem 2), we
are able to prove that all strong magic states exhibit generalised GHZ-type paradoxes. These
paradoxes exist in infinitely many dimensions.

IV. SIGNIFICANCE AND OUTLOOK

We have presented large families of genuinely multiqudit magic states exhibiting GHZ-type
paradoxes that are intimately connected with the Clifford hierarchy. The families exist in arbitrarily
large dimensions. Our results solidify the intuition that the logical paradoxes described by strong
contextuality (and nonlocality) play an important role in facilitating deterministic advantages
over classical devices. Most analyses of contextuality as a resource have considered standard
contextuality and probabilistic advantage; probabilistically contextual resources can be seen as
mixtures of strongly contextual and classical resources.

A closer analysis of how these states facilitate the deterministic conversion of magic states
into third level gates is warranted. A natural further question is to classify strong contextuality
in stabilizer mechanics and to fully delineate its relationship with the Clifford hierarchy. (It is
noteworthy that Lemma 2 holds even when Φ is not a polynomial. That the diagonal subset of
the Clifford hierarchy is defined using polynomials provides a strong hint that of their underlying
logical structure. Cubics are particularly suited for been proven to be permutation polynomials.)
This may require extension the elegant characterisation of Cui, Gottesman, and Krishna, from the
diagonal to the general case.

V. ACKNOWLEDGEMENTS

We thank Samson Abramsky, Rui Soares Barbosa, Eric Cavalcanti and Mark Howard for helpful
discussions. Financial support from the EPSRC via grant EP/N017935/1 (Contextuality as a
resource in quantum computation) is gratefully acknowledged. This work was partially conducted
during the Logical Structures in Computation programme at the Simons Institute for the Theory
of Computing at the University of California, Berkeley.

24



4

In these appendices we:

• Prove background material on contextuality, with formal mathematical definitions.

• Prove the background material on multiqudit stabilizer mechanics as presented by Gross [30]
as well as the Cui-Gottesman-Krisha [26] classification of the diagonal Clifford hierarchy.

• Give our definitions and results and outline the structure of the proof of our main theorem.

• Give the details of the proofs of our lemmas and main theorem.

VI. APPENDIX I: CONTEXTUALITY, PROBABILISTIC AND PARADOXICAL

Here, we follow the Abramsky-Brandenburger framework for contextuality and nonlocality [9].
An experiment wherein it is not assumed that all measurements can be performed simultaneously is
formally described by a measurement scenario: a triple (M, C,O) whereM is a set of measurement
labels and C is the set of contexts. A context is a maximal set C ⊂M of compatible measurements.
Measurement of each individual m ∈ M yields a value from the outcome set O. For example, the
standard Bell scenario is captured by M = {A0, A1, B0, B1}, contexts C = {{Ax, By} : x, y ∈
{0, 1}}, and outcome set O = {0, 1}. Empirical data from performing an experiment on a system
in a fixed state is given by a context-indexed family of conditional distributions EC : OC → [0, 1] on
joint outcomes. Data satisfying physically reasonable conditions of generalised nonsignalling—the
marginal distributions EC |C∩C′ and EC′ |C∩C′ agree for all C and C ′—constitute an empirical model
E .

An empirical model E is noncontextual when its predictions can be accounted for by a noncon-
textual hidden variable model. Such a hidden variable model can, without loss of generality [9, 27],
be assumed to have a canonical form: the hidden variable space is Λ = OM with hidden variables
being functions λ :M→O together with a distribution µ : Λ→ [0, 1] yielding the EC as marginal
distributions. Data arising from a hidden variable model will satisfy all Bell-type inequalities; thus,
contextuality is witnessed by violation of an inequality.

A hidden variable λ :M→O and an empirical model E are consistent when, for each context,
the joint outcome λ prescribes to the measurements in M has nonzero probability: EC(λ|C) > 0. An
empirical model is strongly contextual when it is inconsistent with all hidden variables. Well-known
examples of strongly contextual empirical models include GHZ states and PR boxes. Whereas the
standard probabilistic form of contextuality is witnessed by a violation of an equality, strong
contextuality is witnessed by a logical paradox.

To each measurement M ∈ M and outcome o ∈ O, the symbol Mi → o, is interpreted as “m
is measured resulting in the outcome o”. For measurements M1, ...,Mn ∈ C in a common context
C, one can construct sentences with symbols Mi → o and the connectives AND, OR, and NOT.
The theory of an empirical model is the subset of sentences that are true with certainty upon
measurement, no matter the outcome. A state is strongly contextual if and only if its theory is
logically inconsistent.

An empirical model E can be expressed as a convex mixture of a noncontextual part ENC and
a strongly contextual part ESC as E = CF(E)ESC + [1 − CF(E)]ENC . Here, CF(E) is a measure
of contextuality known as the contextual fraction [9]; it generalises the nonlocal fraction [11]. An
empirical model is strongly contextual if and only if CF(E) is 1. Thus, the contextual fraction
measures the degree to which a model provides probabilistic access to paradoxical data. Strongly
contextual models have a geometric interpretation: they are precisely the convex sums of the
nonsignalling polytope’s contextual vertices [28, 29].
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VII. APPENDIX III: STABILIZER QUANTUM MECHANICS

Here, we follow the presentation of Gross [30]. In what follows, d is an odd prime num-
ber. The d-dimensional single-qudit Pauli spin matrices are defined by X(q) |j〉 = |j + q〉 and
Z(p) |j〉 = ωpj |j〉 where ω is the phase factor e2πi/d and addition is modulo d. A Weyl operator,
represented by phase point coordinates in Z2

d, is defined by W (p, q) = ω−2−1pqZ(p)X(q) where
2−1 denotes the multiplicative inverse of 2 in Zd. An n-particle Weyl operator, represented by
coordinates in Z2n

d , is defined as W (p1, q1, ..., pn, qn) = W (p1, q1)⊗ ...⊗W (pn, qn). For notational
convenience, we denote a point (p1, q1, ..., pn, qn) in an n-particle phase space as (p,q). The sym-
plectic inner product of two phase space points is defined by: [(p,q)] =

∑n
i=1 piq

′
i − p′iqi. Weyl

operators obey a composition law: W (p,q)W (p’,q’) = ω2−1[(p,q),(p’,q’)]W (p + p’,q + q’). There-
fore, W (p,q)W (p’,q’) = W (p’,q’)W (p,q) = W (p+p’,q+q’) if and only if [(p,q), (p’,q’)] = 0.

The n-Weyl operators with arbitrary phase form the n-Pauli group Cn1 . The Clifford gates are
those unitaries preserving the Pauli group: Cn2 = {U : UPU∗ ∈ Cn1 for all P ∈ Cn1 }. The Clifford
hierarchy [22] is defined similarly: Cnk = {U : UPU∗ ∈ Cnk−1 for all P ∈ Cn1 }.

The magic states we will consider arise from the third level of the Clifford hierarchy. Cui,
Gottesman, and Krishna [26] give an explicit description of all diagonal gates in the kth level. For
d > 3, diagonal gates of the third level have the form:

UΦ =
∑
j∈Znd

ωΦ(j) |j〉 〈j|

where Φ is a multivariable polynomial of degree 3. Every such gate yields a magic state |Φ〉 =
UΦ |+〉⊗n =

∑
j∈Znd

ωΦ(j) |j〉. The magic states arising in this way from gates UΦ ∈ Cn3 \ Cn2 in

the third level of the Clifford hierarchy are especially useful achieving quantum universality in
that they admit deterministic protocols for injecting the gate UΦ. Gates from outside the Clifford
hierarchy may be implemented via state injection; however, this is a stochastic process that requires
randomly many attempts.

VIII. APPENDIX VI: PARADOXES OF STRONG MAGIC STATES

Stabilizer quantum mechanics contains, as available measurements, the set of Weyl operators
as indexed by phase points: M = Z2n

d . The contexts are given by maximal commuting subsets of
M. We now present large families of GHZ-type paradoxes arising from magic states |Φ〉 with no
local terms, i.e. the coefficients for the j3, k3 terms vanish.

Definition 1. A two-qudit magic state |Φ〉 = d−1
∑

j,k∈Z2
d
ωΦ(j,k) |j〉 |k〉 is strong if, with either φ1

or φ2 6≡ 0,

Φ(j, k) = φ1j
2k + φ2jk

2 + φ3j
2 + φ4k

2 + φ5jk + φ6j + φ7k + φ8

Theorem 1. Suppose that the dimension d 6≡ 1 (mod 3). All strong magic states |Φ〉 are strongly
contextual with respect to stabilizer measurements. The states C |Φ〉, where C is any Clifford gate,
are also strongly contextual.

We prove that for any strong magic state |Φ〉 and any hidden variable λ : Z4
d → Zd assumed,

for contradiction, to be consistent with |Φ〉, λ must predict the occurrence of an impossible event
for one of the following measurements.
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Type Operators, up to phase Phase points
Iα Z ⊗ I and I⊗ ZαX (1, 0, 0, 0) and (0, 0, α, 1)
IIα I⊗ Z and ZαX ⊗ I (0, 0, 1, 0) and (α, 1, 0, 0)

IIIα,β Z ⊗ Zβ and X ⊗ ZαX−β−1

(1, 0, β, 0) and (0, 1, α,−β−1)

TABLE I. The three families of contexts needed for our argument. Here, α, β ∈ Zd and β 6= 0.

The following, surprising lemma allows us to dramatically reduce (from exponential to polyno-
mial) the number of hidden variables λ : Z2n

d → Zd we must consider. The hidden variable space
Λ can be taken to be the dual vector space of the phase space Z2n

d .

Lemma 1. Suppose that n ≥ 2 and that λ : Z2n
d → Zd is a hidden variable with respect to n-particle

stabilizer quantum mechanics that is consistent with a quantum state. Then, λ(p, q) = λ · (p, q)
for some λ ∈ Z2n

d .

We then establish a number-theoretic criterion for joint outcomes being in the support of a
state |Φ〉.

Lemma 2. The joint outcome (A,B) is impossible for the measurement of U = W (p, q) and
V = W (p’, q’) with [U, V ] = 0 on the state |Φ〉 if and only if Ψ(m,n) is a permutation polynomial
for all j, k ∈ Zd where

Ψ(m,n) = −mA− nB − 2−1((mp1 + np′1)(mq1 + nq′1) + (mp2 + np′2)(mq2 + nq′2))+

j(mp1 + np′1) + k(mp2 + np′2) + Φ(j − (mq1 + nq′1), k − (mq2 + nq′2))

A permutation polynomial is one that takes each value in its range equally many times. We will
require elements of Dickson’s classification of one-variable permutation polynomials of low degree
[31].

Theorem 2 (Dickson, 1896). Suppose d 6≡ 1 (mod 3) and f(x) : Zd → Zd has degree at most 3.
Then, f is a permutation polynomial if and only if f(x) = ag(x+ b) + c where a 6= 0 and g(x) = x
or x3.

By applying a Clifford gate to |Φ〉, which preserves contextuality properties, we may assume
that φi vanishes for i ≥ 3. Noting that, by Lemma 1, λ prescribes to W (p,q) the outcome
λ1p1 + λ2q2 + λ3p2 + λ4q2, the consistency of λ with |Φ〉 implies that none of the polynomials in
any of the following families are permutation polynomials.

ΨIα(m,n) = m(j − λ2) + n2(jφ2 − 2−1α) + n(α(k − λ4)− λ3 − j2φ1 − 2jkφ2)

ΨIIα(m,n) = m(k − λ4) + n2(kφ1 − 2−1α) + n(α(j − λ2)− λ1 − k2φ2 − 2jkφ1)

ΨIIIα,β(m,n) = m(j − λ2 + β(k − λ4)) + n3(β−1(φ1 − β−1φ2) + n2(β−1(2−1α− 2jφ1 − 2kφ2+

β−1jφ2) + kφ1) + n(α(k − λ4) + β−1(λ3 + j2φ1 + 2jkφ2)− λ1 − 2jkφ1 − k2φ2)

We prove that this cannot be the case and, thus, that no hidden variable is consistent with |Φ〉.

IX. APPENDIX V: PROOFS

Here, we provide explicit details of the proofs of our results. First, we establish that the algebraic
relations between commuting Weyl operators enforce a strong condition on hidden variables: they
must be group homomorphisms from phase space to outcomes. This dramatically reduces (from
dd

2n
functions to d2n homomorphisms) the number of hidden variables we need to consider. The

assumption of multiple qudits is crucial here.
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Lemma 1. Suppose that n ≥ 2 and that λ : Z2n
d → Zd is a hidden variable with respect to n-particle

stabilizer quantum mechanics that is consistent with a quantum state. Then, λ(p, q) = λ · (p, q)
for some λ ∈ Z2n

d .

Proof. The hidden variable λ prescribes the outcome λ(p,q) to W (p,q). If λ is consistent with
a quantum state, these outcomes must respect the algebraic relations between commuting Weyl
operators: λ(p,q) + λ(p’,q’) = λ(p+p’,q+q’) whenever [(p,q), (p’,q’)] = 0. First, suppose
that n = 2. Thus, λ(p1, q1, p2, q2) = λ(p1, 0, p2, 0) + λ(0, q1, 0, q2) whenever p1q1 = −p2q2. These
observations justify the following manipulations.

λ(1, k, 0, 0) = λ(1, k, 0,−2−1k) + λ(0, 0, 0, 2−1k)

= λ(1, 2−1k, 1,−2−1k) + λ(0, 2−1k,−1, 0) + λ(0, 0, 0, 2−1k)

= λ(1, 0, 1, 0) + λ(0, 2−1k, 0,−2−1k) + λ(0, 2−1k, 0, 0) + λ(0, 0,−1, 0) + λ(0, 0, 0, 2−1k)

= λ(1, 0, 0, 0) + λ(0, 0, 1, 0) + λ(0, 2−1k, 0, 0) + λ(0, 2−1k, 0, 0) + λ(0, 0,−1, 0)

= λ(1, 0, 0, 0) + λ(0, k, 0, 0)

By a similar argument, λ(0, 0, 1, k) = λ(0, 0, 1, 0)+λ(0, 0, 0, k). Since λ(p1, q1, p2, q2) = λ(p1, q1, 0, 0)+
λ(0, 0, p2, q2) it follows that λ is linear. For n > 2, a similar argument holds.

Next, we establish a master equation governing the possibility vs. impossibility of observing a
given outcome upon measurement of a pair of commuting Weyl measurements on a state |Φ〉. The
equation is easily extended to more qudits/measurements and to polynomials Φ of any degree and
holds for any dimension d.

Lemma 2. The joint outcome (A,B) is impossible for the measurement of U = W (p, q) and
V = W (p’, q’) with [U, V ] = 0 on the state |Φ〉 if and only if Ψ(m,n) is a permutation polynomial
for all j, k ∈ Zd where

Ψ(m,n) = −mA− nB − 2−1((mp1 + np′1)(mq1 + nq′1) + (mp2 + np′2)(mq2 + nq′2))+

j(mp1 + np′1) + k(mp2 + np′2) + Φ(j − (mq1 + nq′1), k − (mq2 + nq′2))

Proof. The eigenvalues of a Weyl operator W are ωk for k ∈ Zd. The projection onto the
1-eigenspace of W is given by S0 = d−1

∑
m∈ZdW

m; this can be seen by noting that W d =

I, W ∗ = W−1. Therefore, the projection onto the ωk-eigenspace of W is given by Sk =
d−1

∑
m∈Zd ω

−mkWm.

Measuring U = W (p,q) and V = W (p’,q’) with [U, V ] = 0 and obtaining outcome (A,B) ∈ Z2
d

corresponds to the projection:

Π(A,B|U, V ) = (
∑
m∈Zd

ω−mAUm)(
∑
n∈Zd

ω−nBV n)

=
∑

m,n∈Zd

ω−mA−nBUmV n

=
∑

m,n∈Zd

ω−mA−nBW (P,Q)

=
∑

m,n∈Zd

ω−mA−nB−2−1(P·Q)Z(P1)X(Q1)⊗ ...⊗ Z(Pn)X(Qn)

where (P,Q) = m(p,q) + n(p’,q’).
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Applying this to a two-qudit magic state |Φ〉 = d−1
∑

j,k∈Zd ω
Φ(j,k) |j〉 |k〉, we obtain:

Π(A,B|U, V ) |Φ〉 = d−1
∑

m,n∈Zd

∑
j,k∈Zd

ω−mA−nB−2−1(P1Q1+P2Q2)+Φ(j,k)Z(P1)X(Q1)⊗ Z(P2)X(Q2) |j〉 |k〉

= d−1
∑

m,n∈Zd

∑
j,k∈Zd

ω−mA−nB−2−1(P1Q1+P2Q2)+Φ(j,k)Z(P1)⊗ Z(P2) |j +Q1〉 |k +Q2〉

= d−1
∑

m,n∈Zd

∑
j,k∈Zd

ω−mA−nB−2−1(P1Q1+P2Q2)+Φ(j−Q1,k−Q2)Z(P1)⊗ Z(P2) |j〉 |k〉

= d−1
∑
j,k∈Zd

∑
m,n∈Zd

ω−mA−nB−2−1(P1Q1+P2Q2)+jP1+kP2+Φ(j−Q1,k−Q2) |j〉 |k〉

So, observing the outcome (A,B) for the measurements U, V on the state |Φ〉 is impossible
precisely when the terms∑

m,n∈Zd

ω−mA−nB−2−1(P1Q1+P2Q2)+jP1+kP2+Φ(j−Q1,k−Q2)

vanish for all j, k ∈ Zd. Such a term is a sum of d2 many primitive dth-roots of unity and vanishes if
and only if each dth-root appears d many times. Thus, impossibility of the measurement outcome
is equivalent to

Ψ(m,n) = −mA− nB − 2−1(P1Q1 + P2Q2) + jP1 + kP2 + Φ(j −Q1, k −Q2)

= −mA− nB − 2−1((mp1 + np′1)(mq1 + nq′1) + (mp2 + np′2)(mq2 + nq′2))+

j(mp1 + np′1) + k(mp2 + np′2) + Φ(j − (mq1 + nq′1), k − (mq2 + nq′2))

being a permutation polynomial in m,n for all j, k ∈ Zd.

We are now ready to prove our main theorem.

Theorem 1. Suppose that the dimension d 6≡ 1 (mod 3). All strong magic states |Φ〉 are strongly
contextual with respect to stabilizer measurements. The states C |Φ〉, where C is any Clifford gate,
are also strongly contextual.

Proof. Suppose |Φ〉 is a strong magic state and assume that there is exists a hidden variable
λ : Z2n

d → Zd consistent with |Φ〉. We will prove that the value prescribed by λ to one of
the following measurements is, in fact, impossible to observe of a system |Φ〉, contradicting the
consistency of λ with |Φ〉.

Type Operators, up to phase Phase points
Iα Z ⊗ I and I⊗ ZαX (1, 0, 0, 0) and (0, 0, α, 1)
IIα I⊗ Z and ZαX ⊗ I (0, 0, 1, 0) and (α, 1, 0, 0)

IIIα,β Z ⊗ Zβ and X ⊗ ZαX−β−1

(1, 0, β, 0) and (0, 1, α,−β−1)

TABLE I. The three families of contexts needed for our argument. Here, α, β ∈ Zd and β 6= 0.

As, by Lemma 1, λ prescribes to W (p1, q1, p2, q2) the outcome λ1p1 + λ2q2 + λ3p2 + λ4q2, we
find that consistency of λ with |Φ〉 implies that none of the following are permutation polynomials
for all j, k ∈ Zd:
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ΨIα(m,n) = m(j − λ2) + n2(jφ2 − 2−1α) + n(α(k − λ4)− λ3 − j2φ1 − 2jkφ2)

ΨIIα(m,n) = m(k − λ4) + n2(kφ1 − 2−1α) + n(α(j − λ2)− λ1 − k2φ2 − 2jkφ1)

ΨIIIα,β(m,n) = m(j − λ2 + β(k − λ4)) + n3(β−1(φ1 − β−1φ2) + n2(β−1(2−1α− 2jφ1 − 2kφ2+

β−1jφ2) + kφ1) + n(α(k − λ4) + β−1(λ3 + j2φ1 + 2jkφ2)− λ1 − 2jkφ1 − k2φ2)

We have dropped all terms constant in m,n. Our proof proceeds by closely analysing these
polynomials and repeatedly applying Theorem 2. First, consider ΨIα(m,n). This expression is
linear in m. When j 6= λ2, this is a permutation polynomial in n for each fixed value of m, so we
need only be concerned with the j = λ2 case. In this case, ΨIα is quadratic in n. By choosing
α = 2λ2φ2, the degree 2 term vanishes and the result is a permutation polynomial only if the linear
coefficient is nonzero. Thus, g is inconsistent with |Φ〉 unless λ3 = −λ2(2λ4φ2 + λ2φ1).

By a similar analysis of ΨIIα(m,n), we find that by choosing α = 2λ4φ1, g is inconsistent with
|Φ〉 unless λ1 = −λ4(2λ2φ1 + λ4φ2).

Finally, we make the substitutions for λ1, λ3 in ΨIIIα,β(m,n) and note that, as they too are linear
in m, we need only consider the pairs (j, k) = (−βk + βλ4 + λ2, k). After multiplying through by
β, we have:

n3(φ1 − β−1φ2) + n2(2−1α+ 3k(βφ1 − φ2) + β−1λ2φ2 + λ4φ2 − 2βλ4φ1 − 2λ2φ1)+

n(3βk2(βφ1 − φ2) + k(β(α− 4λ2φ1 + 2λ4φ2)− 4β2λ4φ1 + 2λ2φ2) + β(−αλ4 + λ2
4φ2+

4λ2λ4φ1) + β2λ2
4φ1 − 2λ2λ4φ2)

We consider two cases. (Note that we may assume that φ1 6≡ 0 by swapping qudits.) First, if
φ2 ≡ −1, then, by choosing α = 6(λ2φ1 − λ4) and β = φ−1

1 , the resulting polynomial factors as:

2(n+ φ−1
1 (k − λ4))3.

However, if φ2 6≡ −1, we may choose α = 2(φ2 + 1)−1(λ2φ1(φ2 + 2) + λ4(φ2
2 − 1)) and β =

φ−1
1 (φ2 + 1); the resulting polynomial factors as:

(n+ φ−1
1 (k − λ4)(φ2 + 1))3.
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Convex geometry of quantum resource quantification

A general framework for measures of quantum resources

Bartosz Regula1 ∗

1School of Mathematical Sciences, University of Nottingham,
University Park, Nottingham NG7 2RD, United Kingdom

Abstract. We introduce a framework unifying the mathematical characterisation of different measures
of general quantum resources and allowing for a systematic way to define a variety of faithful quantifiers
for any given convex quantum resource theory. The approach allows us to describe many commonly used
measures such as matrix norm–based quantifiers, robustness measures, convex roof–based measures, and
witness-based quantifiers together in a common formalism based on the convex geometry of the underlying
sets of resource-free states. We provide a detailed characterisation of the measures as well as derive various
bounds and relations between them and their duals, generalising and in many cases simplifying results found
in the resource theories of quantum entanglement and coherence. We present an explicit application of the
results to the resource theories of multi-level coherence, entanglement of Schmidt number k, multipartite
entanglement, as well as magic states.

Introduction

Many physical phenomena in quantum information sci-
ence have gone from being of purely theoretical interest
to enjoying a variety of uses as resources in quantum
information processing tasks. The developments sparked
an investigation into the mathematical formulation of
such resource theories, aiming to characterise the quan-
tum states and operations that one can use to perform
the physical tasks. In particular, it is crucial to be able
to quantify the given resource, allowing us to discrimi-
nate which quantum states are the most useful in the
given physical task. Throughout the development of the
resource theory of entanglement, various measures were
established [1, 21], many of which have been adapted to
other resource theories recently [7, 8, 10, 17, 20, 22, 23].
However, defining and characterising the measures of a
given quantum resource is usually cumbersome — the
investigation of such functions typically has to be ap-
proached in a resource-dependent way, and properties
such as faithfulness and monotonicity of the quantifiers
have to be explicitly verified. Moreover, although some
connections between the various quantities are known,
there are very few known results which provide a common
framework relating them and their features together.

In this work, we introduce a unifying formalism based
on the gauge functions of convex sets which significantly
simplifies the construction and characterisation of quan-
tifiers of general quantum resources. Gauge functions,
a fundamental tool in functional and convex analysis
[24, 25], have recently seen a surge of popularity in op-
timisation research after a framework for linear inverse
problems based on the so-called atomic gauge functions
was introduced [26]. We apply a similar formalism to the
quantification of quantum resources, establishing a con-
solidated view of many resource quantifiers. In particular,
we show that many commonly used and well-known quan-
tifiers — such as ones based on matrix norms, measures
built through the convex roof, the so-called robustness
measures, as well as various witness-based quantifiers —

∗bartosz.regula@gmail.com

are all examples of such atomic gauge functions, allowing
us to relate them in a common geometric framework. This
allows us to establish an extensive family of quantifiers for
any given quantum resource, introduce easily verifiable
criteria for a measure to satisfy desirable properties such
as faithfulness and strong monotonicity under relevant
free operations, and generalise known measures to new
quantum resources very easily. Further, we show that
many relations and bounds between the measures, some of
which known in the resource theories of entanglement and
coherence, are in fact universal among quantum resources,
and the proofs of such properties can be simplified in the
present framework.

The formalism presented in this work applies to gen-
eral finite-dimensional resource theories with a convex set
of resource-free states, which is a common and intuitive
assumption [16, 17]. A particularly useful case of such
resources, and one that we will focus on, is when the
set of free states is obtained as the convex hull of free
pure states. One can readily apply our results to any
given resource theory constructed in this way. In our
examples, we consider some representative examples of
such theories — quantum entanglement, quantum coher-
ence, and magic states — obtaining new results in the
quantification of the resources. In addition to the charac-
terisation of quantifiers already defined in the literature,
we introduce several new measures, such as: a measure of
multi-level quantum coherence which generalises the `1
norm of coherence [7], faithful quantifiers of magic [13],
measures of bipartite entanglement of Schmidt number
k and k-partite entanglement which generalise the con-
vex roof–extended negativity [27], as well as a class of
norms which generalise the greatest cross norm [28] to
the hierarchy of k-partite entanglement, with computable
formulas for genuine multipartite entanglement. We ad-
ditionally show that many proofs and properties of such
measures are significantly simplified in this formalism,
deriving novel results for quantifiers such as robustness
of Schmidt rank k entanglement [29] and robustness of
k-coherence [30].
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General framework

The basic tool of our approach are the so-called gauge
functions [25]. Given a convex set C, the gauge function
γC is defined as

γC(ρ) = inf
λ≥0

ρ ∈ λC, (1)

that is, the least amount that the set C has to “grow” in
order to contain ρ inside it. We will in particular deal with
gauge functions of sets which are defined as the convex
hull of some non-convex set S (for example, a subset of
pure quantum states). We then define the atomic gauge
function [26] as the gauge function of the convex hull:

AS(ρ) = γconv(S)(ρ). (2)

Such functions satisfy many useful properties, as we will
show.

We define a general convex resource theory as follows:
we begin with a set of free pure states V ⊆ Cd, which
satisfy some property defining the given resource the-
ory. We then define the set of free pure-state density

matrices: S+ =
{
|ψ〉 〈ψ|

∣∣∣ |ψ〉 ∈ V} such that any free

(mixed) state is in the convex hull of S+. We can now
define a variety of quantifiers by taking the atomic gauges
corresponding to different sets, and in fact we can show
that many well-known monotones belong to the gauge
function formalism. We will introduce several examples
to demonstrate the versatility of our approach.

Let us begin with the simplest case, that is, an atomic
gauge for the set of pure states: AV . This quantity has the
advantage that it is, in general, much easier to compute
than gauges defined for density matrices. It corresponds
to well-known quantifiers of pure-state quantum resources

— in the resource theory of entanglement, it is equal to
the sum of Schmidt coefficients [33], and in the resource
theory of coherence it corresponds to the `1 norm [7].

To define atomic gauge functions for mixed density
matrices, we start by taking the set S+ ∪ (−S+), that is,
S+ symmetrised around the origin. The gauge function
AS+∪(−S+), up to a constant, is nothing but the robust-
ness RS+ — a fundamental measure defined first in the
theory of entanglement [34]. Similarly, if we consider the
atomic gauge of the set S+∪(−D), where D is the set of all
density matrices, we obtain the generalised robustness
RGS+ — an extension of the robustness which was found
to have useful operational interpretations not only in
the resource theories of entanglement [35] and coherence
[22, 36], but also in generalised frameworks for resource
theories [17, 37]. We further show that many other quan-
tifiers in this framework, such as experimentally-friendly
families of witness-based measures [38–40], can be defined
simply by taking the gauge function AS+∪X with different
choices of the set X .

Additionally, one can define resource quantifiers
through matrix norms (or more general matrix gauge
functions). Examples of such measures include the great-
est cross norm for bipartite entanglement [28, 41], the
`1 norm of coherence [7], or the Schmidt operator norm
[42]. We show that these measures are also gauge func-
tions, and they can in fact be straightforwardly defined

for any resource theory as the atomic gauge of the set

S =
{
|α〉 〈β|

∣∣∣ |α〉 , |β〉 ∈ V}. We will denote such norm-

based quantifiers as AS .
Finally, an important concept in quantum resource

quantification is the convex roof. Many common mea-
sures are defined using this concept — they include quan-
tifiers such as the entanglement of formation (and concur-
rence) [43], convex-roof extended negativity [27], coher-
ence of formation [44], or coherence concurrence [45, 46].
If we have a gauge function AV which is defined for pure
states only, we can extend it to all mixed states by min-
imising over all pure-state decompositions:

A∪S+(ρ) = inf
{pi,|ψi〉}

∑
i

piAV(|ψi〉)2 (3)

where the minimisation is over all ensembles such that
ρ =

∑
i pi |ψi〉 〈ψi| with

∑
i pi = 1. In fact, we show the

convex roof to also be a gauge function, allowing us to
relate it to the other quantifiers easily.

Properties and results

We prove many useful properties of the measures de-
fined in the above formalism. In the following, we sum-
marise the main results of our work. Precise statements
of the theorems, including some assumptions that we omit
here for brevity, can be found in the manuscript [47].

Theorem 1 For any resource theory, the quantifiers are
faithful, that is, we have that ρ ∈ conv(S+) if and only if
A∪S+(ρ)− 1 = RS+(ρ) = AS(ρ)− 1 = RGS+(ρ) = 0.

Theorem 2 For any resource theory, the quantifiers sat-
isfy strong monotonicity under free operations: for a given
quantum channel Γ(ρ) =

∑
i Λi(ρ), where each Λi is a

relevant free operation (subchannel) in the given resource
theory, we have that∑

i

Tr (Λi(ρ))A

(
Λi(ρ)

Tr (Λi(ρ))

)
≤ A(ρ) (4)

where A is any one of the gauge-based quantifiers.

The two results above show that the atomic gauge func-
tions defined in this formalism are all valid measures of
the given resource. This is remarkable, given that proving
the monotonicity and faithfulness of measures defined in a
more ad-hoc way is often extremely cumbersome — here,
the result follows “for free” from the gauge function for-
malism, and can be applied to any given resource theory.
In particular, it establishes a family of measures which
can faithfully and reliably detect and quantify quantum
resources.

Theorem 3 For any resource theory, the quantifiers
bound each other as

RS+(ρ) ≥ AS(ρ)− 1 ≥ RGS+(ρ), A∪S+(ρ) ≥ AS(ρ) (5)

This result immediately allows us to relate the introduced
quantifiers with each other, and it generalises some known
bounds for the robustness of coherence and the `1 norm
of coherence [22] as well as quantitative relations between
measures such as the robustness of entanglement and the
greatest cross norm [28, 41].
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Theorem 4 For any resource theory, the quantifiers
reduce to the vector atomic gauge AV for pure states:
A∪S+(|ψ〉 〈ψ|) − 1 = AS(|ψ〉 〈ψ|) − 1 = RGS+(|ψ〉 〈ψ|) =

AV(|ψ〉)2 − 1.

This result explicitly shows that the quantifiers are all
closely related to each other, and the bounds obtained in
Theorem 3 are in fact tight. Additionally, it shows that the
quantification of pure-state resources is always simplified,
which is frequently a non-trivial fact to show for a given
resource theory. Note that the gauge function AV is often
significantly easier to compute that the general forms of
the quantifiers, in many cases leading to an analytical
characterisation of pure-state resources.

In addition to the above results, in the paper we relate
the introduced quantifiers to other types of measures, ob-
taining bounds and relations between gauge functions and
quantifiers such as geometric resource measures based on
quantum fidelity [48] as well as distance measures based
on relative entropy. Further, we show that many classes
of witness-based measures, experimentally-friendly quan-
tification methods based on optimising witness operators
[38], correspond in fact to gauge functions and therefore
share many of the simplified properties investigated herein.
These results, again, generalise many quantitative results
to arbitrary resource theories, and allow for a direct com-
parison between gauge-based measures and other common
quantifiers.

It is also important to note that each atomic gauge func-
tion A has an associated dual gauge function A◦. These
functions can be used to characterise the witnesses of the
given resource — for example, the witnesses of Schmidt
rank k entanglement are called k-block positive operators
and have a close relation with k-positive maps [42, 49, 50].
We obtain many quantitative results regarding the dual
gauge functions, and in particular we show that for any
positive semidefinite matrix X, the dual quantity A◦(X)
is the same regardless of which of the quantifiers A∪S+ , AS ,

RS+ , RGS+ we choose, therefore establishing a further dual
relation between the measures. The dual quantifiers can
be quantitatively related to the aforementioned geometric
measures [48] as well.

We remark that the choice of quantifiers that we in-
vestigated — A∪S+ , RS+ , AS , and RGS+ — is by no means
unique. In fact, the formalism allows one to define atomic
gauges for other chosen sets, and the tools that we intro-
duced can be used to investigate such measures straight-
forwardly, allowing us to establish easily verifiable criteria
for any gauge-based measure to satisfy desirable proper-
ties such as faithfulness and strong monotonicity under
relevant free operations.

Hierarchies of entanglement and coher-
ence

We have discussed the applications of our quantifiers
to the resource theories of entanglement and coherence.
However, in some physical tasks, not every entangled
state (or coherent state) is useful as a resource — one
might require entanglement of a particular Schmidt rank,
or entanglement between many parties in a multipartite

system, or coherence between multiple levels of a quantum
system [10, 30, 42, 51–55]. We can then define a hierarchy
of free states: for example, let Sk be the set of pure
states which have at most k non-zero Schmidt coefficients
(Schmidt rank k). All separable states then form the
convex hull of S1, all density matrices form the convex
hull of Sd, and in general we have S1 ⊂ S2 ⊂ · · · ⊂ Sd
[56]. A very similar hierarchy can be defined for coherence,
where the coherence rank is defined to be the number of
non-zero coefficients of a state |ψ〉 in a given basis, and
the convex hull Ck of states with a given coherence rank
gives us C1 ⊂ · · · ⊂ Cd. Finally, an important hierarchy of
the same kind is formed by the sets of k-partite entangled
states [57, 58].

An advantage of our approach based on convex geom-
etry is that it easily generalises to such hierarchies of
resources. The definitions of many measures straightfor-
wardly extend to each level of the hierarchy, making it
easy to quantify a specific “rank” of a given quantum
resource.

In particular, the application of results that we out-
lined in the previous section immediately allows us to
obtain many quantitative relations. We establish exact
formulas for quantities such as the robustness of k co-
herence, robustness of Schmidt rank k entanglement [29],
and norm-based measures of the resources. We intro-
duce novel quantifiers, such as a convex roof measure of
Schmidt rank k entanglement which generalises the convex
roof-extended negativity, a measure of k-coherence which
generalises the `1 norm of coherence, and a hierarchy of
norms which are faithful quantifiers of k-partite entangle-
ment generalising the greatest cross norm. Further, we
show that the quantification of gauge-based measures of
genuine multipartite entanglement on pure states in fact
reduces to the so-called genuine multipartite negativity
[59].

Further, we show an application of the gauge function
framework to the resource theory of magic states [13, 14,
23, 60–64], providing computable measures of the resource
and establishing quantitative relations between them.

Conclusions

We have introduced a general formalism which allows
one to define a variety of quantifiers for any general convex
quantum resource. We have shown that the quantifiers
defined in this way are closely related to each other, es-
tablishing quantitative relations between different types
of measures. Additionally, quantifiers in the framework
are guaranteed to satisfy desirable criteria such as mono-
tonicity and faithfulness, and exhibit useful properties
such as simplified formulas for pure states.

The universality of the formalism makes it applicable to
many different resource theories — since the quantitative
results can be easily adapted to any chosen convex re-
source theory, it provides insight into the general structure
of such theories. We therefore believe that the framework
will complement the recent efforts to establish a mathe-
matical formalism of general quantum resource theories
[15, 17, 19, 20].
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[49] D. Chruściński and A. Kossakowski, Commun. Math.
Phys. 290, 1051 (2009).

[50]  L. Skowronek, E. Størmer, and K. Życzkowski, Jour-
nal of Mathematical Physics 50, 062106 (2009).

[51] B. M. Terhal and P. Horodecki, Phys. Rev. A 61,
040301 (2000).

[52] N. Killoran, F. E. S. Steinhoff, and M. B. Plenio,
Phys. Rev. Lett. 116, 080402 (2016).

[53] S. Chin, (2017), arXiv:1702.03219 .

[54] S. Chin, (2017), arXiv:1702.06061 .

[55] B. Regula, M. Piani, M. Cianciaruso, T. R.
Bromley, A. Streltsov, and G. Adesso, (2017),
arXiv:1704.04153 .

[56] A. Sanpera, D. Bruß, and M. Lewenstein, Phys. Rev.
A 63, 050301 (2001).
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Abstract: We give an introduction to quantum walks. No prior knowledge is assumed. We discuss the 
construction of quantum walks and their correspondance to and with random walks. We cover the main 
concepts and ideas when working with quantum walks. We explain how quantum walks relate to 
quantum search. We discuss applications in algorithmics and communication complexity, and state 
some of the main open questions. 



Degenerate cavity supporting more than 31 Laguerre-Gaussian modes
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Abstract. Photons propagating in Laguerre-Gaussian modes have characteristic orbital angular momen-
tums, which are fundamental optical degrees of freedom. The orbital angular momentum of light has
potential application in quantum information processing. In this work, we experimentally construct a
ring cavity with 4 lenses and 4 mirrors that is completely degenerate for Laguerre-Gaussian modes. By
measuring the transmission peaks and patterns of different modes, the ring cavity is shown to supporting
more than 31 Laguerre-Gaussian modes. The constructed degenerate cavity opens a new way for using the
large resource of available angular momentum states simultaneously.

Keywords: laser resonator, vortex beams

1 Introducation

The Laguerre-Gaussian modes are solutions for beam
profiles with circularly symmetric. They are written in
cylindrical coordinates using Laguerre polynomials and
shown to obtained well defined orbital angular momen-
tums (OAM) [1]. The inherent degree of freedom of OAM
states of light has been of fundamental and practical
importance. The phase fronts of light beams in OAM
eigenstates rotate, clockwise for positive OAM values,
anti-clockwise for negative values, which could result in
some unique features. The eigenstates of OAM construc-
t an infinite Hilbert space. They can generate dough-
nut beam and induce rotational Doppler effects [2, 3].
The synthetic dimension supported by OAM photons is
recognized as a unique asset in many studies, includ-
ing high-capacity optical communication [4, 5], versatile
optical tweezers [6], quantum information and quantum
foundation [7, 8, 9]. It has been recently demonstrat-
ed quantum entanglement involving angular momenta as
high as hundreds [8, 10]. The manipulation and measure-
ment of OAM states can be reached with high precision
[11, 12, 13, 14], which leads to new applications of OAM
states, such as detecting of a spinning object and lateral
motion [15, 16].

Here, we present an experimental framework using
numbers of OAM states in an optical cavity simultane-
ously, which is referred to a degenerate cavity. Different
from previous works with OAM in cavities [17, 18], we
precisely measure the transmission peaks and patterns of
different modes in the cavity, which is shown to support-
ing more than 31 Laguerre-Gaussian modes. Moreover,
in view of the high degree of symmetry of our cavity, it
is convenient to couple the cavities with each other and
can be used in schemes of quantum simulation, such as
the investigation of photonics topological matters [19].

∗chzhdi@mail.ustc.edu.cn
†jsxu@ustc.edu.cn
‡cfli@ustc.edu.cn

2 Theorem

The theoretical framework of a degenerate cavity was
introduced in [20, 21]. From a geometrical optics point of
view, an optical cavity is degenerate when an arbitrary
ray retraces its own path after a single round trip. To
understand the design principles of completely degener-
ate cavities, we consider the propagation of light field in
a cavity between two planes perpendicular to the axis of
the cavity. The transmitted electric field E1(x1, y1) can
be written in the form of the Collins integral [22]

e−ikz1E1(x1, y1) = e−ikLe−ikz0
i

λB

∫ ∫
E0(x0, y0)×

e[−
i
λB (Ax2

0+Dx
2
1−2x0x1+Ay

2
0+Dy

2
1−2y0y1)]dx0dy0,

(1)

where λ and k are the wavelength and wave num-
ber. E0(x0, y0) is the initial electric transverse field.
A,B,C,D are the elements of the ray matrix between
the two planes. And L is the length of the optical path
along the optical axis between the two planes.

The resonance frequencies and eigenmode of the de-
generate cavity can be solved by using the condition that
the field must reproduce itself after a round trip in the
cavity. If the optical elements have cylindrical symmetry,
the solutions happen to be the Laguerre-Gaussian modes
Ep,le

−ikz with the transverse field [23]

Ep,l(ρ, ϕ) =E0

√
2p!

π(|l|+ p)!

1

w(z)
(

√
2ρ

w(z)
)|l|×

L|l|p (
2ρ2

w2(z)
)e

−ρ2

w2(z) e
−ikρ2
2R(z) e−i[2p+|l|+1]ψ(z)e−ilϕ,

(2)

where ρ, ϕ and z are the parameters of polar coordinate
system. p and l are the parameters of the Laguerre poly-
nomials and l identifies the topological charge of the cor-
responding vortex beam. w(z) is the transverse width of
the light beam. R(z) is the wavefront curvature radius.
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Figure 1: Experimental setup. The degenerate cavity
consists of 4 lenses and 4 mirrors. The laser from a sin-
gle mode fiber (SMF) is split into two parts by a polar-
ization beam splitter (PBS). One is used as a reference
light and to lock the cavity. The other is used as the
signal. The half wave plate (HWP) is used to adjust the
intensity ratio of the split beams. The acoustic optical
modulator (AOM) is used to shift the frequency of the
reference light. The electro-optical modulator (EOM) is
used to do sideband modulation to lock the cavity. The
signal beam illuminated on the screen of a spatial light
modulator (SLM) is transformed into Laguerre-Gaussian
modes. Then these two beams are combined by a PBS
and pumped into the cavity. An etalon is used to fil-
ter out the reference laser from the beam reflected by the
cavity mirror and the reference light is detected by a pho-
toelectric detector (PD). The electrical signal is leaded to
an equipment using Pound-Drever-Hall (PDH) technique
to lock the cavity by driving the piezoelectric transduc-
er (PZT). Another two etalons are used to distinguish
the reference laser and signal laser from the transmission
beam, which are separated into two beams and detected
by PDs.

ψ(z) is the Gouy phase, and L
|l|
p (x) is the generalized

Laguerre polynomial.
The resonance frequency for each Ep,l mode in a ring-

type cavity is determined by [20]

kL0 − (2p+ l + 1)arccos
A+D

2
= 2nπ, (3)

where n is an integer, L0 is the length of the round-trip
optical path. When A = D = 1, the resonance frequency
is independent of parameters p and l, which means the
cavity is degenerate for spatial modes. The off diagonal
elements of the round-trip ray matrix, B and C, only
affect the beam waist w0 of the resonance modes.

We consider a cavity consisting of 4 lenses arranging
in a 4f lens system. This kind of cavity has been shown
to satify the degenerate condition and the corresponding
matrix happens to be the unit matrix.
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Figure 2: The transmission peaks of the modes. (a) The
Gaussian mode. The blue triangular wave corresponds
to the electric signal driving the piezoelectric transducer
(PZT), and the peaks correspond to transmission peaks
of reference light (Ref, black line) and signal beam (red
line labelled with the topological charge l) respectively.
The left coordinate scale corresponds to the signal driving
the PZT while the right coordinate scale corresponds to
the transmission peaks. (b) The dispersion relationship
of our cavity. The purple lines define the linewidth of the
cavity. Rh and Lh correspond to right-handed and left-
handed rotating vortex beams in degenerate situation,
while “Dis” represents that one of the 4 lenses subjects
to some displacements from the degenerate situation. (c)-
(e) The transmission peaks of left-handed rotating vortex
beams in degenerate situation. (f)-(h) The transmission
peaks of right-handed rotating vortex beams.

3 Experimental setups and results

The experimental setup is shown in Fig. 1. A contin-
uos ultra-narrow bandwidth laser (MBR, Coherent In-
t.) is splitted into two beams. One is used as a ref-
erence light and to lock the cavity. The other is used
as the signal. The reference light is shifted about one
free spectrum range (FSR) of our cavity via an acoustic
optical modulator (AOM). The electro-optical modulator
(EOM) is used to assist on locking the cavity in which the
Pound-Drever-Hall (PDH) technique is applied. The sig-
nal beam illuminated on the screen of a spatial light mod-
ulator (SLM) loaded with hologram [11] is transformed
into Laguerre-Gaussian modes. Then these two beams
are combined and pumped into the cavity. Three etalons
with linewidth approximating 100 MHz and FSR approx-
imating 7 GHz are used to distinguish the reference laser
and signal laser. The laser beams are detected by photo-
electric detectors (PDs).

In the experiment, we fix the frequency of the mi-
crowave driving the AOM and then drive the piezoelectric
transducer (PZT) attached to one of the cavity mirrors to
scan the transmission peaks. In Fig. 2 (a), the triangular
wave corresponds to the electric signal driving the PZT,
which changes the cavity length accordingly. The trans-
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Figure 3: Experimental results of beam shapes. (a) The
transmission beam shapes of Laguerre-Gaussian modes
with topological charges signed in the corners. The black-
white images are theoretical results while the coloured
pictures are experimental results. (b) The transmission
beam shapes of conjugate superposition states with topo-
logical charges signed in the corners. (c) The transmis-
sion beam shapes of a class of six-dimension orthograph-
ical superposition states corresponding to |Φj〉.

mission peak signals are then recorded. The black line
corresponds to the signal of reference light and the red
line presents the signal of Gaussian mode (l=0), which
almost completely overlap. Fig. 2 (c)-(e) show the left-
handed rotating vortex beams and Fig. 2 (f)-(h) show
the right-handed rotating vortex beams, with the cor-
responding topological charges signed above the peaks.
From the figures we can see that the transmission peaks
of Laguerre-Gaussian modes coincide with the reference
light roughly, which means different Laguerre-Gaussian
modes resonate at the same point and the cavity is de-
generate.

Fig. 2 (b) shows the dispersion relationship of the cav-
ity. As we can see in Fig. 2 (a), even the two peaks
coincide with each other mostly, there does exist differ-
ences. The frequency driving the AOM is fine tuned to
make the peaks coinciding perfectly, and the correspond-
ing frequency is recorded. Horizontal axis is the topolog-
ical charge of the pumped beam, and longitudinal axis

shows the frequency differences between reference light
and Laguerre-Gaussian modes. The purple lines sepa-
rated by 12 MHz corresponds to the linewidth of the
cavity. Rh and Lh correspond to right-handed and left-
handed rotating vortex beams in degenerate situation,
while “Dis” represents the right-handed signals that one
of the 4 lenses leads to some displacements from the de-
generate situation. From the figure we can see that in the
degenerate situation the differences between modes with
topological charges from 0 to 15 are limited to 12MHz.
However, in the displaced situations, the differences in-
crease almost linearly. When the topological charge is
only 7, it has already surpassed the region of the cavi-
ty linewidth. The frequency of Lh increase more slowly
than that of Rh. With the increase of topological charges,
Lh can still located in the cavity linewidth, which im-
plies that our cavity can support more than 31 Laguerre-
Gaussian modes.

Next, we fix the frequency of the microwave driving
the AOM and lock the cavity to the reference light.
Fig. 3 shows the transmission beam shapes with different
Laguerre-Gaussian modes. The coloured ones are exper-
imental results and the black-white ones are the corre-
sponding theoretical predictions. From Fig. 3 (a), we can
see the eigen shapes of vortex beams clearly with topo-
logical charges signed in the corners. Fig. 3 (b) shows
beam shapes of conjugate superposition states, namely

|Ψ〉 =
1√
2

(|+ l〉+ | − l〉) . (4)

The experimental beam shapes with petals agree well
with the theoretical predictions. We further prepare a
class of six-dimensional orthographical superposition s-
tates. patterns of transmission beams in Fig. 3 (c) co-
incide perfectly with the theoretical beam shapes. Al-
though we observed that in Fig. 2 the transmission peak-
s attenuated and broadened slightly as the topological
charge grows, the details of beam petals are still distinct
in the superposition states.

4 Conclusion

In summary, we have constructed a degenerate ring
cavity supporting more than 31 Laguerre-Gaussian
modes simultaneously. Due to the perfect symmetry of
our four-armed cavity, it is convenient to couple simi-
lar cavities with each other, which has potential usage
in many research areas, such as the quantum simulation
[19]. The degenerate cavity can also be used to generate
lasers and entangled-photon sources of high dimensional
Laguerre-Gaussian modes.
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Abstract. Contextuality, the impossibility of assigning context-independent measurement outcomes,
is a critical resource for quantum computation and communication. Finding and testing optimal non-
contextual inequalities are important because they offer in general a larger deviation from classical bounds
and are thus more friendly in experimental tests. Moreover, an essential requirement for any test of
contextuality, namely, no-signaling between successive measurements should be accomplished. Here, we
provide an optimal state-independent contextuality inequality, which is then experimentally tested using
single photons generated from a defect in a bulk silicon carbide, while satisfying the requirement of no-
signaling within the experimental error.

Keywords: Quantum contextuality, no-signaling, state-independent

1 INTRODUCTION

Quantum mechanics, since its foundation, has so many
features that are inconsistent with classical models. A
typical feature of quantum mechanics is measurement re-
sult of a quantum observable depends on the physical ar-
rangement of a second commuting observable being mea-
sured with it, which is known as quantum contexuality
[1]. Quantum contextuality has been shown to play im-
portant roles in fundamental quantum physics and prac-
tical quantum information processing.

Furthermore, contextuality offers an unusual perspec-
tive on the striking features of the quantum world by
pointing out scenarios in which primitive notions such
as preparations and states play no role, which is known
as the state-independent contextuality (SIC). It has been
recently proven that the simplest of these scenarios is the
one introduced by Yu and Oh [2], consisting in a set of 13
elementary measurements on a three-dimensional quan-
tum system (or qutrit). In practical, it would be helpful
to obtain the optimal violation of the state-independent
non-contextual inequalities, in which the ratio between
the prediction of quantum mechanics and the classical
bound is maximal, which will be more friendly in exper-
imental tests.

Moreover, in any contextuality experiment with se-

∗xya@mail.ustc.edu.cn
†xuzp1009@gmail.com
‡qianglee@mail.ustc.edu.cn
§jsxu@ustc.edu.cn
¶chenjl@nankai.edu.cn
‖cfli@ustc.edu.cn

quential measurements, there exists a crucial assumption.
That is, there should be no signaling between one mea-
surement and the next. If this no-signaling condition
cannot be satisfied, the bound of the non-contextuality
inequality has no physical motivation. Previous exper-
iments attempted to observe the simplest form of SIC
in the Yu-Oh scenario do not shown to satisfy such
condition. Although the work by Kirchmair satisfies,
within the experimental error, no-signaling, but it is not
a quantum state-independent contextuality experiment
with qutrits.

The aim of this Letter is to observe state-independent
contextuality in the Yu-Oh scenario under the condition
of no-signaling. That is, guaranteeing that the marginal
probabilities of all the measurement outcomes are the
same in any context. For that, we use a recent method
proposed for performing contextuality experiments on
systems in which nondemolition measurements are dif-
ficult [3] and apply it to single photons generated from
a defect in a bulk silicon carbide [4]. This allows us
to achieve a very high control of the measurement and
assure that, within the experimental error, there is no-
signaling. These results will be helpful in deeply under-
standing of quantum contextuality under the no-signaling
conditions.

2 Theoretical framework

Our system is a qutrit and we use the basis
{|i1〉, |i2〉, |i3〉} to express its states. The Yu-Oh elemen-
tary measurements correspond to the projectors onto the
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a. Single Photon Source b. State Prepara�on c. State Measurement

Figure 2: Experimental setup to test the noncontextuality inequality. a. The preparation of a single photon source.
A single photon is generated by using a 632.8 nm laser to excite an intrinsic defect in a 4H-SiC sample which is
mounted on a piezoelectric XYZ stage (PZT). The dichroic mirror (DM) is used to separated the pump laser and the
fluorescence, which is further filtered by an interference filter (IF) centered at 720 nm with a bandwidth of 13 nm. b.
State preparation of a single photon qutrit. The polarization of the photon is set to be horizontal by the polarization
beam splitter 1 (PBS1). After passing the first three haft-wave plates (HWP1, HWP2 and HWP3) and two beam
displacers (BD1 and BD2), the photon is split into three paths. By adjusting the angle settings of HWPs, we can
prepare different initial qutrit states. c. The setup for state measurement. The angle of HWP4 is set to 45◦ and the
photon in paths 1 and 3 are combined by the BD3. Different measurement bases are implemented by rotating HWP5,
HWP6, and HWP7. Several phase plates (PCs) are inserted into paths to compensate relative phases. The photon is
then detected by a single-photon avalanche detector (SPAD).

vectors |vi〉, with i = 1, . . . , 13, in Fig. 1 and are repre-
sented there by blue circles numbered from 1 to 13. Ac-
cording to the method in [3], to compute probabilities
in our experiment, we have to consider four more pro-
jectors, {|v14〉, |v15〉, |v16〉, and |v17〉}, to make sure that
every projector is measured as part of a complete basis.
These extra projectors are represented in Fig. 1 by red
circles numbered from 14 to 17.

The optimal state-independent NC inequality we want
to test is given by

Iopt = 3

9∑
i=1

P|ϕ〉(vi = 1)

(
1− 1

2

∑
(i,j)∈E

P|vi〉(vj = 1)

)

+ 2

13∑
i=10

P|ϕ〉(vi = 1)

(
1− 1

2

∑
(i,j)∈E

P|vi〉(vj = 1)

)
≤ 11,

(1)

P|ϕ〉(vi = 1) (P|vi〉(vj = 1)) represent the probability
to obtain vi (vj) when the input state is |ϕ〉 (vi). The
edge set E with (i, j) ∈ E indicates that |vi〉 and |vj〉
are orthogonal, i.e., 〈vi|vj〉 = 0. The two-point prob-
ability P|ϕ〉(vi = 1, vj = 1) will be calculated through
P|ϕ〉(vi = 1)P|vi〉(vj = 1). All non-contextual hidden
variable models satisfy inequality (1), while the quantum
theory predicts that, for any qutrit state, IoptQM = 35/3,
which is shown to be optimal. Obviously, the quantum
prediction is greater than the upper bound of classical
models set by the non-contextual realism. Thus the in-
equality (1) can be used to test quantum SIC of a qutrit.

3 The no-signaling conditions

Since our detector has imperfect detection efficiency
and our setup only measures rank-one projectors, to com-
pute probabilities like P|ϕ〉(vi = 1) when the input state
is |ϕ〉, we need to measure vi as part of a complete ba-
sis set of {vi, vi′ , vi′′ }. In a contextuality experiment, it

is crucial to measure each observable vi the same way
with independence of the context. Thus, for each vi, we
always use the same orthogonal basis, and P|ϕ〉(vi = 1)
can be expressed as follows:

P|ϕ〉(vi = 1) =
N|ϕ〉(vi)

N|ϕ〉(vi) + N|ϕ〉(vi′ ) + N|ϕ〉(vi′′ )
, (2)

where N|ϕ〉(vi) is the number of counts corresponding to
outcome (vi = 1) when the system is prepared in state |ϕ〉
and we take a projective measurement of |vi〉. In our case,
there are seven group bases: {v1, v4, v7}, {v2, v5, v8},
{v3, v6, v9}, {v4, v13, v17}, {v7, v12, v16}, {v8, v10, v14},
and {v9, v11, v15}.

As emphasized before, in any test of contextuality, we
should achieve no-signaling between the measurements
in the same context. This implies that the influence be-
tween first measurements and second measurements (de-
noted as ε(−, 0|−, vi) and ε(−, 1|−, vi) with the outcomes
of vi being 0 and 1, respectively, for all vj adjacent to vi)
must be, within the experimental error, compatible with
zero, while this error should be equal to the one affect-
ing the influence between second measurements and first
measurements (denoted as ε(0,− |vj ,− ) and ε(1,− |vj ,− )
with the outcomes of vj being 0 and 1, respectively, for
all vi adjacent to vj), which, according to causality, is
zero. More precisely, ε(−, 0|−, vi) ≈ ε(0,− |vj ,− ) ≈ 0,
ε(−, 1|−, vi) ≈ ε(1,− |vj ,− ) ≈ 0.

4 Results

Figure 2 shows our experimental setup. Figure 3 shows
the experimental influence between measurements for the
input sate ϕ1(= |i1〉). It clearly shows that, for that in-
put state, our experiment satisfies the no-signaling condi-
tion. The errors are estimated from the counting statis-
tics which are assumed to follow a Poisson distribution.

The experimental results violating inequality (1) are
shown in Fig. 4. We test the inequality with different
pure and mixed states. We observe that the inequality (1)
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Figure 1: Graph of the compatibility relations between
the measurements for the Yu-Oh scenario. Circles rep-
resent vectors vi and edges represent compatibility rela-
tions. The blue circles represent the vectors in the Yu-Oh
set. The red circles represent the extra vectors used for
assuring that each projector is always measured using
a complete basis. The states are represented as v1 =
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Figure 3: Influence between adjacent measurements with
the input state ϕ1(= |i1〉).

is violated, almost uniformly, for all the states tested in
experiment and that the experimental values never sur-
pass the quantum bound for sharp measurements.
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Figure 4: The experimental results of Iopt (shown by the
red squares) with different input states. For all states, we
obtain a violation of the inequality, which demonstrates
its state-independent character. The dashed line in the
left-hand side specifies the upper bound imposed by non-
contextual hidden variable models, while the dashed line
in the right-hand side corresponds to the quantum me-
chanical prediction. The error bars are estimated from
the counting statistics.

5 Conclusion

We have observed for the first time the optimal form
of quantum state-independent contextuality respecting
the condition of no-signaling between the measurements
in the same context, which is essential to make sense of
any test of contextuality. Our experimental results agree
with the quantum predictions and confirm the existence
of contextual correlations between sequential compatible
measurements which are independent of the initial state
of the system. Our results shed a new light on the study
of quantum contextuality under no-signaling conditions.

Note: you can see our poster for more details.
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Abstract. Einstein-Podolsky-Rosen (EPR) steering describes the ability of one party to remotely affect
another’s state through local measurements. One of the most distinguishable properties of EPR steering
is its asymmetric: steering can work in one direction but fail in the opposite direction. However, an
experimental demonstration of genuine EPR steering in the simplest two-qubit system is still lacking. In
this work, we firstly demonstrate the multi-setting one-way steering in a two-qubit system. The steerability
is quantified by a necessary and sufficient steering criterion, i.e., the steering radius. Our results will provide
a deeper understanding of the asymmetric characteristic of steering.

Keywords: one-way EPR-steering, steering radius, multi-setting measurements

1 Introduction

In 1935, Einstein, Podolsky and Rosen (EPR) de-
scribed a “spooky” action permissible under the rules
of quantum mechanics: “as a consequence of two differ-
ent measurements performed upon the first system, the
second system may be left in states with two different
(ensembles of) wave functions”. As a response to EPR’s
work, Schrödinger generalized this argument and referred
to the ability of Alice to remotely affect Bob’s state by
choosing her measurement basis as steering. The rigorous
definition and operational framework for understanding
steering were recently formulated by Wiseman et al. [1] ,
in which the authors showed the hierarchy of nonlocality:
steerable states are a subset of the entangled states and
a superset of Bell nonlocal states.

Another interesting property of steering according to
the definition is its asymmetry: steering can work in
one direction but fail in the opposite direction. This
type of one-way steering can never be found in entangle-
ment or Bell nonlocality by their definitions, which may
provide potential applications for the one-sided device-
independent quantum key distribution.

It is natural to verify steering by violating steering in-
equalities. However, to certify a one-way steerable state,
one needs to solve two obstacles. The first difficulty is
when all those one-way steerable states are Bell-local
states; thus, a highly efficient and experimental error-
tolerant steering criterion is required to verify Alice’s
ability to steer Bob. The second difficulty, which is the
most challenging part, is to prove, for any measurement
settings, that Bob cannot steer Alice.

A few experiments have also been carried out over the

∗xya@mail.ustc.edu.cn
†xiangjun@ustc.edu.cn
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past few years to study the asymmetric steering. The
first experimental demonstration was restricted to Gaus-
sian measurements for Gaussian states. Recently, two
more experiments were conducted to observe the one-
way steering. Based on the analysis of detector efficiency,
Wollmann et al. designed an experiment to demonstrate
one-way steering in a qubit-qutrit system.The other ex-
periment regarding asymmetric EPR-steering was re-
ported by Sun et al., in which the protocol is restricted to
two-measurement settings. The one-way steering charac-
teristic may disappear with more measurement settings.
The demonstration of genuine one-way steering with mul-
timeasurement settings in the simplest bipartite system
would be of fundamental interest and provide practi-
cal applications in one-way quantum information tasks,
which are still lacking.

In this work, we experimentally demonstrate the multi-
setting one-way steering in a two-qubit system for the
first time. The steerability is quantified by a necessary
and sufficient steering criterion, i.e., the steering radius
[2]. These results will provide a deeper understanding of
the asymmetric characteristic of steering.

2 Multi-setting one-way EPR steering
and steering radius

To clarify the steering scenario, we show the process
of Alice steering Bob in the case of three-measurement
settings in Fig. 1. Bob is not sure whether the re-
ceived qubit state is from half of a steerable state (ρAB ,
from channel a) or from a local hidden state model
(LHSM, from channel b). He asks Alice to measure
her qubit in one of the directions {~n1, ~n2, ~n3} through
classical communication. Alice then sends Bob the mea-
surement result a ∈ {0, 1}. Correspondingly, Bob ob-
tains a conditional state ρ̃a|~n = TrA((Ma|~n ⊗ IB)ρAB).
Ma|~n = (IA + (−1)a~n ·~σ)/2 is the measurement operator
of Alice’s state. IA (IB) represents the identity matrix
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on Alice’s (Bob’s) side, and ~σ = (σx, σy, σz) is the Pauli
vector. When Bob’s state can be described by a LHSM,
the conditional state can be written as

ρ̃a|~n =
∑
i

P (a|~n, i)piρi, (1)

where P (a|~n, i) is a conditional probability. {piρi} is the
local hidden state ensemble, with the state ρi and cor-
responding probability pi. Otherwise, Bob is convinced
that Alice can steer his state and that the qubit he re-
ceived is from channel a.

Alice

0          10          1

�
AB

LHSM
or

Bob

�̃ →

Steering
Radius

a
or
b

�|n

{��, ��, ��}   →→ →

(1)

(2)

(3)

Classical Communication 

{0|��,1|��,0|��,1|��,0|��,1|��}   
→ → → → → →

(4)

Figure 1: Illustration of the EPR steering scenario with
three-measurement settings. The steps in the task, from
(1) to (4), are as follows. (1) Alice sends a qubit to
Bob, who is not sure whether the state is from a steer-
able state (ρAB , channel a) or from a local hidden state
model (LHSM, channel b). (2) Alice measures her qubit
along one of the directions {~n1, ~n2, ~n3} required by Bob
through classical communication. (3) Alice sends her
measurement results {0|~n1, 1|~n1, 0|~n2, 1|~n2, 0|~n3, 1|~n3} to
Bob. Six corresponding conditional states are obtained
by Bob, which are denoted as ρ̃a|~n, with a ∈ {0, 1} and
~n ∈ {~n1, ~n2, ~n3}. (4) Bob analyzes the results to calculate
the steering radius RA→B . If RA→B > 1, Alice success-
fully steers Bob’s state. The qubit received by Bob is
confirmed to be from channel a.

Here, we use a value called steering radius RA→B to
quantify the ability of Alice to steer Bob. In the case
of three-measurement settings, it has been proven that
eight local hidden states are sufficient to reproduce the
six conditional states if a LHSM exists. The radius of the
Bloch vector of the corresponding local hidden state ρi
is represented as |~Ri|, with i ∈ {1, 2 · · · 8}. For a differ-
ent solution set of {piρi} of Eq. 1, the minimum radius

is defined as r{~n1,~n2,~n3} = min
{piρi}

{max{|~Ri|}}. Obviously,

r{~n1,~n2,~n3} is dependent on a given measurement direction
assemblage {~n1, ~n2, ~n3}. The steering radius is defined as
RA→B = max

{~n1,~n2,~n3}
{r{~n1,~n2,~n3}}. If RA→B > 1, there is

no physical solution of Eq. 1, which indicates that there
is no LHSM to describe the conditional states obtained
on Bob’s side. The steering task from Alice to Bob is
successful. Otherwise, if RA→B ≤ 1, the EPR steering
task fails. The analysis can be extended to more mea-
surement settings, and the steering radius for the case

in which Bob steers Alice (RB→A) can be analyzed in a
similar way.

In this work, we prepare a family of two-qubit states:

ρAB(p, θ) = p|ψ(θ)〉〈ψ(θ)|+ (1− p)IA/2⊗ ρθB , (2)

where |ψ(θ)〉 = cos(θ)|HH〉+ sin(θ)|V V 〉, with H and V
representing the horizontal and vertical polarizations, re-
spectively. ρθB = TrA(|ψ(θ)〉〈ψ(θ)|). It has been demon-

strated [3] that for θ ∈ [0, π/4] and cos2(2θ) >
2p− 1

(2− p)p3
,

the steering from Bob to Alice is impossible even for an
infinite number of projective measurements carried out
by Alice. However, Alice can steer Bob for p > 1/2.

Experimentally, we focus on two- and three-
measurement settings. The conditions of states ρAB sat-
isfying one-way steering from Alice to Bob are RA→B > 1
and RB→A ≤ 1. In the case of two-measurement settings,
the condition can be rewritten as: θ ∈ (0, π/4) and

1√
2
< p ≤ 1√

1 + sin2(2θ)
. (3)

while the condition for three-measurement settings is θ ∈
(0, π/4) and

1√
3
< p ≤ 1√

1 + 2 sin2(2θ)
. (4)

3 Experimental results

We prepared 40 entangled states in the form of
ρAB(p, θ) to perform the EPR steering task. Fig. 2a
presents the distribution of the experimental states with
different p and θ. In the scenario of three-measurement
settings, the light red region described by Ineq. 4 denotes
the case of one-way steering in which Alice can steer Bob,
but Bob cannot steer Alice. In other cases, states located
in the light brown region are steerable, and states located
in the light blue region are unsteerable in both directions.
It is clear that a tunable p allows the state to be shifted
from a region where it is unsteerable in both directions
to a region where it is one-way steerable and finally to a
region where it is two-way steerable. We further show the
one-way steering region in the case of two-measurement
settings, which is bounded by the dashed black lines ac-
cording to Ineq. 3. With more measurement settings,
more states are shown to be steerable. One-way steer-
able states can be turned into two-way steerable states
by increasing the measurement settings for some param-
eters. For the infinite-measurement settings, there is still
a parameter region where states are shown to be one-way
steerable, which could not be demonstrated in the pre-
vious work restricted to two-measurement settings. As
shown in Fig. 2a, the states below the solid red curve

described by the relation cos2(2θ) =
2p− 1

(2− p)p3
are one-

way steerable with infinite-measurement settings.
We further consider the ability of Bob to steer Alice

using the linear EPR-steering inequality, which is repre-

sented as Sn =
1

n

∑n
k=1〈σkABk〉 6 Cn. σkA is the Pauli
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operator for Alice’s state, and Bk ∈ {−1, 1} is the ran-
dom variable on Bob’s side. Cn is the bound given by
the LHSM with n-measurement settings. The difference
between Sn and Cn (Sn − Cn) for the one-way steerable
states in the black box in Fig. 2a is shown in Fig. 2b.
If Sn − Cn > 0, the steerability is demonstrated. We
find that Sn−Cn slowly increases as the number of mea-
surement settings increases. All Sn are shown to be well
below Cn.

However, Sn−Cn is not a necessary and sufficient cri-
terion to quantify steering for states ρAB(p, θ). It only
shows, for a specific linear function, whether there ex-
ists a LHSM to obtain the value predicted by quantum
mechanics. Thus, it just tests partial properties of the
conditional states. However, the steering radius, as a
simplified variant of steering robustness, directly shows
whether there exists a LHSM to simulate the correspond-
ing conditional states and gives a necessary and sufficient
criterion for steerability. We measure the steering radii
RA→B and RB→A of the corresponding states in Fig.
2a to clearly demonstrate the one-way EPR steering, as
shown in Fig. 3. The blue dots represent states for which
the EPR steering task fails in both directions (A=B,
RA→B ≤ 1 and RB→A ≤ 1). The states represented
by red triangles show the case in which Alice steers Bob
(A→B, RA→B > 1 and RB→A ≤ 1). The brown squares
represent the cases in which Alice and Bob can steer each
other (A↔B, RA→B > 1 and RB→A > 1). The values
of RA→B and RB→A clearly distinguish different steering
situations, which agree well with the theoretical predic-
tions. The inset in Fig. 3 is a magnification of the region
in the red pane. Error bars are due to Poissonian count-
ing statistics.

4 Conclusion

In our work, we construct a class of states that are
only steerable from Alice to Bob, even for infinite-
measurement settings. By measuring the steering ra-
dius, the asymmetric steerability of the prepared states
is clearly shown. Compared with the previous experi-
ments, our work provides a more essential and intuitive
way to understand the asymmetric characteristic of EPR
steering. Our experimental results for the simplest bi-
partite system, with a smaller requirement of quantum
resources, can yield potential applications in future one-
way quantum information tasks.

Note: you can see Phys. Rev. Lett. 118, 140404
(2017) for more details.
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Abstract. Oblivious transfer (OT) is an important tool in cryptography. It serves as a subroutine
to other complex procedures of both theoretical and practical significance. Common attribute of OT
protocols is that one party (Alice) has to send a message to another party (Bob) and has to stay oblivious
on whether Bob did receive the message. Specific (OT) protocols vary by exact definition of the task – in
the all-or-nothing protocol Alice sends a single bit-string message, which Bob is able to read only with 50%
probability, whereas in 1-out-of-2 OT protocol Bob reads one out of two messages sent by Alice. These
two flavours of protocol are known to be equivalent. Recently a computationally secure all-or-nothing OT
protocol based on quantum states was developed in [A. Souto et. al., PRA 91, 042306], which however
cannot be reduced to 1-out-of-2 OT protocol by standard means. Here we present an elaborated reduction
of this protocol which retains the security of the original.

Keywords: Oblivious transfer

1 Introduction

Oblivious transfer (OT) is a very important build-
ing block for various cryptographic protocols. Oblivious
transfer exists in two flavours. The first one, called all-
or-nothing OT provides a way to transfer a message from
Alice to Bob in such a way that Alice, as the sender, does
not know whether Bob did receive the message. More
precisely, Alice sends an encoded message m to Bob. Bob
can decode the message with probability 1

2 . Importantly,
Alice shall not learn whether Bob was able to read the
message, thus the name oblivious.

It is a well-known fact that oblivious transfer cannot be
executed with unconditional security neither within the
classical domain, nor in quantum cryptography. Clas-
sically, the security is usually assured by computational
complexity arguments based on hardness of factoring (see
e.g. [2]). This, however makes the existing protocols vul-
nerable against attacks using quantum computers utiliz-
ing Shor’s factoring algorithm [3]. This naturally mo-
tivated the research towards quantum algorithms safe
against quantum attacks, such as the result of Souto et.
al. [5]. There the authors presented a quantum compu-
tationaly secure protocol for oblivious transfer under the
assumption of at most few-qubits measurements avail-
able.

Shortly afterwards He in [6] pointed out the incomplete
security of this protocol, mainly due to the fact that Al-
ice can assure in certain runs that Bob does not receive
the message. Souto et. al. replied [7] by arguing that
such a partially limited security of the protocol is not of
a significant hinder for its use. Although this statement
might be true for a subclass of utilizations of this obliv-
ious transfer protocol, for other classes this is certainly
not the case. One of the later examples is its possible uti-
lization in a reduction to the 1-out-of-2 oblivious transfer
protocol.

In 1-out-of-2 oblivious transfer, the task is slightly

∗plesch@savba.sk

modified: Alice sends two different messages m0 and m1.
The aim of the protocol is to assure that Bob is be able
to read exactly one them, whereas Alice shall not learn
which message was accessed by Bob. As shown by the
seminal work by Crépeau [4], all-or-nothing OT and 1-
out-of-2 OT protocols are equivalent in the sense that
one can be efficiently used to implement the other. This
however only works if the starting protocol is perfectly se-
cure, which is not the case for the protocol introduced in
[5]. As correctly pointed out in [6], using the protocol of
Souto et. al. together with Crépeaus reduction leads to
a complete loss of security. This might have two possible
causes – either the protocol of [5] is unsuitable for reduc-
tion to 1-out-of-2 OT protocol per se, or the Crépeaus
reduction is not appropriate for this flawed protocol. In
this paper we show the latter is the case – we introduce an
improved reduction that maintains the level of security of
the original quantum protocol throughout the reduction.
This reduction has however a more general use: it shows
that the two flavors of OT protocols are equivalent even
in the presence of reasonably bounded security flaw.

In this extended abstract we present the motivation
and main results. In the full paper [1] all technical details
are available.

2 Preliminaries

2.1 Quantum oblivious transfer of Souto et. al.

First we briefly analyze the protocol introduced in [5].
Alice wants to send a message, here a bit string m, to
Bob, where Bob shall only with probability 1

2 learn the
whole message, otherwise he shall not learn (almost) any-
thing. Analysis in [5] correctly shows that

1. If both Alice and Bob are honest, Bob receives the
message m with probability 1

2

2. Bob knows whether he got the message or not

3. Bob’s cheating is limited to a negligible probability

47



4. Alice does not know whether Bob received the mes-
sage if she was sending it honestly.

However, as correctly pointed out by He in [6], Alice
can perform a more sophisticated attack. She can decide
to use incorrect message in the last step of the protocol,
which causes Bob’s failure to obtain the correct message.

Bob cannot check whether Alice was honest in a sin-
gle run of the protocol. On the other hand, Alice cannot
increase the probability of Bob to obtain the correct mes-
sage above 1/2. Thus, every run of the protocol in which
Alice decides to cheat causes a decrease of the frequency
of Bob’s successes below 50%. Thus, Alice and Bob can
agree on a constant s being a security parameter. With
N repetitions of the protocol, Bob will terminate the co-
operation with Alice if he receives less than N

2 − β
√
N

messages from Alice. If Alice wants to avoid termina-
tion of the protocol, she can act dishonestly only in up

to o(β)√
N

fraction of rounds, which can be made arbitrary

small with increasing N . As shown in [7], this is fine for
some applications of the protocol, but certainly not for
all. Next we show why the reduction to 1-out-of-2 OT
protocol due to Crépeau [4] fails.

2.2 Failure of Crépeaus reduction

The original reduction from all-or-nothing to 1-out-of-
2 oblivious transfer protocol from [4] works as follows:

1. Alice chooses at random N bits r1, r2, ..., rN .

2. For each of these N bits, Alice uses the all-or-
nothing OT protocol to disclose the bit ri to Bob.

3. Bob selects indices U = {i1, i2, ..., in} and V =
{in+1, in+2, ..., i2n} where n = N

3 with U ∩ V = ∅.
Additionally, it is required that he knows ril for
each index il ∈ U . If he didn’t receive enough mes-
sages to select U , the protocol is terminated.

4. Bob sends (X,Y ) = (U, V ) if he wants to read m0

and (X,Y ) = (V,U) otherwise.

5. Alice computes k0 =
⊕

x∈X rx and k1 =
⊕

y∈Y ry.

6. Alice returns to Bob k0 ⊕m0 and k1 ⊕m1.

7. Bob computes
⊕

u∈U ru ∈ {k0, k1} and uses it to
get his secret bit m0 or m1 according to his previous
choice.

The main idea behind this reduction is hidden in the
step 3. If number N of the messages sent to Bob is large,
then it is highly improbable that he will receive less than
N
3 of the messages correctly. On the other hand, it is

equally improbable that he will receive more than 2N
3 of

the messages correctly. Therefore, except for a marginal
probability, he will be able to produce a subset U con-
sisting of one third of rounds for which he knows all the
messages, but not both subsets U and V . Later Alice
encrypts two bits: one using the messages from U as the
key, the second using messages from V , knowing that

Bob will be able to decrypt only one. If the underly-
ing all-or-nothing OT is not compromised, Alice will not
know which bit Bob can decrypt, as she has no informa-
tion on which of the two sets consist of messages Bob has
successfully received.

However, as it was pointed out in [6], the situation
changes drastically if Alice can cheat, even to a small
extent, as in protocol of [5]. Alice can choose s rounds
where she knows Bob did not receive the correct mes-
sage. When Bob chooses rounds for the subset V , he can
choose roughly N

6 indices of received messages (Bob re-

ceived roughly N
2 messages, however he needs N

3 of them

for U), but needs to select another roughly N
6 indices

belonging to the messages he did not receive. Note that
each out of the s dishonest rounds will be chosen with
probability at least 1

3 . The probability that Bob chooses
at least one of these rounds as a member of V is thus can
be upper bounded as 1−

(
2
3

)s
, which quickly approaches

unity with increasing s.
If there is at least a single element from s in V , Al-

ice can with certainty learn whether (X,Y ) = (U, V )
or (X,Y ) = (V,U). Thus she can learn which bit Bob
intents to read with only negligible probability to be
caught.

2.3 Security Parameters

In what follows we analyse the security of different two
different protocols implemented with the help of flawed
OT protocol of [5], where the first analysed protocol is
used as a subroutine for the second one. We are in princi-
ple interested in three basic parameters: the probability
of the protocols to fail if both parties are honest, de-
noted pf , and the probabilities that Alice or Bob cheat
successfully, pA and pB respectively (with the other party
being honest). In what follows we evaluate the param-
eters of the protocol depending on these three output
parameters. To make the analysis easier to access, we
set pA = pB = ε and pf = 1

2 , to get a single security
parameter of the respective protocol.

3 Element choosing protocol

First we introduce a subroutine protocol which uses a
possibly compromised all-or-nothing OT as a primitive
and allows the parties to choose one element from some
large set T with cardinality NT . This set has two subsets
A ⊂ T and B ⊂ T ,A∩B = ∅ with NA and NB elements
respectively. Alice wins if an element from A is chosen
and Bob wins if an element from B is chosen. Our goal is
to have a protocol in which, with high probability, neither
of them wins, thus the chosen element does not belong
to either A or B.

The protocol is defined as follows:

1. Alice and Bob agree on a parameter α < 1
2 .

2. Parties count the elements of T and label them with
integers from 1 to NT .

3. Alice chooses at random NT messages
r1, r2, ..., rNT , where each of the messages consists
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of ` bits. Alice will choose ` large enough so that
the probability of guessing ri will be low enough
in comparison to any other probability within the
protocol.

4. Alice sends each message ri with the all-or-nothing
OT protocol from [5].

5. Bob replies by publishing αNT messages he re-
ceived correctly. If he is not able to do so, the
protocol is aborted.

6. Indices of the published αNT messages are used as
the new set T . Alice and Bob repeat points 2-5 of
this protocol x times, in each round keeping an α
fraction of previously held messages; they will end
up with N = αxNT messages.

7. Alice randomly chooses one of these messages to be
the outcome of the protocol.

The protocol aborts if Bob announces incorrectly any
received message (which shall not happen for honest play-
ers) or if Bob is not able to announce αNT messages in
some round. At the end of the protocol, Alice and Bob
choose a single message ri. In [1] we calculate the prob-
ability of failure, as well as the cheating probabilities for
Alice and Bob in this protocol.

4 1-out-of-2 OT protocol

Now we are ready to formulate the main protocol. In
the protocol both m0 and m1 are single bit messages
denoted b0 and b1. Let us denote B the choice of the
bit wished by Bob – if he wants to learn b0, he chooses
B = 0, otherwise he chooses B = 1.

1. Alice and Bob agree on the security parameters c
and β.

2. Alice first splits her messages b0 and b1 into groups
of random bits bj0 and bj1 such that

⊕c
j=1 b

j
0 = b0

and
⊕c

j=1 b
j
1 = b1.

3. For every pair bj0 and bj1, Alice chooses N single bit
messages r1, r2, ..., rN .

4. For each of these N messages, Alice uses the all-
or-nothing OT protocol to disclose them to Bob.
The protocol is terminated if Bob did not receive

at least n = N
2 − β

√
N
2 messages.

5. Let us denote S the set of indices of messages that
Bob received correctly. Bob chooses n pairs of in-
dices {(ui, vi)}ni=1, such that ∀i, ui ∈ S if B = 0,
otherwise he chooses ∀i, vi ∈ S. Also, for each pair
Bob chooses a single random bit ki. If ki = 1, he
switches the order of the pair (ui, vi), otherwise he
keeps the order intact. After this operation, Bob
publishes the set of pairs, but keeps ki secret.

6. Alice and Bob use the element choosing protocol
described above with T being the set of pairs of
indices announced by Bob. Therefore, NT = n =
N
2 − β

√
N
2 . Let us denote the pair chosen h.

7. Bob announces the bit kh so that Alice can switch
the order of the selected pair if kh = 1; let us denote
the final key (u, v).

8. Alice sends bj0 ⊕ ru and bj1 ⊕ rv to Bob. Since he
knows one of the messages ru or rv, he can calculate
bjB of his choice.

9. Steps 2-6 are repeated c times for all pairs of bj0 and

bj1. To obtain bit bB in which Bob is interested, he

needs to learn all the bits bjB .

In [1] we calculate the probability of failure, as well
as the cheating probabilities for Alice and Bob also for
the main protocol. In the security analysis we show that
with the security parameters pA = pB = ε and pf = 1

2
one is able, for each ε > 0, choose suitable parameters of
the protocol.

5 Conclusions

Oblivious transfer protocols are important building
blocks in cryptography. Perfect all-or nothing OT pro-
tocol can be used to construct a 1-out-of-2 OT protocol
(and vice-versa), but this is in general not true for pro-
tocols with security security flaw as the one in [5]. And
as unconditionally secure OT protocols provably do not
exist, it is of utmost importance to investigate protocols
with security based on reasonable assumptions.

In this paper we have introduced an improved version
of the reduction protocol from all-or-nothing to 1-out-
of-2 OT protocol. Contrary to the existing results, this
reduction is immune against a security loophole in the
original protocol allowing Alice to learn partial one-sided
information in a small fraction of the protocol runs. This,
in particular, allows the use of the protocol suggested in
[5] for such a reduction. But our result is more general,
opening the possibility for utilizing other imperfect im-
plementations of all-or-nothing OT protocols as well.
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Phys. Rev. A 91, 042306 (2015).

49



[6] G. P. He, Phys. Rev. A 92, 046301 (2015).

[7] A. Souto, P. Mateus, P. Adão, and N. Paunković,
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Abstract. We present observable lower bounds for several bipartite entanglement measures including
entanglement of formation, geometric measure of entanglement, concurrence, and convex-roof extended
negativity. The lower bounds facilitate estimates of these entanglement measures for arbitrary finite-
dimensional bipartite states. Moreover, these lower bounds can be calculated analytically from the expec-
tation value of a single observable. Based on our results, we use several real experimental measurement
data to get lower bounds of entanglement measures for these experimentally realized states. In addition,
we also study the relations between entanglement measures.

Keywords: entanglement measures, lower bounds, single observable

1 Introduction

Quantum entanglement is widely recognized as a valu-
able resource in quantum information processing. How-
ever, it is far from simple to fully determine entangle-
ment. Therefore, the characterization and quantifica-
tion of entanglement become fundamental problems in
quantum information theory. Lots of entanglement mea-
sures have been proposed, such as entanglement of forma-
tion, geometric measure of entanglement, concurrence,
and convex-roof extended negativity.
Consider a finite dimensional bipartite system, one is

subsystem A and the other one is subsystem B. The en-
tanglement of formation (EOF) is the first entanglement
measure built by the convex roof construction. For a pure
state |ψ⟩, it is defined by EF (|ψ⟩) = S(ϱA), where S(ϱ) =
−Tr(ϱ log2 ϱ) stands for the von Neumann entropy and
ϱA = TrB(|ψ⟩⟨ψ|) is the reduced density matrix of sub-
system A. For a mixed state ϱ, the EOF is defined by
the convex roof, EF (ϱ) = inf{pi,|ψi⟩}

∑
i piEF (|ψi⟩) for all

possible ensemble realizations ϱ =
∑
i pi|ψi⟩⟨ψi|, where

pi ≥ 0 and
∑
i pi = 1. The infimum represents the min-

imal possible average entanglement over all pure state
decompositions of ϱ. The geometric measure of entan-
glement (GME) is another kind of convex-roof entangle-
ment measures. For an arbitrary bipartite pure state
|ψ⟩ = UA⊗UB

∑
i

√
µi|ii⟩ with

√
µi being its Schmidt co-

efficients, the GME is defined by EG(|ψ⟩) = 1−max{µi}.
Similarly, the GME is extended to mixed states by the
convex roof. The concurrence was used for two-qubit
states, and based on it Wootters and co-workers derived
computable formulae for concurrence and EOF in the
two-qubit case. After that, it was extended to bipartite
higher-dimensional systems, i.e., C(|ψ⟩) =

√
2(1− Trϱ2A)

∗zhangchengjie@suda.edu.cn
†cqtys@nus.edu.sg
‡phyohch@nus.edu.sg

for pure states, and its convex roof for mixed states.
Last but not least, the convex roof extended negativ-
ity (CREN) is generalized from the negativity, which is
strongly related with the partial transpose. For a bi-
partite state ϱ, its negativity reads N(ϱ) = ∥ϱTB∥ − 1
(for simplicity we ignore the coefficient 1/2 ), where ∥ · ∥
stands for the trace norm and TB is partial transpose
with respect to subsystem B. The positive negativity is
a necessary and sufficient condition of entanglement for
pure states, 2× 2 and 2× 3 mixed states, but only a suf-
ficient condition for higher-dimensional mixed states. To
overcome this drawback, Lee et al. proposed the CREN.
For a pure state |ψ⟩, CREN is defined by the negativity
N (|ψ⟩) = N(|ψ⟩) = ∥|ψ⟩⟨ψ|TB∥ − 1. For mixed states,
CREN is defined by the convex roof as well.
Although many entanglement measures have been pro-

posed, there are only a few explicit expressions of these
measures for two-qubit states and some special kinds of
higher-dimensional mixed states. Furthermore, for a gen-
eral state it is proved that computing many entanglement
measures including the entanglement of formation is NP-
hard, which implies that we could only derive bounds on
(rather than compute exact values of) these entangle-
ment measures. Thus, in order to evaluate entanglement
measures, lower and upper bounds of entanglement mea-
sures for general higher-dimensional states have been pro-
posed. Besides, the lower bounds of entanglement mea-
sures can server as a valuable tool for optimal control.
However, if the proposed bound cannot be directly mea-
sured in experiments, quantum state tomography has to
be performed which leads to rapidly growing experimen-
tal resources as system size increases. Therefore, exper-
imentally observable lower and upper bounds of entan-
glement measures attract much interest recently.
In this study [1], we shall propose observable lower

bounds for EOF, GME, concurrence, and CREN in finite-
dimensional bipartite systems. These lower bounds can
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be obtained from the expectation value of a single observ-
able. Based on our results, we will present several exam-
ples using real experimental measurement data. Further-
more, the relations between entanglement measures will
be studied.

2 Lower bounds of entanglement mea-
sures by a single observable

For simplicity, we use the denotation co(g). Here co(g)
denotes the convex hull of the function g, which is the
largest convex function that is bounded above by the
given function g. The denotation has been used to get
explicit expressions and bounds for the EOF.
Theorem 1. For any m ⊗ n (m ≤ n) quantum state

ϱ, its entanglement of formation EF (ϱ) satisfies

EF (ϱ) ≥ co[R(Λ)], (1)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, R(Λ) =
H2[γ(Λ)] + [1 − γ(Λ)] log2(m − 1), γ(Λ) = [

√
Λ +√

(m− 1)(1− Λ)]2/m, with H2(x) = −x log2 x − (1 −
x) log2(1 − x) being the standard binary entropy func-
tion, and |ϕ⟩ = VA ⊗ VB

∑m
i=1

√
si|ii⟩ being an arbitrary

pure entangled state in m ⊗ n system (where {√si} are
its Schmidt coefficients in decreasing order). The convex
hull of R(Λ) is

co[R(Λ)] =


H2[γ(Λ)] + [1− γ(Λ)] log2(m− 1),

Λ ∈
[
1
m ,

4(m−1)
m2

]
,

m log2(m−1)
m−2 (Λ− 1) + log2m,

Λ ∈
[ 4(m−1)

m2 , 1
]
.

(2)

Similar to entanglement of formation, we can also find
an observable lower bound for the GME.
Theorem 2. For any m ⊗ n (m ≤ n) quantum state

ϱ, its geometric measure of entanglement EG(ϱ) satisfies

EG(ϱ) ≥ co[Q(Λ)], (3)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, Q(Λ) = 1 − γ(Λ)
with γ(Λ) = [

√
Λ +

√
(m− 1)(1− Λ)]2/m, and

co[Q(Λ)] = Q(Λ). (4)

In the following, we shall also present an observable
lower bound for the concurrence.
Theorem 3. For any m ⊗ n (m ≤ n) quantum state

ϱ, its concurrence C(ϱ) satisfies

C(ϱ) ≥ co[P (Λ)], (5)

where P (Λ) =
√
2[1− γ(Λ)][mγ(Λ) +m− 2]/(m− 1),

with γ(Λ) = [
√
Λ +

√
(m− 1)(1− Λ)]2/m, Λ =

max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, and

co[P (Λ)] =

√
2m

m− 1
(Λ− 1

m
). (6)

Last but not least, an observable lower bound of CREN
has been presented as follows.

Theorem 4. For any m ⊗ n (m ≤ n) quantum state
ϱ, its convex-roof extended negativity N (ϱ) satisfies

N (ϱ) ≥ mΛ− 1, (7)

where Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}.
Remark 1. It is worth noticing that when we choose

a special case for |ϕ⟩, i.e. |ϕ⟩ = |ψ+⟩ where |ψ+⟩ =
1/
√
m
∑m
i=1 |ii⟩ is the maximally entangled state, then

s1 becomes to 1/m and Λ = max{⟨ψ+|ϱ|ψ+⟩, 1/m}.
For this special case, our results shown in all the above
theorems can be proved in a different manner: for an
arbitrary m ⊗ m state ϱ, one can project it onto the
isotropic states by the twirling operation, i.e. ϱiso =∫
dU(U⊗U∗)ϱ(U⊗U∗)†, which is a local operations and

classical communication (LOCC) operation and there-
fore cannot increase entanglement. Moreover, we have
⟨ψ+|ϱ|ψ+⟩ = ⟨ψ+|ϱiso|ψ+⟩, since it is invariant under
the twirling operation. The entanglement measures of
the isotropic states can be expressed as a function of
⟨ψ+|ϱiso|ψ+⟩. Thus, one can get lower bounds of entan-
glement measures for ϱ from the entanglement measures
of the isotropic states, this idea to get a lower bound
has been known since the earliest paper by Bennett et
al.. However, this alternative proof for |ϕ⟩ = |ψ+⟩ is not
valid for a general |ϕ⟩.
Remark 2. From Theorem 1 to Theorem 4, all the

lower bounds proposed above are the functions of Λ,
which only depends on the expectation value of a sin-
gle observable |ϕ⟩⟨ϕ|. Therefore, it will be much easier
to evaluate than tomography in experiments.
Examples. The first example is a real experimen-

tal state shown in Ref. [2]. Tonolini et al. exper-
imentally realized a high-dimensional two-photon en-
tangled state, with dimension of each photon being
equal to d = 17. They reconstructed the density ma-
trix ϱexp1 of the experimental state, and found the fi-
delity with the maximally entangled pure state being

Tr
√√

ϱexp1 |ψ+⟩⟨ψ+|√ϱexp1 = 0.831. Therefore, our

parameter for this experimental state should be Λ1 =
max{⟨ψ+|ϱexp1 |ψ+⟩, 1/17} .

= 0.69. Using Eqs. (1), (3),
(5), and (7), one can arrive at

EF (ϱexp1) ≥ 2.68, EG(ϱexp1) ≥ 0.45,

C(ϱexp1) ≥ 0.92, N (ϱexp1) ≥ 10.73,

for this real experimental state.
The second example is also from a real experiment

[3]. In Ref. [3], the authors experimentally real-

ized a three-photon slice state: |ψslice⟩ =
√
3
2 |000⟩ +

√
3
4 |110⟩ + 1

4 |111⟩ and a four-photon Dicke state with
two exciations |D2

4⟩ = 1√
6
(|0011⟩ + |0101⟩ + |0110⟩ +

|1001⟩ + |1010⟩ + |1100⟩). The square of fidelities for
the slice state and the Dicke state are measured to
be ⟨ψslice|ϱexp2 |ψslice⟩ = 0.9821 and ⟨D2

4|ϱexp3 |D2
4⟩ =

0.9780, respectively. For simplicity, we only consider
the entanglement under A|BC bipartition for the three-
photon slice state and AB|CD bipartition for the four-
photon Dicke state. Other bipartition entanglement can

52



also be calculated analytically based on our theorems.
Therefore, our parameters for these experimental states
should be Λ2 = max{⟨ψslice|ϱexp2 |ψslice⟩/(s1m), 1/m} .

=
0.6547 with m = 2 and s1 = 3/4, and Λ3 =
max{⟨D2

4|ϱexp3 |D2
4⟩/(s1m), 1/m} .

= 0.3667 with m = 4
and s1 = 2/3. Using Eqs. (1), (3), (5), and (7), one can
arrive at

EF (ϱexp2) ≥ 0.1661, EG(ϱexp2) ≥ 0.0245,

C(ϱexp2) ≥ 0.3094, N (ϱexp2) ≥ 0.3094,

EF (ϱexp3) ≥ 0.1437, EG(ϱexp3) ≥ 0.0160,

C(ϱexp3) ≥ 0.1905, N (ϱexp3) ≥ 0.4668,

for these real experimental states.

3 Relations between entanglement mea-
sures

There have been comparative studies of entanglement
measures. Horodecki et al. introduced axiomatic ap-
proach for entanglement measures. Eltschka et al. pro-
posed inequalities between the concurrence and CREN
for any m⊗n (m ≤ n) quantum state ϱ, N (ϱ) ≥ C(ϱ) ≥√
2/[m(m− 1)]N (ϱ). We shall study the relations be-

tween concurrence, geometric measure of entanglement
and CREN.
Theorem 5. For any m⊗n (m ≤ n) quantum state ϱ,

its concurrence C(ϱ), geometric measure of entanglement
EG(ϱ), and convex-roof extended negativity N (ϱ) satisfy

N (ϱ) ≤ mγ
(
1− EG(ϱ)

)
− 1, (8)

EG(ϱ) ≥ 1− γ

(
N (ϱ) + 1

m

)
, (9)

c(ϱ)2 +
(
1− eG(ϱ)

)2 ≤ 1, (10)

where γ(x) = [
√
x +

√
(m− 1)(1− x)]2/m with

x ∈ [1/m, 1] and the integer m ≥ 2, c(ϱ) =√
m/[2(m− 1)]C(ϱ), eG(ϱ) = mEG(ϱ)/(m− 1).

4 Discussion and conclusion

Actually, the method we used to get lower bounds
of EOF, GME, concurrence and CREN can be gener-
alized to arbitrary bipartite convex-roof entanglement
measures. Suppose that the entanglement measure on
an m ⊗ n (m ≤ n) pure state |ψ⟩ is E(|ψ⟩) = f(µ⃗),
where µ⃗ is the Schmidt vector. We first get the min-
imal admissible f(µ⃗) for a given λ = (

∑m
i=1

√
µi)

2/m,
i.e., F (λ) = minµ⃗{f(µ⃗)|λ = (

∑m
i=1

√
µi)

2/m}. Thus, for
a general m⊗n (m ≤ n) state ϱ, the lower bound of this
entanglement measure E(ϱ) is given by E(ϱ) ≥ co[F (Λ)]
with Λ = max{⟨ϕ|ϱ|ϕ⟩/(s1m), 1/m}, if the final function
co[F (λ)] is a monotonously increasing convex function
with respect to λ.
In conclusion, we present observable lower bounds for

several entanglement measures defined by convex roof,
which include EOF, GME, concurrence, and CREN. The
lower bounds estimate these entanglement measures for
arbitrary finite-dimensional bipartite states. Moreover,

these lower bounds can be easily obtained from the ex-
pectation value of a single observable. Based on our re-
sults, we present some examples using real experimental
measurement data. In principle, our method can be used
for arbitrary finite-dimensional bipartite convex-roof en-
tanglement measures. Last but not least, the relations
between entanglement measures are studied.
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Entropy production described by the GKSL master equation in
two-qubits system and its application
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Abstract. Ohya and Volovich proposed a quantum algorithm with the amplification process based on
the logistic map[2]. In this paper, the computational complexity of quantum algorithm is estimated as a
number of unitary gates and how many amplification map is applied[4]. It is shown that the amplification
process, so called the Chaos amplifier, can increase the success probability of quantum algorithm in a short
time. However it is not known how to construct it physically.

In this talk, we describe the amplification process in two-qubits system by the GKSL master equation,
and show parameter conditions achieving the Chaos amplifier and efficient amplifications.

Keywords: quantum algorithm, chaos dynamics, GKLS master equation

1 Introduction

Let C2 be a Hilbert space spanned by |0〉 =
(
1
0

)
and

|1〉 =
(
0
1

)
, a normalized vector |ψ〉 = α |0〉 + β |1〉 is

called a qubit. Let n be a positive integer, we call a
Hilbert space (C2)⊗n a n-qubits system. The quantum
algorithm is described by a density operator ρ on the
Hilbert space and the quantum channels Λ∗ defined on
a set of all density operators S. Logical calculations in
quantum algorithm is written in products of fundamental
unitary gates(see [1]). The language classes of quantum
algorithm are discussed based on a decomposition of the
quantum channel into unitary gates.

After applying quantum calculation by the product of
unitary gates to the suitable initial state, we measure
an observable on the state to obtain the output. Ohya
and Volovich proposed an amplification process when the
success probability of the quantum algorithm is small.
The process was constructed by the quantum channel
based on the logistic map, so called Chaos Amplifier[2].
However, the precise condition to achieve the channel was
not discussed.

In this study, we show a method to construct the Chaos
Amplifier using the lifting map, unitary evolution and the
two-qubits system described by the GKSL master equa-
tion. The lifting map is introduced by Accardi et al. [3]
to define the quantum Markov process rigorously. We
show examples of lifting map to achieve effective ampli-
fication processes.

2 GKSL Master Equation

The Gorini Kossakowski Sudarshan and Lind-
blad(GKSL) master equation was introduced in the pa-
pers [5, 6] to describe the state change in open systems.
The mathematical formulation of entropy production was
essentially started by Spohn[7], and there were many ap-
plications. In two qubits case, the GKSL master equation
with H = 0 is represented by

d

dt
ρ =

∑
i,j

{
LijρL

∗
ij −

1

2

(
L∗ijLijρ+ ρL∗ijLij

)}
∗iriyama@is.noda.tus.ac.jp

where
Lij =

√
rij |i〉 〈j| , rij ≥ 0

ρ0 = (ρij) ,
d

dt
ρ = (ρ̇ij)

i, j ∈ {0, 1, 2, 3}

3 Amplification Process in two-qubits
System

The final state of quantum algorithm is described as
the classical state (1 − p) |0〉 〈0| + p |1〉 〈1| obtained by
the von-Neumann measurement. Here we construct the
amplification quantum channel using a lifting and a time
evolution described by the GKSL master equation.

The lifting was introduced by Accardi and Ohya [3] as
a map from a system to the compound system including
the original system. In a quantum algorithm, we obtain
the final state ρ1 in a system 1, and can bring the another
state ρ2 in system 2 to amplify the success probability of
the system 1. This operation is described by the lifting
E : S(C2)→ S(C2 ⊗ C2) as

E(ρ1) = ρ1 ⊗ ρ2.

After applying the lifting, we consider the time evolu-
tion Λ∗ : S(C2 ⊗ C2) → S(C2 ⊗ C2) described by the
GKSL master equation introduced above. The systems
interact each other in particular case which is given by
parameters rij , i, j = 0, 1, 2, 3 in two-qubit system. After
the interaction, we cut off the system 2, and obtain the
modified state in the system 1. Therefore, the total op-
eration is described as tr2EΛ∗ where tr2 means taking a
partial trace in the system 2. In a quantum algorithm,
this method is applied after obtaining the final state by
von-Neumann measurement. The final state is given in
the form ρ = (1− p) |0〉 〈0|+ p |1〉 〈1|, as a classical state.

Here we prepare the states ρ1 and ρ2 as the two dif-
ferent trials of the given quantum algorithm. The total
process of the amplification is described as tr2Λ∗E(ρ1) =
tr2Λ∗(ρ1 ⊗ ρ2) where the channel Λ∗ is represented by
the GKSL master equation on two-qubits system. The
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purpose of this paper is to find suitable parameters for
the channel to achieve effective amplifications. We obtain
the following theorems.

Theorem 1 If we take the parameters of the GKSL mas-
ter equation in a two-qubits system rij > 0, i, j = 0, 1, 2, 3
as 

r02 + r12 − r21 − r31 = a
2

r03 + r13 = 1
2

r20 + r30 = 1
2

rij > 0, otherwise

where a ∈ [0, 4], the quantum channel tr2Λ∗E works as
the Chaos Amplifier Λ∗CA[2]:

Λ∗CA (ρ) =
(I + ga (ρ)σ3)

2

where ga(x) is a logistic map with parameter a.

Theorem 2 The channel tr2Λ∗E∗ : S(C2) → S(C2) is
an amplification channel in one-qubit system, if the pa-
rameters rij of the channel Λ∗ satisfy the following con-
ditions:

r01 = r02 = r03 = r13 = r20 = r30 = 0

r23 = 1− r10
r31 + r32 = 2r10

r21 − r12 − r32 = 1− 2r10

r10 arbitrary

(1)

FIG. 1 is the plots of p′ = tr
(

(tr2Λ∗E∗)k (ρ) |1〉 〈1|
)

for k steps, where the parameters are

(rij) =


0.2 0 0 0
0.7 0 0 0
0 0.2 0.3 0.3
0 0.8 0.6 0.5

 (2)

The horizontal line is the number of steps to amplify.
The parameters rij are

One can see in both figures that the channel amplifies
inputs, which are p = 1/2, to 1000/230 and 1/230 to
1 with steps in polynomial of log p. When p = 0, the
channel does not change the input.
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Figure 1: For p = 1/2 (a) , 1000/230 (b), 1/230 (c) and 0
(d), the change of p′ with parameters (2).
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The geometry of information functions and that of probability, locus of probability flow, 

conserved probability and probability current explored in the recent times is discussed and 

further investigated in a geometric perspective. A deeper philosophical observation reveals 

that the geometrical surfaces corresponding to statistical geodesics and entropy functions 

represent spread of information. This discussion presents a comparative study and a 

geometric perspective of various information and entropy functions. A striking common 

geometric attribute of these well explored information functions is that most of them do not 

satisfy triangle law of addition. Thus, it is suggested that if we could employ an information 

function that satisfies triangle law of addition in our image processing software, it can prove 

to be much more precise that in turn can save time and money too.  
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1. Introduction 

Having inspired by recent studies [1] of statistical geodesics and divergences in the form of 

probability flow, we further explore the geometry of probability. The discussion in this paper 

presents a geometric perspective on Information Theory. Also, we in this paper emphasize 

geometric and physical relevance of the probability discussed in references such as [2-9] 

based on the dynamical origin of probability in the Quantum Mechanics. The nature of 

probability and its spread is found to be important in the studies of statistical inference and 

decision making as deliberated in Amari [3] and Arima and Nagaoka [5].  

Thus the explorations of geodesics and distances in statistical forms have come a long way as 

is evident from Amari [2] and Arima and Nagaoka [5], Beck [6-8], Bengtsson [9, 10], 

Braunstein and Caves [11], and Braunstein [12] and Brody and Hughston [13, 14]. 

  A statistical model M is a family of probability distributions, characterized by a set of 

continuous parameters known as parameter space. One can regard M as a submanifold of the 

unit sphere S in a real Hilbert space H [3]. Therefore, H embodies the „state space‟ of the 

probability distributions, and the geometry of the given statistical model can be described in 

terms of the embedding of M in S. The geometry in question is characterized by a natural 

Riemannian metric known as Fisher-Rao metric as appeared in Brody and Hughston [13, 14] 

and in Amari [2] and Arima and Nagaoka [5]. There are a number of distinct geometrical 

formulations of classical statistical theory, corresponding, for example, to the various– 

embeddings of Amari [2] and Arima and Nagaoka [5], but one among these is singled out on 

account of its close relation to quantum theory: the geometry of square-root density functions.  

This geometry is special because of the way it singles out the Levi-Civita connection on 

statistical sub-manifolds. As a result, we are led to consider classical statistics in the language 

of real Hilbert-space geometry as given by Brody and Hughston [13, 14]. Fisher information 

is related to the „velocity‟ along the given curve in Hilbert space. This is a result that has 
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profound links with analogous constructions in quantum mechanics prominently described in 

[3, 5, 9-14] and in the references therein.  

We find it relevant to cite here the recent ontological investigations of dynamical origin of 

quantum probability and the complex trajectories [1, 15-17]. These exercises [15-17] have 

even addressed the notion of conserved probabilities. This trajectory representation of the 

probabilities and the notion of conserved probabilities has been a source of motivation for 

discussions on the notion of conserved probability flux.  

  It is imperative to recall here the importance of the geometrization of Quantum Mechanics 

discussed by Kibble [18], which pointed out that the Schrödinger evolution can be regarded 

as Hamiltonian flow on Hilbert space H. We wish to recast the same spirit in terms of 

probability flow in the Probability space or the configuration space as the case may be [1]. 

  We also analyze Shannon entropy [3-10], and compare it with all other entropy and 

information functions such as Rényi entropy [19], Tsallis entropy [20, 21], Landsberg- 

Vedral entropy [22], Abe‟s entropy [23],  Kaniadakis entopy [24], Sharma- Mittal entropy 

[25], Kullback- Leibler divergence [26-28], and a vital information measure such as Unified 

entropy that is useful for the description of complex systems and their geometric character in 

the light of recent development in Quantum Mechanics and Quantum Information. 

 We also wish to emphasize the relevance of the flow of probability and information and its 

applications such as Pattern Recognition and Machine Learning [30].   

  The importance of geometry of statistical geodesics, which is essentially geometry of 

probability, was put on a profound footing by Brody and Hughston [13, 14] in the context of 

geometry of quantum mechanics. The notion of statistical distance and the metricity, was 

given a concrete shape using differential geometry by Rao [3] and Rao in Amari [3].  
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The exercises in the present paper further investigate the geometry of the probability explored 

in the recent times with the interpretations of the continuity of probability and the locus of 

probability flow. This in many ways could be significant not only in the ongoing research in 

Statistics and Mathematics, but also in Physics in general and Quantum Information theory in 

specific. 

It is advisable to explore the geometry of probability in a larger context where even the origin 

of the probability in not so strictly emphasized. The terms entropy and information have a 

minute difference. Information is function of probability only. Entropy too could be 

expressed as function of probability. But, entropy could be function of other parameters as 

well, such as temperature. However, these days the two terms are very often used with 

indifference.   

The discussion in this paper will provide a comprehensive review and surely generate a 

worthwhile debate and will follow a trail of explorations on statistical geodesics and 

distances. 

2. The Geometry of the Probability Space 

Having inspired by the idea of probability flow, we explore the geometry of probability space 

in the following discussions. In Statistics, the probability distribution for the outcome of a 

physical process is given by  1n  real numbers ip  such that 

 1 and ,0
0





n

i

ii pp .                                                                                                              (1) 

The geometry of the n - sphere is almost manifest in [2, 3, 5, 9-10], and we find it such that  

 1    
0

2



n

i

iii p  .                                                                                                          (2) 

We note here that the space of all probability distributions lies on a sphere embedded in a flat 

space as given in [9-10], and therefore it carries the natural metric of the sphere, namely: 
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4

1
 

0 0

2  
 


n

i

n

i i

ii

ii
p

dpdp
ddds  .                                                                                             (3) 

In Statistics, this is known as the Bhattacharya metric or Fisher-Rao metric [2, 3, 5, 9-10]. It 

enables us to define the geodesic distance between two arbitrary probability distributions; if 

we consider the case wherein there are only two possible outcomes then the geodesic distance 

between two probability distributions ) ,1( 11 pp  and ) ,1( 22 pp  as: 

)1)(1(cos 2121 ppppd  .                                                                                         (4) 

Therefore distance d  is given by: 

))1)(1((cos 2121

1 ppppd   .                                                                                   (5) 

Using the identity of inverse circular functions we find that- the expression of geodesic in 

probability space is equivalent to   

)(cos)(cos 2

1

1

1 ppd   .                                                                                                (6) 

The Fisher-Rao metric admits triangle law of addition to some extent. The presence of sine 

and cosine functions in the Fisher-Rao metric is reassuring this.    

It is interesting to note that abstract graph structure is not directed one. It is only in a specific 

physical framework that these graphs appear to be directed. Also, the statistical distance for 

binomial distribution of probabilities [2, 3, 5, 9-10] is given by: 

)(sin)(sin 2

1

1

1 ppd   .                                                                                                 (7) 

The geometry of the geodesic in the equation (6) follows as: 
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Fig. 1: Graph representing geodesic )(cos)(cos 2

1

1

1 ppd    in probability space. 

If we plot the expression in eq. (7), we get a similar graphic as follows. 

 
                                                                                                                                                    

Fig. 2: Graph representing geodesic )(sin)(sin 2

1

1

1 ppd    in the probability space. 
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We have an interpretation of this expression that even if we do not consider any separation 

between two probabilities 21  and pp , there exists a geodesic corresponding to each of the 

probabilities 21  and pp  separately. That is if one can afford to drop any of the two terms, one 

finds that 

)(cos 1

1 pd  ;                                                                                                                      (8) 

or a geodesic with the second part as 

)(cos 2

1 pd  ,                                                                                                                      (9) 

The corresponding geometry could be found as follows: 

 

 

Fig. 3: Graph representing )(cos 1

1 pd   in the probability space. 

 

A philosophically relevant observation crops up that even in the absence of probability 2 p , 

geodesic with probability 1p  alone exists and manifests in the corresponding geometry.   

The expression of statistical geodesic is often given in an alternative form as: 
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)(cos 21

1 ppd  .                                                                                                                (10) 

If we plot geometry of this expression, we finally obtain a nice sprawling surface as given in 

the fig. 4. In case one finds it difficult to plot the above equation, one can extrapolate it in the 

following way. Take log  of the expression )(cos 21

1 ppd  , which appears as: 

)log()log(cos 21 ppd  . 

Or )log()log()log(cos 21 ppd  , 

or )}]log(){log(2/1exp[cos 21 ppd  , 

or )}])log(){log(2/1(exp[cos 21

1 ppd   .                                                                         (11) 

 

 

 

Fig. 4: Graph representing geodesic )(cos 21

1 ppd  . 
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Again this makes us notice philosophically relevant observations. The expression of geodesic 

in equation (5), if we drop the second term then results into equation (11). The second part in 

the equation (5) has terms )1( 1p  and )1( 2p  that stand for probabilities of not 

happening of 21  and pp  respectively. Thus, if we include the complementary probabilities 

21 1 and 1 pp   along with probabilities 21  and pp  in the information measure, we get 

different elaborate picture in the form of a surface. And if we do not include the 

complementary probabilities, we get a more constrained picture as in fig. 2.  

Now an important question might arise as: What does this mesh or grid represent? Of course, 

it is probability distribution. In terms of information, one may call it- spread of the 

information or at best the information network.  

3. The Cases of Physical Importance 

It is not that the present discussion pertains only to abstract aspects of mathematical and 

statistical importance. We essentially draw inspiration from the cases of interest for 

physicists. 

3.1. Geometry of Shannon entropy in quantum mechanical formulation 

In the absence of any explicit information, the uniform probability distribution is the best bet. 

Moreover, the further problem lies with the condition- where the results of the experiments 

crop up. This problem occurs in Statistical Mechanics, and the method used there is to 

maximize the Shannon entropy [6-10]: 


i

ii ppS ln ;                                                                                                                   (12) 

subject to the constraints  





n

i

ip
1

1, and 



n

i

ii Constpaa
1

.                                                                                    (13)                                                                                                            
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The second constraint is thought to be due to some experimental result. The Shannon entropy 

has some unique features, which need not be discussed here. Statistically speaking this is an 

optimization problem. We explore the geometry of Shannon entropy function widely 

discussed in Information theory, and given as: 


i

ii ppS ln .                                                                                                                   (14) 

In fact S  is a geometric expression of entropy. One can easily show [3, 6, 7, 9, 10] that this is 

the entropic form that nicely satisfies all four Khinchin axioms that it follows uniquely up to a 

multiplicative constant from these postulates. If we plot Shannon‟s entropy, we observe:  

0.2 0.4 0.6 0.8 1.0
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0.35

 

 

Fig. 5: Graph representing Shannon entropy 
i

ii ppS ln  in the probability space. 

Interestingly, though logarithmic in nature, Shannon‟s function too has concavity. We 

understand the physical reason is as follows. The curvature of this statistical metric stems 

from the fact that the statistical fluctuations are much smaller when we are close to the pure 
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state that is close to the edges of the simplex. The curvature or the cavity of this surface is 

inward. For the uniform distribution 
W

pi

1
 , the Shannon entropy takes on its maximum 

value: 

WkS ln  .                                                                                                                            (15) 

This is famous Boltzmann‟s entropy formula.  

Maximization of the Shannon entropy subject to suitable constraints leads to ordinary 

Statistical Mechanics [17-19]. In thermodynamic equilibrium, the Shannon entropy can be 

identified as the „physical‟ entropy of the system, with the usual thermodynamic relations. 

Generally, the Shannon entropy has an enormous range of applications not only in 

equilibrium Statistical Mechanics but also in Coding Theory and Computer Science. It is easy 

to verify that Shannon entropy is a concave function of the probabilities ip , which is an 

important formulate of Statistical Mechanics. 

0.2 0.4 0.6 0.8 1.0

4

3

2

1

 

 

Fig. 6: Graph representing Boltzmann entropy WkS ln  . 
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We now discuss some more general information measures. 

3.2. Geometry of the Rényi entropies 

With the consideration that the entropy of independent systems should be additive, we 

discuss an information measure that is called- Rényi entropy [19]. For an arbitrary real 

parameter q ,  Rényi entropy is defined as: 

 



i

q

i

R

q p
q

S ln
1

1
.                                                                                                              (16) 

The Rényi information measure is important for the characterization of multi-fractal sets that 

is about fractals with a probability measure on their support as well as for certain applications 

in computer Science [29-30].  

The geometrical plot of this entropic function appears as follows: 

 

 

Fig. 7: Graph representing Rényi entropy.  
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The summation is over all events i  with 0ip . For 1q  Rényi entropy reduces to the 

Shannon entropy: 

SSLim R

q
q




 
1

,                                                                                                                          (17) 

It can be easily derived by setting 1q  and performing a perturbative expansion in the 

small parameter   in eq. (17).  

3.3. Geometry of the Tsallis entropies 

We now discuss yet another important entropy function known as Tsallis‟ entropy. This is 

given by the following expression [20, 21]: 












 

W

i

q

i

T

q p
q

S 1
1

1
.                                                                                                         (18) 

The geometrical plot of this entropic function appears as follows: 

 

 

 

Fig. 8: Graph representing Tsallis entropy 
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Tsalli was the first person who in his seminal papers [20, 21] had suggested generalization of 

Statistical Mechanics using these entropic forms. Tsallis entropies are different from Rényi 

entropies, as it does not have logarithmic term any more. A relation between Rényi and the 

Tsallis entropy can be easily established as: 

R
qSqT

q

i

q

i eSqp
)1(

)1(1


 .                                                                                             (19) 

However, the Tsallis entropy is a monotonous function of the Rényi entropy, such that any 

maxima of Tsallis entropy imply maxima of Rényi entropy and vice-versa. And yet, Tsallis 

entropy has many distinguished properties that make it a better and more suitable candidate 

for generalization of Statistical Mechanics than Rényi entropies. One such property is 

concavity. We can observe these nice attributes from the following expressions: 

1

1










 q

i

T

q

i

p
q

q
S

p
;                                                                                                               (20) 

and 

ij

q

i

T

q

ji

qpS
pp

2
2





.                                                                                                           (21) 

This means that, as a sum of concave functions T

qS  is also concave for all 0q . This 

property does not hold for Rényi entropies. Tsallis entropy also reduces to Shannon entropy 

as a special case when 1q . Tsallis entropy thus reads as: 

)Shannon(  
1

1 SSLimS T

q
q

T 


.                                                                                                (22) 

Like a good information measure the Tsallis entropy assumes its extremum for the uniform 

distribution i
W

pi    ;
1

. This extremum is given by  

q

W
S

q
T

q







1

11

.                                                                                                                       (23) 

Which, in the limit 1q , reduces to Boltzmann‟s celebrated formula: WkS ln  . 
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3.4. Geometry of Landsberg- Vedral entropy 

We now analyze an information measure with the following expression: 



























1
1

1

1

1

W

i

q

i

L

q

p
q

S                                                                                                           (24) 

explored by Landsberg and Vedral [22] and thus bears their names. It could be easily realized 

that the Landsberg- Vedral entropy is related to the Tsallis‟ entropy  T

qS  as:  





W

i

q

i

T

qL

q

p

S
S

1

.                                                                                                                          (25) 

The geometrical plot of this entropic function appears as follows: 

 

 

Fig. 9: Graph representing Landsberg- Vedral entropy. 

And hence L

qS  is sometimes also called normalized Tsallis entropy. Landsberg- Vedral 

entropy L

qS  converges with the Shannon entropy in special case as:  
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(Shannon)  
1

SSLt L

q
q




.                                                                                                           (26) 

 

3.5. Geometry of Abe entropy 

Abe‟s entropy is [23] introduced as a kind of symmetric modification of Tsallis entropy. This 

is invariant under the exchange 1 qq  and is given by: 

 






















i

q

i

q

iAbe

q
qq

pp
S

1

1

.                                                                                                       (27) 

This symmetric choice in q  and 
1q is inspired by the theory of quantum groups which often 

exhibit invariance under the „duality transformation‟ 1 qq . The geometrical plot of this 

entropic function appears as follows: 

 

 

Fig. 10: Graph representing Abe entropy 
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3.6. Geometry of Kaniadakis entropy 

The Kaniadakis entropy denoted by  entropy is defined by the following expression [24]: 

 











 




i

ii pp
S






2

11

.                                                                                                         (28) 

It is pertinent to mention that it is a kind of Shannon entropy, which reduces to the original 

Shannon entropy for 0 . We also note that for small  , and by writing 1q  and 

 11q , the Kaniadakis entropy approaches the Abe entropy. Kaniadakis was motivated 

to introduce this entropic form by special relativity wherein the relativistic sum of two 

velocities of particles with mass m  satisfies a similar relation as does the Kaniadakis entropy, 

identifying 
mc

1
 . Kaniadakis entropies are also concave and said to be Lesche-stable. The 

geometrical plot of this entropic function appears as follows: 

 

 

Fig. 11: Graph representing Kaniadakis entropy 
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3.7. Geometry of Sharma- Mittal entropies 

There is yet another prominent information measure which represents two-parameter families 

of entropic forms [25] called Sharma- Mittal entropies. It can be written in the form: 

 











 




i

iir

ir

pp
pS






2

, .                                                                                                   (29) 

Sharma- Mittal entropies correspond to many other entropies in special cases. The Tsallis 

entropy is obtained from Sharma- Mittal entropies for  r  and 21 q . The 

Kaniadakis entropy is obtained from Sharma- Mittal entropies for 0r . The Abe entropy is 

obtained for )(
2

1 1 qq  and 1)(
2

1 1  qqr . The Sharma-Mittal entropies are also 

concave and Lesche stable. The geometrical plot of this entropic function appears as follows: 

 

 

 Fig. 12: Graph representing Sharma- Mittal entropy 
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3.8. Geometry of Kullback- Leibler entropy 

In  theory of probability and Information theory, the Kullback- Leibler divergence [26-28] 

that is also referred as information divergence, information gain, relative entropy, is a non-

symmetric measure of the difference between two probability distributions p  and q .  It is 

prominent information function that is employed in image processing software and computer 

science [29].  Kullback- Leibler measures the expected number of extra bits required to code 

samples from p when using a code based on q  rather than using a code based on p . 

Typically probability p represents the „true‟ distribution of data, observations, or a precisely 

calculated theoretical distribution. Whereas, probability q  typically represents a theory, 

model, description, or approximation with respect to p . For probability distributions p  and 

q  of discrete random variables the corresponding Kullback- Leibler divergence is defined as: 


i i

i

iKL
q

p
pqpd log)( .                                                                                                       (30) 

The Kullback- Leibler divergence is defined only when  0p  and 0q  for all values of i , 

and also  1
i

ip  and 1
i

iq .  

Though, referred as metric and distance, the Kullback- Leibler divergence is not a true 

metric. It is due to the reason that Kullback- Leibler divergence from p  to q is not 

necessarily the same as the Kullback- Leibler divergence from q  to p . Also, it is important 

to notice that it does not satisfy the triangle inequality of distances.  

For the distributions  p  and q  of a continuous random variable, Kullback- Leibler 

divergence is defined in the integral form as: 
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 dx
xQ

xP
xPqpdKL

)(

)(
log)()( ,                                                                                             (31) 

where P and Q  denote the densities of  p and q. If we explore the geometry of the Kullback- 

Leibler divergence, it span as follows: 

 

Fig. 13: Graph  representing Kullback- Leibler entropy.  

More generally, if p and q are probability measures over a set X, and q is absolutely 

continuous with respect to p, then the Kullback- Leibler divergence from p  to q is defined as 


X

KL dp
dp

dq
qpd log)( .                                                                                                      (32) 

It is important point to note that most formulas involving the Kullback- Leibler divergence 

hold irrespective of log base. In information theory, the Kraft-McMillan theorem prescribes 

that any directly-decodable coding scheme for coding a message to identify one value xi out 
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of a set of possibilities X can be seen as representing an implicit probability distribution q(xi) 

= 2
−l

i over X, where li is the length of the code for xi in bits. Therefore, Kullback- Leibler 

divergence can be interpreted as the expected extra message-length per datum that ought to 

be communicated if a code that is optimal for a given distribution q is used, while using a 

code based on the true distribution p .  

 
xx

KL xPxPxQxPqpd )(log)()(log)()( ,                                                                (33) 

                )(),( pHqpH  ;                                                                                                 (34) 

Where, ),( qpH  is called the cross information corresponding to p and q , and )( pH  is the 

information defined over p . 

Properties of Kullback- Leibler divergence 

The Kullback- Leibler divergence is always non-negative, 

0)( qpdKL
.                                                                                                                        (35) 

This result is also known as Gibb‟s inequality, with 0)( qpdKL
 iff qp  .  

The entropy )( pH  thus sets a minimum value for the cross-entropy ),( qpH , the expected 

number of bits required when using a code based on q  rather than p ; and the Kullback- 

Leibler divergence therefore represents the expected number of extra bits that must be 

transmitted to identify a value x drawn from X, if a code is used corresponding to the 

probability distribution q , rather than the true distribution p . 

The Kullback- Leibler divergence remains well-defined for continuous distributions, and is 

invariant under transformation of parameters. It can therefore be seen as in some ways a more 

fundamental quantity than some other properties in information theory such as self-
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information or Shannon entropy, which may turn undefined or negative for non-discrete 

probabilities. 

Metricity in Kullback-Leibler Divergence 

Though, it is generally referred as distance or metric on the space of probability distributions, 

but this is not truly a distance or metric in the strict sense as the Kullback- Leibler divergence 

is not symmetric. Since, 

p

q
q

q

p
p loglog  ;                                                                                                                 (36) 

one can easily verify that  

)()( pqdqpd KLKL  ;                                                                                                            (37) 

Nor does it satisfy the triangle inequality. Still, being a pre-metric, it generates a topology on 

the space of generalized probability distributions, of which probability distributions proper 

are a special case.  

Relationship with other quantities of information theory 

Many other quantities of information theory can be interpreted as applications of the 

Kullback- Leibler divergence pertaining to specific cases. 

The self-information 

}){()( iimKL pdmI  ;                                                                                                           (38) 
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is the Kullback- Leibler divergence of the probability distribution ip  from a Kronecker delta 

representing certainty that mi   that is the number of extra bits that must be transmitted to 

identify i if only the probability distribution ip  is available to the receiver, not the fact that 

mi  . 

The mutual information 

))()(),(();( YpXpYXpdYXI KL ,                                                                                     (39) 

is the Kullback- Leibler divergence of the product  )()( YpXp  of the two marginal 

probability distributions from the joint probability distribution ),( YXp  that is the expected 

number of extra bits that must be transmitted to identify X  and Y  if they are coded using 

only their marginal distributions instead of the joint distribution. Equivalently, if the joint 

probability ),( YXp  is known, it is the expected number of extra bits that must on average be 

sent to identify Y if the value of X is not already known to the receiver. 

Reduction to the Shannon entropy 

(i) )}({)( xIEXH x ,                                                                                                           (40) 

(ii) ))()((log)( XpXpdNXH UKL ;                                                                              (41) 

is the number of bits which would have to be transmitted to identify X from N equally likely 

possibilities, less the Kullback- Leibler divergence of the uniform distribution )(XpU from 

the true distribution )(Xp  that is less the expected number of bits saved, which would have 

had to be sent if the value of X were coded according to the uniform distribution )(XpU  

rather than the true distribution )(Xp .                
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3.9. Unified entropy 

Unified entropy [30] is yet another standard information measure that most information 

functions converge to. This is in addition to one such convergence of information functions 

we often observe such as Shannon entropy.  

For a quantum state  , unified- ),( sq entropy is 

 1)((
)1(

1
:)(, 


 sq

sq tr
sq

S  ,                                                                                            (42) 

for 0, sq  such that 0,0  sq .  

The unified- ),( sq  entropy converges to Rényi - q  entropy [19], 

)(
)1(

1
)(,

0
 q

q

sq
s

Rtr
q

SLim 





.                                                                                      (43) 

Also, it reduces to Tsalli‟s- q  entropy [20, 21] as: 

)()1(
)1(

1
)(,

1
 q

q

sq
s

Ttr
q

SLim 





.                                                                               (44) 

In the case where 1q , )(, sqS  converges to the von Neumann entropy, that is 

 

)(log)(,
1

 StrSLim sq
q




                                                                                           (45) 

Although unified- ),( sq entropy is singular for 0or  1  sq , and we can consider them to be 

von Neumann entropy or Rényi- q  entropy, respectively.  

Thus, we may conclude that 

)()(,1  SS s  ;                                                                                                                      (46) 

and 

)()(0,  RSq  .                                                                                                                     (47) 

For a bipartite pure state 
AB

 ; for each 0, sq  unified- ),( sq  entanglement is defined as 
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  )(: ,, AsqABsq SE  ,                                                                                                        (48) 

 

where 
BABA tr   is the reduced density matrix for subsystem A. 

Now that relation of unified entropy is known with various entropy expressions, we discuss 

relationships between respective entanglements and entropies. 

As unified- ),( sq  entropy converges to Rényi and Tsallis‟ entropies when s  tends to 0 and 1  

respectively, 

)()(,
0

ABqABsq
s

RELim  


;                                                                                                     (49) 

where )( ABqR   is the Rényi - q  entanglement of  AB . Similarly, 

)()(,
1

ABqABsq
s

TELim  


,                                                                                                      (50) 

where )( ABqT   is the Tsalli‟s- q  entanglement of  AB ; and when 1q  

)()(,
1

ABfABsq
q

EELim  


,                                                                                                    (51) 

where )( ABfE   is entanglement of formation of AB . 

Thus, unified- ),( sq  entanglement is a two parameter generalization of this entanglement of 

formation. 

We now briefly discuss analytic formula of unified- ),( sq  entanglement for two-qubit states 

using the concurrence and its functional relation with entanglement of formation in two-qubit 

systems. For any bipartite pure state 
AB

  , its concurrence  
AB

C   is given by: 

  )1(2 2

AAB
trC  .                                                                                                      (52) 

where  
BABA tr . And for a mixed state AB , its concurrence is 

     
k ABkAB

pC )(min ;                                                                                          (53) 

where the minimum is taken over all pure state decompositions, 
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kBAkk kAB p  .                                                                                                    (54) 

The Geometry of the concurrence in eq. (52) is well known. It is the geometry of Fubini-

Study metric with a corresponding divergence on the probability space [4, 9-10]. The 

equivalent expression of distance for pure states on the projective Hilbert space is given as:  





























~ ;                                                                                    (55) 

where   is the local coordinate on the quantum state space.  

Also, this alternative expression of distance (metric) on the quantum state space is nothing 

but manifestation of uncertainty in the energy that is 

2
22  HHE .                                                                                             (56) 

Since, there exists a finite non-zero probability corresponding to each quantum state. And, the 

probabilities live on the probability space, thus there is one-to-one correspondence between 

points of the projective space and the probability space where quantum information is 

described [4, 9-10].  

 

4. Summary and Discussion 

The discussion in the present paper could prove to be of substantial importance in the 

ongoing research in Statistics and Mathematics, also in Physics, and in particular in the 

studies of Gravity and Information theory. This also raises interesting philosophical questions 

such as: how two geodesics are manifested in two different geometrical forms, once when the 

probability of not happening of an event is included or else when this is not included. We 

arrive on remarkable conclusion that if we include the complementary probabilities 

21 1 and 1 pp   along with probabilities 21  and pp  in the information measure, we get 

different picture. The geometry of Landsberg- Vedral entropy and Rényi entropy are pretty 
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similar except with the difference that the two entropy functions hold at different scales. The 

geometry of Kaniadakis entropy and Sharma- Mittal entropy are pretty similar. The geometry 

of Abe entropy is similar to that of Tsallis‟ entropy if it gets rid of the singularity at 0q . 

The stability conditions of different entropy functions could also be discussed in the light of 

this geometrical analysis. The geometries of Landsberg- Vedral entropy and Rényi entropy 

are pretty similar. Both of them have an unusual interface at 0q  wherein two surfaces with 

opposite orientation meet. Probably this attribute could be seen as indicator that Landsberg- 

Vedral entropy and Rényi entropies are not Lesche stable.  

The discussion is also suggestive of a few research and application initiatives. It is worth 

emphasizing that if Kullback- Leibler information which does not obey triangle law of 

addition, if substantiated with property of triangle law of addition, could be much more useful 

and precisel. Probably, it could save a small amount of time as well in its applications in 

image processing. The only information function that obeys triangle law of addition to some 

extent is Fisher-Rao metric. Therefore, we are suggestive that it should be used in the image 

processing applications.  

We propose to study kinematical notions such as “mean free path” and “average scattering 

length” in the context of statistical distances and probabilities. Thus it is advisable to explore 

the concept of “mean statistical geodesics”. 

 

† All graphics in this paper have been produced by using Mathematica. 
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Cryptographic quantum bound on nonlocality

Satoshi Ishizaka1

1 Graduate School of Integrated Arts and Sciences, Hiroshima University,
1-7-1 Kagamiyama, Higashi-Hiroshima, 739-8521, Japan

Abstract. Information causality states that the information obtainable by a receiver cannot be greater
than the communication bits from a sender, even if they utilize no-signaling resources. This physical princi-
ple successfully explains some boundaries between quantum and postquantum nonlocal correlations, where
the obtainable information reaches the maximum limit. We first point out that no-signaling resources of
pure partially entangled states produce randomness (or noise) in the communication bits, and achievement
of the maximum limit is impossible, i.e., the information causality principle is insufficient for the full iden-
tification of the quantum boundaries already for bipartite settings. Next, to show how such randomness
affects the strength of nonlocal correlations, we extend the nonlocality inequalities such as so-called the
Tsirelson inequality, and as a result, a relation followed by most of quantum correlations in the simplest
Bell scenario is revealed. The extended inequalities reflect the cryptographic principle that a completely
scrambled message cannot carry information.

Keywords: Bell nonlocality, entanglement

1 Introduction

It was shown by Bell that the nonlocal correlations pre-
dicted by quantum mechanics are inconsistent with local
realism [1]. The nonlocal correlations do not contradict
the no-signaling principle that prohibits instantaneous
communication. However, it was found that the set of
quantum correlations is strictly smaller than the set of
no-signaling correlations [2, 3]. Concretely, a particular
type of the Bell inequality, the Clauser-Horne-Shimony-
Holt (CHSH) inequality [4], was shown to be violated up
to 4 in general no-signaling correlations [3], while from
the Tsirelson inequality [2] the violation is bounded by
2
√

2 in quantum correlations. Since then, many efforts
have been made to search for a simple physical principle
to close this discrepancy.

Information causality (IC) [5] is such a physical prin-
ciple. Consider two remote parties, Alice and Bob, who
share no-signaling nonlocal resources such as entangled
states. When Alice sends a message to Bob, IC states
that the total information obtainable by Bob cannot be
greater than the number of the message bits even if they
utilize the no-signaling resources [5]. A powerful neces-
sary condition for respecting the IC principle was derived
by considering an explicit communication protocol [5].
The condition successfully explains the Tsirelson inequal-
ity, and even explains some curved boundaries between
quantum and postquantum correlations [5, 6]. At those
quantum boundaries, the protocol achieves the maximum
limit of the obtainable information (the number of the
message bits). It is then expected that, for every quan-
tum boundary, there exists a protocol for which the max-
imum limit is achieved.

Apart from searching for physical principles, the iden-
tification of the quantum boundaries is originally a diffi-
cult problem. Indeed, the analytical necessary and suffi-
cient criterion for the identification has not been given yet
even in the simplest Bell scenario, although the Tsirelson-
Landau-Masanes (TLM) criterion [7, 8, 9] is known for a
case of unbiased marginals.

2 Insufficiency of the IC principle

We first point out that pure partially entangled states,
which were shown to give rise to boundary correlations
[10, 11, 12, 13], produce randomness in the message, and
the achievement of the maximum limit is impossible no
matter what protocol is executed, i.e., the IC principle
is insufficient for the full identification of the quantum
boundaries already for bipartite settings (as far as the
number of the message bits is finite). Note that sim-
ilar results have been obtained in multipartite settings
[14, 15]. To see this, let us recall the derivation of the
IC principle. In the general setting of communication,
where Alice is given a bit string ~x = (x1, x2, · · · ) and
sends ~m to Bob as a message, the information about ~x
obtainable by Bob is characterized by the mutual infor-
mation I(~x : ~mρB), where ρB is the state of Bob’s half
of no-signaling resources. Using the no-signaling condi-
tion and the information-theoretical relations respected
by quantum mechanics, it was shown that [5]

I(~x : ~mρB) ≤ H(~m)−H(~m|~xρB) ≤ H(~m). (1)

Since the entropy H(~m) cannot exceed the number of
bits in ~m, the IC principle is derived.

Let us then focus on the term H(~m|~xρB) omitted in
the derivation of the IC principle. What we would like
to point out is that the term is inevitably nonzero for
the partially entangled states and hence the saturation
of Eq. (1) is impossible. This has been already shown in
[23] briefly, but we would like to explain the details here.

Suppose that Alice and Bob share n identical “quan-
tum boxes”, each of which accepts inputs (u, v) and pro-
duces outputs (a, b) according to the conditional prob-
abilities p(ab|uv), where the simplest Bell scenario is
considered for simplicity (see Fig. 1). A protocol may
connect the inputs and outputs of the n boxes in a
complicated way, but let us denote Alice’s outcomes by
~a = (a1, a2, · · · , an), where ai is the outcome of the i-
th quantum box. Now, consider the boundary correla-
tions realized by pure partially entangled states men-
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Figure 1: A protocol may connect the quantum boxes
in a complicated way, but anyway let us denote the out-
puts of the boxes by ~a = (a1, a2, · · · , an). In order to
achieve the maximum limit set by the IC principle, the
protocol must satisfy H(~m|~xρB) = 0, i.e., Bob must be
able to completely determine the value of the message ~m
from ~x and his local state ρB . The message ~m is con-
structed from ~a and ~x, but ~a is ambiguous for Bob. Can
Alice construct an unambiguous message ~m by using the
ambiguous output ~a from the quantum boxes?

tioned above. Since Alice’s measurements (on a single
box) are non-commuting [16], the basis of at least one
measurement of Alice differs from the Schmidt basis. As
a result, Bob’s local states (of the single box) for differ-
ent values of ai become nonorthogonal. This implies that
he cannot completely determine ai, and hence ~a, even if
he knows ~x (and even knows all Alice’s inputs ~u to the
boxes), i.e., H(~a|~xρB) > 0. Note that, in most cases of
such boundary correlations [10, 11, 12, 13], the realiza-
tion is unique up to local isometry and H(~a|~xρB) > 0 is
inevitable regardless of the system dimension of the re-
alization. In this situation, ~a appears to have some ran-
domness and be scrambling the information of ~x encoded
in ~m from the viewpoint of Bob, and the information ob-
tainable by Bob is inevitably reduced. Indeed, since ~m
is constructed from ~x and ~a, it is clear from Eq. (1) that
any protocol whose ~m contains the information of ~a and
hence H(~m|~xρB)> 0 cannot achieve I(~x : ~mρB)=H(~m).
Note that any redundant coding technique cannot re-
duce Bob’s ambiguity about ~a, because the ambiguity
is originating from ρB which is not under Alice’s control
(e.g. ~a~a~a has exactly the same ambiguity as ~a for Bob).
Note further that ai’s are essentially independent vari-
ables (Alice can control the value of ai via the input ui

to a little degree, but ai is anyway determined in a proba-
bilistic way by p(ai|ui)). The only way for H(~m|~xρB)=0
is thus that ~m does not contain the information of ~a
at all (or utilizes the unambiguous outcomes only) [18].
In this case, the achievement of I(~x : ~mρB) = H(~m) is
possible, but the protocol does not utilize the quantum
correlation at all (or utilizes a classical correlation only
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Figure 2: The results of the Monte Carlo calculations,
where a two-qubit realization to give the maximal viola-
tion of a randomly generated Bell expression is obtained.
The numerical values of the right and left hand side of
the TLM inequality are plotted. The results suggest that
the equality of the scaled TLM inequality holds for ev-
ery extremal correlation with biased marginals. The inset
shows the minimum and the maximum of the generalized
trace-distances.

[19]), and hence cannot explain the outperformance of
the pure entangled states at all.

Note that it is not difficult to search for boundary
correlations such that the outcome a is ambiguous for
both u = 0 and 1 regardless of the system dimension
(this is rather typical as an extremal correlation with
biased marginals) by a numerical method based on the
1+AB level of the Navascués-Pironio-Aćın (NPA) hi-
erarchy [20, 21]. For such correlations, ~m cannot con-
tain any information of ~a at all. The same holds for
the asymptotic n→∞ limit, i.e., H(~m|~xρB)→0 implies
I(~a : ~m|~xρB)→ 0 [18], and ~m must become independent
on ~a (see also [22]). Namely, the asymptotic strategy
utilizing infinitely many quantum boxes is not helpful.

In this way, it is found that any protocol that genuinely
utilizes the quantum correlation cannot achieve the max-
imum limit set by the IC principle due to the ambiguity
(or randomness) originating from the nonorthogonality
of Bob’s local states.

3 Quantum bounds

Next, to show how the randomness affects the strength
of nonlocal correlations, we extend the TLM inequal-
ity by including the state-dependent quantity measuring
the orthogonality between Bob’s local states, because the
nonorthogonality is key to the randomness as discussed
above. The result is

∣∣∣C̃00C̃01 − C̃10C̃11

∣∣∣ ≤ (1− C̃2
00)

1
2 (1− C̃2

01)
1
2

+ (1− C̃2
10)

1
2 (1− C̃2

11)
1
2 , (2)
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where C̃xy ≡ 〈Ax ⊗ By〉/D̃x and D̃x is the generalized
trace-distance like quantity measuring the orthogonality
(see [23] for the definition). Namely, it can be shown
that the TLM inequality must hold true even when the
correlation functions are scaled by D̃x. This inequality
has a property such that it is saturated for all (boundary
and non-boundary) correlations in the case of unbiased
marginals. Importantly, the inequality can be saturated
even in the case of biased marginals. Indeed, the results
of our numerical calculations suggest that, somewhat sur-
prisingly, the inequality is saturated for every extremal
correlation with biased marginals (Fig. 2). In this way,
it is found that most of correlations including the case of
biased marginals in the simplest Bell scenario appear to
obey a simple scaling law, which is revealed by consider-
ing the nonorthogonality between local states.

4 Information theoretical aspects

Finally, we discuss the information theoretical aspects
of the extended inequality, and show that the inequality
and its saturation (i.e. the scaling law mentioned above)
reflects the cryptographic principle that a completely
scrambled message cannot carry information [17]. More-
over, the inequalities reflecting the cryptographic prin-
ciple contain a quantity defined in quantum mechanics,
and the principle cannot immediately exclude postquan-
tum correlations by itself, but tells us a way to determine
the quantum boundaries. The key is again the trace-
distance like quantities measuring the orthogonality be-
tween Bob’s local states. It is found that the maximalness
of the orthogonality (or vanishment of the randomness)
plays an important role in determining some of the quan-
tum boundaries.

Those results were recently published in [23]. This
work was supported by JSPS KAKENHI Grant No.
24540405.
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Quantitative Coherence Witness for Finite Dimensional States
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Abstract. We define the stringent coherence witness as an observable whose mean value vanishes for all
incoherent states but nonzero for some coherent states. Not only is the witness efficient in testing whether
a state is coherent, but also its mean value can quantitatively reveal the amount of coherence. Three
optimization problems are solved and a connection between the witnessed coherence and the l1-norm of
coherence is built. Our results provide a way to directly measure the coherence in arbitrary finite dimension
states and an operational interpretation of the l1-norm of coherence.

Keywords: quantum coherence, coherence witness, coherence measure

The quantum coherence [1, 2], a fundamental property
in quantum theory, serves as a “resource” in quantum
information tasks. Further, the quantum coherence has
been related to other well-studied quantum resource such
as the entanglement [3], quantum correlations [4, 5, 6]
and the randomness [7, 8]. Inspired by the entanglement
witness, the coherence witness was proposed, and proved
to be related to the randomness of coherence and l1-norm
of coherence for certain classes of states [8, 9]. Similar
to entanglement witness, the coherence witness was de-
fined as an observable whose mean value is nonnegative
for incoherent states and hence a negative mean value
indicates the coherence.
On the prefixed incoherent basis {|j⟩}, the incoher-

ent states [10] are defined as those with diagonal den-
sity matrices I := {ρI : ρI =

∑
j pj |j⟩⟨j|}, and

the incoherent operations [10] are those with incoher-
ent Kraus decompositions IO := {ΛI : ΛI(·) =∑
nKn(·)K†

n, s.t. KnIK†
n ⊂ I}. Among various co-

herence measures, the l1-norm of coherence Cl1(ρ) =∑
i̸=j

∣∣⟨i|ρ|j⟩∣∣ has ideal properties, such as strong mono-
tonicity [10] and computational simplicity, but lacks an
operational interpretation.
Here we propose the stringent coherence witness de-

fined as a Hermit operator W which satisfy
(C1) tr(Wρ) ̸= 0, for some coherent state ρ,
(C2) tr(WρI) = 0, ∀ρI ∈ I.
The stringent coherence witness exists for any finite di-
mension coherent states, because the dimension of the
state space D(Hd) is d2 − 1 but all of the incoherent s-
tates live in a (d−1)-dimension subspace. This witness is
efficient, in the sense that most of coherent states can be
detected by only one witness, and the number of unsure
states reduces fast as the number of witnesses increases.
Another advantage of our witness is that it simplifies

the optimization problems. We will give answers to the
three optimization problems:
(Q1) For a given witnessW and its mean value tr(Wρ) =
c, what is the minimum coherence contained in the un-
known state ρ?
(Q2) For a given known state ρ, what is the optimal wit-
ness whose mean value reaches the maximum?
(Q3) For a given witnessW and a known state ρ, what is

∗xyhu@sdu.edu.cn

the maximal mean value of W if we apply an incoherent
operation on ρ before measuring W?
The answer to (Q1) shows that, even through we know

nothing about the state ρ previously, the measurement
result of W can reveal the lower bound of the coherence
in ρ. The application of (Q2) is that, if we have some pre-
vious knowledge of ρ, we can chose the optimal witness
accordingly and measure the coherence directly. Then a
straightforward question is that, if the optimal witness of
some states are not available, whether we can apply some
incoherent operations on these states and then measure
the available witness W , such that the measurement re-
sult can reach the coherence. This is just what we will
study in (Q3).
In order to study the quantitative connection between

the witness and the coherence measure, we first introduce
some labels. Let σjks = |j⟩⟨k| + |k⟩⟨j|, σjka = −i|j⟩⟨k| +
i|k⟩⟨j| and σl =

√
2

l(l+1)

(∑l−1
j=0 |j⟩⟨j| − l|l⟩⟨l|

)
with 0 ≤

j < k ≤ d − 1 and 1 ≤ l ≤ d − 1 denote the Gell-mann
matrices [11], and then any d-dimension state ρ can be
written as

ρ =
I
d
+

1

2

∑
j,k

(bjks σ
jk
s + bjka σ

jk
a ) +

1

2

∑
l

blσl. (1)

Direct calculation show that the general form of the co-
herence witness satisfying both (C1) and (C2) is W =∑
jk (w

jk
s σ

jk
s + wjka σ

jk
a ). Because multiplying W by a

constant real number will cause a change in the mean
value tr(Wρ), we need to “normalize” the witness in or-
der to get a meaningful relationship between Cl1(ρ) and
c. We call a witness normalized when each of the vec-
tor ωjk = (wjks , w

jk
a ) is normalized. Hence a normalized

coherence witness can be written as

W =
∑
jk

(cos θjkσ
jk
s + sin θjkσ

jk
a ). (2)

where θjk ∈ [0, 2π) are called the orientation of W . The
set of normalized coherence witness is labeled as Wnor.
Now we are ready to present the answers to the three
problems. For (Q1), we have the following theorem.

Theorem 1 For a given normalized coherence witness
W and an unknown state ρ, we have

Cl1(ρ) ≥
∣∣⟨W ⟩

∣∣, (3)
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where ⟨W ⟩ := tr(Wρ) is the measurement mean value of
W in ρ.

This theorem provides a quantitative connection be-
tween the measurement result of coherence witness and
the amount of coherence contained in ρ. Namely, if we
measure a coherence witness and obtain the mean value
c, we know that the l1-norm of coherence contained in ρ
is at least |c|.
For (Q2), we define the witnessed coherence as

CW (ρ) := max
W∈Wnor

tr(Wρ). (4)

The normalized witness that reach the maximum of E-
q. (4) is called the optimal witness of ρ, and labeled as
Wopt(ρ). Direct calculations show that the witnessed co-
herence of a state coincides with the l1-norm of coherence

CW (ρ) = Cl1(ρ). (5)

This equality demonstrates an operational meaning of
the l1-norm of coherence, and provides a way to detect
the amount of quantum coherence by measuring only one
observable if we have some previous knowledge of the
state.
The answer to (Q3) is stated in the following theorem.

Theorem 2 For ρ ∈ D(Hd), W ∈ Wnor, and ΛI ∈ IO,

max
ΛI

tr(WΛI(ρ)) ≤ CW (ρ). (6)

The equation holds only when the orientations {θij} and
{θ′ij} of W and Wopt(ρ) satisfy that there exist a one-to-
one function f(i) from the index set of basis such that

θf(i)f(j) + θf(j)f(k) − θf(i)f(k) = θ′ij + θ′jk − θ′ik, (7)

∀i, j, k satisfying bij , bjk, and bik in ρ are nonzero.

If there is only one or two nonzero bjk in ρ, the e-
quality in Eq. (6) holds for any normalized witness.
For example, when ρ is a general single qubit state ρ =
1
2 (I+ r cos θ′σx + r sin θ′σy + rzσz), (r > 0) and the wit-
nessW = cos θσx+sin θσy is fixed, we can always find the

incoherent unitary operator UI = |0⟩⟨0| + ei(θ−θ
′)|1⟩⟨1|,

such that the measurement result tr(WUIρU
†
I ) = r can

reached the witnessed coherence CW (ρ). However, for
high dimension cases, the the equality in Eq. (6) does
not always holds.
A direct application of Theorem 2 is the following

quantum game. In this game, the referee controls a de-
tector which measures the observable W as in Eq. (2).
The player has a known state ρ and he can implement
any incoherent unitary operator UI to it. After he opti-
mizes his state, he put it in the referee’s detector. If the
measurement result is a positive number a, the player
can earn a dollars; if a negative number −b is measured,
he would lose b dollars. The average payoff function is
then

P(ρ) = tr(WUIρU
†
I ). (8)

From Theorem 2, the player can earn some money on
average as long as he has some initial coherence, and the

maximal average gain is upper-bounded by the coherence
of his initial state. If the player’s state is a single-qubit
one, the maximal average gain equals exactly to the ini-
tial coherence. When higher dimension is considered, the
average payoff cannot reach the initial coherence if the
orientations of ρ and W do not match. It means that,
some amount of coherence in quantum systems of dimen-
sion higher than two can not be activated in this game.
In conclusion, we define the stringent coherence wit-

ness as an observable whose mean value vanishes for
all incoherent states but nonzero for some coherent s-
tates. Such witnesses are proved to exist for any finite-
dimension states. Not only is the witness efficient in
testing whether a state is coherent, but also its mean
value can quantitatively reveal the amount of coherence.
For an unknown state, the modulus of the mean value
of a normalized witness provides a tight lower bound to
the l1-norm of coherence. When we have some previ-
ous knowledge of a state, the optimal witness which has
the maximal mean value is derived. It is proved that for
any finite dimension state, the mean value of the optimal
witness, which we call the witnessed coherence, equals
to the l1-norm of coherence. In the case that both the
witness and the state are fixed, we can implement inco-
herent operations before measuring the witness, and the
maximal mean value can reach the witnessed coherence
if and only if certain relations between the fixed witness
and the initial state are satisfied. Our results provide a
way to directly measure the coherence in arbitrary finite
dimension states and an operational interpretation of the
l1-norm of coherence.
Acknowledgements.— This work was supported by NS-

FC under Grant No. 11504205.
Note added.— The technical version of the work was

posted online (arXiv:1705.09027).
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Emergent phases in a compass chain with multisite interactions
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Abstract. We study a dimerised spin chain with biaxial magnetic interacting ions in the presence of an
externally induced three-site interactions out of equilibrium. In the general case, the three-site interactions
play a role in renormalizing the effective uniform magnetic field. In contrast, an exotic spin liquid phase can
emerge in the compass limit through a Berezinskii-Kosterlitz-Thouless (BKT) quantum phase transition.
Such a BKT transition is characterized by a large dynamic exponent z = 4, and the spin-liquid phase is
robust under a uniform magnetic field. We find the relative entropy and the quantum discord can signal
the BKT transitions.

Keywords: compass chain; Berezinskii-Kosterlitz-Thouless transition; relative entropy; quantum discord

1 The Model

In this paper [1] , we study the quantum phase tran-
sitions in the one-dimensional (1D) generalized compass
model (GCM) with an externally induced three-site in-
teractions out of equilibrium and the associated charac-
terization of quantum critical points through quantum
information approaches.
The 1D GCM is a microscopic model to mimic zigza-

g spin chains in perovskite transition metal (TM) ox-
ides. The characteristic feature of this model is bond-
dependent Ising interactions. The complete Hamiltonian
reads

H =

N ′

∑

i=1

Joσ̃2i−1(θ)σ̃2i(θ) + Jeσ̃2i(−θ)σ̃2i+1(−θ)

+ K

N
∑

i=1

(

σx
i−1σ

z
i σ

x
i+1 + σy

i−1
σz
i σ

y
i+1

)

+

N
∑

i=1

~h · ~σi,

(1)

where the operator with a tilde sign is defined as a linear
combinations of {σx

i , σ
y
i } pseudospin components,

σ̃i(θ) ≡ cos(θ/2)σx
i + sin(θ/2)σy

i . (2)

Jo (Je) denotes the amplitude of the nearest-neighbor
planar interaction on odd (even) bonds, K character-
izes the strength of uniform exchange interaction between
three consecutive spins, ~h is the magnitude of the exter-
nal field. Equation (1) interpolates between the Ising
model at θ = 0 to the quantum compass model (QCM)
at θ = π/2.

2 Quantum phase transitions

Hamiltonian Eq.(1) can be exactly solved by employ-
ing Jordan-Wigner transformation and Bogoliubov trans-
formation. A crucial step is that the Jordan-Wigner
transformation maps explicitly the pseudospin operators
to spinless fermion operators. Thus we can study the
fermionic spectra, excitation gap, critical exponents, and
established the phase diagram.

∗wlyou@suda.edu.cn

For general titling angle θ (θ 6= π/2), the three-site
(XZX+YZY) interactions renormalize the effect of mag-
netic field

|hc −Kc| = 2
√

JoJe cos θ. (3)

For |h − K| ≤ 2
√
JoJe cos θ, the system is in the cant-

ed Néel phase (weak-coupling BCS regime in spinless
fermions). In such a phase it exhibits a pair of zero-
energy Majorana modes at each end of the open chain,
and it is also characterized with a Pfaffian topological
invariant ν = −1 with periodic boundary condition.
At θ = π/2, the 1D GCM Eq. (1) describes a com-

petition between two pseudospin components, {σx
i , σ

y
i },

and has the highest possible frustration of interactions.
In this compass limit, it is clear that the critical lines
h−K = −

√
JoJe cos θ and h−K =

√
JoJe cos θ will get

closer as θ approaches π/2. So it is expected there will
be no phase transitions. In contrast, we show that an
exotic spin liquid phase can emerge in the compass lim-
it, i.e, θ = π/2 through a Berezinskii-Kosterlitz-Thouless
(BKT) quantum phase transition. More precisely, the
system remains gapless as long as |h/K| ≤ 1. There
is no spontaneous symmetry breaking in this spin-liquid
phase across the quantum critical point (QCP). Such a
BKT transition is characterized by a large dynamic ex-
ponent z = 4, and the spin-liquid phase is robust under
a uniform magnetic field.

3 Quantum information theoretical mea-

sures

Interdisciplinary studies have harvested rich but rather
mixed research findings in the past decades. A bloom-
ing topic is the characterization of QPTs in terms of the
ideas from the field of quantum information in recen-
t years. Different from traditional descriptions of phase
transitions in the theory of condensed matter, the local
order parameters, key ingredients of Ginzburg-Landau-
Wilson paradigm, are not necessary in such a formalism.
Instead, quantum information approaches tend to cap-
ture the nonlocal information and universal properties
near criticality despite the great diversity of the nature
of miscellaneous phases. It should be emphasized that
the entanglement entropy and the fidelity susceptibility
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are frequently considered. As a new perspective of the
phase transitions and the associated universality, they
have proven to be useful measures.

3.1 Fidelity susceptibility

The fidelity susceptibility is a general probe of phase
transition which originates from Anderson’s orthogonal-
ity catastrophe. By definition, quantum fidelity of a
many-body Hamiltonian Ĥ(λ) = H0 + λHI is

F (λ0, λ1) = |〈Ψ0(λ0)|Ψ0(λ1)〉|, (4)

where |Ψ0〉 is the ground state, λ0 and λ1 specify two
points in the parameter space of driving parameter λ.
In this respect, fidelity susceptibility is defined as first
nonzero order of the Taylor expansion of the overlap func-
tion F (λ, λ+ δλ),

χF = lim
δλ→0

−2 lnF (λ, λ+ δλ)

(δλ)2
. (5)

The results show that the fidelity susceptibility for θ =
π/3 detects the second-order QPTs, while such a tran-
sition is absent for θ = π/2. Our findings suggest that
the fidelity susceptibility does not diverge at BKT-type
QPTs in one spatial dimension.

3.2 Relative entropy and quantum discord

The two-qubit density matrix can be reduced to an
X-state,

ρij =









u+ 0 0 z1
0 w1 z2 0
0 z∗2 w2 0
z∗1 0 0 u−









, (6)

with

u± =
1

4
(1± 2〈σz

i 〉+ 〈σz
i σ

z
j 〉), (7)

z1 =
1

4
(〈σx

i σ
x
j 〉 − 〈σy

i σ
y
j 〉 − i〈σx

i σ
y
j 〉 − i〈σy

i σ
x
j 〉), (8)

z2 =
1

4
(〈σx

i σ
x
j 〉+ 〈σy

i σ
y
j 〉+ i〈σx

i σ
y
j 〉 − i〈σy

i σ
x
j 〉), (9)

ω1 = ω2 =
1

4
(1− 〈σz

i σ
z
j 〉). (10)

A simplified form of relative entropy has been proven
as a valid measure of coherence for a given basis:

C(ρij) = S(ρdiag)− S(ρij), (11)

where S(•) stands for the von Neumann entropy of • and
ρdiag is obtained from ρ by removing all its off-diagonal
entries. The non-analyticity of the ground state at QCPs
can be characterized by the singularity of the coherence
susceptibility, which is defined as

χco ≡ ∂C(ρ)/∂λ. (12)

Here, ρ stands either for the density operator of the whole
system or for the reduced density operator of a subsys-
tem.

It was interesting to note that quantum discord, in
contrast to entanglement, is able to signal the BKT-type
QPTs. The quantum discord was introduced to quantify
non-classical correlations beyond entanglement paradigm
in quantum states and thus was given by the difference of
the mutual information I(ρ) and the classical correlation
J(ρ),

D(ρ) = I(ρ)− J(ρ). (13)

Similarly we can define discord susceptibility,

χqd ≡ ∂D(ρ)/∂λ. (14)

We find that the relative entropy and quantum discord
share similar trends and there are sharp changes across
the QPTs. The peaks of their susceptibilities at h = 1
and the step-like behavior at h = 3 indicate the QCPs.

4 Conclusion

In the paper we analyze quantum phase transitions
in a class of the one-dimensional compass models with
an (XZX+YZY)-type of three-site interactions. In the
compass limit the competition between the three-site
(XZX+YZY) interactions and the magnetic field drives
the system into a gapless phase through a Berezinskii-
Kosterlitz-Thouless transition. The dynamic exponent is
a measure for characterizing the coherence of the system
and it is found to be z = 4 across the quantum critical
points. Thus, coherence is very sensitive to whether the
system is at the compass limit, i.e., at the angle θ = π/2
which is more incoherent than the other cases. It has
been shown that z can be extracted from the measure-
ment of the low-temperature specific heat and entropy in
the Tomonaga-Luttinger-liquid phase.
To complete the analytic approach, we present a study

of diverse measures of quantum correlations including fi-
delity susceptibility, von Neumann entropy, relative en-
tropy, coherence susceptibility, pairwise concurrence and
quantum discord in the generalized compass chain with
three-site (XZX+YZY) interactions. Analytical expres-
sions are obtained from the spin-spin correlation func-
tions. We show that all these measures can be useful
to detect the second-order transition, while only the rel-
ative entropy and the quantum discord can signal the
Berezinskii-Kosterlitz-Thouless transition. We note that
the one-dimensional compass model with (XZX+YZY)-
type interactions can provide an ideal benchmark for
other computational methods to testify the Berezinskii-
Kosterlitz-Thouless quantum phase transition. We al-
so point out that deriving the correlation functions for
the systems with broken reflection symmetry requires a
rather careful and subtle procedure.
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Abstract. We experimentally implement a quantum walk on a circle in position space. Using a different
arrangement of linear optical elements, our experiment realizes clockwise-cycling and counterclockwise-
cycling walks. Periodic evolutions in quantum walks on four-node circles with uniform coin flipping for
each step and a localized initial walker state are observed, and the full revival of the walker+coin state
occurs. Coherent information encoded in the coin state shows the periodic collapse and revival due to the
interaction between the coin and walker. The technology to realize clockwise-cycling and counterclockwise-
cycling walks can be expanded to simulate a quantum walk on a circle with arbitrary nodes.
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In recent years, interest in the field of quantum walks
has grown hugely. This interest is motivated by the im-
portance of classical random walks in computer science,
as well as the advantages that quantum walks may pro-
vide when compared to their classical counterparts. The
discrete-time quantum walk on a line, is the most stud-
ied example and has been demonstrated in a number of
physical systems, such as nuclear magnetic resonance,
trapped atoms and ions, linear optics and integrated op-
tics. Especially the quantum walk on a circular graph
has been realized in integrated optics and with atomic
system.

An important problem in the study of classical ran-
dom walks is determining the probability of the walker
returning to its origin. Thus diffusion on a cycle lattice,
is important and its quantum analogy is also worth at-
tention. In this paper we implement a proof of principle
for lattice cycle quantum walk with one coin using linear
optics. We clearly reveal the differences from its classical
counterpart through the measured position distribution
and its variance. Our work experimentally highlights the
differences between the classical and quantum walks in
nontrivial groups, providing an important proof of prin-
ciple.

Compared to the implementation of quantum walk on
a circle in phase space, where increasing or decreasing
the phase of the walker state represents walking right or
left, we realize a quantum walk on a circle in real position
space. The walker moves clockwise or counterclockwise in
position space depending on the coin state. The mixing
time on the circle increase quadratically faster as com-
pared to the classical random walk. With certain choices
of the uniform coin operator for each step, the quantum
walk on a cycle returns to its initial state within a finite
number of steps.

We consider a graph which is a cycle with N nodes.
This two-regular graph can be viewed as the Cayley
graph of the Abelian group ZN with the generators +1
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(clockwise-cycling) and −1 (counterclockwise-cycling).
The Hilbert space of the walker+coin system is CN ⊗C2

with the walker space spanned by N -dimensional qudit
basis states. We choose a coin tossing operator for each
step and the conditional position shift transform moves
the walker clockwise or counterclockwise depending on
the coin state. The quantum walk on a circle is then de-
fined as the repeated application of the operation on the
coin followed by the shift on the walker+coin system.

In our paper [1], firstly we consider the general quan-
tum walk on a N -cycle which arises when the number of
nodes is limited to N . If N tends to infinity, a quantum
walk on a N -cycle can be regarded as the quantum walk
on a line. We assume that the walker initially starts at
some point on a circle denoted by x = 0. The coin op-
eration, which we choose to be identical for each step,
is applied on an arbitrary initial coin state. In a quan-
tum walk on a N -cycle, for even N , after t = N/2 − 1
steps, the walker occupies N/2 odd nodes with certain
probabilities. After that, for each step the walker moves
from the N/2 odd or even nodes to N/2 even or odd
nodes. Whereas for odd N , after t = N − 1 steps, the
walker spreads over all N nodes. After that, for each
step it moves from N nodes to N nodes. The walker
moves clockwise or counterclockwise determined by the
coin state |0〉c or |1〉c. The conditional shift operation
can be written as

FN =
1∑

c=0

N−1∑
x=0

|(x+ c(N − 2) + 1) mod N〉w 〈x| ⊗ |c〉c 〈c| .

(1)

The unitary operator for each step of the quantum walk
on a N -cycle is then U = FN (1N ⊗ CN ), where 1N is
a N × N identity matrix, and CN is the coin flipping
operation. Therefore the state of the system after t steps
is |ψt〉 = U t |ψ0〉, where |ψ0〉 is the initial state of the
walker+coin system.

Now we consider four-node quantum walk which arises
when the number of nodes is limited to 4 (x = 0, 1, 2, 3)
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as an example. Let us assume the walker initially starts
from a localized position denoted by x = 0,

P (x = 0, t = 0) = 1. (2)

The Hadamard operation, as a uniform coin flipping for
each step, is written as

C4 =
1√
2

(
1 1
1 −1

)
. (3)

The conditional shift operation can be written as

F4 =
1∑

c=0

3∑
x=0

|(x+ 2c+ 1) mod 4〉w 〈x| ⊗ |c〉c 〈c| (4)

=


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⊗ ( 1 0
0 0

)

+


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

⊗ ( 0 0
0 1

)
.

The complete operator for each step of this discrete quan-
tum walk on a four-cycle is then U = F4(14⊗C4), where
14 is a 4 × 4 identity matrix. Therefore the state of the
system after t steps is |ψt〉 = U t |ψ0〉. By choosing the
particular uniform coin operator C4 for each step, the
unitary operation over every 8 steps becomes the 8 × 8
identity matrix, i.e.

U8m = 18, |ψ8m〉 = |ψ0〉 (5)

with m ∈ Z+. The quantum state of the system com-
pletely revives after every 8-step evolution. Furthermore,
after 4 steps, the unitary operation becomes

U4(2m+1) =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⊗ ( 1 0
0 1

)
(6)

That means after every 4-step evolution the walker’s po-
sition swaps between sites 0 ↔ 2 and 1 ↔ 3, and a coin
initial state revival occurs.

Here we present a proposal to implement a quantum
walk on a N -cycle. We realize clockwise-cycling and
anticlockwise-cycling walks with single photons rather
than a photonic walk on a line. The coin operator for
each step can be realized via a half-wave plant (HWP)
with a certain setting angle. To realize the conditional
position shift operations, a pair of birefringent calcite
beam displacers (BDs) and certain number of the HWPs
with the setting angle 45◦ form an interferometer, which
are placed in sequence and need to have their optical axes
mutually aligned. The optical axis of each BD is cut so
that vertically polarized photons are directly transmitted
and horizontal photons move up a 2.7mm lateral displace-
ment into a neighboring mode, which then interfere with
the vertical photons in the same mode. The HWPs with

Figure 1: Detailed sketch of the setup for the realization
of a conditional shift on a general N -node circle (for an
arbitrary even N).

the setting angle 45◦ are used to exchange the polariza-
tions of the photons whose spatial modes will then change
after passing through the following BDs (See Fig. 1).

Without loss of generality, we consider a quantum walk
on a N -cycle with N an even number. The walker is ini-
tially localized at x = 0. For each step, the coin flipping
can be realized by a HWP at a certain setting angle and
the conditional shift operation can be realized by N/2-
input and N/2-output interferometer involving a pair of
BDs and at most N/2 + 2 HWPs with the setting an-
gle 45◦ which change |H〉 (|V 〉) to |V 〉 (|H〉)in order to
make all two neighboring even nodes to interfere to each
other. For the first step as an example (see Fig. 2), the
walker starts from x = 0. The coin flipping can be re-
alized by a HWP (Hc) and the conditional position shift
operation can be realized by a pair of BDs and several
HWPs (H2). The photons in x = 0 with the vertical
polarization are transmitted directly from the first BD.
Then H2 changes the polarization of the photons to be
horizontal and these photons move down a 2.7mm dis-
placement into the node which is defined as x = 1 after
passing through the second BD. This gives a single-step
of the counterclockwise walk. Meanwhile the photons
with horizontal polarization move down to the neighbor
node after passing through the first BD. Thus the pho-
tons continue moving down to the node which is defined
as x = N − 1 after passing through the second BD. That
gives a single-step of the clockwise walk. After the first
step, the walker is localized at two possible positions de-
pendent on the coin states. For the second step, after the
second coin flipping following by the conditional position
shift operation, the walker is then localized at three pos-
sible positions defined as x = 0, 2, N − 2. The walker
steps to x = 0, 2 from x = 1 and to x = 2, N − 2 from
x = N−1 with certain probabilities. Thus we can realize
a quantum walk on an arbitrary N -cycle with an initially
localized walker.

For a quantum walk on a four-cycle the optical ele-
ment possesses 2 inputs and 2 outputs. The spatial input
modes 0 and 2 transform into the spatial output modes
1 and 3, and vice versa. Here the input means the in-
put for the optical element implementing a single walker
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step and not the initial state of the quantum walk. For
this type of unbiased quantum walk with an initially lo-
calized state, only spatial modes 0 and 2 (or 1 and 3)
are occupied at any instant during the evolution and the
optical element need only perform the transformation be-
tween them. We use two BDs and some HWPs to build
the optical element with 2 spatial inputs and 2 spatial
outputs.

Figure 2: Detailed sketch of the setup for realization of
photonic quantum walk on a four-node circle. For each
step, a coin flipping can be realized by a HWP (Hc4) at
22.5◦. A pair of BDs and several HWPs (H2) at 45◦ are
used to realize the conditional shift operation and several
HWPs at 0◦ (not shown) are needed to compensate the
temporal delay.

To explain how to realize the element we use an ex-
ample of evolution of a single-step quantum walk on a
4-cycle which can be expressed as

F
[
|0〉w (α0 |H〉+ β0 |V 〉)c + |2〉w (α2 |H〉+ β2 |V 〉)c

]
∝ |1〉w (α0 |H〉+ β2 |V 〉)c + |3〉w (α2 |H〉+ β0 |V 〉)c,

(7)

F
[
|1〉w (α1 |H〉+ β1 |V 〉)c + |3〉w (α3 |H〉+ β3 |V 〉)c

]
∝ |0〉w (α3 |H〉+ β1 |V 〉)c + |2〉w (α1 |H〉+ β3 |V 〉)c,

(8)

for any αi and βi normalized coefficients.
For each step, the coin flipping C4 in Eq. (3) can be

realized by a HWP (Hc4) at 22.5◦. A pair BDs are placed
in sequence and need to have their optical axes mutually
aligned to build an interferometer with high visibility.
After passing through the pair of BDs the horizontally
polarized photons in the spatial mode x move clockwise
to spatial mode (x+ 1 mod 4) and the vertically polar-
ized photons move counterclockwise to (x − 1 mod 4).
Between the two BDs, HWP (H2) at 45◦ are inserted
to change the polarization of photons in certain spatial
modes and ensure they merge in a neighboring mode after
the second BD. Another HWP is set at 0◦ to compensate
the temporal delay caused by H2 which is not shown in
Fig. 2. With the choice of the uniform coin flipping C4 for
each step, the unitary operator generates a finite cyclic
group and quantum state revival will occur every 8 steps.

The measured probability distribution of an 8-step
quantum walk on a four-node circle is shown in Fig. 3.
The experimental data show that the periodicity of quan-
tum walk on a 4-node circle is 8.

Coherent information encoded in the coin state shows
the periodical collapse and revival due to the interaction

Figure 3: (a) Measured position distributions for the first
8 steps of quantum walk on a 4-node circle. (b) Position
distributions for the 4th step and the 8th step of quantum
walk. Error bars indicate the statistical uncertainty. (c)
and (d) are the histograms of the real and imaginary
parts of the density matrices of the coin state obtained
after the 8th step of quantum walk.

between the coin and walker. For a quantum walk on a
four-node circle, the walker can be considered to coher-
ently transport quantum information encoded in the coin.
In particular information encoded in the initial state of
the coin can be swapped around the cycle upon execution
of U2, which for the 4-node corresponds to x = 2 ↔ 0,
and 3↔ 1, coherently during the execution of the quan-
tum walk. Due to the information exchange between the
coin and walker the initial coin state collapses and re-
vives, which is observed in our experiment.

In summary, we have realized a quantum walk on a
circle in position space with single photons propagating
through linear optical elements. Our experimental results
demonstrate the implementation of the quantum walk on
a N -node circle with a uniform coin flipping for each step
and a localized initial walker state and the observation
of a complete periodicity in four-cycle quantum walks.
The state of walker+coin revives after each 8-step evolu-
tion. Coherent information encoded in coin state shows
the periodical collapse and revival due to the interaction
between the coin and walker. Realization of clockwise-
cycling and counterclockwise-cycling of quantum walks
using linear optics is the key point of our experiment and
this technology can be expanded to simulate a quantum
walk on a circle with arbitrary nodes by using a set of
BDs and HWPs.
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Abstract. The uncertainty relations are the hallmarks of quantum physics and have been widely inves-
tigated since its original formulation. To understand and quantitatively capture the essence of preparation
uncertainty in quantum interference, the uncertainty relations for the unitary operators need to be investi-
gated. Here, we report the first experimental investigation of the uncertainty relations for general unitary
operators. In particular, we experimentally demonstrate the uncertainty relation for general unitary oper-
ators proved by Bagchi and Pati which places a non-trivial lower bound on the sum of uncertainties and
removes the triviality problem faced by the product of the uncertainties. The experimental findings agree
with the predictions of quantum theory and respect the new uncertainty relation.
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In quantum theory there are two kinds of uncer-
tainty relations: one is the preparation uncertainty re-
lation and the other is the measurement uncertainty re-
lation. The uncertainty relation that is typically taught
in text book is the preparation uncertainty which sug-
gests that it is impossible to prepare quantum system for
which uncertainties in two non-commuting observables
can be arbitrarily small. This is well documented via
the Heisenberg-Robertson-Schrödinger uncertainty rela-
tion that exists between any two non-commuting observ-
ables of a quantum-mechanical system. The uncertainty
relations are useful for a wide range of applications in
quantum technologies including quantum cryptography,
quantum entanglement, quantum computation, and gen-
eral physics. Uncertainty relations were tested experi-
mentally with neutronic and photonic qubits. Recently,
stronger uncertainty relations for all incompatible ob-
servables are proved which go beyond the Heisenberg-
Robertson uncertainty relations and have been verified
experimentally with linear optics. Thus, the stronger
preparation uncertainty displays ‘more’ limitations on
the statistical spread in observables in an ensemble of
similarly prepared systems.
The uncertainty relations are the hallmarks of quan-

tum physics and have been well investigated. On the
other hand, unitary is a fundamental tenet of quantum
theory. Every evolution of a closed quantum state can
always be represented by the unitary operators and evo-
lution of open system can be represented by acting a
unitary on an enlarged system consisting of the quan-
tum system as a subsystem. If one prepares a quantum
system and evolves the state under two non-commuting
unitary operators, can one reveal the preparation uncer-
tainty without measuring physical observables? That is
indeed possible with the uncertainties associated with the
unitary operators. Therefore, the uncertainty relations of
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the unitary operators are naturally of broad interest to
investigate. Recently, the uncertainty relation for two ar-
bitrary unitary operators acting on physical states of any
Hilbert space are derived by Bagchi and Pati in [1]. The
uncertainty relation for two arbitrary unitary operators
can reveal the preparation uncertainty and thus the new
uncertainty will unify two fundamental features of quan-
tum world, namely, the interference and the uncertainty.
In this letter, we experimentally demonstrate this uncer-
tainty relation relating on that sum of variances are valid
in a state-dependent manner and the lower bound is guar-
anteed to be nontrivial for two observables being incom-
patible on the state of the system being measured. The
behaviour we find agrees with the predictions of quantum
theory and obeys the new uncertainty relation.
Consider a quantum system prepared in the state

|ψ⟩ ∈ H with H being a finite or infinite dimensional
Hilbert space. Let us consider two unitary operators U
and V that act on the quantum state. The uncertainties
associated with U and V in the state |ψ⟩ are defined as

∆U2 = 1− | ⟨ψ|U |ψ⟩ |2 = 1− Tr (|ψU ⟩ ⟨ψU |ψ⟩ ⟨ψ|)
∆V 2 = 1− | ⟨ψ|V |ψ⟩ |2 = 1− Tr (|ψV ⟩ ⟨ψV |ψ⟩ ⟨ψ|) (1)

where |ψU ⟩ = U |ψ⟩ , |ψV ⟩ = V |ψ⟩ with 0 ≤ ∆U2 ≤
1 and 0 ≤ ∆V 2 ≤ 1. The uncertainty in any unitary
operator has simple physical meaning: it is the distance
between the original and the unitarily evolved quantum
state. The uncertainties in two unitary operators U and
V are lower bounded as [1]

∆U2 +∆V 2 ≥ 1 + | ⟨ψU |ψV ⟩|2 − 2 cosϕ|∆(3)| (2)

where

| ⟨ψU |ψV ⟩|2 = ⟨ψ|V †U |ψ⟩ ⟨ψ|U†V |ψ⟩
= Tr

(
V †U |ψ⟩ ⟨ψ|U†V |ψ⟩ ⟨ψ|

)
(3)
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∆(3) = ⟨ψ|ψU ⟩ ⟨ψU |ψV ⟩ ⟨ψV |ψ⟩
= Tr

(
U |ψ⟩ ⟨ψ|U†V |ψ⟩ ⟨ψ|V † |ψ⟩ ⟨ψ|

)
(4)

is the 3-point Bargmann invariant and ϕ = Arg∆(3).
The physical meaning of the uncertainty relation for

two general unitary operators is that one cannot pre-
pare a quantum state with two distinguishable metrics
and the sum of them is arbitrarily small. Alternately,
one can interpret this as sum of visibility in the inter-
ference setup due to two non-commuting unitary oper-
ators is non-trivially upper bounded. For certain class
of states, uncertainty relation for two unitary operators
can reduce to the uncertainty relations for two Hermitian
operators. The advantage of the preparation uncertainty
based on the unitary operators is that we do not need
to measure two incompatible observables on identically
prepared quantum systems. We simply prepare and let
the system to evolve under two different unitary opera-
tors to test the intrinsic preparation uncertainty relation
in Eq. (2).
Without loss of generality, we show an example by

choosing two unitary operators [1]

U =

 1 0 0

0 e−i
2
3π 0

0 0 e−i
4
3π

 , V =

 0 1 0
0 0 1
1 0 0

 (5)

and a family of qutrit states being measured

|ψθ⟩ = cos θ |0⟩ − sin θ |2⟩ (6)

with θ ∈ [0, π].
The unitary operators U and V belong to a particularly

important class of unitary operators so called the clock
and shift matrices [1], which are the non-Hermitian gen-
eralizations of the Pauli matrices to higher dimensions.
They are the cornerstones in the quantum mechanics of
the finite dimensional Hilbert space. The bases of the
two unitary operators are the mutually unbiased bases
with respect to each other, and they are related to each
other via the discrete Fourier transform. It is important
to study the uncertainty relation with respect to the mu-
tually unbiased bases since the mutually unbiased bases
have found wide applications in quantum information.
This explains why we choose the unitary operators U and
V shown in (5) as an example to study the uncertainty
relation in Eq. (2).
Now we focus on the feasibility of demonstration of

the new uncertainty relation. The terms of left-hand
side (LHS) of the inequality, i.e., the variances ∆U2 and
∆V 2 can be calculated by the measured expectation val-
ues of U and V . The second term of the right-hand side
(RHS) of the inequality can be calculated by the expec-
tation values of the operator V †U . The third term of the
RHS of the inequality can be obtained by tomography of
the initial state |ψθ⟩, the evolved states |ψU ⟩ and |ψV ⟩,
respectively. Thus we can demonstrate the uncertainty
relation for two unitary operators.
We report the experimental test of the uncertainty re-

lation for two three-level unitary operators [1] with pho-
tonic qutrits. A photonic qutrit is represented by three

modes of the single photons. The basis states |0⟩, |1⟩,
and |2⟩ are encoded by the horizontal polarization of the
photon which is in the lower spatial mode, the horizon-
tal polarization of the photon in the upper spatial mode,
and the vertical polarization of the photon in the upper
spatial mode, respectively. Figure 1 shows the experi-
mental step which involves three stages of demonstration:
the specific state preparation, state evolution, measure-
ment on the system of interest (projection measurement
or state tomography).
The specific state is prepared by letting heralded sin-

gle photons to pass through a polarizing beam splitter
and a half-wave plate (H1) with the certain setting angle
and then to be split by a birefringent calcite beam dis-
placer into two parallel spatial modes—upper and lower
modes due to their polarizations. After passing through
a beam displacer, the vertically polarized photons are
directly transmitted and horizontally polarized photons
undergo a 3mm lateral displacement into a neighboring
mode. Therefore the photons are prepared in the state
|ψθ⟩ in Eq. (6). We choose eleven values of θ ∈ [0, π],
i.e., total eleven states for testing the uncertainty rela-
tion proposed in [1]. For the stage of the state evolution,

beta barium borate avalanche photodiode

polarizing beam splitter

beam displacer half-wave plate

quarter-wave plate

Figure 1: Experimental setup. The herald single photons
are produced via type-I spontaneous parametric down-
conversion in a β-barium-borate nonlinear crystal and
are injected into the optical network. The first polar-
izing beam splitter, half-wave plate (H1) and beam dis-
placer (BD1) are used to prepare a qutrit state |ψθ⟩. Two
sandwich-type sets of wave plates (Q1-H2-Q2 and Q1-H3-
Q2) are used to realize the evolution operator U . The
half-wave plates (H4-H7) and two beam displacers (BD2

and BD3) are used to realize the evolution operator V
(or V †). The projection measurement {P1, P2} can be
realized by four half-wave plates (H8-H11) and two beam
displacers (BD4-BD5). Tomography of the qutrit state
can be realized by half-wave plates (H12-H14), quarter-
wave plate (Q3), BD6 and a polarizing beam splitter.

firstly we consider the LHS of the inequality, i.e., the sum
of the uncertainties ∆U2 + ∆V 2. It can be calculated
by the expectation values ⟨U⟩ and ⟨V ⟩. The expecta-
tion values of U and V can be measured by applying the
projection measurement {P1, P2} on the evolved states
|ψU ⟩ and |ψV ⟩, respectively, where P1 = |ψθ⟩ ⟨ψθ| and
P2 = I− P1.
In the stage of measurement, the projection measure-
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ment can be realized by two beam displacers (BD4-
BD5) and four half-wave plates (H8-H11), where H8-H10

are used to realize bit-flip operation on the polariza-
tion modes of photons, and H11 combining with BD5

maps the state |ψθ⟩ to the certain spatial mode accom-
plishing the projection measurements with single-photon
avalanche photodiodes. The outcomes represented by
the click of the single-photon avalanche photodiode
D2 give the measured probabilities pU1 and pV1 , which
equal to the probabilities Tr(U |ψθ⟩ ⟨ψθ|U† |ψθ⟩ ⟨ψθ|) and
Tr(V |ψθ⟩ ⟨ψθ|V † |ψθ⟩ ⟨ψθ|). To measure the expectation
values ⟨U⟩ or ⟨V ⟩, we remove the setup for realizing V
or U , respectively.
Now we consider the RHS of the inequality. There are

three terms each of which can be obtained from the ex-
perimental data. The first term is a constance. The sec-
ond term, i.e., the expectation value of the operator V †U
can be obtained with a similar way. The photons pass
through the setup for realizing V †U and are projected to
the initial state |ψθ⟩. The measured | ⟨ψU |ψV ⟩|2 is equiv-
alent to the probability of the photons being measured in
|ψθ⟩. The probability is obtained by normalizing photon
counts in the single-photon avalanche photodiode D2 to
the total photon counts.
The last term of the RHS of the inequality depends on

the Bargmann invariant ∆(3) which cannot be measured
directly. However, one can obtain it via the state to-
mography and reconstruction of the initial state |ψθ⟩ and
the evolved states |ψU ⟩ and |ψV ⟩. To realize the qutrit
state tomography, we project the states into nine basis
states {|0⟩ , |1⟩ , |2⟩ , (i |0⟩+|1⟩)/

√
2, (i |0⟩+|2⟩)/

√
2, (|1⟩+

i |2⟩)/
√
2, (|0⟩ + |1⟩)/

√
2, (|0⟩ + |2⟩)/

√
2, (|1⟩ + |2⟩)/

√
2}.

To realize the state tomography, we replace the block
of “projection measurement” by the block of “state to-
mography” in Fig. 1. Firstly, one projects the states
into the bases

{
|1⟩ , |2⟩ , (|1⟩+ i |2⟩)/

√
2, (|1⟩+ |2⟩)/

√
2
}
.

The photons in the upper mode directly pass through the
wave plates (Q3 and H14) to apply the rotation on the
qutrit state and a polarizing beam splitter to map the
state into the certain basis states. The photon count
in the single-photon avalanche photodiode D3 is pro-
portional to the probabilities of the projection measure-
ments. To project the photonic states into the rest six
bases, the photons pass through the wave plates (H12-
H14, Q3) and a beam displacer (BD6) to apply the ro-
tation on the qutirt state and a polarizing beam splitter
to map the state into the certain basis states.The photon
count in the single-photon avalanche photodiode D4 is
proportional to the probabilities of the projection mea-
surements.
In Fig. 2, we show the experimental results of the ver-

ification of the uncertainty relation for general unitary
operators in (2). The solid black line corresponds to the
theoretical prediction of the LHS of the inequality, i.e.,
∆U2+∆V 2. The black triangles represent the sum of the
measured uncertainties of ∆U2 and ∆V 2 with the eleven
states |ψθ⟩. The red dashed line corresponds to the the-
oretical prediction of the RHS of the inequality. The red
squares represent the experimental results of the RHS of

0.0 0.5 1.0 1.5 2.0 2.5 3.0

1.0

1.2

1.4

 Theoretical LHS
 Theoretical RHS
Experimental LHS
Experimental RHS

 

 

(rad)

Figure 2: Experimental results. The solid black line cor-
responds to the theoretical prediction of the LHS of the
inequality, i.e., ∆U2 + ∆V 2. The black triangles repre-
sent the sum of the measured uncertainties of ∆U2 and
∆V 2 with the eleven states |ψθ⟩. The red dashed line
corresponds to the theoretical prediction of the RHS of
the inequality. The red squares represent the experimen-
tal results of the RHS of inequality with the eleven states
|ψθ⟩. Error bar indicates the statistical uncertainty which
is obtained based on assuming Poissonian statistics.

inequality with the eleven states |ψθ⟩. For θ = 0, π/2, π,
the inequality becomes an equality, which shows the new
uncertainty inequality (2) is tight. The experimental re-
sults agree remarkably well with the theoretical predic-
tion. Thus we provide the first experimental demonstra-
tion of the new uncertainty relation for general unitary
operators.
Uncertainty relation imposes quantitative limitation

on the mutual exclusiveness of sharp preparations for two
incompatible observables. Since its inception, the prepa-
ration uncertainty relation has been usually tested using
Hermitian operators in quantum theory. However, it is
possible to test the limitation on the joint sharp prepara-
tion of quantum system using the uncertainty relation for
unitary operators. We have demonstrated a method for
experimentally testing the uncertainty relation for gen-
eral unitary operators. This has allowed us to test the
uncertainty inequality for general unitary operators. Our
demonstration provides the first evidence for the validity
of the preparation uncertainty relation proposed to be
universally valid. We hope that the experimental confir-
mation of a fundamental limitation of preparation uncer-
tainty using unitary operators will provide deep insights
into the nature of intrinsic uncertainty that prevails at
fundamental state preparation level.
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Abstract. We propose a scheme to measure the entanglement of bipartite pure states and some classes of
mixed states. It is shown that the Son-Lee-Kim (SLK) inequality function can be related with a measure of
entanglement. In literature there are many ways to characterize entanglement, but in most of the schemes
the number of observables increases largely with the dimension. However, our scheme required only four
observables. Experimental feasibility of this scheme is also discussed.
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1 Introduction

Quantum entanglement is an important resource for
many information processing tasks. So its characteriza-
tion is very important from both fundamental and prac-
tical point of view. Higher dimensional entanglement
is much more advantageous in quantum communication
than the two qubit entanglement. Using higher dimen-
sional entanglement one can get more security against
eavesdropping in cryptography [1], increase the channel-
capacity via superdense-coding [2]. Moreover, it is much
more robust against environmental noise [3]. However,
to implement these protocols practically, we need to cre-
ate, detect and quantify higher dimensional entangled
states. Bell-type inequalities is one of the way to detect
entanglement. Therefore, it has created much interest
recently [4, 5, 6, 7, 8, 9, 10, 11]. In 2002, Collins, Gisin,
Linden, Massar, and Popescu (CGLMP) [5] introduced
a d-dimensional tight [12] Bell inequality. But it is not
violated maximally by a maximally entangled states [13].
Later in 2006, Son, Lee, and Kim (SLK)[6] found a set
of Bell-type ineqalities for d-dimensional systems. Inter-
estingly, this inequality violates a maximally entangled
states maximally. For a specific measurement setting, we
find that the value of the Bell-SLK function is zero for a
product state. Hence, a nonzero value immediately sug-
gest that the two qudit pure state is entangled. Moreover,
we showed that the Bell-SLK function can be related to
the concurrence [14, 15] of the state. Therefore, it gives
a way to measure the entanglement of two qudit pure
states. In addition to that we have also shown a similar
relation for a class of mixed states known as isotropic
states.

In quantum state tomography [16], the entanglement
is measured by reconstructing the state after measuring
some set of observables. However as dimension increases,
the number of observables also increases dramatically
[17]. There are suggestions to reduce the number of the
observables for two qubit system [18]. Although the al-
ternative suggestions reduces the number of observables
for higher dimensional systems, but still the number in-
creases with the dimension [19]. Moreover, it is a very
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†agrawal@iopb.res.in
‡sujit@iopb.res.in

substantial task to implement these observables in an ex-
periment [20]. Our method requires only four observables
to be measured. Besides this, this method can be exper-
imentally implemented.

2 Bell-SLK function and concurrence

In an usual Bell-SLK scenario, two distant observers
Alice and Bob can independently choose one of the ob-
servables from A1, A2 and B1, B2 respectively. The mea-
surement outcomes of the observables belong to the set
V = {1, ω, · · · , ωd−1}, where ω = exp (2πi/d). For a d-
dimensional system the Bell-SLK function, ISLK [7], is
given by

ISLK = 1√
2

d−1∑
n=1

(
ω−n/4Cn1,1 + ω−3n/4Cn2,1 + ωn/4Cn1,2

+ω−n/4Cn2,2
)

+ c.c.,
where c.c. stands for complex conjugate, ω = exp(2πi/d)
and Cna,b = 〈AnaBnb 〉. The local-realistic upper bound for

this Bell function is Imax
SLK (LR) = 1√

2

(
3 cot π

4d−cot 3π
4d

)
−

2
√

2 [7]. One can transform a Bell inequality to joint
probability space from correlation space and vice versa
by simple Fourier transformation. Hence, We can write
the Bell-SLK function in joint probability space as [7, 21]

ISLK =

d−1∑
α=0

f(α)[P (A1 = B1 + α) + P (A2 = B2 + α)

+P (B1 = A2 + α+ 1) + P (B2 = A1 + α)],(1)

where f(α) = 1√
2

(
cot[πd (α+ 1

4 )]−1
)

and sums inside the

probabilities are modulo d sums. Let’s consider a arbi-
trary pure two qudit state |ψ〉 =

∑
i ci|ii〉 in the Schmidt

basis. We now calculate the value of the Bell-SLK func-
tion for this state with the measurement settings [22] as
follows

|k〉A,a =
1√
d

d−1∑
j=0

ω(k+δa)j |j〉,

|l〉B,b =
1√
d

d−1∑
j=0

ω(−l+εb)j |j〉, (2)

where |k〉A,a and |l〉B,b represents the nondegenerate

eigenvectors of the operators Âa, a = 1, 2, and B̂b,
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b = 1, 2, respectively and δ1 = 0, δ2 = 1/2, ε1 = 1/4
and ε2 = −1/4. After a few step of calculation one can
get [23]

ISLK =
4

d

d−1∑
α=0

f(α)
d−1∑
p,q=0

cpcqω
(α+1/4)(p−q). (3)

Using the identity
d−1∑
k=0

(−1)k cot( 2k+1
4d )π = d [24] and

hence,
d−1∑
k=0

cot( 4k+1
4d )π = d, we get

d−1∑
α=0

f(α) = 0. There-

fore, Eq. (3) can be rewritten as

ISLK =
4

d

d−1∑
α=0

f(α)
∑
p6=q
p>q

2cpcq cos
(2π

d
(α+

1

4
)(p−q)

)
. (4)

To evaluate further, we need two sums. For the first sum,

one can show (p − q = m),
d−1∑
α=0

cos
(

2πm
d (α + 1

4 )
)

= 0,

using trigonometrical identity given in [25]. To calculate
the second sum we need these two following sums [26]

k−1∑
j=0

cos
2πaj

k
cot (

πj

k
+ πb) = k cos [b(2a− k)π] cosec (bkπ)

k−1∑
j=0

sin
2πaj

k
cot (

πj

k
+ πb) = −k sin [b(2a− k)π] cosec (bkπ),

where a and k being positive integer such that a < k, and
0 < b < 1. Using these above two sums and difference
formula for cosines, we get,

d−1∑
α=0

cos
(

2πm
d (α+ 1

4 )
)

cot
(
π
d (α+ 1

4 )
)

= d.

Using these above results and after a few step of calcula-
tion, we find

ISLK = 4
√

2
∑
p6=q
p>q

cpcq = 2
√

2(d− 1)C, (5)

where C =
∑

p6=q
p>q

cpcq
2
d−1 , is the concurrence of a two

qudit pure state. Therefore, we establish a nice relation
between Bell-SLK function and concurrence for a partic-
ular measurement setting. It is easy to check that the
value of this function is zero for product states. Hence, a
nonzero value suggest that the state is entangled and it’s
increases linearly with the concurrence [27]. So it pro-
vides an experimental way to measure the entanglement
of a two qudit system.

3 Bell-SLK function and Mixed States

3.1 Isotropic states

In the case of mixed bipartite states, there is no known
relation between Bell-CHSH function and entanglement.
The concurrence C(ρ) for mixed bipartite states is de-
fined as:

C(ρ) = inf
{pi,|ψi〉}

{∑
i piC(|ψi〉)

∣∣∣∣∣∑i pi|ψi〉〈ψi| = ρ

}
.

Rungta and Caves in [28] have showen that it is an en-
tanglement monotone and obtained a closed from, for the
isotropic states. These states has the form

ρF = 1−F
d2−1

(
I − |Ψ+〉〈Ψ+|

)
+ F |Ψ+〉〈Ψ+|,

where F is the fidelity between ρF and |Ψ+〉 satisfying
0 6 F 6 1. For F 6 1/d, these states are separable [29].
Now using the measurement settings given in (2), we find
[23]

ISLK =

{
2
√
2

d+1 (d2F − 1), F 6 1/d,
2
√
2

d+1

(
(d− 1)(dC(ρF ) + 1)

)
, 1/d 6 F 6 1,

(6)
where C(ρF ) is the concurrence of the isotropic state [28]

C(ρF ) =

{
0, F 6 1/d,
dF−1
d−1 , 1/d 6 F 6 1.

(7)

Hence, we find an interesting relation between the con-
currence and the Bell-SLK function for isotropic states.
Notice that for separable isotropic states, i.e. for F 6
1/d, the Bell-SLK function in (6) is upper bounded by
2
√
2

d+1 (d − 1). A value larger than this suggest that the
isotropic state is entangled and it’s entanglement can be
computed from the Bell-SLK function. We note that for
d = 2, isotropic state is same as Werner state upto some
local unitary transformation.

3.2 Maximally entangled state passing through
noisy channels

Another class of mixed states can be obtained when
a maximally entangled state pass through noisy chan-
nels. Since there is no closed from of concurrence for
a general two qudit mixed state, we use another en-
tanglement measure named as negativity [30] which is

defined as N (ρ) = ||ρTB ||1−1
d−1 , where ρTB is the partial

transpose of the state ρ with respect to the subsystem
B and || · ||1 stands for the trace norm. For a two
qudit pure state |ψ〉 =

∑
i ci|ii〉, the negativity is [31]

N
(
|ψ〉〈ψ|

)
=
∑

p6=q
p>q

cpcq
2
d−1 , where ci are the Schmidt

coefficients. Hence, we can express the Eq. (5) also in
terms of negativity as

ISLK = 2
√

2(d− 1)N . (8)

A party prepares a maximally entangled two qudit state
and sends it to two distant parties through some noisy
channels. As a result the state will get mixed. This kind
of situation often happen in laboratories. We explore
the relation between Bell-SLK function and negativity
for four well known quantum channels. For simplicity we
take same channels to send the entangled particles.

3.2.1 Amplitude damping channel

A maximally entangled two qutrit state is sent to dis-
tant parties through same amplitude damping channel.
The Kraus representation of this channel is [32]

K0 =

1 0 0
0
√

1− p 0
0 0

√
1− p

,
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Figure 1: Bell-SLK function and negativity vs. purity
for the amplitude damping channel.



ISLK

0.5 0.6 0.7 0.8 0.9 1.0
0

1

2

3

4

5

Purity

I S
L

K
&


Figure 2: Bell-SLK function and negativity vs. purity
for the phase damping channel.
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Figure 3: Bell-SLK function and negativity vs. purity fo
the depolarizing channel.

K1 =

0
√
p 0

0 0 0
0 0 0

, K2 =

0 0
√
p

0 0 0
0 0 0

,

where p is the channel parameter. Interestingly, there
exists still a relation between Bell-SLK function and neg-
ativity. From FIG.(1) it is clear that, we can compute
states negativity by looking at the ISLK curve.

3.2.2 Phase damping channel

Phase damping channels can be represented by the fol-
lowing Kraus operators [32]

K0 =
√

1− p

1 0 0
0 1 0
0 0 1

 and K1 =
√
p

1 0 0
0 ω 0
0 0 ω2

,

where ω = e
2πi
3 and p is the channel parameter. Again

form FIG.(2) we can see by measuring the value of ISLK ,
we can easily determine the negativity of the state and
hence entanglement.

3.2.3 Depolarizing channel

The effect of a depolarizing channel on a state ρ can
be expressed as Φ(ρ) = p Id + (1 − p)ρ [33], where I is
the maximally mixed state of dimension d and p is the
channel parameter. For this kind of channel, it is clear
from FIG.(3) that, we still get a relation between Bell-
SLK function and negativity.
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Figure 4: Bell-SLK function and negativity vs. purity
for the ladder channel.

3.2.4 Bit-flip like ladder channel

We now consider a generalization of bit flip channel for
qubit [33] - ladder channel. Here for d = 3 we take the
flipping operation such that it changes the basis vector
in this following way |0〉 → |1〉 → |2〉 → |0〉. The Kraus
operators for this channel are as follows

K0 =
√

1− p

0 0 1
1 0 0
0 1 0

 and K1 =
√
p

1 0 0
0 1 0
0 0 1

,

where p is the channel parameter. Here also we get a
similar kind of situation.

4 An Experimental scheme

With the help of present day’s technology [8, 9], this
SLK test can be implemented in laboratories. There
are ways to generate higher dimensional entanglement.
One elegant way is by using the orbital angular momen-
tum states of photons [34] to encode a state of a qudit.
Dada et al. in [8] measured the CGLMP inequality vi-
olation for bipartite qudit systems with dimensions up
to twelve. They have used the same measurement set-
ting as given in Eq. (2). So the Bell-SLK function can
be measured using the same experimental setup. In this
setup we need four observables with (d−1) measurement
setting. Later Lo et al. [9] created higher dimensional en-
tanglement by simulating qudits using multiple pairs of
polarization-entangled photons. They also demonstrate
the violation of CGLMP inequality upto the dimension
d = 16. Since CGLMP inequality is maximally violated
by a non maximally entangled state, so it cannot help
to find the amount of entanglement in a bipartite state.
However, the Bell-SLK function can help us to find the
amount of entanglement in a pure two qudit state and a
class of mixed state.

5 Conclusion

We can characterize higher dimensional entanglement
using Bell-SLK inequality for bipartite qudit systems.
We have shown that it can be useful to quantify the
amount of entanglement present in a bipartite pure state
and a class of mixed state. We have also discussed the ex-
perimental feasibility of this scheme. Current experimen-
tal setup suggest that this scheme can be implemented
in laboratories. The earlier schemes to quantify entan-
glement requires number of observables which increases
largely with the dimension. However, this scheme re-
quired only four observables.
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Abstract. In a classical world, it is possible (in principle) to measure the properties of macroscopic
systems without affecting them. This point of view, referred to as macroscopic realism, is in strong
contradiction with quantum mechanics. We use two error-tolerant quantum witnesses to efficiently test
macroscopic realism with a photonic qubit and qutrit: the first tests the invasiveness of a ‘blind’ measure-
ment, the second of any quantum operation. In each case we extract violations close in magnitude to the
theoretical maximum – for the first witness, this grows with the dimensionality of the system, while for
the second it can be achieved in a dimension-independent manner.

Keywords: macroscopic realism, quantum witness, error-tolerant, qubit, qutrit

1 Introduction

Since the birth of quantum mechanics it has been dif-
ficult to reconcile the principle of quantum superposi-
tion with the intuitive experience of macroscopic objects,
which appear to always inhabit explicit states indepen-
dently of observation. Leggett and Garg formulated a
possible solution by defining macroscopic realism, a world
view combining two assumptions: (MRps) Macroscopic
realism per se (that properties of macroscopic objects
exist objectively) and (NIM) Non-invasive measurability
(that the properties are not influenced by measurements).
From these assumptions, they derived Leggett-Garg (LG)
inequalities, which are used to test for the quantum be-
havior of a system undergoing coherent evolution. The
LG inequalities have been tested for a wide range of quan-
tum mechanical systems, such as defect centers in dia-
mond, superconducting circuits, photons, atoms in opti-
cal lattices, nuclear magnetic resonance and phosphorus
impurities in silicon, and violations have been observed
as quantum mechanics predicts. One of the major ex-
perimental challenges has been the implementation of
truly noninvasive measurements. Recently, an alterna-
tive test of macroscopic realism has been proposed: it is
described, variously, as a quantum witness, no-signalling
in time, or non-disturbance condition. Compared to a
LG test which needs to involve at least three possible
measurement times and the measurement of two-time
correlations, the quantum-witness test enjoys many ad-
vantages: Because only instantaneous expectation val-
ues are required, it can usually be violated for a much
wider parameter regime, and is more robust to imperfec-
tions. Furthermore, it was recently shown (with a sophis-
ticated dimensional analysis of probability spaces) that
Fine’s theorem (derived initially for local realism) does
not apply for macroscopic realism. In other words, LG
inequalities do not form an optimal tight boundary for
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macroscopic realism. In contrast, the quantum witness
condition is both necessary and sufficient for macroscopic
realism. Here we continue in the pursuit of rigorous and
amenable protocols for testing macroscopic realism, with
a view to spurring-on tests which will non-trivially con-
strain future theories of physics.

2 First witness:

Consider two observables, A and B, measured at times
t = 0 and t = T > 0, respectively. The measurement of
observable A is a blind measurement (the measurement
is performed but the result is not recorded) shown in
Fig. 1(a). The outcomes of the first measurement (of
A) are written {ai} for i = 1, ...,M , with corresponding
probabilities P (ai); b is a particular outcome of the later
measurement (of B). Based on the joint measurement of
these two observables the probability of obtaining result
b in the later measurement is P ′(b) =

∑M
i=1 P (b|ai)P (ai)

with P (b|ai) the conditional probability of the outcome
b given the earlier result ai. The probability of outcome
b without the prior measurement of A is written P (b).
The first of our two quantum witness is then defined as

W := P (b)− P ′(b). (1)

Based on the tenets of macroscopic realism, the presence
of the blind measurement of A should not affect the sub-
sequent evolution of the system. One then has

W = 0, (2)

our first quantum witness condition. It can be derived
under the same assumptions as the LG inequalites. Equa-
tion (2) can be violated by a quantum-mechanical sys-
tem; the theoretical upper bound on the violation is given
by

Wmax = 1− 1

M
, (3)

where the number of blind-measurement outcomes M ≤
N , the dimension of the system under study. The max-
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Figure 1: (a) Generic procedure for testing our two quantum-witnesses. We need four processes, including state
preparation, state evolution U1 and projective measurement (PM) of B. We also require the optional application
of either i) blind measurement (BM) of A (for testing witness W ) or ii) some generic operation E , here chosen as a
phase modulation U0. (b) Experimental setup. The heralded single photons are created via type-I SPDC in a BBO
crystal and are injected into the optical network. Qubit states are prepared via a PBS and HWP. For the qutrit, the
PBS, HWP and BD are used for state preparation. The phase operation U0 can be implemented by a set of wave
plates, while a quartz crystal (QC) is used to realize a blind measurement of A. U1 can be implemented cascaded
interferometer network for qutirt and HWP for qubit. The projective measurement of B is realized via a BD which
maps the basis states of the qubit/qutrit to the spatial modes.

imum violation can be found in the von Neumann mea-
surement limit when M = N and Wmax = 1− 1/N .

3 Second witness:

In this paper, we also employ a new and subtly differ-
ent notion of classicality that makes yet further improve-
ments on Leggett and Garg’s approach. The new notion
follows the spirit of macroscopic realism, but makes one
important departure. Our second quantum witness V
consists in replacing the blind measurement of W with a
generic quantum operation:

V := P (b)− P ′′(b). (4)

P ′′(b) denotes the probability of getting outcome b in
the later measurement of B at t = T , when a generic
quantum operation has been performed at t = 0. Since
the generic operation could be, but need not be, a blind
measurement, we see that P ′(b) is a special case of P ′′(b)
when such an operation is chosen. The notion of classical-
ity is subtly changed from LG’s original one: the pivotal
assumption of non-invasive measurability (NIM) has be-
come an assumption of non-invasive operability (NIO).
This new assumption need not be motivated by any re-
course to ‘careful’ operations (such as weak or indirect
measurements). Instead it is motivated by the measur-
ably zero (or near zero) effect of said operation on certain
‘fixed point’ preparation states. Quantum mechanics pre-
dicts that a modulation of the global quantum phase of
a state, for example, should have such a null effect. At-
tempting to interpret a superposition of such fixed-point
states (where, according to quantum mechanics the vari-
ous states now pick up definite relative phases) as a mere
classical or incoherent mixture leads to the condition

V = 0. (5)

According to quantum mechanics, once the operation
is relaxed from a blind measurement to some general map

E , we have Vρ = Tr(Πb [Φ(ρ)− Φ(E(ρ))]) for Πb the pro-
jector corresponding to outcome b of the later measure-
ment, and Φ describing the time evolution of density op-
erator ρ from t = 0 to t = T . It is easy to see that
for pure state ρ = |ψ〉〈ψ|, E(ρ) = U0ρU

†
0 , and choosing

Πb= Φ(ρ) = U1ρU
†
1 (U0, U1 are unitary operators), we

can achieve
Vρ = 1− |〈ψ|U0|ψ〉|2. (6)

Therefore, if U0 orthogonalises |ψ〉, the V witness can
reach its algebraic maximum value of 1 in any dimension.

4 Error tolerance:

The conditions W = 0 and V = 0 are not suitable for
experimental test: since almost any real experiment will
find a violation (because of finite statistical or technical
errors), one may question the meaning of inferences made
from data recorded in such an experiment. It is better to
construct the compound conditions

mini(Wi) ≤Wσ ≤ maxi(Wi) (7)

mini(Vi) ≤ Vσ ≤ maxi(Vi), (8)

where Wi (Vi) corresponds to the witness measured in the
fixed-point states ψi, and Wσ (Vσ) is a witness measured
in the state ψσ =

∑
i αiψi, where

∑
i |αi|2 = 1. That the

Wi (Vi) can be nonzero constitutes an important facet of
error-tolerance not present in conditions (2) or (5): one
requires the signature of quantumness to be significant
w.r.t the control quantities Wi or Vi. It is still impor-
tant, however, that these are small in magnitude, since
this motivates the assumption of NIM (NIO). Although
theoretically it may be tempting to assume them to be
zero when quantum theory predicts, measuring the con-
trol quantities experimentally instead has the advantage
of forming a more logically watertight argument contra
macrorealism, since the degree of ‘clumsiness’ is deter-
mined and accounted for. Otherwise, the idea that the
system under study is not quantum at all, but merely a
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Figure 2: (a) Experimentally determined values for our two quantum witnesses W and V , for the fixed-point prepara-
tions 0 and 1 (also 2) and for the superposition preparation σ of a photonic qubit (and qutrit). Theoretical predictions
ate represented by dashed and dotted lines. Error bars indicate the statistical uncertainty which is obtained based
on assuming Poissonian statistics. (b) Experimental results showing maximum violations of both quantum witness
conditions for two-level and three-level photonic systems. The blue (red) dashed (dashed-dotted) line represents the
theoretical predictions of the maximum violations of the first (second) quantum witness condition.

classical system that is being subjected to clumsy oper-
ations, remains a substantial loophole. The use of min
and max functions to lower-bound and upper-bound Wσ

and Vσ allows for the most general macrorealist expla-
nation, interpreting the superposition σ as an arbitrarily
weighted incoherent mixture of the fixed-point states.

Assuming ancillary tests have been performed to de-
termine Wi (Vi), and found each to be close to zero, all
that remains is the testing of Wσ (Vσ). By judiciously
choosing U0 and |ψσ〉, the maximum violation of (8) is
generally greater than the maximum violation of (7), and
furthermore independent of the dimension of the system.
This is clearly more experimentally favourable; there is
a greater robustness to imperfection. Note that with the
introduction of the control quantities Vi, it might seem
that a violation of (8) with magnitude greater than one
is possible – for example by arranging all Vi = −1 and
Vσ = +1. This, however, such violations are not permit-
ted by quantum mechanics [1].

5 Results and discussion

To test the maximal violation of first quantum witness
condition , we need to compare the probability P to P ′

(obtained with a prior blind measurement) with suitable
time evolution of U1. After the blind measurement is
applied, the system is a mixture with diagonal density
matrix, e.g. ρblind =

∑
m |〈ψm|ψσ〉|2 |ψm〉 〈ψm|. Note

that ρblind is a mixed state. Thus the blind measurement
can be realized by a quartz crystal (QC), inserted into the
lower spatial mode so as to reduce the spatial coherence of
the photons. To test the violation of our second quantum
witness condition, we replace the QC by wave plates with
certain setting angles.

In Fig. 2(a), the experimentally determined values of
our witnesses are shown for the qubit and qutrit. Due
to the high precision nature of this laboratory setup, we
found all quantities to be close to their predicted values.
In particular the fixed point preparations gave witness
values close to zero. We further found W 2D

σ = 0.4980 ±

0.0060 (35sd), V 2D
σ = 0.9998 ± 0.0004 (80sd),W 3D

σ =
0.6700±0.0080 (44sd), V 3D

σ = 0.9820±0.0020 (72sd). The
number of standard deviations (sd) of violation, given by
(Ξσ − maxi Ξi)/

√
Var(Ξσ) + Var(maxi Ξi) (Ξ = W,V ),

is shown parenthetically. Note how using the second wit-
ness lead to violations of macroscopic realism with higher
statistical significance.

In Fig. 2(b), the maximum violations of both equal-
ity and inequality for two-level and qutrits are shown,
which also agrees with the theoretical prediction and sat-
urates the upper bounds. The maximum violation of the
first quantum witness condition only asymptotes to 1 as
the number of dimensions of the system being measured
tends to ∞. Whereas for the conditions on V , the maxi-
mum violations can reach 1 in a dimension-independent
manner.

6 Conclusion

We have recorded experimental violations of two
quantum-witness conditions in both a photonic qubit and
qutrit.Our results agree well with the theoretical maxi-
mum violations, and our demonstration showcases (par-
ticularly with the second witness) perhaps the final, fine
tuned, protocol for testing macroscopic realism, which
gives the greatest possible chance for finding convincing
violations in truly macroscopic systems, while remaining
error-tolerant and evading the clumsiness loophole.
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Abstract. Macrorealism, as defined by Leggett and Garg, posits that a macroscopic system always exists
in a well-defined state and that it can be measured without disturbing it. From these assumptions follow
a set of inequalities, the Leggett-Garg inequalities, which hold under macrorealism but can be violated by
quantum mechanics. The degree to which quantum systems can violate these inequalities is bounded and,
in particular, if the measurements on the system are genuinely dichotomic, the bound for these temporal
inequalities is the same as the Tsirelson bound of the corresponding spatial Bell inequality. In this paper
we realise a photonic Leggett-Garg test on a three-level system and implement measurements that admit
three distinct measurement outcomes, rather than the usual two. In this way we obtain violations of
a Leggett-Garg inequality significantly in excess of the Tsirelson bound. This underlines the difference
between Bell and LG inequalities and hence spatial and temporal correlations in quantum mechanics. We
also report violations of a second consequence of macrorealism, the quantum-witness equality, up to the
maximum permitted for a three-outcome measurement.

Keywords: Leggett-Garg inequality, quantum witness, temporal Tsirelson bound

In contrast to Bell inequalities which probe correla-
tions between multiple spatially-separated systems, the
Leggett-Garg inequalities (LGIs) test the temporal cor-
relations of a single system. The LGIs are based on two
macrorealistic assumptions that intuitively hold in the
world of our everyday experience: (i) macroscopic re-
alism per se — that a system exists at all times in a
macroscopically-distinct state; and (ii) non-invasive mea-
surability — that it is possible to measure a system with-
out disturbing it. Since both these assumptions fails un-
der quantum mechanics, quantum systems can violate
the LGIs. Hence the use of these inequalities as indica-
tors of quantum coherence, in particular in macroscopic
systems.
The simplest LGI concerns the correlation functions of

a dichotomic variable Q(t) = ±1 at pairs of three times
ti; i = 1, 2, 3, and can be written

K ≡ ⟨Q(t2)Q(t1)⟩+ ⟨Q(t3)Q(t2)⟩ − ⟨Q(t3)Q(t1)⟩ ≤ 1.

This inequality, or its close relatives, have been tested
and violated in many experiments, with most studies hav-
ing been performed on two-level quantum systems. In
such systems, the maximum quantum-mechanical value
of the Leggett-Garg (LG) correlator K is KTTB = 3/2.
The derivation of this value is analogous to that of the
Tsirelson bound of the corresponding Bell inequality

B ≡ ⟨ab⟩+ ⟨bc⟩ − ⟨ac⟩ ≤ 1, (1)

and thus we shall refer to it as the temporal Tsirelson
bound (TTB). It is known that KTTB bounds the LGI
for quantum systems of arbitrary size provided that the

∗gnep.eux@gmail.com

Figure 1: Experimental setup for the LGI and quantum-
witness tests.

measurements are genuinely dichotomic, i.e. can be mod-
elled with exactly two projection operators. Recently,
however, it was predicted that values of K exceeding
KTTB are possible for N -level systems when the mea-
surement apparatus provides more information than a
single bit, and is thus modelled with M > 2 orthogo-
nal projectors [1]. In particular, for a three-level system
with measurements decomposed as three projectors (each
nevertheless associated with a value of either Q = +1 or
Q = −1) it was predicted that the maximum value of the
LG correlator is Kmax = 2.1547. A similar substitution
of multi-outcome measurements into the Bell inequality
Eq. (1) leaves its (spatial) Tsirelson bound un-altered.
In this paper [2], we report on an LG experiment with

single photons that implements a three-level quantum
system measured with three orthogonal projectors. Our
main result is the observation of a value of the LG cor-
relator K = 1.97 ± 0.06, which clearly represents a sig-
nificant enhancement over the TTB. We also consider a
quantum-witness (or no-signalling-in-time) test for our
system. This is based on the same assumptions as the
LGIs but is simpler and is in some ways preferable. In
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contrast with our results for the LGI, where the measured
violation was still lower than the theoretical maximum,
our measured value for the quantum witness saturates
the maximum for a three-outcome test, and presents a
significant enhancement over the hitherto-observed value
for a two-outcome case.
These values we obtain using ideal negative measure-

ments (INMs). These allow us to acquire information
about the system (here, the photon) without interact-
ing with it directly, and thus take measures to address
the “clumsiness loophole”. Our interferometeric set-up
makes the designation of our measurements as INM ex-
tremely clear-cut.
Three-outcome LGI test:- We begin with a common

simplification and assume the coincidence of state prepa-
ration with measurement at t1. By defining Q(t1) = 1
the LGI reads

K ≡ ⟨Q(t2)⟩+ ⟨Q(t3)Q(t2)⟩ − ⟨Q(t3)⟩ ≤ 1. (2)

We consider a system in which we measure a trichoto-
mous (M = 3) variable m. We connect with the stan-
dard LGI framework by introducing the mapping of a
measurement of mi at times ti (i = 2, 3) onto the value
Qi = Q(ti) = q(mi, ti) ∈ {−1,+1}. This mapping leaves
the classical upper bound unaffected.
To construct the LGI of Eq. (2) we require two dis-

tinct types of measurement set-up. In the first we
measure only at time t3 and obtain P3(m3), the prob-
ability of result m3 at time t3. We then construct
⟨Q(t3)⟩ =

∑
m3

q(m3, t3)P3(m3). In a second con-
figuration we measure at times t2 and t3 to obtain
P32(m3,m2), the joint probability to obtain m2 and m3

at these times. The correlation functions can then be
written as ⟨Q(t2)⟩ =

∑
m3,m2

q(m2, t2)P32(m3,m2) and
⟨Q(t3)Q(t2)⟩ =

∑
m3,m2

q(m3, t3)q(m2, t2)P32(m3,m2).
Quantum violations:- The smallest system that will ad-

mit a three-outcome measurement is a three-level system
(M = N = 3), and we thus consider a qutrit with states
|n⟩ ; n = A,B,C. We prepare the system in state |C⟩
and let the unitary time-evolution operator between time
t1 and t2 be

U1 =

 cos θ 0 sin θ
sin θ sinϕ cosϕ − cos θ sinϕ

− sin θ cosϕ sinϕ cos θ cosϕ

 , (3)

in the basis |A⟩ = (1, 0, 0)T, |B⟩ = (0, 1, 0)T, |C⟩ =
(0, 0, 1)T. We take the time evolution operator between

t2 and t3 to be U2 = U†
1 .

We identify our measurements as projections onto the
three basis states with outcomes m ∈ {A,B,C} and
thus the probability P (m, t) of obtaining outcome m
is the same as the probability P (n, t) of detecting the
system in state n. Choosing the measurement values
q(A, ti) = q(B, ti) = 1 and q(C, ti) = −1 for i =
2, 3, we obtain the correlation functions ⟨Q(t3)⟩ = −1,
⟨Q(t2)⟩ = sin2 θ − cos2 θ cos 2ϕ, and ⟨Q(t3)Q(t2)⟩ =
cos 2θ

[
sin2 θ + cos2 θ(cos4 ϕ− sin4 ϕ)

]
. The maximum

value of the corresponding LGI is K = 2, which occurs
for the evolution parameters θ = π/4, 3π/4 and ϕ = π/2.

Experimental results:- We now describe our realisation
of the above scenario with single photons, Fig. 1. The ba-
sis states |A⟩, |B⟩, and |C⟩ are encoded respectively by
the horizontal polarization of the heralded single photons
in the upper mode, the horizontal polarization of the pho-
tons in the lower mode, and the vertical polarization of
the photons in the lower mode.
The unitary evolution applied on a qutrit state can be

decomposed into three unitary operations, each of which
applies a rotation on two of the basis states, leaving the
other unchanged. Each of them can be realized by two
HWPs and subsequent BD. One of the HWPs is used to
apply a rotation on two modes of the qutrit state and
the other is used to compensate the optical delay. The
setting angles of H3, H4 and H7 can be calculated by the
parameters θ and ϕ of the unitary operations. Whereas
H2, H5 and H6 are used to compensate the optical delay.
The BD2 and BD3 are used to split the photons with
different polarizations into different spatial modes and to
combine the photons with certain two of the polarization
modes in the same spatial mode. Then two-mode (polar-
ization mode) transformations can then be implemented
using wave plates acting on the two polarization modes
propagating in the same spatial mode. The evolution U2

is similarly be realized by the HWPs (H8-H12) and BDs
(BD4 and BD5).
For the first measurement setup, we perform projective

measurements on the output states to obtain the proba-
bilities P3(n3, t3). The second PBS is used to map the ba-
sis states of qutrit into three spatial modes and to accom-
plish the projective measurement. The photons are de-
tected by single-photon avalanche photodiodes (APDs),
in coincidence with the trigger photons. The probabil-
ity of the photons being measured in |n⟩ (n = A,B,C)
is obtained by normalizing photon counts in the certain
spatial mode to total photon counts. The count rates
are corrected for differences in detector efficiencies and
losses before the detectors. We assume that the lost pho-
tons would have behaved the same as the registered ones
(fair sampling). Experimentally this trigger-signal pho-
ton pair is registered by a coincidence count at APD with
7ns time window. Total coincidence counts are about
14000 over a collection time of 7s.
For the second measurement setup, from which we de-

rive P32(n3, n2), combines a projective measurement at
t3, as above, with an INM at t2 between the evolutions
U1 and U2. The INM are realised by placing Blocking
elements into the optical paths. With, for example, the
channels A and B blocked, we obtain the probabilities
P32(n3, n2 = C) without the measurement apparatus
having interacting with the photon. In our experiment,
this blocking is realized by a BD following by an iris. The
BD is used to map the basis states of qutrit to three spa-
tial modes and the iris is used to block photons in two of
the three spatial modes and let the photons in the rest
one pass through. By changing the position of the iris,
we can block any two of the channels and let the photons
in the rest one pass through for the next evolution.
Figure 2(a) shows the observed values of K as func-
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Figure 2: (a) Experimentally-determined values of the
Leggett-Garg correlator K for our three-level, three-
outcome set-up with time evolution described by the
parameters ϕ and θ. Theoretical predictions are rep-
resented by solid lines and the experimental results by
symbols. Error bars indicate the statistical uncertainty
based on the assumptions of Poissonian statistics. (b)
The experimentally-determined values of the quantum
witness W and the corresponding LGI KW = 1 +W for
our three-level, three-outcome setup.

tions of θ and ϕ. Maximum violations are found for
ϕ = π/2 with values K = 1.97 ± 0.06 at θ = π/4 and
K = 1.95 ± 0.06 at θ = 3π/4, in close agreement with
the theoretical prediction. Error bars indicate the statis-
tical uncertainty, based on the assumption of Poissonian
statistics. The main deviation from theory arises in the
first measurement setup where, by construction, the fi-
nal state should be the same as the initial state such
that ⟨Q(t3)⟩ = −1. However, due to imperfection in the
cascaded interferometers in this setup, P3(n3 = C) is
smaller than 1 and we obtain ⟨Q(t3)⟩ = 0.977± 0.003 at
{ϕ, θ} = {π/2, π/4}. In the second measurement setup,
there is no cascaded interferometer, and these effects are
reduced.
Quantum witness:- Whilst the above set-up does not

saturate the maximum theoretical value of the LGI with
N = M = 3, it does saturate the M = 3 bound for the
the quantum witness

W ≡ P3(m3 = C)−
∑
m2

P32(m3 = C, n2), (4)

based on registering the outcome m3 = C. Under
macrorealism and non-invasive measurability, we have
the equality W = 0. This witness can be constructed
from the same probabilities as used in the LGI test
and these results are shown in Fig. 2(b). Theory pre-
dicts a maximum value of this witness should occur for
the parameters ϕ = π/4 and θ = arccos

√
2/3 and

θ = π − arccos
√

2/3. At these points we observe the
valuesW = 0.65±0.02 andW = 0.64±0.02. This agrees
well with the theoretical value of W = 1 −M−1 = 2/3,
which is the maximum possible value for a three-projector
measurement (and thus, also for a three-level system).
We can related this quantum witness directly to a

LGI inequality if we choose measurement value assign-
ments q(m2, t2) = 1 at t2 (a blind measurement), and
q(m3, t3) = δm3,C . In this case, the LGI of Eq. (2) re-
duces to

KW = 1 +W ≤ 1. (5)

Thus the value by which the witness exceeds zero is the
extent to which the corresponding LGI is violated. The
maximum violation of this LGI with this measurement
assignment is thus KW = 1.65± 0.02.
There is certain connection between enhanced viola-

tions of the LGI, quantum witness equality and dimen-
sion witnesses. However, from the view of experiment,
the dimension of the system being measured is usu-
ally known before we can design an experimental setup.
Therefore the dimensionless witness test is not considered
here.
Discussion:- We have demonstrated experimentally a

violation of LGI in a three-level system and obtained
a value of the LGI correlator greatly in excess of the
TTB KTTB = 3/2, familiar from studies of two-level sys-
tems. We have also demonstrated a similar excess for the
quantum-witness equality. These enhancements arise be-
cause the decisive t2-measurement here admits three dis-
tinct measurement outcomes, rather than the usual two.
Under this measurement, the collapse of the wave func-
tion is greater than with two projectors and the resultant
additional information gain enables the enhanced viola-
tion. In particular, in the case of the witness, the post-
measurement state of the qutrit is the maximally mixed
state ρ = 1

3 × 1. The corresponding violation is there-
fore up to the theoretical maximum for three-outcome
measurements. These results provide an experimental
demonstration of the difference between spatial and tem-
poral correlations in quantum mechanics, since the (spa-
tial) Tsirelson bound in the Bell inequality Eq. (1) is fixed
at 3/2, irrespective of the number of projectors.
In the future, it will be interesting to look at temporal

analogues of different (spatial) Bell inequalities, in par-
ticular ones with multi-outcome measurements. We note
that our measurements are within the standard quantum-
mechanical framework and thus demonstrate that post-
quantum effects are not needed to obtain enhanced LGI
violations
Classical invasive measurements can give violations of

the LGI, all the way up the algebraic bound. It is there-
fore important to ensure the non-invasivity of the mea-
surements in any LGI test. Whilst no known scheme can
completely rule out such invasivity, we have used INMs
here which rule out the direct influence of the measure-
ments on the system itself. Nevertheless, our measure-
ments of the quantum witness indicate that the correla-
tions here are of the “signalling” type and we have both
signalling and K > KTTB.
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Quantum communication networks enable long-distance qubit transmission and distributed quan-

tum computation. In the past years, quantum communication networks with maximally entangled

states have motivated a tremendous amount of research activities. However these researches ignore the

influence of long-distance quantum channel on maximally entangled states, such as decoherence effect,

which can take maximally entangled states to partially entangled states or mixed states. Recently,

many efforts have been devoted to the research of quantum networks with partially entangled states.

While these studies are based on an assumption that the quantum channels in a network are homo-

geneous. In other words, the partially entangled states that shared between various adjacent nodes

are identical within the whole network, which is an ideal precondition. Furthermore, in the available

researches on quantum communication networks based on partially entanglement, the probability of

successfully transferring qubit is less than one. In order to perform scalable quantum computation, it

is of essential importance to improve this success probability to a value close to 100%. Considering

the above problems，in this paper, we focus our attention on faithful qubit transmission in a quantum

network with heterogeneous quantum channels. The main results are as follows.

1. A quantum communication network with heterogeneous quantum channels is constructed,

more akin to real-world deployment of quantum communication networks, which will inevitably be

physically heterogeneous with high- and low-quality channels.

2. A novel quantum routing algorithm is proposed to select the highest-throughput quantum path

between two arbitrary end-user nodes.

3. A near-deterministic scheme of transferring qubits is presented, employing the automatic repeat

request (ARQ) mechanism, the success probability of transferring arbitrary qubits is improved. The

numerical analyses and simulation show that even in a low-quality quantum channel with serious

decoherence or noise, only modest number of target qubits are extra required to achieve the near-

deterministic qubit transmission.

Compared with some presented quantum networking schemes, our research here shows some ad-

vantages. First of all, the ideal precondition of identical quantum channels in a quantum network

is loosen. Secondly, referring to the quantum path selection，a single route metric is replaced by

the balancing combination of the number of residual entangled pairs and the entanglement genera-

tion rate. The current and predicted status of a quantum channel is considered. Last but not least,

by introducing the auxiliary qubit that predicts the success transmission and the ARQ mechanism,

near-deterministic qubit transmission can be achieved.
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1. Network model

Similar to the idea of wide-area quantum key distribution networks, trusted relay nodes are em-

ployed to construct a quantum communication network, as shown in Fig.1. The network is composed

of some trusted relays and end-user nodes, which are quantum devices with both quantum and classical

communication capabilities. Three local area networks are involved in this quantum communication

network. Trusted relay nodes share entangled pairs with some other relay nodes, constituting a mesh

topology. They also share entangled pairs with some end-users, constituting a star topology.

Throughout this network, quantum channels are heterogeneous when considering their length

and the decoherence effects caused by the surrounding environment. Classical data are transmitted

through classical wireless channels, which are not depicted in Fig.1 for simplicity.
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Fig.1. Quantum communication network with heterogeneous channels.

2. Quantum routing algorithm

In this paper, Bellman-Ford algorithm is used to determine quantum paths in the quantum network

shown in Fig.1. A novel balancing link metric is defined as follows

Rl =
1

Er
+

1

Eg
, (1)

where Er and Eg denote the number of residual entangled pairs and the entanglement generation

rate respectively on a specific link. The former indicates current situation of this link and the latter

indicates the predicted status of the link.
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With the aforementioned link metric, we define the quantum path metric, reads

Rp =
∑
i

Rl (i), i ∈ {P} , (2)

where {P} is the set of links in a quantum path and Rl (i) is the metric for link i.

In a word, a balancing combination of the number of residual entangled pairs and entanglement

generation rate is used as the route metric, the highest-throughput quantum path is thus selected.

3. Qubit transmission scheme

In quantum communication networks, after the quantum path is selected, quantum teleportation is

usually performed to transfer qubits from one end-user to another. In a practical situation, the quality

of the maximally entangled EPR pair is usually degraded with decoherence and noise. Without loss

of Generality, we might as well assume that
∣∣Φ+

ai

⟩
= 1√

1+ai2
|00⟩ + ai√

1+ai2
|11⟩ is obtained after the

distribution of |Φ+⟩, where 0 ≤ ai ≤ 1 is correlated with heterogeneous quantum channels. When

ai = 0, there is no entanglement, while for ai = 1,
∣∣Φ+

ai

⟩
is a maximally entangled state.
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Fig.2. Operation flowchart of one-hop qubit transmission.

As depicted in Fig.1, suppose that end-user U1 wants to transfer the target qubit |ϕ⟩ = α |0⟩+β |1⟩
to U6. U1 transfers the target qubit |ϕ⟩ to R1 to which it directly connected, according to the flowchart

shown in Fig.2. Auxiliary qubit is introduced to indicate whether qubit transmission is successful or

not. If |1⟩aux is obtained, this round of qubit transmission fails, then R1 send an ARQ message to

U1, a new round of transmission will start, until the target qubit |ϕ⟩ is successfully retrieved by R1.

Then R1 forwards |ϕ⟩ to U6. R1 inquires its quantum routing table to determine the next-hop node,

let’s say R2. Then R1 transfers |ϕ⟩ to R2 according to the flowchart shown in Fig.2. In this way, the

target qubit |ϕ⟩ can be faithfully transferred to its destination node U6 hop by hop, as illustrated by

the red lines in Fig.1. Clearly, the ARQ mechanism ensures the deterministic qubit transmission.
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Quantum communication networks enable long-distance qubit transmission and distributed quan-

tum computation. Here a quantum communication network with heterogeneous quantum channels is

constructed using trusted relay nodes. Based on Bellman-Ford algorithm, a novel quantum routing

algorithm is proposed to select the highest-throughput path between two arbitrary end-user nodes.

Furthermore, a faithful qubit transmission scheme is presented. We show that even in a low-quality

quantum channel with serious decoherence, by introducing automatic repeat request mechanism, only

modest number of target qubits are extra required to achieve near-deterministic qubit transmission.

Keywords: quantum communication network, partially entangled states, routing,
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1. Introduction

Quantum communication promises skyscraping security for information transmission.[1] One

of the main activities in quantum communication field is quantum networks, which will support

long-distance quantum bits (qubits) transmission and distributed quantum computation.[1−4]

Quantum teleportation[5] transfers the quantum state of a physical system instead of the system

itself, underlying the proposals of quantum communication networks. Recently, quantum com-

munication networks based on quantum teleportation have attracted much attention in both

theoretical[6−13] and experimental[14,15] research.

In the past years, quantum communication networks with maximally entangled states have

motivated a tremendous amount of research activities.[6−11] However these researches ignore the

†Corresponding author. E-mail: na chen xd@126.com
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influence of long-distance quantum channel on maximally entangled states, such as decoherence

effect, which can take maximally entangled states to partially entangled states or mixed states.

Recently, many efforts have been devoted to the research of quantum networks with partially

entangled states. Yu et al proposed a distributed wireless quantum communication network,

where arbitrary qubits are teleported hop-by-hop.[12] Chen et al developed a satellite-to-ground

quantum communication network, where qubits are transferred after end-to-end entangled pairs

have been established.[13] While these studies are based on an assumption that the quantum

channels in a network are homogeneous. In other words, the partially entangled states that

shared between various adjacent nodes are identical within the whole network, which is an ideal

precondition. Furthermore, in the available researches on quantum communication networks

based on partially entanglement, the probability of successfully transferring qubit is less than

one. In order to perform scalable quantum computation, it is of essential importance to im-

prove this success probability to a value close to 100%. Considering the above problems，in

this paper, we focus our attention on faithful qubit transmission in a quantum network with

heterogeneous quantum channels. Similar to the idea of wide-area quantum key distribution

networks, here we use some trusted relay nodes to construct a quantum communication net-

work with heterogeneous channels. A novel quantum routing algorithm is proposed. Moreover,

by introducing automatic repeat request (ARQ) mechanism, a near-deterministic scheme of

transferring qubits is presented, thus achieving faithful transmission of arbitrary qubits.

The rest of this paper is organized as follows. In Section 2, a quantum communication

network employing trusted relay nodes and heterogeneous channels is constructed. In section

3, a novel quantum routing algorithm is proposed to set up a quantum path between arbitrary

two end-user nodes. In section 4, a faithful qubit transmission scheme based on ARQmechanism

is presented in detail. Finally, some conclusions are drawn in section 5.

2. Network model

Similar to the idea of wide-area quantum key distribution networks, trusted relay nodes are

employed to construct a quantum communication network, as shown in Fig.1. The network

is composed of some trusted relays and end-user nodes, which are quantum devices with both

quantum and classical communication capabilities. These nodes can store quantum particles

and process information, such as performing Bell State Measurement (BSM), unitary operations

and forwarding the measurement outcomes. Three local area networks are involved in this

quantum communication network. Trusted relay nodes share entangled pairs with some other

relay nodes, constituting a mesh topology. They also share entangled pairs with some end-users,

constituting a star topology.
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In quantum communication networks, classical and quantum channels are both required. A

quantum channel carries quantum optical signals in the forward direction. A classical channel

transfers some quantum measurement results. Real-world deployment of quantum communica-

tion networks will inevitably be physically heterogeneous with high- and low-quality channels,

rather than idealized, homogeneous links. In the quantum network shown in Fig.1, three kinds

of quantum channels are depicted, the quantum channel connecting two trusted relay nodes in

the same local area, the channel between two trusted relay nodes belonging to two separate

local areas, and the channel connecting a trusted relay node and an end-user node. Throughout

this network, quantum channels are heterogeneous when considering their length and the deco-

herence effects caused by the surrounding environment. Classical data are transmitted through

classical wireless channels, which are not depicted in Fig.1 for simplicity.
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Fig.1. Quantum communication network with heterogeneous channels.

In the quantum network based on teleportation, pre-shared entanglement is needed, which

can be accomplished by generating Einstein-Podolsky-Rosen (EPR) pairs and distributing them

to the communication nodes through quantum channels. In a practical situation, the quality of
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the maximally entangled EPR pair is usually degraded with decoherence and noise. Generally,

a maximally entangled state may become a partially entangled state. For instance, |Φ+⟩ =
1√
2
(|00⟩+ |11⟩) may degrade to

∣∣Φ+
ai

⟩
= 1√

1+ai2
|00⟩+ ai√

1+ai2
|11⟩, where 0 ≤ ai ≤ 1 is correlated

with heterogeneous quantum channels. When ai = 0, there is no entanglement, while for

ai = 1,
∣∣Φ+

ai

⟩
is a maximally entangled state. |0⟩ and |1⟩ represent the horizontal and vertical

polarizations, respectively.

3. Quantum routing algorithm

The optimal multihop routing is more beneficial for quantum communication networks.

There have been presented various quantum routing schemes. The number of EPR pairs shared

between neighbors was adopted as route metric in Ref. [16] for maximizing the network lifetime.

In Ref. [12], the hop-count in a specific path was employed as the route metric for minimizing

consumption of entangled particles. In this section, a novel quantum routing algorithm is

proposed. The highest-throughput quantum path can thus be selected between two arbitrary

end-users in the quantum communication network shown in Fig.1.

The Bellman-Ford algorithm[17,18] has an important property that at its nth iteration, it

identifies the optimal path from a source node to a destination node at most n hops. In this

paper, Bellman-Ford algorithm is used to determine quantum paths in the quantum network

shown in Fig.1. A novel balancing link metric is defined as follows

Rl =
1

Er

+
1

Eg

, (1)

where Er and Eg denote the number of residual entangled pairs and the entanglement generation

rate respectively on a specific link. The former indicates current situation of this link and the

latter indicates the predicted status of the link.

With the aforementioned link metric, we define the quantum path metric, reads

Rp =
∑
i

Rl (i), i ∈ {P} , (2)

where {P} is the set of links in a quantum path and Rl (i) is the metric for link i.

The quantum routing algorithm is formally stated in pseudocode, as shown in Alg.1.
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Algorithm 1：：： Quantum routing algorithm

Data: Network topology G = (V,E)

Data: metric of link Rl(e) ∀e ∈ E

1 Run Bellman-Ford algorithm to find the optimal path from any node to t,

let Rp(v) denotes the optimal path metric found from v to t;

2 T := the tree composed of the optimal paths to t;

3 S := the set of links not in T ;

4 for each e ∈ S do

/* assume e is a directed edge joining u to v*/

5 c(e) := Rp(v)−Rp(u) +Rl(e)

6 end

7 Start with an empty priority queue Q;

8 Q.push(∅ with priority queue 0);

9 while Q not empty do

10 σ := Q.pop();

11 Output the optimal path from s to t according to T and σ;

12 for each e ∈ S − σ do

13 σ′ := σ ∪ {e} ;
14 if σ′ represent a valid path then

15 Q.push( with priority
∑

e∈σ′ c (e));

16 end

17 end

18 end

Each trusted relay maintains a quantun routing table, in which the current optimal quantum paths

from itself to all the other destination nodes are listed, along with the corresponding path metrics.

At regular intervals, a trusted relay sends its quntum routing table to its neighboring relays, and at

the same time, it receives quntum routing tables from these relays. For example, the trusted relay R2

updates its quantum routing to R9. At regular intervals, R2 receives quantum routing tables from

its neighbors R1, R3, R5 and R6. Upon receiving these routing tables, R2 reads the corresponding

quantum path metrics to R9, denoted as Rp(1, 9), Rp(3, 9), Rp(5, 9), Rp(6, 9), respectively. Afterwards,

R2 updates its quantum path metric to R9 as follows

Rp(2, 9) = min {Rp(2, 9), Rl(2, 1) +Rp(1, 9), Rl(2, 3) +Rp(3, 9), Rl(2, 5) +Rp(5, 9), Rl(2, 6) +Rp(6, 9)}
(3)

Meanwhile, the quantum path from R2 to R9 is updated correspondingly.

In a word, a balancing combination of the number of residual entangled pairs and entanglement

generation rate is used as the route metric, the highest-throughput quantum path is thus selected.

4. Qubit transmission scheme

In quantum communication networks, after the quantum path is selected, quantum teleportation

is usually performed to transfer qubits from one end-user to another. The pre-shared entanglement is
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indispensable. Practical implementations of quantum entanglement distribution are hampered by the

exponential attention and decoherence of photons traveling between two adjacent nodes. At present,

the scheme of qubit transmission via partially entangled pairs has been extensively studied.[19−23] Some

researchers pointed out that the pre-shared partially entangled pairs are firstly converted to maximally

entangled pairs via entanglement distillation,[24−27] quantum teleportation is then performed. How-

ever, to obtain a small number of maximally entangled pairs, a large number of partially entangled

pairs are required. In Ref.[12,13], quantum teleportation is performed using partially entangled pairs

directly without entanglement distillation. Whereas, these discussions are based on an assumption

that ideally identical partially entangled states are pre-shared within the whole network. Furthermore,

the probability of successfully transferring a qubit is less than one, which should be improved to a

value close to 100% for the sake of efficiency.

To solve the aforementioned problems, a new qubit transmission scheme is proposed in this section.

We discuss qubits transmission using partially entangled pairs via heterogeneous channels.

Now we turn our attention to detail the faithful transmission of an arbitrary qubit in the quantum

network shown in Fig.1. Suppose that the target qubit to be transmitted is as follows

|ϕ⟩ = α |0⟩+ β |1⟩ , (4)

where α and β are complex probability amplitudes satisfying |α|2+ |β|2 = 1. Partially entangled pairs

pre-shared between adjacent communication nodes are in following formation

∣∣Φ+
ai

⟩
=

1√
1 + ai2

|00⟩+ ai√
1 + ai2

|11⟩ , (5)

where ai is correlated with heterogeneous channels.
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Fig.2. Operation flowchart of one-hop qubit transmission.
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Without loss of generality, suppose that end-user U1 wants to transfer the target qubit |ϕ⟩ to U6,

expressed as Eq.(4). Without inquiring the quantum routing table, U1 transfers the target qubit |ϕ⟩
to R1 to which it directly connected, according to the flowchart shown in Fig.2.

Firstly, U1 prepares n − 1 extra qubits in the same state as the target qubit |ϕ⟩, thus n target

qubits are ready for n rounds of transmission to R1 sequentially. Only if the first round fails, can

the second round begin, and so on. Once a certain round is successful, U1 has to discard any further

rounds of transmission.

As already stated, the partially entangled state pre-shared between U1 and R1 is
∣∣Φ+

ai

⟩
AB

, ex-

pressed as Eq.(6). where particle A belongs to U1, that acts as a last-hop node in this transmission,

and particle B belongs to R1, acting as the next-hop node.

∣∣Φ+
ai

⟩
AB

=
1√

1 + ai2
|00⟩AB +

ai√
1 + ai2

|11⟩AB (6)

U1 takes out one target qubit, reads

|ϕ⟩t = α|0⟩t + β|1⟩t, (7)

where the subscript illustrates that the qubit is encoded on the state of particle t. U1 performs Bell

State Measurement (BSM) on particles t and A, which can be expressed as follows

|ϕ⟩t ⊗
∣∣Φ+

ai

⟩
AB

= (α|0⟩t + β|1⟩t)⊗
(

1√
1 + ai2

|00⟩AB +
ai√

1 + ai2
|11⟩AB

)

=

√
|α|2 + ai2|β|2

2 (1 + ai2)

(∣∣Φ+
⟩
tA

⊗ |ξ1⟩B +
∣∣Φ−⟩

tA
⊗ |ξ2⟩B

)
+

√
|β|2 + ai2|α|2

2 (1 + ai2)

(∣∣Ψ+
⟩
tA

⊗ |ξ3⟩B +
∣∣Ψ−⟩

tA
⊗ |ξ4⟩B

)
,

(8)

where ∣∣Φ±⟩
AB

=
1√
2
(|00⟩AB ± |11⟩AB) ,

∣∣Ψ±⟩
AB

=
1√
2
(|01⟩AB ± |10⟩AB) , (9)

|ξ1⟩B =
α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

, |ξ2⟩B =
α |0⟩ − aiβ |1⟩√
|α|2 + ai2|β|2

,

|ξ3⟩B =
β |0⟩+ aiα |1⟩√
ai2|α|2 + |β|2

, |ξ4⟩B =
−β |0⟩+ aiα |1⟩√
ai2|α|2 + |β|2

.

(10)

It can be seen from Eqs.(8-10) that particles t and A are projected onto one of the four Bell bases

and meanwhile particle B is projected onto a state that is related to the target qubit. Then U1 sends

the BSM result (represented by 2 bits of classical information) to R1. Upon receiving this result,

R1 performs a result-dependent unitary operation on particle B, as shown in Table 1. The state of
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particle B evolves as follows

|ξ1⟩B
I−→ |φ1⟩B =

α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

, |ξ2⟩B
σz−→ |φ2⟩B =

α |0⟩+ aiβ |1⟩√
|α|2 + ai2|β|2

,

|ξ3⟩B
σx−→ |φ2⟩B =

aiα |0⟩+ β |1⟩√
ai2|α|2 + |β|2

, |ξ4⟩B
iσy−−→ |φ2⟩B =

aiα |0⟩+ β |1⟩√
ai2|α|2 + |β|2

.

(11)

It is obvious from Eq.(11) that |φ1⟩B = |φ2⟩B, |φ3⟩B = |φ4⟩B.
Table 1. Corresponding relations between the BSM results and unitary operation. Here I is the

identity operator and σx, σy and σz are Pauli operators.

BSM result unitary operation

|Φ+⟩tA I

|Φ−⟩tA σz

|Ψ+⟩tA σx

|Ψ−⟩tA iσy

In order to recover the target qubit |ϕ⟩t = α|0⟩t + β|1⟩t, R1 prepares an auxiliary qubit, |0⟩aux. If
U1’s BSM result is |Φ+⟩tA or |Φ−⟩tA, R1 will implement unitary matrix U (1)

U (1) =


ai

√
1− ai2 0 0

0 0 0 1

0 0 1 0√
1− ai2 −ai 0 0

 (12)

on |φ1⟩B|0⟩aux or |φ2⟩B|0⟩aux, reads

U (1)|φ1⟩B|0⟩aux = U (1)|φ2⟩B|0⟩aux

=
ai√

|α|2 + ai2|β|2
(α |0⟩+ β |1⟩)B ⊗ |0⟩aux +

√
1− ai2√

|α|2 + ai2|β|2
α|0⟩B ⊗ |1⟩aux

(13)

Afterwards, R1 performs the projective measurement (PM) on the auxiliary qubit with the computa-

tional basis {|0⟩ , |1⟩}. From Eq.(13), it can be seen that if R1 obtains |0⟩aux, definitely his particle B

collapses to the target qubit (α |0⟩+ β |1⟩)B, thereby qubit transmission is successful.

For another case, when U1’s BSM measurement result is |Ψ+⟩tA or |Ψ−⟩tA , R1 will implement

unitary matrix U (2)

U (2) =


1 0 0 0

0 0 0 1

0
√
1− ai2 ai 0

0 −ai
√
1− ai2 0

 (14)

on |φ3⟩B|0⟩aux or |φ4⟩B|0⟩aux, reads

U (2)|φ3⟩B|0⟩aux = U (2)|φ4⟩B|0⟩aux

=
ai√

ai2|α|2 + |β|2
(α |0⟩+ β |1⟩)B ⊗ |0⟩aux +

√
1− ai2√

ai2|α|2 + |β|2
β|1⟩B ⊗ |1⟩aux

(15)
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After projecting the auxiliary qubit onto basis {|0⟩ , |1⟩}, qubit transmission is successful if and only

if R1 obtains |0⟩aux.
Apparently, the auxiliary qubit indicates whether qubit transmission is successful or not. If |1⟩aux

is obtained, this round of qubit transmission fails, then R1 send an ARQ message to U1, a new round

of transmission will start, until the target qubit |ϕ⟩ is successfully retrieved by R1. Clearly, the ARQ

mechanism ensures the deterministic qubit transmission.

After the target qubit |ϕ⟩ is retrieved successfully, R1 forwards |ϕ⟩ to U6. Firstly, according to

the destination address of U6, R1 inquires its quantum routing table to determine the next-hop node,

let’s say R2. Then R1 transfers |ϕ⟩ to R2 according to the flowchart shown in Fig.2. Analogous to

the aforementioned analysis, the target qubit |ϕ⟩ can be faithfully transferred to its destination node

U6 hop by hop, as illustrated by the red lines in Fig.1.

Through the above analyses, faithful transmission of arbitrary qubit is ensured by the ARQ

mechanism, along with the extra-prepared target qubits. The number of target qubits extra prepared

at each node are quiet modest, as shown in Fig.3 for various quantum channel indicators, a=0.5, 0.6,

0.7, 0.8, 0.9.

0 1 2 3 4 5 6 7 8 9
0.4

0.5

0.6

0.7

0.8

0.9

1

Number of extra−prepared states identical to the target qubit

S
uc

ce
ss

 p
ro

ba
bi

lit
y 

in
 o

ne
−

ho
p 

tr
an

sm
is

si
on

 

 

a=0.5

a=0.6

a=0.7

a=0.8

a=0.9

Fig.3.The relationship between the number of extra-prepared states at each node and the

success probability in one-hop transmission.

From Fig.3, first of all we can see that for a high-quality quantum channel with a=0.9, extra-

prepared target qubits are not need, the locally retrieved qubit can be transferred to the next-hop node

directly, its success probability is 0.8950. If one target qubit is extra prepared, the success probability

in one-hop transmission can reach 0.9890. For a quantum channel with a=0.8, if one target qubit

is extra prepared, the success probability in one-hop transmission is 0.9518. For a quantum channel
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with a=0.7, if 2 target qubits are extra prepared, the success probability in one-hop transmission is

0.9599. Even for a serious-decoherence quantum channel with a=0.5, when 5 target qubits are extra

prepared, the success probability in one-hop transmission can reach 0.9533. Therefore, the number of

extra target qubits required for near-deterministic qubit transmission at each node is modest even for

low-quality channels.

5. Conclusions

We have constructed a quantum communication network with heterogeneous quantum channels.

Taking into account the number of residual entangled pairs and the entanglement generation rate, a

new route metric is defined, and a novel quantum routing algorithm is proposed to select the highest-

throughput path between two arbitrary end-users in the constructed quantum network. Furthermore,

we proposed a faithful scheme to transfer arbitrary qubits employing the ARQ mechanism, more akin

to the hop-by-hop behavior of packet-switched networks. The numerical analyses and simulation show

that even in a low-quality quantum channel with serious decoherence or noise, only modest number of

target qubits are extra required to achieve the near-deterministic qubit transmission. Compared with

some existing quantum networking schemes, our research here shows some advantages. First of all, the

ideal precondition of identical quantum channels in a quantum network is loosen. Secondly, referring

to the quantum path selection，a single route metric is replaced by the balancing combination of the

number of residual entangled pairs and the entanglement generation rate. The current and predicted

status of a quantum channel is considered. Last but not least, by introducing the auxiliary qubit which

predicts the success transmission and the ARQ mechanism, near-deterministic qubit transmission can

be achieved.
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Many protocols of quantum information processing
rely on entanglement. A particular class of entangled
states are those, which violate a certain Bell inequal-
ity (BI) [1]. BIs distingiush between strictly quantum
correlations and those, which can be mimicked with lo-
cal realistic model, in which all local measurements have
preassigned values independent of actions on other par-
ticles. The noise robustness, the amount of how much
of experimental imperfections that can be tolerated with
an inequality still being violated, typically expressed by
the ratio of maximal quantum and local realistic values
of the Bell operator (quantum to classical ratio, QCR),
is often understood as one of measures of nonclassicality
of a state (for example, Ref. [2]).

One may ask the following question. Imagine that
a group of observers shares an entangled state of large
quantum constituents, say in a GHZ state. They care to
achieve as strong violation of a BIs possible. Would it
be more beneficial for the observers to treat their subsys-
tems as a whole, or rather as tensor products of smaller
systems?

we begin with the derivation of geometric Bell inequal-
ities (GBIs) for qutrits. GBIs were first introduced by
[3] and later, they have demonstrated their outstanding
noise resistance for correlation functions of many qubits
[5].

We will consider N qutrits, whose common state, is
the GHZ state,

|GHZN,3〉 =
1√
3

2∑
i=0

|i〉N . (1)

A qutrit belonging to νth observer (ν = a, b, ..., N) is
measured and said to yield result jν if it is projected
onto a state parametrized by ν1 and ν2:

|jν , ν1, ν2〉 =
1√
3

(1, ei(ν1+2πjν/3)), ei(ν2+4πjν/3)). (2)

The local results summed modulo 3 points which of the
three vectors is used as an outcome of a measurement:

~v3,0 = (1, 0),

~v3,1 =
1

2
(−1,

√
3),

~v3,2 =
1

2
(−1,−

√
3),

(3)

so the N -qutrit vector-valued observables are given by

~ON,3(a1, a2, ..., n1, n2)

=
2∑

j1,...,jn=0

n⊗
ν=a

|jν , ν1, ν2〉〈jν , ν1, ν2|

⊗~v3,∑n
ν=a jν

. (4)

Together equations (1-3) lead to the following correla-
tion function (x1 =

∑n
ν=a ν1, x2 =

∑n
ν=a ν2, ν denoting

the observer)

~E(x1, x2)

=〈GHZN,3| ~ON,3(a1, a2, ..., n1, n2)|GHZN,3〉

=

(
1

3
(cos 2πx1 + cos 2π(x1 − x2) + cos 2πx2) ,

4

3
sinπx1 sinπ(x1 − x2) sinπx2

)
.

(5)

The correlation function given by Eq. (5) can be now
confronted with local realistic model. Geometric Bell in-
equalities are not only among the strongest ones known,
but, since they relay on a general fact of linear algebra,
rather than taking a form of a special algebraic expres-
sion, it can be readily formulated for various formalisms
[4]. Consider a convex set of vectors S (here, the set of
local realistic model). We want to test if a given vector
~V (the quantum me belongs to S. If this is not the case,
for some real scalar product (or, more general, a bilinear

form) F ( ~A, ~B)T = ~A · T · ~B ∈ Reals (where T ≥ 0 ) and

every vector ~L ∈ S we shall have F (~V , ~V )T > F (~V , ~L)T .

Intuitively, if ~V /∈ S, it has one or more components that
are larger than the respective spans of the set. Our only
task is to find the bi-linear form which singles out these
components.

Here, we will use the usual scalar product,

~A · ~B ≡
∫ 1

0

da1

∫ 1

0

da2...

∫ 1

0

dn1

∫ 1

0

dn2

× ~A(a1, a2, ...n1, n2) · ~B(a1, a2, ...n1, n2) (6)

Note that the correlation function (5) depends only on
sums of local parameters x1 = a1 + b1 + ... + n1 and
x2 = a2 + b2 + ...+ n2. Consequently, we have∫ 1

0

da1

∫ 1

0

da2| ~E(a1 + x′1, a2 + x′2)|2

=
1

3
,

~E(a1, a2, ..., n1, n2) · ~E(a1, a2, ..., n1, n2)

=

∫ 1

0

da1

∫ 1

0

da2| ~E(a1 + x′1, a2 + x′2)|2,
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2

=
1

3
, (7)

with x′1/2 = b1/2 + ...+ n1/2

The local realistic model needs to satisfy the following

conditions

~C(a1, b1, ..., aN , bN ) =~v3,
∑N
n=1 In(an,bn) mod 3,

In(an, bn) ∈{0, 1, 2},
In(an + 2π/3, bn + 4π/3) =(In(an, bn) + 1) mod 3.(8)

It is postulated that

Iν(ν1, ν2) =


0 − 1

3 ≤ ν1 − ν1,0 + ν2 − ν2,0 < 1
3&− 1

3 ≤ ν1 − ν1,0 <
1
3&− 1

3 ≤ ν2 − ν2,0 <
1
3

1 − 1
3 ≤ ν1 − ν

′
1,0 + ν2 − ν′2,0 < 1

3&− 1
3 ≤ ν1 − ν

′
1,0 <

1
3&− 1

3 ≤ ν2 − ν
′
2,0 <

1
3

2 − 1
3 ≤ ν1 − ν

′′
1,0 + ν2 − ν′′2,0 < 1

3&− 1
3 ≤ ν1 − ν

′′
1,0 <

1
3&− 1

3 ≤ ν1 − ν
′′
2,0 <

1
3

(9)

with ν1,0 and ν2,0 being shifts, ν′1,0 = ν1,0 + 1
3 , ν′′1,0 =

ν2,0 + 2
3 , similarly for ν2,0, and the boundary conditions

modulo 1 apply.
The convolution of the quantum mechanical corre-

lation function with the so-constructed local-realistic
model reproduces the correlation function itself with a
factor. Consider charasteric function λν(aν , bν) equal to
1 for Iν(ν1, ν2) = 0 and 0 otherwise (with an,0, bn,0 = 0,
confirm Eq. (9)).∫ 1

0

da1

∫ 1

0

da2 ~E(a1 + x′1, a2 + x′2)λa(a1, a2)

=
9 + 2

√
3π

12π2
~E(x′1, x

′
2). (10)

Combining Eqs. (7) and (10) we get the quantum-to-
classical ratio (QCR) for N qutrits

QCR ≡
~E · ~E

maxC ~E · ~C
=

1

3

(
4π2

9 + 2
√

3π

)N
≈ 1

3
1.98556N .

(11)
Notice that the factor 3N appears since there are that
many combinations of local realistic predictions.

We continue using vector-valued observables. First,
observers locally project their subsystems on states

|ψd,j ,~a〉 =
1√
d

(1, ωjde
2πia1 , ω2j

d e
2πia2 , ...)T ,

ωd =e
2πi
d ,

~a =(a1, a2, ..., ad−1). (12)

Let us now pass to qudits. The outcome vectors are
obtained iteratively,

~vd,0 = (1, 0, ..., 0),

~vd,i =

− 1

d− 1
,

√
1−

(
1

d− 1

)2

~vd−1,i−1

 . (13)

The tensor product is replaced by the outcome shift,

~ON,d(~a,~b, ...~n)

= ~O
[1]
d (~a)↔ ...↔ ~O

[n]
d (~n)

=
d−1∑

j1,...jN=0

~vd,
∑
k=1N jk mod d

×|ψd,j1 ,~a〉〈ψd,j1 ,~a|[1] ⊗ ...⊗ |ψd,jN , ~n〉〈ψd,jN , ~n|[N ](14)

and the system is assumed to be in the GHZ state,

|GHZd,N 〉 =
1√
d

d−1∑
j=0

|j〉⊗N . (15)

Let us define ~x = (x1, x2, ...) = ~a+~b+ .... Consequently,
the correlation function reads

~Ed,N (~a,~b, ...)

= ~Ed(~x) = 〈GHZd,N |Od,N (~a,~b...)|GHZd,N 〉. (16)

Hereafter, 4 ≤ d ≤ 7 will be considered. For d = 4, we
have been able to reach the following formula:

~E4(~x)

=[ 1

4
√

3
(sin(2π(x1 − x2)) + cos(2π(x1 − x2))

−sin(2πx1) + cos(2πx1) + sin(2π(x2 − x3))

+cos(2π(x2 − x3)) + sin(2πx3) + cos(2πx3)),

1

2
√

3
(cos(2π(x1 − x3)) + cos(2πx2)),

1

4
√

3
(− sin(2π(x1 − x2)) + cos(2π(x1 − x2))

+sin(2πx1) + cos(2πx1)− sin(2π(x2 − x3))

+cos(2π(x2 − x3))− sin(2πx3) + cos(2πx3))]. (17)

We have also been able to obtain explicit forms of the

correlation function for ~E5(~x), ~E6(~x), but for the sake
of sparing space we will not reprint them here. It is
noteworthy that the norm of the correlation functions
satisfies∫

...

∫
| ~Ed(~a+ ...+ ~n)|2dN−1a...dN−1n =

1

d
. (18)
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3

d,N Ld,N N.o.P. d,N Ld,N N.o.P.

4,2 0.170095 2 × 107 4,3 0.0701762 108

4,4 0.0290669 7.2 × 107 4,5 0.012056 5 × 106

5,2 0.129613 2.5 × 106 5,3 0.046970 2 × 106

5,4 0.016911 2 × 106 5,5 0.006144 2 × 106

6,2 0.103236 7 × 106 6,3 0.03329571 7.6 × 106

6,4 0.0106653 8 × 106 6,5 0.00328929 4 × 106

6,6 0.00114045 1.2 × 107

7,2 0.085252 5 × 105 7,3 0.0247165 5 × 105

7,4 0.0108164 5 × 105

TABLE I. Values of Ld,N found by Monte Carlo integration.
N.o.P. is the number of random points used to compute each
integral

d ad bd

2 π
2

1

3 4π2

9+2
√
3π

1

4 2.41607 1.00979

5 2.76446 1.00933

6 3.09007 1.02226

7 3.50654 0.948745

TABLE II. Approximation of values 1/Ld,N to aNd bd.

For d > 3 we do not have the neat convolution property
mentioned above, that is, the correlation function takes
a different form, when it is locally integrated over the re-
gion, where a local realistic model (as concluded from the
intersection of the correlation function) predicts the same
results. Thus we simply use Monte Carlo integration of
the of the overlap between the local-realistic an quan-

tum mechanical correlation function. We choose ~a, ..., ~n
at random, investigate, which of the vectors is the closest

to the value of ~E(~a), ..., ~E(~n), sum the results modulo d
and calculate the overlap of the vector indicated by the

result wit ~E(~x. The overlap averaged over many itera-
tions of this procedure is denoted as Ld,N . The results
are presented in Table I. They follow the exponential be-
havior 1/Ld,N = aNd bd, where values of ad and bd are
given in the Table II. These fits were found with weight
factors attached to values, proportional to the number of
point used in the Mote Carlo integration.

Note the values of bd are close to 1, but they oscillate
around this value. This is very likely a numerical artifact.
Therefore, another fit, Ld,N = (a′d)

−N was performed.
Let us now draw conclusions from Tables I and II. Con-

sider an experiment, in which a source distributes high-
dimensional systems, which are jointly in a GHZ state. It
seems a bit more beneficial for them to conduct a single
Bell. It is noteworthy that the deficit appears for both
four- and six-dimensional system, and is more significant
for d = 4. For this system, unlike for d = 6, we know
the complete set of mutually unbiased bases (MUBs). By

d ad

2 π
2

3 4π2

9+2
√
3π

4 2.42282

5 2.77184

6 3.10456

7 3.44975

TABLE III. Approximation of values Ld,N to aNd .

construction, the inequalities swipe over all possible sets
of MUBs, in which we can observe correlations.
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1 Introduction

A two-level system is an attractive way to detect small
external fields. The frequency of the qubit can be shifted
by external fields such as magnetic fields, electric fields,
temperature, and gravity [1, 2, 3]. Such a change in
frequency can be detected via a Ramsey type interfer-
ence experiment. Here, the target fields induce a relative
phase shift between quantum states of the qubit and such
a relative phase can produce measurable signals, which
we call a single-qubit sensing. One of the obstacles to re-
alize a sensitive field sensor with a qubit is decoherence
[4]. Coherent phase can be perturbed by a coupling with
the environment, and this decreases the signal to noise
ratio.
Quantum error correction (QEC) is one of the ways to

overcome decoherence problem [5, 6, 7, 8]. By encoding
the quantum information in a logical qubit with more
than a single qubit, we can detect and recover the er-
rors induced by unwanted coupling with the environment.
QEC has been proposed to realize a scalable quantum
computer, and there have been experimental demonstra-
tions in several systems such as superconducting qubits
[9, 10, 11, 12], nitrogen vacancy centers [13], and ion traps
[14]. Recently, magnetic field sensing with the QEC has
been proposed, and it has been shown that the sensitivity
is actually improved under specific conditions [5, 6, 7, 8].
QEC is not useful to suppress dephasing because an ac-
cumulated coherent phase shift from the target fields is
also suppressed by the QEC. So the QEC is useful for the
quantum field sensing when a bit-flip noise is the main
source of decoherence. Actually, there are experimental
reports with an nitrogen vacancy center and an optical
setup to demonstrate quantum metrology with the QEC
[?, 15]. An artificial bit-flip noise was applied, and the
improvement of the sensitivity due to the QEC was ob-
served. However, to our knowledge, there has not yet
been any experimental demonstration to observe the en-
hancement of the sensitivity by the QEC under the effect
of a natural environment.
In solid state systems, there are two relevant decoher-

ence sources, low-frequency dephasing and energy relax-
ation [16]. Importantly, we can remove the low-frequency
dephasing by the dynamical decoupling [17], which is use-
ful when we measure time oscillating fields [18]. In this
case, the coherence time is limited by the energy relax-

∗matsuzaki.yuichiro@lab.ntt.co.jp

ation [19, 20]. So it is important to study the perfor-
mance of quantum metrology under the effect of energy
relaxation.
In this paper, we show an advantage to use quantum

error detection (QED) for quantum metrology under the
effect of energy relaxation [21] where we adopt a posts-
election to discard the state when an error is detected.
Interestingly, we have shown that quantum sensing with
QEC shows no advantage over the single-qubit sensor
when energy relaxation is the main source of decoherence.
Importantly, the energy relaxation induces not only the
bit-flip noise but also the phase-flip noise, and the QEC
is not useful to suppress the phase noise to improve the
sensitivity of the metrology. On the other hand, we have
found that, despite the cost of the postselection tech-
nique, quantum sensing with QED shows better perfor-
mance than the standard single-qubit sensing with energy
relaxation.
Let us review the quantum metrology with the stan-

dard single-qubit sensing [4].The Hamiltonian is given as
H = ω

2 σ̂z. where ω denotes a frequency shift due to the
target fields. We assume that the state is affected by an
energy relaxation. Such a dynamics can be described by
the Lindblad type master equation as follows [22, 23].

dρ

dt
= −i[H, ρ]− Γ(1− s)[σ̂+σ̂−ρ+ ρσ̂+σ̂− − 2σ̂−ρσ̂+]

−Γs[σ̂+σ̂−ρ+ ρσ̂+σ̂− − 2σ̂−ρσ̂+] (1)

where Γ denotes the decay rate and s is a parameter
corresponding to the temperature of the bath [?]. To
sense the target fields, we consider the following sequence.
First, we prepare a state of |ϕ⟩ = 1√

2
(|0⟩ + |1⟩). Sec-

ond, let this state evolves for a time t. Finally, we
perform a projective measurement about σ̂y. We de-
fine a probability to project the state into 1√

2
(|0⟩+ i|1⟩)

as P+1. We repeat this experiment during the given
time of T . The uncertainty of the estimation is given

as δω =

√
P+1(1−P+1)

| dP+1
dω |

1√
N

where N denotes a number of

the repetition. We assume that we can prepare the ini-
tial state and measure the state with much shorter time
scale than the interaction time t, and the repetition num-
ber is approximated as N = T

t . Also, we aim to detect
weak fields such as ωt ≪ 1. For a single-qubit sensor,
the uncertainty is δω = 2.33√

T/Γ
where we choose t = 1

2Γ to

minimize the uncertainty.
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Next, we study the effect of energy relaxation for quan-
tum metrology with the QEC using a two-qubit system
where one of them is called a probe qubit and the other is
called a memory qubit [5, 6, 7, 8]. The probe (memory)
qubit is strongly (weakly) coupled with the fields while
the coherence time is short (long). The Hamiltonian is

given as H = ω
2 σ̂

(p)
z + ω′

2 σ̂
(m)
z where ω (ω′) denotes the

frequency shift of the probe (memory) qubit. We con-
sider the case of ω ≫ ω′, and so we can drop the term of
ω′

2 σ̂
(m)
z from the Hamiltonian. We adopt the same form

of the Lindblad master equation in the Eq. 1 where only
probe qubit is affected by the energy relaxation. To per-
form the QEC for the two-qubit system, parity measure-
ments are required [5, 6, 7, 8], which are defined by pro-
jective operators of P̂odd = |01⟩pm⟨01| + |10⟩pm⟨10| and
P̂odd = |00⟩pm⟨00| + |11⟩pm⟨11|. The quantum metrol-
ogy with the QEC can be performed as follows. First,
prepare a state of |ϕ0⟩ = 1√

2
(|00⟩pm + |11⟩pm). Second,

let the state evolve for a time t
n where n denotes the

number of the performed parity measurements during a
single sequence. Thirdly, we implement the parity mea-
surements. If the parity is odd, we apply a bit flip oper-

ation of σ̂
(p)
x on the probe qubit. Finally, after repeating

the second and third step n times, we readout the states

with projective operators as P̂(f)
± = |ϕ(±)

f ⟩pm⟨ϕ(±)
f | where

|ϕ±f ⟩ = 1√
2
(|00⟩pm ± i|11⟩pm). We calculate the uncer-

tainty δω for the quantum sensing with the QEC, and
we analytically (numerically) show that this uncertainty
becomes the same as that for the standard single-qubit
sensing for the case of n = 1 (n ≥ 2). Therefore, the
QEC does not improve the sensitivity of the quantum
metrology over the single-qubit strategy under the effect
of the energy relaxation.
We discuss intuitive reasons why the quantum metrol-

ogy with QEC has the same sensitivity as the standard
single-qubit sensing. By solving the Lindblad master
equation in the Eq. (1), we confirm that the state is
affected by three type of Pauli noise: σ̂x, σ̂y, and σ̂z [24].
Since the initial state is an eigenstate of σ̂x for the single-
qubit sensing, the effect of σ̂x noise is relatively small as
long as the frequency shift ω is small, and so σ̂y and σ̂z
errors mainly induce decoherence. On the other hand,

if we use a two-qubit encoded state for the QEC, σ̂
(p)
x ,

σ̂
(p)
y , and σ̂

(p)
z are all relevant sources of decoherence.

Also, if σ̂
(p)
y is applied on the state due to decoherence,

this can be detected by the parity measurements, and an
implementation of the correction during the QEC cycle

transforms this noise into σ̂
(p)
z noise, which is indistin-

guishable from the coherent phase shift from the target
fields. So, even if we use QEC for quantum sensing, two

Pauli noise (σ̂
(p)
y and σ̂

(p)
z ) still affects the coherence time

of the states, which is similar to the single-qubit sensing.
This could explain the reason why the QEC cannot im-
prove the sensitivity.
We introduce our scheme to use the QED for quan-

tum metrology. After the preparation of the initial state
of 1√

2
(|00⟩pm + |11⟩pm), we frequently perform the par-

ity measurements with a time period of t
n as we do in

Figure 1: The protocol to perform an adaptive feedback
in our QED strategy to estimate the target magnetic
fields.

the QEC scheme. The difference is that, whenever the
result of the parity measurement is odd, we immedi-
ately initialize the state, and prepare the initial state
of 1√

2
(|00⟩pm + |11⟩pm) for the next round. We show the

details of our sequence in Fig. 1.
Also, we consider an effect of imperfect parity pro-

jections. When the parity is even, the state becomes

ρ′ = (1 − ϵ) P̂evenρP̂even

Tr[P̂evenρP̂even]
+ ϵ 14 1̂pm where ρ (ρ′) denotes

a state before (after) the parity measurement and ϵ de-
notes an error rate. Moreover, we take the time cost
of the postselection into account in our calculation. We
plot the results in the Fig. 2, and show that the un-
certainty of the estimation becomes 0.68 times smaller
than that of the standard single-qubit scheme for s = 0.5
and ϵ = 0.02 by optimizing t and n. Also, for ϵ = 0.02,
we have confirmed that the uncertainty with our QED
scheme is always smaller than that of the single-qubit
scheme for any other values of s, which shows a clear
advantage to use the QED. This is a consequence from
the fact that we can eliminate the degrading effect of

both σ̂
(p)
x and σ̂

(p)
y via the QED. So only σ̂

(p)
z is the rel-

evant noise for the QED scheme, while the single-qubit
scheme is affected by two Pauli errors. It is worth men-
tioning that recent development of quantum state control
technology let experimentalists achieve an accurate gate
control for single-qubit and two-qubit gate with a fidelity
of 99% by using an Nitrogen vacancy (NV) center in di-
amond [25]. Since the NV center has an electron spin for
the probe and a nuclear spin for the memory, our scheme
may be realized by this system.
In conclusion, we have investigated a performance of

quantum error correction and quantum error detection
in quantum metrology under the effect of energy relax-
ation. In quantum error correction, we perform a cor-
rection when an error is detected. On the other hand,
in quantum error detection, we adopt postselection to
discard the state when error is detected. Surprisingly,
although quantum error correction is believed to be use-
ful for quantum metrology, we have shown that quan-
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Figure 2: Uncertainty of the estimation of the magnetic
fields by using imperfect parity projections with a finite
error rate of ϵ. Here we fix s = 0.5, Γ = 1, and ϵ = 0.02

tum error correction does not improve the sensitivity of
quantum sensing under the effect of energy relaxation.
However, a quantum error detection shows an advantage
in sensing over a single-qubit scheme in the same condi-
tions, even when quantum error detection is moderately
noisy. Since energy relaxation is the typical noise types
in solid state systems, our results pave a way to realize a
practical quantum enhanced sensor.
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Optimizing Quantum Walk Search on a Reduced Uniform Complete
Multi-Partite Graph
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Abstract. In a recent work by Novo et al. (Sci. Rep. 5, 13304, 2015), the invariant subspace method
was applied to the study of continuous-time quantum walk (CTQW). The method helps to reduce a graph
into a simpler version that allows more transparent analyses of the quantum walk model. In this work,
we adopt the aforementioned method to investigate the optimality of a quantum walk search of a marked
element on a uniform complete multi-partite graph. We formulate the eigenbasis that would facilitate the
transport between the two lowest energy eigenstates and demonstrate how to set the appropriate coupling
factor to preserve the optimality.

Keywords: continuous time quantum walk, Lanczos algorithm, coupling factor, optimization

1 Introduction

Quantum walks can be formulated in both discrete
time [1] and continuous time [3] versions. In this work,
we focus on the study of continuous-time quantum
walk (CTQW), not only because it offers a simpler
physical picture but also it is less challenging to perform
CTQW experiments in comparison to their discrete-time
counterparts. We adopt the invariant subspace method
from Ref.[4], which allows us to perform a dimension-
ality reduction to simplify the analyses of CTQW on
a uniform complete multi-partite graph. In short, the
key is to transform the original graph to a much simpler
structure yet retain pertinent properties that we would
like to investigate, such as the optimality of a quantum
walk search. In this way, the analysis becomes more
transparent and the dynamics of the walker can be more
intuitively understood on an abstract level. Throughout
the text, we also refer to a multi-partite graph as a
P -partite with a slight twist on the standard notation.
The difference is that the whole graph has actually P +1
partitions where the extra one partition is the partition
that contains the solution (marked vertex).

The contribution from this work is as follows. By
applying the systematic dimensionality reduction tech-
nique via Lanczos algorithm, we extend the applicable
graphs from complete graphs, complete bipartite graphs
and star graphs [4] to uniform complete multi-partite
graphs. We extend a reduction scheme to transform an
arbitrary N by N adjacency matrix Ha of a uniform
complete multi-partite graph into a 3 by 3 reduced
Hamiltonian that has fast transport between its two
lowest eigenenergy states. We further parameterize
the coupling factor based on the configuration of a
given uniform complete multi-partite graph to keep the
CTQW search optimal.

∗chiangc@sunyit.edu
†changyuh@mit.edu

2 Invariant Subspace of a Quantum Walk

Continuous-time quantum walk on a graph is a quan-
tum dynamical process governed by a tight binding
Hamiltonian Ha. Alternatively, Ha is simply called the
adjacency matrix of the unweighted graph. A time-
evolved wave function on the graph is given by

|ψ(t)〉 = exp(−iHat)|ψ(0)〉

=

∞∑
n=0

(it)n

n!
Hn
a |ψ(0)〉

=
∞∑
n=0

(it)n

n!
|ψ(n)(0)〉. (1)

Due to the finite dimensionality of the Hilbert space,
the number of independent states I(Ha, |ψ(0)〉) ≡
span{|ψ(n)(0)〉 = Hn

a |ψ(0)〉} generated from the unitary
dynamics (equivalent to repeated actions of the Hamilto-
nian) is bounded by |V |, the cardinality of vertex set. Fol-
lowing Ref. [4], we designate I(Ha, |ψ(0)〉) as the invari-
ant subspace with respect to |ψ(0)〉. When the Hamilto-
nian features certain symmetries, the invariant subspace
could be much smaller than |V |. Let P be the projection
onto I(Ha, |ψ(0)〉), one finds the same unitary dynamics
can be generated by an effective Hamiltonian PHaP =
Hra, i.e exp(−iHat)|ψ(0)〉 = exp(−iHrat)|ψ(0)〉 for all
time t. In the following sections, we should apply this
concept to identify the invariant subspace of a marked
element |w〉 in multi-partite graphs and study the prop-
erties of CTQW in the reduced Hilbert space with an
effective Hamiltonian Hra.

3 Search in Uniform Complete Multi-
Partite Graphs

3.1 Dimensionality Reduction

A uniform complete P-paritite graph
G(V0, V1, ..., VP , E) has P + 1 sets of vertices that
each vertex vi in set Vj connects to all other vertices in
Vk as long as j 6= k. Let us denote this set of graphs
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as Km0,m1,··· ,mP
where mi = |Vj |,∀j ∈ {0, 1, 2, · · · , P}

such that (1)
∑P
i=0mi = N and (2) each partition is

of the same size except partition P0 where the market
element resides.

Without loss of generality, let us assume the marked
vertex |ω〉 is in V0. Define the subspace that is spanned
by |ω〉, |SV0−ω〉, |SV1

〉, · · · , |SVP
〉. Here

|SV0−ω〉 =
1√

m0 − 1

∑
i∈V0,i6=ω

|i〉, |SVi〉 =
1
√
mi

∑
j∈SVi

,i6=0

|j〉

By use of Lanczos algorithm and the property that
mi = mj ,∀i, j ∈ {1, 2, · · · , P}, we can obtain the reduced
adjacency Hamiltonian Hra in the (|ω〉, |SV0−ω〉, |SV̄0

〉)
basis as the following:

Hra =

 0 0 X1

0 0 X2√
N −m0

√
(N −m0)(m0 − 1) X3

 (2)

where |SV̄0
〉 = 1√

N−m0

∑P
i=1

√
mi|SVi

〉 and

X1 =
√
N −m0, X2 =

√
(N −m0)(m0 − 1), X3 =

(Pm1(N −m0 −m1))/(N −m0).

3.2 Optimality Preserving and Coupling Factor
Tuning

For simplicity, let us define α = m0

N and α1 = m1

N =
m2

N = · · · = mP

N . The Hamiltonian of a continuous quan-
tum walk is as [2]

Hseek = −γHra − |ω〉〈ω| (3)

where γ is the coupling parameter between connected
vertices. By Eqn.(2, 3), Hseek = H(0) + H(1) can be
expressed in the (ω, SV0−ω, SV̄0

) basis as

H(0) =

−1 0 0

0 0 −γN
√
α(1− α)

0 −γN
√
α(1− α) −γN((1− α)− Pα2

1

1−α )



H(1) =

 0 0 −γ
√

(1− α)N
0 0 0

−γ
√

(1− α)N 0 0

 .
It is worth noticing that the format of this reduced Hamil-
tonian differs from the format derived in [4] as ours has
a self loop for the basis vector SV̄0

.
The proof of optimality preserving relies on the fol-

lowing Theorems and Lemma. Theorem 1 provides us
the technique to construct desired reduced Hamiltonian
Hseek with self loop in the eigenbasis (|ω〉, |e1〉, |e2〉) of
H(0). Lemma 2 discovers important properties of Hamil-
tonian Hseek to be used in Theorem 3. Theorem 3 shows
the necessary condition for fast transport and Theorem 4
shows how to choose the right coupling factor γ with fast
transport for uniform complete P -partite graphs. Finally
Theorem 5 shows the optimality is preserved when γ is
based on Theorem 4.

Theorem 1 Given a reduced Hamiltonian H =
H(0) +H(1) in the (|ω〉, |b1〉, |b2〉) basis where

H(0) =

−1 0 0
0 0 v1

0 v1 v3

 , H(1) =

 0 0 v2

0 0 0
v2 0 0

,

v1 and v2 are negative numbers and v3 is a non-positive
number, v1/v2 ≥ 1 and the eigenvectors basis of H(0)

is (|ω〉, |e1〉, |e2〉). We know |e1〉 = (|b1〉+β+|b2〉)√
1+β2

+

and

|e2〉 = (|b1〉+β−|b2〉)√
1+β2

−
where β± = κ±

√
κ2+4
2 , κ = v3

v1
and

the corresponding eigenvalues are λ± = v1β±. H can be
written in the (|ω〉, |e1〉, |e2〉) eigenbasis as

H =


−1 v2

β+√
β2
++1

v2
β−√
β2
−+1

v2
√
β2
++1

β+−β−
λ+ 0

−v2
√
β2
−+1

β+−β−
0 λ−

 . (4)

Lemma 2 Given a reduced Hamiltonian H written in
the (|ω〉, |e1〉, |e2〉) basis shown in Theorem 1, (a) the ma-
trix H is symmetric (b) v1/v2 ≥ 1 and β+ > 0 > β− (c)

λ+ < 0, λ− > 0 and δ1 = v2
β+√
β2
++1

< 0, δ2 = v2
β−√
β2
−+1

>

0.
By use of Lemma 2, then H can be written in the

(|ω〉, |e1〉, |e2〉) basis as

H =

−1 δ1 δ2
δ1 λ+ 0
δ2 0 λ−

 (5)

where |ω〉 and |e1〉 can form the basis for the two states
of the lowest eigenvalue.

Theorem 3 Given a Hamiltonian H in the form shown
in Lemma 2, it is desirable to have λ+ = −1 such that
|ω〉 and |e1〉 form the basis for the two states of the
lowest eigenvalue. Suppose v1 is a function of a vari-
able γ and some constants N and α. That is v1 =
−γN(

√
α(1− α)). Then the degeneracy between site en-

ergies of |ω〉 and |e1〉 facilitates transport between these
two states, hence γ = (N

√
α(1− α)β+)−1. The trans-

port between |ω〉 and |e2〉 is prohibited by the energy gap
between them since δ2 is much smaller than λ−.

Theorem 4 Given a uniform complete P-partite graph
with an adjacency matrix Hamiltonian Ha, by use of The-
orem 1 we can obtain the reduced Hamiltonian Hseek as-
sociated with a coupling factor γ for the underlying con-
tinuous quantum walk. The coupling factor is determined
based on the following conditions:
(I) P = 1: γ = (N

√
α(1− α))−1

(IIA) 2 ≤ P ≤ N − 1 and α ∝ 1
N : γ = 1

N(1−Pα2
1)

;

(IIB) 2 ≤ P ≤ N − 1 and α ∝ 1 such as N−1
N : γ = 1√

N
;

(IIC) 2 ≤ P ≤ N − 1 and α is some constant: γ =
(N
√
α(1− α)β+)−1.
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Theorem 5 For γ chosen based on Theorem 4, the
underlying CTQW is optimal.
Proof. Since 〈e1|Hseek|ω〉 = |δ1| = | v2β+√

β2
++1
| and

v2 = −γ
√
N(1− α), let us verify the existence of

optimality when the coupling factor is chosen based on
Theorem 4.
(I) P = 1: Clearly β± = ±1 and |δ1| = 1√

2αN
. Optimal-

ity is preserved as shown in [4].

Since 1 ≤ β+ ≤
√
N for a large N , we have the following:

(IIA) 2 ≤ P ≤ N−1 and α ∝ 1
N : Since κ ∝

√
N − 1 and

γ ' N−1 from Theorem 4 (IIA), it implies β+ '
√
N .

We can further obtain |δ1| ∝ |v2| ∝
√
N−1
N ' 1√

N
.

(IIB) 2 ≤ P ≤ N − 1 and α ∝ 1 such as N−1
N : Since

κ ∝ 1/
√
N − 1 and γ ' 1/

√
N from Theorem 4 (IIB),

we know β+ ' 1 then |δ1| ∝ |v2/
√

2| ∝ γ/
√

2 ' 1√
2N

.

(IIC) 2 ≤ P ≤ N−1 and α is some constant: Since |δ1| =
1/(
√
Nα(β2

+ + 1)) and α(β2
+ + 1) < 2.2, the quadratic

speed-up is preserved as |δ1| is at least 1√
2.2N

.

Finally, let the overlap between |e1〉 and |s〉 be defined as

PO = |〈e1|s〉|2 =
∣∣∣
√

α
β2
+
− 1

β2
+N

+
√

1− α√
1 + 1

β2
+

∣∣∣2. (6)

Since 1/N ≤ α ≤ (N − 1)/N and 1 ≤ β+ ≤
√
N ,

the only time PO could be exponentially small is when
α ∝ (N − 1)/N . But when α ∝ (N − 1)/N , we know
β+ ∝ 1 from IIB. Hence, PO remains as some constant
that is not exponentially small.

From the facts I, IIA, IIB, IIC and PO is some non-
exponentially small constant, we conclude that when γ
is chosen based on Theorem 4, the underlying CTQW
remains optimal as the quadratic speed-up is preserved.

4 Specific Examples

Given a uniform complete P-partite graph (UCPG)
G = (V,E), we know P ∗m1 +m0 = N and the X3entry
for Hra for an UCPG can be simplified as (N−m0)(1− 1

P )

since P∗m1(N−m0−m1)
N−m0

= (N−m0)(1− 1
P ). We can easily

translate the UCPG into the three extreme graphs; com-
plete graph, bipartite graph and star graph, as demon-
strated in [4] by simply choose the right value for P and
m0.

5 Discussion

The notion of invariant subspaces[4] of continuous-
time quantum walk (CTQW) problems is a powerful
technique that simplifies the analyses of various quantum
walk related studies such as the spatial search algorithm,
quantum transport, and quantum state transfer. In
essence, it maps a spatial search algorithm to a transport
problem on a reduced graph. The dimensional reduction
is purposely constructed to preserve the dynamical
evolution of a walker. Hence, any quantum walker

optimization on a reduced graph guarantees an optimiza-
tion on the original graph. In this work, we apply this
technique to deduce an appropriate coupling factor for
the underlying CTQW to run optimally (to keep the
quadratic speed-up with running time O(

√
N)) for a

spatial search. We generalize the result in [4] from com-
plete graphs (CG), complete bipartite-graphs (CBG) and
star graphs (SG) to uniform complete P-partite graphs
(UCPG). It is clear that UCPG could be non-regular
or regular based on the constraints we impose. More
specifically, we (1) derive the formula for the coupling
factor γ and (2) show that CTQW constructed based on
our choice of coupling factor will remain optimal.

To demonstrate the validity of our main results in
section 3, we show the how to translate a UCPG graph
to CG, CBG and SG. It is clear we have the hierarchy
CG,CBG,SG ⊂ UCPG by simply adding constraints
on the general class to form more limited classes as
explained in section 4. We further verify our work by
examining our conclusion on UCPG with the CG, CBG
and SG cases shown in [4]. Our coupling factor formula
acting on the reduced UCPG echoes the results shown in
the CG, CBG and SG cases.

The proof of the optimality is two-fold. The speed
of the CTQW is based on (1) the transport efficiency
between the two lowest energy eigenstates (one is the
marked state |ω〉 and the other state is |e1〉) and (2)
the overlap between the initial state |s〉 and the |e1〉 in
the invariant subspace. We showed that the transport
efficiency preserved the quadratic speed-up and the
overlap is some constant that does not scale with the
inverse N (that is to say it would not be exponentially
small). Therefore, the CTQW based on a coupling factor
determined by our formula will remain optimal.
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Experimental entropic test of quantum contextuality in photonic system
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Abstract. Contextuality is an essential characteristic of quantum theory, and supplies the power for
many quantum information processes. Previous tests of contextuality focus mainly on the probability
distribution of measurement results. We report the first experimental test of contextuality based on
conditional entropies of measurement results. The entropic contextual inequality is violated with more
than 13 standard deviations, which shows that no such classical model can exist that correctly describes
the results of a simple set of pairwise compatible measurements. The information-theoretic approach to
state-dependent contextuality provides a general treatment of nonclassical correlations.

Keywords: contextuality, entropic contextual test, information-theoretic approach

Introduction:-Entropy is a key concept in both classical
and quantum information theory and provides a simple
characterization of classical and quantum correlations.
Entropy can be used to develop a framework of new ap-
plications, such as information entropic inequalities are
used as a fundamental tool in the context of quantum
information processing and measurement. In informa-
tion theory, the relation between different events can be
quantified by the notion of conditional entropy. It was
successfully applied to study the relation between sep-
arated measurements on different parts of an entangled
quantum system. The conditional entropies for measure-
ments on such systems do not obey classical properties of
entropy, which is yet another manifestation of quantum
nonlocality. As a consequence, Braunstein and Caves
proposed that entropic Bells inequality can be used to
test local realism, and argued that if local realism holds,
then the joint Shannon entropies have to satisfy a certain
form of inequalities.
Classical properties of entropy also fail do describe

measurements in contextual scenarios. In the classical
world, the outcomes of measurements are preassigned
probabilities according to a joint probability distribu-
tion. This defines the nonconextuality that the results of
a measurement are independent of other measurements
performed on the same system. In quantum theory, the
lack of joint probability distribution for a set of pairwise
compatible measurements, even though there exists joint
probabilities for each pair of compatible measurements,
implies the existence of quantum contextuality. Entropic
test of quantum contextuality has been studied theoret-
ically [1]. The violation of the entropic contextual in-
equality indicates that the joint probability distribution
does not exist. Insistence on a joint probability distribu-
tion would result in negative information whose deficit is
measured by the violation of the inequality. In this pa-
per, we experimentally study the contextuality of a three-
level quantum system using classical conditional entropy

∗gnep.eux@gmail.com

of measurement outcomes and provide the first experi-
mental violation of the entropic contextual inequality by
13 standard deviations. This paves the way to compact
and portable devices for contextuality-based quantum-
powered protocols.
Ideas:-When a measurement is compatible with each of

two other measurements that are incompatible with one
another, these define distinct contexts for the given mea-
surements. The noncontextuality theorem rules out mod-
els of quantum theory that satisfy a particular assump-
tion of context-independence. First we briefly review the
notion of compatibility. Consider two measurements A
and B, which accept an input system and output random
variables a and b, respectively. A and B are compatible
if there is conditional distribution, i.e., the probabilities
of outputs a and b equal to the marginal probabilities of
the joint probabilities p(A = a,B = b) of measurement
results of context {A,B},

p(A = a) =
∑
b

p(A = a,B = b),

p(B = b) =
∑
a

p(A = a,B = b).
(1)

Now we consider what these notions of compatibility
correspond to in quantum theory. In quantum theory
the measurements A and B are represented by projective
measurements. Then A and B are compatible if they are
orthogonal

⟨A|B⟩ = 0. (2)

We study the contextuality of a three-level quantum
system using classical conditional entropy of measure-
ment outcomes [1]. At least five projective measure-
ments M = {A1, A2, . . . , A5} where Ai = |Ai⟩⟨Ai| sat-
isfies cyclic orthogonality restriction ⟨Ai|Ai+1⟩ = 0 and
the subscript is modulo five, are required to show the lack
of joint probability distribution and to reveal the contex-
tuality. In the measurement set M, neighboring projec-
tors are jointly measurable due to their orthogonality. As
a result, for every projector Ai there exist two contexts
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Figure 1: (a) Single photons are distributed in
three modes, which represent the basis states |Ai+1⟩,
|Ai ×Ai+1⟩, and |Ai⟩. (b) A transformation Ti+1→i−1

is applied to the two upper modes, and the basis states
are transformed into |Ai−1⟩ and |Ai−1 ×Ai⟩. The lower
mode is kept completely unchanged. (c) An example of
realizing the projective measurements {A1, A2}. (d) Con-
ceptual scheme for the measurements {A5, A1}.

{Ai, Ai±1}. Therefore, although there are joint proba-
bility distributions p(Ai, Aj) of each pair of compatible
measurements, a joint probability distribution of all the
five measurements is absent in quantum theory, which
imposes the conflict with the noncontextual assumption.
With the assumption of noncontextual description of

the measurements inM, i.e., there exists a joint probabil-
ity distribution for all five projectors p(A1, A2, . . . , A5),
one can define a joint entropy [1]

H(A1, . . . , A5) =

4∑
i=1

H(Ai|Ai+1, . . . , A5) +H(A5) (3)

with the application of the chain rule H(A,B) =
H(A|B) + H(B), where the Shannon entropy H(A) =
−
∑
a p(A = a) log p(A = a), conditional entropy

H(A|B) =
∑
b p(B = b)H(A|B = b), and joint entropy

H(A,B) = −
∑
a

∑
b p(A = a,B = b) log p(A = a,B =

b). With application of the relation H(A|B) ≤ H(A) ≤
H(A,B), the entropic contextual inequality is yielded [1]

C = H(A1|A5)−
4∑
i=1

H(Ai|Ai+1) ≤ 0. (4)

The maximal violation of the inequality for a three-
level system [1] is numerically solved with the input state
|ψ⟩ = (sin θ, cos θ, 0)T and projectors |Ai⟩ as [1]

|A1⟩ =
(√

cos 2ϕ√
2 cosϕ

,
tanϕ√

2
,
1√
2

)T

,

|A2⟩ = (0, cosϕ,− sinϕ)T, |A3⟩ = (1, 0, 0)T,

|A4⟩ = (0, cosϕ, sinϕ)T, |A5⟩ = |A1 ×A4⟩ ,

where |Ai ×Aj⟩ = (|Ai⟩×|Aj⟩)/(|| |Ai⟩×|Aj⟩ ||) denotes
a normalized projector orthogonal to both |Ai⟩ and |Aj⟩.
The maximal violation of the inequality Cmax = 0.0911
exists when the parameters θ = 0.2366 and ϕ = 0.1698.
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Figure 2: Experimental setup. In the type-I spontaneous
parametric down-conversion process, pairs of 780nm pho-
tons are created both in horizontally polarized state. One
photon is detected by trigger detector to herald the other
photon which is guided to the optical circuit. The polar-
ization beam splitter (PBS) is used to filter the unwanted
vertical polarization and initializing the photon into hori-
zontally polarized. The half-wave plates (HWPs) H0 and
H1 are used to prepare the photonic three-level system
in the basis state |A4⟩, |A5⟩, and |A4 ×A5⟩. Different
spatial modes are split and combined using calcite beam
displacers (BDs). The HWPs H4, H5, and H8 are used
to switch on or off the transformations between differ-
ent bases. The HWPs H2, H3, H6, and H7 are used to
compensate the different path lengths between the two
spatial modes and flip the polarization. The photons
are detected by the single-photon avalanche photo diodes
(APDs).

Experimental scheme:-The entropic inequality can be
tested experimentally if we assume that a long series of
individual experimental runs would result in a fair sam-
pling of a joint probability distribution. In Fig. 1(a),
we prepare single photons, each distributed among three
modes. The two outcomes of a given measurement are
monitored by detectors. For example, the outcomes of
the measurement Ai+1 are given by the response of the
upper detector D, and we assign value to the outcome
as a1 = 1 if it clicked, and 0 if not. Similarly, the out-
comes of measurement Ai are given by the response of
the lower detector D’. By measuring Ai and Ai+1 to-
gether for a number of photons we obtain the average
value ⟨AiAi+1⟩. To measure the other context {Ai−1Ai},
we perform a transformation Ti+1→i−1 on the two upper
modes in Fig. 1(b). The lower detector still measures
the outcome of Ai, while the upper detector defines a
different measurement Ai−1. For any specific run of the
experiment it appears reasonable to assume that whether
or not detector Ai clicks must be independent of whether
we apply the transformation to the other two modes or
not. The other detector (not shown in Fig. 1 on the mode
corresponding to the state distinguishes the non-click of
both detectors from the case that no photon arrives.
In our experiment, at the first stage of measurement

the response of two detectors monitoring the optical
modes defines a pair of measurements {A4, A5}. The
photons in the hybrid optical modes are then split into
three spatial modes and the output of three detectors re-
veal the measurement results of context {A4, A5}. The
transformation T5→3 is applied on the two upper modes
to transform the basis to A3A4 and the average value
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⟨A3A4⟩ is obtained by measuring A3 and A4 together
for a number of single photons. The cascaded transfor-
mations T5→3 and T4→2 are applied and we obtain the
average value ⟨A2A3⟩. Similarly we obtain ⟨A1A2⟩ by
applying the cascaded transformations T5→3 on the two
upper modes, T4→2 on the two lower modes and T3→1

on the two upper modes in Fig. 1(c). The transforma-
tions are applied, each time changing one measurement
and leaving the other unaffected. Finally, the measure-
ment of context {A5, A1} is realized by applying all the
transformations and at the same time blocking the spa-
tial mode corresponding to the outcome a5 = 0(1) of the
projector A5 in Fig. 1(d). We only apply the projective
measurement A1 and the outcome a1 gives the outcome
of the joint measurement (a5 = 1(0), a1).
Experimental test:-The experimental setup is shown

in Fig. 2. In the type-I spontaneous parametric down-
conversion process, pairs of 780nm photons are created
both in horizontally polarized state. Triggering on one
photon prepares the other photon into a horizontally po-
larized single-photon state. Two of the three modes are
realized as two polarizations of a single spatial mode.
Different spatial modes are split and combined using cal-
cite beam displacers. The transformations can be imple-
mented using half-wave plates acting on the two polariza-
tion modes propagating in the same spatial mode. The
transformations are activated and deactivated by tuning
the setting angles of the certain half-wave plates for re-
alizing the projective measurements.
Photons are detected by single-photon detectors. We

only register the coincidences between the detectors D1,
D2 and D3 and the trigger one with a 3ns coincidence
time window. The two-fold clicks of the detectors pro-
vide the outcomes of measurements {Ai, Ai+1} as (Ai =
1, Ai+1 = 0), (Ai = 0, Ai+1 = 1) and (Ai = 0, Ai+1 = 0),
respectively. The outcome (Ai = 1, Ai+1 = 1) is as-
signed by the three-fold coincidence clicks of two detec-
tors corresponding to the projectors Ai and Ai+1 and
the trigger one. Since we use heralded single photons,
the probability of the three-fold coincidences is of order
10−4 and is negligible. It agrees with the fact that the
result (Ai = 1, Ai+1 = 1) corresponds to an impossi-
ble event that a vector is simultaneously proportional
to two orthogonal vectors. For each measurement, we
record clicks for 5s, and register about 40000 single pho-
tons. After correcting the counts by the relative effi-
ciencies of the different detectors, the photon counts are
used to construct the measured probabilities. The mea-
sured probabilities are then used to calculate the condi-
tional entropies H(Ai|Ai+1) to evaluate the value C in
the entropic contextulity inequity. The experimental re-
sult C = 0.0881 ± 0.0063 violates the noncontextuality
bound of inequality by 13 standard deviations and fits
well with the theoretical prediction 0.0911 [1].
The compatibility of measurements in contexts and the

identity relation between the same measurement in dif-
ferent contexts, are two important issues in the exper-
iment to test contextuality. The compatibility between
two measurements {Ai, Ai+1} (i = 1, ...4) in our experi-

ment is enforced by the experimental setup as the basis
states |Ai⟩ are represented by photons in the different
modes and the outcomes of the measurements are mon-
itored by the detectors in the different modes. Thus the
projectors {Ai, Ai+1} (i = 1, ...4) are pairwise orthogonal
in principle. The compatibility between A5 and A1 de-
pendents on the accuracy of the optical circuit, especially
the precision of the half-wave plates and the visibility of
the interference built by each pair of beam displacers. In
our experiment, the uncertainty of the setting angles of
half-wave plates is about 1◦, and the visibility of each in-
terference built by pair of beam displacers is larger than
99.8%. The probability p(A5 = 1|A1 = 1) = 0.0006(1)
denotes that ⟨A5|A1⟩ ≃ 0, i.e., A1 and A5 can be re-
garded to be orthogonal. A1 and A5 are compatible in
our experiment within acceptable errors. All the pro-
jective measurements in our experiment are performed
via a single optical circuit which can be tuned to vari-
ous configurations when it is needed for measuring dif-
ferent contexts. It ensures that the same measurement
in two different contexts are undoubtedly operationally
equivalent. Furthermore, unlike the method in, the mea-
surement {A5, A1} is realized by blocking the photons
in certain spatial modes rather than blocking the pho-
tons with certain polarizations. Therefore the blocking
process does not introduce any unwanted bias (such as
the probability of transmitting vertically polarized pho-
ton due to unperfect splitting ratio or the changes in the
optical length between different spatial modes) to the fol-
lowing optical circuit.
Detector efficiencies and losses in the setup open up

the detection loophole in our experiment. Thus, a fair-
sampling assumption is taken in our experiment, which
assumes all the events recorded by the detectors are un-
biased representative samples of all created photons.
The experiment accounts for the coincidence between

the trigger and two of the detectors (D1, D2 and D3),
which gives the rational negligible probability with single
photon while it is invalid with classical light. our setup
offers a contextuality test in novel ways that cannot be
achieved using classical light.
Summary:-We study the contextuality of a three-level

quantum system using classical conditional entropy of
measurement outcomes experimentally. Our experimen-
tal results show a violation of the entropic contextual in-
equality with single photons. To our knowledge this is the
first rigorous demonstration of entropic text of quantum
contextuality. Our method to test the entropic contex-
tuality sheds new light on the conflict between quantum
mechanics and noncontextual realistic models, and paves
the way for further research on fundamental quantum
resources.
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Abstract. In order to guarantee the output of a quantum computation we usually assume that the com-
ponent devices are trusted and behave ideally. This assumption becomes difficult to justify experimentally
with increasing size of the computation and verifying the output becomes problematic. We introduce a
verification protocol in the context of measurement-based quantum computation with untrusted devices.
For a computation on n qubits, the overhead for our protocol scales as O(n4 log n).
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Quantum computation offers a novel way of process-
ing information and promises solution of some classically
intractable problems ranging from factorization of large
numbers [1] to simulation of quantum systems [2]. How-
ever, as quantum information processing technologies im-
prove, a natural question arises; “How can we guarantee
the computation outcome of a prepared quantum com-
putation machine?” For problems such as factorization,
this does not present an issue as verification takes the
form of simple multiplication of numbers. However, we
cannot deny a possibility that the constructed quantum
device suffers from unexpected noise or unaccounted cor-
relations between several subsystems resulting from our
insufficient experimental control. That is, we need to
guarantee (verify) the outcome without any noise model
and this task is called the verification of quantum com-
putation [3, 4, 5, 6, 7, 8, 9].

At first this may seem a daunting task, particularly
when considered in the context of quantum circuit model.
In order to verify the correctness of the output it would
appear that one needs to keep track of the entire dynam-
ics, effectively classically simulating the quantum com-
putation. This can of course be achieved only for the
smallest of quantum systems due to the exponential in-
crease in the dimensionality of the Hilbert space with
increasing system size.

Measurement-based model of quantum computation
(MBQC), is equivalent to the quantum circuit model
but uses non-unitary evolution to drive the computation
[10, 11, 12]. In this model, the computation begins with
preparation of an entangled multi-qubit resource state
and proceeds by local projective measurements on this
state that use up the initial entanglement.

In order to verify a quantum computation it is neces-
sary to guarantee the initial resource state as well as the
operation of quantum measurement devices. If the mea-
surement devices are ideal and therefore can be trusted,
it is sufficient to perform stabiliser test on the initial state
to guarantee the computation [13].

We propose a new hybrid protocol [14] that guarantees
the computation outcome without trusting the measure-
ment devices. We employ stabiliser test to guarantee the

∗masahito@math.nagoya-u.ac.jp
†cqtmich@nus.edu.sg

Figure 1: Triangular lattice is represented by a three-
colarable graph.

initial state as well as self-testing techniques to certify
the operation of quantum devices. Self-testing [15, 16]
is a statistical test that compares measured correlations
with the ideal ones and based on the closeness of these
two cases draws conclusions whether the real devices be-
have as instructed under a particular definition of equiv-
alence. Self-testing does not make any artificial assump-
tions about the Hilbert space structure of the devices
or the measurement operators corresponding to classical
outcomes observed.

Existing verification protocols have astronomical over-
head requirements [3, 4]. For a computation on n qubits
the number of copies required to verify the computation
using our protocol scales as O(n4 log n) as opposed to
O(nk), where k > 8000 in the case of [3], and O(n22) in
[4]. Same scaling as ours has been achieved by protocol
in [5] using measurements with complex coefficients and
verification tools developed in [8].

We consider a particular universal set of measurements
given by Pauli X, Z, A(0) and A(1), where A(i) =
(X + (−1)iZ)/

√
2, acting on a triangular graph state

[17] pictured in FIG. 1, avoiding complications with self-
testing measurements with complex coefficients. The ba-
sic building block of our protocol is a self-testing routine
for two-qubit state |Φ′〉 = (|0,+〉 + |1,−〉)/

√
2 pictured
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Figure 2: Representation of the self-testing procedure for
the state (|0,+〉+ |1,−〉)/

√
2.

in FIG. 2. Here we use primes to denote real states and
real measurement operators that may deviate from the
ideal case. Self-testing of Bell states was considered in
[15, 16] and greatly simplified in [18]. However using
these particular tests would require O(n8) copies of Bell
pairs therefore we consider a modified test with differ-
ent measurement settings which reduce the overhead to
O(n4).

We prepare 8m copies of the state |Φ′〉 which are ran-
domly split into 8 groups that are then measured with
8 different measurement settings to check the following
correlations,

〈X ′1Z ′2〉, 〈Z ′1X ′2〉 = 1,

〈A(0)′1(Z ′2 +X ′2)〉, 〈A(1)′1(Z ′2 −X ′2)〉 ≥
√

2− c1/
√
m,

|〈X ′1X ′2 + Z ′1Z
′
2〉| ≤ c1/

√
m,

where c1 quantifies the deviation from ideal correlations.
This leads to the following theorem.

Theorem 1 Given a significance level α and an accep-
tance probability β, there exists a pair of positive real
numbers c1 and c2 satisfying the following condition. If
the state (|0,+〉 + |1,−〉)/

√
2 and measurement are pre-

pared with no error, Bell pair test with the above c1 is
passed with probability β. Once the test with the above
c1 is passed, we can guarantee, with significance level α,
that there exists an isometry U : H′1 → H1 such that

‖UM ′1U† −M1‖ ≤ δ,

where δ := c2m
−1/4 is the required precision level and

M ∈ {X,Z,A(0), A(1)}.

Significance level α is the maximum passing probability
when at least one of the measured correlation inequalities
does not actually hold. The acceptance probability β is
also called the power of the test in hypothesis testing and
is the probability to accept the test in the ideal case. To

satisfy the detectability and the acceptability, α and β
are chosen to be constants close to 0 and 1, respectively,
which leads to their trade-off relation.

Next step is to generalise the above test to the case of
a triangular lattice |G′〉 being the initial state. In [14]
we show how the Bell pair test can be simply extended
to the triangular graph. This is achieved by starting
with the prepared triangular state and applying Pauli
Z ′ measurements and unitaries to transform the initial
state into a collection of states |Φ′〉 and subsequently
self-testing them as outlined above. The last part of our
protocol is the stabiliser test that tests the correlations
of the triangular lattice and certifies the correctness of
the initial state as shown in [13].

The full verification procedure starts by preparing
75m + 1 copies of the initial triangular graph state, di-
viding them randomly into 75+1 groups, where 1 copy is
left for the computation itself. This leads to the following
theorem.

Theorem 2 Given a significance level α and an accep-
tance probability β, there exists a pair of positive real
numbers c2 and c4 satisfying the following condition. If
the state |G〉 and our measurements are prepared with no
error, the test with c1 = c4(log n)1/2 is passed with proba-
bility β. Once the test with c1 = c4(log n)1/2 is passed, we
can guarantee, with significance level α, that there exist
local isometries Ui : H′i → Hi such that∥∥UiM

′
iU
†
i −Mi

∥∥ ≤ δ, Tr
[
σ(I − P ′)

]
≤ α

m

where δ := c2( logn
m )1/4, σ is the resultant state on the

final group, and P ∈ {P1, P2, P3} are POVM elements
corresponding to passing the stabiliser tests.

Theorem 2 can be used to show that an adaptive
POVM {M ′i}i on all the vertices ofthe graph state satis-
fies

‖UM ′iU† −M‖ ≤ 8nδ,

where the isometry is U = U1 ⊗ . . .⊗ Un. The prepared
initial state satisfies

‖UσU† − |G〉〈G|‖1 ≤ 6nδ +
3δ

m

Combining these expressions leads to a bound on the
probability of accepting an incorrect outcome of a com-
putation,

pincorrect ≤ 14nδ +
3α

m
,

where δ = O( logn
m )1/4. Choosing the number of copies of

the initial state m to scale as O(n4 log n) we are able to
achieve a constant bound for pincorrect.

Our protocol is related to measurement-only blind
quantum computation [9]. While our setting does not
consider explicitly any malicious party, the unexpected
error can be considered to be generated by such party.
Therefore, our result can be translated into the setting
of measurement-only blind quantum computation which
has been recently demonstrated experimentally in a pho-
tonic setup [19]. Ability to quickly generate and measure
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quantum states is essential in any verification protocol
therefore we believe that this setup shows great promise
for implementing the self-guaranteed protocol in the near
future. Further simplification compared to other existing
schemes is that we only require independence between 4
parts of our protocol, namely between the preparation
stage and the measurements on the 3 sets of vetices of
the triangular lattice corresponding to the 3 colours of
the underlying graph.
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Abstract. We present a scheme for teleporting a certain class of six-qubit state via an eight-qubit cluster
state as quantum channel. In our scheme, the sender merely needs to perform an eight-qubit von-Neumann
projective measurement, and the receiver gives a corresponding general evolution to restore the original
state. Our scheme is a deterministic scheme. Based on the comparison between our scheme and other
schemes proposed before, our scheme possesses higher intrinsic efficiency.
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1 Introduction
Quantum teleportation is an important research con-

tent in quantum information, and it has the main re-
search value in quantum computation and quantum com-
munication. In 1993 Bennett et al. firstly proposed
the concept of quantum teleportation [1], and designed
a theoretical scheme of quantum teleportation of two-
level particles. Research about quantum teleportation
has been constantly development, people proposed that
using EPR state [2], W state [3], GHZ state [4], Clus-
ter state et al. entangled state as quantum channel of
quantum teleportation. Among them, Cluster state has
the properties of GHZ and W entangled states [5]. When
the number of particles is more than three, cluster state
also has the characteristics of maximum connectedness
and a high persistency of entanglement[6, 7]. Therefore,
cluster state is widely used in quantum teleportation.
Transferring an arbitrary two-particle state by using a
one-dimensional cluster state of QT is proposed by X.
W. Wang et al. [8]. Binayak S. Choudhury proposed
quantum teleportation protocol of three-qubit state us-
ing four-qubit quantum channels [9]. Many teleportation
protocols using the multi-particle cluster state are pro-
posed [10].

In this paper, we use an eight-qubit cluster state to
teleport a six-qubit state. Firstly, the sender Alice op-
erates an eight-qubit von-Neumann projective measure-
ment. Then, Alice informs the receiver Bob of her mea-
sured results via the classical channel. To restore the
target state, Bob gives a corresponding general evolution
on his particles. The successful possibility of our scheme
is 1. In addition, we also compared our scheme with oth-
er schemes [9, 11], our scheme has the higher intrinsic
efficiency.

2 Main result
Alice wants to transmit an unknown six-qubit entan-

gled state to a distant receiver Bob. The six-qubit pure
quantum state is described as

∗zhaonan@xidian.edu.cn
†min-li-1025@163.com
‡nchen@mail.xidian.edu.cn

|χ⟩abcdef = (α |000000⟩+ β |000010⟩

+γ |111101⟩+ δ |111111⟩)abcdef
(1)

where|α|2 + |β|2 + |γ|2 + |δ|2 = 1. Suppose one quantum
channel shared between Alice and Bob : an eight-qubit
cluster state is given by,

|ϕ⟩12345678 = (α |00000000⟩+ β |00001001⟩
+γ |11110110⟩+ δ |11111111⟩)12345678

(2)

where the qubits a, b, c, d, e, f, 7 and 8 belong to Alice,
qubits 1, 2, 3, 4, 5 and 6 belong to Bob, respectively.

The details of the joint state of the six-qubit state and
the quantum channel is listed in Equation 19.

Consider mutually orthonormal eight-qubit states in
Alice′s possession

∣∣φi⟩
adcdef78

(i = 1, 2, · · · , 16)are given
by, ∣∣φ1⟩

abcdef78
=

1

2
(α |00000000⟩+ β |00001001⟩

+γ |11110110⟩+ δ |11111111⟩)abcdef78
(3)

∣∣φ2⟩
abcdef78

=
1

2
(α |00000000⟩ − β |00001001⟩

+γ |11110110⟩ − δ |11111111⟩)abcdef78
(4)

∣∣φ3⟩
abcdef78

=
1

2
(α |00000000⟩+ β |00001001⟩

−γ |11110110⟩ − δ |11111111⟩)abcdef78
(5)

∣∣φ4⟩
abcdef78

=
1

2
(α |00000000⟩ − β |00001001⟩

−γ |11110110⟩+ δ |11111111⟩)abcdef78
(6)

∣∣φ5⟩
abcdef78

=
1

2
(α |00000001⟩+ β |00001000⟩

+γ |11110111⟩+ δ |11111110⟩)abcdef78
(7)

∣∣φ6⟩
abcdef78

=
1

2
(α |00000001⟩ − β |00001000⟩

+γ |11110111⟩ − δ |11111110⟩)abcdef78
(8)

∣∣φ7⟩
abcdef78

=
1

2
(α |00000001⟩+ β |00001000⟩

−γ |11110111⟩ − δ |11111110⟩)abcdef78
(9)
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∣∣φ8⟩
abcdef78

=
1

2
(α |00000001⟩ − β |00001000⟩

−γ |11110111⟩+ δ |11111110⟩)abcdef78
(10)

∣∣φ9⟩
abcdef78

=
1

2
(α |00000010⟩+ β |00001000⟩

+γ |11110111⟩+ δ |11111101⟩)abcdef78
(11)

∣∣φ10⟩
abcdef78

=
1

2
(α |00000010⟩ − β |00001000⟩

+γ |11110111⟩ − δ |11111101⟩)abcdef78
(12)

∣∣φ11⟩
abcdef78

=
1

2
(α |00000010⟩+ β |00001000⟩

−γ |11110111⟩ − δ |11111101⟩)abcdef78
(13)

∣∣φ12⟩
abcdef78

=
1

2
(α |00000010⟩ − β |00001000⟩

−γ |11110111⟩+ δ |11111101⟩)abcdef78
(14)

∣∣φ13⟩
abcdef78

=
1

2
(α |00000011⟩+ β |00001010⟩

+γ |11110101⟩+ δ |11111110⟩)abcdef78
(15)

∣∣φ14⟩
abcdef78

=
1

2
(α |00000011⟩ − β |00001010⟩

+γ |11110101⟩ − δ |11111100⟩)abcdef78
(16)

∣∣φ15⟩
abcdef78

=
1

2
(α |00000011⟩+ β |00001010⟩

−γ |11110101⟩ − δ |11111100⟩)abcdef78
(17)

∣∣φ16⟩
abcdef78

=
1

2
(α |00000011⟩ − β |00001010⟩

−γ |11110101⟩+ δ |11111100⟩)abcdef78
(18)

After the measurement, Alice informs Bob of her mea-
surement result by the classical channel. Bob gives a
corresponding Pauli rotation, and restores the target s-
tate. Alice′s measured results, her communicated results
to Bob and Bob′s corresponding operations are listed in
Table 1.

In addition, we further compare our scheme with other
similar schemes proposed before. To compare the follow-
ing four aspects: the quantum resource expenditure, the
number of quantum channel, the classical resource expen-
diture and the intrinsic efficiency. They are summarized
in Table 2.

From Table 2, comparing our scheme to the Z and B
schemes, we can readily discover that our scheme has the
remarkable advantages of requiring fewer quantum chan-
nels, possessing higher intrinsic efficiency, and transmit-
ting more quantum information bits.

3 Conclusion
In summary, we propose a deterministic scheme for the

teleportation of a six-qubit state. We have explicitly giv-
en the required measurements for Alice and the specific
unit operations required for Bob to reconstruct the six-
qubit state. The successful possibility of our scheme is 1.
In section 2, we also have compared our scheme with oth-
er schemes on four aspects. Comparisons show that our
scheme has the remarkable advantages of requiring fewer
quantum channels, possessing higher intrinsic efficiency,
and transmitting more quantum information bits. In ad-
dition, based on the existing technologies our scheme is
feasible.
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|τ⟩ = |χ⟩abcdef ⊗ |ϕ⟩12345678

=
1

4

[∣∣φ1⟩
abcdef78

(α |000000⟩+ β |000010⟩+ γ |111101⟩+ δ |111111⟩)123456

+
∣∣φ2⟩

abcdef78
(α |000000⟩ − β |000010⟩+ γ |111101⟩ − δ |111111⟩)123456

+
∣∣φ3⟩

abcdef78
(α |000000⟩+ β |000010⟩ − γ |111101⟩ − δ |111111⟩)123456

+
∣∣φ4⟩

abcdef78
(α |000000⟩ − β |000010⟩ − γ |111101⟩+ δ |111111⟩)123456

+
∣∣φ5⟩

abcdef78
(α |000010⟩+ β |000000⟩+ γ |111111⟩+ δ |111101⟩)123456

+
∣∣φ6⟩

abcdef78
(α |000010⟩ − β |000000⟩+ γ |111111⟩ − δ |111101⟩)123456

+
∣∣φ7⟩

abcdef78
(α |000010⟩+ β |000000⟩ − γ |111111⟩ − δ |111101⟩)123456

+
∣∣φ8⟩

abcdef78
(α |000010⟩ − β |000000⟩ − γ |111111⟩+ δ |111101⟩)123456

+
∣∣φ9⟩

abcdef78
(α |111101⟩+ β |111111⟩+ γ |000000⟩+ δ |000010⟩)123456

+
∣∣φ10⟩

abcdef78
(α |111101⟩ − β |111111⟩+ γ |000000⟩ − δ |000010⟩)123456

+
∣∣φ11⟩

abcdef78
(α |111101⟩+ β |111111⟩ − γ |000000⟩ − δ |000010⟩)123456

+
∣∣φ12⟩

abcdef78
(α |111101⟩ − β |111111⟩ − γ |000000⟩+ δ |000010⟩)123456

+
∣∣φ13⟩

abcdef78
(α |111111⟩+ β |111101⟩+ γ |000010⟩+ δ |000000⟩)123456

+
∣∣φ14⟩

abcdef78
(α |111111⟩ − β |111101⟩+ γ |000010⟩ − δ |000000⟩)123456

+
∣∣φ15⟩

abcdef78
(α |111111⟩+ β |111101⟩ − γ |000010⟩ − δ |000000⟩)123456

+
∣∣φ16⟩

abcdef78
(α |111111⟩ − β |111101⟩ − γ |000010⟩+ δ |000000⟩)123456

]

(19)

Table 1: Strategy for recovering the six-qubit state
Alice′s
results

Classical
information Bob’s state Bob’s operation∣∣φ1

⟩
0000 α |000000⟩+ β |000010⟩+ γ |111101⟩+ δ |111111⟩ I ⊗ I ⊗ I ⊗ I ⊗ I ⊗ I∣∣φ2

⟩
0001 α |000000⟩ − β |000010⟩+ γ |111101⟩ − δ |111111⟩ I ⊗ I ⊗ I ⊗ I ⊗ δz ⊗ I∣∣φ3

⟩
0010 α |000000⟩+ β |000010⟩ − γ |111101⟩ − δ |111111⟩ I ⊗ I ⊗ I ⊗ δz ⊗ I ⊗ δz∣∣φ4

⟩
0011 α |000000⟩ − β |000010⟩ − γ |111101⟩+ δ |111111⟩ I ⊗ I ⊗ I ⊗ δz ⊗ δz ⊗ I∣∣φ5

⟩
0100 α |000010⟩+ β |000000⟩+ γ |111111⟩+ δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ δx ⊗ I∣∣φ6

⟩
0101 α |000010⟩ − β |000000⟩+ γ |111111⟩ − δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ iδy ⊗ I∣∣φ7

⟩
0110 α |000010⟩+ β |000000⟩ − γ |111111⟩ − δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ δx ⊗ δz∣∣φ8

⟩
0111 α |000010⟩ − β |000000⟩ − γ |111111⟩+ δ |111101⟩ I ⊗ I ⊗ I ⊗ I ⊗ iδy ⊗ δz∣∣φ9

⟩
1000 α |111101⟩+ β |111111⟩+ γ |000000⟩+ δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ I ⊗ δx∣∣φ10

⟩
1001 α |111101⟩ − β |111111⟩+ γ |000000⟩ − δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ δz ⊗ δx∣∣φ11

⟩
1010 α |111101⟩+ β |111111⟩ − γ |000000⟩ − δ |000010⟩ δx ⊗ δx ⊗ δx ⊗ δx ⊗ I ⊗ iδy∣∣φ12

⟩
1011 α |111101⟩ − β |111111⟩ − γ |000000⟩+ δ |000010⟩ δx⊗ δx⊗ δx⊗ iδy⊗ δz⊗ δx∣∣φ13

⟩
1100 α |111111⟩+ β |111101⟩+ γ |000010⟩+ δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ δx⊗ δx∣∣φ14

⟩
1101 α |111111⟩ − β |111101⟩+ γ |000010⟩ − δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ iδy⊗ δx∣∣φ15

⟩
1110 α |111111⟩+ β |111101⟩ − γ |000010⟩ − δ |000000⟩ δx⊗ δx⊗ δx⊗ δx⊗ δx⊗ iδy∣∣φ16

⟩
1111 α |111111⟩ − β |111101⟩ − γ |000010⟩+ δ |000000⟩ δx⊗δx⊗δx⊗ iδy⊗ iδy⊗δx

Table 2: Comparison between three prorocols

S QRE QC CRE QIBT η

Z 2 GHZ-like State 2 6 2 2/12
B 3 Four-qubit Cluster State 3 12 3 3/24
Our 1 Eight-qubit Cluster State 1 8 6 6/16

The Z,B, in turn, on behalf of Ref [9, 11]. The intrinsic efficiency of the communication scheme
is defined [12] as η = qs/ (qu + bt), where qs is the number of qubits that consist of the quantum
information to be exchanged, qu is the number of the qubits which are used as the quantum channel
(except for those chosen for security checking), bt is the classical bits transmitted
QRE quantum resource expenditure, QC the number of quantum channel, CRE classical resource
expenditure, QIBT quantum information bits transmitted

140



MATRIX PRODUCT STATE METHODS FOR PREDICTIVE
MODEL

CHENGRAN YANG1,∗, FELIX BINDER1,VARUN NARASIMHACHAR1, MILE GU1,2

1) OVERVIEW
Predictive models use a stochastic process’s past to
predict its future [1]. Among them, ε machines re-
quire the least memory. Quantum ε machines use
quantum storage to further reduce the memory re-
quirement [2, 3].
Matrix product states (MPS) are mathematical tools
used to simplify the representation of quantum
states in condensed matter physics [4]. Here we ap-
ply MPS to the states of quantum ε machines, open-
ing up potential for adapting insights from MPS the-
ory to understanding stochastic processes. To illus-
trate, we present a simple MPS-based derivation of
the memory size of a quantum ε machine.

2) ε MACHINE
Discrete stochastic process with alphabet X :

p(←→x ),←→x ≡ · · ·x−1x0x1 · · · , xi ∈ X

Predictive model: Predict the future according to
the given the past.

Causal states Sk: Partitions of the set {←−x } of all
pasts, induced by the equivalence relation

←−x ∼ ←−x
′
: p(−→x |←−x ) = p(−→x |←→x )

ε-machine stores the causal state when given the
past.

ε(←−x ) = Si

Transition probability between causal states:

T xk→j = p(Sj , x|Sk)

Classical memory Cµ for ε-machine:

Cµ = −
∑
k

p(Sk) log2 p(Sk)

where p(Sk) is stationary distribution of causal
states.
An example: Nemo process

An edge labeled “p|x” denotes a state transition
generating symbol x and occurring with probabil-
ity p.

3) QUANTUM ε MACHINE
A quantum ε-machine stores quantum signal states
instead of classical causal states.
Length-1 quantum signal states:

|S1
k〉 =

∑
x,j

√
p(Sj , x|Sk)|x〉|j〉

where {|x〉} and {|j〉} are orthogonal bases corre-
sponding to outcomes and causal states, respec-
tively.
Length-L quantum signal state:

|SLk 〉 =
∑

x1···xL,j

√
p(Sj , x1 · · ·xL|Sk)|x1 · · ·xL〉|j〉

Quantum predictive model:

Mixed quantum signal state:

ρ =
∑
k

p(Sk)|SLk 〉〈SLk |

Quantum memory:

Cq(L) = S(ρ) ≤ Cµ

where S(ρ) is the von Neumann entropy of ρ.

4) MATRIX PRODUCT STATES
A generic n-sites quantum state |ψ〉 expressed on a
certain basis

|ψ〉 =
∑

i1i2···in

ci1i2···in |i1i2 · · · in〉

MPS method decomposes coefficients into a se-
quence of site matrices:

ci1i2···in = A[1]i1A[2]i2 · · ·A[n]in

Graphical representation of an MPS:

Each site matrix is represented by a node with two
or three legs related to the corresponding indices.
The link between two nodes is the summation over
the corresponding index.
The canonical form of an MPS corresponds to
Schmidt decomposition at each site:

λ[i] ≡ Schmidt coefficients for partition at site i.

5) MPS FOR QUANTUM ε MACHINE
quantum sample state: Sample a stochastic process
by measuring on a certain basis.

|ψ〉 =
∑
←→x

√
p(←→x )|←→x 〉

MPS representation for a quantum sample state:

The site matrix A is translationally invariant

The amplitude is the square root of probability dis-
tribution:

Length-L quantum signal states:

At L = ∞, mixed quantum signal state is obtained
by partial tracing over the past of the quantum sam-
ple state:

As L → ∞, the entanglement entropy at any parti-
tion approaches the quantum memory

E = S(ρ) = Cq(∞)

6) CALCULATING Cq USING MPS
The process of calculating quantum memoryCq(∞):

The canonical form provides the Schmidt coeffi-
cients.
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Sine-wave gating InGaAs/InP single photon detector with ultralow
afterpulse
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Abstract. Sine-wave gating method is widely used in high-speed single photon detection (SPD), but
shows extra afterpulse probability compared with the self-differencing technique. Here, we demonstrate that
most extra afterpulses of the sine-wave gating SPD come from successive avalanche signals and distortion
of electrical filters, and also propose an effective method by removing the wider filtered avalanche signals
to reduce the afterpulse probability. At 1 GHz gating frequency, the ultralow afterpulse probability is
characterized as 1.0% and 0.54% for a photon detection efficiency of 20.7% and 10.9%, respectively.

Keywords: single photon detector, quantum key distribution, Quantum cryptography

1 Introduction

Single photon detector (SPD) has been one of the key
components in many emerging fields, especially in optical
quantum information applications [1]. In near-infrared
SPDs, InGaAs/InP avalanche photodiodes (APD) are
widely employed. In order to get better performance,
the InGaAs/InP APDs are typically operated in gated
Geiger mode, by adding short gating pulses which are
coincident with signal photons over a DC biased voltage.
However, due to the junction capacitance of APD, the ca-
pacitive noise corresponding to the gating pulses would
bury the weak avalanche signal. And, the afterpulsing
effect caused by defects of APD limits the working speed
of the near-infrared SPD.
To improve the performance of SPDs based on In-

GaAs/InP APD over GHz speed, several novel techniques
such as sine-wave gating method [2, 3], self-differencing
technique [4], and coherent addition of discrete harmon-
ics [5] have been invented. In which, the sine-wave gating
method has the advantages that not only the capacitive
response of APD can be efficiently rejected by cascaded
filters, but also it allows to work over a wider frequency
range. Compared with the self-differencing technique,
the sine-wave gating method shows extra afterpulse prob-
ability [7], which has limited its further application.
In this letter, we first concluded that most extra after-

pulses of the sine-wave gating SPD come from the two or
more successive avalanche signals and distortion of elec-
trical filters. And one experiment was set up to demon-
strate our conclusion. To reduce the afterpulse proba-
bility, we proposed an effective method by removing the
wider signals, and designed a variable width discrimina-
tor for the sine-wave gating SPD to achieve the optimal

∗yjqian@mail.ustc.edu.cn
†yj165@mail.ustc.edu.cn
‡hedeyong@mail.ustc.edu.cn
§wshuang@ustc.edu.cn

Figure 1: (Color online) Experimental setup used to
demonstrate our conclusion. SG: signal generator; BPF:
band pass filter; LPF: low pass filter; AMP: amplifier;
OSC: oscilloscope.

performance.

2 Experiment and Result

The experimental setup we designed is shown in
Fig. 1,details are demonstrated in Ref[13]. Typical ex-
perimental results recorded by CH1 and CH2 of OSC are
shown in Fig. 2, in the case that the APD was illuminated
by the synchronous laser pulses with 10 MHz repetition
rate, 30 ps temporal width and 0.1 mean photon number
per pulse at 1550 nm. The left subfigures are from CH1
recording the amplified avalanche signals, whose ampli-
tude varies randomly, and temporal width is about 200
ps; the right subfigures are from CH2 recording the cor-
responding filtered avalanche signals, whose amplitude
and the temporal width both vary. Here, we grouped
the amplified avalanche signals into three categories, and
found that the corresponding filtered avalanche signals
were also be grouped. (a) Only one isolated avalanche
occurred, or the amplitude of the subsequent avalanche
signal was very small (see subfigure (a1)), the falling edge
of the corresponding filtered avalanche signals was at 3.4
ns (see subfigure (a2)); (b) The amplitudes of the two suc-
cessive avalanche signals were close (see subfigure (b1)),
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Figure 2: (Color online) Typical results from two chan-
nels (CH1 and CH2) of the oscilloscope. The left subfig-
ures are from CH1, and the right ones are from CH2.

Figure 3: (Color online) Time and width distributions of
5000 filtered avalanche signals from CH2 of OSC.

the falling edge of the corresponding filtered avalanche
signals was at 3.7 ns (see subfigure (b2)); (c) The ampli-
tude of the subsequent avalanche signal was about twice
of the previous one (See subfigure (c1)), the falling edge
of the corresponding filtered avalanche signals was at 4.3
ns (see subfigure (c2)). In subfigure (c1), one event with
three consecutive avalanches occurred, the falling edge
of the corresponding filtered avalanche signals was at 4.8
ns. Incidentally, there were also other successive events,
such as four or more consecutive avalanches, but their
probabilities were very small.
Through grouping the amplified and the correspond-

ing filtered avalanche signals respectively, we not only
demonstrated our conclusion, but also provided an intu-
itive picture about one main source of the extra afterpulse
when the filtering method was implemented. When some
consecutive avalanches occur, the response characteris-
tics of the filters make these avalanches stick together,
and become a wide filtered signal. Once the falling edge
of the filtered signal extends to the next cycle, an error
output is produced. We totally collected 5000 filtered
avalanche signals, and whose time and width distribu-
tion are shown in Fig. 3.

Figure 4: (Color online) Schematic diagram of a vari-
able width discriminator. CMP: comparator; PWS: pulse
width shaping; DFF: D flip-flop; D: data; CLK: clock.

From the point of view of width distribution, there are
4903 signals distributed from 0 ns to 2.5 ns, and 97 signals
distributed from 2.5 ns to 4 ns. In Fig. 3, we draw one
line at the time of 4.0 ns and another line at the width of
2.5 ns. These two lines divide the figure into quadrants:
quadrant a, b, c, and d. Quadrants a and b are filled
with correct avalanche signals. There are 4885 signals in
quadrant a, and 3 signals in quadrant b, so almost all
correct avalanche signals locate in quadrant a with the
width narrower than 2.5 ns. While, quadrants c and d
are filled with afterpulse signals. There are 17 signals in
quadrant c, and 94 signals in quadrant d, so most after-
pulse signals locate in quadrant d with the width wider
than 2.5ns. If we remove the filtered avalanche signals
that are wider than 2.5 ns, we can eliminate most (about
84.7%) error afterpulse signals, but only throw very little
(about 0.06%) correct avalanche signals away. There-
fore, the method by removing the wider signals could
effectively reduce the afterpulse probability.
A variable width discriminator (see Fig. 4) is designed

to implement our proposed method. It mainly consists of
a high-speed comparator (CMP), two pulse width shap-
ing (PWS) units, and a D flip-flop (DFF). One filtered
avalanche signal with the width of W is first input the
CMP to be compared with a variable threshold voltage
Vth, whose typical value is less than 20 mV. As the re-
sult of comparison, a pair of differential outputs with the
width of W are generated, and then coupled in parallel
to two PWS units respectively. The PWS unit broadens
its input into a pulse with the width of ∆, and is effective
with the rising edge of the input. The output of PWS1 is
directly sent to the D port of DFF. While, the output of
PWS2 is first delayed by the variable Delay1, and then
coupled to the CLK port of DFF. The Q port of DFF
is the output of the variable width discriminator, whose
width depends on the Delay2 which is put between the Q
and RESET ports. For this variable width discriminator,
if the width of its input W is larger than

τ ≡ ∆−Delay1, (1)

there would be no output. Therefore, by setting some
fixed Delay1, we could remove the signals wider than τ
using this discriminator.
Fig. 5 shows the performances (including the detection

efficiency, afterpulse probability and dark count probabil-
ity) of the detector after using the variable width discrim-
inator. For which, the parameters are as follows: ∆ =6
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Figure 5: Detection efficiency (η), afterpulse probability
(Pa) and dark count probability (Pd) as a function of the
variable width (τ) of the discriminator for two typical
detection efficiencies about 20% and 10%, respectively.

ns, Delay1 is set to six values – 1 ns, 2.5 ns, 3.5 ns, 3.8 ns,
4 ns, and 4.5 ns, and Delay2 is set to 10 ns. Therefore,
the variable width τ of the discriminator varies among
six values – 5 ns, 3.5 ns, 2.5 ns, 2.2 ns, 2 ns, and 1.5 ns.
And, two typical detection efficiencies, 10% and 20%, of
the SPD are tested.
As the width of the discriminator gets narrower, the de-

tection efficiency, afterpulse probability and dark count
probability of the SPD decrease, but the afterpulse prob-
ability drops before the other two. In the section from
3.5 ns to 2.2 ns, the detection efficiency and dark count
probability decline a little, but the afterpulse probability
drops a lot. This difference is consistent with our pre-
vious results, and also demonstrates the effectiveness of
the method to reduce the afterpulse probability. Take
the detection efficiency of near 20% for example, when
the width τ =3.5 ns, the detection efficiency is 21.3%,
the afterpulse probability is 3.2%; when τ =2.2 ns, the
detection efficiency is 20.7%, but the afterpulse probabil-
ity reduces to 1.0%. And, for the case with the detection
efficiency near 10%, the detection efficiency is nearly un-
changed, about 10.9%, but the afterpulse probability is
reduced from 1.3% to 0.54%, when the width τ changes
from 3.5 ns to 2.2 ns. If we further narrow τ , the de-
tection efficiency starts to dive, but the decrease of the
afterpulse probability slows. So, we could choose the op-
timal width of the discriminator to achieve high detection
efficiency and low afterpulse probability.

3 Conclusion

The conclusion demonstrated in this article provides
us an effective way to reduce the extra afterpulse prob-

ability when we employ the sine-wave gating method.
In previous low-noise SPD research, Nambu et al. ob-
tained 0.61% afterpulse probability at 10.9% detection
efficiency, and believed the quality of APD is of primar-
ily importance [12]. Here, we achieve 0.54% afterpulse
probability at the same efficiency, and present the origin
of this improvement clearly. Only by removing the wider
filtered avalanche signals, the afterpulse probability was
reduced from 1.3% to 0.54% but the detection efficiency
was nearly unchanged at 10.9%, and the reduction of af-
terpulse probability came up to 2.3% (from 3.3% to 1.0%)
at over 20% detection efficiency. Such an effective reduc-
tion has the potential to develop further applications of
the sine-wave gating method.
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INTRODUCTION

The fundamental questions of the quantum machine
learning (QML), which has become one of the major top-
ics of quantum information, are “is it possible to enjoy
the quantum learning speed-up?” and/or “what and how
quantum effects contribute to it (if any)?” The satisfac-
tory answers have already been made in [1–3]. However,
noting that the most of the recent QML’s focus is on the
use the big quantum training data, we here arise another
question: Can the quantum learning speed-up still be
possible even with the (classical) user-recognizable data?
This question is also linked to another (practical) issue,
namely about the necessity of using so-called ‘quantum
RAM (qRAM)’—a hypothetical device that can store the
big classical data and that allows them to be the quantum
superposition extremely quickly—to achieve the expo-
nential quantum learning speed-up (for details, see [4]).
Here, we provide an affirmative answer to the aforemen-
tioned our main question, by the experiments for proof-
of-principle demonstration [5].

BRIEF SCENARIO OF THE SCHEME AND
EXPERIMENT

To develop the above-described scenario, we consider
a simple but important example, called email-filtering
problem, which classifies the incoming emails into the
spam or nonspam. To deal with this problem formally,
we introduce a binary-classification function fτ : x ∈
{0, 1}n → y ∈ {0, 1} mapping the classical input x =
xnxn−1 · · ·x1, i.e., user’s emails, to the corresponding
label y ∈ {0 = spam, 1 = nonspam}. Here, the bit-
numbers xj ∈ {0, 1} (j = 1, . . . , n) denote the features of
an email x. Then, the goal of the machine learning is to
identify a hypothesis h ' fτ . For this, we design two ver-
sions (classical and quantum) of the linear-optical circuit
to implement all possible Boolean function fτ . The de-
signed circuits commonly consist of two parts: One is the
channel for the classical training data and the other is a
single-bit ancillary system that contains the learning con-
trol gates. The critical difference is whether the ancillary
part is the classical bit system or qubit system. Thus,
in the quantum learning experiments, we use the single-
photon states (H and V polarized, or their superposi-

tion) as the signals of the qubit ancillary system. As the
learning control qubit gates, the fundamental combina-
tion of the quarter and half wave-plates (QWPs/HWPs)
is employed. For the comparison, the classical learning
experiments are also performed, where we intentionally
destroy the quantum superposition nature involved in the
ancillary system so that the learning control gates are to
be the probabilistic gates. The other experimental ele-
ments are equally presented. Here, we perform the ex-
periments for the simple case, i.e., n = 1, because the
learning speed-up of larger n ≥ 1 can be validated from
that of this simple case. Then, investigating further, the
experiments are also performed in the presence of the
decoherence in the quantum learning.

CONCLUSION

By performing the proof-of-principle experiments, we
could demonstrate that the quantum learning speed-up
(roughly ' 36%) can be enjoyed with the classical train-
ing data. We could explain that such a result originates
from the faithful use of the quantum superposition na-
ture, consistently with the previous results regarding the
quantum parallelism. Furthermore, we could show that
the speed-up can be valid unless the quantum coherence
involved in the ancillary system is completely destroyed.
Even in the fully decohered case, the quantum learning
would be at least as efficient as the classical learning.
We believe that our work brings a paradigm-shift toward
seemingly more feasible QML with the near-future tech-
nology.
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Duality in entanglement of macroscopic states of light
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Abstract. We investigate duality in entanglement of a bipartite multi-photon system generated from a
coherent state of light. The system can exhibit polarization entanglement if the two parts are distinguished
by their parity, or parity entanglement if the parts are distinguished by polarization. We propose a
generation scheme of polarization- coherent state entanglement. After sorting the entangled state in each
degree of freedom (DOF), we observe each entanglement by means of quantum information protocol.
Furthermore we show that the many-particle scenario can be also considered in squeezed vacuum state.

Keywords: duality, entanglement, macroscopic state

Indistinguishable phenomena simply appear in life,
such as pictures of sunrise and sunset, and time by a me-
chanical clock. There are two pictures: One is a picture
of sunrise and the other is a picture of sunset. We cannot
distinguish the two pictures without any prior informa-
tion. There is a mechanical clock in an isolated room.
We cannot say whether time is AM or PM without any
prior information. In quantum mechanical regime, given
two identical particles, they are physically indistinguish-
able. Although we put some labels on each particle, some
observable properties of two identical particles are not af-
fected by the permutation of the labels.

In the scenario of quantum systems, quantum indis-
tinguishability of identical particles has been tested using
the interference effect of a Hong-Ou-Mandel-type scheme
[1]. It assumes that indistinguishable particles scatter
independently, e.g., on a beam splitter and do not inter-
act. One cannot, however, exclude the possibility that
the resultant bunching or anti-bunching effect actually
originates from the interaction between distinguishable
particles. Therefore, in order to verify true particle in-
distinguishability one needs to preclude the possibility
of inter-particle interaction. One such way is to pre-
pare an entangled state of identical particles and probe
if the entanglement encoded in a certain degree of free-
dom (DOF) can be converted to one in another DOF.
This interchangeability of entanglement between differ-
ent DOFs is studied in Ref. [2] and dubbed “duality in
entanglement.” Since such duality does not arise in case
of distinguishable (e.g., different species of) particles, it
is considered a novel way to manifest quantum indistin-
guishability. For example, if two single photons are gen-
erated in a parametric down-conversion and thereby are
entangled in polarization DOF (H,V ), the entanglement
can be accessed because the two particles are effectively
distinguishable by their path DOF, say, (1, 2). How-
ever, if one decides to effectively distinguish the identical
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particles by their polarizations, one will observe entan-
glement in the path DOF. This phenomenon would not
occur for distinguishable particles and hence it can be
used in testing their indistinguishability.

We consider macroscopic light field states that are en-
tangled in polarization DOF and by entanglement duality
can also be regarded as entangled in parity DOF. Specif-
ically, we consider coherent states—in principle their size
can be arbitrarily large—which can be effectively distin-
guished by parity (the former case) or by polarization
(the latter):

1√
2

(|H〉even|V 〉odd ± |V 〉even|H〉odd)

=
1√
2

(|even〉H |odd〉V ± |odd〉H |even〉V ). (1)

It can be generated by injecting an odd coherent state
into a 50:50 beam splitter, and then by applying H (V)
polarizer and a polarizing beam splitter. Here, |even〉 =
Ne(|α〉 + | − α〉) and |odd〉 = No(|α〉 − | − α〉) are even
and odd coherent states with normalization constants
Ne and No respectively. We adopt orthogonal coherent
state basis {|even〉, |odd〉} instead of non-orthogonal one
{|α〉, | − α〉}. Notice that an even coherent state is or-
thogonal to an odd coherent state since an even (odd)
coherent state is a superposition of even- (odd-) number
Fock states. The entanglement of (macroscopic) coher-
ent states encoded in polarization/parity DOF is inter-
changeable between these two DOFs and accordingly its
duality in entanglement can be identified. To access only
a single entanglement, we sort each DOF by linear optical
components and controlled process [3].

To identify entanglement in each DOF, one can con-
sider quantum information protocols such as CHSH-Bell-
type inequality test based on displaced parity detector
[4] or interaction-free measurement scheme [5]. Fur-
thermore, instead of using the definite-parity coherent
states one can consider another macroscopic state basis,
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namely squeezed vacuum and a single-photon-subtracted
squeezed vacuum state, which also comprises a parity-
based orthogonal basis: Squeezed vacuum state is a
superposition of even-number Fock states whereas its
single-photon-subtracted version consists of odd-number
Fock states.
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Discrete superposition of coherent states on a circle for quantum key
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Abstract. Quantum key distribution(QKD) is one of the most promising applications of quantum in-
formation technologies. For perfect realizations of QKD, a single photon source is necessary, but is not
feasible within current technologies. In practical realizations, a weak laser has been considered as a source
which can be written as a coherent state. An assumption for its security proof is that the phase of the
coherent state is uniformly random. Many efforts have been devoted to realize fully random phase of source
in experiments and also to prove the security without full continuous phase randomization. We propose
an alternative scheme to generate discrete random phase source for QKD using cross-Kerr nonlinearity.
The state is in the form of discrete superposition of coherent states on a circle in phase space. By using
the state as a source for QKD, we study the security of BB84 protocol. The possibility to enhance the key
rate by developing a high-dimensional QKD protocol will be also discussed.

Keywords: Quantum key distribution, Coherent states, Cross-Kerr nonlinearity

Quantum key distribution(QKD) is one of the most
promising applications of quantum information technolo-
gies. For perfect realizations of QKD, a single photon
source is necessary which is not feasible within current
technologies. In practical realizations, the signal can con-
tain more than one photon. While the security of QKD
has been proven with strong coherent state using decoy
states, a weak laser has been also widely used for the
QKD source which can be written as a coherent state

|αeiθ〉 = e−|α|
2/2

∞∑
n=0

(αeiθ)n√
n!
|n〉, (1)

where eiθ is the phase of the coherent state and |n〉 is the
photon number state. A necessary assumption for the
security proof of QKD is that the phase of the coherent
state is uniformly random [1, 2]. Thus, to an eavesdrop-
per without a priori knowledge on the phase, the QKD
signal with random phase source is indistinguishable with

1

2π

∫ 2π

0

|αeiθ〉〈αeiθ|dθ = e−|α|
2
∞∑
n=0

|α|2n

n!
|n〉〈n|, (2)

a Poisson distributed mixed state in photon number ba-
sis.

However, it is experimentally challenging to implement
continuous random phase of the coherent state from the
source. It has been shown that if the phase is not fully
randomized, the security of QKD can be significantly re-
duced [1]. As a naive approach, switching on and off of
the laser source might be considered, but it does not guar-
antee a continuous fully random phase due to the possi-
ble correlation between the phases of adjacent pulses. A
phase modulator can be used to randomly modulate of
the phase from the source, but only allows to realize a dis-
crete phase with finite number of random numbers. Many
efforts have been devoted to realize the random phase
source in experiments and also to prove the security with-
out perfect phase randomization. A direct phase modu-

lation using gain-switched laser diodes has been devel-
oped, which naturally provides phase-randomized coher-
ent state pulse [3]. A security of QKD with non-random
phase source was analyzed first in Ref. [1]. Recently, the
security of QKD with discrete-phase-randomized coher-
ent state was rigorously studied [2]. It was shown that the
performance of QKD with discrete-phase-randomization
is close to the case with continuous randomization with
only a small number (e.g. 10) of discrete phase. An active
phase modulation by a phase modulator with random
number generator has been used in this study.

We here propose an alternative scheme to generate
discrete-phase-randomized source of coherent state for
QKD. It naturally provides a perfect discrete random
phase without active phase modulation with random
number generator. Our scheme employs a cross-Kerr
nonlinearity with the interaction Hamiltonian −~χn̂1n̂2,
where n̂i is the number operator in ith mode. If it is ap-
plied to two-mode coherent state input |α〉1|β〉2 for time
t = 2π/dχ, the output state becomes

1

d

d−1∑
j=0

( d−1∑
q=0

ω−jq|αωq〉
)
1
|βωj〉2, (3)

where ωk = e2πik/d denotes the d number of discrete
phases k ∈ {0, ..., d− 1}. By measurement performed on
mode 2 with outcome j (e.g. by homodyne detection),
the output of 1st mode is determined as a discrete su-
perposition of coherent states {|α〉, |αω〉, ..., |αωd−1〉} on
a circle in phase space, which can also be represented as

e−|α|
2/2

∞∑
n≡j(mod d)

αn√
n!
|n〉, (4)

in the number basis [4, 5].
We employ this state as a source for QKD, by which

the signal and reference states are encoded with a typical
phase encoding scheme [2]. The security of BB84 QKD
protocol is rigorously studied by changing the interaction
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time and nonlinearity strength in our scheme. The effects
of noises and losses are analyzed. We will also discuss a
possibility to enhance the key rate by formulating a high-
dimensional QKD protocol based on our scheme.
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Experimental Test of Irreducibility in Coherent States of Light

Kang Hee Seol, ∗ Jeongwoo Jae, Joong-Sung Lee, Kwang-Geol Lee, † Jinhyoung Lee ‡

1Department of Physics, Hanyang University, Seoul, 04763, Republic of Korea

Abstract. Here we propose an optical method to test a nonclassical feature with a coherent state input.
We design this test with a multiplexer of on/off detectors and post-selection. Detection events are selected
when there is single or no click in each branch. We examine whether statistics are reproduced by a classical
model assuming stochastic detectors [1]. We demonstrate that the coincident probability of two branches
of multiplexer cannot be reproduced by the classical model.
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Coherent states are an essential part of quantum
optical experiments and optical realizations for quantum
information processing. Coherent states themselves are
commonly regarded to be the most classical of quantum
states. They have counterparts in the classical theory
of electromagnetic fields if quantum uncertainties are
replaced with stochastic ones. A state whose P function
is a probability measure is said as classical. As P
functions are in general highly singular, the tests have
been proposed in terms of moment. Sub-binomiality
is one of such moments for the click distribution in a
multiplexer of on/off detectors. These studies claim that
coherent states have the classical counterparts, roughly
speaking, coherent states are classical, witnessed by their
non-negative P functions, i.e., probability measures. It
does not matter how small the intensities are.

However, quantum predictions result from the in-
terplay of quantum states and measurements and they
can inherit nonclassical features from the those of states
[2-6] and/or measurements [7-9]. For instance, consider
a test of the second-order coherence g(2), where a
squeezer intervenes the preparation of a coherent state.
Adopting the Schrdinger picture, one may argue that
the squeezed coherent state has negative P function and
the nonclassical feature originates from the state [10].
On the other hand, adopting the Heisenberg picture,
it may be argued that the initial coherent state has a
non-negative P function and the nonclassical feature
originates from the measurement accompanying the
squeezer. This shows that the measurement can be
solely responsible for the nonclassical feature, while the
source is classical. In addition, it is remarkable to note
that coherent states can have negative values in uncon-
ventional number-phase Wigner functions [10] and they
occasionally result in negative weak values of photon
number in a weak measurement [12]. Nevertheless, it is
still misty whether coherent states have own nonclassi-
cal features that are distinct from those of measurements.

In this work we suggest an optical method to demon-
strate the nonclassical feature of coherent states. The
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test is designed with a multiplexer of on/off detectors
and post-selection. We use picosecond pulses at 800 nm
wavelength and at a repetition rate of 76 MHz from a
mode-locked Ti:sapphire laser and the repetition-rate
of pulses down to 2 MHz by a pulse picker. We change
the intensity of the light by neutral density filters.
Non-polarizing 50:50 beam splitters are used to split
the light into paths. The photons are detected by
single-photon detectors. Detection events are selected
when there is single or no click in each branch.

Figure 1: Experimental setup. Picosecond pulses at 800
nm wavelength and at a 76 MHz repetition rate are at-
tenuated by ND filters. The incident photons are divided
by the first BS. The transmitted photons go to the sec-
ond BS directly, but the reflected photons delayed by
fiber. The photons are detected by single-photon detec-
tors. Detection events are selected when there is single
or no click in each detector.

We test if statistics are reproduced by a classical model
assuming stochastic detectors. We show that the coinci-
dent probability of two branches of multiplexer cannot
be reproduced by the classical model. The failure of the
classical model results from the classical description of
light, i.e. the divisibility of intensity into parts. These
results imply that our test identifies the nonclassical fea-
ture of irreducibility against the classical divisibility of
light and furthermore the coherent states possess the ir-
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reducibility.
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Attaining fundamental bounds of Bell measurement with linear optics
for long distance quantum communication
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Abstract. There are two major obstacles for efficient quantum communication over long distances: one
is ‘photon loss’ and the other is ‘low success probability of the Bell measurement’. The survival probability
of a traveling photon decays exponentially with distance due to photon losses. The Bell measurement, an
essential task in quantum communication protocols, has the 50% upper limit of the success probability with
linear optics. We here propose a complete Bell measurement with linear optics, discriminating Bell states
not only loss-tolerantly but also near-deterministically. It is directly applicable to long distance quantum
teleportation under losses. An efficient teleportation-based quantum repeater can be developed in an all-
optical fashion without long-lived quantum memory. We demonstrate that it is possible to establish an
ultrafast and efficient long-distance quantum communications based on our scheme.

Keywords: Bell measurement, Linear optics, Quantum repeater, Quantum communication

Photons appear as the primary medium for quantum
communication. However, there have been two major
obstacles to realize quantum communication over long
distance with photons. The first one is ‘photon loss’
during the transmission typically through optical fibers.
The probability that a traveling photon survives decays
exponentially with distance. Thus the communication
rate over long distance is significantly low. The other is
the upper limit of ‘the success probability of Bell mea-
surement’ with single photons. The Bell measurement,
discriminating the four Bell states, is an essential task
in quantum communication protocols such as quantum
teleportation and entanglement swapping. However, the
standard technique of the Bell measurement with linear
optics allows to discriminate only two out of the four
Bell states encoded in photon pairs, so that its success
probability has the upper limit 50% [1].

In order to extend the communication range under
losses, a quantum repeater can be used, working at the
intermediate nodes that divide the entire distance by
a shorter one. A quantum repeater can suppress the
effect of losses during the transmission by either her-
alded entanglement generation or quantum error correc-
tion. The former scheme, employed in earlier version
of quantum repeaters, requires two-way classical com-
munication, purification, and long-lived quantum mem-
ories, resulting in significant overheads and low commu-
nication rate. On the other hand, recently quantum re-
peater has been developed based on quantum error cor-
rection schemes. Photons encoded in an error correction
code travel, and error correcting protocol is performed in
each (teleportation-based) repeater. In principle, fault-
tolerant and deterministic corrections of losses and oper-
ation errors are possible. As it requires neither quantum
memory, long-waiting time for signaling, nor purification,
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a fast long-distance communication is possible. Mean-
while, several schemes to beat the 50% limit of the success
probability of Bell measurement have been proposed by
employing ancillary photons, in-line squeezing, or multi-
photon entanglement encoding. It has been shown that
the highest success probability achieved among the pro-
posed schemes so far is 1 − 2−N when total N photons
are consumed per qubit in the process [2].

We here introduce a complete Bell measurement
scheme with linear optics, discriminating Bell states not
only loss-tolerantly but also near-deterministically. Our
scheme is ‘complete’ in the sense that it attains the fun-
damental bounds restricted by i) linear optics and ii) no-
cloning theorem: It reaches the limit of the success proba-
bility with linear optics, i.e. 1−2−N when N photons are
used per qubit. It can also tolerate up to 50% of loss in
a single qubit, the bound by no-cloning theorem. There-
fore, we expect that our scheme can solve the two major
problems of photonic quantum communication, photon
loss and low success probability, at once.

We employ a photonic qubit encoded in the quantum
parity code QPC(n,m), containing total N = nm pho-
tons [3]. Our scheme is constructed with the standard
Bell measurement technique with linear optics in a con-
catenated manner. It plays a role as the logical Bell
measurement in QPC(n,m). The success probability of
our Bell measurement scheme increases to unit by in-
creasing the size of encoding N even under losses. It
is remarkable that all the photons contained in a qubit
contribute to either increase the success probability or
tolerate losses effectively. This is contrast to the recent
proposal that consumes a lot redundant photons for pro-
tecting a qubit from losses in the protocol [4]. It is shown
that our scheme achieves much higher success probability
than the others under the same loss rate when the same
number of photons are used in the process.

We show that a deterministic quantum teleportation is
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possible even when qubits are subjected to losses in our
approach. Based on this, an efficient teleportation-based
quantum repeater can be developed in an all-optical fash-
ion without using a long-lived quantum memory. It also
requires neither photon-matter interaction [5, 6] nor ad-
ditional complicated feedforwards [7]. Moreover, it is ro-
bust to imperfections during the preparation and mea-
surement process in the repeater in contrast to the pro-
tocol in ref. [4]. We optimize the protocol to find a
best strategy for long distance quantum communication
by numerical search over the encoding size (n,m) and
the distance between nodes L0. Finally, we demonstrate
that an ultrafast and efficient quantum communications
is possible over 10,000 km.
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Improving the success probability for Shor’s factorization algorithm
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Abstract. Shor’s factorization algorithm (SFA)—a probabilistic algorithm—is used to find a non-trivial
factor of a given composite integer N . In the original SFA and all previous SFAs, the chosen co-prime
and its order should satisfy two constraints. In particular, a successful order-finding algorithm seems
necessary. This paper proves that SFA may succeed even if not all of the above constraints are meet, and,
in addition, that a new success probability can be bigger than those of the previous SFAs. Finally, in order
to demonstrate a potential of our approach, we consider factorization of those integers N that are used as
moduli for RSA, that is those N that are products of two safe primes, and we show that in this case the
fault probability can be reduced to O(1/N) with our method.

Keywords: Shor’s factorization algorithm, available result, success probability

1 Introduction

In the previous approaches [1, 2, 3, 4], in order to make
SFA succeed, a chosen good co-prime y and its order 2r
(2r is here an integer) should satisfy the following condi-
tions:

The order 2r of y is even, i.e., r is an integer; (1)

yr 6≡ −1(mod N). (2)

Using y as the input, OFA succeeds if the result

r′ ∈ {r, 2r}. (3)

In this paper we show that SFA may still succeed even
if one of the conditions Eq. (2) or Eq. (3) does not hold,
and, in addition, that a new success probability can be
bigger than those of the previous SFAs [1, 2, 3, 4]. In
particular, for the widely-used moduli N for the RSA
protocol [5], being the product of two safe primes, the
fault probability of which is O(1/

√
N) in Leander’2002,

can be reduced to O(1/N).

2 Notations and Some Basic Results

Any integer N has a unique a prime factorization

N =
k∏
i=1

pαii (4)

where k ≥ 1, 1 < p1 < p2 < . . . < pk and αi ≥ 1 for
all i ≤ k). Z∗N denotes the group of whose elements
that are as integers co-prime to N . ordN (y) = 2r de-
notes the order of y in Z∗N , i.e., the smallest positive
integer 2r satisfying y2r ≡ 1(mod N). We can know
that ordN (y) = 2ordN (y2) if r is an integer. Unless ex-
plicitly stated, the order of y means the order of y in
Z∗N . ri is the order of y in Z∗

p
αi
i

. r̃ is the smaller in-

teger of the set {r, r/2} where r is an integer. r′ de-
notes a result of the quantum subroutine in SFA, i.e.,

∗issqdw@mail.sysu.edu.cn

the denominator of the fraction obtained by the con-
tinued fractions (CF) algorithm [2]. The greatest com-
mon divisor of integers a and b is denoted by gcd(a, b).
The least common multiple of a and b is denoted by
lcm{a, b}. a | b means a divides b, and a - b means a
does not divide b. a | b | c means that a divides b and
b divides c. ϕ(N) is Euler phi function and is defined
to be the number of non-negative integers less than N
which are co-prime to N . In particular, let ϕ(1) = 1.
R = {r′ | There exists an index i such that r̃i|r′|2r},
and R1 = {r′ | r′ ∈ R and r′ < r}. We can see that
R1 = R− {r, 2r}.
gpαii

is a generator of Z∗
p
αi
i

. Then,

Z∗
p
αi
i

={gsi
p
αi
i

(mod pαii )|1 ≤ si ≤ ϕ(pαii )}. (5)

Suppose that y is chosen randomly such that gcd(y,N) =
1. From that it follows that gcd(y, pαii ) = 1. In addition,

ordN (y) = 2r = lcm{ri | 1 ≤ i ≤ k}. (6)

Moreover, if r is an integer, Eq. (6) implies that at least
one of ri is even. Let y ≡ gsi

p
αi
i

(mod pαii ) ∈ Z∗
p
αi
i

and

ordpαii
(y) = ri = ordpαii

(gsi
p
αi
i

). Then, ϕ(pαii )|siri, and,

we have

ri =
ϕ(pαii )

gcd(ϕ(pαii ), si)
. (7)

Thus ordpαii
(y2) = r̃i. If r is an integer,

r = lcm{r̃i | 1 ≤ i ≤ k}. (8)

Comment: In this paper, we mainly improve the fol-
lowing three versions of SFA [1, 2, 3] (Shor’1997, Niel-
son’2000, and Leander’2002). We will call them as Al-
gorithm 1, 2 and 3, respectively. For a more thorough
introduction and analysis to SFA, see Refs. [1, 2, 3].

3 Our Results

In this paper, we test the approach used for the case
that chosen co-prime is an integer with Jacobi-Symbol -1.
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This is of importance since in such a case the even order,
i.e., Eq. (1), can be ensured [3]. Furthermore, the result
r′ being a factor of the even order can be also ensured
with a high probability as desired [2].

If y2r ≡ 1(mod N), then N | (y2r − 1) implies∏
i∈S1

pαii | (y
r − 1) and

∏
i∈S2

pαii | (y
r + 1).

Note that S1 ∩ S2 = ∅ because (yr + 1) − (yr − 1) =
2 implies gcd(yr + 1, yr − 1) ≤ 2 < pi. Furthermore,
S1 ∪ S2 = {i | 1 ≤ i ≤ k} and S2 6= ∅, since S2 = ∅
implies S1 = {i | 1 ≤ i ≤ k} and N | (yr − 1), in
contradiction to ordN (y) = 2r. SFA then tells that it
would yield factors from gcd(yr ± 1, N) if S1 6= ∅ and
that it will fail if not.

Lemma 1 If ri = ordpαii
(y), where pi > 2 is a prime,

then yr̃i ≡ ±1(mod pαii ).

Proof. If ri is odd, the result is straightforward. If ri is
even, then pαii | (yri − 1) = (yri/2 − 1)(yri/2 + 1). Note
that pαii -(yri/2 − 1), because pαii |(yri/2 − 1) implies that
ordpαii

(y) divides ri/2, in contradiction to ri = ordpαii
(y).

If pαii - (yri/2 + 1), then pi| gcd(yri/2−1, yri/2+1) implies
that

2<pi≤ gcd(yri/2−1, yri/2+1)≤(yri/2+1)−(yri/2−1)=2.

However, 2 < 2 is a contradiction and therefore the proof
is finished. �

Using Lemma 1, we can get the following theorem.

Theorem 1 If r′ ≤ r and r′ ∈ R, then a non-trivial
factor of N can be obtained from gcd(yr

′ ± 1, N), with
the exception of the case that S1 = ∅ and r′ = r.

Proof. According to Lemma 1, r̃i | r′ | 2r implies

yr
′

= (yr̃i)r
′/r̃i ≡ (±1)r

′/r̃i ≡ ±1(mod pαii ), (9)

i.e.,
pαii | (y

r′ − 1) or pαii | (y
r′ + 1). (10)

Note that S1 = ∅ and the order of y is 2r implies that r
is the least value such that yr ≡ −1(mod N). In fact, if
there exists a r̂ with r̂ < r, such that yr̂ ≡ −1(mod N),
y2r̂ ≡ 1(mod N) and 2r̂ < 2r, in contradiction to
ordN (y) = 2r. Thus, S1 = ∅ and r′ < r leads to

N - (yr
′
− 1) and N - (yr

′
+ 1). (11)

At the same time, S1 6= ∅ and r′ ≤ r also implies E-
q. (11).

According to Eqs. (10,11), at least one non-trivial fac-
tor of N can be got from gcd(yr

′ ± 1, N) except the case
that it holds S1 = ∅ and r′ = r. By that the proof is
finished. �

We can run the following test algorithm to use our
theorem.

Algorithm 4 A Test algorithm

Inputs: (1) A big integer N ; (2) A co-prime y; (3) An
integer r′ (to be a result of the order finding subroutine)

Outputs: Either an integer to be a non-trivial factor
of N or “A bad result” or “A bad co-prime”.

(1) If r′ is an even, compute gcd(yr
′/2 ± 1, N) and

gcd(yr
′
+ 1, N); If r′ is an odd, compute gcd(yr

′ ±
1, N). If one of these is a non-trivial factor, return
that factor.

(2) If yr
′ 6≡ 1(mod N), output “A bad result”.

(3) Output “A bad co-prime”.

The success probabilities of each quantum process for
Algorithms 3 and Algorithm 3 with Test algorithm are
determined as follows. Here, δ1 and δ2 are possible incre-
ments which depend on a specific N , and δ1 = δ2 = 0 is
the lower bound of the corresponding probability. More-
over, ε can be set up as required in advance.

(1) Algorithm 3 [3]. By adding some additional qubits,
Ref. [2] raises the probability of |2rj (mod 2t)| ≤
r(0 ≤ j ≤ 2t − 1) from 4/π2 in Ref. [1] to 1 − ε.
Meanwhile, by choosing the integer with Jacobi-
Symbol −1, Ref. [3] raises the lower bound of the
probability of y being good to 3/4. Therefore,

(1−ε)×(
3

4
+δ2)× ϕ(r) + ϕ(2r)

2r
, 0 ≤ δ2 ≤

1

4
. (12)

(2) Algorithm 3 with the Test algorithm. According
to Theorem 1, the success probability for this algo-
rithm is

1−ε
2r

[(
3

4
+δ2)(

∑
r′∈R

ϕ(r′))+(
1

4
−δ2)(

∑
r′∈R1

ϕ(r′))].

(13)

When compared with the Algorithm 3 [3], the raising
probability is

1− ε
2r

(
∑
r′∈R1

ϕ(r′)) (14)

what follows from Eq. (13) minus Eq. (12). Thus, the
total raising probability for SFA is∑

2r

Pr(ordN (y) = 2r)
1− ε

2r
(
∑
r′∈R1

ϕ(r′)) (15)

4 The New Efficiency for RSA

Example 1 Let N = p1p2 where pi−1=2qi>10100,
log2(p1/p2) is small, |p1−p2| is big, pi and qi are odd
safe primes and i = 1, 2. Numbers of this form are likely
candidates for moduli of the RSA [5] protocols.

Remark 1 When Algorithm 3 [3] is used in Example 1,
Eq. (12) becomes

(1− ε)× ϕ(r)

r
. (16)
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Proof. First, ( yN ) = −1 = ( yp1 )( yp2 ). Without loss of
generality, we can assume that

(
y

p1
) = 1 and (

y

p2
) = −1. (17)

Combining with Eqs. (5,7), Eq. (17) implies that s1 is
even and s2 is odd, and

r1=
q1

gcd(q1, s1/2)
is odd, and r2=

2q2
gcd(2q2, s2)

is even.

According to Eq. (6), ordN (y) = 2r = lcm{r1, r2}.
Therefore, we have r = lcm{r1, r2/2}. Then, r1 | r im-
plies that yr ≡ 1(mod p1). However, yr ≡ −1(mod N)
implies that yr ≡ −1(mod p1). Thus, ( yN ) = −1 implies
that Eq. (2) always holds and δ2 = 1

4 in Eq. (12).
Then, applying Eq. (7),

ri =
ϕ(pi)

gcd(ϕ(pi), si)
=

2qi
gcd(2qi, si)

, 1 ≤ si ≤ 2qi. (18)

Thus, ri must be the factor of 2qi, i.e., 1, 2, qi
and 2qi. According to Eqs. (17), (r1, r2) is one of
(1, 2), (1, 2q2), (q1, 2) and (q1, 2q2). We have

ordN (y) = lcm{r1, r2} ∈ {2, 2q1, 2q2, 2q1q2}. (19)

Thus, the Eq. (16) can be obtained. By that the proof is
finished. �

Now, we can start to determine the improvement suc-
cess probability in the following remark.

Remark 2 Compared with Algorithm 3 [3], the raising
probability of Algorithm 3 with the Test algorithm for R-
SA [5] is greater than 2/

√
N in each quantum process.

Proof. First, in Algorithm 3, the success probability is

P1 =
∑
t

Pr(r̃′ = r | 2r = t)Pr(2r = t) (20)

where t can take any value in {2, 2q1, 2q2, 2q1q2}.
In Algorithm 3 with the Test algorithm, according to

Eq. (18), r̃1 and r̃2 is one of (1, 1), (q1, 1), (1, q2) and
(q1, q2). Thus, ordN (y2) = r = lcm{r̃1, r̃2} is one of
1, q1, q2 and q1q2. The success probability of Algorithm
3 with the Test algorithm is

P2 =
∑
t

Pr(r̃i divides 2r̃′ | 2r = t)Pr(2r = t). (21)

Using Eqs. (20,21), the raising probability is:

P2−P1≥
2∑
j=1

Pr(r̃′=qj |2r=2q1q2)Pr(2r=2q1q2). (22)

According to Eqs. (18,19), we have

Pr(r = q1q2)=
2∏
j=1

Pr(r̃j = qj) =
(q1 − 1)(q2 − 1)

q1q2
. (23)

Because r̃′ = r/gcd(r, s) where 1 ≤ s ≤ r, we get

2∑
j=1

Pr(r̃′ = qj | r = q1q2) =
q1 + q2 − 2

q1q2
. (24)

Computing the product of Eqs. (23,24), we have

P2 − P1 ≥
(q1 − 1)(q2 − 1)

q1q2

q1 + q2 − 2

q1q2

>
1

q1
+

1

q2
− 1

q21
− 1

q22
− 5

q1q2

>
1

q1
+

1

q2
− 7

min2{q1, q2}

>
1

min{q1, q2}
>

2

min{p1, p2}
>

2√
N
.

where min2{q1, q2} > 7max{q1, q2} is used in that
log2(p1/p2) is small and pi−1=2qi >10100. By that the
proof is finished. �

Meanwhile, according to Eqs. (23,24), we can see that
the success probability is close to 1 even if SFA does
not have to its disposal the ideal value of the order from
the order determing algorithm.However, Algorithm 5 is
behind the possibility to increase success probability to
1. In fact, only for r′y2 = 1 and r = q1q2, we can not
obtain a factor in the improved version of the SFA. But
in such a case the raising probability is

Pr(r̃′ = 1 | r = q1q2)Pr(r = q1q2). (25)

With the similar argument, it is not difficult to verify
that Eq. (25) is O(1/N).
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Abstract. In this paper, we explore quantum algorithms to approximate the absolute value of Walsh
transform Wf at a single point z0(i.e., |Wf (z0)|) for n-variable Boolean functions with probability at
least 8

π2 using the number of O( 1
|Wf (z0)|ε ) queries, promised that the accuracy is ε. Then, we exploit

another quantum algorithm which approximately computes Ham(f, g) with probability at least 2
3 using

the expected number of Θ(
√

N
(bεtc+1) +

√
t(N−t)
bεtc+1 ) queries, where N = 2n and Ham(f, g) = t 6= 0. Moreover,

our algorithm is optimal. Finally, we present an exact quantum query algorithms for promise problem on
Hamming distance using O(1) queries, while any classical deterministic algorithm solving the problem uses
Ω(2n) queries.

Keywords: Walsh transform, Hamming distance, Bernstein-Vazirani algorithm, Quantum algorithm,
Quantum amplitude estimation

1 Introduction

The theory of Boolean functions is a wide area of re-
search in cryptography, coding theory and combinatorics
[1]. Walsh spectrum or Walsh transform is alternative
description of Boolean functions. The nonlinearity of a
Boolean function f is defined as the minimum Hamming
distance to the set of all affine functions, and also can be
obtained through the Walsh transform. There are well-
known results [2, 3] which described the characterization
and application of Hamming distance for Boolean func-
tions. Quantum query complexity is a black-box model
of quantum computation, where the resource measured
is the number of queries needed to compute a function.
Normally, one provides “black-box access” to a function
f , meaning that the quantum algorithm can apply a u-
nitary transformation that maps basis states of the form
|x〉|y〉 to basis states of the form |x〉|y ⊕ f(x)〉 (or |x〉 to
(−1)f(x)|x〉, if f is Boolean function). This model cap-
tures the great algorithmic successes of quantum com-
puting like Grover’s search algorithm [4] and the period
finding subroutine of Shor’s factoring algorithm [5]. A
natural goal is to minimize the number of queries to the
oracle needed to solve the problem, and this minimum
is the query complexity of the problem. In this paper,
we mainly consider the computation of Walsh transform
and Hamming distance on Boolean function. Let f be a
Boolean function from {0, 1}n to {0, 1}, and let Bn de-
note the set of Boolean functions of n variables. The two
important concepts and one lemma are as follows.

Definition 1 Suppose f ∈ Bn, the Walsh transform of
f is defined as as Wf (ω) = 1

2n

∑
x∈{0,1}n(−1)f(x)+ω·x,

where ω ∈ {0, 1}n.

Definition 2 Suppose f, g ∈ Bn, then Ham(f, g) =
|{x ∈ {0, 1}n : f(x) 6= g(x)}|.

∗issqdw@mail.sysu.edu.cn

Lemma 3 (Amplitude Estimation [6]) For any positive
k, the Est-Amp Algorithm outputs ã (0 ≤ ã ≤ 1) such
that

|ã− a| ≤ 2πk

√
a(1− a)

M
+ k2

π2

M2
(1)

with probability at least 8
π2 when k = 1 and with proba-

bility greater than 1 − 1
2(k−1) for k ≥ 2. It uses exactly

M evaluations of χ. If a = 0 then ã = 0 with certainty,
and if a = 1 and M is even, then ã = 1 with certainty.

Please refer to document [6] for the detailed process and
meaning of the algorithm.

2 Algorithm to approximate Walsh
transform for Boolean functions

In this section, we explore quantum algorithms to ap-
proximate the absolute value of Walsh transform using
Bernstein-Vazirani algorithm [7] and quantum amplitude
estimation algorithm [6].
Problem 1 Given z1 ∈ {0, 1}n and f ∈ Bn, computing
|Wf (z1)|.
Algorithm 1

1. Initialize state |ψ0〉 = |0〉⊗n0 |0〉⊗n|−〉 in three reg-
isters, where n0 is a constant determined later.

2. Perform unitary operator I⊗H⊗n⊗I on the initial
state |ψ0〉, giving

|ψ1〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉 |0〉 − |1〉√

2
. (2)

3. Apply the f -controlled-NOT gate on latter two
registers, producing

|ψ2〉 =|0〉⊗n0

∑
x∈{0,1}n

(−1)
f(x)

√
2n

|x〉 |0〉 − |1〉√
2

. (3)
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4. We again apply H⊗n to the second n qubits, pro-
ducing

|ψ3〉 =|0〉⊗n0

∑
z∈{0,1}n

∑
x∈{0,1}n

(−1)
f(x)⊕z·x

2n
|x〉 |0〉 − |1〉√

2

(4)

=|0〉⊗n0

∑
z∈{0,1}n

Wf (z)|z〉 |0〉 − |1〉√
2

(5)

=|0〉⊗n0 |ψ〉 |0〉 − |1〉√
2

, (6)

where

|ψ〉 =
∑
z=z1

Wf (z)|z〉+
∑
z 6=z1

Wf (z)|z〉 (7)

= |Ψ1〉+ |Ψ0〉, (8)

|Ψ1〉 =
∑
z=z1

Wf (z)|z〉 and |Ψ0〉 =
∑
z 6=z1

Wf (z)|z〉.

(9)

5. Apply FN0
to the first register, where N0 = 2n0 .

6. Apply
∧
N0

(Q) to the first two registers, where Q =

−AS0A−1Sz1 , Sz1 is defined such that

|z〉 →
{
−|z〉 if z = z1
|z〉 if z 6= z1,

and A|0〉⊗n = |ψ〉.

7. Apply F−1N0
to the first register.

8. Measure the first register and denote the outcome
|z〉.

9. Output ã = sin2(π z
N0

).

Theorem 4 The Algorithm 1 outputs |W̃f (z1)| =
√
ã

with probability at least 8
π2 such that

| |W̃f (z1)| − |Wf (z1)|
Wf (z1)

| < ε. (10)

The quantum query complexity N0 of Algorithm 1 are as
follows:
1) If a = 0, then ã = 0 with certainty and N0 = O(1); if
a = 1 with certainty, then ã = 1 and N0 = O(1).

2) If a = Θ( 1
Nα ) (0 < α ≤ 2), then N0 = Θ(N

α
2

ε ).
3) If a = O(1) 6= 0, 1, then N0 = O(1).

Proof. Theorem 4 can be checked by Lemma 3. �

3 Computing Ham(f ,g) between f and g

In this section, we focus on computing the Hamming
distance between two Boolean functions.
Problem 2 Given two unknown functions f, g ∈ Bn,
computing Ham(f, g).
Algorithm 1 Algorithm 2(Ham(f, g), N0)

1. Initialize state |ψ0〉 = |0〉⊗n0 |0〉⊗n|0〉 in three reg-
isters, where n0 is a constant determined later.

2. Perform Unitary operator I⊗H⊗n⊗I on the initial
state |ψ0〉, giving

|ψ1〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|0〉. (11)

3. Apply the Uf on latter two registers, producing

|ψ2〉 = |0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|f(x)〉. (12)

4. We again apply the Ug on latter two registers, pro-
ducing

|ψ3〉 =|0〉⊗n0

∑
x∈{0,1}n

1√
2n
|x〉|f(x)⊕ g(x)〉 (13)

=|0〉⊗n0 |ψ〉, (14)

where

|ψ〉 =
∑

f(x)6=g(x)

1√
2n
|x〉|1〉+

∑
f(x)=g(x)

1√
2n
|x〉|0〉

(15)

= |Ψ1〉+ |Ψ0〉, (16)

|Ψ1〉 =
∑

f(x)6=g(x)

1√
2n
|x〉|1〉 and (17)

|Ψ0〉 =
∑

f(x)=g(x)

1√
2n
|x〉|0〉. (18)

5. Apply FN0 to the first register, where N0 = 2n0 .

6. Apply ∧N0
(Q) where Q = −AS0A−1Sz to the

three registers and Sz is defined such that

|x〉|z〉 →
{
−|x〉|1〉 if z = 1
|x〉|0〉 if z = 0,

and A|0〉⊗(n+1) = |ψ〉.

7. Apply F−1N0
to the first register.

8. Measure the first register and denote the outcome
|z〉.

9. Output ã = sin2(π z
N0

) and H̃am(f, g) = N × ã .

Theorem 5 Given two Boolean functions f , g and any
ε such that 1

3N < ε ≤ 1, there exists a quantum al-

gorithm which outputs an estimate H̃am(f, g)such that
|H̃am(f, g) −Ham(f, g)| ≤ εHam(f, g) with probability
at least 2

3 , using an expected query number of
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Θ(

√
N

(bεtc+ 1)
+

√
t(N − t)
bεtc+ 1

), (19)

where t = Ham(f, g). If Ham(f, g) = 0 or Ham(f, g) =
N , then H̃am(f, g) = Ham(f, g) with certainty. More-
over, our algorithm is optimal.

Proof. The algorithm is composed by joint our
algorithm 2 and Algorithm (Approx− Count(f, ε)) in
literature [7]. The upper bound on query complexity is
obtained from Algorithm(Approx− Count(f, ε)). The
lower bound on query complexity is obtained from the
theorem 1.13 of Nayak and Wu [8]. Therefore, our algo-
rithm is optimal. �

4 Exact quantum query algorithms for
promise problems

Braunstein [9] et al. exploited the Grover operator
for the weight analysis of a Boolean function and solved
the weight-decision problem. Here we consider another
exact quantum query algorithms for Hamming distance
problem.
Problem 3 Given f, g ∈ Bn, either Ham(f, g) is 2n or
Ham(f, g) is h2n(0 ≤ h ≤ 3

4 ), determining which case
belongs to.
Algorithm 3

1. Initialize state |ψ0〉 = |0〉⊗n|0〉 in two registers.

2. Perform Unitary operator H⊗n ⊗ I on the initial
state |ψ0〉, giving

|ψ1〉 =
∑

x∈{0,1}n

1√
2n
|x〉|0〉. (20)

3. Apply the Uf on |ψ1〉, producing

|ψ2〉 =
∑

x∈{0,1}n

1√
2n
|x〉|f(x)〉. (21)

4. We again apply the Ug on |ψ2〉, producing

|ψ3〉 =
∑

x∈{0,1}n

1√
2n
|x〉|f(x)⊕ g(x)〉 (22)

=
∑

f(x)=g(x)

1√
2n
|x〉|0〉+

∑
f(x)6=g(x)

1√
2n
|x〉|1〉

(23)

= |Ψ1〉+ |Ψ0〉, (24)

|Ψ1〉 =
∑

f(x)=g(x)

1√
2n
|x〉|0〉, (25)

|Ψ0〉 =
∑

f(x) 6=g(x)

1√
2n
|x〉|1〉. (26)

5. We apply the Q = −AS0(φ)A−1S(ϕ)(φ =
2 arctan

√
3− 4h, ϕ = arccos 1−2h

2(1−h) ) on |ψ3〉, where

A|0〉⊗(n+1) = |ψ3〉 and S(ϕ) is defined such that

|x〉|b〉 →
{
eiϕ|x〉|0〉 if b = 0
|x〉|1〉 if b = 1.

6. Measure the last qubit and denote the outcome |z〉.

7. If |z〉 = |1〉, output Ham(f, g) = 2n; If |z〉 = |0〉,
then output Ham(f, g) = h2n.

Theorem 6 Algorithm 3 solves the promise problem 3
with certainty using O(1) queries, while any classical de-
terministic algorithm requires Ω(2n) queries.

Proof. Case 1. If Ham(f, g) is 2n, we have Q|ψ3〉 =
−eiφ|Ψ0〉 by lemma 2, i.e. |z〉 = |1〉. That is Algorithm
3 outputs Ham(f, g) = 2n.
Case 2. IfHam(f, g) is h2n, we haveQ|ψ3〉 = [−ei(ϕ+φ)+
(1− eiϕ)(1− eiφ)h]|Ψ1〉, i.e. |z〉 = |0〉. Hence Algorithm
3 outputs Ham(f, g) = h2n. �
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We provide an in-depth investigation of parameter estimation in Nested Mach-Zehnder interfer-
ometers (NMZIs) using two information measures: the Shannon mutual information and the classical
Fisher information. Protocols for counterfactual communition (CFC) have, so far, been based on
two different definitions of counterfactuality. In particular, some schemes have been based on NMZI
devices, but have recently been subject to criticism. We provide a methodology for evaluating the
counterfactuality of these protocols, based on an information theoretical framework. More specifi-
cally, we make the assumption that any realistic quantum channel in MZI structures will have some
weak uncontrolled interaction, and we use the Fisher information to measure counterfactual vio-
lations. The measure is used to evaluate the suggested counterfactual communication protocol by
Salih et al. [1]. The protocol of Arvidsson-Shukur and Barnes [2], based on a different definition, is
evaluated with a probability measure. Our results show that the definition of Arvidsson-Shukur and
Barnes is satisfied by their scheme, whilst that of Salih et al. is only satisfied by perfect quantum
channels. For realistic devices the latter protocol does not achieve its objective.

PACS numbers: 03.65.Ta, 03.67.Hk, 03.67.Ac

I. INTRODUCTION

During the past one and a half centuries, the study
of interferometers has resulted in some of the most pro-
found discoveries in physics. From the Michelson–Morley
experiment [3], which established the speed of light as
a constant, to Hardy’s Paradox [4], which elegantly
demonstrates the non-local behaviour of the fundamen-
tals of quantum physics, interferometers have played a
pivotal role. This is perhaps more evident today than
ever before, considering the recent discoveries of gravi-
tational waves made with two power-recycled Michelson
interferometers.[5]

Studies with optical quantum interferometers have
shown great promise for detection of external fields, or
external parameter estimation.[6–13] A common exam-
ple of this is phase estimation. By letting optical quan-
tum states interfere with a medium inside an interfer-
ometer it can be easier to establish the nature of a
phase-shift caused by the medium, than with a direct
interaction.[10, 14–16]

A framework for studying phase estimation in interfer-
ometers has been developed by Bahder et al. [13, 15, 16].
This framework uses the Shannon mutual information
and the classical Fisher information as measures of the
phase estimating capacity of different interferometers and
input states. The Shannon mutual information provides
a measure of the suitability of a specific experiment for
the estimation of a phase given some known or unknown
phase probability distribution. The classical Fisher in-
formation, on the other hand, provides a measure of how
well a specific—but unknown—phase-shift in the inter-
ferometer can be estimated by a single outcome event
from the specific interferometry experiment.

Another area of physics that has been developed en-

tirely via the study of interferometers, is that of counter-
factual phenomena:

counterfactuals—that is, things that might
have happened, although they did not in fact
happen

- Roger Penrose in ‘Shadows of the Mind’ [17]

The counterfactual phenomenon of interaction-free
measurements was originally discovered by Elitzur and
Vaidman in their seminal paper on quantum bomb
diffusal.[18] They showed how a Mach-Zehnder Interfer-
ometer (MZI) could be used in order to query weather
or not an absorbing object (e.g. a bomb) was or was not
present in the lower interferometer arm. The novelty of
their setup was that the photons propagating through the
interferometer sometimes allowed for the answering of the
query without interacting with the object in question, i.e.
counterfactually.[17] Kwiat et al. then showed how the
efficiency of this scheme could be taken arbitrarily close
to unity by creating a chain of several MZIs.[19, 20]

During the last decade there has been further investiga-
tions of counterfactual schemes. Many of these are based
on the use of so called “nested” Mach-Zehnder Inter-
ferometers (NMZIs). There have been suggestions that
quantum computation [21], direct communication [1] or
transmission of quantum states [22] can be conducted
without the interrogating particle ever entering the quan-
tum computer in the former case or interacting with the
information transmitter in the two latter. However, these
schemes have been under intense debate.[1, 22–30] The
criticism resulted in the development of another counter-
factual communication (CFC) scheme.[2] The definition
of counterfactuality in the former schemes does not al-
low any particles to travel between receiver and trans-
mitter. Alternatively, the definition in the latter allows
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particles to travel from receiver to transmitter but not
vice versa (i.e. particles are only allowed to travel in the
opposite direction of the message). The essence of the
criticism of the former schemes is based on an investiga-
tion of the weak trace [23] that the interrogating particle
leaves within the inner part of a NMZI. Essentially, the
inner part of the NMZIs have to be inaccessible to the
interrogating particle. However, if a weak interaction is
present in those parts, the effect of that is of the same or-
der or stronger than if the particle had freely propagated
through the interaction.[25, 26] The common rebuttal is
that this criticism is invalid as a weak interaction alters
the perfect interference of the interferometer used in the
suggested schemes.

Whilst the weak trace is an interesting concept, we
feel that an argument based on information theoretical
principles is desirable to bring clarity to the subtleties
of the counterfactual protocols. Furthermore, owing to
the intense discussion regarding NMZIs, we also see the
need of a thorough investigation of parameter estimation
in these structures.

In this paper we adapt the information measures of
phase estimation such that they can be used for param-
eter estimations in Mach-Zehnder Interferometer struc-
tures. We firstly give an outline of the theoretical frame-
work of the paper. Secondly, we provide a detailed anal-
ysis of the wavefunction evolution through the NMZI de-
vices. We observe how the Shannon mutual information
and classical Fisher information changes between exper-
iments with NMZIs depending on where in the interfer-
ometer an interacting medium is placed. Furthermore,
we evaluate the two different definitions of CFC, with
suitable measures of their respective violations. The un-
derlying argument of our work, is that absolutely lossless
and pure spatial transmission of quantum particles is not
attainable. Thus, a theory that relies on such perfect
quantum channels is as valid (read: invalid) as a thermo-
dynamic proof only valid at 0 K. We provide a model of
realistic devices that contain a weak un-controlled polar-
ization rotation. This serves the purpose of mimicking
real quantum evolutions. Based on this, we can evalu-
ate the counterfactuality of the communication schemes
according to their respective definitions. We see that
some “counterfactual” protocols violate their definition
of counterfactuality more than a free-space propagation
from a transmitter to a receiver. We can thus rule out
the counterfactuality of these schemes.

II. INFORMATION MEASURES

The basis of this work is the knowledge of how the sin-
gle particle wavefunction (and thus the probability den-
sity distribution) evolves through the devices we wish
to investigate. The wavefunction evolution is provided
by the calculation of unitary operations on some ini-
tial quantum state: |ψin〉 → Û |ψin〉. Throughout the
evolution, information will be encoded in the probabil-

ity density distribution via the interactions that act on
the wavefunction. Whilst the extension to multi-photon
states is straightforward, we wish to keep this study in
line with suggested counterfactual schemes [1, 2, 21, 22],
and restrict our work to single photon inputs.

It is often nonsensical to ask where a quantum parti-
cle has been present between two observations. However,
along the evolution of the quantum state, from input to
output, one can introduce an interaction that results in
parts of the wavefunction occupying a quantum state that
only is made available via this interaction. The wave-
function will carry some information about the nature
of that interaction and it is possible to interpret parts of
the probability density—that occupy states only made
available via this interaction—as having had a classical
presence at the area where the interaction was located.
The probability outputs, at the end of the quantum evo-
lution, allow for the estimation of the interaction param-
eters. The effectiveness of such an estimation, for a given
quantum device, can be evaluated with the two informa-
tion measures outlined in the following subsection.

II.I. Shannon Mutual Information & Fisher
Information

Consider an experiment, given an input state, ψin, and
a parameter, θ, that sets some interaction. We can cal-
culate the Shannon mutual information, H(θ : M), be-
tween the parameter θ and the measurement outcomes
M = {Mi}, where Mi represents an event that occurred
in the ith detector location of the total spatial Hilbert
space, H:

H(θ : M) =
∑
i∈H

∫ θmax

θmin

dθP (Mi|θ, ψin)p(θ)

× log2

[
P (Mi|θ, ψin)

P (Mi|θ, ψin)

]
, (1)

where P (Mi|θ, ψin) =
∫ θmax
θmin

dθ′P (Mi|θ′, ψin)p(θ′),

P (Mi|θ, ψin) is the probability of Mi for some specific
θ and ψin, and p(θ) is the a priori probability distri-
bution of the parameter θ [15, 31]. The Shannon mutual
information provides a measure of how much information
about θ that can be obtained through knowledge of the
measurement outcomes of a specific experiment. A large
value of H(θ : M) indicates a good device for parameter
estimations of an unknown parameter θ.

The Shannon mutual information takes into account a
prior distribution of θ: p(θ). However, if the value of θ
is fixed but unknown, one might ask oneself how much
information a single use of a specific interferometer yields
about θ. This quantity of information is given by the
classical Fisher information [13, 31]:

F (θ) =
∑
i∈H

1

P (Mi|θ, ψin)

[
∂

∂θ
P (Mi|θ, ψin)

]2
. (2)
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In the Cramér-Rao inequality F (θ) sets a lower bound
on the variance of the estimator of θ, θe, obtained in a
specific experiment:

Var(θe) ≥
1

F(θ)
. (3)

II.II. Fisher Information as a Measure of Presence
in Optical Circuits

Many optical quantum interferometers do not involve
polarization operations. However, any “real” experiment
with single photons will naturally include some polariza-
tion operations—owing to, for example, material impuri-
ties and systematic errors in the experimental setup. We
mimic the inevitable imperfect nature of real quantum
channels by introducing single polarization interactions
somewhere in the optical circuits. We call this interaction
the “tagging” of the wavefunction. By introducing the
polarization degree of freedom, we can use the Fisher in-
formation to estimate the parameters associated with the
interaction. As has been described above, a tagged part
of the wavefunction can be considered to have had a past
at the location of the polarization interaction. In this
subsection we show that, given access to all the outcome
possibilities, the classical Fisher information, in the inter-
ferometers studied in this work, is always proportional to
the integrated probability density distribution that has
evolved through the interaction in the Schrödinger pic-
ture.

Firstly, we define an optical input vector, a, of length
2n, which evolves into an output vector, b. The 2n levels
correspond to the n different optical paths of the device,
each of which can exist in one of the two polarization
states. We choose the order of the vector elements so that
the first n entries have the polarization of the initial input
state, and so that the following n entries have orthogonal
polarization.

We can describe the evolution of the input state, a,
through the interferometer by a scattering matrix, S, in
terms of three operations:

Sa ≡
(
V̂ · f̂ (k)(θ) · Û

)
a ≡ b(k), (4)

where Û and V̂ are the unitary operators of the evo-
lution up to and after the tagging polarization rotation

respectively, and f̂ (k)(θ) is the unitary operator that de-
scribes the single polarization rotation at the specific spa-
tial path of k (where 1 ≤ k ≤ n) by an angle θ. A sketch
of the optical circuit of S is given in Fig. 1.

We can define the wavefunction after Û has been ap-
plied as c ≡ Ûa, with:

ci =
2n∑
j=1

Ui,jaj . (5)

FIG. 1. (color online) Sketch of an optical circuit of the form
of Eq. 4, which is described in the text.

The rotation matrix is then applied to this state. It
rotates the quantum state between two of the vector lev-
els, k and k′. It can be represented by the following real
matrix:

f̂ (k)(θ) =



1 · · · 0 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · fk,k(θ) · · · fk,k′(θ) · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · fk′,k(θ) · · · fk′,k′(θ) · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · 0 · · · 0 · · · 1


, (6)

where fk,k =

√
1−

(
fk,k′(θ)

)2
, fk′,k(θ) = −fk,k′(θ) and

fk′,k′(θ) = fk,k(θ).
We further arrange the vector entries such that l and

l+ n correspond to the same spatial location for 1 ≤ l ≤
n. This means that k′ = k + n in Eq. 6 and ci = 0 for
i > n in Eq. 5. We express the quantum state after the

polarization interaction as d(k)(θ) ≡ f̂ (k)(θ)c, with:

d
(k)
i (θ) =

2n∑
j=1

f
(k)
i,j (θ)cj . (7)

We note that the only components of d(k) that depend

on θ are d
(k)
i=k = fk,k(θ)ck and d

(k)
i=k+n = fk+n,k(θ)ck.

Finally, we can apply the last unitary evolution V̂ . Fol-
lowing the steps above, we express the output vector as
b(k) ≡ V̂ d(k)(θ), with:

b
(k)
i (θ) ≡ β(k)

i + b
(k)
i,θ (θ) =

2n∑
j=1

Vi,j(θ)d
(k)
j (θ), (8)

where the θ-dependence of b
(k)
i (θ) is encapsulated in

b
(k)
i,θ (θ) and the term independent of θ is defined as β

(k)
i .
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The probability of measuring the single photon in the
ith output port, is then given by:

P
(k)
i (θ) = |β(k)

i + b
(k)
i,θ (θ)|2. (9)

This can be re-expressed as

P
(k)
i (θ) ≡ |β(k)

i + b
′(k)
i f

(k)
j,k (θ)|2, (10)

where j = k if i ≤ n and j = k + n if i > n. For
convenience we now drop the (k) superscript.

Using Eq. 2, the individual Fisher information com-
ponents can be expressed as:

Fi =
1∣∣βi + b′ifj,k(θ)

∣∣2 [ ∂∂θ ∣∣βi + b′ifj,k(θ)
∣∣2]2

=
1(

βi + b′ifj,k(θ)
)(
β∗i + b′∗i fj,k(θ)

)
×
[ ∂
∂θ

(
βi + b′ifj,k(θ)

)(
β∗i + b′∗i fj,k(θ)

)]2
(11)

This expression can be simplified by expressing the co-
efficients as βi ≡ |βi|eiφi and b′i ≡ |b′i|eiφi,θ and defining
φ ≡ φi − φi,θ:

Fi =

(
cos (φ)|βi|+ |b′i|fj,k(θ)

)2(
|βi|2 + |b′i|2f2j,k(θ) + 2 cos (φ)|βi||b′i|fj,k(θ)

)
×4|b′i|2

( ∂
∂θ
fj,k(θ)

)2
.

(12)

We notice that if the phase difference φ is a multiple
of π, the expression simplifies to:

Fi =4|b′i|2
( ∂
∂θ
fj,k(θ)

)2
.

(13)

This phase criterion is satisfied if the phases of all the
spatial comontents, i ≤ n, of the input state are the same
and S is real (e.g. the optical setup only contains beam-
splitters that can be represented by real operators). It is
also satisfied by all the optical setups considered in Refs.
[1, 2, 18–20, 23].

For the quantum optical setups of interest in this pa-
per, we can thus express the classical Fisher information
(Eq. 2) as:

F (θ) =
2n∑
i=1

4
[ ∂
∂θ

∣∣bi,θ(θ)∣∣]2. (14)

This can be re-expressed as:

F (θ) =
n∑
i=1

4
[ ∂
∂θ

∣∣Vi,kdk(θ)
∣∣]2

+
2n∑

i=n+1

4
[ ∂
∂θ

∣∣Vi,k+ndk+n(θ)
∣∣]2

=
n∑
i=1

4
∣∣Vi,k∣∣2[ ∂

∂θ

∣∣dk(θ)
∣∣]2

+
2n∑

i=n+1

4
∣∣Vi,k+n∣∣2[ ∂

∂θ

∣∣dk+n(θ)
∣∣]2 (15)

Û and V̂ do not manipulate the polarization of the wave-
function. Thus, the symmetry of the matrix V̂ is such
that Vi,k = Vi+n,k+n. It also implies that Vi,k = 0 for
i > n and Vi,k+n = 0 for i ≤ n . By assuming a real
S and defining a suitable reference-point for the global
input phase we simplify our expression further:

F (θ) =

2n∑
i=1

4|Vi,k|2
[ ∂
∂θ
|dk(θ)|

]2
+

2n∑
i=1

4|Vi,k|2
[ ∂
∂θ
|dk+n(θ)|

]2
. (16)

We sum the squared entries in the column of our unitary
matrix to unity, and the expression simplifies to:

F (θ) =4
[ ∂
∂θ
|dk(θ)|

]2
+ 4
[ ∂
∂θ
|dk+n(θ)|

]2
. (17)

At this stage we note that the total Fisher information
of the device does not contain any dependence on the
unitary operation V̂ .

We continue by substituting the expressions of dk and
dk+n from above (Eq. 7) to obtain a final expression of
the Fisher information:

F (k)(θ) =4|ck|2
([ ∂
∂θ

(
fk,k(θ)

)]2
+
[ ∂
∂θ

(
fk+n,k(θ)

)]2)
,

(18)

where we briefly re-introduce the (k) superscript.
To conclude this section, we make the observation that

the Fisher information, Eq. 18, is proportional to |ck|2.
|ck|2 is the probability of observing the photon in the kth

spatial state if a detector had been placed at the location
of the tagging interaction. Näıvely the extent to which
the wavefunction spreads into a spatial location, accord-
ing to the time-dependent Schrödinger equation, could
be interpreted as a measure of how much the particle
has been present there. However, owing to the nature of
quantum mechanics, it is philosophically problematic to
specify what the physical meaning of the wavefunction
between measurements is.1 Nevertheless, in the circuits

1 This is discussed at length in Wheeler’s “The ‘Past’ and the
‘Delayed-Choice’ Double-Slit Experiment”, which has been re-
produced in ref. [32]
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TABLE I. The counterfactual nature of the Type I [1] and
the Type II [2] communication schemes. In both schemes a
message is transmitted from a transmitter, Bob, to a receiver,
Alice.

Scheme \ Bit Logical 0: Logical 1:

Type I: No particles cross the transmission line
between Alice and Bob.

Type II: Particles propagate
from Alice to Bob
via the transmission
line.

Particles propagate
from Alice to the
transmission line
and back again.

studied above, the tagging mechanism, which rotates the
initial polarization of the photon into a superposition
state, is the only polarization component of the inter-
ferometer. Hence, it is arguably less näıve to consider an
output photon in an altered polarization state to have
had a past that has included the passage through the
tagging part of the interferometer. Even if the intro-
duced tagging polarization rotations are very small and
do not affect the specific interferometer significantly, Eq.
18 shows that the information content, which travels from
the polarization rotator to the output ports, is weighted
by the square of the integrated wavefunction at the loca-
tion of the interaction. Hence, the Fisher information is
arguably a good measure of the extent to which a particle
can be considered to previously have had a presence at
the tagging location.

III. MEASURES OF COUNTERFACTUAL
VIOLATION

In this section we develop measures for the extent a
process violates counterfactuality.

There are two main schemes for CFC, based on dif-
ferent definitions of the concept. One was developed in
2013 by Salih et al.[1] We refer to the definition of CFC in
that protocol as the Type I definition. Another scheme
was developed by Arvidsson-Shukur and Barnes in 2016
[2] and we refer to its definitions as the Type II defi-
nition. The two schemes are outlined in detail in later
sections, nevertheless, their differences in counterfactual-
ity are summarised in Table I.

The counterfactuality of an interaction-free process,
naturally depends on the definition of the spatial extent
of the respective “laboratories” of the participants in the
protocol. Both the Type I and II definitions state that
for a process in Bob’s laboratory to be counterfactual
with respect to Alice, it is essential that particles should
never propagate from Bob to Alice (such that parts of
a wavefunction that interacts with Bob’s laboratory will
have a vanishing probability to end up in Alice’s). More-
over, both the Type I and II schemes utilise the quantum
Zeno effect [33, 34] to produce their respective logical 1
bit-values in a counterfactual manner. We are not aware
of any works disputing the counterfactual nature of these

processes. That leaves us with the task of evaluating the
Type I and II logical 0 processes. The Type I definition
should forbid particles to propagate from Alice to Bob
and vice versa. Following the discussion in the section
above, a good measure of the violation of such a pro-
cess could be based on the Fisher information encoded
at Bob’s laboratory, in a particle originating from Alice.

In order to evaluate the “strength” of a violation of
a Type I logical 0 process (caused by a tagging interac-
tion as discussed above) we need a Fisher information
benchmark. In this work we benchmark with respect to
the Fisher information of a free-space evolution, Ffree,
subject to the same tagging interaction as the circuits
of interest. This can, for example, be the scenario of
Bob directly sending a photon to Alice (see Fig. 2)—a
clearly non-counterfactual scenario. We can now define
our new measure for the violation of Type I counterfac-
tuality. We call the measure the Type I counterfactual
violation strength:

D ≡ F

Ffree
. (19)

This quantity can effectively be thought of as the Fisher
information encoded in a particle originating from Alice,
owing to an interaction at Bob’s laboratory, as a frac-
tion of the Fisher information of a free-space interaction.
A value of D = 0 corresponds to no wavefunction in-
teracting with Bob’s laboratory; and a value of D ≥ 1
corresponds to an interaction stronger than or equal to
that of a free-space interaction. Values of the order of
unity or bigger are convicted of violating Type I coun-
terfactuality.

When it comes to evaluating the logical 0 in Type II
protocols, we need a different measure than Eq. 19. This
is because this scheme allows Alice’s particles to be en-
coded by Bob, as long as they do not return to Alice.[2]
The probability of detection in Alice’s laboratory in this
process is null for perfect quantum channels (θ = 0).
Thus, a reasonable measure of a counterfactual viola-
tion would be the total probability of a particle return-
ing to Alice as a result of a non-collapsing interaction
(i.e. θ 6= 0) in Bob’s laboratory. Let Mj∈HA

denote the
measurement outcomes triggered in the Hilbert space of
states within the spatial extent of A. Additionally, let
Mj′ /∈HA

denote the negative measurement that indicate
all outcome states outside the spatial extent of A. Our
new Type II measure can then be expressed as:

PA ≡
∑
j∈HA

P (Mj |θ, ψin) = 1− P (Mj′ /∈HA
|θ, ψin). (20)

This measure can be interpreted in a way such that PA =
1 corresponds to a full counterfactual violation of the
Type II logical 0 and PA = 0 corresponds to perfect
counterfactuality.

Moreover, even though the probability to trigger a de-
tection in Alice’s laboratory can be very small (PA ≈ 0),
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FIG. 2. (color online) A single-photon Fock state is incident
on a weak polarization rotator. The photon is then measured
in its number state and polarization state.

small probabilities can generate large Fisher informa-
tions. We thus introduce the spatially restricted Fisher
information, FA. FA is a measure of the sum of the in-
dividual components of the classical Fisher information
(Eq. 2), as experienced by an observer A. We define:

FA(θ) ≡
∑
j∈HA

1

P (Mj |θ, ψin)

[
∂

∂θ
P (Mj |θ, ψin)

]2

+
1

1− PA

[
∂

∂θ
PA

]2
. (21)

Interestingly, in a Type II scheme, Alice can still obtain
a large Fisher information of Bob’s θ, even if counterfac-
tuality is only violated weakly by θ.

IV. INFORMATION IN NESTED MZIS

IV.I. Free Space Interaction

As a reference scenario for the optical circuits discussed
in later sections of this paper, we provide the simplest
of examples of perturbations caused by a polarization
rotator. We consider a single-photon Fock state. It has
a polarization degree of freedom, and propagates in a
straight line. It interacts with a polarizing medium—the
rotator—shortly after which it is measured. See Fig. 2

The quantum interaction of the wavepacket with the
rotator results in a rotation of the polarization set by
the parameter θ = θw. We can calculate the Shannon
mutual information, H(θw : M), of the parameter θw
and the measurement outcomes.

We introduce the creation operators â†H and â†V , which
create a single photon in a horizontal and vertical state
respectively. Our polarization axes are defined such that
the input state can be written as:

â†H |0〉 ≡
(

1
0

)
. (22)

For the case of a single polarizing rotator, the scattering
matrix (Eq. 4) takes the form:

S = f̂ (1)(θw) =

(√
1− θ2w θw
−θw

√
1− θ2w

)
. (23)

The polarization rotations of the different optical circuits
studied in this paper will all be of the form of Eq. 23.

The detector in Fig. 2 measures in the basis: |nH , nV 〉,
where nH and nV are the respective photon numbers of
horizontal and vertical polarization at the output. The
output probabilities are given by:

P (nH = 1|θw) = 1− θ2w, (24)

P (nV = 1|θw) = θ2w, (25)

where we have adopted a notation such that the state-
ment ns = 1 implicitly assumes that all other possible
measurement outcomes, t 6= s, satisfy

∑
t6=s nt = 0. As

we continue to work with single photon input states, we
keep this notation throughout this paper.

We assume no prior knowledge of θw such that θmin =
−1, θmax = 1 and p(θ) = 1/2 in Eq. 1. The mutual
information is given by:

H(θw : M) =
ln(108)− 4

3 ln(2)
≈ 0.328. (26)

Furthermore, the classical Fisher Information of the
free-space rotation is given by Eq. 2 or Eq. 18:

Ffree =
4

1− θ2w
. (27)

Eq. 27 will be used as the free-space benchmarking
Fisher information in Eq. 19 when calculating counter-
factual violation strengths further on in this paper.

IV.II. Nested MZI Interaction

We now investigate how the position of a polarization
rotator in the nested Mach-Zehnder interferometer (see
Fig. 3) changes the output probabilities, the Shannon
mutual information and the Fisher Information.

In general one can describe the normalised input and
output vectors, a and b, of the NMZIs by:

a =
1√
La



na1,H
na2,H
na3,H
na1,V
na2,V
na3,V

 , b =
1√
Lb



nb1,H
nb2,H
nb3,H
nb1,V
nb2,V
nb3,V

 , (28)

where La and Lb are some normalisation constants. The
corresponding input creation operators are given by â†i .
These are transformed into the output operators via the

scattering matrix (see Eq. 4) b̂†j = Si,j â†i . In the fol-
lowing sections we restrict our input states to horizontal
single photon states, initially occupying the first spatial

input port, such that |ψin〉 = â†1,H |0〉. We drop the su-
perscripts of the vector elements.

The beam-splitters, BSi, have reflection and transmis-
sion coefficients ri and ti respectively. In the NMZI de-
vice r2 = t2 = r3 = t3 = 1√

2
, such that the scattering
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FIG. 3. (color online) A single-photon state is sent as the
input to one of the ports of a NMZI. There are six possible
detection outcomes (three spatial outcomes, each having a
polarization degree of freedom). The green barred lines and
blue arrowed lines represent mirrors and non-polarizing beam-
splitters respective.

matrix of the NMZI device, without polarization rotators

(i.e. f̂ (k)(θ) = 1̂ in Eq. 4), is given by:

S =


r1r4 t1r4 t4 0 0 0
−r1t4 −t1t4 r4 0 0 0
t1 −r1 0 0 0 0
0 0 0 r1r4 t1r4 t4
0 0 0 −r1t4 −t1t4 r4
0 0 0 t1 −r1 0

 . (29)

We proceed by evaluating the NMZI device for parame-
ter estimation by considering five different scenarios with
a polarization rotator placed in one out of five locations
in the NMZI device (see Fig. 4).

1. One

In our first scenario, we introduce a rotator in the lower
arm of the Nested MZI. See position (1) in Fig. 4.

The scattering matrix of this device is given by:

S1 =


r1r42θw t1r42θw t4 r1r4θw t1r4θw 0
−r1t42θw −t1t42θw r4 −r1t4θw −t1t4θw 0

t1 −r1 0 0 0 0
−r1r4θw −t1r4θw 0 r1r42θw t1r42θw t4
r1t4θw t1t4θw 0 −r1t42θw −t1t42θw r4

0 0 0 t1 −r1 0

 , (30)

where θw ≡
√

1− θ2w/2.

FIG. 4. (color online) A polarization rotation is added to
one, but only one, of the positions, 1 - 5, in the Nested Mach-
Zehnder Interferometer from Fig. 3.

Assuming the single photon input state from above,
|ψin〉, we get the following conditional probabilities for

the possible output detections:

P (n1,H = 1|θw) = r21r
2
4

(
1− θ2w

)
, (31)

P (n1,V = 1|θw) = r21r
2
4θ

2
w, (32)

P (n2,H = 1|θw) = r21t
2
4

(
1− θ2w

)
, (33)

P (n2,V = 1|θw) = r21t
2
4θ

2
w, (34)

P (n3,H = 1|θw) = t21, (35)

P (n3,V = 1|θw) = 0. (36)

The Shannon mutual information of the device is given
by:

H(θw : M) =
ln(108)− 4

3 ln(2)
r21. (37)

Furthermore, the Fisher Information of this device is
given by:

F =
4

1− θ2w
r21. (38)

We see that the information content obtained from the
measurement outcomes, as compared to the free-space
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scenario, is scaled by the square of the reflection coeffi-
cient of the first beam-splitter (BS1). The information is
reduced exactly by the square of the norm of the wave-
function that is scattered through parts of the interfer-
ometer not passing through the polarization rotator in
the Schrödinger picture.

2. Two

In our next scenario, we consider the rotator to be
placed in the upper interferometer path, before the sec-
ond beam-splitter. The scattering matrix then takes the
form of:

S2 =


r1r4 t1r4 t4 0 0 0
−r1t4 −t1t4 r4 0 0 0
t12θw −r12θw 0 t1θw −r1θw 0

0 0 0 r1r4 t1r4 t4
0 0 0 −r1t4 −t1t4 r4

−t1θw r1θw 0 t12θw −r12θw 0

 . (39)

The conditional probabilities of this example are sim-
ilar to those in Scenario One. However, the dependence
on θw is transferred to the third output port, from the
first and second in the example above. The conditional
probabilities are now given by:

P (nH1 = 1|θw) = r21r
2
4, (40)

P (nV1 = 1|θw) = 0, (41)

P (nH2 = 1|θw) = r21t
2
4, (42)

P (nV2 = 1|θw) = 0, (43)

P (nH3 = 1|θw) = t21
(
1− θ2w

)
, (44)

P (nV3 = 1|θw) = t21θ
2
w. (45)

The Shannon mutual information is given by:

H(θw : M) =
ln(108)− 4

3 ln(2)
t21. (46)

Additionally, the Fisher Information is scaled similarly,
such that it is given by the expression:

F =
4

1− θ2w
t21. (47)

The r1 dependency of the previous scenario has, natu-
rally, been transformed into a t1 dependency. Owing to
the design of the NMZI device, the beam-splitters of the
inner MZI have no effect on the information of θw if the
rotator is placed just after the first beam-splitter.

3. Three

In this scenario we investigate how the above stud-
ied properties change if the polarizing rotator is instead

placed after the third—but before the fourth—beam-
splitter. The scattering matrix is then given by:

S3 =


r1r4 t1r4 t42θw 0 0 t4θw
−r1t4 −t1t4 r42θw 0 0 r4θw
t1 −r1 0 0 0 0
0 0 −t4θw r1r4 t1r4 t42θw
0 0 −r4θw −r1t4 −t1t4 r42θw
0 0 0 t1 −r1 0

 .

(48)

The conditional probabilities are given by:

P (nH1 = 1|θw) = r21r
2
4, (49)

P (nV1 = 1|θw) = 0, (50)

P (nH2 = 1|θw) = r21t
2
4, (51)

P (nV2 = 1|θw) = 0, (52)

P (nH3 = 1|θw) = t21, (53)

P (nV3 = 1|θw) = 0. (54)

The lack of dependence on θw can simply be explained
by the fact that the interference effects of the device pro-
hibits any part of the wavepacket to evolve into the spa-
tial location where the rotator is placed in this scenario.

The Shannon mutual information is given by:

H(θw : M) = 0. (55)

The absence of θw in the conditional probabilities leads
to a vanishing Shannon mutual information. The same
applies to the Fisher Information:

F = 0. (56)

In the investigation of this scenario, we make the obser-
vation of how the introduction of a polarizing rotator, (3)
in Fig. 4, does not alter the output probabilities from the
original device in Fig. 3. There is never any part of the
wavefunction moving from the third to the fourth beam-
splitter. Hence, an interaction in this region should not
yield any information encoded in the particle.

4. Four & Five

In Scenario Four and Five we place the polarizing rota-
tor in the upper and lower path of the inner MZI respec-
tively. The scattering matrices of these cases are given
by:
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S4 =


r1r4 − t1t4θ−w t1r4 + r1t4θ

−
w t4θ

+
w t1t4θw −r1t4θw t4θ

2

w

−r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w r4θ

+
w t1r4θw −r1r4θw r4θw

t1θ
+
w −r1θ+w −θ−w t1θw −r1θw θw

−t1t4θw r1t4θw −t4θw r1r4 − t1t4θ−w t1r4 + r1t4θ
−
w t4θ

+
w

−t1r4θw r1r4θw −r4θw −r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w r4θ

+
w

−t1θw r1θw −θw t1θ
+
w −r1θ+w −θ−w

 , (57)

S5 =


r1r4 − t1t4θ−w t1r4 + r1t4θ

−
w −t4θ+w −t1t4θw r1t4θw t4θw

−r1t4 − t1r4θ−w −t1t4 + r1r4θ
−
w −r4θ+w −t1r4θw r1r4θw r4θw

t1θ
+
w −r1θ+w θ−w −t1θw r1θw θw

−t1t4θw r1t4θw t4θw r1r4 − t1t4θ+w t1r4 + r1t4θ
+
w −t4θ−w

−t1r4θw r1r4θw r4θw −r1t4 − t1r4θ+w −t1t4 + r1r4θ
+
w −r4θ−w

−t1θw r1θw θw t1θ
−
w −r1θ−w θ+w

 . (58)

where θ±w ≡ (1±θw)/2 and where we temporarily make a

superficial change of variables such that θw →
√

1− θ2w.
For the two scenarios of introducing the polarization

rotator inside the nested part of the interferometer, the
conditional probabilities take more complicated forms:

P (nH1 = 1|θw) =
1

4
(2r1r4 − t1t4(1− θw))2, (59)

P (nV1 = 1|θw) =
1

4
t21t

2
4(1− θ2w), (60)

P (nH2 = 1|θw) =
1

4
(2r1t4 + t1r4(1− θw))2, (61)

P (nV2 = 1|θw) =
1

4
t21r

2
4(1− θ2w), (62)

P (nH3 = 1|θw) =
1

4
t21(1 + θw)2, (63)

P (nV3 = 1|θw) =
1

4
t21(1− θ2w). (64)

The corresponding Shannon mutual information for
these devices is complicated and not very informative.
However, by making the assumption that t4 = r1 and
r4 = t1, we can simplify the expression of the mutual
information such that:

H(θw : M) =
1

3 ln (2)t21

[
− 2r31 ln (r21)

+t21

(
3 ln (3) + t21

(
ln (2)− 1

)
−2−

(
3r21 + t41

)
ln
(
3r21 + t41

))]
. (65)

Furthermore, we can approximate this expression. For
scenarios where t1 ≈ 0, the Shannon mutual information
is successfully modelled by a second order term:

H(θw : M) ≈ −3 + ln (2) + 3 ln (3)

3 ln (2)
t21. (66)

To obtain an even better model we can use a Padé ap-
proximant [35] of order [6/4]:

H(θw : M) ≈ a2t
2
1 + a4t

4
1 + a6t

6
1

1 + b2t21 + b4t41
, (67)

with constants ai and bj for i = {2, 4, 6} and j = {2, 4}
given in Table II. Fig. 5 shows the mutual information
from Eq. 65 and the two approximations as functions
of t1. The second order Taylor expansion (for t1 ≤ 0.4)
and the Padé approximation, model the true curve within
mean squared errors of 3.1×10−8 and 2.8×10−9 respec-
tively.

The corresponding Fisher Information of the device in
Fig. 4, with a polarization rotator in the nested part ((4)
or (5)), is given by:

F =
2

1− θ2w
t21. (68)

In accordance with Eq. 18, we see that the Fisher in-
formation is proportional to how much of the wavepacket
that—in the Schrödinger picture—has passed through
the rotator in the device. In the scenarios of this subsec-
tion, the part of the wavefunction that travelled through
the rotator in Scenario Two, is halved by the second
beam-splitter before it is allowed to interact with the
rotator. Hence, F (in Eq. 68) is halved as compared to
its value in Scenario Two (Eq. 47).

TABLE II. Numerical constants in [6/4] Padé approximation
of Eq. 65.

i ai bi

2 −3+ln (2)+3 ln (3)
3 ln (2)

−1

4 25−6 ln (2)+25 ln (3)
18 ln (2)

−1
10(−7+3 ln (3))

6 254−3 ln (2)−429 ln (3)+180 ln (3)2

90(−7+3 ln (3)) ln (3)
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FIG. 5. (color online) The mutual information between the
polarization rotation, θw, and the measurement outcomes,
{Mi}, as a function of beam-splitter transmission, t1, as de-
scribed in the text. The solid black line shows the true curve
of Eq. 65, the thick grey line shows the Padé approximation
(virtually indistinguishable from the true curve) and the red
dashed line shows the second order Taylor expansion.

V. EVALUATION OF TYPE I
COUNTERFACTUAL COMMUNICATION

V.I. Numerical Analysis of Chained NMZIs

Fig. 6 shows a chained nested Mach-Zehnder inter-
ferometer. The first proposal of direct CFC [1] is based
on such a device. The chained NMZI is divided such
that the top right part of the individual NMZIs are in
Bob’s laboratory. The communication scheme allows Al-
ice to input a photon in the top left path (solid black
line). If Bob wishes to transmit a logical 0, he leaves all
paths open. If he, instead, wishes to transmit a logical
1, he blocks all paths with his detectors, DB . Bob’s ac-
tion, together with the number of inner and outer beam-
splitters (M and N respectively), sets the output statis-
tics in Alice’s Laboratory (detections at D1 or D2). The
outer and inner beam-splitters have there transmission
coefficients set such that tn=1,...,N = sin (π/2N) and
tm=1,...,M = sin (π/2M) respectively. For sufficiently
large numbers of beam-splitters (see Fig. 7), the pho-
ton will end up at D2 (logical 1) or D1 (logical 0) if Bob
inserts or does not insert DB in his laboratory, respec-
tively.

Ref. [1] assumes that the evolution of the interrogating
particle in the above described scheme can be modeled
by perfectly unitary rotation matrices. For reference, we
numerically calculate the detection probabilities of D1

and D2 detections in the scenarios of Bob keeping his
laboratory open and blocked respectively. These proba-
bilities are shown in Fig. 7 and are in accordance with

FIG. 6. (color online) The chained nested Mach-Zehnder in-
terferometer suggested for CFC in Ref. [1]. Alice inputs a
photon in the upper left path and Bob has the choice of intro-
ducing detectors in his part of the device. His choice governs
the statistics of the final output detections at D1 and D2.

FIG. 7. (color online) Probability of detection at D1 (a) and
D2 (b) if Bob unblocks and blocks his path in Fig. 6 respec-
tively.

those calculated in Ref. [1].

Fig. 7 suggests that for a communication scheme with
low logical bit errors we need M � N . Furthermore, as
discussed in Ref. [2], a success rate of about 95% requires
a total of approximately 60000 beam-splitters to be used.

We now calculate the quantum evolution of the Type I
logical 0 process (no DB), with a polarization rotation of
θw in every inner MZI in Bob’s laboratory. In accordance
with the previous sections of this paper, the weak rota-
tions mimic disturbances of realistic quantum channels.
This allows us to calculate the counterfactual violation
strength (Eq. 19). An analytical analysis of the Fisher
information in the chained NMZI devices of Fig. 6 yields
a complicated non-informative expression, even for small
numbers of M and N . Instead, a numerical finite differ-
ence method allows for a comprehensive approximation
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FIG. 8. (color online) The spatially conditioned Type I coun-
terfactual violation strength as a function of the beam-splitter
numbers N and M for the scenario of Bob not introducing his
detectors in Fig. 6.

of the counterfactual violation strength. Fig. 8 shows
the spatially conditioned Type I counterfactual violation
strength (i.e. F → FA in Eq. 19), DA, as a function
of N and M , assuming that Bob leaves his path open
and that the polarization rotations are carried out with
a weak polarization parameter: θw = 10−6 � M−1. A
simple calculation shows that D ≥ DA, such that Fig. 8
can be used as a lower bound on the Type I counterfac-
tual violation strength in the device of Fig. 6.

As stated before, large values of M and N are needed
to carry out the direct communication scheme with high
success probability. For such values, the counterfactual
violation strength of the chained NMZI communication
scheme is many orders of magnitude larger than unity.
For realistic quantum channels, we can thus, based on
our counterfactuality measure, conclude that the sug-
gested communication scheme of Ref. [1] is, de facto,
not counterfactual.

V.II. Analytical Analysis of a Single NMZI

Ref. [26, 36] suggests that the conceptual problem of
the chained NMZI in Ref. [1] can be reduced to a study
of a single NMZI device by considering pre- and post-
selected events. This enables an analytical analysis of
Type I “counterfactual” schemes based on NMZI struc-
tures.

Consider Fig. 9. We pre-select our states such that the

input is the usual |ψin〉 = a†1,H |0〉 from before. Bob has
the option of introducing some absorbing object in his
laboratory. Furthermore, we include a weak polarization
rotation in Bob’s laboratory to mimic some disturbance

FIG. 9. (color online) The Nested Mach-Zehnder Interferom-
eter as used in the communication scheme presented in the
text.

in the device. We also post-select our states such that
we exclude the events of absorption in Bob’s laboratory,
by DB or D3.

If Bob wishes to transmit a logical 1 to Alice, he intro-
duces the absorbing object in his laboratory. The renor-
malized output probabilities are then given by:

P1(nH1 = 1|nH,V3,B = 0) = N1

(
r1r4 − r2t1t2t4

)2
, (69)

P1(nV1 = 1|nH,V3,B = 0) = 0, (70)

P1(nH2 = 1|nH,V3,B = 0) = N1

(
r1t4 + r2r4t1t2

)2
, (71)

P1(nV2 = 1|nH,V3,B = 0) = 0, (72)

with N1 ≡
(

1− t21
(
r42 + t22

))−1
.

We set the beam-splitter parameters according to Fig.
9, with r2 = t2 = 1/

√
2. This simplifies our expression

such that:

P1(nH1 = 1|nH,V3,B = 0) =
r21t

2
1

3r21 + 1
, (73)

P1(nV1 = 1|nH,V3,B = 0) = 0, (74)

P1(nH2 = 1|nH,V3,B = 0) =

(
r21 + 1

)2
3r21 + 1

, (75)

P1(nV2 = 1|nH,V3,B = 0) = 0. (76)

The corresponding value for the conditioned Fisher in-
formation of this 1-bit protocol is:

F 1 = 0. (77)

This is expected, as any part of the wavefunction that
interacts with the rotator is then absorbed by DB and
can thus not reach Alice.
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Now, consider the process in which Bob instead wishes
to transmit a logical 0 to Alice. He then leaves his labora-
tory free, without any absorbing objects. The renormal-
ized probabilities of detecting the particle in the following
states are given by:

P0(nH1 = 1|θw, nH,V3,B = 0) =N0

(
r1r4 + r2t1t2t4

×
(
2θw − 1

))2
, (78)

P0(nV1 = 1|θw, nH,V3,B = 0) =N0

(
r22t

2
1t

2
2t

2
4θ

2
w

)
, (79)

P0(nH2 = 1|θw, nH,V3,B = 0) =N0

(
r1t4 − r2r4t1t2

×
(
2θw − 1

))2
, (80)

P0(nV2 = 1|θw, nH,V3,B = 0) =N0

(
r22r

2
4t

2
1t

2
2θ

2
w

)
, (81)

with N0 ≡
(

1− t21
(
r42 + t42 + 4r22t

2
2θw

))−1
. Again, we set

the beam-splitter parameters according to Fig. 9, with
r2 = t2 = 1/

√
2. The probabilities then simplify to:

P0(nH1 = 1|θw, nH,V3,B = 0) = N ′0r21t21
(
1 + 2θw

)2
, (82)

P0(nV1 = 1|θw, nH,V3,B = 0) = N ′0r21t21θ2w, (83)

P0(nH2 = 1|θw, nH,V3,B = 0) = N ′0
(
1 + r21 − 2t21θw

)2
, (84)

P0(nV2 = 1|θw, nH,V3,B = 0) = N ′0t41θ2w, (85)

where N ′0 =
(

4− 2t21
(
1 + 2θw

))−1
.

For the 0-bit scheme considered above, we then obtain:

F 0 =
t21

1− θ2w
. (86)

This can be compared to the 1-bit scheme, where the
value is F 1 = 0, such that there is no information about
the angle θw given to Alice.

The two processes described in this section can be used
in order to transmit information from Bob to Alice in a
scenario where Bob only has access to the inner part of
the NMZI (see Fig. 9). However, in order for our setup to
be representative of the behaviour of the Chained NMZI
structure from the section above, we set θw � t1 �
r1. Hence, the polarization rotation will have a minute
impact on the probability outputs. For t1 � r1, the
probability distributions for the 0- and 1-bit processes are
very similar. We see that in both processes of the scheme,
Alice will detect the state |nH2 = 1〉 with high probability.
Thus, in order for Alice to obtain Bob’s choice of bit-
value, with high probability, each logical bit has to be
decoded from a larger bit string.

The communication scheme is as follows: Alice sends
a number, nγ , of single photons (excluding the particles
that do not fulfil the post-selection criterion and are ab-
sorbed by either DB or D3) into the device of Fig. 9, one

after another. Depending on what logical bit Bob wishes
to transmit, he either inserts detector DB or leaves his
laboratory open, for all the nγ particles. Alice makes sub-
sequent particle detections of the nγ events: |nH1 = 1〉,
|nH2 = 1〉, |nV1 = 1〉 or |nV2 = 1〉. If she measures any
event in |nV1 = 1〉 or |nV2 = 1〉, she knows with certainty
that a logical 0 was sent. However, owing to the fact that
θw is very small, the accumulative probability of these
events is also small. Hence, Alice will, with high proba-
bility, have to use the statistics of |nH1 = 1〉 and |nH2 = 1〉
detections to infer the logical bit. From the number of
particles, q, that Alice measure in the |nH1 = 1〉 state, she
decides whether Bob sent a logical 0 or a logical 1.

The question of interest is: what number, nγ , of single
photon evaluations of the device, allows for an effective
communication scheme with a limited number of errors.

We re-define P1 ≡ P1(nH1 = 1|nH,V3,B = 0) and P0 ≡
P0(nH1 = 1|θw, nH,V3,B = 0). For small t1 and θw � t1, we
see that P1 < P0. Alice will thus note down a 1 every
time q < q′. In the limit of long message strings, Bob
will produce logical 0s and 1s at the same rates, and the
exact value of q′ is given by:

q′ =

 nγ ln
(

1−P1

1−P0

)
ln
(
P0

P1

)
− ln

(
1−P0

1−P1

)
. (87)

The probability for a non-faulty logical bit-transmission
is thus:

Psucc. =
1

2

q′∑
q=0

nγ !P q1 (1− P1)nγ−q

q!(nγ − q)!

+
1

2

nγ∑
q=q′+1

nγ !P q0 (1− P0)nγ−q

q!(nγ − q)!
. (88)

Eq. 88 can be used to numerically find an acceptable
value of nγ , given the parameters of the setup. However,
in order to evaluate the setup discussed in Ref. [1, 23,
25–28], we need the transmission coefficient to be small
(t1 = sin (π/2N) � 1, with N � 1). As t1 is small, we
can, by the central limit theorem, assume that nγ has
to be large and that the two bit-processes will generate
normally distributed events. The two processes will each
have a mean situated at P1 and P0 respectively. Their
respective standard deviations will be given by:

σi =

√
Pi(1− Pi)

nγ
, (89)

where i = 0, 1, which decreases reciprocally with the
square-root of nγ . For Alice to be able to distinguish
between the logical 0 and 1 bits a 1 − ε fraction of the
processes, we require that:

nγ ≥

(
Φ−1(ε)

√
P0(1− P0) +

√
P1(1− P1)

P0 − P1

)2

, (90)
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where Φ−1(ε) is the inverse of the standard normal cu-
mulative distribution function.

We can Taylor expand nγ for small values of t1 such
that:

nγ ≥
(
Φ−1(ε)

)2 4

t21
+O(t−11 ). (91)

As the Fisher information scales linearly with the num-
ber of evaluations of the channel, nγ , our counterfactual
violation strength for a Type I logical 0-bit is given by:

D = nγ
F 0

Ffree
&
(
Φ−1(ε)

)2
. (92)

For a success rate of roughly 95%, we thus obtain a value
of D ≈ 2.7, and we conclude that the CFC schemes de-
scribed in this subsection is no more counterfactual than
a free space evolution of particles between Alice and Bob.
This conclusion agrees with that of Vaidman’s week trace
evaluation in Ref. [28].

V.III. Quantum Evolution in NMZI

In order to illustrate the origin of a counterfactual vi-
olation inside a NMZI device, we provide a numerical
simulation of the time-dependent Schrödinger equation.
We simulate a massive spin-12 particle that propagates
through a NMZI that we have mapped onto a linear 1D
structure. The Hamiltonian to implement such an evo-
lution can be tailored as in Ref. [2]. The solution is
calculated by a GPU-boosted version of the Staggered
Leapfrog Algorithm as in Ref. [37]. Fig. 10 shows the
evolution of the wavefunction.

The Hamiltonian has been tailored such that the beam-
splitter parameters are given by: t2 = r2 = t3 = r3 = 1√

2
,

t1 = t4 = 1
2 and r1 = r4 =

√
3
2 .

As can be seen from Fig. 10, the effect of the weak
interaction in Bob’s laboratory (right frame in (d)) is to
distort the interaction on the beam-splitter (between (d)
and (f)). In the scenario of no interaction, the second
passage through the right beam-splitter causes the entire
wavepacket to propagate to Bob’s laboratory, never to
return to Alice. However, a weak interaction in Bob’s
laboratory allows for a fraction of the wavepacket (right
frame in (e)) to propagate back towards Alice’s labo-
ratory and interfere on the left beam-splitter. Hence,
the probability density distributions around x = 0.5 and
x = 2.5 in Alice’s laboratory are different depending on
whether or not a weak interaction took place. This is
why the Type I counterfactuality is satisfied, only if ab-
solutely pure quantum channels are present in the NMZI
device.

FIG. 10. (color online) This figure shows the quantum evo-
lution (time steps (a) to (f)) of the probability density distri-
bution of a spin- 1

2
particle in a nested Mach-Zehnder inter-

ferometer with and without a weak spin-rotation interaction
(exaggerated for visibility) in Bob’s laboratory. The dotted
red and solid blue curves indicate spin up and spin down com-
ponents of the wavefunction respectively. The dashed green
curves show the potentials. Beam-splitters are denoted with
vertical yellow lines. The spatial components are indicated
with the vertical dashed grey lines.
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FIG. 11. (color online) The Chained Mach-Zehnder interfer-
ometer as used in the CFC scheme of Ref. [2].

VI. EVALUATION OF TYPE II
COUNTERFACTUAL COMMUNICATION

We now consider the Type II protocol suggested
by Arvidsson-Shukur and Barnes[2], which relies on a
chained MZI (CMZI) device. Such a device is shown in
Fig. 11.

In this protocol, Alice sends a single photon state into
the upper left input path of the device (solid black line).
The photon then enters the transmission line, which
shares a CMZI device with Bob’s laboratory. Bob has the
possibility of inputting detectors in his path or leaving it
open. If Bob leaves his path open, the quantum evolution
of the photon in the device will lead it to emerge onto
detector D2 in Bob’s laboratory, without the wavepacket
ever spreading into Alice’s laboratory after it first left it.
However, if Bob instead inputs detectors, DB , after each
beam-splitter, the wavepacket will either be absorbed by
one of them or collapse onto a state in the lower part of
the CMZI device that can re-enter Alice’s laboratory to
be detected by detector D1. In the limit of large N and
inserted detectors, the quantum Zeno effect can make the
probability of re-entering in Alice’s laboratory arbitrar-
ily close to unity. Hence, Bob’s action of either leaving
his path free or inserting detectors affects the detection
probabilities in Alice’s laboratory and—in the limit of
large N—allows her to deduce Bob’s action with high
probability of success.2

This protocol is conceptually different from the one
presented in Ref. [1]. That protocol suggests a scenario
where the photon would never travel from Bob to Alice
or vice versa. The protocol described in Ref. [2] indeed
never sees the photon wavefunction travelling from Bob

2 The protocol presented in Ref. [2] shows how a clever logical
bit-encoding scheme can take the probability of success close to
unity, even for imperfect beam-splitters and N ≤ 7.

FIG. 12. (color online) The Type II logical 0 (see Ref. [2])
counterfactual violation strength, PA (dashed lines read on
the left y-axis), and the spatially conditioned Fisher informa-
tion, FA (solid line read on the right y-axis), as functions of
the beam-splitter number, N .

to Alice. It does, however, allow for the wavefunction to
propagate from Alice to Bob. The protocol is, neverthe-
less, counterfactual according to the Type II definition,
which allows particles to travel in the opposite direction
to the message.

We simulate the Type II counterfactual violation
strength (PA from Eq. 20) per photon transport through
the CMZI with Bob’s path open, as a function of N . The
weak polarization rotators are again inserted in each sep-
arate MZI of Bob’s laboratory. PA is dependent of θw
and we present results for various values of θw in Fig. 12.

The CMZI CFC protocol can be carried out with a high
success rate with less than 100 beam-splitters (the success
rate of the 1-bit process when Bob inserts his detectors
is above 95% if N ≥ 50). Hence, Fig. 12 validifies the
counterfactuality of the CMZI scheme for the values of
θw that we have considered. We see that for small values
of θw the value of PA is kept well below the free-space
interaction value of 1. Regardless of the small values of
PA, Fig. 12 shows that Alice obtains a large amount
of Fisher information FA(θ) about Bob’s parameter θw.
The value of FA(θ) is independent of changes in the value
of θ for small θ = θw ≈ 0. The value of PA is not.

VII. CONCLUDING REMARKS

In this paper we have carried out a thorough study
of the Shannon mutual information and the classical
Fisher information in Nested Mach-Zehnder interferom-
eters. We have calculated these information measures
with respect to the measurement outcomes caused by
polarization rotations in different parts of the structure.
In an otherwise non-polarizing optical circuits with real
beam-splitter matrices, the Fisher information caused
by a single polarization rotation is always proportional
to the integrated probability density distribution at the
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location of the interaction in the Schrödinger picture.
The Fisher information—in such a scenario—can thus
be thought of as a measure of inter-measurement “pres-
ence” at the rotator. Furthermore, we have developed
measures for the strength of counterfactual violations in
two different types of CFC schemes. Type I schemes do
not allow particles to cross the transmission line between
transmitter and receiver, whilst the Type II schemes al-
low particles to travel in to opposite direction to the mes-
sage. The rudimentary assumption made in this paper,
is that any real quantum channel will naturally have un-
wanted components to it. We introduce a small polariza-
tion rotation as a simple model of an unwanted quantum
evolution in the devices. We find that a suitable mea-
sure of Type I counterfactual violations is based on the
classical Fisher information of the parameter θw that set
the polarization rotation. It is scaled by the reciprocal
Fisher information from a free-space interaction of the
same strength as the one used in the device of interest.
Hence, a value of D = 1 corresponds to the counterfac-
tual violation strength of a free-space interaction inside
the laboratory of study and any value between 0 and 1
corresponds to a weaker-than-free-space counterfactual
violation. For example, we can show that the suggested
scheme of Salih et al. [1] strongly violates counterfac-
tuality. The Type II scheme developed by Arvidsson-

Shukur and Barnes [2] should be measured with another
counterfactual violation measure. This measure, PA, is
based on how much probability density that a weak non-
collapsing interaction in Bob’s laboratory generates in
Alice’s. We find that the Type II scheme of Ref. [2]
keeps the value of PA to a fraction of a percent, and thus
satisfies its counterfactuality definition. Moreover, we
provide an analytical study as well as a numerical sim-
ulation of the quantum evolution of a massive particle
in a single NMZI. The numerics show how the evolution
of the quantum wavefunction leads to Fisher information
of the interaction parameter (and ultimately the coun-
terfactual violations) in NMZIs communication schemes.
The analytical study supports the claim of the invalidity
of counterfactual schemes based on NMZIs.
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Rev. D 76, 104044 (2007).

[9] J. K. Stockton, X. Wu, and M. A. Kasevich, Phys. Rev.
A 76, 033613 (2007).

[10] R. Demkowicz-Dobrzanski, U. Dorner, B. J. Smith, J. S.
Lundeen, W. Wasilewski, K. Banaszek, and I. A. Walm-
sley, Phys. Rev. A 80, 013825 (2009).

[11] H. Cable and G. A. Durkin, Phys. Rev. Lett. 105, 013603
(2010).

[12] S. Vitale and M. Zanolin, Phys. Rev. D 82, 124065
(2010).

[13] T. B. Bahder, Phys. Rev. A 83, 053601 (2011).
[14] Z. c. v. Hradil, Phys. Rev. A 51, 1870 (1995).
[15] T. B. Bahder and P. A. Lopata, Phys. Rev. A 74, 051801

(2006).
[16] D. S. Simon, A. V. Sergienko, and T. B. Bahder, Phys.

Rev. A 78, 053829 (2008).
[17] R. Penrose, Shadows of the Mind: A Search for the Miss-

ing Science of Consciousness, 1st ed. (Oxford University
Press, Inc., New York, NY, USA, 1994) p. 240.

[18] A. C. Elitzur and L. Vaidman, Foundations of Physics
23, 987 (1993).

[19] P. Kwiat, H. Weinfurter, T. Herzog, A. Zeilinger, and
M. A. Kasevich, Phys. Rev. Lett. 74, 4763 (1995).

[20] P. G. Kwiat, A. G. White, J. R. Mitchell, O. Nairz,
G. Weihs, H. Weinfurter, and A. Zeilinger, Phys. Rev.
Lett. 83, 4725 (1999).

[21] O. Hosten, M. T. Rakher, J. T. Barreiro, N. A.
Peters, and P. G. Kwiat, Nature 439 (2006),
http://dx.doi.org/10.1038/nature04523.

[22] Z.-H. Li, M. Al-Amri, and M. S. Zubairy, Phys. Rev. A
92, 052315 (2015).

[23] L. Vaidman, Phys. Rev. A 87, 052104 (2013).
[24] Z.-H. Li, M. Al-Amri, and M. S. Zubairy, Phys. Rev. A

88, 046102 (2013).
[25] L. Vaidman, Phys. Rev. A 88, 046103 (2013).
[26] L. Vaidman, Phys. Rev. Lett. 112, 208901 (2014).
[27] H. Salih, Z.-H. Li, M. Al-Amri, and M. S. Zubairy, Phys.

Rev. Lett. 112, 208902 (2014).
[28] L. Vaidman, Phys. Rev. A 93, 066301 (2016).
[29] Z.-H. Li, M. Al-Amri, and M. S. Zubairy, Phys. Rev. A

93, 066302 (2016).
[30] R. B. Griffiths, Phys. Rev. A 94, 032115 (2016).
[31] T. M. Cover and J. A. Thomas, Elements of Information

Theory, 2nd ed. (John Wiley and Sons Inc., Hoboken,
New Jersey, USA, 2006).

[32] A. Marlow, Mathematical Foundations of Quantum The-

175

http://dx.doi.org/10.1103/PhysRevLett.110.170502
http://dx.doi.org/10.1103/PhysRevLett.110.170502
http://dx.doi.org/ 10.1103/PhysRevA.94.062303
http://dx.doi.org/ 10.1103/PhysRevA.94.062303
http://dx.doi.org/10.2475/ajs.s3-34.203.333
http://dx.doi.org/10.2475/ajs.s3-34.203.333
http://dx.doi.org/10.1103/PhysRevLett.68.2981
http://dx.doi.org/ 10.1103/PhysRevLett.116.061102
http://dx.doi.org/ 10.1103/PhysRevLett.116.061102
http://stacks.iop.org/0953-4075/39/i=5/a=001
http://stacks.iop.org/0953-4075/39/i=5/a=001
http://dx.doi.org/10.1103/PhysRevD.76.104044
http://dx.doi.org/10.1103/PhysRevD.76.104044
http://dx.doi.org/10.1103/PhysRevA.76.033613
http://dx.doi.org/10.1103/PhysRevA.76.033613
http://dx.doi.org/ 10.1103/PhysRevA.80.013825
http://dx.doi.org/10.1103/PhysRevLett.105.013603
http://dx.doi.org/10.1103/PhysRevLett.105.013603
http://dx.doi.org/10.1103/PhysRevD.82.124065
http://dx.doi.org/10.1103/PhysRevD.82.124065
http://dx.doi.org/10.1103/PhysRevA.83.053601
http://dx.doi.org/10.1103/PhysRevA.51.1870
http://dx.doi.org/10.1103/PhysRevA.74.051801
http://dx.doi.org/10.1103/PhysRevA.74.051801
http://dx.doi.org/10.1103/PhysRevA.78.053829
http://dx.doi.org/10.1103/PhysRevA.78.053829
http://dx.doi.org/10.1007/BF00736012
http://dx.doi.org/10.1007/BF00736012
http://dx.doi.org/ 10.1103/PhysRevLett.74.4763
http://dx.doi.org/ 10.1103/PhysRevLett.83.4725
http://dx.doi.org/ 10.1103/PhysRevLett.83.4725
http://dx.doi.org/ http://dx.doi.org/10.1038/nature04523
http://dx.doi.org/ http://dx.doi.org/10.1038/nature04523
http://dx.doi.org/10.1103/PhysRevA.92.052315
http://dx.doi.org/10.1103/PhysRevA.92.052315
http://dx.doi.org/10.1103/PhysRevA.87.052104
http://dx.doi.org/10.1103/PhysRevA.88.046102
http://dx.doi.org/10.1103/PhysRevA.88.046102
http://dx.doi.org/10.1103/PhysRevA.88.046103
http://dx.doi.org/10.1103/PhysRevLett.112.208901
http://dx.doi.org/10.1103/PhysRevLett.112.208902
http://dx.doi.org/10.1103/PhysRevLett.112.208902
http://dx.doi.org/10.1103/PhysRevA.93.066301
http://dx.doi.org/10.1103/PhysRevA.93.066302
http://dx.doi.org/10.1103/PhysRevA.93.066302
http://dx.doi.org/10.1103/PhysRevA.94.032115


16

ory, 1st ed. (ACADEMIC PRESS, INC. (LONDON)
LTD., London, UK, 1978).

[33] A. Degasperis, L. Fonda, and G. C. Ghirardi, Il Nuovo
Cimento A (1965-1970) 21, 471 (1974).

[34] B. Misra and E. C. G. Sudarshan, Journal of Mathemat-
ical Physics 18 (1977).

[35] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and

B. P. Flannery, Numerical Recipes in Fortran, 2nd ed.,
Vol. 1 (Press Syndicate of the University of Cambridge,
Cambridge, UK, 1992).

[36] L. Vaidman, Journal of Physics A: Mathematical and
Theoretical 48, 465303 (2015).

[37] E. T. Owen, M. C. Dean, and C. H. W. Barnes, Phys.
Rev. A 89, 032305 (2014).

176

http://dx.doi.org/10.1007/BF02731351
http://dx.doi.org/10.1007/BF02731351
http://stacks.iop.org/1751-8121/48/i=46/a=465303
http://stacks.iop.org/1751-8121/48/i=46/a=465303
http://dx.doi.org/10.1103/PhysRevA.89.032305
http://dx.doi.org/10.1103/PhysRevA.89.032305


Construction of Sequential state discrimination
for three linearly independent pure qutrits
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Abstract. Recently, Ref.[20] proposed sequential state discrimination of two pure quantum states. In
this study, we extend the sequential state discrimination to three linealy independent pure qutrits. We
show that when the sender Alice prepares a quantum state out of three linealy independent pure qutrits,
Bob and Charlie can share the qutrit of Alice, with non-zero probability. Furthermore, we prove that when
three linealy independent pure qutrits are symmetric and have the equal prior probability, the optimal
POVM of Bob and Charlie for sequential state discrimination do not contain null element.

Keywords: quantum state discrimination, sequential state discrimination, quantum key distribution

1 Introduction

Quantum state discrimination[1, 2] is one of the
fundamental subjects in quantum information. In usual
quantum stste discrimination problem, a sender Alice
prepares a specific quantum state out of quantum states,
with a prior probabibity. The prior probability of each
quantum state is told to the receiver Bob by the sender
Alice. For quantum state discrimination, Bob has to
correctly guess the quantum state prepared by Alice.
Since quantum states are generally not orthogonal to
each other, Bob cannot always discriminate the quantum
state prepared by Alice correctly[3]. For quantum state
discrimination, Bob needs to prepare a measurement,
according to the strategy which he should choose. For ex-
ample, if the pure quantum states prepared by Alice are
linearly independent[4](or if the mixed quantum states
prepared by Alice do not have complete overlap[5]),
there exists the measurement of Bob with which Bob
can confidently have a conclusive result, however Bob
may have inconclusive result with non-zero probability.
This implies that Bob cannot obtain any information
about the quantum state of Alice. This strategy is called
unambiguous quantum state discrimination[6, 7, 8, 9],
where Bob should optimize his measurement, in order to
maximize the success probability of conclusive result and
have the inconclusive result with the least probability.
In addition, this strategy can be applied to quantum

∗mslab.nk@gmail.com
†mslab.h@gmail.com
‡yyhkwon@hanyang.ac.kr

key distribution[10]. Meanwhile, the other strategies
such as minimum error discrimination[3], maximal
confidence[11], error margin[12, 13, 14, 15], and fixed
rate of inconclusive result[16, 17, 18] have been studied.

Recently, a senario is proposed, where more than
two receivers participate in the quantum state discrim-
ination. This is called sequential state discrimination.
Sequential state discrimination deals with the fundamen-
tal problem of ”Can one obtain an information about the
prepared quantum state by measuring the post-measured
state?[19]” If one uses a projective measurement, one
cannot obtain any information by measuring the
post-measured state. However, if positive-operator-
valued-measurement(POVM) is considered, one may
obtain some information about the prepared quantum
state of Alice by measuring the post-measured state.
Along this line, through unambiguous discrimination,
Bergou et al.[20] proposed sequential state discrimina-
tion using POVM and showed that the receivers both
Bob and Charlie can succesfully discriminate Alice’s
quantum state, with non-zero probability. This implies
that Charlie can obtain some information about the
quantum state prepared by Alice, by measuring the
post-measured state of Bob.

Ref.[20, 21](Ref.[22]) considered sequential state
discrimination of two pure states with identical(general)
prior probability, which may be used for quantum key
distribution of multi-parties. Therefore, in the case,
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POVMs of Bob and Charlie are not allowed to be null
operator. The optimal success probability is shown by
an experiment[23]. In addition, Hillery et al.[24] studied
sequential state discrimination of N -symmetric pure
qudit where pure qubits are embedded into extra Hilbert
space. It means that Alice, Bob, and Charlie can share
more information by preparation of more pure states[24].

In this work, we propose sequential state discrimina-
tion of three linealy independent pure qutrits. For se-
quential state discrimination to succeed, Bob should use
non-optimal POVM without error, but Charlie should
use optimal POVM without error. Therefore, by apply-
ing the result of [25, 26, 27], we can obtain the optimal
condition for POVM of Bob. Furthermore, we show that
when POVM of Bob and Charlie do not have null ele-
ment, Bob and Charlie can obtain the best information
about quantum state of Alice. This implies that our result
can be effectively used for quantum key distribution[10].

Figure 1: Two set C and ∂C ′ which contain the real vec-
tors (α1, α2, α3) and (α′

1, α
′
2, α

′
3) corresponding to POVM

of Bob and Charlie. Here, ∂C ′ is a surface of convex set
C ′.

2 Scenario and optimization

In the section, we explain the scenario of sequential
state discrimination. We assume that Alice prepares a
quantum state ρi with a specific prior probability qi.
First, Alice tells Bob and Charlie the prior probabil-
ity. Second, Alice sends ρi to Bob. Third, Bob unam-
biguously discriminates Alice’s quantum state by using
POVM {Mi}. If Bob obtains a conclusive result i, Bob
sends his post-measurement state σi to Charlie. Then,
Charlie performs POVM {M ′

i} in order to unambigu-

ously discrimonate post-measurement state of Bob. The
rules that Bob and Charlie should obey are as follows:

• Bob should unambiguously discriminate Alice’s
quantum state in a non-optimal way. Meanwhile,
Charlie should unambiguously discriminate post-
measurement state of Bob optimally.

• There is no classical comminication between Bob
and Charlie.

Alice prepares a quantum state out of three lin-
early independent pure states {|ψ1⟩ , |ψ2⟩ , |ψ3⟩} in three-
dimensional Hilbert space. The POVM of Bob and Char-
lie can be represented by three dimensional real vector
(α1, α2, α3) ∈ C and (α′

1, α
′
2, α

′
3) ∈ ∂C ′. This implies

that POVM of Bob is not optimal but that of Charlie is
optimal. The two sets C and ∂C ′ are displayed in Fig.1,
where set C is a closed convex set and ∂C ′ is a surface
of closed convex set C ′. If Bob optimally discriminates
Alice’s quantum state, the element of C ′ is uniquely zero
vector. On the contrary, when POVM of Bob is not opti-
mal, there is a non-zero element of C ′. The set C ′ of Char-
lie is produced by the post-measurement state of Bob.
The sequential state discrimination of Bob and Charlie
can be formulated as the following optimization problem.

maximize P (B,C)
s = q1α1α

′
1 + q2α2α

′
2 + q3α3α

′
3

subject to (α1, α2, α3) ∈ C, (α′
1, α

′
2, α

′
3) ∈ ∂C ′.

(1)

Here, objective function P
(B,C)
s is a success probabil-

ity that Bob and Charlie succeed to discriminate the
quantum state. Since Eq.(1) is a non-linear optimization
problem, it is difficult to analytically solve it. In our
study, we use random search based on Monte Carlo
method[28]. When we use the method, we can numeri-
cally search every point inside the constraint region of
Eq.(1).

Example. Let us consider sequential state discrim-
inhation of three symmetric linearly independent pure
qutrits with equal prior probability. We assume that the
overlap ⟨ψi|ψj⟩ is real. Then global phase becomes zero
Φ = 0. When we apply our proposed method to this
problem, the optimal success probability can be found
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Figure 2: Optimal success probability of sequential state
discrimination of three linearly independent symmetric
qutrits in terms of overlap s. Here, the prior probability
of three qutrits is equal and N denotes the number of
pure qutrit states which Bob and Charlie discriminate.
That is, the number of null element of Bob and Charlie
is 3−N .

in Fig.2. According to this result, the case that Bob
and Chalie discriminate three pure qutrit provides the
best success probability. It implies that sequential state
discrimination of three symmetric linearly independent
pure qutrits can be used for quantum key distribution.
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Abstract. Simon’s problem is one of the most important problems demonstrating the power of quantum
computers, which achieves a large separation between quantum and classical query complexities. However,
Simon’s discussion on his problem was limited to bounded-error setting, which means his algorithm can not
always get the correct answer. Exact quantum algorithms for Simon’s problem have also been proposed,
which deterministically solve the problem with O(n) queries. Also, the quantum lower bound Ω(n) for
Simon’s problem is known. Although these algorithms are either complicated or specialized, their results
give an O(n) versus Ω(

√
2n) separation in exact query complexities for Simon’s problem (Ω(

√
2n) is the

lower bound for classical probabilistic algorithms). Nevertheless, it has not been proved whether this
separation is optimal. In this paper, we propose another exact quantum algorithm for solving Simon’s
problem with O(n) queries, which is simple, concrete and does not rely on special query oracles. Our
algorithm combines Simon’s algorithm with the quantum amplitude amplification technique to ensure its
determinism. In particular, we show that Simon’s problem can be solved by a classical deterministic
algorithm with O(

√
2n) queries (as we are aware, there were no classical deterministic algorithms for

solving Simon’s problem with O(
√

2n) queries). Combining some previous results, we obtain the optimal

separation in exact query complexities for Simon’s problem: Θ(n) versus Θ(
√

2n).

Keywords: Simon’s problem, exact query complexity

1 Introduction

Query complexity has been very useful to study the rel-
ative power of quantum computation and classical com-
putation. According to their output, query algorithms
can be studied either in the bounded-error setting (the
algorithm gives the correct result with probability at
least 2/3) or in the exact setting (the algorithm gives
the correct result with certainty). There are many algo-
rithms achieving large separation in query complexities
(for example, [1, 2]), and some of them have exponen-
tial speedup for computing partial functions, though it is
not known whether the separation is optimal for some of
them.

Simon’s problem [10] is a famous computational prob-
lem that achieves exponential separation in query com-
plexities. In the bounded-error setting, Simon gave an el-
egant quantum algorithm which solves the problem with
O(n) queries and the physical realization has demonstrat-
ed its efficiency [11]. The Ω(n) lower bound was also
proved in [8] using polynomial method [3]. On the oth-
er hand, the classical probabilistic query complexity for
this problem is Θ(

√
2n), which shows that the Θ(n) ver-

sus Θ(
√

2n) separation is an optimal one.
As for the exact query complexities of Simon problem,

Brassard and Høyer [4] combined Simon’s algorithm with
two post-processing subroutines to ensure that their al-
gorithm solves the problem exactly, which also requires
O(n) queries. However, their algorithm is quite compli-
cated and involved. Mihara and Sung [9] proposed a sim-
pler exact algorithm, but their algorithm relies on some
non-standard query oracles and they did not show the
construction of their oracles. Moreover, the Ω(n) quan-
tum query lower bound is a direct corollary of previous

∗issqdw@mail.sysu.edu.cn (D. Qiu)

bounded-error lower bound result. For the classical case,
the Ω(

√
2n) lower bound can be easily got. As we are

aware, it is not known whether this lower bound is a
tight one, so it is not known whether the O(n) versus
Ω(
√

2n) is optimal either.
In this paper, we propose a new exact quantum algo-

rithm for solving Simon’s problem also with O(n) queries,
which is much simpler and more concrete than Brassard
and Høyer’s algorithm [4] and does not rely on some non-
standard query oracles as Mihara and Sung’s construc-
tion [9]. Our algorithm directly combines Simon’s algo-
rithm with the quantum amplitude amplification tech-
nique [5] to ensure we get an exact result. Then, we
design a classical deterministic algorithm for solving Si-
mon’s problem withO(

√
2n) queries, which relies on some

crucial insights about the bitwise exclusive-or operation
results of the pairs of strings which is queried by the algo-
rithm. Thus, we prove the Θ(

√
2n) classical deterministic

query complexity for Simon’s problem. With previously
established results on exact quantum query complexity,
we can get the optimal separation in exact query com-
plexities for Simon’s problem: Θ(n) versus Θ(

√
2n).

2 New optimal exact quantum algorithm

The execution of Simon’s algorithm in a single loop
gives the following result:

A |0n, 0m〉 =
∣∣K⊥, f(T )

〉
=

1

2n−1

∑
x∈T
y∈K⊥

(−1)x·y |y, f(x)〉

where K⊥ = {g ∈ {0, 1}n | g · k = 0 for all k ∈ K} with
K = {0n, s} be the subgroup to be determined by the
algorithm and T is the set that consists of exactly one
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representative from each cosets of K. As described in [4]
and [9], to make the original Simon’s algorithm exact, we
should make sure the algorithm terminate in finite loops.
The heart of our algorithm is a subroutine that ensures
the set of measured results is always linear independent.
We directly utilize the quantum amplitude amplification
technique [5] to ensure it.

Algorithm 1 Quantum amplitude amplification measur-
ing good states

Require: Input parameters satisfy required conditions

Ensure: z ∈ K⊥ \ 〈Y 〉
1: procedure QuAmpAmp(registers

∣∣K⊥, f(T )
〉
, inte-

ger n, operator A, set Y )
2: l← |Y |
3: φ← 2 arctan

(√
2n−l

3·2n−l−4

)
4: ϕ← arccos

(
2n−l−1−1
2n−l−1

)
5: Apply Q to registers

∣∣K⊥, f(T )
〉

where Q =
−AS0(φ)A†(SA(ϕ, Y )⊗ I⊗m)

6: Measure the first register, get z
7: return z
8: end procedure

S0(φ) and SA(ϕ, Y ) are defined as below, they are vari-
ants of those defined in [5].

S0(φ) |x, b〉 =

{
|x, b〉 , x 6= 0n or b 6= 0m,

eiφ |x, b〉 , x = 0n and b = 0m,

SA(ϕ, Y ) |x〉 =

{
eiϕ |x〉 , x /∈ 〈Y 〉,
|x〉 , x ∈ 〈Y 〉.

By Algorithm 1, we can prove the following Lemma.

Lemma 1 Given
∣∣K⊥, f(T )

〉
and a set Y ⊆ K⊥ which

〈Y 〉 6= K⊥, there exits a quantum algorithm that outputs
an n-bit string z ∈ K⊥ \ 〈Y 〉. Moreover, if the set Y
only contains n-bit strings generated by that algorithm
as well as some constant number initial elements, the
algorithm requires O(1) queries and O(nl +m) gates for
other operations, where l = |Y |.

Utilizing the above Lemma, it is easy to design an exact
quantum algorithm solving Simon’s problem with O(n)
queries.

3 Optimal exact classical algorithm

Before describing the algorithm, let us introduce some
important definitions.

Definition 2 Let an n-bit string x ∈ {0, 1}n with x =
xnxn−1 · · ·x1. The most significant bit of x is m if and
only if xm = 1 and xi = 0 for all i > m, which is denoted
as MSB(x) = m. We specify that MSB(0n) = 0.

Definition 3 Let Y be a set containing some n-bit
strings and let S = {x ⊕ y | x, y ∈ Y } be its covering
set. If there exists an m ≤ n that 0n−m{0, 1}m ⊆ S,
then Y is called as m-significance.

For classical computers, it is easy to see that any algo-
rithm solving Simon’s problem requires explicitly query-
ing a pair of different n-bit strings x, y ∈ {0, 1}n satisfy-
ing f(x) = f(y). Equivalently, we must find two different
n-bit strings x, y that s = x ⊕ y. So, for a deterministic
algorithm solving Simon’s problem, it should generate a
query set whose covering set contains every n-bit string in
{0, 1}n, which means that the query set is n-significance.
This algorithm may contain the following steps:

1. Generate an n-significance query set Y .

2. Query every n-bit string in Y until there are two
different n-bits strings x, y ∈ Y satisfying f(x) =
f(y).

3. Output s = x⊕ y.

The crucial step of the algorithm above is generating
a query set whose cardinality is as small as possible. Al-
gorithm 2 is designed to accomplish this goal.

Algorithm 2 Generating the query set

Require: n > 2
Ensure: Y is n-significance
1: procedure QuerySetGenerator(integer n)
2: Y ← {0n, 0n−11, 0n−210}
3: for k ← 1 : n− 2 do
4: Z ← ∅
5: for all y ∈ Y and MSB(y) = k do
6: Z ← Z ∪ {2k+1 ⊕ y, 2k+1 ⊕ 2k−1 ⊕ y}
7: end for
8: Y ← Y ∪ Z
9: end for

10: return Y
11: end procedure

Theorem 4 Algorithm 2 correctly constructs an n-
significance query set with input n.

By calculating the cardinality of Y , It’s not hard to
show the query complexity of the whole algorithm.

Theorem 5 There exists a classical deterministic algo-
rithm that solves Simon’s problem with O(

√
2n) queries.

4 Conclusion

Combing previous result on the lower bounds of Si-
mon’s problem [7, 8], it is easy to show that the Θ(n)
versus Θ(

√
2n) separation is indeed an optimal one. By

proving an optimal separation in exact query complex-
ities for Simon’s problem, we have tested the power of
exact quantum computation for a certain problem and
a certain computational complexity. We have give the
proofs and technical details [6].

However, this separation is optimal only up to a con-
stant factor, and one may ask for an even tighter one.
Both our exact quantum query algorithm and Brassard
and Høyer’s one [4] require 3n− 3 queries, and the con-
stant factor is bigger than that in the proved lower bound
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by [8]. Mihara and Sung’s algorithm [9] only requires
n − 1 invocations of their oracle, but they did not show
its construction, and thus we can not count the actual
invocations of Of .

Also, we have not known whether the query set con-
structed by Algorithm 2 is the smallest one. In fact, we
imposes a stronger condition on that algorithm, so one
might utilize a weaker condition to design a more efficient
algorithm. Such problems may be worthy of further in-
vestigations.
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Ι、Motivation

Entangled states are crucial to quantum computation and quantum communication, and are usually treated as the target states to

be accessed by quantum control methods. While most of the researches focus on the generation of the desired entangled state at the

terminal state   𝜓
𝑓

, this paper not only considers the time-varying entanglement of the transient state   𝜓(𝑡) throughout the qubit

transfer process, but also implied four quantitative indices of quantum entanglement to evaluate the qubit control performance.

,

(A1) 𝑘𝑝 = 1 (A2) 𝑘𝑝 = 2

(A3) 𝑘𝑝 = 14 (A4) 𝑘𝑝 = 20

П、Lyapunov Quantum Control

where𝜌′ = 𝑒𝑖𝐻0  𝑡 ℏ𝜌𝑒−𝑖𝐻0  𝑡 ℏ is known as the density

matrix under the interaction picture.

𝑑

𝑑𝑡
𝜌′ 𝑡 =  

𝑘=𝑥,𝑦,𝑧

−(𝑖𝑒𝑖𝐻0𝑡𝐻𝑘𝑒
−𝑖𝐻0𝑡)𝑢𝑘 𝑡 , 𝜌′ 𝑡

By choosing :

where 𝑘𝑝 > 0 is a control gain. 

The quantum Liouville equation: 

𝑢𝑘 𝑡 = −𝑘𝑝 ∙ Trace −𝑖 𝜌′ 𝑡 , −𝜌𝑓 𝑒𝑖𝐻0𝑡𝐻𝑘𝑒−𝑖𝐻0𝑡𝑢𝑘

The simplest entangled system is composed of two

spin-coupled electrons with   00 to   11 , the numerical

results are shown by choosing four different gains:

Ш、Four indices of entanglement

(1) Bloch-ball radius: 𝑛(𝑡)

(2) Entanglement Entropy: 𝐸(𝜓 𝑡 )

(3) Concurrence: 𝐶 𝜌(𝑡)
(4) Relative Entanglement Entropy: 𝑆  𝜌𝐴 𝜌𝐵

The comparisons between low and high control gain shows

that quantum entanglement is vulnerable to strong field and a

high-gain control tends to attenuate the degree of

entanglement and reduce the accuracy of qubit transfer.

Our results show that the indices of entanglement,

especially quantum relative entropy, can be served as a useful

cost function to evaluate the performance of qubit control.

Ⅳ、Conclusions
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Abstract. We present an exhaustive numerical analysis of violations of local realism by families of mul-
tipartite quantum states. As an indicator of nonclassicality we employ the probability of violation for
randomly sampled observables. Surprisingly, it rapidly increases with the number of parties or settings
and even for relatively small values local realism is violated for almost all observables. We have observed
this effect to be typical in the sense that it emerged for all investigated states including some with ran-
domly drawn coefficients. We also present the probability of violation as a witness of genuine multipartite
entanglement.

Keywords: Bell theorem, random measurements

Quantum multiparticle systems do not provide a mere
amplification of the nontrivial effects displayed by two-
party systems. Rather, they bring about completely new
phenomena and applications. On the fundamental level,
multipartite systems, e. g., have been employed to illus-
trate nonlocality without Bell inequalities [1] and, more
recently, to show that finitespeed superluminal causal in
uences would allow for superluminal signalling between
spatially separated parties [2]. In what concerns applica-
tions, one-way quantum computing [3] and multipartite
secret sharing [4] are outstanding examples where com-
plex quantum systems can be employed.

As is the case for multipartite entanglement, the char-
acterization of nonclassical features of multiparticle sys-
tems is a hard problem with several open questions [5].
One interesting possibility to analyze the nonclassicality
of complex states is to study their correlation properties
under random measurements. With this motivation we
will be concerned with the following quantity

Pv(ρ) =

∫
f(Ω)dΩ, (1)

where the integration variables correspond to all param-
eters that can be varied within a Bell scenario and, f = 1
only for settings that lead to violations in local realism,
and vanishes otherwise. Note that, when properly nor-
malized, PV can be interpreted as a probability of viola-
tion of local realism. The probability PV can be used at
different context levels. One can select a particular Bell
inequality I and integrate fI over all possible settings
of the corresponding Bell experiment. This was mainly
the approach adopted in previous theoretical [6, 7] and
experimental [8] works. This is also the case of ref. [9],
where the quantity defined in (1) has been considered as
a measure of nonlocality and applied in the context of
the CGLMP inequality [10, 11]. This procedure, how-
ever, would face increasing difficulties as the number of
parties grows. For a relatively modest number of qubits,

∗wieslaw.laskowski@ug.edu.pl

e. g., the corresponding number of inequivalent Bell in-
equalities with a fixed (say 2) number of settings is al-
ready very large and, thus, addressing one inequality at
a time would become prohibitive. On a deeper level we
can dispense with the choice of a particular inequality
and directly consider the space of behaviors (space of
joint probabilities), which local polytopes inhabit. In this
case, the integration refers to all possible measurements,
the only context information required being the number
of measurements per party.

In this paper we employed linear programming as a
useful tool to analyze the nonclassical properties of quan-
tum states. We checked how many randomly generated
sets of observables allow for violation of local realism.
It is worth mentioning that the method allows us to re-
veal nonclassicality even without direct knowledge of Bell
inequalities for the given experimental situation. We
applied the numerical method to prominent families of
quantum states. We calculated the frequencies (1) for
an increasing number of different settings per site. The
main results of our work are:

• We observe a surprising feature, which emerges if
the number of qubits is larger than three. It is
well known that the N -qubit GHZ state maximizes
many entanglement conditions and measures. How-
ever, already for N = 4 the probability of viola-
tion for the cluster state is greater than for the
GHZ state. The situation is even more dramatic
for N = 5, where the probability is greater for ran-
domly sampled pure states.

• Even with only two observables per party it
becomes almost impossible not to detect non-
classicality for states with five qubits or more, i.e.,
all typical states of five or more qubits violate local
realism for almost all settings.

• Probability of violation rapidly increases with the
number of settings.
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• Concerning the nonclassicality of two qutrits, max-
imally entangled and maximally nonclassical states
coincide (in contrast to CGLMP inequality [13]).

• We addressed the apparently paradoxical result ob-
tained in [12]. It amounts to the observation, that
the products of k-qubit GHZ states and (N − k)
pure single qubit states are more nonclassical than
the N qubit GHZ state, if we employ the robustness
of correlations against white noise admixture as a
measure of nonclassicality. Our numerical method
shows that PV (ρ) for such product states is the
same as for k-qubit GHZ state and thus strictly
smaller than for the N qubit GHZ state. This sug-
gests that resistance against noise, although rele-
vant, is not a good quantifier of nonclassicality.

• We also present the probability of violation as a
witness of genuine multipartite entanglement.

These results were published in: Phys. Rev. A. 96,
012101 (2017).
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Abstract. By quantum walks with two coins on the line or on the cycle, we can implement perfect
qubit state transfer. By quantum walks with two coins on complete graph, we first show perfect qudit
state transfer on the graph. Compared with existing results, we find that at most two moments the coin
operators are chosen to be Pauli operator X, and we can calculate them precisely in each case. This
determination will be very helpful for the routing path in state transfer.
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1 Introduction

Quantum state transfer between different sites is a
significant problem for quantum information processing
systems. Transport problems are also known as hitting
problems in computer science. It was Bose who first con-
sidered using spin chains of quantum systems to trans-
mit quantum states for communication links in quan-
tum computing [4]. Now, perfect state transfer has been
deeply studied with different efforts and goals by quan-
tum information technology. In this work, we consider
perfect state transfer scheme by quantum walks with t-
wo coins.

Quantum walks have been introduced as a quantum
analogue of classical random walks. It was first proposed
by Aharonov et al in 1993 [1]. The model of quantum
walks on the line was given by Ambainis et al [3] and A-
haronov et al [2] examined the model on a general graph.
Since then, there appeared much fruitful research in dis-
crete and continuous quantum walks [9, 11]. This paper
is concerned solely with the discrete time case. One of
the promising application of quantum walks is the per-
fect state transfer between two vertices of a graph or
a lattice. There exist different approaches to the prob-
lem. Kurzynski and Wojcik designed the local coin oper-
ators to achieve perfect state transfer with discrete-time
quantum walk on a cycle [10]. Here the coin operators
are dependent with the position and time. Zhan et al.
[14] designed paths using local coin operators of discrete
time quantum walks, either identity matrices or tensor
product of Pauli X, which leads to state transfer on a
square lattice. Especially, their coin operators are not
uniform and depend on the position heavily. Yalcinkaya
and Gedik [12] studied the state transfer on a cycle with
fixed coin operator. They have shown that only identity
or Pauli X achieves state transfer with unit fidelity over
arbitrary distance. However, the cycle is restricted on
even.

In this paper, we will concentrate on perfect state
transfer by quantum walks driven by many coins. Quan-
tum walks with multiple coins was proposed by Brun et
al. in 2003 [5]. By using of multiple quantum “coin-

∗shangyun602@163.com

s”, the effects of interference can be diminished, which
can provide one possible route to classical behavior for
the discrete quantum random walk on the line. Though
it didn’t draw much attention like one coined quantum
walks from the beginning. However, we discover that
they have advantages in some quantum communication
task [13]. Here, we give their another important appli-
cation in information transfer. By using quantum walks
with two coins on the line and on the graph, respectively,
we find that any unknown qubit state can be perfectly
transferred on the line and on the cycle by using these
two coins alternatively. As for the line and cycle, we
don’t give any restriction on them. Through the model
of quantum walks on the complete graph with two coins,
we first show that an unknown qudit state can be per-
fectly transferred from one vertex to any other of vertex
on the graph. Though only identity or Pauli X can be
used as coin operators, however, we find that at most
two moments the coin operators are chosen to be Pauli
operator X and we can calculate them precisely in our
models. Obviously, this determination will be very help-
ful in routing the communication path. Certainly, these
transfer schemes have periods in some sense. This work
opens a new application for quantum walks with multiple
coins.

2 Preliminaries

One-dimensional quantum walk [3] takes place in a
compound Hilbert space comprising position space and
coin space, defined as H = HP ⊗ HC , where HP =
span{|n〉 : n ∈ Z} and HC = span{|0〉, |1〉}. The walker
walks in a one-dimensional line. Each step of the quan-
tum walk is described by the equation W (l) = S · (I⊗C),
where C is called a coin operator acting on coin space,
and the conditional shift operator S is denoted as

S =
∑
x

(|x+ 1〉〈x| ⊗ |0〉〈0|+ |x− 1〉〈x| ⊗ |1〉〈1|). (1)

The conditional shift operator simulates the classical way
of random walks. The walker moves either one step to
the left or to the right depending on the state of the coin.

Now we introduce quantum walks driven by many coins
[5]. Suppose that there are M coins totally. The state



of the walker and M -coins system is denoted by a vector
in the Hilbert space H = HP ⊗ HC1

⊗ · · · ⊗ HCM
. The

unitary transformation that results from flipping the mth
coin is given by Wm = Sm · (I ⊗ Cm), where Sm acts on
the position space and the m-th coin space. If we cycle
among the coins, doing a total of t flips (t/M with each
coin), then the state will be

|Ψ(t)〉 = (WM · · ·W1)t/M |Ψ0〉. (2)

There are M unitary transformations {Wm}, and they
all commute with each other: [Wm,Wn] = 0 for m 6= n.

3 Qubit state transfer on the one-
dimensional line

The initial state of the walker-coin-coin system is

|φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗ |0〉, (3)

where |a|2 + |b|2 = 1. Let |φ〉i denote the state describing
the system after the ith step.

In this scheme, the unknown state of coin 1 can be
transferred to an arbitrary position x after certain n steps
of quantum walks. The number of n is correlated to x.
The total process is described as:

|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(a|0〉+ b|1〉)⊗ U2|0〉, (4)

where U1 and U2 are recovery unitary operators.
It should be noted that we alternately use the two

coins. At the odd (even) steps, we use the first (sec-
ond) coin to control the movement of the walker. If the
coin operators are independent with the step i, the s-
tate of |φ〉i is given by the following. For an even num-

ber i, |φ〉i = W
i/2
1 W

i/2
2 |φ〉0. For an odd number i,

|φ〉i = W
di/2e+1
1 W

di/2e
2 |φ〉0.

In this scheme, the coin operators are just dependent
on the evolution of the time. They are independent with
the positions. That is, we use uniform coin operator at
each moment. This is different with the work in [14].
The coin operators are selected from {I,X}. There are
at most two moments we choose the coin operator to be
X. We discuss four cases respectively.
Case 1.1: The position x is a positive and even num-

ber.
We need to run 2x steps of walk. Only at the (x+1)-th

step of quantum walks, we choose the coin operator C1

on coin 1 space to be Pauli operator X. At the other
steps, the coin operators are all identity. After we run
2x steps of quantum walks, the state a|0〉 + b|1〉 can be
perfectly transferred.

Similarly, we can discuss other cases.
Case 1.2: The position x is a positive and odd number.
In this case, only at the (x+ 2)-th step, we choose the

coin operator C1 on coin 1 space to be Pauli operator X.
At the other steps, the coin operators are all identity. We
can perfectly transferred the unknown state with 2x+ 1
steps. U1 = X, U2 = I. The proof is similar with the
even case.

Case 1.3: The position x is a negative and even num-
ber.

In this case, we choose the coin operator C2 to be X
at the second step of quantum walks and we choose C1

to be X at the (x+ 1)− th step. At the other steps, the
coin operators are all identity. After we run 2|x| steps
of quantum walks, the state a|0〉 + b|1〉 can be perfect-
ly transferred (x is a negative number). The recovery
operators are: U1 = X, U2 = I.

Case 1.4: The position x is a negative and odd number.
In this case, we choose the coin operator C2 to be X

at the second step of quantum walks and we choose C1

to be X at the (|x|+ 2)− th step. At the other steps, the
coin operators are all identity. After we run 2|x|+1 steps
of quantum walks, the state a|0〉 + b|1〉 can be perfectly
transferred. The recovery operators are: U1 = X, U2 =
X. The proof is similar with the even case.

Moreover, The scheme can be used to perfectly transfer
the unknown coin state (qubit) from the initial position
to any target position.

4 Qubit state transfer on cycle

In the schemes above, we use quantum walks on the
line. Also, we can use quantum walks on graphs [2]. Let
G(V,E) be a graph, andHv be the Hilbert space spanned
by states |v〉, where vertex v ∈ V . At each vertex j,
there are several directed edges with labels pointing to
the other vertices. The coin spaceHc is spanned by states
|a〉, where a ∈ {0, · · · ,m}. They are the labels of the
directed edges. The conditional shift operation between
Hv and Hc is T =

∑
j,a |k〉〈j| ⊗ |a〉〈a|, where the label a

directs the edge j to k.
Choose a special graph, i.e., a cycle with d vertices,

where there are two edges at each vertex. Then the coin
space is spanned by |0〉, |1〉. The conditional shift op-
erator between the position space and the coin space is
defined as:

S1 =

d−1∑
k=0

(|(k+1) mod d〉〈k|⊗|0〉〈0|+|(k−1) mod d〉〈k|⊗|1〉〈1|)

(5)
In the paper [12], perfect state transfer can be achieved

by quantum walks onN -cycles with one coin space, where
there are even vertices on the cycle. The unknown state
is transferred from the initial position to the opposite
position (i.e. 0 → N/2, N is an even number). By in-
troducing a new coin space, perfect state transfer can
be achieved on cycles with any vertices and from the ini-
tial position to any target position. Unlike with quantum
walks on the line, it holds that 0 ≤ x ≤ d−1 for a certain
vertex x on the cycle. The whole process of transferring
is described in equation 4, where 0 ≤ x ≤ d− 1. There is
only one direction from the initial position 0 to the tar-
get position x in quantum walks on the line. But there
are two directions in quantum walks on cycle, clockwise
and anticlockwise. In order to transfer the unknown s-
tate from 0 to x, we discuss four methods to design the
scheme.



This process of walking on the cycle also have a peri-
odicity. The total process can be described as that the
initial state rotates x steps clockwise from the initial posi-
tion. When we rotate the new state d−x steps clockwise,
the state will return to the initial position.

5 Qudit state transfer on the complete
graph

The scheme above is to transfer a qubit a|0〉+ b|1〉 by
quantum walks on the line or on the cycle. Now we intro-
duce a scheme to perfectly transfer the qudit (coin state)
through quantum walks on the complete graph with two
coins. The qudit is

∑d−1
k=0 ak|k〉, where |ak|2 = 1.

Choose a special graph, i.e., a complete graph with d
vertices and add a loop at each vertex. Each coin space is
spanned by |0〉, · · · , |d−1〉. The conditional shift operator
between the position space and the coin space is defined
as:

S2 =

d−1∑
k=0

d−1∑
j=0

|(k + j) mod d〉〈k| ⊗ |j〉〈j| (6)

This operator simulates the shift regulations between the
vertices under the different tossed coin states.

Prepare the initial state of the walker-coin-coin system
to be

|φ〉0 = |0〉 ⊗ (

d−1∑
k=0

ak|k〉)⊗ |0〉, (7)

Let |φ〉i denote the state describing the system after the
ith step.

In this scheme, the qudit can be transferred to an arbi-
trary position x after certain n steps of quantum walks.
The number of n is correlated to x. The total process is
described as:

|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(

d−1∑
k=0

ak|k〉)⊗ U2|0〉, (8)

where U1 and U2 are recovery unitary operators.
It should be noticed that the coin operations are qudit

operation.

6 Conclusion

In this paper, we studied perfect state transfer by
quantum walks with two coins. We can implement per-
fect qubit state transfer by quantum walks with two coins
on the line or on the cycle. We first give perfect qudit
state transfer by quantum walks on the complete graph.
Compared with existing one coined walk models, we find
that there exist two moments to use Pauli X as coins
operator and we can calculate it precisely. This will be
very helpful for the routing path in communication task.
This work explores a new application for quantum walks
with multiple coins.
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Abstract. By using quantum state fusion and spatial-temporal mode conversion circuit, two polarization modes of two photons can 
be converted into one temporal-polarization mode of one photon. Also, by using quantum state fission and a temporal-spatial mode 
conversion circuit one temporal-polarization mode of one photon can be converted back into two polarization modes of two photons. 
When these processes are applied in quantum key distribution (QKD) system, the sender can transmit two polarization qubits at one 
time. The analysis results show that the key rate is improved efficiently and communication distance can be increased by 6~30Km. 

Keywords：quantum key distribution, quantum state fusion, quantum state fission, key generation rate 

1 Introduction  
In order to extend the distance of quantum key distribution 

(QKD) system, one feasible scheme is to use trusted relay, the 
other is to build key bits under the help of the satellite. The 
former requires that the relay must be fully trusted, and the 
latter is high in cost. Meanwhile, in order to improve the key 
generation rate, new type of high efficiency detectors will be 
helpful or new schemes should be proposed. High-dimensional 
QKD is one of the feasible schemes [1]. Here, we propose an 
efficient high-dimensional QKD system based on quantum state 
fusion and fission operation [2]. By state fusion and mode 
conversion one single photon pulse with temporal-polarization 
mode can carry two qubits information. So, the total count rate 
of photons is efficiently improved. In addition, the qubit error 
rate is decreased about an order of magnitude. Furthermore, the 
key generation rate is about 3~10 times of the one of standard 
BB84 protocol, and the communication distance is increased by 
6~30 Km depending on different noise parameters. 

2  Quantum State Fusion and Fission 
Quantum state fusion is a physical process by which the 

two-dimensional quantum states of two (or more) particles can 
be converted into a four (or more) dimensional state of a single 
particle. An inverse process, quantum state fission, is a physical 
process by which a higher-dimensional quantum state of a 
particle can be split into two (or more) lower-dimensional states 
of two (or more) particles. Here, we design a polarization state 
fusion module, in which two polarization states of the two 
single photons can be converted into a four-dimensional 
temporal-polarization quantum state by using the polarization 
state fusion scheme proposed by Vitelli et al. [2] and a spatial-
temporal mode conversion circuit [3]. The input quantum states 
are

111
11 avaha VH ββψ += and 

222
22 avaha VH ββψ += , 

respectively, where h1β , v1β , h2β  and v2β  are all complex, and 

12
1

2
1 =+ vh ββ , 12

2
2

2 =+ vh ββ . After the polarization state  
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fusion module, the output spatial-polarization four-dimensional 
quantum state can be given by 

2
'

2
'

1
'

1
'

2
'

1
' 21212121 bhvbhhbvvbvhbb

VHVH ββββββββψ +++=        (1) 
The detailed principle of the state fusion and fission can be 

obtained in Ref. [2]. The proposed quantum state spatial-
temporal mode conversion circuit and the temporal-spatial 
mode conversion circuit can be obtained in Ref. [3]. After the 
quantum state fission module the four-dimensional state is 
converted into two polarization states again. 

3  A QKD Scheme Based on Quantum State Fusion and 
Fission 

In our proposed temporal-polarization-coded QKD scheme 
based on BB84 protocol, as shown in Fig. 1, a quantum state 
fusion module is added at the sender, and a quantum state 
fission module is added at the receiver. The procedures of the 
QKD system are as follows: (1) Alice prepares single photons 
in the four possible BB84 polarization states (i.e., H , V , 

+ , and − ), and makes the two photons from two sources be 
fused by the quantum state fusion module. Alice sends the 
photons in fused states with temporal-polarization coding to 
Bob through an optical fiber quantum channel. (2) After 
receiving the fused states Bob perform state fission operation. 
The two single photon pulses with polarization coding are 
obtained and transmitted to two measurement setups which are 
the same as standard polarization-encoded BB84 QKD system. 
Each setup consists of a 50:50 beam splitter (BS) which is used 
to choose measurement bases randomly, two polarization beam 
splitters (PBSs) and four single photon detectors (SPDs) that 
construct the detection circuits in two bases. (3) The bit 
sequences with coincident encoding and measurement bases 
will be kept when the QBER is less than security threshold. (4) 
Post-processing: Alice and Bob perform information 
reconciliation and privacy amplification for two sifted key bit 
sequences. Then final key will be obtained.  

From the above-mentioned procedures, the security of the 
proposed QKD system is the same as the one of standard BB84 
protocol.  
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Figure 1. QKD scheme based on states fusion and fission 

4  Numerical Analysis of Key Generation Rate  
In optical fiber-based system, the transmission rate of single 

photons is dBf ttt η= , where ft  is optical fiber transmission 

rate and 10/10 L
ft α−= , α denotes optical fiber loss per unit 

length of optical fiber (in KmdB / ) and L is the length of optical 
fiber (in Km); Bt  is the transmission rate when the photons 
pass through the receiving circuit and reach the detector ; dη  is 
the detection efficiency of SPD. The sifted key rate is given by 

[ ] 3
0000 )1()1(45.0 YYttpRR ss −−+=⋅=                         (2) 

where 0Y  denotes the dark count probability of SPD, and  

sp denotes the percentage of the qubits that are used to 
negotiate the key after sifting. For BB84 protocol, 1 2sp = . 
Here we only consider error caused by polarization 
misalignment and dark counts, QBER 0E  can be given as 

[ ] ( )[ ]000 14)1(2 YttYtteE d −+−+=                                        (3) 
where de  denotes polarization misalignment error. The final 
key rate of BB84 QKD system is 

[ ] [ ]1 0 0 2 01 2 ( )s AB AE sR R I I R H E= − ≈ −                        (4) 
where ABI  denotes mutual information between Alice and 
Bob, )(1 02 EHI AB −= , −−= )(log)( 02002 EEEH  

)1(log)1( 020 EE −− , AEI  indicates mutual information 
between Alice and Eve, )( 02 EHI AE ≈ .  

For the proposed QKD system using quantum state fusion 
and fission, the sifted key rate can be given by 

[ ] ss pYYttR 3
001 )1()1(82 −−+=                                        (5) 

The QBER of sifted key bit sequence is presented as below 
[ ] [ ]001 )1(82)1(4 YttYtteE d −+−+=                                     (6) 

The final key generation rate of system is given by 

 [ ]2 1 2 11 2 ( )sR R H E= −                                                    (7) 
Let 25.0=α , 5

0 10−=Y , 1.0=⋅ dBt η . When de  is assigned 
three different values 0.033, 0.066, and 0.099, respectively. The 
relationship between the final key rate and the optical fiber 
length is shown in Fig. 2. When 099.0=de , the key generation 
rate is improved more than 10 times than the one of standard 

BB84 protocol, while the distance is extended from 75Km 

to105Km. When 066.0=de , the key generation rate is about 4 
times of the one of standard protocol, and the distance is 
extended from 98Km to 110Km.  When 033.0=de , the key 
generation rate is about 3 times of the one of standard protocol, 
and distance increases about 6 Km. 

 
Figure 2. The relationship between the key rate and the optical fiber length  

4 Discussion and Conclusion 
Our proposed protocol is different from the one in which 

multiple signals are transmitted through a single optical fiber. 
Wavelength division multiplexing is a typical example. Its 
principle is simple and many experiments have been reported. 
While, the performance against photons loss is not improved, 
and the communication distance is not increased. Although 
most of QKD systems are using weak coherent pulse light 
source, the research and development of single photon source is 
also very fast [4]. In addition, we only discuss the case of two 
quantum signals, which can be further extended to the case of 
multiple signals. 
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Abstract. We propose a four-party measurement-device-independent quantum key distribution (MDI-QKD) 
protocol based on cluster states. A four-particle analyzer which can distinguish all the 16 cluster states constructs 
the measurement device. The analysis results show that four-party MDI-QKD is feasible over 280 km in the 
optical fiber channel when the key rate is about 610−  with the polarization misalignment parameter 0.015. 
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1. Introduction 

    In the last few decades, quantum key distribution 
(QKD) [1] has been rigorously proved to be 
unconditionally secure [2]. However, due to the gap 
between theory and practice, practical QKD systems are 
vulnerable to various attacks, such as photon number 
splitting (PNS) attack, detector efficiency mismatch attack, 
time-shift attack, etc. Lo et. al. proposed a measurement- 
device-independent quantum key distribution (MDI-QKD) 
protocol [3], which can remove all detector side-channel 
attacks. Moreover, MDI-QKD with decoy states 
technology can also negate the security threats of the 
imperfect single-photon source. However, most of 
theoretical and experimental works of MDI-QKD are 
focused on two-party protocols. Although multi-party 
MDI-QKD protocols were proposed, e.g., the protocol 
based on Greenberger-Horne-Zeilinger (GHZ) states [4] 
and the protocol based on W states [5], the key rates 
remain to be improved. Fortunately, Briegel et. al. 
introduce a special class of entangled state, the cluster 
state which is maximally connected and has a large 
persistency of entanglement when particles number is 
larger than three [6]. Since all the sixteen four-particle 
cluster states can be distinguished by the cluster state 
analyzer [7], the cluster states based multi-party 
MDI-QKD protocol has inherent advantages over other 
related protocols. In this paper, we propose a four-party 
MDI-QKD protocol using four-photon cluster states. 

2. The multi-party MDI-QKD based on Cluster states 

The setup of four-party MDI-QKD protocol is 
depicted in Fig.1 (a). There are an untrusted network 
server (Emma) and four legitimate participants, i.e., Alice, 
Bob, Charlie, and David. The four participants’ setups are 
identical, as shown in Fig.1 (b). The procedures of the 
protocol are as follows: (1) Each participant possesses a 
single photon source (SPS) which can generate single 
photon pulses. The phase of each individual pulse is activ- 
* liuchuanqi1022@163.com 
† chhzhu@xidian.edu.cn 
‡ chxpei@xidian.edu.cn 
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Fig.1. (a) Schematic diagram of a Cluster-state-based four-party 
MDI-QKD protocol. (b) Schematic setup of legitimate participants. 

ely randomized by a phase modulator (PM) in the range of 
[0,2 ]π . The polarization of each pulse is randomly set to 
one of four BB84 states by a polarization modulator 
(Pol-M). Then, each participant sends the encoded pulses 
passing through a polarization controller (PC) to an 
untrusted relay, Emma. (2) Emma consists of a quantum 
circuit selection unit (QCSU) and a cluster states analyzer 
(CSA). The QCSU is used to make Emma free to choose 
arbitrary two of  four participants to generate secret key 
(when they are switched to the output port “3” and port 
“4”  ). When a successful output is obtained, the 
incoming signals can be projected into a cluster state. (3) 
Emma announces the events in which she obtained 
successful outputs. For the case in which all pulses are 
encoded by the rectilinear basis, the two users at port “3” 
and port “4” perform corresponding operations (they do 
nothing or one of them performs bit flip) according to the 
outcomes. Then they obtain the sifted key bits. (4) The 
two participants perform information reconciliation and 
privacy amplification. The security of the proposed 
protocol is the same as the two-party MDI-QKD protocol. 

3. Key rate of the four-party MDI-QKD protocol 

According to the protocol any two participants can 
build a secret key after Emma announces successful 
outputs. So the key rate can be obtained by referring to the 
case of two-party MDI-QKD [3]. We assume that the data 
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size is infinite, the ideal reconciliation algorithm is applied, 
and the quantum channel between each participant and 
Emma is identical. In this protocol, the QBER in Z basis 
equals the one in X basis under SPS. The key rate can be 
given as 

( )0 1 2 11 2R qQ H e= −    

Where q denotes the basis reconciliation factor; 
1e  

denotes the QBER between participants, 
( ) ( ) ( ) ( )2 2 2log 1 log 1H x x x x x= − − − − ;

1Q denotes the 
gain in the Z basis. Let the probability with which Z basis 
is used be nearly one, i.e., 1q ≈ . We take the background 
count rate 

0Y , the detector efficiency
dη , and the 

polarization misalignment de  into account. 

Then, 1Q can be estimated as 
 ( ) ( ) ( ) ( )4 3 22 3 4

1 1 4 1 6 1 4 1Q t t t t t t t t= − + − + − + − +  

and the QBER 1e  as 

[ ( ) ( )22
1 0 11 1 2 2d de t Y e Qη = + − − 

 

where t is the channel transmittance between the 
participant and the analyzer, /1010 lt α−= with α denoting 
the channel loss coefficient ( 0.2 /dB kmα ≈ for a 
standard telecom fiber) and l denoting the channel 
distance from each participant to Emma. Here, it is 
assumed that each detector has the same detection 
efficiency. 

 
Fig.2. Simulation result of the key rate.  

Let de be 1.5%, 
0Y be 66.02 10−×  and dη  be 93% 

[8]. The simulation result of the asymptotic key rate is 
shown in Fig.2. At this case, the secure transmission 
distance is just about 2.5 km. That is due to the fact that 
four detectors are employed to detect the photon in 
auxiliary coherent state. No matter whether the four 
photons arrive at measurement setup or not, there is 
always a successful output. However, half of these 
measurement results will cause bit error. Hence, this will 
result in high QBER. So the distance is very short. In 
order to overcome the disadvantage, we can only consider 
the case that the two participants’ photons arrive at the 
port “3” and “4” of Emma successfully. To implement this 
case, a heralding and detection unit is added in the 

measurement setup. In this case, 2
1Q t=  and 

( )( )2
1 00.5 1 1 2d de Y eη = + − −  .

 The key rate is shown in Fig.3. 

The distance between two participants is about 280 km 
when the key generation rate is about 610− .  

 
Fig.3. Simulation result of the key rate with improved analyzer. 

It is worth mentioning that the QBER is a constant if 
the related parameters are fixed. That is to say that it 
doesn’t correlate to the channel transmittance. Moreover, 
the QBER in this situation is less than 0.11. Therefore, the 
result in Fig.3 appears. 

4. Conclusion 

In our proposal, any two of four parties can share a 
secure key bit. This is suitable to the usual network 
scenario. Furthermore, the proposed protocol is practically 
secure and ready for implementation.  
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Abstract. In this paper, we present a new SQKD protocol and prove its unconditional security. In this
protocol, the sender Alice just sends one qubit to the classical Bob and Bob just prepares one state in the
preparation process. Indeed the classical user’s measurement is not necessary either. Then we prove it is
unconditionally secure by computing a lower bound of the key rate in the asymptotic scenario. We find a
threshold value of errors such that for all error rates less than this value, the secure key can be established
between the legitimate users definitely.
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1 Introduction

Boyer et al [1] designed the first SQKD protocol to
share secret keys between quantum Alice and classical
Bob successfully in 2007 (BKM07). In BKM07 proto-
col, Alice prepares qubits in two different basis randomly
and sends them to Bob, and Bob can do two kinds of
operations when he receives the state as follows:

• SIFT: Bob chooses to measure the qubit and resend
a new one to Alice.

• CTRL: Bob chooses to reflect it back.

When Alice gets the returning state, she measures it in
the Z-basis or X-basis randomly. When Bob chooses to
SIFT and Alice chooses to measure in the Z-basis, they
share a bit.
SQKD protocols mainly rely on a two-way quantum

channel, which leads to the eavesdropper Eve having t-
wo opportunities to attack the transit qubits during their
transmission. This may increase the possibility for Eve
to gain more information on A or B’s raw key and make
the security analysis more complicated. Most of the ex-
isting SQKD protocols are limited to discuss their robust-
ness rather than unconditional security. The robustness
of SQKD protocols can only assure any attack can be
detected, but it cannot tell us how much noise the pro-
tocol can tolerate to distill a secure key after applying
the technique of error correction and privacy amplifica-
tion. Krawec [2] proved that any attack operator was
equivalent to a restricted attack in a single-state SQKD
protocol in 2014. Then Krawec [3] further proved the
unconditional security of BKM2007 by giving the lower
bound on the key rate in the asymptotic scenario in 2015.
To the best of my knowledge, this is the first uncondi-
tional security proof of an SQKD protocol.
In this paper, we introduce the idea of B92 into semi-

quantum key distribution and design a new single-state
SQKD protocol. It can be seen as the semi-quantum
version of B92, comparing to the Protocol BKM07 as the

∗issqdw@mail.sysu.edu.cn

semi-quantum version of BB84 in fully quantum cryp-
tography. Additionally, the classical Bob has no need
to own measurement equipment and the CTRL-bit can
contribute to the raw key, in other words, the classical
Bob’s reflection can contribute to the raw key. All of
these make our protocol to be more practical and effi-
cient. In addition, we prove it to be unconditional secure
by finding a threshold value such that all the error rates
less than this value, the secure keys can be established
definitely.

2 Main ideas

2.1 The protocol

1. Alice prepares and sends N quantum states |+⟩ to
Bob one by one, where N = 4n(1 + δ), n is the
desired length of the INFO string, and δ > 0 is a
fixed parameter. Alice sends a quantum state only
after receiving the previous one.

2. Bob prepares N
2 quantum states |0⟩ and generates

a random string K̂B ∈ {0, 1}N to be his candidate
raw key. Bob chooses SIFT or CTRL randomly.
Here CTRL means reflecting it back with no dis-
turbance and SIFT means discarding the state he
received and sending |0⟩ to Alice instead.

(1) Define K̂
(i)
B = 0, when Bob chooses CTRL.

(2) Define K̂
(i)
B = 1, when Alice chooses SIFT.

3. Alice also generates a random string K̂A ∈
{0, 1,−1}N to be her candidate raw key. When
she measures the i-th quantum state in the Z basis

and gets the outcome 1, she sets K̂
(i)
A = 0. When

she measures the i-th quantum state in the X ba-

sis and gets the outcome −, she sets K̂
(i)
A = 1.

Otherwise, she sets K̂
(i)
A = −1. Then we can get

P (K̂
(i)
A = −1) = 1

2 , where P (x) denotes the proba-
bility of x.

4. Alice announces Bob to drop all the iterations when

K̂
(i)
A = −1 through authenticated classical channel
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shared previously. Then Alice and Bob will get
KA,KB ∈ {0, 1}l to be their raw key respectively.
Then l is expected to approximate N

2 . They abort
the protocol when l < 2n.

5. Bob chooses at random n bits from his raw key KB

to be TEST bits and announces their positions and
values respectively by the authenticated classical
channel. Alice checks the error rate on the TEST
bits. If it is higher than some predefined threshold
value PT , they abort the protocol.

6. Alice and Bob select the first n remaining bits of
KA and KB respectively to be their INFO string.

7. Alice announces ECC (error correction code) and
PA (privacy amplification) data, she and Bob use
them to extract the m-bit final key from the n-bit
INFO string.

Note that, we can make the classical Bob to prepare
qubit |1⟩ instead of |0⟩ when he SIFTs the qubit. Corre-
spondingly, Alice should set K̂i

A = 0 when she measures
in Z basis and gets measurement outcome 0.

2.2 The security proof

Krawec [2] has pointed out any collective attack
(UF , UR) is equivalent to a restricted operation (b, U)
where b ∈ (− 1

2 ,
1
2 ) in a single-state SQKD protocol. UF

and UR denote the attack operator performed by Eve in
the forward and reverse channel respectively. U is an
unitary operator acting as

U |0, 0⟩TE = |0, e00⟩TE + |1, e01⟩TE , (1)

U |1, 0⟩TE = |0, e10⟩TE + |1, e11⟩TE . (2)

The restriction attack strategy can be described as fol-
lows: Eve intercepts |+⟩T and resends another state |e⟩T
prepared by herself to Bob when Alice prepares and sends
state |+⟩T to Bob through the forward channel, where

|e⟩T =

√
1

2
+ b|0⟩T +

√
1

2
− b|1⟩T . (3)

Let P (i, j) denote the probability that the event A and
B’s raw key bits are i and j, respectively. Then we can
get

P (0, 0) =
1

4K
tr(P (|g+⟩E − |g−⟩E)) (4)

=
1

4K
(1− 2Re⟨g+|g−⟩),

P (0, 1) =
1

2K
tr(|e01⟩⟨e01|) =

1

2K
⟨e01|e01⟩, (5)

P (1, 0) =
1

2K
tr(|g−⟩⟨g−|) =

1

2K
⟨g−|g−⟩, (6)

P (1, 1) =
1

4K
tr(P (|e00⟩E − |e01⟩E)) (7)

=
1

4K
(1− 2Re⟨e00|e01⟩).

where

α =

√
1

2
+ b, β =

√
1

2
− b, (8)

|g+⟩E =
α√
2
|e00⟩E +

α√
2
|e01⟩E (9)

+
β√
2
|e10⟩E +

β√
2
|e11⟩E ,

|g−⟩E =
α√
2
|e00⟩E − α√

2
|e01⟩E (10)

+
β√
2
|e10⟩E − β√

2
|e11⟩E ,

K =
1

4
(1− 2Re⟨g+|g−⟩) +

1

2
⟨e01|e01⟩ (11)

+
1

2
⟨g−|g−⟩+

1

4
(1− 2Re⟨e00|e01⟩).

We can derive an lower bound of the key rate in the
asymptotic scenario by using the Devetak-Winter formu-
la [4, 5, 6] and specify it by some observable quantities
as

r ≥ h(P (0, 0) + P (0, 1))− h(k1)− k2 − k1h(λ) (12)

where

k1 = P (0, 0) + P (1, 1), (13)

k2 = P (0, 1) + P (1, 0), (14)

eZ = ⟨e01|e01⟩, (15)

q(0, 0) =
1

4
(1− 2Re⟨g+|g−⟩), (16)

q(0, 1) =
1

2
⟨e01|e01⟩, (17)

q(1, 0) =
1

2
⟨g−|g−⟩, (18)

q(1, 1) =
1

4
(1− 2Re⟨e00|e01⟩), (19)

P (0|0) = 2αβRe⟨e01|e11⟩ (20)

+(α2 − β2)⟨e01|e01⟩+ β2,

P (1|0) = ⟨g−|g−⟩, (21)

λ =
1

2
+

√
4(q(0, 0)− q(1, 1))2 + B2

4(q(0, 0) + q(1, 1))
, (22)

B =

√
2α

2
− 2

√
2αq(1, 1)−

√
2αeZ (23)

−
√
2

2α
[P (0|0)− (α2 − β2)eZ − β2]

+

√
2

α
[
1

2
− P (1|0)− α2(

1

2
− 2q(1, 1))

−αβeZ − β2
√
eZ(1− eZ)].

Then we can use this lower bound to derive a threshold
value of error rate such that the protocol can share secret
keys successfully as long as all the error rate below this
value.

2.3 Example

In this part, we illustrate how to compute the threshold
value of the error rates under the circumstance that the
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Figure 1: A graph of f(b, p) as a function of the depo-
larization channel parameter p for different b. Note that,
eZ = p

2 .

reverse channel is a depolarizing one with parameter p.
It can be specified as follows:

ξp(ρ) = (1− p)ρ+
p

2
I, (24)

where I is the identity operator. Thus, we can get a lower
bound on the key rate r as

r ≥ f(b, p), (25)

where

f(b, p) = h(
1− 2b+ 2pb+ p

K ′ )− h(
2− 2b+ 2pb

K ′ ) (26)

−1 + p− (1− p)
√
1− 4b2

K ′ − 2− 2b+ 2pb

K ′ h(λ),

K ′ = 3 + p+ (p− 1)
√

1− 4b2 + 2b(p− 1), (27)

λ =
1

2
+

√
(pb− b)2 + B2

2− 2b+ 2pb
, (28)

B =
2√

1 + 2b
[
√
1− 4b2(

1

2
− 3p

4
) (29)

−1

2
(
1

2
− b)

√
2p− p2]− p

2

√
1− 2p.

A graph of f(b, p) as a function of p for different b is
shown in Figure 1. In the graph, we can see when b = 0,
the key rate r is positive for all p ≤ 0.0692, which means
that when eZ = p

2 ≤ 3.46%, the key rate will always
be positive. Different values of b correspond to different
threshold values which assure the key rate r is positive.
We can see when the absolute value of b is far from 0,
the threshold value becomes smaller, which demonstrates
that the noise in the forward channel has an effect on the
final key rate in some extent.

3 The impact and importance

In this paper, we introduce the idea of B92 into semi-
quantum key distribution and design a new SQKD proto-
col with one qubit. To our best of knowledge, this is the

first semi-quantum version of B92 protocol, comparing
to BKM07 as the semi-quantum version of BB84. It is
not only more efficient but also more simplified to imple-
ment. Meanwhile, it is demonstrated that our protocol
is as secure as some existed SQKD and QKD protocols.
We provide an unconditional security proof of our proto-
col by computing a lower bound of the final key rate in
the asymptotic scenario and found a threshold value of
errors such that if all the errors are less than this value,
the secure key can be established definitely. We show
that our scheme can tolerate a maximum bit error rate
of 3.46% under the circumstance that there is no noise in
the forward channel.
This work is supported in part by the National Natural

Science Foundation of China (Nos. 61572532, 61272058),
the Fundamental Research Funds for the Central Univer-
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Abstract. Some physical objects are hardly accessible to direct experimentation. It is then desirable
to infer their properties based solely on the interactions they have with systems over which we have
control. In this spirit, here we introduce schemes for assessing non-classicality of the inaccessible objects as
characterised by quantum discord. We consider two probes individually interacting with the inaccessible
object, but not with each other. The schemes are based on monitoring entanglement dynamics between
the probes. As examples of strong technological relevance, our scheme is applicable for the revelation
of non-classicality of mechanical membrane in optomechanical system and photosynthetic organisms in a
driven Fabry-Perot cavity. We also foresee potential benefits for the inference of non-classical nature of
gravity.

Keywords: Entanglement, Quantum Discord, Non-classicality, Optomechanics.

1 Introduction

Positions and momenta of classical particles determine
their state. As no limitation on the precision of position
and momentum measurement is imposed by the classical
laws, all classical states are in principle distinguishable.
On the contrary, there is no measurement able to dis-
tinguish quantum states represented by non-orthogonal
Hilbert-space vectors. We thus declare a physical sys-
tem as non-classical if its description within quantum
formalism requires such non-orthogonal states. Quantum
correlations need this form of non-classicality of certain
subsystems, i.e. some quantum states of the multipartite
system are impossible to represent with only orthogonal
states for the subsystem.

This idea is explicitly present in the definition of quan-
tum discord, which asserts that two or more subsystems
share quantum correlations if there is no von Neumann
measurement on one of them that keeps the total state
unchanged [1–4]. Indeed, this only happens when the to-
tal state is not a so-called ‘quantum-classical’ one, which
implies that some non-orthogonal states are involved in
the description of the state of the subsystem. Our aim
here is to reveal the non-classicality of a subsystem, i.e.
the presence of quantum discord between such subsystem
and others, without actually accessing it.

Consider the three-body scenario depicted in Fig. 1.
The inaccessible object C mediates the interaction be-
tween two remote subsystems A and B, which are not
directly coupled. We allow A, B, and C to be open sys-
tems so that this scenario describes variety of physical
situations. See below for concrete applications.

In the case where C is environment of an open sys-
tem AB, a vast body of literature exists on the influ-
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ence of initial system-environment correlations (SECs),
on the evolution of the open system [5]. This resulted
in the design of proposals for their detection based on
monitoring of the dynamics of distinguishability [6–10] or
purity [11, 12] of the whole accessible system. Such pro-
posals have been implemented experimentally by means
of quantum tomography [13, 14]. We will show that our
scheme can also be used to reveal SECs, with the ad-
vantage that state tomography is not necessary. This is
achieved by dividing the open system into A and B parts
and monitoring the presence of entanglement between
them.

Figure 1: Subsystems A and B individually interact with
a mediator object C, but not with each other. The inter-
action hamiltonian is thus HAC +HBC . We assume that
C is inaccessible, i.e. no measurement can be performed
on it, and its state cannot be controlled. We show condi-
tions under which the gain of entanglement in the state
of AB implies the non-classicality of C. Our protocols
allow A, B, and C to be open systems.

Moreover, the possible non-classical nature of SECs
was linked to the impossibility of describing the evolution
of an open system through completely positive maps [15].
Hence detection schemes of quantum discord in the initial
system-environment state have been proposed [16,17] and
recently assessed experimentally [18–20]. We emphasise
that such schemes detect the non-classicality of the sys-
tem, whereas our schemes ascertain the non-classicality
of the environment, which is usually assumed to be inac-
cessible directly.
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2 The formal criteria

Theorem 1 For three open systems A, B, C with hamil-
tonian H = HAC + HBC and each coupled to its own
local environment, the entanglement satisfies the condi-
tion EA:BC(τ) ≤ EA:BC(0) if DAB|C(t) = 0 at any time
t ∈ [0, τ ].

The formal proof of this statement is presented in the
Appendix.

We emphasise the generality of this theorem, where
all three systems A, B, and C are open to their own
local environments, which is an assumption matching a
large number of experimentally relevant situations. The
setup where our systems are closed systems, is then a
special case of the theorem in which we have EA:BC(τ) =
EA:BC(0) if DAB|C(t) = 0 (see Appendix).

We are now in a position to study the non-classicality
of C from observing AB only. In light of the Theorem
above, a promising candidate for this goal is the entan-
glement gain. However, we now show that some features
of the initial tripartite state need to be ensured, but they
can be guaranteed by only operating on AB.

Let us consider H = σxA⊗ I⊗σxC + I⊗σxB ⊗σxC , where
σx is the Pauli-x matrix, and choose the initial state

ρ0 =
1

2
|ψ+〉 〈ψ+| ⊗ |+〉 〈+|+

1

2
|φ+〉 〈φ+| ⊗ |−〉 〈−| , (1)

where σx |±〉 = ±|±〉, and |ψ+〉 = 1√
2
(|01〉 + |10〉) and

|φ+〉 = 1√
2
(|00〉 + |11〉) are two Bell states between sub-

systems AB. As the initial state in Eq. (1) contains
the eigenstates of HC , the system remains classical, as
measured on C, at all times. Furthermore, the classi-
cal basis is the same at all times. Yet, one can verify
that the relative entropy of entanglement is given by
EA:B(t) = 1 − SAB(t), where SAB(t) is the von Neu-
mann entropy of the AB state at time t, and oscillates
between 0 and 1. Hence, in general, entanglement gain in
the partition A : B does not signify the non-classicality
of C.

Furthermore, the only way of gaining entanglement in
subsystem AB via classical C is to localise it from the
already present entanglement in A : BC (in our example
above, we have EA:BC = 1). This is a consequence of our
Theorem and reinforces its role as a proper generalisa-
tion of the monotonicity of entanglement to continuous
interactions. Namely,

EA:B(t) ≤ EA:BC(t) ≤ EA:BC(0). (2)

We now propose our scheme that can reveal non-
classicality of C with only one observable on AB. Ac-
cording to Eq. (2) if we ensure that the initial entangle-
ments coincide, i.e. EA:BC(0) = EA:B(0), entanglement
gain in system AB is only possible due to non-classicality
of C. As we are interested in observing entanglement
gain, it is natural to start with as small entanglement
as possible. This leads us to propose the application of
an entanglement-breaking channel to one of the available
systems, at time t = 0. Indeed, after application of the

channel, we have EA:B(0) = EA:BC(0) = 0. In a more
concrete example, the channel is a von Neumann mea-
surement. An arbitrary measurement is allowed and ex-
perimentalist should choose the one having potential for
biggest entanglement gain. Note that the measurement
results need not be known. Our main detection method
is illustrated and summarised in Fig. 2.

Figure 2: Proposed protocol detecting non-classicality of
inaccessible object C. Each system A, B, and C can be
open system, with its own local environment. The pro-
tocol makes no assumptions about the initial tripartite
state and the explicit expression for hamiltonians HAC +
HBC , and has the following steps: (i) von Neumann mea-
surement in subsystem A (or any entanglement-breaking
channel); (ii) evolution of the whole ABC; (iii) entangle-
ment estimation of AB. We show in the main text that
nonzero entanglement reveals non-classicality of subsys-
tem C, i.e. positive discord DAB|C .

If one is only interested in the detection of correla-
tions between AB and C, regardless of whether they are
classical or not, the entanglement-breaking channel can
be omitted. Indeed, for the initially uncorrelated state
ρ0 = ρAB⊗ρC , we have EA:BC(ρAB⊗ρC) = EA:B(ρAB),
and no entanglement gain in AB is possible via classical
C. Therefore, if one observes a gain, it would either be
ρ0 6= ρAB ⊗ ρC or DAB|C > 0 at some time. Both cases
show correlations between AB and C.

3 Applications

3.1 Optomechanics

We address now the practical implications of our crite-
ria for scenarios of current technological relevance. In
particular, we consider experiments of cavity optome-
chanics [21] as the paradigm of an open mesoscopic quan-
tum system for which the criteria identified above hold
the potential to be practically significant. In fact, one of
the goals of optomechanics is to infer the non-classicality
of the state of a massive mechanical system without af-
fecting its (in general fragile) state. A possible setting
for such a task is given by a so-called membrane-in-the-
middle configuration, where a mechanical oscillator (a
membrane) is suspended at the centre of a two-sided op-
tical cavity [22]. By driving the cavity with laser fields
from both its input mirrors, respectively, we realise a sit-
uation completely analogous to that in Fig. 1 (cf. Fig. 3).
Therefore our theorem directly applies here and we can
implement the detection method of Fig. 2.
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Figure 3: Optomechanics setup. The mechanical mem-
brane c is mediating interaction between driven cavity
fields a and b. The membrane is interacting with its local
environment at temperature T resulting in the Brownian
motion and the fields are independently interacting with
their respective driving lasers through the fixed mirrors.

In order to independently confirm the validity of our
detection method we now calculate entanglement dy-
namics using known models for the interaction (see Ap-
pendix). We choose the logarithmic negativity to quan-
tify entanglement. Starting from the experimentally nat-
ural state where c is in a thermal state and a and b are
coherent states, we calculate the dynamics of Ea:b and
Eab:c (a stronger type of quantum correlations than dis-
cord). As initially there is no entanglement, the first
step in Fig. 2 can be omitted. The results of our anal-
ysis are presented in Fig. 4 for varying power Pb of the
right laser. The parameters used in our simulations all
adhere to present-day technology [23]. We see that non-
zero Ea:b(t) is always accompanied by non-zero Eab:c at
some time (0, t). We have also performed similar calcula-
tions by varying the power of the left laser as well as the
frequencies of the lasers within experimentally accessible
ranges and observed consistent results.

Figure 4: Exemplary dynamics of entanglement (loga-
rithmic negativity) Ea:b and Eab:c for experimentally vi-
able parameters. Mass of membrane 145 ng with damp-
ing rate 2π × 140 Hz, temperature 0.3 K, length of each
cavity 25 mm with finesse 1.4 × 104, and wavelength of
both lasers is 1064 nm. Here we fixed Pa = 100 mW,
∆a = ωc, and ∆b = −ωc, where ωc = 2π×947 kHz is the
natural frequency of the membrane. We vary Pb = 20
mW (green), 40 mW (blue), 60 mW (red), and 80 mW
(black). Pa(b) stands for the power of the left (right)
laser, and ∆a(b) is its effective detuning (see Appendix
for detailed calculations). Note that non-zero entangle-
ment between the fields implies that the membrane is
entangled with them in the process.

3.2 Photosynthetic organisms

Our detection method can also be used to reveal
non-classicality of photosynthetic organisms, one of cur-
rent interest is photosynthetic bacterium, Chlorobaculum
tepidum [24, 25]. Consider the setup presented in Fig. 5.
The bacteria are inside a driven cavity where they in-
teract independently with a few cavity modes. These
interactions do not have to be known explicitly. We as-
sume that initially the bacteria and every mode are in
a product state. Experimentally one could simply start
with no light in the cavity whatsoever. It is crucial for
the method that the modes do not interact directly, but
only via the bacteria. This can be realised in practice by
choosing orthogonally polarised modes or different fre-
quency modes. Both the bacteria and every optical field
are treated as open systems — open to their own local
and independent environments. Under these general con-
ditions we have shown above that entanglement between
the modes cannot grow if at all times quantum discord
between modes and bacteria satisfy Dm|b = 0. Since we
start with a product state, once positive entanglement
between the modes is observed, we conclude the presence
of the quantum discord during the evolution. We stress
again that bacteria do not have to be measured and their
interactions with cavity modes can remain unknown.

Figure 5: A Fabry-Perot cavity with green sulphur bac-
teria is driven by lasers. A few cavity modes individu-
ally interact with the bacteria, but not with each other.
Both bacteria and cavity modes are open systems. In
particular, the interaction between bacteria and their en-
vironment results in the decay rate γ. Cavity mode m
experiences decay rate κm.

3.3 Quantum gravity

In a visionary perspective, system C could even be
a gravitational field interacting with masses A and B,
which are mutually non-interacting. By determining ex-
perimentally the entanglement gain between A and B
one would conclude, according to our scheme, the non-
classical nature of the gravitational field between them.
That is, if we were to embed into the quantum formalism
description of the masses and the field, there would have
to be non-orthogonal states in the Hilbert space of the
field.

4 Conclusion

We have proposed an entanglement-based criterion for
the inference of non-classicality of an inaccessible system.
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Our protocol is fully non-disruptive of the state of the sys-
tem to probe, and relies on only weak assumptions on the
nature of the interactions involved in the inference pro-
cess itself. This feature makes our proposal suitable to
address non-classicality at many levels, from experimen-
tally relevant technological platforms such as quantum
optomechanics, to fundamental problems on the nature
of gravity.

5 Appendix

5.1 Proof of the theorem

Proof. Without loss of generality we take the hamilto-
nians as HAC = HA ⊗ HC and HBC = HB ⊗ Hγ . The
same steps can be applied to the general hamiltonians
HAC =

∑
µH

µ
A ⊗H

µ
C and HBC =

∑
ν H

ν
B ⊗Hν

γ . As we
are assuming vanishing discord (when C is measured) at
t = 0, we can write the initial state as

ρ0 =
∑
c

pc ρ
c
AB ⊗ |c〉 〈c| . (3)

After a time ∆t, the evolved state will be isomorphic to
ρ0 and will read

ρ∆t =
∑
c

pc(∆t) ρ
c
AB(∆t)⊗ |φc〉 〈φc| , (4)

where both {|c〉} and {|φc〉} form orthonormal bases. We
assume local environments inducing Markovian dynam-
ics. The evolution can thus be described by the following
master equation in Lindblad form (which we write, for
convenience, in a coarse-grained time form)

ρ∆t − ρ0

∆t
= −i[H, ρ0] +

∑
X=A,B,C

LXρ0, (5)

where the last term is the incoherent part of the evolu-
tion resulting from interactions with local environments,
and we have taken (in light of the declared Lindblad

form of the master equation) LXρ0 =
∑
kQ

X
k ρ0Q

X†
k −

1
2{Q

X†
k QXk , ρ0}, where QXk ’s act on system X only. We

now consider the following conditional state

pj(∆t) ρ
j
AB(∆t) = 〈φj | ρ∆t |φj〉

= 〈φj | ρ0 |φj〉 − i∆t 〈φj | [H, ρ0] |φj〉

+∆t
∑

X=A,B,C

〈φj |LXρ0 |φj〉 . (6)

We go to continuous time by taking ∆t → 0, which im-
plies that all terms proportional to O(∆t2) can be ig-
nored. Therefore, throughout this proof the symbol “'”
should be read as “equal up to O(∆t2)”. In this limit,
the basis states of C can only change as |c〉 → |φc〉 =
αc |c〉 + βc |c⊥〉, with |c⊥〉 orthogonal to |c〉 and βc pro-
portional to ∆t. This implies that |〈c|φj〉|2 ' δcj , and

thus 〈φj | ρ0 |φj〉 ' pjρjAB .
As the commutator in Eq. (6) is multiplied by ∆t, the

terms in 〈φj | [H, ρ0] |φj〉 proportional to ∆t can already
be ignored. One thus finds that

〈φj | [H, ρ0] |φj〉 ' pj [EjCHA + EjγHB , ρ
j
AB ], (7)

where EjC(γ) is the mean energy 〈j|HC(γ) |j〉. Hence the

coherent part of the evolution splits into the sum of ef-
fective local interactions.

Next, there are three terms for the incoherent part
of the evolution. The first two are local in A and B
respectively, and they are proportional to

〈φj |LAρ0 + LBρ0 |φj〉 ' pj(LA + LB)ρjAB . (8)

The last term can be written as

〈φj |LCρ0 |φj〉 '
∑
c

∑
k

pc| 〈j|QCk |c〉 |2ρcAB

− pj
∑
k

〈j|QC†
k QCk |j〉 ρ

j
AB . (9)

Therefore, we obtain the following explicit form of the
conditional state

ρjAB(∆t) '
pj(1−

∑
k 〈j|Q

C†
k QCk |j〉∆t)

pj(∆t)
ρ̃jAB

+
∑
c

pc
pj(∆t)

∑
k

| 〈j|QCk |c〉 |2∆t ρcAB ,(10)

where we have defined

ρ̃jAB ≡ ρjAB − i[E
j
CHA + EjγHB , ρ

j
AB ]∆t

+ (LA + LB)ρjAB∆t. (11)

Accordingly, the state ρ̃jAB is obtained from ρjAB by ap-
plying Lindblad master equation describing independent
local evolutions of subsystems A and B. The probabil-
ity pj(∆t) can be recovered by noting that the trace of
Eq. (10) equals unity. In particular,

pj(∆t) = pj

(
1−

∑
k

〈j|QC†
k QCk |j〉∆t

)
+
∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t, (12)

where we have used the cyclic property of trace. Note
that the numbers multiplying states ρ̃jAB and ρcAB in Eq.
(10) are all non-negative and sum up to unity, i.e. they
form a probability distribution.

Finally, we have

EA:BC(∆t) =
∑
j

pj(∆t) EA:B(ρjAB(∆t)) (13)

≤
∑
j

pjEA:B(ρjAB) (14)

−
∑
j

pj
∑
k

〈j|QC†
k QCk |j〉∆t EA:B(ρjAB)

+
∑
j

∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t EA:B(ρcAB),

=
∑
j

pjEA:B(ρjAB) = EA:BC(0), (15)

where the involved steps are justified as follows. In the
first line we use the flags condition [26]. The inequality
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follows from applying convexity of the relative entropy
of entanglement to EA:B(ρjAB(∆t)) and next monotonic-
ity of entanglement under local operations and classical
communication EA:B(ρ̃jAB) ≤ EA:B(ρjAB). By inserting∑
c |c〉 〈c| = I in between QC†

k and QCk in the second
line of (14) and exchanging dummy indices c ↔ j, one
finds that it cancels the third line, giving Eq. (15). In
the last step we again use the flags condition, this time
to the initial state. The theorem is apparent by evolv-
ing the system successively from t = 0 to τ and having
DAB|C(t) = 0 at anytime t ∈ [0, τ ]. �

A special case worth noticing is when the three systems
are closed, i.e. we have unitary evolution with hamilto-
nian H = HAC + HBC . In this case, it follows that the
conditional state reads

ρjAB(∆t) =
pj

pj(∆t)
ρ̃jAB , (16)

where ρ̃jAB = ρjAB − i[EjCHA + EjγHB , ρ
j
AB ]∆t. Tak-

ing the trace of Eq. (16) gives us pj(∆t) = pj and

ρjAB(∆t) = ρ̃jAB . The conditional state evolves under
effective local unitary transformations, hence entangle-
ment in the partition A : B stays the same. By utilising
the flags condition as in the proof of the theorem given
above, one can show that EA:BC(τ) = EA:BC(0).

5.2 Optomechanics

The hamiltonian of the setup (Fig. 3 in the main text)
in a rotating frame with frequency of the lasers can be
written as H = Hloc +Hint where [21]:

Hloc = ~∆0aa
†a+ ~∆0bb

†b+
~ωc
2

(p2 + q2)

+i~Ea(a† − a) + i~Eb(b† − b) (17)

and
Hint = −~G0aa

†a q + ~G0bb
†b q, (18)

where the annihilation (creation) operator of field j =
a, b is denoted by j (j†) with [j, j†] = 1, p and q
are dimensionless quadratures of the membrane with
[q, p] = i, Ej is the driving strength of laser j with
|Ej | = (2Pjκj/~ωlj)1/2, where Pj is the laser power and
ωlj denotes its frequency. κj = πc/2Fj lj is decay rate of
cavity j with finesse Fj . Cavity-laser detuning is defined
as ∆0j ≡ ωj−ωlj , where ωj is the frequency of the cavity
and G0j = (ωj/lj)(~/µωc)1/2 represents field-membrane
coupling strength, where lj is the length of the cavity, µ
is the mass of the membrane and ωc is its natural fre-
quency. Note that Hloc is local in a : b : c partition and
the two terms in Hint represent coupling in the partition
a : c and b : c respectively.

The dynamics of the operators, adding into account
noise and damping terms (also local), can be well written
by a set of Langevin equations in Heisenberg picture

ȧ = −(κa + i∆0a)a+ iG0aaq + Ea +
√

2κa ain

ḃ = −(κb + i∆0b)b− iG0bbq + Eb +
√

2κb bin
q̇ = ωcp

ṗ = −ωcq +G0aa
†a−G0bb

†b− γcp+ ξ (19)

where γc is damping rate of the membrane. Also
jin is input noise of field j associated with cavity-
input mirror interface and has only correlation function
〈jin(t)k†in(t′)〉 = δjkδ(t − t′) [27], whereas ξ is Brown-
ian noise of the membrane and has correlation function
〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 ≈ γc(2n̄+ 1)δ(t− t′) in the limit
of interest that is large mechanical quality of the mem-
brane, i.e. ωc/γc � 1 [28,29]. The mean phonon number
of the membrane reads n̄ = 1/(exp (~ωc/kBT )− 1).

The linearised Langevin equations can be obtained
by splitting the operators into steady state values and
fluctuating terms. In particular we write q = qs + δq,
p = ps + δp, and j = αs,j + δj. By inserting these into
Eq. (19) and ignoring nonlinear terms δj†δj and δjδq one
gets a set of linear Langevin equations for the fluctuation
of the quadratures

δẋa = −κaδxa + ∆aδya +
√

2κa xin,a

δẏa = −κaδya −∆aδxa +Gaδq +
√

2κa yin,a

δẋb = −κbδxb + ∆bδyb +
√

2κb xin,b

δẏb = −κbδyb −∆bδxb −Gbδq +
√

2κb yin,b
δq̇ = ωcδp

δṗ = −ωcδq − γcδp+Gaδxa −Gbδxb + ξ (20)

where effective detuning ∆a ≡ ∆0a − G0aqs, ∆b ≡
∆0b + G0bqs, and effective coupling Gj ≡

√
2G0jαs,j .

The steady state values are given by ps = 0, qs =

(G0a|αs,a|2−G0b|αs,b|2)/ωc, and αs,j = |Ej |/
√
κ2
j + ∆2

j .

The quadratures of the field xj and yj are related to
the field operator j through j = (xj + iyj)/

√
2. This

relation also applies for the input noise, i.e. jin =

(xin,j + iyin,j)/
√

2.

For simplicity one can re-write Eq. (20) as a
single matrix equation u̇(t) = Ku(t) + n(t) where
the vector uT (t) = (δxa, δya, δxb, δyb, δq, δp), n

T (t) =
(
√

2κaxin,a,
√

2κayin,a,
√

2κbxin,b,
√

2κbyin,b, 0, ξ), and

K =


−κa ∆a 0 0 0 0
−∆a −κa 0 0 Ga 0

0 0 −κb ∆b 0 0
0 0 −∆b −κb −Gb 0
0 0 0 0 0 ωc
Ga 0 −Gb 0 −ωc −γc

 . (21)

The solution to linearised Langevin equation is then
u(t) = M(t)u(0) +

∫ t
0
dsM(s)n(t − s) where M(t) =

exp (Kt).
The quantum state of the fluctuations is fully char-

acterised by covariance matrix Vij(t) ≡ 〈ui(t)uj(t) +
uj(t)ui(t)〉/2−〈ui(t)〉〈uj(t)〉. Note that the Gaussian na-
ture of the initial state is maintained since we have linear
dynamics and the noises involved are zero mean Gaussian
noises. One can show that the covariance matrix at time
t is V (t) = M(t)V (0)MT (t) +

∫ t
0
ds M(s)DMT (s) where

D = Diag[κa, κa, κb, κb, 0, γc(2n̄+1)]. A more explicit so-
lution of the covariance matrix, after integration, is given
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by

KV (t) + V (t)KT = −D +KM(t)V (0)MT (t)

+M(t)V (0)MT (t)KT

+M(t)DMT (t), (22)

which is linear and can easily be solved numerically. As
mentioned in the main text we take the initial state to
be thermal state for c and coherent state for field j, this
gives V (0) = Diag[1, 1, 1, 1, 2n̄ + 1, 2n̄ + 1]/2. If one is
only interested in steady state solution, it is guaran-
teed when all real parts of eigenvalues of K are nega-
tive, giving M(∞) = 0 such that the steady state covari-
ance matrix can be calculated from a simpler equation
KV (ts) + V (ts)K

T = −D.
The covariance matrix V describing our three-mode

optomechanical system can be written in block form

Vabc =

 Laa Lab Lac
LTab Lbb Lbc
LTac LTbc Lcc

 (23)

where for j, k = a, b, c the block component Ljk is a 2×2
matrix describing local mode correlation when j = k and
intermodal correlation when j 6= k. An N -mode covari-
ance matrix has symplectic eigenvalues {νk}Nk=1 that can
be computed from the spectrum of matrix |iΩNV | [30]
where

ΩN =

N⊕
k=1

(
0 1
−1 0

)
. (24)

For a physical covariance matrix 2νk ≥ 1 [31]. For an en-
tangled system, e.g. in the partition ab : c, the covariance
matrix will not be physical after partial transposition
with respect to mode c (this is equivalent to flipping the
sign of the membrane’s momentum fluctuation operator
δp in V ). For our system, this unphysical V Tc is shown by
one of its three symplectic eigenvalues ν̃min < 1/2. En-
tanglement is then quantified by logarithmic negativity
as follows Eab:c = max[0,− ln (2ν̃min)] [32,33]. Note that
the separability condition, when V Tc has ν̃min ≥ 1/2, is
sufficient and necessary for 1 : N mode partition [34]. En-
tanglement Ea:b is calculated in similar manner by only
considering system ab where the covariance matrix is now

Vab =

(
Laa Lab
LTab Lbb

)
. (25)

For our calculations we vary laser power Pj and laser-
cavity detuning ∆j . Other parameters have been fixed
such that this setup is viable with present-day technology
[23]. This includes µ = 145 ng, T = 300 mK, lj = 25 mm,
and (ωc, ωlj , γc) = 2π(947 × 103, 2.8 × 1014, 140) Hz. Fi-
nesse of each cavity is 1.4× 104.

The dynamics of entanglement quantified by logarith-
mic negativity is shown in Fig. 4 in the main text. It is
clear that nonzero Ea:b(t) implies non-classicality of the
membrane. If one is interested only in the steady state
regime, Fig. 6 shows the corresponding entanglement Ea:b

while Eab:c is zero in this range (not shown). Note that
red colour has been used in the plots for parameters that
do not correspond to steady state solution.

Figure 6: Steady state entanglement for varying values
of Pb, in units of 100 mW, and ∆b, in units of the natural
frequency of the membrane ωc.
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[15] C. A. Rodŕıguez-Rosario, K. Modi, A. M. Kuah,
A. Shaji, and E. C. G. Sudarshan, Completely pos-
itive maps and classical correlations, J. Phys. A 41,
205301 (2008).

[16] M. Gessner and H. P. Breuer, Detecting nonclassi-
cal system-environment correlations by local opera-
tions, Phys. Rev. Lett. 107, 180402 (2011).

[17] M. Gessner and H. P. Breuer, Local witness for
bipartite quantum discord, Phys. Rev. A 87, 042107
(2013).

[18] M. Gessner, M. Ramm, T. Pruttivarasin, A. Buch-
leitner, H. P. Breuer, and H. Häffner, Local detec-
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Annealing schedule for classical optimal decoding
using adiabatic quantum computation
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Abstract. Adiabatic quantum computation (AQC) is well-known to provide quick solutions for com-
binational optimization problems. In previous work, we applied AQC to classical optimal decoding with
single-parity-check codes in a digital communications scenario. In that study, we confirmed that a non-
linear annealing schedule is more appropriate than a linear annealing schedule for classical optimal decoding
using AQC. The issue in that study was to find the appropriate annealing schedule for classical optimal
decoding and to estimate the best computational complexity. In this paper, we examine whether the
instantaneous energy gap of the Hamiltonian for classical optimal decoding converges to a limit curve to
confirm whether there is an appropriate annealing schedule.

Keywords: quantum algorithm, adiabatic quantum computation, classical optimal decoding

1 Introduction

Quantum annealing theory [1] was proposed by Kad-
owaki and Nishimori in 1998 and adiabatic quantum com-
putation (AQC) [2, 3] using the theory was proposed by
Farhi, et al. in 2000. AQC solves combinational op-
timization problems quickly. Nevertheless, there are at
present only a few applications of AQC. In previous work
[4, 5], we applied AQC to classical optimal decoding,
which is the decoding method with the minimum error
probability using maximum likelihood and soft decision
decoding. The issue central to this work [4, 5] is the eval-
uation of the computational complexity of classical op-
timal decoding using AQC. We have to find an optimal
annealing schedule to estimate the best computational
complexity. The optimal annealing schedule depends in-
versely on the values of the instantaneous energy gap for
the lowest two states of a Hamiltonian. We therefore
need to confirm that this gap converges to a limit curve
to find the appropriate annealing schedule. Hence we ini-
tialize the Hamiltonian system with a provisional anneal-
ing schedule q1(t), and calculate the annealing schedule
q2(t). Next, we calculate similarly the annealing sched-
ule q3(t) for the Hamiltonian given annealing schedule
q2(t). By repeating these steps, if the instantaneous en-
ergy gap converges to a limit curve, the schedule qi(t)
is the appropriate annealing schedule for the problem.
However, if no convergence is obtained, then you cannot
find appropriate annealing schedule for the problem. In
this study, we confirm numerically that the energy gap
does converge to a limit curve and an optimal annealing
schedule for classical optimal decoding can be found with
single-parity-check (SPC) codes.

2 Adiabatic quantum computation

AQC is one quantum computing model that solves
combinational optimization problems [2, 3]. In AQC, the

∗im161008@cis.aichi-pu.ac.jp
†id171002@cis.aichi-pu.ac.jp
‡usuda@ist.aichi-pu.ac.jp

Hamiltonian is

H(t) =
(
1− q(t)

)
H0 + q(t)H1, (1)

where, H0 is an initial Hamiltonian, the ground state for
which is trivial, H1 is a final Hamiltonian, the ground
state of which corresponds to the solution, and q(t) asso-
ciated with H(t), is a monotonic-increasing function or
monotone that satisfies q(0) = 0 and q(1) = 1. AQC
works by maintaining the quantum state close to the in-
stantaneous ground state of Eq. (1). With the iterative
procedure, we obtain ultimately the ground state of H1.
To maintain an instantaneous ground state, we have to
change the quantum state carefully when the energy gap
between the ground state and first excited state is small.
Hence, we need to adjust appropriately the monotone q(t)
for each problem. For this purpose, we consider adjusting
q(t) based on the adiabatic theorem.

3 Classical optimal decoding for binary
linear codes

For this study, we used binary-phase-shift-keying
(BPSK) signals coded by binary linear codes, and we
assume that the noise in the channel is additive white
Gaussian noise (AWGN). To implement classical optimal
decoding, we have to find the codeword that maximizes
the conditional probability,

P (y|wi) =
n∏
j=1

p(yj |wi,j), (2)

where y = (y1, y2, . . . , yn) with yj ∈ C is the output, C
the entire set of complex numbers, wi, (i = 1, 2, . . . , 2k)
is the codeword, k is the number of information sym-
bols, and n is the codeword length; here p(yj |wi,j) is the
conditional probability of each output defined as:

p(yj |wi,j) =
1√
2πσ2

e−(yj−wi,j)
2/2σ2

, (3)

where wi,j ∈ {−A,A} is the amplitude of the BPSK sig-
nals and σ2 is the variance associated with the signal
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noise. A receiver decodes the signal of the original mes-
sage by deciding the codeword wi that has the maximum
conditional probability. In general, rather than maximiz-
ing the conditional probability, Eq. (2), we maximize its
logarithm likelihood,

logP (y|wi) =
n∑
j=1

−2yjwi,j + const. (4)

4 Classical optimal decoding using
adiabatic quantum computation

We introduce next the Hamiltonian for classical opti-
mal decoding for AQC.
First, the initial Hamiltonian H0 is constructed,

H0 = I2n − |ψ(0)⟩⟨ψ(0)| , (5)

where

|ψ(0)⟩ = 1√
2k

2k∑
i=1

|wi⟩ , (6)

|wi⟩ =
n⊗
j=1

|wi,j⟩ , (7)

|wi,j = A⟩ = (1, 0)T, |wi,j = −A⟩ = (0, 1)T, and IM is
the M ×M identity matrix.
Second, the final HamiltonianH1 is constructed so that

its eigenvalues can be used to obtain an expression for
the cost function of the problem. In classical optimal
decoding, the cost function is simply Eq. (4). With this
function and the property of SPC codes, the form of final
Hamiltonian H1 is

H1 =

n∑
j=1

λj − c(n)

n⊗
j=1

(
σzj − I2

)
, (8)

where c(n) is a penalty function that is determined for
the problem and λj is

λj = I2 ⊗ I2 ⊗ · · · ⊗ 2Ayjσ
z
j︸ ︷︷ ︸

jth

⊗ · · · ⊗ I2, (9)

and σzj is the Pauli matrix defined for each j by

σzj =

(
1 0
0 −1

)
. (10)

5 Problem setting

We next introduce classical optimal decoding with
SPC codes. In simulating AQC, for simplicity we ini-
tialize the codeword length to n = 6, the output to
y = (1, 1, 1, 1, 1, 1), the amplitude to A = 1, and the vari-
ance associated with the signal noise to σ2 = 1/2. We
chose a penalty function c(n) = nAn so that it increases
as the codeword length increases and the amplitude rises.
We construct the Hamiltonian of Eq. (1) using the above
forms for the initial and final Hamiltonian, H0 and H1.

Figure 1: Changes in monotone qi(t), for i = 1, 2, 3, 4.

6 Numerical result

To find the appropriate annealing schedule for a clas-
sical optimal decoding with SPC codes, we first adjust
the annealing schedule q1(t) to the instantaneous energy
gap of the Hamiltonian of Eq. (1) with q(t) = t. Second,
we calculate again the instantaneous energy gap of the
Hamiltonian Eq. (1) so that q(t) is replaced with mono-
tone q1(t). Third, we adjust the annealing schedule to
the energy gap of the Hamiltonian with q1(t). We repeat
these three steps until we confirm whether the annealing
schedule converges to a certain shape.
The result is shown in Fig. 1. The values of the mono-

tones qi(t), (i = 1, 2, 3, 4) are plotted against the elapsed
time t. The curves are seen to converge towards a limit
curve after three iterations. Therefore, q3(t) is the appro-
priate annealing schedule for classical optimal decoding
with SPC codes.

7 Conclusion

We considered the appropriate annealing schedule for
classical optimal decoding with SPC codes. We con-
firmed from AQC that the annealing schedules qi(t),
which are inversely proportional to the instantaneous en-
ergy gap of the Hamiltonian, converge to a limit curve.
That is, we have obtained numerically the appropriate
annealing schedule for classical optimal decoding with
SPC codes. Given the annealing schedule encountered
above, the computational complexity of classical optimal
decoding using AQC remains to be evaluated.

Acknowledgments: This work has been supported in
part by JSPS KAKENHI Grant Number JP16H04367.
We thank Richard Haase, Ph.D, from Edanz Group

(www.edanzediting.com/ac) for editing a draft of this
manuscript.

References

[1] T. Kadowaki and H. Nishimori, “Quantum anneal-
ing in the transverse Ising model,” Phys. Rev. E58,
pp.5355-5363, (1998).

203



[2] E. Farhi, J. Goldstone, S. Gutmann, and M. Sipher,
“Quantum computation by adiabatic evolution,”
quant-ph/0001106, (2000).

[3] E. Farhi, J. Goldstone, S. Gutmann, J. Lapan, A.
Lundgren, and D. Preda, “A quantum adiabatic
evolution algorithm applied to random instances of
an NP-complete problem,” Science 292, pp.472-474,
(2001).

[4] Y. Nishino, S. Takahira, A. Kadoya, A. Ohashi, and
T.S. Usuda, “Reduction of computation complexity
of classical oprimal decoding by adiabatic quantum
computation,” Extd. Abst. of AQIS2016, pp.161-
162, (2016).

[5] Y. Nishino, S. Takahira, A. Kadoya, and T.S. Usuda,
“Application of adiabatic quantum computation to
classical optimal decoding,” Proc. of ISITA2016,
p.563, (2016).

204



A measurement driven analog of adiabatic quantum computation for
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Abstract. The adiabatic quantum algorithm has drawn intense interest as a potential approach to accelerating op-
timization tasks using quantum computation. The algorithm is most naturally realised in systems which support
Hamiltonian evolution, rather than discrete gates. We explore an alternative approach in which slowly varying mea-
surements are used to mimic adiabatic evolution. We show that for certain Hamiltonians, which remain frustration-
free all along the adiabatic path, the necessary measurements can be implemented through the measurement of
random terms from the Hamiltonian. This offers a new, and potentially more viable, method of realising adiabatic
evolution in gate-based quantum computer architectures.

Keywords: Measurement driven, Frustration-free Hamiltonian

In the field of quantum computation, it has long been recog-
nized that there exists deep connections between ground states
of Hamiltonians and problems of fundamental interest to the
study of computational complexity [1, 2]. It is known that the
problem of finding the ground state of a Hamiltonian is hard
even in the case of one-dimensional lattices [3], and that in
general the k-local Hamiltonian problem is QMA-hard (and
hence NP-hard) for any k ≥ 2 [4, 5]. Over the years many
classical and, more recently, quantum algorithms have been
proposed to address this problem [6, 7, 8, 9, 10, 11, 12]. While
all polynomial time algorithms are destined to fail, under the
assumption that P6=NP, such algorithms often work for Hamil-
tonians of practical interest.

One such quantum algorithm is the adiabatic algorithm
[13], which states that one can prepare the ground state of an
arbitrary Hamiltonian H f by first preparing the ground state
of some simple Hamiltonian HI and then subjecting the sys-
tem to a time varying Hamiltonian which slowly interpolates
between HI and HF . In general, the timescale required for
this evolution can be exponentially long, as it scales with the
reciprocal of the gap between the ground state and first ex-
cited state of the instantaneous Hamiltonians at each point in
time. This reconciles the adiabatic approach with the fact that
QMA is not known to be contained in BQP, the class of prob-
lems efficiently solvable on a quantum computer. Indeed, it
is now known that the adiabatic model is equivalent to circuit
model quantum computation [14]. While adiabatic evolution
is in principle possible in many monolithic quantum processor
architectures, the Hamiltonians possible are often restricted to
2-local interactions according to some fixed graph [15]. While
techniques have been devised to overcome these limitations,
they incur significant overhead [16, 17, 18]. The situation is
far worse when one considers the case of distributed quan-
tum computing architectures, such as many promising ion-
trap and quantum dot proposals [19, 20], which implement en-
tangling operations between nodes using discrete operations
rather than Hamiltonian dynamics. For such systems, a direct
implementation of adiabatic computation requires simulating
∗joseph f itzsimons@sutd.edu.sg

Hamiltonian dynamics with discrete logic gates, an approach
which would incur prohibitive overhead [21].

It is shown that combinatorial search problems described by
time-varying Hamiltonian can be solved by using sequentially
measurements which is similar with quantum adiabatic com-
putation [22]. Moreover, Gerardo A. Paz-Silva, A. T. Reza-
khani, Jason M. Dominy and D. A. Lidar propose an universal
quantum computation method based on quantum Zeno effect,
weak measurement and stabilizer quantum codes restricted in
local and bounded system-both interaction [23]. Here we give
a method to implement adiabatic-like evolution using rela-
tively simple measurements provided that the Hamiltonian re-
mains frustration free at all points along the adiabatic path. We
begin by presenting an alternate proof of a result in Ref [24].
We then show that for frustration-free Hamiltonians, measure-
ment of randomly chosen individual terms of the Hamiltonian
suffices to approximate measurement of the ground state, sat-
isfying our criterion for adiabatic-like evolution. For k-local
Hamiltonians, these measurement have constant complexity,
as they correspond to projectors on at most k qubits. This
potentially opens the door to a direct analogue of the adia-
batic algorithm well suited for distributed architectures, such
as ion-trap implementations and similar systems currently un-
der investigation [25, 26]. These results also provide some
level of theoretical understanding of the mechanism behind
a measurement-driven approach to SAT-solving proposed by
Benjamin [27] which has shown promising performance in
numerical experiments.

Let HI and HF be the initial and final Hamiltonian respec-
tively. Also, let {Hn}0≤n≤N be an ordered set of intermediate
interpolating operators, such that H0 ≡HI and HN ≡HF .
For simplicity, without loss of generality, we will assume that
every Hn is normalized such that the eigenvalues lie in the
range between 0 and 1, with the lowest eigenvalue being ex-
actly 0. We will make no assumption regarding the degener-
acy of the ground state space. Taking ψ0 to be a state in the
ground state space of HI , and taking ψn to denote the normal-
ized projection of ψn−1 onto the ground state space of Hn, the
evolution of the system then satisfies the following constraint.
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Theorem 1 Given a system initially in state ψ0, the state ψN
can be obtained with probability p ≥ 1− ε by measuring the
operators Hn in sequence for 1≤ n≤ N, provided that

max
1≤n≤N

(
‖ ∆Hn ‖2

∞

g(Hn)
2

)
≤ ε

N
, (1)

where g(Hn) is the gap between the eigenvalues correspond-
ing to the ground state space and first excited state of Hn, and
∆Hn = Hn−Hn−1. Furthermore, if at each step n the mea-
surement of Hn is replaced with any procedure that produces
a state ρn, such that the trace distance from ψnψn is at most
δ

2N , with probability at least ψnρn−1ψn, then the overall pro-
cedure yields a state ρN , with trace distance at most δ

2N from
ψNψN , with probability p′ ≥ 1− ε−δ .

Proof. Taking Pn to be the projector onto the ground state
space of Hn, then the probability of successfully obtaining ψn
from ψn−1 is given by pn = ‖Pnψn−1‖2. Then, the probability
of successfully projecting onto ψN during the final measure-
ment is bounded by p ≥ ∏n pn. The reason this is a bound
rather than an exact equality is due to the possibility of reach-
ing the correct final state through a sequence of measurements
fails to project onto the ground state of some intermediate
Hamiltonian.

Now, consider the probability of failure at step n, assuming
that all previous measurements have successfully projected
onto the ground state space of the associated Hamiltonian,

εn = ‖(I−Pn) |ψn−1〉‖2.

This can be turned into an inequality by making use of
Loewner order, noting that (I−Pn)≤ Hn

g(Hn)
I, and hence

εn ≤
∥∥∥∥ Hn

g(Hn)
|ψn−1〉

∥∥∥∥2

=

∥∥∥∥ ∆Hn

g(Hn)
|ψn−1〉

∥∥∥∥2

,

where the equality follows from the fact that Hn−1ψn−1 = 0.
This can be used to bound pn. By making use of the definition
of the infinity norm for matrices, we arrive at

pn ≥ 1− ‖ ∆Hn ‖2
∞

g(Hn)
2 .

The final success probability is then bounded by

p≥ 1−
N

∑
n=1

‖ ∆Hn ‖2
∞

g(Hn)
2 .

Provided that Eq. 1 holds, we then have p≥ 1−ε as required.
When considering the modified procedure, the modified

probability of success at each step is bounded from below by
p′n ≥ (Pnρn−1). This can be rewritten as p′n = pn+(Pn(ρn−1−
ψn−1ψn−1)). Using the trace distance constraint, this implies
p′n ≥ 1− ε

N −
δ

N and hence p′ ≥ 1− ε−δ as required. �

While Eq. (1) may appear unusual when compared to adi-
abatic conditions, due to the way in which N appears as a re-
ciprocal it can be transformed into a more conventional form
by making the substitution δNHn = N∆Hn, to obtain

N ≥ ε
−1 max

1≤n≤N

(
‖ δNHn ‖2

∞

g(Hn)
2

)
.

Suppose that for any N each of the measured Hamiltoni-
ans Hn is chosen along a fixed continuous path H (s), for
0 ≤ s ≤ 1, through the space of Hamiltonians, such that they
lie sequentially along this path at equal intervals. In this case,
for large N the finite difference δNHn tends to the deriva-
tive d

dsH (s), and is thus approximately constant for large N,
depending only on the path through the space of Hamiltoni-
ans. Note that N does not have dimensions of time, and so
this equation is not directly comparable to adiabatic theorems.
However, making the substitution T = N/max1≤n≤N δnHn
one obtains a more conventional adiabatic expression (simi-
lar to that in Ref. [28]).

While the result presented above provides a link between
the measurement of interpolating Hamiltonians and the adi-
abatic theorem, this does not imply that measurements are a
viable alternative to Hamiltonian evolution for implementing
adiabatic quantum computation. After all, the measurement
of a Hamiltonian is a non-trivial task, and implementing it
via controlled unitary evolution and phase estimation [?] may
provide little advantage over directly implementing adiabatic
evolution. In order to increase the utility of this correspon-
dence, we now introduce a method for efficiently projecting
onto the ground state of frustration-free Hamiltonians.

Let H be a frustration-free Hamiltonian which is the sum
of m terms,

H = ∑
m
i=1 ωiHi,

where every term Hi is a tensor product of 2× 2 Hermitian
operators. We assume that ∑

m
i=1 ωi = 1 and the eigenvalues

of each term is between 0 and 1, which can be done without
loss of generality as discussed earlier. For each Hi one can
construct a POVM measurement with measurement operators
Ei =

√
I−Hi and Ẽi =

√
Hi. Specifically, if the eigenvalues

are either 0 or 1, one can construct a projective measurement
with projectors Hi and I−Hi. The lowest energy subspace is
obtained when the measurement result is I−Hi.

Now, consider the following operation M on an arbitrary
quantum state ρ . First, an index 1 ≤ i ≤ m is selected at ran-
dom with probability ωi. A POVM measurement is then per-
formed on ρ with measurement operators Ei and Ẽi. If the
outcome of the measurement corresponds to application of Ẽi
then the procedure is said to fail. Otherwise, the resulting

state of the system is ρ ′i =
EiρE†

i
Tr(EiρE†

i )
. This latter case occurs

with probability p(s|i) = Tr(EiρE†
i ). Disregarding the choice

of i, the output state ρ ′ of a successful application of M will
be a mixed state consisting of a distribution over the various
possibilities for ρ ′i as follows. Let p(s) be the total success
probability. Since every i is chosen with probability p(i) =ωi,
we then have

p(s) =
m

∑
i=1

ωi

(
EiρE†

i

)
= 1− (H ρ) . (2)

From Bayes’ theorem, the output state ρ ′ is then given by

ρ
′ =

m

∑
i=1

p(i)p(s|i)
p(s)

ρ
′
i =

1
1− (H ρ)

m

∑
i=1

ωiEiρE†
i .

We now show that successful application of the operation M
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to a state ρ , with non-zero overlap with the ground state space,
will increase the projection onto the ground state space.

Lemma 2 Let H be a frustration-free Hamiltonian, as de-
scribed above. Let Pgs be the projector onto the ground state
space of H . Let ρ be an arbitrary density matrix and let ρ ′

be the resulting density matrix after a successful application
of the operation M as defined above to ρ . Then,

(
Pgsρ

′)= (Pgsρ)

1− (H ρ)
, (3)

and the probability that M is successful is 1− (H ρ).

Proof. We begin by noting that

(
Pgsρ

′)= 1
1− (H ρ)

(
Pgs

m

∑
i=1

ωiEiρE†
i

)
.

Using the cyclic property of trace, this can be rewritten as

(
Pgsρ

′)= 1
1− (H ρ)

m

∑
i=1

ωi

(
EiPgsE

†
i ρ

)
. (4)

The measurement operators can then be absorbed into Pgs.
Evaluating the summation then yields Eq. 3 as required. The
probability of success for applying M was previously calcu-
lated in Eq. 2. �

We now consider what happens when M is applied not once,
but some number of times k.

Theorem 3 Let H be a frustration-free Hamiltonian. Let Pgs
be the projector onto the ground state space of H . Let ρ be
a density matrix with non-zero overlap with the ground state
space of H and let ρ(k) be the resulting density matrix after
a successful application of the operation M as defined above
to ρ sequentially k times. Then,

(
Pgsρ

(k)
)
≥
(

1+(1−g(H ))k
(

1
(Pgsρ)

−1
))−1

Furthermore, Pgsρ
(k)Pgs ∝ PgsρPgs and the probability that all

k applications of M are successful is at least (Pgsρ).

Proof. We will consider the ratio

R` =

((
I−Pgs

)
ρ(`)
)

(
Pgsρ(`)

) =
(

Pgsρ
(`)
)−1
−1. (5)

By definition ρ(`) = M
(

ρ(`−1)
)

for all ` > 1, and hence from
Lemma 2 it follows that

R` =
(

1−
(
H ρ

(`−1)
))(

Pgsρ
(`−1)

)−1
−1.

Since
(
H ρ(`−1)

)
≥ g(H )

(
1−
(

Pgsρ
(`−1)

))
this gives rise

to the bound

R` ≤ (1−g(H ))

((
Pgsρ

(`−1)
)−1
−1
)
.

Using Eq. 5 we then arrive at the recurrence inequality

R` ≤ (1−g(H ))R`−1.

Hence Rk ≤ (1−g(H ))k R0. From Eq. 5 we can then replace
Rk and R0 to obtain(

Pgsρ
(k)
)
≥

(
1+(1−g(H ))k

(
1(

Pgsρ
) −1

))−1

as required.
Turning to the projection of ρ(k) onto the ground state

space, from the definition of M we have

ρ
(k) =

∑i1...ik Eik . . .Ei1ρE†
i1
. . .E†

ik

∑ j1... jk

(
E jk . . .E j1ρE†

j1
. . .E†

jk

)
and hence

Pgsρ
(k)Pgs ∝ ∑

i1...ik

PgsEik . . .Ei1ρE†
i1
. . .E†

ik
Pgs

= ∑
i1...ik

Eik . . .Ei1PgsρPgsE
†
i1
. . .E†

ik

= PgsρPgs.

The success probability for applying M any number of
times can be lower bounded by noting that M does not alter
states in the ground state space of H . Hence the trace of the
projection of ρ onto this subspace provides a lower bound. �

Theorem 3 implies that applying M sufficiently many times
satisfies the requirements of Theorem 1 for a procedure ap-
proximately projecting onto the ground state space of a Hamil-
tonian. This can be made quantitative by noting that if
k = α/g(H ) then (1−g(H ))k ≤ e−α . When used in the
context of Theorem 1 it will necessarily be the case that(

1
(Pgsρ)

−1
)
� 1. In such cases it should suffice to choose

α ∝ logN to provide the necessary accuracy.
The results presented above hold even for Hamiltonians

with degenerate ground states and thus are broadly applicable.
The combination of these results provides a means for imple-
menting adiabatic-like dynamics using measurements of only
modest complexity, at least for frustration-free Hamiltonians.
This suggests that such evolution can be realised without need
for Trotterisation of Hamiltonian dynamics, and provides a
potentially more viable approach in quantum computers based
on discrete gates, especially in the context of distributed ar-
chitectures. The restriction to frustration free Hamiltonians
is used to ensure that the ground state is simultaneously an
eigenstate of each possible measurement. Removing this re-
striction represents an interesting avenue for future research.

References
[1] Barahona, F. On the computational complexity of Ising

spin glass models. JPA Math. and General, 15(10),
3241,1982.

[2] Wille L T, Vennik J. Computational complexity of the
ground-state determination of atomic clusters. Journal
of Physics A: Mathematical and General, 18(8): L419,
1985.

207



[3] Aharonov D, Gottesman D, Irani S, et al. The power of
quantum systems on a line. Communications in Mathe-
matical Physics, 287(1): 41-65, 2009.

[4] Kitaev A. Quantum np. Talk at AQIP, 99, 1999.

[5] Kempe J, Kitaev A, Regev O. The complexity of the
local Hamiltonian problem. SIAM Journal on Comput-
ing,35(5): 1070-1097, 2006.

[6] White S R. Density-matrix algorithms for quantum
renormalization groups. Physical Review B, 48(14):
10345, 1993.

[7] Shao Y, Molnar L F, Jung Y, et al. Advances in methods
and algorithms in a modern quantum chemistry program
package. Physical Chemistry Chemical Physics, 8(27):
3172-3191, 2006.

[8] Verstraete F, Murg V, Cirac J I. Matrix product states,
projected entangled pair states, and variational renormal-
ization group methods for quantum spin systems. Ad-
vances in Physics, 57(2): 143-224,2008.

[9] Schollwck U. The density-matrix renormalization group
in the age of matrix product states. Annals of Physics,
326(1): 96-192, 2011.

[10] Huang Y. A polynomial-time algorithm for the ground
state of one-dimensional gapped Hamiltonians. arXiv
preprint arXiv:1406.6355, 2014.

[11] Abrams D S, Lloyd S. Quantum algorithm providing
exponential speed increase for finding eigenvalues and
eigenvectors. Physical Review Letters, 83(24): 5162,
1999.

[12] Aspuru-Guzik A, Dutoi A D, Love P J, et al. Simu-
lated quantum computation of molecular energies. Sci-
ence, 309(5741): 1704-1707, 2005.

[13] Farhi E, Goldstone J, Gutmann S, et al. Quantum com-
putation by adiabatic evolution. arXiv preprint quant-
ph/0001106, 2000.

[14] Aharonov D, Van Dam W, Kempe J, et al. Adiabatic
quantum computation is equivalent to standard quantum
computation. SIAM review, 50(4): 755-787, 2008.

[15] Bunyk P I, Hoskinson E M, Johnson M W, et al. Archi-
tectural considerations in the design of a superconduct-
ing quantum annealing processor. IEEE Transactions on
Applied Superconductivity, 24(4): 1-10, 2014.

[16] Lechner W, Hauke P, Zoller P. A quantum annealing ar-
chitecture with all-to-all connectivity from local interac-
tions. Science advances, 1(9): e1500838, 2015.

[17] Rocchetto A, Benjamin S C, Li Y. Stabilizers as a de-
sign tool for new forms of the Lechner-Hauke-Zoller an-
nealer. Science advances, 2(10): e1601246, 2016.

[18] Chancellor N, Zohren S, Warburton P A, et al. A direct
mapping of max k-SAT and high order parity checks to
a Chimera graph[J]. Scientific reports, 6, 2016.

[19] Kielpinski D, Monroe C, Wineland D J. Architecture
for a large-scale ion-trap quantum computer. Nature,
417(6890): 709, 2002.

[20] Loss D, DiVincenzo D P. Quantum computation with
quantum dots. Physical Review A, 57(1): 120, 1998.

[21] Wecker D, Bauer B, Clark B K, et al. Gate-count esti-
mates for performing quantum chemistry on small quan-
tum computers. Physical Review A, 90(2): 022305,
2014.

[22] Quantum search by measurement Childs A M, Deotto E,
Farhi E, et al. Quantum search by measurement. Physi-
cal Review A, 66(3): 032314,2002.

[23] Paz-Silva G A, Rezakhani A T, Dominy J M, et al. Zeno
effect for quantum computation and control. Physical re-
view letters, 108(8): 080501, 2012.

[24] Somma R, Boixo S, Knill E. Eigenstate preparation by
phase decoherence. Information Theory. CWIT 2009.
11th Canadian Workshop, 2009: 118-121, 2009.

[25] Monroe C, Kim J. Scaling the ion trap quantum proces-
sor. Science, 339(6124): 1164-1169, 2013.

[26] Nickerson N H, Fitzsimons J F, Benjamin S C. Freely
scalable quantum technologies using cells of 5-to-50
qubits with very lossy and noisy photonic links. Phys-
ical Review X, 4(4): 041041, 2014.

[27] Benjamin S. Performance of a measurement-
driven’adiabatic-like’quantum 3-SAT solver. arXiv
preprint arXiv:1509.00667, 2015.

[28] How powerful is adiabatic quantum computation? Van
Dam W, Mosca M, Vazirani U. How powerful is adia-
batic quantum computation? Foundations of Computer
Science. Proceedings. 42nd IEEE Symposium on. IEEE,
2001: 279-287, 2001.

208



Single atoms coupled to a near-concentric cavity
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Concentric cavities can lead to strong photon-atom coupling without a need for high finesse or
small physical-cavity volume. In a proof-of-principle experiment of this concept we demonstrate
coupling of single Rb atoms to a 11 mm long near-concentric cavity with a finesse F = 138(2).
Operating the cavity 1.65(1)µm shorter than the critical length, we observe an atom-cavity coupling
constant g0 = 2π × 5.0(2) MHz which exceeds the natural dipole decay rate γ by a factor g0/γ =
1.7(1).

PACS numbers: 32.90.+a, 37.30.+i, 42.50.Ct

Introduction. Optical cavities are widely used in a
range of modern technologies (e.g. lasers and optical
clocks) and are essential for mediating interaction of light
with other physical systems in many quantum technolo-
gies. In particular, by coupling atoms (or other quantum
emitter) resonantly to a cavity, strongly interacting hy-
brid systems of light and matter can be realized [1]. This
enhanced light-matter interaction is applied in quantum
networks [2, 3] and quantum metrology [4, 5].

In cavity quantum electrodynamics (cavity QED) the
conventional wisdom to realize a strongly coupled atom-
cavity system employs short cavities with high finesse.
The small mode volume V of these cavities results in a
large coupling g0 ∝ 1/

√
V between a single atom and

a single cavity photon. In this situation g0 exceeds the
cavity field decay rate κ and the dipole decay rate of the
atom γ, and the light-atom interaction is dominated by
the coupling to the cavity mode. Unfortunately, these
systems are experimentally demanding due to the need
of ultra-high-reflectivity coatings and sophisticated tech-
niques to trap single atoms in these short cavities. How-
ever, the notion that short cavities with high finesse are
inevitable has been challenged by efforts to use a partic-
ular cavity geometry, a (near-)concentric cavity, to im-
plement cavity QED with long cavities of low finesse [6–
13]. A cavity is concentric when the separation of the
two mirrors lcav matches twice the radius of curvature
of the mirrors RC . The field of the fundamental mode
is tightly focused in the center of the cavity, leading to
a small effective mode volume V while the physical size
of the cavity is large [13]. In addition, the cavity decay
rate κ ∝ 1/lcav is reduced by the increased length of the
cavity, which significantly eases the requirements for the
mirror coatings. The resulting large coupling g0 and low
cavity decay rate κ make strong coupling between single
atoms and single photons feasible even with low finesse
cavities.

A second intriguing aspect of concentric cavities is that
the frequencies of the higher-order transversal modes be-
come degenerate. This could allow the realization of mul-
timode cavity QED in the strong coupling regime [14].

feedback

MOT

Probe
780 nm

FORT
810 nm

DM

PD

DMBS

PZT

D1

D2

FIG. 1: Optical setup. A near resonant probe field at 780 nm
impinges on the cavity to characterize the light-atom inter-
action. The transmitted and the reflected light is coupled
into single mode fibers connected to avalanche photodetec-
tors. The cavity length is stabilized close to the concentric
length by a Pound-Drever-Hall lock to a frequency stabilized
810 nm laser. The intra-cavity field at 810 nm provides also
a far-off-resonant standing-wave dipole trap for the atoms.
BS: beam splitter with 70% reflectivity, DM: dichroic mir-
ror, PZT: 3D-piezo actuator stack, PD: photodiode, MOT:
magneto-optical trap, D1(2): avalanche photodetectors.

Different cavity modes could then effectively interact via
a commonly coupled atom – constituting a novel plat-
form for quantum information processing [15]. In this
work we experimentally implement the idea of concentric
cavity QED by trapping single 87Rb atoms in a 11 mm
long near-concentric cavity.

Cavity geometry. The cavity is composed of two iden-
tical mirrors with a radius of curvature RC = 5.5 mm.
To form a stable optical cavity, the stability parameter

g = 1− lcav/RC (1)

needs to satisfy 0 ≤ g2 ≤ 1 [16]. Thus, a concentric
cavity with lcav = 2RC is only marginally stable, and
highly susceptible to misalignment. However, we show
that in practice the cavity can still be reliably operated
extremely close to the concentric length.

We employ two methods to accurately determine the
cavity length lcav, which is stabilized by a Pound-Drever-
Hall lock to a frequency-stabilized laser at a wavelength
of 810 nm (Fig. 1) [17]. First, we analyze the frequency
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2

spacing of the transverse cavity modes by tuning the fre-
quency of a probe field with a wavelength around 780 nm.
We find a frequency spacing ∆νtrans = 109(2) MHz
between the fundamental and first adjacent transverse
mode. For a near-concentric cavity ∆νtrans is related to
the cavity length via

∆νtrans =
c

2lcav

(
1− cos−1 g

π

)
, (2)

where c is the speed of light [16]. The measured mode
spacing indicates a cavity length lcav = 2RC −1.7(1)µm,
and a cavity parameter g = −0.99969(2). In addition, we
also use the resonance frequencies ν780nm and ν810nm, of
two simultaneously resonant light fields to independently
determine the cavity length

lcav =
c∆n

2(ν780nm − ν810nm)
, (3)

where ∆n is the difference in longitudinal modes between
the fields. For ∆n = 1043 we obtain lcav = 2RC −
1.65(1)µm and g = −0.999700(2), in good agreement
with the length determined from the transversal mode
spacing. At this length, the beam waist of cavity mode is

expected to be w0 =
√
λlcav/(2π) [(1 + g)/(1− g)]

1/4
=

4.1µm [16]. Cavity finesse and losses. We further char-
acterize the cavity by the transmission and reflection of
the 780 nm probe field (Fig. 1). To achieve good mode
matching between the fundamental mode of the cavity
and the external probe field with Gaussian profile, we
implement a so-called anaclastic lens design [18, 19]: The
non-reflective back end of the mirrors have an ellipsoidal
shape to act as an aspheric surface, converting the plane
wavefront of a collimated Gaussian input beam to a con-
verging spherical wavefront [13].

Tuning the probe frequency, we record the
reflection- and transmission spectrum, which we fit
to Lorentzian profiles. We obtain a full-width-at-
half-maximum (FWHM) of 95(3) MHz and 99(1) MHz,
respectively (Fig. 2a-b). Conservatively, we attribute the
transmission linewidth to the fundamental mode of the
cavity, 2κ = 2π × 99(1) MHz, corresponding to a cavity
finesse F = πc/(2κlcav) = 138(2) [16]. Originally, the
finesse of the mirrors was higher F ≥ 500, but dropped
after bake-out of the vacuum chamber and operating the
Rubidium dispenser. From the finesse and the nominal
transmission T = 0.5% of the mirrors, we deduce a
round-trip absorption loss L, the maximum in-coupling
efficiency η, and resonant transmission Tmax in the usual
way [20] via

L = 2π/F − 2T = 3.6(1)%, (4)

η = 1− L2/(2T + L)2 = 39(1)%, (5)

Tmax = 4T 2/(2T + L) = 4.7(2)%. (6)

In a direct measurement, we observe a cavity incoupling
efficiency of η = 41.7(5)%, which agrees with Eq. 5 and
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FIG. 2: a) Reflection and b) transmission of a 780 nm probe
field measured after mode cleaning with the single-mode fiber.
Solid lines are Lorentzian fits. c) Normalized cavity transmis-
sion as one mirror is transversally displaced. Throughout the
experiment, the cavity length is actively stabilized to be res-
onant with the probe field.

demonstrates that the anaclastic design provides excel-
lent mode matching between the probe field and the fun-
damental cavity mode (Fig. 2a). The resonant transmis-
sion Tmax = 4.6(2)%, measured directly after the cavity,
is also in good agreement with Eq. 6. The transmission
shown in Fig. 2b is lower because the transmitted light
is coupled into a single mode fiber before detection.

Cavity stability. Approaching the concentric
length lcav → 2RC , the cavity becomes only marginally
stable, and consequently is highly sensitive to small mis-
alignments. Therefore, one of cavity mirrors is placed on
a 3D-piezo actuator stack which allows us to move the
mirror 5µm in each direction. Figure 2c shows the res-
onant transmission of the 780 nm probe field as we tune
the transversal position of one mirror; the transmission
shows a FWHM of 59(3) nm along both transverse di-
rections. This high sensitivity to the transversal align-
ment requires active stabilization to compensate drifts
caused, for example, by temperature fluctuations. Using
the transmission of the 780 nm and 810 nm light as feed-
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FIG. 3: a) Typical trace of detection events at detector D1

with an atomic cloud in the MOT inside the cavity. The cool-
ing light is 10 MHz red-detuned from the natural 5S1/2, F=2
to 5P3/2, F=3 transition frequency. The sudden increase of
fluorescence indicates the entering of an atom into the FORT.
b) Lifetime of single atoms in FORT without cooling light for
a time τ . The solid line represents an exponential fit with a
1/e-lifetime t0 = 230(30) ms.

back signals, we optimize the transversal mirror position
every 15 minutes.

Determining the atom-cavity interaction. To probe
the light-atom interaction, we prepare a cold ensemble
of 87Rb atoms in a magneto-optical trap (MOT). The
large physical separation of the two mirrors allows us
to form the MOT inside the cavity. Atoms from the
MOT are probabilistically loaded into the far off-resonant
dipole trap (FORT) created by the intra-cavity field of
the 810 nm light used to stabilize the cavity length. To
account for the light shift induced by the FORT, the cav-
ity length is set so that the resonance frequency is 22 MHz
higher than the 5S1/2, F=2 to 5P3/2, F=3 transition.
While operating the MOT, we detect the coupling of in-
dividual atoms to the fundamental cavity mode by the
sudden increase of fluorescence at detector D1 [21–23].
Figure 3 shows a typical fluorescent trace during the load-
ing process, exhibiting a telegraph signal characteristic
for single atom loading. From the low frequency of load-
ing events we infer that the probability of simultaneously
loading two atoms in the center region of the cavity to be
negligible. The lifetime of an atom in the trap is deter-
mined by switching off the cooling beams after a loading
event for different waiting times τ . The survival proba-
bility p(τ) decays exponentially with a characteristic 1/e
lifetime of 230(30) ms determined from a fit (Fig. 3b).

The single atom–cavity coupling g0 can be determined
from the cavity transmission and reflection [24, 25]. For a
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FIG. 4: Onset of the normal-mode splitting in the a) reflec-
tion and b) transmission spectrum when an atom is trapped
in the FORT. Red solid lines are fits based on Eq. 7. For com-
parison the empty cavity reflection/transmission (Fig. 2a) is
shown in gray.

weak coherent beam, the coefficients for intensity trans-
mission T (ω) and reflection R(ω) are given by

T (ω) =

∣∣∣∣ κT (i∆a + γ)

(i∆c + κ) (i∆a + γ) + g2
0

∣∣∣∣2 , (7)

R(ω) =

∣∣∣∣1− 2κT (i∆a + γ)

(i∆c + κ) (i∆a + γ) + g2
0

∣∣∣∣2 , (8)

with a cavity field decay rate through each mirror κT =
Tπc/lcav, and the detuning ∆c,(a) = ω − ωc,(a) of the
driving laser with respect to the cavity (atomic transi-
tion) frequency ωc,(a), respectively [1]. Once an atom
is loaded, we use an experimental sequence that alter-
nates between 1 ms of probing the cavity transmission,
and 1 ms of laser cooling by the MOT beams. The de-
tected photoevents during the cooling cycle are used to
check whether the atom is still present.

The atom-light interaction is revealed in the reflection–
and transmission spectrum obtained by tuning the fre-
quency of the probe laser. When an atom is present,
the spectra show the onset of the normal-mode split-
ting (Fig. 4, red circles). From a least-squares fit of the
transmission spectrum to Eq. 7 with two free parameters,
we obtain an interaction strength g0 = 2π × 5.0(2) MHz
and a frequency offset ωoff = ωc − ωa = 2π × 3.4(3) MHz
between cavity and atomic resonance. The amplitude of
the fit function T (ω) is set to the independently deter-
mined maximum transmission of the empty cavity. From
g0, the cavity linewidth 2κ = 2π × 99(1) MHz, and the
natural transition linewidth 2γ = 2π × 6.07 MHz, we
obtain the single atom cooperativity C0 = g2

0/(2κγ) =
0.084(4).

The reflection spectrum is analyzed in a similar way
by fitting to Eq. 8. For this, we use three fit parame-
ters, g0 = 2π × 4.6(4) MHz, the frequency offset ωoff =
2π × 4.4(7) MHz, and the reflected power far away from
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the atom/cavity resonance. The fits of Eq. 7-8 to the
transmission and reflection reproduce the observed val-
ues very well (Fig. 4, solid lines), and lead to similar
values for the atom-cavity coupling constant g0 and the
frequency offset ωoff.

The experimentally obtained value for g0 is lower than
expected for a clean two-level atom from the cavity ge-
ometry g0 =

√
3λ2cγ/(4πV ) = 2π × 12.1 MHz [1]. We

attribute this partly to the fact that in this experiment,
the atom is prepared by the MOT beams in a random
spin state mF of the 5S 1/2, F=2 manifold before the
transmission is probed with a linearly polarized probe
field. Averaging over the corresponding Clebsch-Gordan
coefficients, we estimate that the atom-cavity coupling
should be a factor

√
2 larger for a circularly polarized

probe field driving an atom prepared in the 5S1/2, F=2,
mF =2 on a transition to the 5P3/2, F=3, mF =3 state.

Discussion and conclusion. Our experiment demon-
strates the prospects and challenges of concentric cavity
QED. The realization of atom-cavity coupling exceeding
the natural dipole decay rate by a factor g0/γ = 1.7(1)
could stimulate further efforts employing concentric cav-
ities. The coupling observed in this proof-of-principle
experiment is already similar to many state-of-the-art
experiments in the strong coupling regime, but with a
cavity two orders of magnitude shorter [1]. Only in in
very short fiber cavities, significantly larger values of g0/γ
have been demonstrated [26]. Going closer to the concen-
tric length lcav → 2RC should increase the interaction

strength even further. We estimate that a ratio g0/γ ≥ 4
can be achieved for lcav ≈ 2RC − 100 nm. When sta-
bilizing the cavity near this point, we currently observe
that the cavity finesse and transmission drop, possibly
due to deviations of the mirror from an ideal spherical
surface, and stronger coupling of the probe field to other
higher-order transversal cavity modes.

Even without operating closer to the concentric length,
we expect that a single atom cooperativity above unity
can be reached by modestly increasing the finesse to
F = 1000 and performing the probing on a cyclic tran-
sition. A medium cavity finesse of F ≥ 4500 would put
this system into the single atom-single photon strong cou-
pling regime. While our experiments are performed with
single neutral atoms, concentric cavities are also inter-
esting for other quantum systems: examples are trapped
ions [27] and Rydberg atoms[28, 29], which both are ex-
perimentally difficult to hold within short cavities due to
the electric field noise near dielectric mirrors.
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Circuit for memory-efficient quantum simulation.  

Consider a small bead located on a circular ring with its position described by 𝑦 ∈ [0,1). 
At each time step 𝑡 ∈ ℤ, the bead’s position is stochastically perturbed. The perturbation 
is described by a random variable 𝑋 governed by a continuous probability density 
function 𝑃(𝑋), such that 

𝑌𝑡+1 = frac[𝑌𝑡 + 𝑋] 
where 𝑌𝑡 is the random variable that governs the location of  the bead at time 𝑡, and the 
frac 𝑦 = 𝑦 − 𝑦 ∈ [0,1) is the fractional part of 𝑦. 
This process is Markovian: the statistics of 𝑌𝑡+1 depend only on the most recent value of 
𝑌𝑡. 

𝜀-machine 
{𝜀, 𝑇} 

𝜀 is the causal state function: 

 We can map 𝑌  into several equivalent classes  S = 𝜀 𝑦 ≡

{𝑦 ′:  𝑦 ~𝑦 ′}, where 𝑃 𝑌 𝑦 = 𝑃 𝑌 𝑦 ′ . 

𝑇 is set of the transition matrices for states where 𝑇𝑗𝑘
𝑟 = 𝑃(𝑆𝑡 =

𝑠𝑘, 𝑋𝑡 = 𝑟|𝑆𝑡−1 = 𝑠𝑗) 

 𝑠𝑗  𝑠𝑘 

𝑇𝑗𝑘 

𝑇𝑘𝑗  

In our cyclic random walks, the causal states are typically in one-to-one 
correspondence with the 2𝑛 discrete values that  𝑌 can take. At the steady state, 
𝑃 𝑆 = 𝑠𝑖 = 1/𝑁, where 𝑁 = 2𝑛. And thus 𝐶𝜇 = 𝑛. So the classical simulation costs 

scale with precision. 

(a) Quantum memory cost for process with Gaussian noise (b) Quantum memory cost for process with uniform white noise 

(c) Gaussian noise function 𝜎 = 0.01, demonstrating unbounded 
difference in classical and quantum memory requirements. The 
dotted line shows the analytic upper bound 

𝐻𝑄 ≤
1

2𝑙𝑛2
− 1 + 4 2𝜋𝜎 𝑙𝑜𝑔22 2𝜋𝜎 

(d) Uniform noise function Δ = 0.01, demonstrating 
unbounded difference in classical and quantum memory 
requirements.  

In both examples, the quantum simulator has an unbounded memory advantage – the classical cost scales 
as 𝑙𝑜𝑔𝑁 while the quantum cost converges upon a constant value. The more rapidly the shift function 
diffuse 𝑋, the lower the limiting quantum memory requirement. 

Simulating the evolution of stochastic processes on a digital computer requires a trade-
off between the precision to which these quantities are approximated, and the memory 
required to store them. The statistical accuracy of the simulation is thus limited by the 
internal memory available to the simulator. Now using tools from computational 
mechanics, we show that quantum processors with a fixed finite memory can simulate 
stochastic processes of real variables to arbitrarily high precision. This demonstrates a 
provable, unbounded memory advantage that quantum simulator can exhibit over its 
best possible classical counterpart.   

Consider a stochastic process 𝒫 characterized by a 
bi-infinite sequence of random variables {𝑌𝑡}𝑡 
that generates its value at each time step 𝑡 ∈ ℤ. 
This process is captured by the probability 

distribution 𝑃(𝑌, 𝑌), where 𝑌 and 𝑌 represent for 
the past and future values respectively: 

𝑌 = ⋯𝑌−1𝑌0 

𝑌 = 𝑌1𝑌2… 

The internal entropy of the 𝜀-machine is called the statistical complexity 𝐶𝜇: 

𝐶𝜇 = − 𝑃 𝑠𝑖 𝑙𝑜𝑔𝑃(𝑠𝑖)

𝑖

 

where 𝑃 𝑠𝑖  is the probability of the machine being in state 𝑠𝑖. This value captures the 
absolute minimum memory any classical simulator of a process must store. Thus the 𝜀-

machine is the provably simplest classical model. 

 
The quantum 𝜀-machine model is an improved predictive model. 
Instead of storing each causal states 𝑠𝑖 directly, the quantum simulator stores a 
corresponding quantum state 

|𝑆𝑗 =  𝑝𝑘𝑗

𝑁−1

𝑘=0

|𝑘  

where {|𝑘 } form an orthonormal basis. 
And the memory required to store these states is given by the von Neumann entropy: 

𝐻𝑄 = −𝑇𝑟 𝜌𝑙𝑜𝑔𝜌 = − 𝜆𝑘𝑙𝑜𝑔𝜆𝑘
𝑘

 

where 𝜌 =
1

𝑁
 |𝑆𝑗  𝑆𝑗|𝑗  is the density matrix and 𝜆𝑘 are the eigenvalues of 𝜌. 

 

𝑠0 

𝑠1 

𝑠𝑁 
⋯ 

𝑌 

  

𝑃(𝑌|𝑌)  

Predictive models can generate precise future statistics based on 𝑃(𝑌|𝑌). 

𝑌 𝑌 

(A)  Gaussian noise 𝑃 𝑥 =
1

𝜎 2𝜋
exp (−

𝑥2

2𝜎2
) (B) Uniform white noise 𝑃 𝑥 =

1

2Δ
 when 𝑥 ∈ [−∆, ∆] and 

𝑃 𝑥 = 0 elsewhere. 
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Channel capacity of quantum channel with beam wandering
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Abstract. In analyzing wireless quantum communications such as satellite-based global quantum com-
munications, it is necessary to consider various inherent effects such as beam wandering. Whereas beam
wandering does not occur in optical fiber communications, studies of its effects on quantum communica-
tions are not necessarily as complete in comparison with those of pure-loss or thermal noise. In this paper,
we consider the capacity of a quantum channel with beam wandering when digital modulations are used.
We show that a binary modulation achieves almost the same capacity as multi-ary modulations over a
wide range of average number of photons when the effect of beam wandering is large.

Keywords: Quantum channel capacity, Beam wandering, Quantum channel

1 Introduction

Many studies on quantum communications and infor-
mation theory [1, 2, 3, 4] have assumed pure-loss or ther-
mal noise channels [5, 6]. The reason is that such chan-
nels are good models for optical fiber and free-space chan-
nels. However, there are many other models that con-
sider a variety of different situations. Beam wandering
(e.g. [7, 8]) is known as an inherent effect when wireless
communications such as satellite-based global communi-
cations are considered.
In our study of wireless quantum channels, we analyzed

the effect of fading [9]. We considered a model of a quan-
tum channel subject to probabilistic transmittance and
had obtained the performance of the optimum quantum
receiver when using digital modulations [9]. We also de-
rived the channel capacity when using phase shift keying
(PSK) [10]. As for beam wandering, Vasylyev, Semenov,
and Vogel clarified the quantum mechanical treatment
of quantum channels [11] and claimed that some non-
classical effects such as entanglement and squeezing are
preserved well.
Towards practical wireless quantum communications,

we consider in this paper the quantum channel with beam
wandering and present an expression for the capacity of a
channel carrying multiple digital signals. Quantum me-
chanical effects are also shown to be persist in regard to
channel capacity.

2 Quantum channel with beam wander-
ing

Let ρ(in) be a transmitted quantum state and ρ(out)

be a received quantum state, which here is the output
of a channel. In [11], beam wandering was modeled as a
probabilistic attenuation and the probability distribution
of transmission coefficient was derived. Therefore, we can
use the same expression in [9] to represent the received
quantum state. Suppose the transmitted quantum state
is the coherent state ρ(in) = |α⟩⟨α|. Then the received

∗im171003@cis.aichi-pu.ac.jp
†im161005@cis.aichi-pu.ac.jp
‡usuda@ist.aichi-pu.ac.jp

quantum state is represented as

ρ(out) =

∫ 1

0

P (T )|
√
Tα⟩⟨

√
Tα|dT, (1)

where T is energy transmissivity or transmission coeffi-
cient and P (T ) is its probability distribution. In [11],
beam wandering is modeled as a 2-dimensional Gaussian
distribution with mean values d and variance σ2. As a
result, P (T ) was shown to take the form

P (T ) =
2R2

σ2λT

(
2 ln

T0
T

) 2
λ−1

(2)

× I0

(
Rd

σ2

[
2 ln

T0
T

] 1
λ

)
e
− 1

2σ2

{
R2(2 ln

T0
T )

2
λ +d2

}
,

if 0 ≤ T ≤ T0 and P (T ) = 0 if T > T0, where

T0 :=

√
1− e−2 a2

W2 , (3)

a is the radius of receiver aperture, W is the radius of
beam-spot, and the shape and scale parameters are re-
spectively

λ =8 · a
2

W 2
·

e−4 a2

W2 I1

(
4 a2

W 2

)
1− e−4 a2

W2 I0
(
4 a2

W 2

)
×

ln
 2T 2

0

1− e−4 a2

W2 I0
(
4 a2

W 2

)
−1

,

(4)

R = a

ln
 2T 2

0

1− e−4 a2

W2 I0
(
4 a2

W 2

)
− 1

λ

, (5)

with I0(·) and I1(·) the modified Bessel functions of order
0 and 1. T0 is referred to as the maximum transmission
coefficient.

3 Multiple digital signals and channel ca-
pacity

When M -ary PSK (MPSK) coherent-state signals

are used, the transmitted quantum state ρ
(in)
i (i =
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Figure 1: Quantum channel capacity of the PSK signals
with a = 1,W = 2, d = 0, and σ2 = 1.

Figure 2: Quantum channel capacity of the PSK signals
with a = 1,W = 2, d = 0, and σ2 = 2.

0, 1, . . . ,M − 1) is

ρ
(in)
i = |αej 2πi

M ⟩⟨αej 2πi
M |, (6)

where j =
√
−1 is the imaginary unit.

The quantum channel capacity is calculated using the
formula [12, 13]

C = max
ξi

[
S
(∑

i

ξiρ
(out)
i

)
−
∑
i

ξiS
(
ρ
(out)
i

)]
, (7)

where ξi is the a priori probability. Moreover, the von
Neumann entropy S(ρ) is defined by

S(ρ) = −Trρlogρ, (8)

where ρ is the density operator.
For several M -ary PSK signals with beam wandering,

Figs. 1 and 2 plot the quantum channel capacities against
the average number of photons. In both figures, we set
a = 1, W = 2, and d = 0; the only difference is the
amount of beam wandering which is established by set-
ting σ2 = 1 (Fig. 1) and σ2 = 2 (Fig. 2). Black, red, and

Figure 3: Ratio of channel capacities: CBPSK/C8PSK.

blue lines correspond to BPSK, 4PSK, and 8PSK, respec-
tively. There are gaps between the capacities for the dif-
ferent modulations. However, in regard to small average
numbers of photons, all the lines almost overlap. That is,
channel capacity for binary signals almost achieves those
for the higher multi-ary signals. In comparing Figs. 1
and 2, this “almost identical range of average number of
photons” seems to widen if the amount of beam wan-
dering increases. Indeed, this observation is seen in Fig.
3 which demonstrates that the robustness of the binary
modulation outperforms the benefits of multiplicity in a
noisy environment.

4 Conclusion

In this paper, we considered the capacity of a quantum
channel with beam wandering when digital modulations
are used. We showed that when the effect of beam wan-
dering is large, a binary modulation almost achieves the
capacity of multi-ary modulations over a wide range of
average number of photons. Figure 3 is similar to the re-
sult in [14], in which the same capacities were computed
without beam wandering. By combining the results in
[14] and in [15], we conjecture that quantum mechani-
cal effects in channel capacity also remain when beam
wandering is present.
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Higher order quantum operations of unitaries and their implications 
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Abstract: A supermap is a transformation from a map to a map.  Transforming a unitary to its inversed, 
transposed, complex conjugated and controlled unitary are examples of supermaps. We consider the 
case where the input and output maps are quantum operations and perform the output map directly by 
applying the input map given by a quantum black box, a quantum system implementing an unknown 
quantum operation, together with a sequence of input-independent fixed quantum operations called a 
quantum comb.  We regard such direct implementations of supermaps for quantum operations in 
quantum mechanics as higher order quantum operations.  General properties required for achieving 
higher order quantum operations can be formulated by the framework for quantum networks based on 
quantum combs proposed by Chiribella et al.  There are several known no-go theorems for higher order 
quantum operations with a single use of the black box. If infinite uses of the black box is allowed, the 
full classical description of the input is obtained, therefore it is possible to achieve higher order quantum 
operations by implementing the output map calculated by applying the supermap on the classical 
description of the input map.  However, it is not well known which supermaps are achievable with finite 
uses of the black box.  In this talk, we present go-results for higher order quantum operations of unitaries 
with finite uses of the black box.  We mainly focus on a universal quantum algorithm for performing a 
complex conjugate unitary and present its implications representing new characteristic features of 
quantum mechanics exhibited in higher order quantum operations of unitaries. 



Bell correlations in many-body systems
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Abstract. How can one characterize the quantum correlations between the constituent particles of a
many-body system? Although entanglement is routinely observed in many systems, we will focus on the
detection of a subset of quantum correlations – namely Bell correlations. We will derive Bell correlation
witnesses from many-particle Bell inequalities involving only one- and two-body correlation functions. We
will address the question of the statistics required to witness Bell correlated states in practice and we will
show first experimental results successfully reporting on the violation of a Bell correlation witness between
hundreds of spins.

Keywords: Theory of quantum entanglement and nonlocality, many-body systems

In 1964, John Bell proposed an experimental test in
which two black-boxes receiving classical inputs and
producing classical outputs only, can certify that the
correlations between the outputs cannot be explained by
classical means [1]. While these results are fundamen-
tally appealing to test the limits of classical physics as
a complete description of Nature, it has been realized in
1992 that Bell test can be used to certify that the state
on which the black boxes operate is a well identified
entangled state [2, 3]. As entanglement is at the core of
secure communication, the use of a Bell test is nowadays
seen as an appealing technique to certify the security of
communication tools independently of the details and
imperfections of the actual implementations [4, 5].

Although Bell tests occupy a privileged position
in physics at the interface between fundamental and
applied physics, Bell inequalities have been tested in
small systems only. Whereas new forms of correlations
are known to arise in presence of a larger number of
parties [6], testing a Bell inequality on many parties
is technically challenging. Indeed, a Bell test requires
addressing of individual particles, which is seldom
possible when dealing with more than a few tens of
particles. The number of measurements that need to
be performed also increases rapidly with the number
of parties, and multipartite Bell inequalities typically
involve many-body correlations functions, which are
difficult to evaluate on systems involving many particles.

Inspired by recent results [7], we consider here the
situation in which well-characterized collective measure-
ments are performed on an ensemble of particles. Using
few-body correlator inequalities, we construct witness op-
erators for Bell correlated quantum states, i.e. states vi-
olating a Bell inequality. These witnesses only involve
up to the second moment of collective measurements and
are thus suitable for experimental tests on large systems.

∗nicolas.sangouard@unibas.ch

We address the question of the statistics required to wit-
ness Bell correlated states in many-body systems [8] and
we show first experimental results successfully reporting
on the first violation of a Bell correlation witness in a
spin-squeezed Bose-Einstein condensate [9].
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Abstract. We consider memoryless quantum communication protocols, where the two parties do not
possess any memory besides their classical input and they take turns performing unitary operations on a
pure quantum state that they exchange between them. Most known quantum protocols are of this type and
recently a deep connection between memoryless protocols and Bell inequality violations has been explored
in [8]. We study the information cost of such protocols by looking at a canonical problem: bounded-round

quantum communication for the one-bit AND function. We prove directly a tight lower bound of Θ( log kk )
for the information cost of AND for k-round memoryless quantum protocols and for the input distribution
needed for the Disjointness function.

Keywords: communication complexity, information complexity, quantum protocols

1 Context

In the model of communication complexity, two play-
ers, Alice and Bob, receive inputs and would like to
solve some distributed task that depends on these inputs,
while minimizing the number of bits they exchange. This
model has deep connections to many areas of computer
science, including data structures, circuit lower bounds
and streaming algorithms [17]. Recently, a lot of atten-
tion has been given to a different measure of complexity
for communication protocols, namely the amount of in-
formation that is leaked about the players inputs during
the protocol. The information cost of a protocol is always
lower than the communication cost, since one communi-
cated bit can carry at most one bit of information. It
has proved to be one of the strongest techniques we have
to lower bound the communication complexity of func-
tions [2, 5, 3, 14].

One can also define the notions of communication and
information complexity in the quantum setting, where
the two players exchange quantum messages. While it
is straightforward to define the communication cost of a
quantum protocol as the number of qubits that the two
players exchange, one has to be careful when defining the
information cost of a quantum protocol. Besides some
application-specific definitions [13, 12], recently two main
definitions have been put forward. Touchette [21] has
defined a notion of quantum information cost (QIC) and
has proved that it has a number of important properties,
including that for any function the quantum informa-
tion complexity, namely the information cost of the op-
timal quantum protocol that solves the function, equals
the amortized communication complexity of the function.
Kerenidis et al. [15] proposed a different notion, the clas-
sical input information cost (CIC), that is more intu-
itively related to the information leakage of the protocol,
but is smaller than the QIC notion (hence it is a weaker
lower bound on communication complexity). Very re-
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cently, [19] clarified the relation between the two notions
showing that while CIC measures how much information
each player learns about the other’s input during the pro-
tocol, the QIC measures, on top of this, the information
the players forget during the protocol. While our under-
standing of the flow of information during a quantum pro-
tocol has deepened, these notions remain difficult to use
in practice. The main reason is that mathematically they
both involve a quantum conditional mutual information,
where the conditioning is on a quantum variable. This
quantity is notoriously difficult to handle, even though
there has been some recent breakthrough work on it [9].

Here, we try to overcome this difficulty by looking at
a rich subclass of protocols that we call memoryless pro-
tocols. In these protocols, the two parties take turns
performing unitary operations on a pure quantum state
that they exchange between them. They do not possess
any memory and hence when they send a message they
do not keep anything in their private space apart from
their classical input. There are many reasons why it is
interesting to look at such protocols. First, almost all
quantum protocols we know are memoryless. This in-
cludes all protocols in the simultaneous message passing
model, eg. fingerprints for Equality [6], and in the one-
way model, e.g. Hidden Matching [1, 10], but also the
two-way protocol for Disjointness in [7] and for Vector
in Subspace [20, 16]. Second, there is a deep connec-
tion between memoryless protocols and Bell inequality
violations that has been explored in [8, 18]. Third, mov-
ing towards implementations of quantum communication
protocols and the realization of quantum networks, mem-
oryless protocols can be much easier to implement as it
has already been shown [22, 11]. Last but not least, it
may be easier to understand the flow of quantum infor-
mation in memoryless protocols. For example, it is easy
to see that the relation between CIC and QIC is in this
case clear: for any memoryless protocol, QIC is exactly
two times CIC, since the players forget exactly as much
as they learn. Note that forgetting is not necessarily a
drawback of quantum protocols: forgetting is necessary
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in order to obtain quantum communication speed-ups for
some problems [19].

2 Contributions

In this work, we initiate the study of the information
cost of memoryless quantum protocols by looking at a
canonical problem: bounded-round quantum communi-
cation for the AND function on two bits. One of the main
reasons to study the AND function is its close relation to
the Disjointness problem (DISJ), where the players re-
ceive one set each and their goal is to decide whether
these two sets are disjoint. One can see DISJ as a func-
tion that takes as inputs two n-bit strings x, y and returns
the OR of the coordinate-wise AND of these strings,
i.e. DISJ(x, y) = OR(AND(x1, y1), . . . ,AND(xn, yn)).
In the classical world, a very elegant lower bound for
Disjointness using information-theoretic tools was given
by Bar-Yossef et al. [2] and its proof consists of the fol-
lowing two steps. First, one reduces DISJ to AND: given
a protocol for DISJ on inputs of size n, the players con-
struct a protocol for AND as follows: they embed their
one-bit inputs for AND in some random coordinate for
DISJ, use their private coins to pick the remaining (n−1)
inputs uniformly from {(0, 0), (0, 1), (1, 0)}, and run the
DISJ protocol. The output of DISJ for such inputs is the
same as the output of the AND function. One can show
this way that if the information cost of the DISJ proto-
col is I, then the information cost of the new protocol for
AND is I/n. This implies the information complexity of
DISJ is at least n times the information complexity of
AND for the above input distribution. The second stage
of the proof involves computing directly the information
complexity of the AND function, and showing to be at
least a constant, the tight Ω(n) lower bound for DISJ is
obtained.

In the quantum world, things are considerably
more complicated. The first attempt to provide an
information-theoretic proof of the bounded-round quan-
tum communication complexity of DISJ was by Jain et
al. [13]. In their work, they introduced a different
information-theoretic notion from QIC and CIC and used
it to reduce the DISJ problem to the AND problem. By
directly lower bounding this quantity for the AND func-
tion they managed to show that any k-round protocol for
DISJ has communication cost Ω(n/k2). There is no clear
way to improve this lower bound using their information-
theoretic notion and this bound falls short of the optimal
bound of Ω(n/k). Very recently, [4] provided a proof
which gives a bound of Ω̃(n/k) for k-round protocols for
DISJ by reducing DISJ to AND and then using the al-
ready known lower bound for DISJ to lower bound the
complexity of AND. This proof does not provide a direct
proof for the information complexity of AND.

Here we focus on the subclass of memoryless protocols
and prove directly a tight lower bound for the information
complexity of AND for memoryless protocols and for the
input distribution needed for DISJ. More precisely, con-
sidering the input distribution U0 defined by U0(x, y) = 1

3
for (x, y) 6= (1, 1) and U0(1, 1) = 0, we show the follow-

ing, where CICML
U0,ε,k(AND) is the minimum CIC achieved

by a k-round memoryless quantum protocol computing
AND with error at most ε on input distribution U0.

Theorem 1 For any ε ∈ (0, 1/2) and any integer k,

CICML
U0,ε,k(AND) = Θε

(
log(k)
k

)
.

The upper bound in Theorem 1 comes from a proto-
col described in [4] credited to Jain, Radhakrishnan and
Sen. Note also that from [13], we could obtain a non-
optimal bound of CICML

U0,ε,k(AND) = Ωε (1/k) , since the
information-theoretic notion used in [13] becomes equiv-
alent to CIC for memoryless protocols.

The question is then whether we can lift the lower
bound of Theorem 1 to memoryless quantum protocols
for DISJ. The obvious way to try and do it is to start with
a memoryless quantum protocol for DISJ and use it in
order to construct a memoryless protocol for AND. How-
ever, there is an issue: to solve AND, the players are given
one-bit inputs, say x and y. But if they want to use a pro-
tocol solving DISJ over n bits, they need to create n− 1
inputs for each party distributed in a way such that the
protocol for DISJ will actually compute AND(x, y). In
the classical case, the players use private coins to choose
the remaining inputs for DISJ, when we embed the AND
function to it. In [13], the players used a superposition of
coins in order to choose these inputs. Now, if the play-
ers keep these superpositions in their workspace, then
we lose the memoryless property of our protocols. On
the other hand, if they send these superpositions to the
other player, the information cost of the protocol might
considerably increase.

Since it is not obvious how to reduce DISJ to AND
while retaining the memoryless property, similarly to the
classical case where we do not know how to perform the
reduction without the use of private coins, we slightly en-
hance our model. More precisely, we look at the model
where the players do not possess any memory and hence
they do not keep anything in their private space apart
from their classical input and some classical private coins.
Note that one can also assume the players share public
coins without changing the model. In the classical case,
we do allow for private coins when we define the informa-
tion cost of a protocol. In the quantum case, we cannot
unitarily create classical coins. Allowing classical coins
seems like a minimal addition to the model. One can see
that the communication complexity in this new model is
not different from the communication complexity in the
model without coins. Indeed, any protocol with coins
can be simulated by a protocol where the coins are cre-
ated in superposition by the players without changing
the communication cost. But what about the informa-
tion complexity? On the one hand, the information com-
plexity cannot increase, since we can always ignore the
coins. Surprisingly, we show that it becomes as small as
it can possibly be, namely, it equals the information re-
vealed just by the value of the function. So any function
can be computed privately. In fact, we show that every
quantum protocol can be turned into a quantum protocol
with coins that has the same input-output behaviour as
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the original protocol and that is perfectly private, i.e. the
players only learn the value of the function the protocol
computes and nothing more.

Theorem 2 For every quantum communication proto-
col Π, there exists a memoryless quantum protocol Π′

with private classical coins such that: on every input
pair (x, y), Π′ has the same output distribution as Π,
and the information cost of Π′ is only the information
gained by Bob’s output Πout in Π. This means that
for every input distribution µ, we have CICµ(Π′) =
I (Πout(X,Y ) : X|Y ) , where (X,Y ) is a random variable
distributed according to µ, I denotes the (classical) con-
ditional mutual information and Πout(x, y) is the (clas-
sical) random variable corresponding to Bob’s output in
Π on input (x, y).

Although we call the protocol Π′ private, note that we
are not considering a cryptographic scenario where the
players might deviate from the protocol: we are inter-
ested in studying the information of fixed protocols. In
high level, in protocol Π′ Alice and Bob follow Π but they
use private coins to encrypt their messages. At the end of
the protocol, if their coins were the same, Bob is able to
output as in Π and knows nothing else than this value.
However, if their coins were different, our construction
prevents them from getting any information about each
other’s input, in which case they just restart the process
until they get the same coins. This construction yields a
private protocol at the expense of a very high communi-
cation cost. Our results imply that given any function f ,
if we take for Π the protocol where Alice just sends over
x to Bob who computes and output f(x, y), we obtain a
protocol Π′ that can perfectly compute f with CIC only
the information gained from f(x, y). Let CICML,C

µ,k (f)
denote the minimum CIC achieved by a k-round mem-
oryless quantum protocol with private classical coins to
compute f exactly on input distribution µ.

Corollary 3 For every input distribution µ, and ev-
ery positive integer k, CICML,C

µ,k (f) = I (f(X,Y ) : X|Y ) ,
where (X,Y ) is a random variable distributed according
to µ, and I denotes the (classical) conditional mutual in-
formation.

Note that, in the case of AND, on distribution U0 the out-
put of AND(x, y) = x∧y is always 0. Hence, by the above

result, CICML,C
U0,k

(AND) = 0 for every integer k. There are
two sides to this result. On the one hand, adding classi-
cal coins to quantum protocols allows for perfectly private
protocols. This is impossible in the classical world and
shows how quantum communication can offer advantages
over classical communication. On the other hand, allow-
ing the players to use private coins without restrictions
weakens the power of information complexity as a lower
bound for quantum communication complexity.

In order to try and salvage the notion of information
complexity as a strong lower bound while allowing the
players to use private coins, we consider an intermediate
model where the players are allowed to use what we call
one-shot coins. These are private coins that can be used

only once during the protocol. In the classical setting,
this assumption is not restrictive and does not change
the communication complexity nor the information com-
plexity [19]. We show that this is not the case in the
quantum setting: allowing general coins or one-shot coins
can lead to very different information complexities. In
fact, allowing one-shot coins do not necessarily decrease
the information complexity in the model without coin by
much.

Theorem 4 For every k-round memoryless quantum
protocol Π with one-shot coins, we can construct a k-
round memoryless protocol Π′ without coins, which out-
puts as Π and such that CICU0(Π′) = O

(
CICU0(Π) ·(

log(k) + |log CICU0
(Π)|

))
.

Informally, the proof goes as follows. The transforma-
tion from Π to Π′ is informally the following: (1) quantize
the coins from Π i.e., put them in quantum superposition
in quantum registers; (2) at each odd (or even) round,
Alice (or Bob) applies the same transformation as in Π.
Then, Alice (or Bob) would like to send all their quan-
tum registers, including the coin registers, to the other
player. Before doing that, Alice (or Bob) applies a com-
pensation unitary that will limit the information cost in-
crease that occurs because of the sending of all the quan-
tum registers. This result, combined with Theorem 1,
implies in particular that CICML,C1

U0,ε,k
(AND) = Θε

(
1
k

)
,

where CICML,C1

µ,ε,k (f) denotes the minimum CIC achieved
by a k-round memoryless quantum protocol with private
one-shot coins that computes f with error ε on input dis-
tribution µ. We see that while private coins allow for pri-
vate protocols, one-shot coins not always do. The main
open question is whether one-shot coins can be useful to
reduce DISJ to AND or more generally prove some direct
sum property for quantum information complexity.
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Abstract. We study the compression of arbitrary parametric families of n identically prepared finite-
dimensional quantum states, in a setting that can be regarded as a quantum analogue of population coding.
For a family with f free parameters, we propose an asymptotically faithful protocol that requires a memory
of overall size (f/2) log n. Our construction uses a quantum version of local asymptotic normality and, as
an intermediate step, solves the problem of the optimal compression of n identically prepared displaced
thermal states. Our protocol achieves the ultimate bound predicted by quantum Shannon theory. In
addition, we explore the minimum requirement for quantum memory: On the one hand, the amount of
quantum memory used by our protocol can be made arbitrarily small compared to the overall memory
cost; on the other hand, any protocol using only classical memory cannot be faithful.

Keywords: Population coding; Compression; Quantum system; Local asymptotic normality; Identically
prepared states

1 Introduction

Many problems in quantum information theory involve
a source that prepares multiple copies of the same quan-
tum state. This is the case, for example, of quantum to-
mography [1], quantum cloning [2, 3], and quantum state
discrimination [4]. The state prepared by the source is
generally unknown to the agent who has to carry out the
task. Instead, the agent knows that the state belongs
to some parametric family of density matrices {ρθ}θ∈Θ,
with the parameter θ varying in the set Θ. Also, it is
promised that all the particles emitted by the source are
independently prepared in the same quantum state ρθ:
when the source is used n times, it generates n quantum
particles in the tensor product state ρ⊗nθ .

How much information is contained in the n-particle
state ρ⊗nθ ? One way to address this question is to quan-
tify the minimum amount of memory needed to store the
state. It is important to stress that the problem of storing
the n-copy states {ρ⊗nθ , θ ∈ Θ} in a quantum memory
is different from the standard problem of quantum data
compression [5, 6, 7]. In our scenario, the mixed state
ρθ is not regarded as the average state of an informa-
tion source, but, instead, as a physical encoding of the
parameter θ. The goal of compression is to preserve the
encoding of the parameter θ, by storing the state ρ⊗nθ
into a memory and retrieving it with high fidelity for all
possible values of θ. To stress the difference with stan-
dard quantum compression, we refer to our scenario as
compression for quantum population coding. The expres-
sion “quantum population coding” refers to the encoding
of the parameter θ into the many-particle state ρ⊗nθ . We
choose this expression in analogy with (classical) popu-
lation coding, whereby a parameter is encoded into the
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population of n individuals [8]. The typical example of
population coding arises in computational neuroscience,
where the population consists of neurons and the param-
eter represents an external stimulus.

The compression for quantum population coding has
been first studied in the case of pure qubit states [9, 10],
and then extended to mixed states and higher dimensions
[11]. Later, a new protocol that reaches the ultimate
information-theoretic bound was found for qubit states
[12]. The classical version of the problem was addressed
in [13]. However, finding the optimal protocol for arbi-
trary parametric families of quantum states has remained
as an open problem so far.

In this paper, we provide the general theory for the
compression of n-tensor product state in a quantum para-
metric state family. We consider two categories of state
families: families of finite-dimensional states and families
of displaced thermal states in infinite dimensions. These
two categories of state families turn out to be connected
by the quantum version of local asymptotic normality (Q-
LAN)[14, 15, 16, 17], which reduces n-tensor product of
a finite-dimensional state locally to a displaced thermal
state. As the first step, we discuss this kind of compres-
sion for the thermal states family, which can be regarded
as the quantum extension of the Gaussian distribution.
In the next step, employing Q-LAN, we reduce the prob-
lem of compressing generic finite-dimensional states to
the case of displaced thermal states. Unlike previous
works, our protocol does not require any assumption on
the symmetry of the state family. In addition, an in-
triguing feature of our compression protocol is that the
ratio between the size of quantum memory and the size
of classical memory can be made arbitrarily close to but
not equal to zero. This feature is not an accident: for
identically prepared displaced thermal states and qudit
states, we show that any compression protocol using only
classical memory must have non-vanishing error.
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The extended version of this paper can be found on
arXiv [18].

2 Main result

The main result of our work is the optimal compres-
sion of identically prepared quantum states. We con-
sider two major categories of states: finite dimensional
(i.e. qudit) states and displaced thermal states. The
key problem is to find the minimum amount of mem-
ory needed to encode these states, in a way that they
can be recovered with an error vanishing in the number
of input copies. A compression protocol for a paramet-
ric (sub)family {ρθ}θ∈Θ consists of two components: the
encoder and the decoder, characterized by a couple of
quantum channels (completely positive trace-preserving
linear maps) E and D respectively.

The memory cost essentially depends on the
(sub)family from which the states are drawn. For in-
stance, the memory cost for states diagonalized in the
same basis (i.e. classical probability distributions) should
be less than the cost for general qudit states. As a con-
sequence, we need to specify the state subfamily being
considered before stating the main result.

We begin by introducing the parameterization for qu-
dit and displaced thermal states. The parameters are
categorized into two classes: classical parameters and
quantum parameters. Roughly speaking, a classical pa-
rameter controls the eigenvalues of the density matrix,
while a quantum parameter determines the eigenstates.

Any non-degenerate qudit state can be generated by
rotating a fixed diagonal state ρ0(µ) with spectrum µ,

i.e. ρθ = Uξρ0(µ)U†ξ , where θ = (µ, ξ) ∈ Rd2−1, with

µ ∈ Rd−1 being the spectrum and ξ ∈ Rd(d−1) character-
izing the rotation. The explicit form can be found in the
extended version of this paper [18]. Here, components of
µ are counted as classical parameters, and components
of ξ are the quantum parameters.

Displaced thermal states, which are a type of infinite-
dimensional states frequently encountered in quantum
optics, is defined as follows:

ρα,β = Dα ρ
(thm)
β D†α α = |α|eiT T ∈ [0, 2π), (1)

where Dµ = exp(µâ†− µ̄â) is the displacement operator,
β ∈ [0, 1) is a suitable parameter and

ρ
(thm)
β = (1− β)

∞∑
i=0

βi|i〉〈i| (2)

is a thermal state with {|k〉} being the photon number
basis. For the displaced thermal state family, there is one
classical parameter β specifying the probability distribu-
tion of the eigenvalues, and two quantum parameters |α|
and T = argα describing the strength and phase of the
displacement.

The main result of our work is the following:

Theorem 1 Let {ρ⊗nθ }θ∈Θ be the state (sub)family of n
identical displaced thermal states or non-degenerate qudit

states with fc free classical parameters and fq free quan-
tum parameters. For any δ ∈ (0, 2/9), the state fam-
ily can be compressed into [(1/2 + δ)fc + (1/2)fq] log n
classical bits and (fqδ) log n qubits with an error ε =
O
(
n−δ/2

)
+ O

(
n−κ(δ)

)
, where κ(δ) > 0 is determined

by the error of Q-LAN [17]. The compression is optimal,
in the sense that any compression protocol requiring a
memory of size [(fc + fq)/2− δ′] log n with δ′ > 0 cannot
be faithful.

For the state (sub)family, a free parameter is assumed
to be variable in a certain interval, while a fixed param-
eter can only take one fixed value. By faithful we mean
that the worst-case trace distance between the original
state and the recovered state D ◦ E (ρ⊗nθ )

ε := sup
θ∈Θ

1

2
‖ρ⊗nθ −D ◦ E (ρ⊗nθ )‖1 (3)

vanishes in the n→∞ limit.
Theorem 1 states that to encode each free parameter

a memory of size (1/2 + δ) logn is required. When the
parameter is classical, the required memory is fully classi-
cal; when the parameter is quantum, a quantum memory
of δ log n qubits is required. Note that Theorem 1 solves
the compression of several important (sub)families:

• The full model family of qudits (fc = d − 1 and
fq = d(d− 1)).

• The classical qudit subfamily (fc = d − 1 and
fq = 0) of d-dimensional classical probability distri-
butions can be compressed into (d/2) log n classical
bits, retrieving the result of [13].

• The phase-covariant qudit subfamily (fc = d − 1
and fq = d(d− 1)/2).

As we can see from Theorem 1, if we take δ to be small
enough, the ratio between the quantum memory cost and
the classical memory cost δfq/((1/2+δ)fc+(1/2)fq) can
be made close to zero when δ is set close to zero, yet
the compression error vanishes more slowly. It is then
intuitive to ask whether this ratio can be made equal to
zero while keeping the error vanishing, i.e. compressing
faithfully using a fully classical memory. The answer to
the above question is negative: we proved in the extended
version [18] that only commuting quantum states can be
faithfully compressed into classical bits. In other words,
only classical families of states can be stored using into
purely classical bits.

In [18] we provide protocols for compressing a vari-
ety of displaced thermal state (sub)families, and here
we briefly introduce the protocol for compressing non-
degenerate qudit states. Displaced thermal states and
non-degenerate qudit states are closely connected by the
Q-LAN. Here we use the results derived in [17], which
states that n identical copies of a qudit state can be ap-
proximated by a classical-quantum Gaussian state in a
sufficiently small neighborhood of a point θ0 ∈ Θ for
large n. The approximation is physically implemented by

two quantum channels: T
(n)
θ0

that converts qudit states
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Figure 1: Compression protocol for finite dimensional states.

to Gaussian states, and S
(n)
θ0

that do the inverse conver-
sion.

By using Q-LAN, we can reduce the compression for
non-degenerate qudit families to the compression of dis-
placed thermal state families as shown in Figure 1.

First, n1−δ/2 copies of ρθ in the input are taken out
for tomography. In this way, one obtains a neighbor-
hood that contains the input state with high probabil-
ity. This neighborhood is encoded into classical memory,
and is also used for the constructing the Q-LAN chan-

nel T
(n−n1−δ/2)
θ0

that converts the remaining n − n1−δ/2

copies to a classical-quantum Gaussian state. Next, the
Gaussian state is amplified to compensate the loss of in-
put copies. For each individual quantum mode, a dis-
placed thermal state compressor Pj,k [18] compresses it
into quantum memory.

The state can be decompressed from the memory by
sending the state of the hybrid memory through the chan-

nel S
(n)
θ0

, which can be constructed by consulting the
outcome of tomography.

The optimality of our compression protocol is justified
as follows. To prove that any protocol with an overall
memory size of (f/2 − δ) logn (where f = fc + fq) for
δ > 0 cannot be faithful, it suffices to construct such a
family that requires more than this amount of memory
to be faithfully compressed.

We define a mesh M on the parameter space Θ:

M =
{
θ ∈ Θ | |(θ − θ0)i| = zi · log n/

√
n, zi ∈ N ∀ i

}
(4)

where θ0 ∈ Θ is a fixed point. The mesh M is so defined
that the states corresponding to this mesh {ρθ}θ∈M are
almost mutually distinguishable. The points can be used
to approximately encode |M| different messages, and the
amount of information contained in this ensemble is ap-
proximately log |M|. In [18], we showed that the size of

memory required to faithfully encode this ensemble is

nenc ≥
f

2
log n− f log logn+ o(1) (5)

which, for any δ > 0, is larger than (f/2− δ) log n for
large n, showing the optimality of our protocol.

3 Conclusion

In this work we have solved the problem of compressing
identically prepared states of finite-dimensional quantum
systems and displaced thermal states. We showed that
the total size of the required memory is proportional to
the number of free parameters of the state. Moreover,
we observed the asymptotic ratio between the amount
of quantum bits and the amount of classical bits can be
set to an arbitrarily small constant. Still, a fully clas-
sical memory cannot faithfully encode genuine quantum
states: only states that are jointly diagonal in fixed basis
(i.e. a classical state family) can be compressed into a
purely classical memory.
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Detecting metrologically useful asymmetry and entanglement by few
local measurements
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Abstract. Important properties of a quantum system are not directly measurable, but they can be
disclosed by how fast the system changes under controlled perturbations. In particular, asymmetry and
entanglement can be verified by reconstructing the state of a quantum system. Yet, this usually requires
experimental and computational resources which increase exponentially with the system size. Here we
show how to detect metrologically useful asymmetry and entanglement by a limited number of measure-
ments. This is achieved by studying how they affect the speed of evolution of a system under a unitary
transformation. We show that the speed of multi-qubit systems can be evaluated by measuring a set of
local observables increasing linearly with the number of qubits. We implement the detection scheme in an
all-optical experiment.

Keywords: quantum metrology, speed of evolution, asymmetry and entanglement,quantum fisher infor-
mation

The ability to engineer quantum coherence and en-
tanglement is one of the main factors determining non-
classical speed-up in information processing. Yet, their
experimental verification is a serious challenge. As they
are not directly observable, their detection usually im-
plies reconstructing the full state of the system, which
requires a number of measurements growing exponential-
ly with the system size. Also, verifying their presence is
necessary, but not always sufficient to guarantee a com-
putational advantage.

Studying the rate of change of a system under carefully
designed perturbations is a clever way to investigate its
key properties. In quantum information and metrology
protocols, a system speed determines its computational
power. In open system, computing quantum speed limits
also provides information about the environment struc-
ture, helping develop efficient control strategies, and in-
vestigate phase transitions of condensed matter systems.
Here we show how to detect metrologically useful coher-
ence and entanglement in systems of arbitrary dimen-
sion by measuring the speed of evolution under a generic
quantum channel, which for n-qubit systems is a function
of a linearly scaling (O(n)) number of observables. The
system speed is defined by the average rate of change
of the state,which is given by mean values of quantum
operators 〈·〉ρt = Tr(·ρt):

sτ (ρt) :=
||ρτ − ρ0||2

τ
=

(〈ρτ 〉ρτ + 〈ρ0〉ρ0 − 2〈ρτ 〉ρ0)1/2

τ
,

where the Euclidean distance is employed. Measuring the

∗hyf@ustc.edu.cn
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Figure 1: Overlap detection network.

swap operator on two system copies is sufficient to quan-
tify state overlaps. The overlap detection network for
n-qubit systems is depicted in Fig. 1. The unitary gates
Uτ,i = e−ihiτ are applied to the second copy of each pair.
The overlap, and therefore the speed function can be ex-
tracted by the Bell state measurement on each pair of
subsystem copies. We prove a quantitative link between
our speed measure, when undertaking a unitary dynam-
ics, and metrological quantum resources. First, we relate
speed to asymmetry, i.e. the amount of coherence with
respect to an Hamiltonian eigenbasis, which underpins
the usefulness of a probe state to phase estimation and
reference frame alignment schemes. By extending the
analysis to multipartite systems, a superlinear increase
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of speed with the system size certifies an advantage in
phase estimation powered by entanglement.

We demonstrate the scheme in an all-optical experi-
ment. We extract a lower bound to the metrologically
useful coherence (i.e. asymmetry) and entanglement of a
two-qubit system, by measuring its speed in a controlled
unitary evolution. While state tomography would require
fifteen measurements, we verify that the proposed pro-
tocol needs six. The system is prepared in two-copies
of a mixture of Bell states via spontaneous parametric
down-conversion (SPDC) sources. We evaluate the speed
function from purity and overlap measurements. We im-
plement a six-photon architecture to rule out the case
of BSMs measuring two photon pairs emitted by a sin-
gle SPDC source. We obtain results of excellent quality,
being able to experimentally quantify for the first time
the asymmetry of a system without state reconstruction.
Also, non-classical metrological efficiency due to entan-
glement is reliably detected.

To summarize, our work answers the crucial question:
how can we tell if a genuinely quantum process occurred?
We show that speed detection is an extremely powerful
strategy to certify quantum processes yielded by coher-
ence and entanglement in large computational registers.
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Past of a quantum particle: Common sense prevails
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Abstract. We analyze Vaidman’s three-path interferometer with weak path marking [Phys. Rev.
A 87, 052104 (2013)] and find that common sense yields correct statements about the particle’s
path through the interferometer. This disagrees with the original claim that the particles have
discontinuous trajectories at odds with common sense. In our analysis, “the particle’s path”
has operational meaning as acquired by a path-discriminating measurement. For a quantum-
mechanical experimental demonstration of the case, one should perform a single-photon version of
the experiment by Danan et al. [Phys. Rev. Lett. 111, 240402 (2013)] with unambiguous path
discrimination. We present a detailed proposal for such an experiment.

Keywords: Foundations of quantum mechanics, Quantum state engineering and measurements,
Optical tests of quantum theory

1 Introduction

Vaidman argues that one can meaningfully talk about the
past of a quantum particle — specifically: which path it
took through an interferometer — by analyzing the faint
trace left along the path by weak, almost non-disturbing,
measurements within a formalism that uses forward and
backward evolving quantum states [1, 2]. This leads to
the following criterion [3]:

The particle was present in paths of the inter-
ferometer in which there is an overlap of the
forward and backward evolving wave functions.

(1)

He then arrives at conclusion that contradicts common
sense: The particle can have trajectories that are not
continuous, for example, in a three-path interferometer.
Later, this assertion is seemingly confirmed by experi-
ments on an optical three-path interferometer [4, 5]. In
both experiments, the three-path interferometer is an
asymmetric Mach-Zehnder interferometer (MZI) with a
symmetric MZI inserted into one arm; see Fig.(1) for
illustration.

Various aspects of this matter have been debated; there
are at least thirty papers written on the subject in the
past few years [6]. The debate is still on-going.

In this work, we first discuss an important aspect
that has not yet been recognized and examined in
depth: How one extracts path information from faint
traces left by an individual particle on its way through
the interferometer. It turns out that common sense

∗ cqtebg@nus.edu.sg
† khoria@ntu.edu.sg
‡ Currently at Data Storage Institute, A*Star;
dai jibo@dsi.a-star.edu.sg
§ yinkloong@quantumlah.org
¶ cqtnhk@nus.edu.sg

prevails if the right question about the path knowledge is
asked. (See points 1 to 3 in the detailed summary below).

Second, we point out that the experimental results in
Refs.[4, 5], in fact, do not provide direct and unanimous
support to Vaidman’s narrative (1) for the past of the
photons. (See points 3 to 5 in the detailed summary
below.)

Lastly, we propose single-photon experiments for both
the two-path interferometer and the three-path inter-
ferometer of Ref. [4], with unambiguous and full-path
information extraction. The proposal for the three-path
interferometer has not yet been realized, but once
performed, it should demonstrate that common sense
does prevail. (See points 6 to 7 in the detailed summary
below.)

2 Detailed Summary

1. We review Vaidman’s three-path interferometer,
and analyze the weak path marking by which a par-
ticle leaves faint traces at the various checkpoints
on its way from the source to the detector. We
conclude that destructive interference suppresses
the traces at two checkpoints, which explains why
a particle has a discontinuous trajectory in Vaid-
man’s narrative.

2. We further analyze how one acquires such specific
knowledge about the path of a particle just detected
by a suitable measurement of the quantum degrees
of freedom that are used to mark the path. In this
context, what we learn depends a lot on the ques-
tion we ask by the chosen measurement, and not
all questions are equally relevant. We examine the
faint traces left by the particle just detected and
show how one extracts path knowledge by a mea-
surement of unambiguous discrimination (MUD)
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FIG. 1: Fig.(1a) shows Vaidman’s three-path interferometer of Refs. [1-5]. The quantum particle is emitted by
source S, enters the interferometer at beam splitter BS1, and is detected by detector D after exiting at beam splitter
BS4. Both BS1 and BS4 have 2:1 transmission/reflection ratios. On the way from S to D, the particle can take the
outer path (path III), identified by path marker at checkpoint C, or the paths through the internal MZI (paths I or
II), identified by path markers at checkpoint A or B. The inner MZI is balanced such that for particles entering from
checkpoint E, checkpoint F would be the dark port due to destructive interference; BS2 and BS3 are 50:50
nonpolarizing beam splitters. The faint slanted lines connect simultaneous points on the three paths. Fig.(1b)
illustrates the description of the past of the particles using two-vector formalism and criterion (1). Since inside the
three-path interferometer there are only overlapping of forward wave function (blue/darker lines) and backward
(red/lighter lines) wave function at the inner MZI and the outer path, but not at E or F, it is concluded that the
trajectory from S to D is discontinuous. Note that the thickness of the blue lines is proportional to the probability of
finding the quantum particle there if we look for it.

on the path-marker degree of freedom. Unambigu-
ous which-path information gives operational and
quantitative meaning to the otherwise vague con-
cept of “where was the quantum particle.” We

show that, in fact, for the case of Vaidman’s three-
path setup with weak path marking, only a small
fraction of the particles have path knowledge, while
all others have unknowable paths.

3. Upon noting that the probability amplitudes pro-
cessed by the final beam splitter (BS4) are inco-
herent, we show how the observed data would in
fact agree with one’s common sense. Specifically,
for post-selected particles that are detected by D
after BS4 (as is done and analyzed in Refs. [4, 5]),
we conclude that the particles with unknown path
have, in fact, followed the common-sense path, i.e.
the outer path of the three-path interferometer. In
the limit of ever fainter traces, these are all parti-
cles. We provide two analyses, one is through an
accounting exercise, and another by examination
of the subensembles sorted according to the un-
ambiguous discrimination results, to support our
conclusion.

4. In Ref. [4], the experiment is performed with classi-
cal light intensities, and no information is available
about individual photons. One cannot simply in-
voke a fair-sampling assumption to infer the past of
a single photon. The formalism and analysis used

as in Refs. [1, 2] can only be applied to an ensemble
of particles [7].

5. In Ref. [5], while the experiment is indeed per-
formed with single photons, their detection method
is unable to extract all the available path informa-
tion in an unambiguous fashion, and as such is little
better than the original experiment in resolving the
narrative.

6. We take a close look at the inner two-path inter-
ferometer in Vaidman’s three-path setup, and show
that every particle detected at the exit for the de-
structive interference, i.e. at F, has a known path,
which is the reason for the incoherent probabil-
ity amplitudes mentioned in point 3 above. We
propose and perform a single-photon experiment
for such two-path interferometer with weak path
marking. In this experiment, we produce pairs of
polarization-entangled photons from down conver-
sion. One of them (signal) enters the MZI, with its
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polarization altered gently according to the path
taken. Due to the entanglement, the polarization
degree of freedom of the partner photon (idler) is
then utilized as the path marker. Upon perform-
ing MUD for two polarization qubit states, we can
then extract the path information of the signal. All
the obtained data are in good agreement with our
theoretical predictions [8].

7. Furthermore, we propose a single-photon version
of the three-path interferometer experiment of
Ref. [4], with unambiguous and full-path infor-
mation extraction. The experiment is similar to
the one for the two-path interferometer above,
but now two pairs of down-converted photons are
needed, as markings for three paths are required.
In addition, the MUD is performed on the path
qutrits of the idler rather than polarization qubits.

Our treatment is entirely within the standard formalism
of quantum mechanics and does not rely on the two-state
formalism employed by Vaidman. While we do not seek
to question the validity of the two-state formalism, we
see no particular advantage in using it; the standard
formalism offers a transparent way for studying the
properties of ensembles that are both pre-selected and
post-selected. Our analysis of Vaidman’s three-path
interferometer with weak path marking has established
that common sense does not mislead us, and Vaidman’s
criterion (1) does not correctly identify the path taken
by the particle.

A preprint for this work can be found at
arXiv:1704.03722.
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Occam’s Vorpal Quantum Razor: Memory reduction when simulating
continuous-time stochastic processes with quantum devices
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Abstract. The ubiquity of continuous-time stochastic processes makes the simulation these processes a
great utility. Classical simulators of continuous-time processes must typically track unbounded amounts of
information about past behaviour, enforcing limits on precision due to finite machine memory. However,
quantum machines can require less past information than even their optimal classical counterparts to
simulate discrete-time processes, and we demonstrate that this advantage extends to the continuous-time
regime. Moreover, we show that this memory reduction can be unboundedly large, allowing for arbitrary
precision with a finite quantum memory. We provide a systematic construction for superior quantum
machines, and a protocol for analogue quantum simulation of continuous-time renewal processes.

Keywords: Quantum Simulation, Quantum Memory, Computational Mechanics, Quantum Information,
Continuous-Time Stochastic Processes

Our experience of the world manifests as a series of
observations. These may be characterised by a time se-
ries that details what is observed, and when. The goal of
scientific theories is to construct models which can pro-
vide consistent explanations for past observations, and
make predictions about the future. Once equipped with
a model, we can build simulators of the processes, to em-
ulate the behaviour of the modelled system.

In general, one can devise many models for a process
that make identical predictions, and so it is desirable to
have criteria for discerning a preferred model. A guiding
philosophy for this is Occam’s razor “plurality should not
be posited without necessity”, which can be interpreted
as requiring that a model should be the ‘simplest’ that
accurately describes our observations. The field of com-
putational mechanics [1] provides a quantitive notion of
what constitutes the simplest model, defining the optimal
model of a process to be that which requires the least in-
formation about the past behaviour of the system whilst
retaining the same predictive power as though the entire
past history was known. Beyond the desire for elegance,
a pragmatic reason for investigating such optimal models
is that it facilitates the construction of simulators that
make efficient use of resources. Here, the resource we
optimise is the internal memory of the simulator.

It has recently been shown [2] that quantum mechanics
allows for the construction of simulators of discrete-time
processes that require less information about the past
than their optimal classical counterparts. This is possi-
ble because past states that have some, but not complete
overlap in future statistics need not be perfectly distin-
guished, and may be stored as non-orthogonal memory
states. This leads to the perhaps surprising conclusion
that a quantum device can be more efficient than a clas-
sical system even when simulating a purely classical pro-
cess. This opens a novel avenue for the quantum simula-

∗physics@tjelliott.net
†milegu@quantumcomplexity.org

tion of classical stochastic processes.
In our work [3] we have demonstrated that this quan-

tum advantage may be extended to the much richer and
broader realm of continuous-time stochastic processes.
Focussing on the particular case of renewal processes,
(which can be used to model a diverse range of systems
including queues and neural spike trains), we provide
a systematic construction for quantum models in this
regime that are more efficient than their corresponding
optimal classical counterparts, that can be applied for
arbitrary waiting-time distributions.

Classical simulators of such processes [4] typically re-
quire an unboundedly large memory to operate exactly
in the continuous-time regime, hence enforcing a trade-
off between memory usage and precision, ultimately and
fundamentally limiting the accuracy of such simulations.
In contrast to this, we show that our construction for
quantum simulators of the same processes may achieve
arbitrarily fine precision whilst still requiring only finite
memory [Fig. 1]. This hence allows quantum devices to
sidestep the limitations suffered by their classical com-
plements.

Alongside the details for constructing quantum simu-
lators of continuous-time renewal processes superior to
the optimal classical models, we characterise the mem-
ory required by such quantum models, which we show
to be timescale invariant, depending only on the form
of the waiting-time distribution. Further, we show that
unlike the optimal classical models that require certain
properties of the waiting-time distribution to be known
and incorporated into their construction, the superior
quantum models in effect self-assemble with a naive con-
struction directly from the waiting-time distribution. We
outline a protocol for how quantum models can be im-
plemented as analogue simulators of renewal processes,
and illustrate our results with two examples that exhibit
the unbounded advantage in the memory requirement of
quantum devices. We conclude by arguing that this infi-
nite memory saving may be a general property of quan-
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tum simulators of continuous-time renewal processes, and
discuss the prospects for extending our results to more
general continuous-time stochastic processes.
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Figure 1: The classical memory requirement to simulate
continuous-time stochastic processes typically increases
unboundedly with finer coarse-graining, while a quantum
simulator may be able to perform the same task to ar-
bitrary precision with only finite memory. The example
shown is for a uniform emission density renewal process,
where we find a bounded quantum memory requirement
in the continuous limit.
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Semidefinite programming converse bounds for quantum communication
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Abstract. Recently the power of positive partial transpose preserving (PPT) and no-signalling
(NS) codes in quantum communication has been studied in [Leung/Matthews, IEEE Trans.
Inf. Theory 61:4486, 2015]. We continue with this line and study the PPT-assisted quantum
communication in both non-asymptotic and asymptotic settings. We show improved semidefinite
programming (SDP) finite blocklength converse bounds for quantum communication with a given
infidelity tolerance and utilize them to study the depolarizing channel and amplitude damping
channel in the small blocklength. We then present a general SDP strong converse bound on
quantum capacity. All these bounds are efficiently computable and do not rely on any specific
structure of the channel. In particular, we prove that our SDP strong converse bound is always
smaller than or equal to the partial transposition bound introduced by Holevo and Werner, and
the inequality could be strict. Furthermore, we show that the SDP strong converse bound can be
refined as the max-Rains information, which an analog to the Rains information introduced in
[Tomamichel/Wilde/Winter, IEEE Trans. Inf. Theory 63:715, 2017]. This also implies that it
is always no smaller than the Rains information. Finally, we establish an inequality relationship
among the known strong converse bounds on quantum capacity.

Keywords: quantum capacity, strong converse, semidefinite program

1 Introduction

A central topic in quantum information theory
is the reliable transmission of quantum information
via noisy quantum channels. The quantum capacity
of a noisy quantum channel is the highest rate at
which it can convey quantum information reliably
over asymptotically many uses of the channel. The
theorem by Lloyd, Shor, and Devetak (LSD) [1, 2, 3]
and the work in [4, 5, 6] show that the quantum ca-
pacity is equal to the regularized coherent informa-
tion. The quantum capacity is notoriously difficult
to evaluate since it is characterized by a multi-letter,
regularized expression and it is not even known to be
computable [7]. Our understanding of the classical
and quantum capacities remains limited. Even for
qubit channels, the quantum capacity of depolariz-
ing channel is unsolved. Given an arbitrary quan-
tum channel, a previously known efficiently com-
putable strong converse bound is the partial trans-
position bound introduced in Ref. [8]. Recently, the
Rains information [9] was established to be a strong
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converse bound for quantum communication.
To better understand the channel capacities, one

can study the performance of extra free resources in
the coding scheme. This scheme, called a code, is
equivalently a bipartite operation under some phys-
ically reasonable restrictions. Recently, the NS and
PPT codes are introduced to study quantum capac-
ity [10] while NS-assisted zero-error classical capac-
ity is studied in [11]. These codes are with mathe-
matically tractable structure and could provide in-
sights into the tough problem of determining capac-
ities. Note that NS codes are potentially stronger
than entanglement codes and the PPT codes include
operations that can be implemented by local opera-
tions and classical communication.

Another fundamental problem, of both theoreti-
cal and practical interest, is the trade-off between
the channel uses, transition rate and error toler-
ance in the non-asymptotic (or finite blocklength)
regime. In a realistic setting, the number of channel
uses is necessarily limited in quantum information
processing. Therefore one has to make a trade-off
between the transmission rate and error tolerance.
The study of finite blocklength regime has recently
garnered great interest in classical information the-
ory (e.g., [12, 13]) as well as in quantum information
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theory (e.g., [14, 15, 16, 17, 18, 10, 19, 20, 21, 22]).

2 Overview of results

Our work follows the quantum communication
via quantum channels assisted by NS and PPT
codes [10] and focuses on both non-asymptotic and
asymptotic regimes. To be specific, we show

� SDP finite blocklength converse bounds for
quantum communication with a given error
tolerance;

� SDP strong converse bound for quantum ca-
pacity: for any code with a rate exceeding our
bound, the error probability goes to one ex-
ponentially fast in the limit of many channel
uses.

Our bounds do not rely on the structure of the
channel and can be efficiently computed for any
channel since SDP [23] can be solved by polynomial-
time algorithms [24].

We first show that the one-shot ε-error capacity
assisted by PPT ∩ NS codes, is given by

Q
(1)
PPT∩NS (N , ε)

= − log min m

s.t. TrJNWAB ≥ 1 − ε,
0 ≤WAB ≤ ρA ⊗ 1B,
TrρA = 1,

PPT: −mρA ⊗ 1B ≤W TB
AB ≤mρA ⊗ 1B

NS:TrAWAB =m2
1B.

(1)

It is worth noting that Eq. (1) is not a convex
optimization problem. We do some relaxation on
the constraints and obtain SDP converse bounds for
quantum communication. These bounds improve
the SDP converse bound (− log f (N , ε)) in Ref. [22].
To be specific, we show that for any quantum chan-
nel N and error tolerance ε, it holds that

Q(1) (N , ε) ≤ Q(1)PPT∩NS (N , ε) ≤ − log ĝ (N , ε)
≤ − log g̃ (N , ε) ≤ − log g (N , ε) ≤ − log f (N , ε) .

(2)

where ĝ (N , ε), g̃ (N , ε), g (N , ε) are the SDPs we
derived, whose explicit formula can be found in the
technical version of this work. Note that to get a

better result, we may require a few times of succes-
sive refinement for ĝ and denote the result after i
times of refinement as ĝi.

Examples of the amplitude damping channel N (r)AD
and the qubit depolarizing channel ND (with depo-
larizing parameter p = 0.3) have been given to illus-
trate that our SDP converse bounds in Eq. (2) can
be strictly tighter. The numerical results are shown
in Figs. 1 and 2, respectively.
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Figure 1: Comparsion of SDP converse bounds
− log f , − log g, − log g̃ in the case of amplitude
damping channels with error tolerance ε = 0.01.
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Figure 2: Comparsion of SDP converse bounds
− log f , − log g, − log ĝ5 in the case of the qubit de-
polarizing channel with p = 0.3 and ε = 0.001.

We further study the asymptotic setting and show
efficiently computable strong converse bound on
quantum capacity. A previously known efficiently
computable strong converse bound for general chan-
nels is the partial transposition bound [8] intro-
duced by Holevo and Werner: Q (N ) ≤ QΘ (N ) ∶=
log ∥JTB

N
∥cb, where ∥ ⋅ ∥cb is the completely bounded

trace norm. Moreover, Tomamichel, Wilde and
Winter [9] introduced the Rains information R (N )
and show that it is a strong converse bound
on quantum capacity, i.e., Q (N ) ≤ R (N ) ∶=
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maxρA∈S(A)minσ∈PPT’D (NA′→B (φAA′) ∥σ), where
φAA′ is a purification of ρA and the set PPT’ = {σ ≥
0 ∶ ∥σTB∥1 ≤ 1}. There are other converse bounds
on quantum capacity [25, 26, 27, 28, 29, 30, 31, 32],
which require specific settings to be computable and
relatively tight. However, our work provides another
efficiently computable strong converse bound (QΓ)
for the quantum capacity of an arbitrary quantum
channel, i.e.,

Q (N ) ≤ Q→ (N ) ≤ QPPT (N ) ≤ QΓ (N ) ∶= log Γ (N ) ,

where

Γ (N ) ∶= max TrJNRAB

s.t. RAB ≥ 0,TrρA = 1,

− ρA ⊗ 1B ≤ RTBAB ≤ ρA ⊗ 1B
(3)

Moreover, if the rate exceeds QΓ, the error proba-
bility will go to one exponentially fast.

We further explore the properties of QΓ and find
that it can be refined as the max-Rains information,
which is an analog to the Rains information [9] in
the sense of replacing the relative entropy D with
the max-relative entropy Dmax [33], i.e.,

QΓ (N ) = max
ρ∈S(A)

min
σ∈PPT′

Dmax (NA′→B (φAA′) ∥σ) .

Finally, we establish an inequality relationship
among the known strong converse bounds on quan-
tum capacity,

Q (N ) ≤ Q→ (N ) ≤ R (N ) ≤ QΓ (N ) ≤ QΘ (N ) . (4)

We construct an explicit example Nr showing that
the last inequality in Eq. (4) can be strict, where
Nr = ∑1

i=0Ei ⋅E
�
i with E0 = ∣0⟩⟨0∣+

√
r∣1⟩⟨1∣ and E1 =√

1 − r∣0⟩⟨1∣+ ∣1⟩⟨2∣. The numerical result is given in
Fig. 3.
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Figure 3: Comparison of strong converse bounds
QΓ (Nr) and QΘ (Nr). The channel parameter r
ranges from 0 to 0.5.
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Locality Preserving Logical Operators in Topological Stabiliser Codes
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Abstract. Locality preserving logical operators are naturally fault tolerant in topological codes, since they
preserve correctability of errors. We provide a framework for finding all locality preserving logical operators
admitted by a large and important class of topological stabiliser codes; those equivalent to a finite number
of copies of a toric code. We use this approach to explicitly classify the operators for these codes with
two types of boundary conditions, and illustrate how it may similarly be applied to codes with different
boundaries from these cases. This framework and classification provides a more complete understanding
of the potential and limitations of these codes for allowing fault tolerant quantum computing, which we
believe will be valuable in guiding future quantum computing architectures.

Keywords: fault tolerant quantum computing, topological stabilizer code, locality preserving, gapped
domain wall, toric code, color code

Topological stabiliser codes are a class of quantum er-
ror correcting codes that have attracted widespread at-
tention due to their simplicity and natural realisation
as physical systems [1, 2]. The codestates of such codes
are topologically protected, so that all local errors are
correctable [3]. As such, logical operators implemented
on information encoded in such codes are fault toler-
ant provided they are locality preserving [4]. However,
Bravyi and König [4], and subsequently Pastawski and
Yoshida [5], have shown that strong constraints apply to
the types of locality preserving operations that may be
implemented fault tolerantly in a topological stabiliser
code. Specifically, these constraints are upper bounds
on the level of the Clifford hierarchy from which gates
may be locality preserving in a given topological sta-
biliser code. Recently, Yoshida has also observed corre-
spondences between gapped domain walls and locality
preserving logical operators, and domain walls and sym-
metry protected excitations, that suggest an approach
to building a framework for finding all locality preserv-
ing logical operators which may be implemented in a
given topological stabiliser code [6]. Our work builds such
a framework and applies it to classify the locality pre-
serving logical operators which are implementable in any
topological stabiliser code which is locally equivalent to
a finite number of toric codes. This is a large class of
codes, containing all non-chiral, translationally invariant
two dimensional topological stabiliser codes [3], and a
wide range of higher dimensional topological stabiliser
codes, including all colour codes [7].

1 Main Ideas

The key ideas behind this work build on Yoshida’s ob-
servations in [6]. Specifically, we argue that in a d di-
mensional topological stabiliser code there are one-to-
one correspondences between k + 1 dimensional locality
preserving logical operators, k dimensional transparent,
gapped domain walls and k dimensional excitations for
1 ≤ k ≤ d − 1. We also note that transparent, gapped

∗pweb6304@uni.sydney.edu.au

domain walls correspond to permutations of excitations
which, in addition to preserving exchange, braiding and
fusion statistics [8], are constrained by the dimensions of
the code, domain wall and excitation.

We use these correspondences to build a recursive ap-
proach to finding all locality preserving logical operators
which may be implemented in a given topological sta-
biliser code. Specifically, all domain walls which permute
eigenstate excitations are first found. Such domain walls
correspond to Clifford locality preserving logical opera-
tors. They also may be viewed as symmetry protected
excitations of the code, which we label as C2 excita-
tions. We then consider domain walls which map eigen-
state excitations to excitations which may include C2 ex-
citations. These domain walls correspond to locality pre-
serving logical operators from the third level of the Clif-
ford hierarchy, and may in turn be viewed as new symme-
try protected excitations of the code. Considering domain
walls which involve these new excitations we can then find
locality preserving logical gates in the fourth level of the
Clifford hierarchy. This process is then continued on for
higher and higher levels of the hierarchy. The bound of
Bravyi and König ensures that the process terminates,
since above a certain level of the hierarchy there are no
new locality preserving logical gates, and so no new do-
main walls will be found. Once this termination occurs,
all locality preserving logical gates admitted by the code
will have been found.

2 Results

We apply this approach to the class of topological sta-
biliser codes that are locally equivalent to a finite num-
ber of identical d dimensional toric codes, considering
explicitly two types of boundary conditions. Firstly, we
consider codes locally equivalent to a disjoint union of
a finite number of generalised surface codes in d spatial
dimensions. For such codes we demonstrate that all non-
Clifford locality preserving logical operators are products
of Pauli X operators and Pauli Z operators controlled by
k qubits, which we denote CkZ. We also determine a nec-
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essary and sufficient condition for such CkZ operators to
be admitted as a function of k, d and the dimensional-
ity of electric charges of the surface codes involved. Sec-
ondly, we consider the d-dimensional colour code, which
may be viewed as d identical copies of a toric code folded
together to encode a single logical qubit [7]. We show
how the above results may be adapted for these different
boundary conditions. From this, we show that all non-
Clifford locality preserving logical gates in such codes are
products of Pauli X operators and rotations of the Bloch
sphere about the Z axis of 21−kπ, for k ∈ N, which we
denote by Rk. We show that an analogous necessary and
sufficient condition to that above determines which oper-
ators of this type are allowed. More generally, we indicate
how these results could be further generalised to a more
diverse range of boundary conditions for such codes. This
can allow our framework to have broad applicability to a
wide range of codes. We also suggest a generalisation of
our results to the larger class of quantum codes referred
to as abelian quantum double models [9].

3 Impact and Importance

The approach we develop could be valuable in assist-
ing with finding low overhead schemes for implement-
ing quantum algorithms. Specifically, magic state distil-
lation, which is necessary where locality preserving im-
plementations of gates are not possible, requires a very
large number of physical qubits [10]. By providing an ap-
proach to determining which gates are locality preserving
in a topological stabiliser code we offer the potential for
algorithms which minimise the need for magic state dis-
tillation to be chosen for such a code. This could make
implementation of these algorithms feasible even on rela-
tively small quantum computers which may be expected
to precede larger, more powerful quantum computers.

More specifically, our results regarding surface and
colour codes are particularly relevant, since these codes
are believed to be promising approaches for achieving
both small-scale protected quantum memories in the
short term [2], and large-scale memories in the long term
[10]. Understanding the potential of these codes to allow
for fault tolerant quantum computation, therefore, is an
important aspect of working towards achieving quantum
computing with such memories. While previous work had
identified particular locality preserving logical operators
admitted by these codes [7, 9], and general constraints
[4, 5], we provide the first complete classification of all
such operators. This allows for more certain assessment
of these codes, and for comparisons with other proposed
schemes for quantum computation. We hope this may
help to guide realisations of these schemes, or motivate
searches for alternatives.

Finally, our work provides deeper understanding of
the codes we study, which may illuminate approaches
that may be taken to explore important open ques-
tions. Specifically, our work illustrates how the bounds
of Bravyi and König, and of Pastawski and Yoshida, can
be viewed to arise for the codes we consider from di-
mensional constraints on the actions of domain walls on

excitations. We hope that this may provide insight that
may allow for similar bounds to be derived for a broader
class of codes, such as non-abelian quantum double mod-
els. Another area our work may illuminate is explorations
of alternative approaches to achieving fault tolerant op-
erations based on braiding defects [11]. Such defects are
known to emerge as boundaries of domain walls in two
dimensional codes [12]. We hope that our exploration of
domain walls and excitations in higher dimensional codes
may provide insight for future explorations of analogous
higher dimensional defects, which may prove to allow for
a rich braiding structure, and a range of fault tolerant
operators.
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Abstract. We consider the problem of certifying binary observables based on a Bell inequality violation
alone, a task known as self-testing of measurements. We introduce a family of commutation-based measures,
which encode all the distinct arrangements of two projective observables on a qubit. These quantities by
construction take into account the usual limitations of self-testing and since they are “weighted” by the
(reduced) state, they automatically deal with rank-deficient reduced density matrices. We show that these
measures can be estimated from the observed Bell violation in several scenarios and the proofs rely only
on standard linear algebra. The trade-offs turn out to be tight and, in particular, they give non-trivial
statements for arbitrarily small violations. On the other extreme, observing the maximal violation allows us
to deduce precisely the form of the observables, which immediately leads to a complete rigidity statement.
In particular, we show that for all n ≥ 3 the n-partite Mermin-Ardehali-Belinskii-Klyshko inequality self-
tests the n-partite Greenberger-Horne-Zeilinger state and maximally incompatible qubit measurements on
every party. Our results imply that any pair of projective observables on a qubit can be certified in a truly
robust manner. Finally, we show that commutation-based measures give a convenient way of expressing
relations among more than two observables.

Keywords: self-testing, Bell nonlocality, device-independence

1 Introduction
The fact that quantum mechanics is incompatible with

the concept of local realism [9] is arguably one of the
most surprising features of the quantum world. It should
therefore come as no surprise that Bell nonlocality is
an attractive field of research for both theoreticians
(see Ref. [10] for a review) and experimentalists (see
e.g. the recent loophole-free Bell tests [23, 22, 39, 24]).
An important practical application of Bell nonlocality is
device-independent quantum cryptography, whose goal is
to prove the security of protocols executed using poten-
tially untrusted devices (see Refs. [7, 2, 18, 1, 19] for the
early contributions and Ref. [21] for a relatively up-to-
date review). What makes this task possible is the fact
that observing nonlocal correlations allows us to draw
conclusions about the inner workings of the untrusted
devices. In fact, certain extremal quantum correlations
identify exactly the quantum system under considera-
tion (up to well-understood equivalences). For example
the only manner to achieve the maximal violation of the
Clauser-Horne-Shimony-Holt (CHSH) [15] inequality is
to perform anticommuting measurements on the maxi-
mally entangled state of two qubits [41, 43, 38]. Mayers
and Yao realised that this allows us to certify quantum
devices under minimal assumptions and they also coined
the term self-testing [28, 29]. The general question is
simple: “We have conducted a Bell test and observed
certain nonlocal correlations. What can we rigorously
deduce about the state shared between the devices and
the measurements performed?”.

The first self-testing results only applied in the case of
observing the ideal statistics. While interesting from the
foundational point of view, it is not sufficient for practi-
cal applications. In order to make statements relevant for
experiments we must make them robust, i.e. we have to

∗jkaniewski@math.ku.dk

show that if the observed statistics are close to the ideal
ones, then the quantum device should be close (in some
well-defined sense) to the perfect realisation. To simplify
the problem, instead of looking at the entire probability
distribution, we often only look at the violation of some
fixed Bell inequality. A Bell inequality is given by a vec-
tor of real coefficients cabxy ∈ R and the corresponding
Bell value β is defined as

β :=
∑
abxy

cabxy Pr[a, b|x, y],

where Pr[a, b|x, y] is the probability of observing outputs
a, b given inputs x, y. Let βL and βQ be the largest
values achievable by local-realistic theories and quantum
mechanics, respectively, and suppose that βL < βQ. A
necessary condition to make a self-testing statement is
to observe some violation (β > βL) and a self-testing re-
sult is called robust if we can make conclusions even if
the violation is not maximal (β < βQ). It is important
to distinguish self-testing results which only apply if the
violation is close to maximal from the ones that cover a
sizeable portion of the interval [βL, βQ]. The latter apply
to real-world experiments and, therefore, might actually
be useful in designing robust and efficient testing pro-
cedures for real devices. Deriving such experimentally-
relevant self-testing statements is precisely the focus of
this work.

The main challenge in deriving robust self-testing
statements lies in finding a natural mathematical formu-
lation of the problem. Since our goal is to make state-
ments even for statistics significantly differing from the
ideal setup, we cannot aim for a complete description.
We should instead pin down the relevant property and
certify precisely that property. This is how our approach
differs from the standard formulation, which attempts to
certify closeness (in trace distance) to the perfect reali-
sation.
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Our primary goal is to certify two-outcome (binary)
projective measurements. We propose a novel formula-
tion based on commutation, which recovers several previ-
ous results as extreme cases. Commutation-based mea-
sures are easily computable, have a simple physical in-
terpretation and demonstrate that all pairs of projective
qubit observables can be certified in a robust fashion.

2 Previous self-testing results
While self-testing of quantum states has received sig-

nificant attention in the regime of small [40, 33, 46, 30, 4,
31, 42, 36, 16, 20, 32, 12, 35, 17, 13] and experimentally-
relevant [6, 47, 45, 37, 5, 44, 25] robustness, self-testing
of measurements is a significantly less studied topic. Al-
though most results in the small robustness regime come
as complete rigidity statements (i.e. they also charac-
terise the optimal measurements), there are only two
approaches that yield experimentally-relevant robust-
ness [5, 11, 14].

3 Self-testing of observables based on
commutation

In our framework we certify observables of one party at
a time, i.e. we have a separate statement for each party,
which only depends on the local observables and the re-
duced state. This is in line with the idea of focusing on
a single property, instead of certifying the whole setup.

The two inherent limitations of self-testing (i.e. proper-
ties that cannot be deduced from the outcome statistics)
are: the presence of auxiliary degrees of freedom and the
application of local unitaries. It is clear that these two
equivalences do not affect commutation relations between
observables. We might therefore conclude that what we
should be certifying is precisely the commutation struc-
ture between the observables. This is, however, not quite
correct as we can only make statements about the observ-
ables on the support of the (reduced) state. Therefore, in-
stead of making statements about the observables, we will
consider scalar quantities of the form t := tr(TρA), where
ρA is the reduced state on the subsystem to be measured
and T is a Hermitian operator constructed from the ob-
servables (whose exact definition depends on the commu-
tation structure we wish to certify). An appealing feature
of these measures is the fact that the maximal value of t
is achieved by essentially just one arrangement of observ-
ables. Let us stress that whenever we make a statement
directly about the operators, we implicitly assume that
the reduced state is full-rank.

4 Methods
A binary observable is a Hermitian operator A satis-

fying −I ≤ A ≤ I (we do not a priori assume projectiv-
ity). It is well known that in the case of binary observ-
ables commutators and anticommutators of observables
appear in the square of the Bell operator. Let W be
the Bell operator, let β := tr(WρAB) be the Bell value
and from the Cauchy-Schwarz inequality we deduce that

β2 = [tr(WρAB)]
2 ≤ tr(W 2ρAB) · tr ρAB = tr(W 2ρAB).

Therefore, proving an operator inequality

W 2 ≤ g(A0, A1)⊗ I, (1)

where A0 and A1 are the observables of Alice and g is
a function which outputs a Hermitian operator, immedi-
ately implies β ≤

√
tr
(
g(A0, A1)ρA

)
. If the right-hand

side provides a useful characterisation of the observables
of Alice, this constitutes a self-testing statement. Let us
stress that for projective observables W 2 can often be
written explicitly as a function of their commutators and
anticommutators, which provides helpful intuition on the
possible form of the function g(A0, A1).

5 Certifying anticommuting observables
In the CHSH scenario Alice and Bob measure one of

two binary observables denoted by Aj and Bk for j, k ∈
{0, 1}. The CHSH operator is defined as

W := (A0 +A1)⊗B0 + (A0 −A1)⊗B1

for which βL = 2 and βQ = 2
√
2. We prove that

W 2 ≤ 4 · I⊗ I− [A0, A1]⊗ [B0, B1]

and by noticing that |[B0, B1]| ≤ 2 · I we obtain

W 2 ≤ 4 · I⊗ I+ 2 |[A0, A1]| ⊗ I.

From the argument outlined above we deduce that

β ≤ 2
√
1 + t, (2)

where t := 1
2 tr

(
|[A0, A1]|ρA

)
∈ [0, 1] is the effective com-

mutator. This scalar quantity is invariant under local
unitaries and adding extra degrees of freedom, it avoids
making any statement about the observables outside the
support of ρA and is easily computable. The physical
interpretation is clear: t measures the incompatibility
of Alice’s observables “weighted” by the reduced state
ρA. The matrix modulus, which arises in the derivation,
avoids cancellations, e.g. t = 0 implies that the observ-
ables commute on the support of ρA, which prevents us
from observing any violation. On the other extreme, the
maximal value t = 1 implies the existence of a unitary
UA such that

A0 = UA(σx ⊗ I)U†A and A1 = UA(σy ⊗ I)U†A (3)

(recall the assumption that ρA is full-rank). This shows
that t is a useful measure of how close Alice’s observ-
ables are to a pair of anticommuting observables on a
qubit. The inequality (2) is interesting for several rea-
sons: it gives a non-trivial statement as soon as β > 2,
it is tight and observing the maximal violation β = 2

√
2

implies t = 1, which allows us to deduce the exact form
of the observables. Although our primary goal is cer-
tifying observables, in the case of perfect statistics this
argument immediately gives a complete rigidity state-
ment. An extension of this method allows us to cer-
tify maximally incompatible observables in the multipar-
tite setting using the Mermin-Ardehali-Belinskii-Klyshko
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(MABK) [34, 3, 8] family. The resulting trade-offs are,
again, tight and we obtain complete rigidity statements
for the perfect statistics.

6 Certifying non-maximally incompati-
ble observables

In the previous cases the optimal observables on ev-
ery party correspond to anticommuting observables on a
qubit. Here, we show that an arbitrary pair of qubit ob-
servables, not necessarily maximally incompatible, is ex-
actly characterised through their commutation relation.
For α ≥ 1 we consider the generalisation of the CHSH
inequality:

Wα := α(A0 +A1)⊗B0 + (A0 −A1)⊗B1

introduced by Lawson, Linden and Popescu [27]. The
local-realistic and quantum bounds for this inequality
equal βLα = 2α and βQα = 2

√
α2 + 1 (hence βLα < βQα

for all α ≥ 1) and the maximal violation is achieved by
measuring a maximally entangled two-qubit state, but
the optimal observables of Alice are no longer maximally
incompatible. We show that

W 2
α ≤ 2(α2 + 1) · I⊗ I+ Tα ⊗ I

for Tα := (α2−1){A0, A1}+2α|[A0, A1]|. Defining tα :=
1
4 tr(TαρA)−

1
2 (α

2−1), which recovers the effective com-
mutator for α = 1, allows us to write βα ≤ 2

√
α2 + tα. If

the observables of Alice commute, we have tα ≤ 0, which
immediately recovers the classical bound. On the other
hand, observing the maximal violation βα = βQα implies
that tα = 1 and that there exists of a unitary UA such
that

A0 = UA(σx ⊗ I)U†A,

A1 = UA
(
[cos θα σx + sin θα σy]⊗ I

)
U†A

for θα := arccos
(
α2−1
α2+1

)
∈ (0, π/2]. This characterises

the exact commutation structure between the observables
and by considering α ∈ [1,∞) we can certify any angle
between two projective observables on a qubit. The max-
imal violation is only possible if the observables of Bob
anticommute, which leads directly to a rigidity statement
for the generalised CHSH inequality.

All the details can be found in the full version of this
work [26]. In addition we show that this method is useful
for treating the case of more than two observables and
discuss potential extensions to the case of measurements
with more than two outcomes.
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Forging the culture of quantum information science   
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Abstract: Physicists, mathematicians and engineers, guided by what has worked well in their respective 
disciplines, have historically developed different scientific tastes, different notions of what constitutes 
an interesting, well-posed problem or an adequate solution. While this has led to some frustrating 
misunderstandings, it has invigorated the theory of communication and computation, enabling it to 
outgrow its brash beginnings with Turing, Shannon and von Neumann, and develop a coherent scientific 
taste of its own, adopting and domesticating ideas from thermodynamics and quantum mechanics that 
physicists had mistakenly thought belonged solely to their field, to better formalize the core concepts 
of communication and computation. 
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Abstract. The NOT gate that flips a classical bit is ubiquitous in classical information processing.
However its quantum analogue, the universal NOT (UNOT) gate that flips a quantum spin in any alignment
into its antipodal counterpart is strictly forbidden. Here we explore the connection between this discrepancy
and how UNOT gates affect classical and quantum correlations. We show that a UNOT gate always
preserves classical correlations between two spins, it can non-locally increase or decrease the quantum
correlations they share in ways that allow violation of the data processing inequality. We experimentally
illustrate this using a multi-level trapped 171Yb+ ion that allows simulation of anti-unitary operations.
Our work offers an information-theoretic perspective on the unphysicality of the UNOT in the quantum
domain, and describes new techniques to simulate their unphysical effects with current technology.

Keywords: quantum information, anti-unitary operations, universal NOT gate, quantum correlations,
quantum discord, data processing inequality, embedding quantum simulation, ion trap

Our work shows that the UNOT gate – a physically
forbidden operation that flips a quantum spin pointing in
any direction into its antipodal counterpart [1] – violates
fundamental data processing inequalities [2] only when
quantum correlations [3] can be observed. We pioneer
new techniques for manipulating ion-trap systems, and
use them to experimentally simulate the UNOT gate’s
non-physical effects in the laboratory [4].

Theoretical, we establish the following relations be-
tween UNOT gate and classical and quantum correla-
tions:

(i) Local UNOT gates always preserve classical corre-
lations between two spins.

(ii) If no quantum correlations are present, a local UN-
OT gate always conserves mutual information be-
tween two spins.

(iii) Local UNOT gates can nevertheless violate the da-
ta processing inequality, but only when quantum
correlations are present.

These results show that the unphysical consequences of
UNOT gates surface only when purely quantum corre-
lations are taken into account. Hence, we offer an op-
erational way of understanding why flipping a qubit is
physically forbidden in quantum theory, while being able
to flip bits or classical spins is taken for granted.

∗zhangkuan13@gmail.com
†kimkihwan@mail.tsinghua.edu.cn
‡cqtmileg@nus.edu.sg

Experimentally, we demonstrate (i) and (iii) by re-
versibly applying local UNOT gate on a pair of anti-
aligned spins

ρ↓↑ =
1

6

∑
~n∈I

|−~n〉A 〈−~n|A ⊗ |~n〉B 〈~n|B (1)

which results in a pair of aligned spins

ρ↑↑ =
1

6

∑
~n∈I

|~n〉A 〈~n|A ⊗ |~n〉B 〈~n|B (2)

where I = {~x,−~x, ~y,−~y, ~z,−~z} (see Fig. 1). Our exper-
iment allows exact simulation of the UNOT gate, while
all prior experiments, that even when performed without
loss, could only approximate the UNOT to an accuracy
constrained by standard quantum theory [5]. We circum-
vent this issue by mapping the state of one of the spins
|ϕ〉 = α |↑〉+ β |↓〉 to a corresponding state

M|ϕ〉 = |ϕ̄〉 = αR |0〉+ βR |1〉+ αI |2〉+ βI |3〉 (3)

on a 4-level quantum system (see Fig. 1), where α = αR+
iαI and β = βR + iβI. The action of the UNOT gate can
then be exactly simulated by a suitable unitary operator
on the 4-level system. The effects of the UNOT gate on
both classical and quantum correlations are illustrated in
Fig. 2, where results (i) and (iii) are established.

Our work explores the UNOT gate’s capacity to lo-
cally increase the correlations between spins, and thus
break the data processing inequality. We establish that
this gate shows no such radical consequences in the clas-
sical domain. It obeys the data processing inequality for
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Theory Experiment 𝜌↑↑ ← 𝜌↓↑ Experiment 𝜌↑↑ → 𝜌↓↑

A B C

Figure 2: The effects of the UNOT gate on various types of correlations. The theoretically predicted
effects of the UNOT gate (blue bars), together with experimentally measured effects when acting on ρ↓↑ (purple
bars) and ρ↑↑ (red bars) are displayed for (a) classical correlations J(B|A), (b) quantum correlations δ(B|A) and (c)
mutual information I(A,B). In (a) theory predicts that classical correlations are unaffected by the UNOT gate, and
J(B|A) = 0.082 for both ρ↑↑ and ρ↓↑. Experimental results agree within experimental error. In (b), theory predicts
that δ(B|A) is 0.415 for ρ↑↑ and 0.208 for ρ↓↑ – a difference of 0.207. This agrees with experiment, where we see
respective increase and decrease of 0.22±0.07 and 0.22±0.05 when converting to and from ρ↑↑. In (c), theory predicts
that the mutual information of ρ↑↑ and the mutual information of ρ↓↑ differ by 0.207. Our experiment confirms this,
and demonstrates a violation of the data processing inequality by over 5 standard deviations.

all classically correlated systems. Furthermore, it pre-
serves all classical correlations within general correlated
quantum systems. Violation can only be witnessed when
quantum correlations are explicitly considered. We adop-
t state of the art techniques for simulating anti-unitary
operations to experimentally demonstrate this phenome-
na using a trapped 171Yb+ ion. A violation of the data
processing inequality by over 5 standard deviations is ob-
served. Theoretically, these results connect the unphysi-
cality of the UNOT gate and its effect on quantum corre-
lations. Technologically, our experiment highlights how
such unphysical effects can be simulated using present
day ion trap technology.
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Figure 1: UNOT gates on spin pairs. In experiment,
we apply the UNOT gate on ρ↑↑ (see Eq. 2) and ρ↓↑ (see
Eq. 1). This is done by encoding the two spins in the
internal and motional degrees of freedom of a trapped
171Yb+ ion in a harmonic potential. Spin A is mapped
to a 4-level system using Eq. (3), spanned by the ba-
sis |0〉A = |F = 0,mF = 0〉, |1〉A = |F = 1,mF = −1〉,
|2〉A = |F = 1,mF = 0〉 and |3〉A = |F = 1,mF = 1〉,
where F and mF characterize the total internal angu-
lar momentum of 171Yb+ . The transition frequen-
cies of |F = 1,mF〉 states from |F = 0,mF = 0〉 state
are (2π)(12642.8 + 9.0mF) MHz. Meanwhile spin B is
mapped to the ground and first excited states of the ex-
ternal motional mode, denoted by |0〉B and |1〉B, where
the two motional states are separated by the trap fre-
quency (2π)2.44 MHz.
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Abstract. We consider the problem of measurement compression with side information in the one-shot
setting with shared randomness. In this problem, Alice shares a pure state with Referee and Bob and she
performs a measurement on her registers. She wishes to communicate the outcome of this measurement
to Bob using shared randomness only, in such a way that the outcome that Bob receives is correctly
correlated with Referee and Bob’s own registers. We provide a protocol based on convex split and position
based decoding with its communication upper bounded in terms of smooth-max and hypothesis testing
divergences.

Keywords: Quantum measurement compression, Quantum side information, One-shot protocol, Quan-
tum information theory

The formalism of quantum mechanics is well known to
be statistical in nature, which limits an experimenter’s
knowledge about a given quantum system. Quantum
measurement serves as the tool for obtaining this sta-
tistical information, which can be used for further phys-
ical or information theoretic operations on the system.
In fact, a large part of quantum information theory is
about finding most suitable quantum measurements in a
given scenario, such as for distinguishing quantum states
or designing quantum algorithms. In this backdrop, an
elementary but fundamentally important problem is to
understand how much information does a measurement
statistic reveal about a quantum system.

This problem was given a firm information theoretic
treatment in the seminal work by Winter [1], build-
ing upon the ideas developed in [2] and the follow-up
work [3]. Consider the setting where Alice and Referee
share n copies of a joint pure state |Ψ〉RA and Alice
wishes to communicate to Bob the outcome of a quantum
measurement or POVM Λ (which is a collection {Λc} of
positive operators such that

∑
c Λc = I) performed on

her registers An. It was shown in [1] that with the aid of
shared randomness, the amount of classical communica-
tion required by Alice is the mutual information between
Referee and measurement outcomes. This was achieved
by showing that instead of performing the measurement
Λ itself, Alice could consider a decomposition of Λ in
terms of a convex combination of POVMs {Λj} and send
the outcome of the measurement Λj on her registers con-
ditioned on sampling j from shared randomness.

The work has found important applications in several
information theoretic tasks (such as in [4]) and for distill-
ing pure states from bi-partite mixed states [5, 6, 7, 8, 9].
Subsequently its extension with quantum side informa-
tion was considered by Wilde, Hayden, Buscemi and
Hsieh [10] in the asymptotic setting. Here, Alice, Bob

∗a0109169@u.nus.edu
†rahul@comp.nus.edu.sg
‡warsi.naqueeb@gmail.com

and Referee share a joint pure state and Alice wishes to
transmit the measurement results to Bob. One can ex-
pect further compression in the communication due to
the side information with Bob, which was shown to hold
in [10]. This work also provides a detailed overview of
the result in [1] and discusses several related scenarios.

We consider the same problem in the one shot setting.
One-shot information theory provides a framework for
information processing in the scenarios which go beyond
asymptotic and i.i.d. Apart from being relevant for prac-
tical scenarios, this framework also provides insights into
the inner workings of information protocols, as the com-
plications (and conveniences) arising due to many copies
of the state are no longer present. Many quantum tasks
have been formulated in their one-shot setting, such as
quantum state merging ([11, 12], originally introduced in
[13]) and quantum state redistribution ([14, 15, 16], orig-
inally introduced in [17, 18]). In this setting, the task of
measurement compression is as follows (Figure 1)

Task: Alice (A), Bob (B) and Referee (R) share a joint
pure state |Ψ0〉RAB . Alice performs a measurement on
her register A, described by the POVM Λ with POVM
elements {Λc}c. Since Alice also generates the record of
the measurement in a register C, the overall transforma-
tion on the shared state can be viewed as

|Ψ0〉〈Ψ0|RAB → ΨRAB :=
∑
c

p(c)|ψc〉〈ψc|RAB ⊗ |c〉〈c|C ,

where |ψc〉〈ψc| is the post-selected state on the measure-
ment outcome c and p(c) is the probability of this out-
come. An equivalent way of phrasing this is as follows,
which shall be crucial in our analysis. Alice attaches
ancilla registers CC̄ in a standard state and performs a
unitary on her side to produce the following state:

|Ψ〉RACC̄B =
∑
c

√
p(c)|c〉C |c〉C̄ |ψc〉RAB .

Upon tracing out the register C̄, Alice recovers the de-
sired post-measurement state. The objective is that using
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Figure 1: Measurement compression task. Alice applies a measurement on her register to obtain measurement outcome in
register C. Her task is to communicate the measurement outcome to Bob with the aid of only shared randomness.

shared randomness, Alice should communicate register C
to Bob. In other words, Bob should produce a register
C ′ such that the state in registers RABCC ′ after the
protocol is ΦRABCC′ satisfying

P(ΦRABCC′ ,
∑
c

p(c)|c〉〈c|C⊗|c〉〈c|C′⊗|ψc〉〈ψc|RAB) ≤ ε,

where ε > 0 is error parameter and P(·, ·) represents pu-
rified distance. We note that the register C̄ is not taken
into account in the final state. This makes the present
task different from the task of quantum state redistri-
bution. In some sense, present task is a hybrid between
classical source coding and quantum state redistribution.

The work [10] gave the optimal communication rate
required to achieve this task in the asymptotic and i.i.d.
setting, showing that the communication rate is equal
to I(R : C |B)Ψ. A related result that involved sending
classical message in presence of quantum side information
in the one-shot setting appeared in the work [19].

Our result: We consider this task in the one-shot set-
ting and present a protocol with communication upper
bounded by

min
σC

(
Dε

max(ΨRBC‖ΨRB ⊗ σC)−Dε2

H (ΨBC‖ΨB ⊗ σC)

)
+O

(
log

(
1

ε

))
where σC is a classical state (that is, it commutes with
ΨC). Above, Dε

max (.‖.) is the smooth max relative en-

tropy and Dε2

H (.‖.) is the hypothesis testing relative en-
tropy. We note that this bound converges to I(R : C |B)Ψ

in the asymptotic and i.i.d. setting. Detailed proof of
this result can be found in the online version of this work
[26]. Some one-shot converse bounds for this task appear
in [20].

Techniques: To give an intuition of our argument, lets
consider the related classical problem. Alice possesses
a random variable X, on which she performs a classical
measurement to produce a correlated random variableM .
She wishes to transmitM to Bob. IfM were uncorrelated

with X, no communication would be required as Bob
would be able to locally generate it. In the case of non-
trivial correlation between X and M , a useful strategy is
that of rejection sampling, studied in several works, such
as [21, 22, 23, 24]. In this strategy, Alice and Bob share
several copies of the random variable M and conditioned
on obtaining an x from X, Alice performs successive mea-
surement on the copies of shared randomness to obtain
a sample that is distributed according to Mx. Upon ob-
taining the desired copy, Alice communicates its index to
Bob. Thus, Bob is able to output the random variable
M correctly correlated with X. Our first technique is
a quantum version of rejection sampling, introduced as
convex split technique in the work [15].

It is not hard to see at least one correspondence be-
tween rejection sampling and the technique developed in
[1]: the part of the random variable M (analogously the
measurement outcome) that is independent of X (anal-
ogously the quantum state being measured) has already
been shared with Bob, and the effort of the protocol is
concentrated on communicating the correlated part to
Bob. Later, we shall discuss further connection between
the two approaches, by relating Winter’s approach and
convex split technique.

Our second technique is that of position based decod-
ing (introduced in [25]) which is quantum hypothesis test-
ing performed jointly on registers involved with Bob. As
mentioned earlier, the task of measurement compression
appears to have a close resemblance to the task of quan-
tum state redistribution where the register to be com-
municated is classical. However an important difference
is that for quantum state redistribution, the shared re-
source allowed between Alice and Bob is quantum entan-
glement whereas in measurement compression only clas-
sical randomness is allowed as a shared resource. This
makes this task a hybrid of classical and quantum state
redistribution and requires a careful treatment.

Appealing to this hybrid setting, we use a special hy-
brid case of Uhlmann’s theorem. In the usual setting
Uhlmann’s theorem is used for bipartite pure quantum
states and there is no version of it for for bipartite mixed
quantum states. A reason for this is that in bipartite
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pure states both the systems carry “full information”
about each other which is not the case with general mixed
states. We consider mixed quantum states where mixed
states are classical-pure, that is a classical mixture of pure
quantum states and the classical part appears as a copy
in both the systems of the bipartite state. Hence the two
systems continue to have ‘full information’ about each
other. This hybrid Uhlmann’s theorem follows naturally
from regular Uhlmann’s theorem. Equipped with this
version of Uhlmann’s theorem, we construct the desired
protocol for the aforementioned task.

Connection with Winter’s approach: One of the
central techniques used in [1] was that of Operator-
Chernoff bound (proved in [27]), to derive the follow-
ing inequality (below we give a ‘one-shot’ statement, it
was originally stated in asymptotic and i.i.d setting).
Let C1, C2 . . . Cn be independent and identically dis-
tributed random variables such that Ci ∼ p and let
ρAC :=

∑
c p(c)|c〉〈c| ⊗ ρcA be a classical quantum state.

Then choosing n large enough (as a function of error pa-
rameter ε), we have∑
c1,c2...cn

p(c1) . . . p(cn)‖ 1

n
ρc1A +

1

n
ρc2A +. . .

1

n
ρcnA −ρA‖1 ≤ ε.

(1)
This statement was then used in the construction of the
desired decomposition of the measurement operator. We
note that Operator-Chernoff bound used by Winter is a
stronger statement than above, as it says that the prob-
ability that ‖ 1

nρ
c1
A + 1

nρ
c2
A + . . . 1

nρ
cn
A − ρA‖1 ≥ ε decays

exponentially in nε2.
It is possible to see that convex split technique implies

Equation 1, leading to a connection between both ap-
proaches on a broader level. On the other hand, convex
split technique is stronger than Equation 1 as it is appli-
cable to coherent setting as well, of which the classical-
quantum setting considered above is a special case.

We also point out that Equation 1 is central in the
context of private quantum capacity (wiretap channel).
Recently, two different works gave one shot bounds for
private capacity of a wiretap channel: the work [28] used
the convex split technique, whereas the work [29] used
extensions of Operator-Chernoff bound. Our discussion
above suggests interesting connection between both the
approaches.
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Abstract. To implement a quantum computer and estimate a performance of a quantum computing
algorithm, a system mapping (synthesis) with a quantum assembly code is strongly required. The system
mapping procedure completely depends on the assembly code. In this abstract, we describe the system
mappings with a modular and a non-modular quantum assembly code, and study their advantages and
disadvantages.

Keywords: quantum assembly code, system mapping, quantum computer architecture, resource estima-
tion, block-type quantum error-correcting code

A quantum assembly code, an intermediate represen-
tation between a quantum computing algorithm and
a quantum device machine instruction, is just another
description of a quantum computing algorithm [1, 2].
Through a compile process, a quantum algorithm in a
certain computer programming language format is trans-
lated into a quantum assembly code that states all the
classical and quantum operations of the algorithm. In
this work, we use an open-source compiler ScaffCC [3, 4].

Quantum assembly codes generated by ScaffCC can
be described in two formats, a structured modular code
and a non-structured non-modular code.A modular code
consists of a main module and multiple sub-modules like
C/C++ language. The execution of a quantum algo-
rithm is done by performing all the commands in the
main module. The command corresponds to a quan-
tum/classical operation or other sub-modules. On the
other hand, a non-modular code is a simple list of clas-
sical and quantum operations. A quantum algorithm is
executed by performing all the quantum assembly code
command in sequence.

In the non-modular code, all commands are simply
enumerated without any structure and therefore empiri-
cally the volume of the code is very huge. For example,
the ground state estimation algorithm [5, 6] with input
M = 40 (b = 3) has a non-modular code of the size
around 292.7 GB while its modular version is only 41.5
MB. The size of a non-modular code of Shor algorithm
with input n = 512 approaches to 17 TB but its modular
version is just 340 MB.

As mentioned above, an execution of a quantum algo-
rithm corresponds to perform all the quantum assembly
code commands (especially on a quantum computer of
a certain architecture). Therefore, to run a quantum
algorithm or estimate a performance of a quantum algo-
rithm we have to take a quantum computer architecture
into consideration. A system mapping is the process that
an algorithm-specific description of a quantum algorithm
(assembly code) is translated into an architecture-specific
description of a quantum algorithm by mapping a quan-
tum assembly code command onto a quantum computer
architecture. We call the architecture-specific description

as a system code.
Another output of the system mapping is the (ex-

pected) performance of a quantum algorithm. The com-
plexity analysis of a quantum algorithm is very impor-
tant in a quantum science, but it is not enough to see a
real performance. A bad physical implementation of Shor
algorithm may introduce a worse performance than the
classical sieve algorithm. From the system mapping, we
can calculate the execution time, the success probability
and so on. This performance is definitely static because
a quantum dynamics cannot be precisely estimated be-
fore a real execution on a real quantum device. However,
the static performance analysis is enough to estimate the
performance approximately, and is necessary in the early
system design stage.

Besides to a quantum assembly code, a quantum com-
puter architecture such as a qubit layout is an essential
input for the system mapping. To date several qubit
layouts have been investigated. Among them, 1D lin-
ear and 2D rectangular nearest-neighbor layouts are the
most important. In the 1D layout, all qubits are ar-
ranged on a line and each qubit has interaction with 2
adjacent qubits. It is easy to investigate its characteris-
tics and hence many researches have been devoted to a
quantum computing on the 1D layout. A 2D layout al-
lows more interactions, and diverse quantum device tech-
nologies support this architecture. Most of all, since the
most promising quantum error-correcting code, a surface
code [7, 8, 9], is implemented on the 2D layout, it has
attracted much attention. While the 3D layout allows
more interactions than the above-mentioned layouts, it
is believed that classical controls to the layout is infeasi-
ble with current technology. In this work, we only focus
on the 1D and 2D layouts.

On the pre-determined layout, logical or physical
qubits have to be arranged. In this work, we focus on
a fault-tolerant quantum computing and therefore we
deal with logical qubits encoded by a quantum error-
correcting code. The size of the layout obviously depends
on the number of qubits in the quantum assembly code.
The degree of the robustness of a logical qubit depends on
the quantum algorithm. We determine the maximum al-
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lowable error rate of logical gates for running a quantum
algorithm by using KQ formula, 1/KQ [10]. Since the
required accuracy of a logical gate is much higher than
the accuracy of a physical gate with current technology,
we have to increase the accuracy by raising the concate-
nation level of a logical qubit (in case of a CSS code) [11]
or enlarging the surface size (for a surface code) [9]. As
is well known, by raising the concatenation level, the ex-
ecution time of a logical gate increases as well [12]

Now, it is time to discuss the system mapping. The
basic principle of the system mapping is simple, setting a
qubit layout and mapping an assembly code command on
to the layout. During the mapping, if necessary, we have
to perform additional operations not described in the as-
sembly code. As is well known, a feasible implementa-
tion of a multi-qubit gate has to be local, and therefore
qubits have to be located in neighbor before applying a a
multi-qubit gate. For a universal computing, a two-qubit
controlled-NOT (CNOT) gate is must. For a CNOT to
two non-neighbor qubits, we identify the positions of both
qubits and apply a series of SWAP gates to one qubit by
it places the neighbor of the other beforehand.

The system mapping with a non-modular code is ex-
actly the same with the above mentioned principle. Pro-
vided a quantum assembly code, a quantum computer
architecture (qubit layout) and logical qubits,

1. Initialize a qubit layout.

2. Read an assembly code command and process the
command on the layout.

The second is iterated by the end of the code. After
processing all commands, we will have a system code and
several analysis data.

The serious problem in the system mapping with the
non-modular code is the huge size of the code. As men-
tioned above, the code size of Shor algorithm for 512
bit integer is beyond 17 TB. As is well known, factoring
an integer of such size is feasible with a classical digital
computer. To experience a quantum supremacy, we need
to deal with bigger size data. However, making such a
big size non-modular code causes another practical engi-
neering problem. Practically it is difficult to perform a
system mapping with a non-modular code with a mean-
ingful input, not to mention applying optimizations for
scheduling and layout.

The system mapping with a modular code completely
follows the structure of the code. In the non-modular
code, a group of quantum operations is applied to differ-
ent target qubits iteratively. In the system mapping with
the non-modular code, such quantum operations have to
be processed every time. On the other hand, in the
modular code, such group can be defined as a module,
and a module is processed only one time. As mentioned
before, a module is made up calling classical/quantum
operations and other sub-modules. By definition, the
called sub-modules were already appeared (and therefore
mapped and analyzed beforehand) in the code, and there-
fore the mapper can refer the mapping results of those

non-leaf

sub-module

non-leaf

sub-module

leaf

sub-module
Main module

Figure 1: Data flow between modules in the system map-
ping with a modular code. Multiple sub-modules can
be classified into leaf and non-leaf sub-modules. A leaf
module indicates a module that consists of only quantum
gates not other sub-modules.

modules without doing the mapping again. In this re-
gard, a system mapping with a modular code is much
efficient. Fig. 1 shows the data flow in the system map-
ping with a modular code.

The whole process of the system mapping with a mod-
ular code consists of the following procedures.

1. Initialize the qubit layout

2. Read an assembly code and process it

3. Keep the mapping result of a module

The above procedures have to be iterated over all mod-
ules. By keeping the mapping result of a module, it can
be referred by other modules later. Note that the qubit
layout has to be allocated for each module, and therefore
a global bus for the interaction over modules is also nec-
essary. For the layouts for modules and qubits, we use
1D and 2D layouts respectively.

The system mapping with a modular code also has
practical problems. First, identifying the number of
qubits is not simple. The qubits in the modular code
are composed of two types of qubits, local qubits and
parameter qubits. They are very similar with local and
parameter variables in classical computer programming
languages. The coverage of the local qubits is the module
where they are defined. The number of local qubits are
exactly described in a module by the preparation opera-
tion. On the other hand, the number of parameter qubits
are not clearly defined in a module and therefore has to
go up to the module where they are originally defined by
tracking the relationship over modules. In some cases,
we need to go back to the most top module, the main
module. The problem is that the number of modules in
the modular code can be large. While it depends on a
quantum algorithm and a program pattern, for meaning-
ful algorithms the module count approaches tens or hun-
dreds of thousands or more. In case of the ground state
estimation algorithm with M = 40, the modular code
is made up 32,000 modules but it approaches 2,000,000
modules with M = 100. Even though the code size of a
modular code is much smaller than a non-modular code,
it is also non-trivial and furthermore the code has to be
scanned multiple times.
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Even worse there is a more critical problem. In gen-
eral, the system mapping is very important to make a
blueprint for a system. The blueprint based on the sys-
tem mapping is utilized to implement the system physi-
cally. With the current technology level, the system map-
ping with a modular code is not appropriate to write a
blueprint for a quantum computer. This is because of
the large number of qubits. A quantum computer imple-
mented from the system mapping with a modular code re-
quires much more qubits. As mentioned above, a module
in the modular code is composed of local and parameter
qubits. Particularly, the local qubits are locally initial-
ized, processed and removed when processing a module.
To perform a quantum algorithm in the modular code,
such additional qubits are required. These local qubits
do not exist in the non-modular code, and the number
of qubits in the non-modular code is the same with the
algorithm. In the current stage of quantum computing
device implementation, increasing the number of qubits
is not easy.

To conclude, the system mapping with a non-modular
quantum assembly code is more useful for implementing
a quantum computer with current technology level (in
terms of quantum computing resource), but it takes huge
classical resource for the mapping task, storage, memory
and so on. To the best of our knowledge, most of the
related works have done with this non-modular code ap-
proach but targeting small size algorithms. On the other
hand, a modular code allows us to perform the system
mapping for a large scale quantum algorithm even though
its system mapping output can not be directly utilized to
build a quantum computer in the current technology. As
mentioned before, with a modular code we can try opti-
mizations to improve a quantum computing algorithm, a
quantum computer architecture, a scheduling for quan-
tum operations and so on. Therefore we believe the mod-
ular code can be more useful for the design of a quantum
computing.
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Abstract. We have developed a quantum computing software platform for a universal, scalable and
reliable quantum computer. The platform consists of a compiler, a system mapper and a building block
(logical qubit) controller. Given a quantum algorithm, a quantum computer architecture, a quantum
error-correcting code and a quantum device, it synthesizes a quantum computing on a specific quantum
computer architecture and estimates the expected performance.
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Quantum computing algorithms are expected to have
a dramatically better performance than classical digital
computer algorithms [1]. In order to implement quantum
algorithms with outstanding performance, a quantum
computer should have the following properties. First,
it has to be universal to perform arbitrary quantum al-
gorithms. Second, it has to be reliable with arbitrary
computational accuracy even with faulty device. Finally
it also has to be scalable to solve any size problem.

For such a universal, scalable and reliable quantum
computer, we have developed a quantum computing soft-
ware platform that consists of a compiler, a building
block controller and a system mapper. This software
platform will be made public in the near future. Before
the release, in this abstract we introduce parts of the plat-
form, and show the expected performance of a quantum
algorithm investigated by our software platform. Fig 1
describes three main parts of our software platform, and
the data flow among them.

The compiler is based on an open-source compiler Scaf-
fCC [2, 3]. We have investigated quantum compile algo-
rithms, and improved how to decompose a controlled ro-
tation gate with an arbitrary angle. By incorporating the
improved algorithms within the compiler, as will be dis-
cussed in a forthcoming paper [4], we have increased the
efficiency of a compile process and a compile output, a
quantum assembly code (QASM). Furthermore, we have
introduced some functions to the compiler to estimate
the required accuracy of logical quantum operations.

The ScaffCC generates two types of quantum assembly
codes, a non-structured non-modular code and a struc-
tured modular code. A modular code consists of one main
module and multiple sub-modules like C/C++ program.
A quantum algorithm is executed by performing all the
commands in the main module, which corresponds to
quantum gates or other sub-modules. On the other hand,
a non-modular code consists of quantum and classical op-
erations in a simple list. By performing all commands in
sequence, a quantum algorithm is executed. Since all
commands are written as flattened out, empirically, the
size of a non-modular code is very huge. For example,
in case of ground state estimation algorithm [5, 6] with
an input M = 10 (b = 3), the size of a non-modular
code is around 1.4 GB, but its modular version is only

400 KB. Unfortunately, the input size is not enough for
meaningful problem. In case of Shor algorithm for fac-
toring 512 bit integer, the code size approaches to 17
TB. Therefore making a non-modular code with big size
input introduces another practical engineering problem.
We are struggling to resolve this kinds of problem. Our
software platform can deal with both type codes.

Our software platform targets a quantum computer
equipped with FT quantum error correction. For that,
the building block controller prepares and controls the
logical qubits in a fault tolerant manner. Note that it is
not that a building block controller works with real log-
ical qubits physically implemented, but we hope it will
control real system in the future. The controller now
controls virtual logical qubits defined by a given quan-
tum error-correcting code, required accuracy and quan-
tum device technology. We assume 2D layout for a logical
qubit, and the physical qubits are arranged for differ-
ent purpose, data and ancilla. Some ancilla qubits are
used for error correction, and other qubits are utilized
for magic state distillation.

As mentioned above, the compiler estimates the re-
quired accuracy of logical quantum gate. We calculate
the maximum allowable error rate of a (logical) gate in
a quantum circuit for a quantum algorithm by using KQ
formula [7], 1/KQ. Since the required accuracy of log-
ical gates are much higher than that of physical gate
with current technology, we have to increase the accuracy
by raising the concatenation level of a logical qubit (in
case of a block-type quantum error-correcting code) [8]
or enlarging the surface size (for a surface code) [9]. At
present, the building block controller is able to prepare
and control logical qubits of only block-type quantum
error-correcting codes, [[7, 1, 3]] Steane code and [[9, 1, 3]]
Bacon-Shor code. The surface code will be implemented
soon.

Provided that a quantum assembly code and logical
qubits, the (logical) system mapper synthesizes a quan-
tum computing of the quantum algorithm on a specific
quantum computer architecture. Our software platform
use hierarchical layouts for physical and logical qubits.
The physical qubit layout is used to define a logical qubit
as mentioned above. On the other hand, the layout for
logical qubits is for running a quantum assembly code. A
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quantum assembly code command is performed by ma-
nipulating logical qubits on the arranged logical layout.

At present, the system mapper assumes a 2D square
layout to reduce the cost in qubit interactions for distant
two-qubit gates. As is well known, a feasible implemen-
tation of multi-qubit gate should be local, and therefore
two qubits have to placed in neighbor. For a CNOT gate
to distant two qubits, one qubit has to move to the other
qubit by SWAP or MOVE operation.

The main objective of the system mapper is to gener-
ate an architecture-specific description of a quantum al-
gorithm. As mentioned above, when executing a CNOT
gate, the qubit arrangement on a qubit layout has to be
seriously considered. To process a CNOT gate in the
quantum assembly code, the system mapper first iden-
tifies the locations of two qubits and applies SWAP (or
MOVE) gate to one of both qubits or both qubits at the
same time. As will be seen later, these additional SWAP
operations occupy much portion in a quantum comput-
ing. The degree depends on the qubit layout, an algo-
rithm, a scheduling for SWAP gates and so on. We call
the architecture-specific description of a quantum algo-
rithm as a system code.

Besides, the system mapper can evaluate the expected
performance of a quantum algorithm. For example, it
can calculate an algorithm execution time and a success
probability (also called a circuit fidelity). The build-
ing block controller prepares a logical qubit in the pre-
determined concatenation level. As is well known, by
raising the concatenation level, the accuracy and the ex-
ecution time of a logical quantum gate are increased [1].
The base accuracy and execution time are provided by
physical properties of quantum device technology. At
present, our platform evaluates the performance based
on a quantum dot, a superconductor and a trapped ion
system [10, 11, 12, 13, 14, 15, 16].

In what follows, we show the expected performance
of a quantum algorithm on the 2D qubit layout. The
input quantum algorithm is ground state estimation al-
gorithm [5, 6] with input M = 10 (b = 3). The assumed
quantum error-correcting code is [[7, 1, 3]] Steane code,
and the quantum device is a Si quantum dot system. Ta-
ble 1 shows the analysis result such as the circuit fidelity
and the algorithm execution time.

We are eagerly developing and improving our quantum
computing software platform now, and it will be open to
public in the near future. The software platform will pro-
vide various functions for a compile, a system mapping
and logical qubit design. We hope this software platform
provides benefits to both of theorists and experimental-
ists in the quantum computing field.
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Abstract. It is important to calculate a minimum error probability when we evaluate the performance
of quantum communications and quantum cryptography. However, the calculation of the minimum error
probability is difficult because of the computational complexity. We have considered an approximation
of the minimum error probability. In our previous study, we numerically demonstrated that the gap
between the exact minimum error probability and approximation tends to 9/8 times the square of the
error probability. In this paper, we consider why the value is 9/8. The answer is that the gap consists of
“classical M -ary vs. binary” and “quantum M -ary vs. binary” gaps.
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1 Introduction

The average probability of the error of the optimum
quantum measurement is called the minimum error prob-
ability [1, 2]. Computing the minimum error probability
is essential for the analysis of performance in quantum
communications and the security of quantum cryptogra-
phy (e.g. [2, 3, 4, 5, 6]). However, the computation of the
minimum error probability is difficult because of the com-
putational complexity [7, 8, 9]. To manage this problem,
we proposed a simple approximation of the minimum
error probability using the trace distance, and numeri-
cally demonstrated that the approximation is accurate
for amplitude-shift keying (ASK) or phase-shift keying
(PSK) coherent-state signals [10, 11]. Furthermore, we
considered the accuracy of the approximation [12]; that
is, we numerically demonstrated that the gap between
the exact minimum error probability P opt

e and approx-
imation tends to 9

8 (P
opt
e )2 in the limit of a small error

probability and large number of signals for ASK and PSK
signals. In this paper, we focus on PSK signals and clar-
ify why the value is 9

8 . The answer is that 9
8 = 1

8 + 1;
that is, the gap (= 9

8 ) consists of a “classical M -ary vs.
binary” gap (= 1

8 ) and a “quantum M -ary vs. binary”
gap (= 1).

2 Minimum error probability and its
simple approximation

Let {Πopt
j } be the optimum POVM (positive operator-

valued measure) for M -ary PSK signals S = {ρi =
|ψi⟩⟨ψi|} with uniform a priori probabilities, where i, j ∈
IM = {0, . . . ,M − 1}. The minimum error probability is
expressed as

P opt
e =

1

M

∑
i∈IM

∑
j ̸=i

P (j|i) =
∑
j ̸=0

P (j|0), (1)
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where
P (j|i) = TrρiΠ

opt
j . (2)

Let P bin
e be the minimum error probability of distinguish-

ing the two closest neighboring signals amongM -ary sig-
nals:

P bin
e =

1

2
{1−D(ρ, σ)}, (3)

where ρ, σ ∈ S are the two closest neighboring signals
and D(ρ, σ) is the trace distance between the two signals.
Then the approximation [10, 11] of the minimum error
probability is

P app
e = ⟨N⟩P bin

e , (4)

where ⟨N⟩ is the average number of neighboring signals.
Note that ⟨N⟩ = 2 for M -ary PSK signals.

3 Accuracy of the approximation and
“gap”

To examine how P app
e approximates P opt

e , we consider
a normalized accuracy of the approximation [10, 11] de-
fined as

NA =

∣∣∣∣1− P app
e

P opt
e

∣∣∣∣ . (5)

Typical values of the normalized accuracy are zero when
P app
e = P opt

e and one when P app
e = 0 or P app

e = 2P opt
e .

As we computed in [12], NA tends to 9
8P

app
e ≈ 9

8P
opt
e in

the limit of small P app
e and large M . This means

P app
e ≈ P opt

e ± 9

8

(
P opt
e

)2
, (6)

for small P opt
e and large M . Because |P opt

e − P app
e | ≈

9
8 (P

opt
e )

2
, we call 9

8 (P
opt
e )

2
the “gap” between the mini-

mum error probability and its approximation.

4 Origin of the gap

We consider why the peculiar factor 9
8 arises. The

answer is as follows:
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4.1 Classical gap (= 1
8 )

We start from the conditional probability (2). Because
PSK signals are symmetric, we have

P (1|0) = P (M − 1|0), P (2|0) = P (M − 2|0), · · · . (7)

For small P opt
e and large M ,

P (0|0) ≫ P (1|0) ≫ P (2|0) ≫ · · · ≫ P (
⌊M
2

⌋
−1|0), (8)

where ⌊M2 ⌋ is the largest integer less than or equal to M
2 .

Therefore,

P opt
e = P (1|0) + P (2|0) + · · ·+ P (M − 1|0)

≈ 2P (1|0) =: PA
e . (9)

As will be shown in the next section,

P opt
e → PA

e +
1

8

(
P opt
e

)2
, (10)

in the limit of small P opt
e and largeM ; thus, the gap that

arises from omitting P (2|0), P (3|0), · · · causes the factor
1
8 . Because this type of omission (or the approximation
of Eq. (9)) is valid for classical probability, we call the
gap a “classical M -ary vs. binary” gap.

4.2 Quantum gap (= 1)

Now we consider the gap between PA
e and P app

e . Both
are quantum probabilities, and PA

e and P app
e are based

on quantumM -ary detection and quantum binary detec-
tion, respectively. As will be shown in the next section,

PA
e → P app

e +
(
PA
e

)2
, (11)

in the limit of small P opt
e (or small P app

e ) and large M ;
thus, the gap arising from the difference between quan-
tum M -ary and binary detection causes the factor one.
Because this originates from quantum interference, we
call the gap a “quantum M -ary vs. binary” gap.

5 Approximate derivation of the gaps

5.1 Classical gap (= 1
8 )

First, we derive 1
8 . We will show

P opt
e − PA

e

PA
e

/
PA
e ≈ 1

8
. (12)

For this purpose, consider the analytical expression of
P (1|0) (e.g. [13]):

P (1|0) =

∣∣∣∣∣∣ 1M
∑
k∈IM

e−i 2πk
M

√∑
l∈IM

ei
2πkl
M κl

∣∣∣∣∣∣
2

, (13)

where κl = ⟨ψ0|ψl⟩ is the inner product between the ze-
roth and l-th signals and |κ0| = 1 ≫ |κ1| ≫ |κ2| ≫ · · · ≫
|κ⌊M

2 ⌋−1|. Let κ := |κ1| and θ1 := arg κ1. Then, we have

√∑
l∈IM

ei
2πkl
M κl ≈

√
1 + 2κ cos

(
2πk

M
+ θ1

)
. (14)

Furthermore, consider a series expansion and omit
higher-order terms, then we have

P (1|0) ≈ 1

4

(
1 +

3

8
κ2
)2

κ2. (15)

Similarly, for P (2|0), we have

P (2|0) ≈ 1

64

(
κ4 +

15

4
κ6 +

225

64
κ8
)
. (16)

Let ε := P (1|0). Considering the lower terms of the
above equations, we obtain P (2|0) ≈ ( 12ε)

2. Therefore,
from

P opt
e =

∑
j ̸=0

P (j|0) = 2

(
ε+

1

2
ε2
)
+O(ε3), (17)

and PA
e = 2ε,

P opt
e − PA

e

PA
e

/
PA
e =

2
(
ε+ 1

2ε
2
)
+O(ε3)− 2ε

(2ε)2
≈ 1

8
, (18)

and Eq. (12) holds.

5.2 Quantum gap (= 1)

Now we derive the quantum gap. We will show

PA
e − P app

e

P app
e

/
P app
e ≈ 1. (19)

For the minimum error probability of binary signals, we
can use the well-known Helstrom formula and P app

e =
1−

√
1− κ2. Substituting this equation and the result of

the previous section into the left-hand side of Eq. (19),
we have

PA
e − P app

e

P app
e

/
P app
e ≈

1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

(20)

Consider the case of a small error probability or the
limit NS → ∞; therefore, κ → 0 because κ =
e−NS{1−cos(2π/M)}, where, NS is the average number of
photons. As a result, the above equation reduces to

1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

=
1
2

(
1 + 3

8κ
2
)2
κ2 − (1−

√
1− κ2)

(1−
√
1− κ2)2

(1 +
√
1− κ2)2

(1 +
√
1− κ2)2

=
(1 +

√
1− κ2)

{
1
2

(
1 + 3

8κ
2
)2

(1 +
√
1− κ2)− 1

}
κ2

=
1
4κ

2 − 15
64κ

4 − 9
128κ

6 + 3
4κ

2
√
1− κ2 + 9

64κ
4
√
1− κ2

κ2

=
1

4
− 15

64
κ2 − 9

128
κ4 +

3

4

√
1− κ2 +

9

64
κ2
√
1− κ2

→ 1 (κ→ 0), (21)

and Eq. (19) follows.
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6 Conclusions

In this study, we considered why 9
8 appeared in the

gap between the exact minimum error probability and
approximation proposed in [10, 11]. We clarified that the
answer is 9

8 = 1
8 +1. The first term, “1

8 ,” corresponds to
a “classical M -ary vs. binary” gap and the second term,
“1,” corresponds to a “quantum M -ary vs. binary” gap.
This result provides a type of physical interpretation of
the origin of the gap. In future work, we will further
consider the approximation and guarantee accuracy.

Acknowledgments: This work has been supported in
part by JSPS KAKENHI Grant Number JP16H04367.
We thank Maxine Garcia, PhD, from Edanz

Group(www.edanzediting.com/ac) for editing a draft of
this manuscript.

References

[1] C.W. Helstrom, “Detection theory and quantumme-
chanics,” Inform. Control 10, pp.254-291, (1967).

[2] C.W. Helstrom, Quantum detection and estimation
theory, Academic Press, New York, (1976).

[3] A.S. Holevo, “Statistical decision theory for quan-
tum systems,” J. Multivar. Anal. 3, pp.337-394,
(1973).

[4] H.P. Yuen, R.S. Kennedy, and M. Lax, “Optimum
testing of multiple hypotheses in quantum detection
theory,” IEEE Trans. Inform. Theory 21, pp.125-
134, (1975).

[5] C.H. Bennett and G. Brassard, “Quantum cryptog-
raphy: Public key distribution and coin tossing,”
Proc. IEEE International Conference on Computers,
Systems and Signal Processing, pp.175-179, (1984).

[6] H.P. Yuen, “KCQ: A new approach to quantum
cryptography I. General principles and key gener-
ation,” quant-ph/0311061v6, (2004).

[7] C.W. Helstrom, “Bayes-cost reduction algorithm in
quantum hypothesis testing,” IEEE Trans. Inform.
Theory IT-28, pp.359-366, (1982).

[8] Y.C. Eldar, A. Megretski, and G.C. Verghese, “De-
signing optimal quantum detectors via semidefinite
programming,” IEEE Trans. Inform. Theory 49,
pp.1007-1012, (2003).

[9] K. Nakahira, K. Kato, and T.S. Usuda, “Iterative
methods for finding optimal quantum measurements
under minimum-error and minimax criteria,” Phys.
Rev. A91, 012318, (2015).

[10] S. Asano, K. Nakahira, and T.S. Usuda, “Approxi-
mation of minimum error probability in distinguish-
ing M -ary quantum signals using the trace dis-
tance between two neighboring signals,” Proc. of
AQIS2014, pp.171-172, (2014).

[11] S. Asano and T.S. Usuda, Proc. of ISITA2014, “A
simple approximation of minimum error probability
using trace distance,” pp.254-258, (2014).

[12] N. Matsumoto, K. Nishizakai, A. Kadoya, and T.S.
Usuda, “On guaranteed-accuracy of simple approx-
imation of minimum error probability,” Proc. of
SITA2016, pp.348-353, (2016). (in Japanese)

[13] K. Kato, M. Osaki, M. Sasaki, and O. Hirota,
“Quantum detection and mutual information for
QAM and PSK signals,” IEEE Trans. Commun. 47,
pp.248-254, (1999).

266



Geometry of the quantum set and its connection with self-testing
Koon Tong Goh1 ∗ Jędrzej Kaniewski2

Elie Wolfe3 Tamás Vértesi 4 Xingyao Wu 5 Yu Cai 1 Yeong-Cherng Liang 6 Valerio Scarani 1 7

1 Centre for Quantum Technologies, National University of Singapore, Singapore 117543
2 QMATH, Department of Mathematical Sciences, University of Copenhagen, Universitetsparken 5, 2100

Copenhagen, Denmark
3 Perimeter Institute for Theoretical Physics, Waterloo, Ontario, Canada, N2L 2Y5

4 ATOMKI Institute for Nuclear Research, Hungarian Academy of Sciences, Debrecen, Hungary, 4001
5 Joint Center for Quantum Information and Computer Science, University of Maryland, College Park, Maryland

20742, USA
6 National Cheng Kung University, Tainan, Taiwan, 701

7 Department of Physics, National University of Singapore, Singapore 117542

Abstract. The quantum set is known to be convex, as such; it is possible to classify its boundary points
by their extremality and exposedness. These geometric properties of a boundary point provide necessary
condition for its self-testability to a unique quantum state and set of measurements and its self-testability
via a maximal violation of Bell inequality. In this work, we explore the geometry of the quantum set by
identifying the geometric properties of certain boundary points of interest. Additionally, through slice and
projection plots, this work aims to aid the visualisation of the quantum set.

Keywords: Bell nonlocality, Quantum correlations, Quantum information

1 Introduction
In a Bell scenario and under the assumption of no-

signalling, there exist statistics produced by quantum
states and measurements which cannot be explained by
classical local theory, these statistics are said to be non-
local. In quantum theory, non-local statistics can only
be observed by local measurements when an entangled
state is measured. Hence, non-locality manifest itself
as a device-independent entanglement witness. More-
over, some non-local statistics are able to determine
uniquely the measured state and/or the measurements
up to a local isometry, this phenomenon is known as
self-testing. The most celebrated example of self-testing
is the maximal violation of the Clauser-Horne-Shimony-
Holt (CHSH) inequality. The observation of such viola-
tion implies that the measured state must be a maximally
entangled qubits (singlet state) and the measurements
must anti-commute. This result can be interpreted as a
2-step process: (1) There exists an unique statistics which
maximally violates the CHSH inequality in the quantum
set of statistics (2) the statistics can only be achieved
with an unique state and measurements. In order to il-
lustrate if step (1) holds for other Bell inequalities, it begs
the question about the geometry of the quantum set.

2 Geometry of the Quantum Set
We define the quantum set as the closure of the set of

statistics achievable by quantum states residing in finite-
dimensional Hilbert space. Hence, the quantum set, ac-
cording to our definition, is a closed convex set residing
in the probability space. Fig. 1 (i) shows the differ-
ent types of points that are found in convex sets. The
boundary points (points other than interior points) are

∗ktgoh@u.nus.edu

maximisers of Bell inequalities. However, only exposed
(and hyper-exposed) points are unique maximisers of Bell
inequalities.

In the typical graphical representation of the quantum
set (see Fig. 1 (ii)), the quantum set and the local poly-
tope are depicted as a circle and square respectively. Such
plots are invaluable when explaining violation of Bell in-
equality and why some Bell inequality cannot be violated
by quantum states. However, every boundary point of
the quantum set in this plot is also exposed. Therefore,
if one take this picture too seriously, one might be misled
to think that every quantum statistics which maximally
violates a Bell inequality is the unique maximiser of the
Bell inequality.

3 Results
In our work, we prove the that the boundary of quan-

tum set contains all the different types of boundary points
shown in Fig. 1 (i) with explicit examples. For illustra-
tion purpose, Fig. 2 shows two different 2-dimensional
projections of the quantum set which shows that the
boundary of the quantum set exhibits all distinct class
of boundary points of a convex set.
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set (ii) Typical diagram of the 2-dimension projection
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depicted as a circle and a square respectively.
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Abstract. In this paper, we propose a fidelity induced metric to capture global nonlocal effect of a
quantum state due to locally invariant projective measurements, which is termed as measurement induced
nonlocality (MIN). This quantity can be remedying local ancilla problem in the original definition of MIN.
We present an analytical formula of fidelity based MIN for an arbitrary pure state and 2× n dimensional
mixed state.
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1 Introduction

Nonlocality is a kind of resource in quantum informa-
tion processing and has a close relationship with quan-
tum entanglement. Since the work of Bell, entanglement
is believed to be the manifestation of nonlocality which
cannot be accounted by any local hidden variable model.
Though all pure entangled states are nonlocal, in terms of
violation of Bell inequality, all mixed entangled states are
not. In fact, Werner showed through an explicit exam-
ple that mixed entangled state can also obey Bell or Bell
like inequalities. It is now broadly accepted that entan-
glement is not the complete manifestation of nonlocality.
The measurement-induced nonlocality (MIN) is the max-
imum global effect caused by locally invariant measure-
ment [1], which is different from conventional nonlocality
related to the violation of Bells inequalities [2]. Moreover,
MIN can quantify nonlocal resource in quantum com-
munication protocols involving local measurement and
a comparison between the pre- and post-measurement
states. We note that MIN has also been investigated re-
cently based on skew information [3]. Here we propose
another form of MIN based on fidelity induced metric.

2 MIN based on Fidelity

Though fidelity F(ρ, σ) between the quantum states ρ
and σ is not a metric, one can define a metric D(ρ, σ) =
Φ(F(ρ, σ)), where Φ is a monotonically decreasing func-
tion of F and satisfying all the axioms of distance mea-
sure. Let us consider a bipartite state ρ shared by the
parties a and b with respective state spaces Ha and Hb.
Defining MIN in terms of fidelity induced metric (sine
metric) as [4]

NF (ρ) = max
Πa C2(ρ,Πa(ρ)) (1)

where C2(ρ, σ) = 1− F(ρ, σ) and the maximum is taken
over the von Neumann projective measurement on sub-
system a. Here Πa(ρ) =

∑
k(Πa

k ⊗ 1b)ρ(Πa
k ⊗ 1b), with

Πa = {Πa
k} = {|k〉〈k|} being the projective measure-

ments on the subsystem a, which do not change the
marginal state ρa locally i.e., Πa(ρa) = ρa. In other
words, MIN is defined in terms of the fidelity between

∗rajendramuthu@gmail.com
†sankar@nitt.edu

pre- and post-measurement state. Some interesting prop-
erties of the MIN are

(i) NF (ρ) is a non-negative quantity i.e., NF (ρ) ≥ 0.

(ii) NF (ρ) = 0 for any product state ρ = ρa⊗ρb and the
classical state in the form ρ =

∑
i pi|i〉〈i| ⊗ ρi with

nondegenerate marginal state ρa =
∑

i pi|i〉〈i|.

(iii) NF (ρ) is locally unitary invariant in the sense that
NF

(
(U ⊗ V )ρ(U ⊗ V )†

)
= NF (ρ) for any unitary

operators U and V .

(iv) For any pure maximally entangled state NF (ρ) has
the maximal value of 0.5.

(v) NF (ρ) is invariant under the addition of any local
ancilla to the unmeasured party (proof follows from
multiplicativity of fidelity).

For any pure bipartite state |Ψ〉 we have the Schmidt
decomposition |Ψ〉 =

∑
i

√
λi|αi〉 ⊗ |βi〉. The von Neu-

mann projective measurement on party a is expressed as
Πa = {Πa

k} = {U |αk〉〈αk|U†} for any unitary operator
U . The marginal state ρa can be written as spectral de-
composition in the orthonormal bases {U |αk〉} as ρa =∑

k〈αk|U†ρaU |αk〉U |αk〉〈αk|U† with 〈αk|U†ρaU |αk〉 =
λk, the eigenvalues of ρa. After a straight forward
calculation, the fidelity [5] between the pre- and post-
measurement state is given by F(ρ,Πa(ρ)) =

∑
k λ

2
k, im-

plying that

NF (|Ψ〉〈Ψ|) = 1−
∑
k

λ2
k. (2)

which is identical with the MIN based on Hilbert Schmidt
norm [1] and skew information [3].

Let {Xi : i = 0, 1, 2, · · · ,m2 − 1} and {Yj : j =
0, 1, 2, · · · , n2 − 1} be set of two orthonormal bases cor-
responding to the Hilbert spaces Ha and Hb respec-
tively, in the sense of tr(XkXl) = tr(YkYl) = δkl, with
X0 = 1/

√
m and Y0 = 1/

√
n. An arbitrary bipartite

state in the composite state space Ha ⊗ Hb is then de-
fined as

ρ =
∑
ij

γijXi ⊗ Yj (3)

with γij = tr(ρXi ⊗ Yj) and Γ = (γij) is a correlation
matrix with real entries. For any orthonormal basis {|k〉 :
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k = 0, 1, 2, · · · ,m − 1}, |k〉〈k| =
∑

i akiXi with aki =
tr(|k〉〈k|Xi). Then it can be shown that MIN based on
fidelity metric has a tight upper bound as

NF (ρ) ≤ 1

‖Γ‖2

 m2∑
i=m

µi

 (4)

where µi are eigenvalues of the matrix ΓΓt listed in in-
creasing order and the superscript denotes transpose of
a matrix.

Proof is as follows: Defining a matrix A = (aki) and
we have

NF (ρ) =
1

‖Γ‖2
[
‖Γ‖2 −min

A tr(AΓΓtAt)
]
. (5)

Adapting the optimization procedure [6], we have

min
A tr (AΓΓtAt) = min

R tr (RΓΓtRt) =
m−1∑
i=1

µi. (6)

where R is a (m−1)×m2 matrix, such that RRt = 1m−1

and µi are eigenvalues of the matrix ΓΓt listed in increas-
ing order. Substitution of Eq.(6) in Eq.(5) completes the
proof. For 2× n dimensional systems

min
A tr (AΓΓtAt) = µ1. (7)

and we have a closed formula

NF (ρ) =
1

‖Γ‖2
(µ2 + µ3 + µ4)

3 Conclusions

In this article, we have proposed a fidelity based mea-
surement induced nonlocality (MIN). In addition to cap-
turing global nonlocal effect of a state due to the von
Neumann projective measurement, this quantity can be
remedying local ancilla problem of original MIN. We have
presented a closed formula of MIN for an arbitrary pure
state and 2× n dimensional mixed state.
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Chemical kinetics is a study of rates of chemical processes. These processes could be represented by a graph with
vertices describing reactants (or states of involved molecules) and arrows describing reaction directions and the rates.
Exemplary such graph is shown on the left in the figure below. At any time, we are interested in concentration of the
chemicals or probability that a given vertex is occupied. The dynamics is governed by rate equations, alternatively it
is described by stochastic maps. Altogether the problem could be modelled by a random walk.

Given that we are living in a quantum world a natural question is what happens if some of the transitions in the
figure above are coherent, as in the right panel transition denoted by ν32. This is not only a question of mathematical
curiosity but indeed reactions exist which involve quantum-coherent transitions. A prominent example is so-called
radical-pair model (a radical pair is a pair of ions with unpaired electron spins). In fact the right panel corresponds to
a simplified scheme thought to occur in the cryptochromes of the plant Arabidopsis thaliana. The coherent transition
is between singlet and triplet states of the electrons in the radical pair. Depending on this spin state the reaction can
then produce different chemical products. Such reactions are studied in the field of spin chemistry.

In analogy with the classical case, we propose to model reactions like the one of the right panel by a quantum
random walk. The classical probability vectors are hence replaced by quantum states, rate equations by master
equations and stochastic maps by Kraus maps. We are therefore dealing with continuous-time open quantum walks
whose time-discrete version is well studied by the quantum information community. Our approach allows us to derive
from first principles the master equations describing dynamics on the whole graph and its parts. In particular this
allows us to clarify how does spin-selective recombination contribute to the singlet-triplet dephasing of the radical
pair. This problem has been studied by spin chemists for a long time and many master equations have been proposed
to describe the radical pair [1–6]. The equation that we have obtained is the same as derived from the Haberkorn
approach. It is for the first time that this approach is derived from first principles.

Other concepts from the theory of quantum random walks could be applied to study chemical processes with
coherence. As example we apply the concept of a hitting time to study the speed of chemical reactions as characterised
by reaching for the first time certain chemical product (vertex in the graph). For realistic parameters measured on
the Arabidopsis thaliana we show that quantum coherence has very little effect on the speed of the reactions. It turns
out that this is caused by the rate limiting step in the graph. The distribution of hitting times, however, can be used
as coherence indicator. If there is coherence in the system the hitting distribution displays characteristic oscillations.
It may also happen due to quantum coherence that the average hitting time diverges. We present a new mechanism
behind this effect similar to coherent population trapping.
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Abstract. In verifiable blind quantum computation (VBQC) protocols that utilize trap qubits, any sus-
picious deviation on the trap qubits is rejected, and hence the acceptance rate of the output decreases
exponentially even under non-malicious server’s deviation. To avoid this, we propose a protocol to prepare
ten states, which are required for the Fitzsimons-Kashefi protocol, at the server’s side by using only the
client’s measurements in the Pauli X- and Z-bases. By using it, we can construct an error-tolerant VBQC
protocol with single-qubit {X,Z}-basis measurements and classical processing for the client.

Keywords: Blind quantum computation, Fitzsimons-Kashefi protocol, Quantum error correction

1 Introduction

A first-generation fully-fledged digital quantum com-
puter will be realized by a large enterprise or government.
It is expected that, because of its scale and/or difficulty
of maintenance, a client who wants to utilize a quantum
computer will use relatively poor quantum devices to del-
egate the quantum computation to a server who has the
quantum computer. Verifiable blind quantum computa-
tion (VBQC) guarantees information-theoretic security
of the client’s input, quantum algorithm, and output of
the quantum computation. In addition to security, there
is an important concept: verifiability, i.e., the ability of
the client to certify whether or not the server honestly
performed the task delegated by the client.
In existing VBQC protocols [1, 2, 3, 4, 5] that utilize

trap qubits, if the server performs any deviation on trap
qubits sneaked by the client, the server’s output is re-
jected by the client. Therefore, even when the server is
not so malicious, the acceptance rate of the output de-
creases exponentially in the number of trap qubits under
imperfections of server’s devices and a quantum channel.
Therefore, a systematic way to amplify the acceptance
rate by the almost classical client is now highly desired
to make VBQC practical, similarly to privacy amplifica-
tion in quantum key distribution (QKD) [6].
In this poster, we propose a remote blind single-qubit

preparation (RBSP) protocol [7] to prepare the randomly
rotated basis states and Z-basis states (ten states), which
are required for the Fitzsimons-Kashefi (FK) protocol [1],
at the server’s side by using only the client’s {X,Z}-
basis measurements. By combining the measurement-
based RBSP protocol with the FK protocol, we con-
struct an error-tolerant VBQC protocol [7]. In other
words, we resolve an important open problem mentioned
in Ref. [8], where whether or not a fault-tolerant VBQC
can be constructed. Note that Ref. [9] has also resolved
this open problem. As a difference between our work

∗takeuchi@qi.mp.es.osaka-u.ac.jp
†fujii@qi.t.u-tokyo.ac.jp
‡morimae@gunma-u.ac.jp
§imoto@mp.es.osaka-u.ac.jp

and it, different types of BQC protocols where each of
them has own advantages are utilized. In other words,
the measurement-only BQC protocol [10] is utilized in
Ref. [9].

2 Outline of our method

First, we propose a RBSP protocol to prepare ten
states by the client’s {X,Z}-basis state preparations.
Our state-preparation-based RBSP protocol can be com-
bined with the FK protocol [1] without any degradation
of verifiability. To this end, we have to respect the fol-
lowing two properties: (i) server’s initial states are given
as the maximally mixed state from server’s viewpoint in
the ideal case, (ii) server’s deviation is independent of
the states sent by the client. To satisfy (i), all input
states are sent from the client in contrast with an ex-
isting RBSP protocol [11]. In order to respect (ii), we
do not employ any adaptive operation, depending on the
server’s measurement outcomes, at the client’s side dur-
ing RBSP. Instead, we use a postselection procedure to
guarantee that server’s deviation is independent on the
states sent by the client. Since the success probability of
the postselection is constant, it does not make our state-
preparation-based RBSP protocol inefficient.
Second, to employ transversal measurements on the

Calderbank-Shor-Steane (CSS) codes [12, 13] at the client
side, we replace the four-state preparations with the
{X,Z}-basis measurements. In this situation, the con-
ventional duality between the state preparation and the
measurement cannot be applied straightforwardly be-
cause of the property (ii). If the server prepares a mali-
cious resource state, the server’s deviation could be de-
pend on the states prepared remotely by the client’s mea-
surement on a part of the resource state. This is one
of hurdles that need to be cleared to construct a fault-
tolerant VBQC protocol. To clear this hurdle, we devise a
randomization protocol to push the server’s deviation for-
ward, independent on the states prepared by the client.
The randomization protocol runs as follows:

1. The server (Bob) sends one half of the Bell pair
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|Φ+⟩ ≡ (|00⟩+ |11⟩)/
√
2 through a quantum chan-

nel.

2. When the client (Alice) wants to prepare the X
(Z)-basis state at Bob’s side, she measures the
qubit sent from Bob in the X (Z) basis. Let o
be the measurement outcome. Independently, Al-
ice chooses the values of a and r from {0, 1} uniform
randomly, respectively. When Alice measures the
qubit in the X basis, she requests Bob to perform
XrZa⊕o on the remaining one half of the Bell pair.
In contrast, when Alice measures in the Z basis, she
requests Bob to perform Xa⊕oZr on the remaining
one half of the Bell pair.

For this protocol, we prove the following theorem:

Theorem 1 (Pushing Bob’s deviation forward by
Alice’s randomization) Any Bob’s deviation during
remote four-state preparation by the randomization pro-
tocol can be written as a TPCP map E independent on
the prepared four-state |A⟩, namely, the state at Bob’s
side can be written as E(|A⟩⟨A|).

We show that not only blindness and correctness, which
are necessary requirements for BQC, but verifiability
is also guaranteed even when the measurement-based
RBSP protocol is combined with the FK protocol [1].
By virtue of these, the client can now employ the CSS
codes to correct errors via classical processing after the
transversal {X,Z}-basis measurements, similarly to the
Bennett-Brassard (BB84) protocol [14] for QKD. Accord-
ingly, the acceptance rate can be successfully amplified
by the almost classical client under server’s deviation, in-
cluding noise in the quantum channel and imperfections
of server’s devices.
The detail of our method is given in Ref. [7].

3 Error-tolerant VBQC protocol

Our error-tolerant VBQC protocol composed of the
measurement-based RBSP protocol and the FK proto-
col runs as follows:

1. The server (Bob) sends encoded one half of the log-
ical Bell pair |Φ+

L⟩ ≡ (|0L0L⟩+|1L1L⟩)/
√
2 encoded

in the CSS code with length l through a quantum
channel. Bob repeats this procedure until five log-
ical qubits reach the server’s (Alice’s) side.

2. Alice measures the logical qubit sent from Bob in
theXL = X⊗l or ZL = Z⊗l basis with a probability
q or (1− q), respectively, and perform error correc-
tion through classical processing to obtain a reliable
measurement outcome. Due to the transversality of
the CSS code, such measurements can be done by
only single-qubit {X,Z}-basis measurements. For
the 1st and 5th logical qubits, q = p/(1 − p). For
the 2nd and 4th logical qubits, q = 1 − p. For
the 3rd logical qubit, q = 1 − p′. Here, values
of p and p′ are chosen (not uniquely) such that
ND/N = 1− 4p2(1− p′), where ND and (N −ND)
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Figure 1: A diagram of a quantum circuit used in step 3
of the error-tolerant VBQC protocol. For simplicity, the
subscript L is omitted. In the graph state representation
at the top, solid and dashed circles indicate the output
state |BL⟩ and the measured logical qubits, respectively.

are the numbers of Z-basis states and the randomly
rotated basis states |+k⟩ ≡ (|0⟩ + eikπ/4|1⟩)/

√
2

(0 ≤ k ≤ 7, k ∈ Z), respectively. Let oi be the ith
reliable measurement outcome. Independently, Al-
ice chooses the values of {ai} and {ri} from {0, 1}×5

uniform randomly, respectively. When Alice mea-
sures the ith logical qubit in the XL basis, she
requests Bob to perform Xri

L Z
ai⊕oi
L on the logi-

cal qubit that was entangled with the ith logical
qubit. In contrast, when Alice measures the ith
logical qubit in the ZL basis, she requests Bob to
perform Xai⊕oi

L ZriL on the logical qubit that was
entangled with the ith logical qubit.

3. Bob implements the quantum gates composed of
SL ≡

√
ZL, TL ≡

√
SL, HL, and ΛL(ZL), as shown

in Fig. 1. Here, ΛL(ZL) is the logical controlled-
ZL gate. Bob then measures all qubits except for
the 3rd logical qubit in the ZL bases and obtains
measurement outcomes s1, s2, s4, and s5. As a
result, the state of the 3rd logical qubit becomes
|BL⟩ depending on {ai} and {si}. Bob sends all
measurement outcomes to Alice through a classical
channel. If all measurement outcomes are 0, Bob
keeps |BL⟩. Otherwise, he discards it.

4. Alice and Bob repeat the steps 1-3 until ND Z-
basis states and (N −ND) randomly rotated basis
states are prepared at Bob’s side. If the numbers
of Z-basis states or randomly rotated basis states
are more than ND or (N −ND), respectively, Alice
uniform randomly selects which extra qubits will
be discarded. Then, she instructs Bob to discard
them.

5. Alice and Bob perform the FK protocol by using
logical qubits prepared in previous steps.

In the most classical BQC protocols with double
servers [15, 16], unconditionally secure classical commu-
nication is implicitly assumed, and hence QKD such as
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BB84 [14] could be employed. In this sense, the con-
structed error-tolerant VBQC protocol, which has the
same client’s requirements as BB84, employs minimum
requirements and facilitates the integration of quantum
computing and quantum secure communication networks
as with protocols in Refs. [11, 17].
We explain how to amplify acceptance rate. By virtue

of error correction, we can amplify the acceptance rate
even in the presence of Bob’s deviation and the quan-
tum channel noise. Let us consider the case where
the server is honest and an error occurs independently
in the quantum channel with probability perror. With-
out error correction, the acceptance rate decreases as
O((1 − perror)

N/3) in the FK protocol [1]. On the other
hand, in the error-tolerant VBQC protocol, qubits are
always encoded into an error-correcting code. Let pL <
e−κ be the logical error probability per elementary op-
eration, whose overhead is at most a polynomial func-
tion of κ. Since the number of operations is at most
poly(N), the acceptance rate under error correction be-
comes O((1−poly(N)pL)

N/3) ∼ O(epoly(N)pLN/3) (More
rigorously, according to fault-tolerant theory, we can sim-
ulate ideal quantum computation with an exponentially
small additive error with respect to l1 norm with a poly-
nomial overhead if the amount of noise measured, for ex-
ample, by the diamond norm is sufficiently smaller than
a certain threshold value). That is, if we want to sat-
isfy pL < O(1/poly(N)), we can amplify the acceptance
rate using a polylog overhead with respect to N as long
as Bob’s deviation and the quantum channel noise are
small enough. For clarity, let us consider the case, where
X and Z errors are introduced independently with prob-
ability perror as channel noise. If perror < 11% [12, 18],
pL can be reduced exponentially with κ. Not only the
channel error, but also errors at Bob’s operation can also
be made fully fault-tolerant by doing the FK protocol by
using logical qubits fault-tolerant way [19, 20]. Note that
in proof for blindness and verifiability, we do not assume
any noise model, and hence our VBQC protocol can be
employed in any situation. If Bob’s deviation or errors
are correctable, the acceptance rate is amplified close to
unit. Otherwise, the verification protocol automatically
rejects Bob’s output.
Finally, we consider effect of loss in a quantum chan-

nel. Since a logical qubit sent from Bob to Alice is com-
posed of polylog(N) qubits, our protocol is not efficient
for the lossy quantum channel. To make our protocol
efficient for loss, we modify steps 1-2 of our protocol as
follows: First, if Alice wants to prepare a logical X(Z)-
basis state at Bob’s side, she measures one half of |Φ+⟩
sent from Bob in the X(Z)-basis until l qubits are pre-
pared at Bob’s side. Then, she tells Bob which qubits are
reached at her side. Second, Bob generates |Φ+

L⟩ at his
side. Then, Bob performs quantum teleportation (QT)
on one qubit of logical one half of |Φ+

L⟩ and a remaining
one half of |Φ+⟩ whose another one half reaches Alice’s
side l times. Finally, according to measurement outcomes
of Alice’s measurements and Bob’s QTs, she requests Bob
to perform the logical Pauli operator as with the random-

ization protocol. As a result, one {XL, ZL}-basis state
is prepared at Bob’s side. This modification decreases
the mean number of qubits required to prepare one log-
ical qubit at Bob’s side from (1/ploss)

l to l/ploss. Here,
(1− ploss) is transmittance of the quantum channel.
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Abstract. A unitary operation being a map itself (from states to states), a map on the unitary operations
defines a “higher-order” transformation. In this work, the input unitary is provided as a quantum gate, for
which we construct a universal quantum algorithm that invokes multiple but finite uses of the input unitary
gate to deterministically implement higher-order transformations. The higher-order maps consider are the
identity, transpose, inversion, and complex conjugation map for unitary inputs and arbitrarily distributed
input states with O(d2/ϵ) + O(1/ϵ1+δ) queries of the input unitary, for any δ > 0. The implementation
combines the recently discovered “exponentiation” algorithm of quantum states with a quantum adiabatic
computational scheme and generalized Grover search. Our algorithm improves the known best bounds,
O(d2 log2(d/ϵ2)/ϵ) and O(d4/ϵ2).

Keywords: higher-order quantum operation, adiabatic quantum computation, Grover search (amplitude
amplification), quantum learning oracular algorithms, state exponentiation

1 Introduction

Any information processing is a physical implementa-
tion of a mathematical function, mapping inputs to an
output. The input and output may be represented by a
quantum gate, in which case, the corresponding map re-
quires a “higher-order quantum operation”. Higher-order
quantum operations may be simple to define mathemat-
ically, but much remains unexplored as to which are ac-
tually possible and, if so, how they may be implemented
within quantum theory, especially when a classical de-
scription of the input unitary is not available.
Perhaps the most straightforward implementation is

then to obtain a complete classical description of the in-
put quantum operation via quantum process tomogra-
phy [1, 2]. The corresponding output quantum opera-
tion is then classically computed along with its quantum
circuit implementation. The number of times the input
quantum operation must be “queried” depends on the
properties of the input, plus the figure of merit on im-
plementation accuracy. For a higher-order quantum op-
eration on a d-dimensional system, a rough estimate for
a quantum channel yields O(d8/ϵ2) queries for a given
accuracy. If the input only contains unitary operations,
then the scaling reduces to O(d4/ϵ2).
While the quantum tomographic implementation is

versatile, as it applies to any valid higher-order quantum
operation, we find a more efficient implementation for
specific instances. The identity map for quantum chan-
nels is possible O(d2/ϵ) if the distribution of input states
satisfies a certain symmetry [3, 4]. The particular proto-
col also allows O(d2/ϵ) implementation for a “transposi-
tion”, again with the symmetry on the input states. If

∗syoujun0607@gmail.com
†soeda@phys.s.u-tokyo.ac.jp
‡murao@phys.s.u-tokyo.ac.jp

deterministicity is abandoned, then O(d2 ∗ polylog(1/ϵ))
is possible [5] for inversion, but scales exponentially with
the failure probability approaching 0.

Recently, it is shown that for the identity and in-
version map the dimensional scaling can be reduced to
O(d2 log2(d/ϵ2)/ϵ) for unitary inputs without any as-
sumption on the distribution of the input states [7]. The
work is originally motivated by an attempt to generalize
the notion of sample complexity to a quantum setting,
but the preparation of each sample used in the algorithm
can be prepared by using a single call to the oracle of
the input unitary. This method exploits another recently
discovered algorithm which approximately implements a
unitary operation given by exp(−itρ) for a real t when
quantum states whose density matrix is ρ are provided
as resource [8].

In this work, we present a universal implementation of
higher-order quantum operations implementing the iden-
tity, transpose, inversion, and complex conjugation map
for unitary inputs and arbitrarily distributed input states
with O(d2/ϵ) + O(1/ϵ1+δ) queries for any δ > 0. The
implementation combines the aforementioned “exponen-
tiation” algorithm of quantum states with a quantum
adiabatic computational scheme of adiabatic gate tele-
portation [10, 9] and generalized Grover search.

2 Overview of the implementation algo-
rithms

We provide an algorithm for four higher-order quan-
tum operation in total, but the identity map (albeit seem-
ingly the most trivial) covers all the core elements for the
other maps. The following observations are in order.

The first is that a single use of the input unitary U
on a d-dimensional system prepares the state |U⟩⟩ ≡
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(I ⊗ U)|Φd⟩, where |Φd⟩ denotes the maximally entan-
gled state of two d-dimensional qudits. For brevity, we
define PU ≡ |U⟩⟩⟨⟨U | and

VU (t) ≡ exp(−itPU ). (1)

Secondly, the exponentiation algorithm of Ref. [8] gives
a channel ΛPU ,t that approximates the unitary VU (t) of
an arbitrary (real) t up to an error by consuming multi-
ple copies of |U⟩⟩. The number of |U⟩⟩ consumed, hence
that of the query cost, is independent of d and given by
O(t2/ϵ), where ϵ is the error measured in terms of the
diamond norm, i.e.,

ϵ ≥
∥∥∥ΛPU ,t(·)− VU (t)(·)V †

U (t)
∥∥∥
♢
. (2)

The final key component of our algorithm is in find-
ing a quantum gate sequence that implements a transfer
operation XU defined by

XU |φ⟩|U⟩⟩ = |I⟩⟩U |φ⟩ (3)

for arbitrary |φ⟩. More precisely, we find a sequence that
approximates XU by assuming that we have at hand a
gate that implements VU (t), perfectly. Our main contri-
bution is that we provide implementation algorithms of
XU using PU as resource states.
All the errors arise from any imperfection in imple-

menting XU , which fall into two categories, i.e., of the
gate sequence in approximating XU and of the exponen-
tiation algorithm deviating from the ideal VU (t). For the
former category, let X̃ denote the gate sequence approx-
imating XU and assume that

ϵ ≥ max
∥|φ⟩∥=1

∥∥∥(X̃ [ABC] −X
[ABC]
U

)
|φ⟩[A]|U⟩⟩[BC]

∥∥∥ , (4)

where the upper index in square brackets are introduced
to explicit the system on or in which the operators and
states are defined. The right hand side differs from the
operator norm of X̃ − XU in that the optimization is
restricted to |φ⟩[A]|U⟩⟩[BC]. Defining channel Γ by

Γ[A](ρ[A]) ≡ TrBC

[
X̃ [ABC](ρ[A] ⊗ P

[BC]
U )

(
X̃†
)[ABC]

]
(5)

By use of a triangular inequality and that the partial
trace does not increase the distance between two quan-
tum states, it is not difficult to prove that

2ϵ ≥
∥∥∥U [A](ρ[AR])

(
U†)[A] − Γ[A](ρ[AR])

∥∥∥
1

(6)

for any ρ[AR], where R denotes an ancillary system and
∥ · ∥1 the trace distance. Hence, Eq. (4) implies

2ϵ ≥
∥∥U(·)U† − Γ(·)

∥∥
♢ .

The overall error of the algorithm should also incorporate
the error of the second category for every VU (t) in X̃ used.
If m0 of VU (t) are used and each replaced by ΛPU ,t with
error ϵexp, then the total error induced by the resulting
channel M is∥∥U(·)U† −M(·)

∥∥
♢ ≤ 2ϵ+m0ϵexp, (7)

assuming Eq. (4).
The higher-order quantum operation for the other

maps comes as an application of these elements. Note
that, when the higher-order quantum operation is the
identity map, the “transformed” operation is the same as
the initial operation U . Therefore, |φ⟩ in Eq. (3) is to be
interpreted as the input state of the operation returned
the higher-order quantum operation. First, a well-known
identity |UT ⟩⟩ = SWAP |U⟩⟩ implies that we already have
the state |UT ⟩⟩ and the means to implement VUT (t). Thus
the implementation algorithm for the transposition map
follows from that for the identity map by replacing U by
UT . For the inversion map, observe that Eq. (3) implies

|φ⟩|U⟩⟩ = (XU )
† |I⟩⟩U |φ⟩,

thus introducing |φ′⟩ ≡ U |φ⟩, we have

(XU )
† |I⟩⟩|φ′⟩ = U†|φ′⟩|U⟩⟩.

This equation shows that the inverted transfer operation
(XU )

†
suffices to achieve the inverse U†. Since XU is

given as a gate sequence, its inverse is simply the same se-
quence run backwards with each gate being inverted. The
operator VU (−t) which appears as the inverse of VU (t) is
implementable by consuming a single copy of |U⟩⟩, thus
the query cost remains the same. Finally, the complex
conjugation U → U∗ is given by U∗ = (UT )†.

3 Implementation of the transfer opera-
tion XU

Assuming |φ⟩ =
∑d
k=1 ck|ek⟩ for some orthonormal

complete basis {|ek⟩}dk=1, a gate sequence that gives XU

is a gate sequence that transforms |ek⟩|U⟩⟩ to |I⟩⟩U |ek⟩,
coherently. The underlying principle behind our first al-
gorithm is to realize an adiabatic transition from |ek⟩|U⟩⟩
to |I⟩⟩U |ek⟩ by a gate sequence, i.e., a digital quantum
simulation of quantum adiabatic transition.

For that we need a parametrized Hamiltonian

H(k)(s) = −(1− s)|ek⟩⟨ek| ⊗ PU − sPI ⊗ U |ek⟩⟨ek|U†,

whose ground energy eigenstate |v(0)k (s)⟩ is given by

|v(0)k (s)⟩ = ak(s)|ek⟩|U⟩⟩+ bk(s)|I⟩⟩U |ek⟩,

where

bk(s)

ak(s)
=

d

{
2s− 1 +

√
(1− 2s)2 + 4s(1−s)

d2

}
2(1− s)

, (8)

The initial state |ek⟩|U⟩⟩ is the ground energy eigenstate
of the initial Hamiltonian H(k)(0), and so is |I⟩⟩U |ek⟩ for
the final Hamiltonian H(k)(1).

To achieve the adiabatic transition with error ϵad, the
sweeing schedule for the weight s is given by fν(t/T ),
where ν is any fixed positive integer, t is from 0 to T ,

T ∝ 1

ϵ
1/ν
ad

ξ2

g3
,
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and

fν(τ) =

∫ τ
τ ′=0

τ ′
ν
(1− τ ′)νdτ ′∫ 1

τ ′=0
τ ′ν(1− τ ′)νdτ ′

.

The rest is to simulate the unitary evolution deter-
mined by the time-dependent Hamiltonian H(fν(t/T )
from t = 0 to t = T , i.e.,

W (µ,m) ≡ T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

H(f(t/T ))dt

)
.

Clearly, W =
∏m
µ=1W (µ,m), where the product is

“time-ordered” so that the terms with smaller µ lie to
the right.
We define WTS(µ,m) (TS for “Trotter-Suzuki”) by

WTS(µ,m) ≡

T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

(1− f(t/T ))I ⊗ PUdt

)

× T⃗ exp

(
−i
∫ µ T

m

(µ−1) T
m

f(t/T )PI ⊗ Idt

)
.

The time-ordering operator is unnecessary, thus

WTS(µ,m) = (I ⊗ VU (T/m− Fµ,m)) (VI(Fµ,m)⊗ I) ,

where

Fµ,m ≡
∫ µ T

m

(µ−1) T
m

f(t/T )dt.

Optimizing ϵad, T , and m to suppress the overall error
within ϵ, we obtain O(d6/ϵ1+δ), where δ ≥ 2/ν.
The query cost suffers a relatively high dimensional

scaling, which mainly results from the gap between the
highest and second highest energy eigenvalue decreasing
with d. The smallest gap appears that at s = 1/2. With
quantum adiabatic transition alone, however, our choice
of initial state is limited to |ek⟩|U⟩⟩, which necessarily
challenges the decreasing gap. The gap g(s) at a given s
is strictly nonzero for any s beyond s = 1/2. If the initial
state is the highest energy eigenstate of H(k)(s) for any
s ≥ 1/2+δs for any positive δs independent of d, then the
query cost for the adiabatic transition beyond this point
is O(1/ϵ1+δ), that is, without any dimensional scaling.
We show that this initial state preparation is possible by
adapting the Grover search.
A geometric interpretation of the Grover search is that

the initial state is rotated towards the answer space by a
sequence of reflection operators, implemented by invok-
ing the Grover oracle. We associate the initial state to
|ek⟩|U⟩⟩ and the “answer” space to |I⟩⟩U |ek⟩. Conven-
tionally, the necessary reflection operators are

R ≡ (I − 2|ek⟩⟨ek| ⊗ PU )(I − 2PI ⊗ U |ek⟩⟨ek|U†),

but we choose

Wg ≡ (I − 2I ⊗ PU )(I − 2PI ⊗ I).

In terms of VU (t), Wg = (I ⊗ VU (π))(VI(π) ⊗ I). The
effect of Wg on |ek⟩|U⟩⟩ is the same as R, because Hk ⊥

Hj for any j ̸= k. We let θd ∈ [0, π/2] be such that
sin θd = 1

d , and a nonnegative integer m̃ such that θd ≤
π
2 − 2m̃θd ≤ 3θd. By direct calculation,

W m̃
g |ek⟩|U⟩⟩ = (−1)m̃

cos θd
{cos(2m̃+ 1)θd|ek⟩|U⟩⟩

+ sin 2m̃θd|I⟩⟩U |ek⟩}. (9)

There exists 0 ≤ sd ≤ 1 such that

ak(s0)

bk(s0)
=

sin 2m̃θd
cos(2m̃+ 1)θd

, (10)

since the left hand side ranges between 0 and ∞.
We can prove that sd ≥ 0.54 > 1/2 for d ≥ 3 and

hence that the state (9) is the initial state of adiabatic
transition of desire. Optimizing the free parameters, we
obtain the improved query cost of O(d2/ϵ) +O(1/ϵ1+δ).

4 Implications

Our algorithm exploits the interconvertibility between
quantum operations and states, an extra flexibility in
implementing higher-order quantum operations, which
originates from a large collection of existing “first-order”
operations, like the exponentiation algorithm of Ref. [7].
In addition, the resource states of the presented algo-
rithm is a single kind, i.e., |U⟩⟩, independent of the im-
plementation error requirement, unlike Refs. [6] and [7].
As Refs. [6] and [7] are discussed in the context of quan-
tum learning, the present work proves the effectiveness
of computational algorithms like adiabatic gate telepor-
tation and the Grover search, whose relation may not
have been appreciated before.
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Abstract. For linear systems Ax = b, Harrow, Hassidim, Lloyd (HHL) algorithm produces a quantum
state of the normalized solution under the assumption that the coefficient matrix is sparse. In contrast to
the HHL algorithm, we have recently proposed a quantum algorithm in [S. Takahira et al., Extd. Abst. of
AQIS2016, pp. 87-88, (2016)] for the case where the coefficient matrix is dense (strictly speaking, a dense
circulant matrix). However, there seems to be a strong restriction that all eigenvalues of the circulant
matrix must be positive. In this paper, we propose a quantum algorithm that removes this restriction,
based on the amplitude estimation technique.

Keywords: Quantum algorithm, Circulant matrix, Linear systems, Amplitude estimation

1 Introduction

Harrow, Hassidim, and Lloyd developed an efficient
quantum algorithm that outputs a quantum state |x⟩ =
1

∥x∥x that is proportional to the solution for linear sys-

tems Ax = b [1]. The HHL algorithm can be used in
important applications, e.g., machine learning [2], linear
differential equation [3]. As the Hamiltonian simulation
runs at high speed for sparse matrices [4], the HHL al-
gorithm outputs the state very efficiently. In real prob-
lems, however, the coefficient matrix may be dense, e.g.,
[5, 6]. Thus, it is necessary to give a quantum algorithm
for dense matrices. Circulant matrices have attracted at-
tention because their eigenvalues and eigenvectors can be
obtained through a Fourier transform. For Hermitian cir-
culant matrices, there is a quantum algorithm that out-
puts the state |x⟩ [7]. Furthermore, there is a quantum
algorithm for Toeplitz matrices [8].
In this study, we consider a quantum algorithm based

on Amplitude Estimation (AE) [9]. The algorithm differs
from other algorithms in terms of how the eigenvalues
are estimated. In a previous paper [10], we considered
the case in which all the eigenvalues are positive. How-
ever, this imposes a strong restriction. In this paper,
we remove the restriction, i.e., we consider the case in
which all the eigenvalues are complex. Unlike the HHL
algorithm, our AE-based algorithm does not simulate the
Hamiltonian. Therefore, our approach provides impor-
tant information for the design of an algorithm.

2 Amplitude estimation

For a state |ψ⟩ =
∑N−1
k=0 ψk|k⟩, AE [9] can estimate

the absolute value |ψj | of the specific amplitude ψj . Per-

∗id171002@cis.aichi-pu.ac.jp
†a-ohashi@fc.ritsumei.ac.jp
‡sogabe@na.cse.nagoya-u.ac.jp
§usuda@ist.aichi-pu.ac.jp

forming AE on |ψ⟩|0m⟩ outputs a state
∑M−1
z=0 αz|j

∣∣|ψz|⟩,
where M = 2m, |αz|j | is sufficiently large when sin( zM π)
is close to |ψj |, and

∣∣|ψ̃z|⟩ := −i√
2

(
ei

z
M π|ψ(j)

+ ⟩|z⟩ −
α∗
z|j

αz|j
e−i z

M π|ψ(j)
− ⟩|M − z⟩

)
.

Here, |ψ(j)
± ⟩ are the eigenvectors of a unitary opera-

tor used for the estimation. Using the register |z⟩ or
|M − z⟩, we can approximate the absolute value by
|ψj | ≃ sin( zM ) = sin(M−z

M ). Therefore, |ψj | is estimated
with high probability.
Let S be a unitary operator such that S|j⟩|j⟩ = −|j⟩|j⟩

and S|j⟩|k⟩ = |j⟩|k⟩ for j ̸= k. Then, we construct a
unitary operator UAE that performs

UAE : |j⟩|ψ⟩|0m⟩ 7→ |j⟩
M−1∑
z=0

αz|j
∣∣|ψ̃z|⟩.

For simplicity, we consider the case where ψj can be ex-
pressed as ψj = sin(

zj
M π) using an integer zj ∈ [0,M−1].

Namely, αzj |j = 1 and αi|j = 0 for zj ̸= i.

3 Circulant matrix

The circulant matrix C ∈ CN×N is defined by

C :=


c0 c1 c2 · · · cN−1

cN−1 c0 c1 · · · cN−2

cN−2 cN−1 c0 · · · cN−3

...
...

...
. . .

...
c1 c2 c3 · · · c0

 .

For simplicity, we assume that
∑N−1
k=0 |ck|2 = 1 and there

is a unitary operator UC such that UC |0⟩ = |C⟩ :=∑N−1
k=0 ck|k⟩. The eigenvalues λj and the corresponding
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eigenvectors |uj⟩ (j = 0, 1, . . . , N − 1) are given by

λj =
N−1∑
k=0

cke
i 2πjk

N ,

|uj⟩ =
1√
N

N−1∑
k=0

ei
2πjk
N |k⟩.

The eigenvectors can be calculated by |uj⟩ = FN |j⟩,
where FN is the Quantum Fourier Transform (QFT).

4 Main results

4.1 Idea

The circulant matrix can be diagonalized by the
Fourier transform FN , i.e., C = F†

NΛFN , where Λ =
diag(λ0, . . . , λN−1). Thus, the state |x⟩ can be calculated

by C−1|b⟩ = FNΛ−1F†
N |b⟩ =

∑
j(⟨uj |b⟩)FNΛ−1F†

N |uj⟩.
Therefore, we construct a unitary operator UΛ−1 that
gives Λ−1|j⟩, i.e., a map |j⟩ 7→ λ−1

j |j⟩. As the key to the
algorithm is the map, we explain only the map and the
operator UΛ−1 .
Let µk := λk/

√
N . Applying the QFT FN to the state

|C⟩ yields a state

|µ⟩ := FN |C⟩ =
N−1∑
k=0

λk√
N

|k⟩ =
N−1∑
k=0

µk|k⟩.

Thus, we have a unitary operator that generates the state
in which the amplitude is proportional to the eigenval-
ues. Performing AE, we estimate the absolute value |λj |
by estimating the amplitude µj of the state |µ⟩ for each
|j⟩. This is the basic idea for an eigenvalue estimation
method. In general, the eigenvalues of circulant matrices
are complex numbers. Hence, it is necessary to obtain
the argument. 1/µj is represented as follows:

1

µj
=

|µj |e−iθj

|µj |2
=

|µj | cos(θj)− i|µj | sin(θj)
|µj |2

,

where θk = arg(µk). Thus, we estimate |µj | cos(θj)
and |µj | sin(θj) using AE. This means that we consider
(C†C)x = (C†b) instead of Cx = b.

A state |µ∗⟩ :=
∑N−1
k=0 µ

∗
k|k⟩ can be obtained by apply-

ing the QFT to a state |C†⟩. Performing the Hadamard
test (but without measurement) on a state |0⟩a|0⟩ yields

|ν⟩ :=|0⟩a
|µ⟩+ |µ∗⟩

2
+ |1⟩a

|µ⟩ − |µ∗⟩
2

=|0⟩a
N−1∑
k=0

|µk| cos(θk)|k⟩+ i|1⟩a
N−1∑
k=0

|µk| sin(θk)|k⟩.

We construct a unitary operator |i⟩|0⟩ 7→ |i⟩|i⟩ for an
integer i using CNOT gates. By the same discus-
sion as described above, we obtain a unitary transform
|t⟩|j⟩|0⟩a|0⟩a|0⟩ 7→ |t⟩|j⟩|ξt,j⟩, where

|ξt,j⟩ :=
(
|0⟩a

|ν⟩+ |t, j⟩
2

+ |1⟩a
|ν⟩ − |t, j⟩

2

)
= ξ

(t)
j |0⟩a|t⟩a|j⟩+ |others⟩,

and ξ
(0)
j =

1+|µj | cos(θj)
2 , ξ

(1)
j =

1+|µj | sin(θj)
2 . We ob-

tain |ξ(0)j | and |ξ(1)j | by estimating the amplitude of the

state |ξt,j⟩. Thus, we have |µj | cos(θj) = 2|ξ(0)j | − 1 and

|µj | sin(θj) = 2|ξ(1)j | − 1.

4.2 Algorithm

Step 1: We prepare the following state using the method
described in the previous section:

1√
2

1∑
t=0

|t⟩|j⟩ ⊗ |µ⟩|0m⟩ ⊗ |ξt,j⟩|0m⟩.

Step 2: Applying UAE, we obtain

1√
2

1∑
t=0

|t⟩|j⟩ ⊗
∣∣|µj |⟩⊗ ∣∣|ξ(t)j |

⟩
.

Step 3: Adding ancilla qubits and performing rotation

controlled on
∣∣|µj |⟩ and ∣∣|ξ(t)j |

⟩
yields

1√
2

1∑
t=0

|t⟩|j⟩ ⊗
∣∣|µj |⟩(

√
1− Γ4

|µj |4
|0⟩a +

Γ2

|µj |2
|1⟩a

)

⊗
∣∣|ξ(t)j |

⟩(√
1−

(2|ξ(t)j | − 1)2

∆2
|0⟩a +

2|ξ(t)j | − 1

∆
|1⟩a

)
,

where Γ and ∆ are positive constant values such that

Γ/|µj | ≤ 1 and (2|ξ(t)j | − 1)/∆ ≤ 1, respectively. In the
following, we omit |µ⟩, |ξt,j⟩ and the registers.

Step 4: We apply a unitary operator iI for t = 1, the
inverse of AE and the Hadamard transform to the first
qubit. We obtain a state

Γ2

2∆
· |µj | cos(θj)− i|µj | sin(θj)

|µj |2
|1⟩|j⟩|1⟩a|1⟩a + |others⟩.

Thus, we have the transform UΛ−1 : |0⟩|j⟩|0⟩a|0⟩a 7→
λ−1
j |1⟩|j⟩|1⟩a|1⟩a + |others⟩ up to constants.

5 Conclusion

We have presented a quantum algorithm that outputs
the state |x⟩ = 1

∥x∥x for linear systems with circulant

matrices. In our previous work, the algorithm had the
strong restriction that all eigenvalues must be positive.
Here, we have removed this restriction. As the algorithm
is based on amplitude estimation, it provides important
information for the design of a quantum algorithm. The
runtime and error analysis are left for future work.
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Abstract. Quantum key distribution (QKD) at telecom wavelengths (1260 nm ∼ 1625 nm) has the po-
tential for fast deployment using existing optical fibre infrastructure and telecom technologies. At these
wavelengths, indium gallium arsenide (InGaAs) avalanche photodiodes (APDs) based detectors have to be
used for photon detection. Similar to their silicon counterparts used at shorter wavelengths, they exhibit
fluorescence from recombination of electron-hole pairs generated in the avalanche breakdown process. This
”breakdown flash” may open side channels for attacks on QKD systems. Here, we characterize the break-
down flash from two commercial InGaAs single photon counting modules, and find a spectral distribution
between 1000 nm and 1600 nm. We also show that with application of spectral filtering, this side channel
can be greatly suppressed.

Keywords: Quantum Key Distribution, Avalanche Photodiodes (APDs), Breakdown Flash

1 Introduction

QKD implementations over optical fibres receive grow-
ing interest due to their potential for fast deployment
over existing telecom fibre networks [1]. However, such
implementations requires detection of single photons at
telecom wavelength (1260 nm ∼ 1625 nm). Avalanche
photodiodes (APDs) based on Indium Gallium Arsenide
(InGaAs) are the commonly used detectors for this wave-
length range [2, 3, 4]. Despite their relatively high dark
count rate as compared to their silicon counterparts, In-
GaAs APDs are able to detect single photons at telecom
wavelengths with quantum efficiency up to 20% [4, 5].

While InGaAs APDs are widely used in telecom QKD
implementations, certain unintended features of theirs
may introduce side channels that can be exploited, en-
abling possible attacks on the system. It was reported
previously that the silicon APDs emit florescence light
during the avalanche breakdown process after the detec-
tion of a photon [6]. This light emission is due to the re-
combination of electrons and holes in the APD junction
and has a spectra ranging from 700 nm to 1000 nm. Simi-
lar florescence is also observed in InGaAs APDs [7]. This
fluorescence light (often referred to as ’breakdown flash’)
leads to potential eavesdropping attacks to the QKD sys-
tem [6]. An eavesdropper may gain timing information of
the detected photons by observing the breakdown flash
leaked back to the optical channel. Thus other strategies
must be in place to reduce or eliminate this side channel.

In this work we characterized the breakdown flash from
two commercial InGaAs single-photon counting modules
(ID220, ID Quantique). In doing so we obtained a lower
bound for the breakdown flash probability. We also mea-
sured its spectral distribution and found that with spec-
tral filtering, the number of detected breakdown flash
events can be greatly suppressed.

∗phyck@nus.edu.sg
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Figure 1: (a) Experimental setup for detecting the break-
down flash from two InGaAs APDs. (b) Experimen-
tal setup for measuring the spectral distribution of the
breakdown flash.

2 Detection of breakdown flash

The devices under test are two InGaAs APD based
single-photon counting modules, APD1 and APD2
(ID220, ID Quantique, with fibre input). We utilize the
setup shown in Fig. 1(a) where each counting module
acts as both source and detector. To detect the break-
down flash events, APD1 and APD2 are optically cou-
pled through freespace by a pair of reflective collimators
(RC1 and RC2) with an overall transmission of ≈ 80%
(including fibre losses). The effective optical path be-
tween the two APDs is about 9.6m (9.5m fibre +0.1m
free space) which corresponds to a photon traveling time
of ∆t ≈ 48 ns between the two APDs.
The output signals from the two APDs are fed into

two channels of an oscilloscope (Lecroy Waverunner 640
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Zi), which is set to trigger when a signal is received from
APD2. Once being triggered, the oscilloscope operates as
a timestamping unit and records down the arrival time
of any signal from APD1 starting from the time of the
trigger event within the next 250 ns with a time resolution
of 100 ps. An electrical delay of ∆t′ ≈ 56 ns is applied to
APD1.

The experimental setup is kept in dark, such that the
breakdown flash events are only caused by dark counts in
the APDs. A dark count is a thermally induced avalanche
breakdown in the APD, hence it emits the same break-
down flash light as what would happen in a normal de-
tection event [8]. We measured a dark count rate of
1.01 × 104 counts/s for APD1 and 5.55 × 103 counts/s
for APD2.

When a dark count is detected in APD2 at t = 0 s, the
oscilloscope is triggered. The dark count causes a break-
down flash that reaches APD1 after ∆t. This generates
a signal from APD1 which is delayed by ∆t′. The signal
is timestamped by the oscilloscope at t = ∆t+∆t′. This
indicates a breakdown flash emitted from APD2 and de-
tected by APD1. Alternatively, a dark count detected in
APD1 at t = −∆t causes a breakdown flash that reaches
APD2 at t = 0 and triggers the oscilloscope. Meanwhile,
this dark count signal from APD1 reaches the oscillo-
scope and is recorded at t = ∆t′ −∆t and this indicates
a breakdown flash event from APD1 detected by APD2.
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Figure 2: Histogram of the arrival times of signals from
the APD1, with t = 0 instant being the oscilloscope trig-
gered by a signal from APD2.

Fig. 2 (a) shows the histogram of the events timings
recorded by the oscilloscope over an integration time of
10 minutes. Peak 1 (located at t = ∆t′ −∆t ≈ 8 ns) and
peak 2 (located at t = ∆t + ∆t′ ≈ 104 ns) corresponds
to the cases where APD1(2) emits a breakdown flash de-
tected by APD2(1). Each peak has a full width at half
maximum (FWHM) of ∼ 700 ps. The timing seperation
between the two peaks is given by twice the travelling
time ∆t of the flash photons between the APDs. Peak
3 (located at t ≈ 110 ns) is suspected to be afterpulsing
signals of the APD. Peak 4, 5, and 6 are possibly due to
the back reflection of photons at fibre joints as the time

difference matches the length of the fibre patchcord we
used in the setup. The measurement was repeated with
a bandpass filter (Thorlabs FB1550-12, 1550±6 nm). in-
serted between RC1 and RC2. The events timing his-
togram is shown in Fig.2, the number of breakdown flash
events is suppressed by a factor of over 100.

We then evaluate the probability of detecting a break-
down flash event by measuring the absolute rate of de-
tected breakdown flash events. In this measurement, we
use a coincidence stage instead of an oscilloscope and the
electrical delay on APD1 is adjusted to match the photon
traveling time of ∆t between the two detectors. For flash
events emitted by APD1 and detected by APD2, the dark
count signal from APD1 and the breakdown flash signal
from APD2 thus arrive at the coincidence stage within
a coincidence window of ∼ 500 ps. This is counted as
a coincidence event and it indicates a breakdown flash
emitted from APD1 is detected by APD2. The number
of breakdown flash events emitted by APD2 is measured
in the same manner, except that the same electrical delay
is applied to APD2.

For each configuration, we continuously measure the
number of coincidences for 1 hour. We counted 79.4 ±
2.9 events/s from APD1 to APD2 and 58.4±3.1 events/s
from APD2 to APD1. Divided by the dark count rate of
the emitting ADPs, this yields a 0.78% ± 0.03% proba-
bility of detecting a breakdown flash from a dark count
in APD1, and a 1.05% ± 0.07% probability of detecting
a breakdown flash from a dark count in APD2.

3 Spectral distribution of breakdown
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Figure 3: Spectral distribution of breakdown flash. The
spectra ranges from 1000 nm to 1600 nm and peaks at
about 1300 nm.

We next measure the spectral distribution of the
breakdown flash with the setup shown in Fig. 1 (b).
A monochromator consisting of a reflective grating
(600 lines/mm, blazed at 1.25µm) and a pair of reflec-
tive collimators (RC1 and RC2), is inserted in the opti-
cal path between the two APDs. The grating is rotated
to select the transmission wavelength between them. To
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obtain a lower bound for the spectral resolution of the
monochromator, we measure the spectrum of light from
a 1310 nm single mode diode laser and found the full
width at half maximum (FWHM) of the spectral dis-
tribution to be 3.3 nm. The collection efficiency of the
first-order diffraction of the same 1310 nm light into the
RCs is ≈ 89%.

We scanned over a range from 1000 nm to 2000 nm and
at each point, we perform the same coincidence measure-
ments as those mentioned in the previous section but
with an integration time of 30minutes. The results are
shown in Fig. 3. We observe coincidence events over a
wide range from 1000 nm to 1600 nm. The number of
events reaches its maximum at about 1300 nm. These
results are not corrected for the transmission efficiency
of the monochromator and the detection efficiencies of
the two APDs. The spectra cut off at wavelengths where
the detector efficiency becomes negligible [9], hence the
actual spectra of the breakdown flash are possibly wider
than what we observed in Fig. 3.

4 Conclusion

We characterized the breakdown flash from two com-
merical InGaAs single-photon counting modules (ID220
from ID Quantique) using a coincidence measurement.
We obtained a lower bound for the breakdown flash prob-
ability to be on the order of 1%. We also measured
its spectral distribution with a grating monochromator.
The observed breakdown flash is spectrally distributed
between 1000 nm and 1600 nm with its peak at about
1300 nm. We also show that with spectral filtering, the
number of detected breakdown flash events can be greatly
suppressed.
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Abstract. It is easy to implement a NAND functionality by using reversible gates. Thus, we can easily
generate a quantum circuit to calculate a Boolean function from a classical Boolean circuit consisting of
NAND gates. However, if we do so naively, we need many ancilla qubits. In this paper, we propose a
technique to reduce ancilla qubits by recycling them; our method restores the states of ancilla qubits to
simulate a NAND gate to use the qubits for simulating other NAND gates. Our experimental results
confirm that our method can reduce the number of ancilla qubits.

1 Introduction

There are sub-parts which calculate classical logic func-

tions specific to a problem instance in existing quantum

algorithms [1]. Thus, we need to design a quantum cir-

cuit which calculates classical logic functions specific to

a problem.

It is easy to implement a NAND functionality by using

reversible gates. Thus, we can easily generate a quan-

tum circuit to calculate a Boolean function from a clas-

sical Boolean circuit consisting of NAND gates. More-

over, there have been various efficient methods to gen-

erate NAND-based circuits for classical logic functions.

Therefore, we may design a quantum circuit to calculate

a classical logic function from NAND-based circuit more

easily than existing design methods for quantum circuits.

However, when we convert a NAND-based circuit to a

quantum circuit, we need one ancilla qubit for one NAND

gate [2]. Thus we need many ancilla qubits if we convert

a circuit naively.

In this paper, we propose a technique to reduce an-

cilla qubits by recycling them; our method restores the

states of ancilla qubits to simulate a NAND gate to use

the qubits for simulating other NAND gates. Our exper-

imental results confirm that our method can reduce the

number of ancilla qubits.

2 Reduction of ancilla qubits by recy-
cling them

2.1 Conversion from a NAND to a Toffoli gate

It is easy to implement a NAND functionality by using

a reversible gates; we can convert one NAND gate to one

Toffoli gate [3] as Fig 1 where inputs x1 and x2 are the

same, and we need additional constant 1 input to the

Toffoli gate.

∗gura@ngc.is.ritsumei.ac.jp
†dax@ngc.is.ritsumei.ac.jp
‡ger@cs.ritsumei.ac.jp

Figure 1: Coverting an NAND gate into a Toffoli gate.

2.2 Recycling ancilla qubits

As mentioned above, if we convert a NAND-based cir-

cuit to a quantum circuit naively, we need many ancilla

qubits. To tackle this problem, we propose a method to

recycle ancilla qubits to simulate NAND gates by restor-

ing the state of the ancilla qubits.

First, let us show an example when we do not use the

recycling technique by Fig. 2 and Fig. 3. Fig. 2 shows a

NAND-based circuit, and Fig. 3 shows a quantum circuit

by converting the circuit as shown in Fig. 2 naively. As

we see Fig. 3, we need the same number of ancilla qubits

as NAND gates.

Next we show a circuit designed by our proposed

method in Fig. 4. As we see Fig. 4, after converting the

NAND gate G2, we insert the same Toffoli gate as the

gate which is applied to w1 to restore the sate of ancilla

qubit w1. By inserting such a gate, we can restore the

state of w1. Then we can convert the NAND gate G3 by

using the restored ancilla qubit. Fig. 3 and Fig. 4 show

that we can reduce the number of ancilla qubits from 4

to 3.

2.3 Recycling ancilla qubits

As mentioned above, we can reduce the number of an-

cilla qubits by restoring one ancilla qubit and using it

to convert another NAND gate. Because there are many

such pairs of a used ancilla qubit and a NAND gate, we

need to find a good pair so that we can reduce the number

of ancilla qubits in the final circuit.

The followings are the conditions that we cannot recy-
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Figure 4: A converted quantum circuit by recycling an-

cilla qubits.

cle ancilla qubits.

• We cannot recycle ancilla qubits for the inputs and

the output of the same NAND gate.

• We cannot use the primary inputs and outputs of

a circuit for ancilla qubits to convert NAND gates.

• We cannot recycle an ancilla qubit before it is used

to convert a NAND gate.

Our method tries to find the best way to recycling

ancilla qubits by considering the above conditions.

3 Preliminary experimental result and
observation

We conducted an experiment where we generate 100

random NAND-based circuits for each primary inputs

(from 5 to 10), and then we covert them into quantum

circuits. The first and the second rows of Table 1 show

the numbers of primary inputs and gates, respectively,

for each set of 100 NAND-based circuits. The third and

the forth rows show the average and maximum numbers

of ancilla qubits used by our conversion method. The

second row corresponds to the number of ancilla qubits

used by the naive conversion, and thus the fifth and the

seventh rows show the average and maximum reduction

rate (%) of the number of ancilla qubits by our method,

respectively.

Table 1: Experimental Results

♯ ancilla qubits average max.

♯ inputs ♯ gates average max. (%) (%)

5 4 3.67 3 8.25 25.0

6 5 4.00 4 20.00 20.0

7 6 4.96 4 17.33 33.3

8 7 5.87 4 16.14 42.9

9 8 6.88 5 14.00 37.5

10 9 7.70 5 14.44 44.4

From the experimental results, we observe that our

method can decrease the number of ancilla qubits for

most cases. However, for the small circuits with four

or five inputs, our method cannot reduce the number of

ancilla qubits. This is because we cannot find a pair of a

used ancilla qubit and a NAND gate that does not satisfy

the conditions mentioned in this paper.

4 Conclusion

In this paper, we have proposed a technique to reduce

ancilla qubits when we covert a NAND-based circuit into

a quantum circuit. We confirmed by an experiment that

our proposed method can reduce the number of ancilla

qubits for most cases.

For our future work, we need to improve the efficiency

of our method; our method cannot find a solution for

large case because it searches all the possible combina-

tions. Also we need to consider the total quantum cost

as well as the number of ancilla qubits.
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Abstract. We propose a method of performing secure computation on quantum shared secrets. We introduce a
threshold quantum secret sharing scheme together with a set of protocols that allow quantum circuits to be evaluated
securely on the shared secret without the need to decode the secret. We consider a multipartite setting, with each
participant holding a share of the secret. We show that if there exists at least one honest participant, no group of
dishonest participants can recover any information about the shared secret, independent of their deviations from the
protocol.
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The connected nature of modern computing infrastructure
has led to the widespread adoption of distributed and dele-
gated computation [1], with hard computational tasks rou-
tinely delegated to remote computers. In such a setting, the
computation’s security is a real concern. Here, we revisit the
problem of quantum secret sharing [2, 3, 4, 5, 6, 7]. The ability
to securely compute on quantum shared secrets has direct im-
plications in secure quantum computation tasks ranging from
secure computing [8, 9], blind computation [10, 11, 12, 13, 14,
15, 16] to verifiable computation [17, 18, 19, 20, 21]. While
computations on quantum shared secrets arising from quan-
tum stabilizer codes are possible [4, 22], the broadcasting of
the measurement results often required during the computa-
tion potentially potentially compromises the security of the
quantum shared secrets. Here, we construct a secret sharing
scheme that allows provably secure computations to be per-
formed.

A (k,n)-threshold secret-sharing scheme allows for a string
to be split into n shares in such a way that any subset of at least
k shares suffices to recover the secret string, but such that any
subset of at most k− 1 shares contains no information about
the secret. Quantum secret-sharing schemes extend this idea
to the sharing of quantum states. Here we propose a method
of performing computation on quantum shared secrets. We in-
troduce a (n,n)-quantum secret sharing scheme together with
a set of protocols that allow quantum circuits to be evaluated
on the shared secret without the need to decode the secret. We
consider a multipartite setting, with each participant holding
a share of the secret. We show that if there exists at least one
honest participant, no group of dishonest participants can re-
cover any information about the shared secret, independent of
their deviations from the protocol.

Threshold secret sharing schemes that support computation
in the classical context have been extensively studied. When
the parties interact only via broadcast channels and if the size
each party’s share grows with n, arbitrary Boolean functions
can be computed on (k,n)-classical threshold secret sharing
schemes for any k [23]; if instead the size of each party’s
share must be equal to the secret’s size, only linear functions
∗yingkai ouyang@sutd.edu.sg
†sihui tan@sutd.edu.sg
‡liming zhao@mymail.sutd.edu.sg
§joseph fitzsimons@sutd.edu.sg

can be computed whenever k ≥ 2 [23]. The problem of only
being able to compute linear functions in a theshold secret
sharing scheme is often circumvented by assuming its verifi-
ability [24]. However verifiable secret sharing [25] is impos-
sible without an honest majority when only broadcast chan-
nels are permitted [26]. Indeed, this paradigm carries over to
the quantum world, where previous schemes for multipartite
quantum computation build upon quantum verifiable sharing
schemes which also require an honest majority [27, 28]. Since
our scheme works with at least an honest party, it is not a gen-
eralization of any classically existing scheme to the quantum
case, and is markedly different from previous schemes for se-
cure multipartite quantum computation.

Our secret sharing scheme comprises of four procedures.
We label qubits according to a 2-dimensional arrangement as
depicted in Fig. 1. In the input procedure, N = s+ t qubits are
initialized on a single column, with the first s qubits contain-
ing the quantum secret, and the last t qubits each initialized
in the magic state τ = I

2 + X+Y
2
√

2
, where I, X , Y , and Z are

the usual Pauli matrices. These magic states are consumed
during the evaluation in reverse order, starting from the last
row. We focus on the case where n− 1 is divisible by 4. In
the encoding procedure, n−1 additional columns of N qubits
in the maximally mixed state are appended. This yields an
Nn-qubit quantum state arranged in a grid with N rows and
n columns. Subsequently a unitary encoding U is applied on
the Nn qubits, which spreads the quantum secret from the first
column to all the n columns. Here U = U1 ⊗ ·· · ⊗UN is a
tensor product of the unitaries U1, . . . ,UN , where each Ux acts
only on the x-th row of qubits and comprises of only CNOT
gates. Specifically Ux = BxAx, where (i) Ax comprises of n−1
commuting CNOT gates with controls all on the first column
and targets on each of the remaining columns, and (ii) Bx com-
prises of n− 1 commuting CNOT with targets all on the first
column and controls on every other column. Although Ux is
a fixed unitary, the induced encoding is random because n−1
of the qubits that Ux acts on are random; the qubits from the
second column to the last column are initialized as either |0〉
or |1〉 with probability 1/2. This random encoding maps the
quantum secret into a highly mixed state [29]. In the shar-
ing procedure, the Nn-qubit quantum state is shared equally
among n parties, with each party receiving a single column of
N qubits. In decoding procedure, the n shares are assembled,
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Figure 1: The upper portion of the figure shows the secret and
the magic states, located on the first column, and shaded red
and green respectively. The unshaded qubits are initialized in
the maximally mixed state. The unitaries U1, . . . ,UN spread
the states from qubits in the first column to qubits in the re-
maining columns, such that the encoded secret resides in the
first s rows of qubits. Each party receives a single column of
qubits.

the inverse encoding circuit U† is performed, and all but the
first column of qubits are discarded, which leaves the quantum
secret.

To evaluate a quantum circuit on the shared secret, each
party performs quantum computation only on their share of
the quantum state. We consider the approximately universal
model of quantum computation based on a discrete set of gates
composed of Clifford group gates and a single non-Clifford
group gate, in this case T = |0〉〈0|+eiπ/4|1〉〈1| although other
choices are possible. Quantum circuits composed of arbitrar-
ily many Clifford gates and up to some constant number t of
T -gates can be evaluated on the shared secret. We consider
the evaluation of a sequence V = (V1, . . . ,VL) of such gates on
the s-qubit quantum secret shared by n parties.

When Vi is a Clifford gate applying non-trivially on some
set of logical qubits, each party performs Vi on the corre-
sponding subset of their column of qubits, thereby collectively
implementing V⊗n

i , because transversal Clifford group gates
correspond to the logical Clifford group gates on our random
codespace [29]. Via gate teleportation, one can perform a con-
stant number t of T -gates on the quantum secret. For each T -
gate to be performed, a logical magic state τ̃ = I⊗n

2n + X⊗n+Y⊗n

2n
√

2
is prepared. This is achieved by the input and encoding pro-
cedures, however one could replace this pre-sharing of magic
states with a procedure for the parties to interactively prepare
states on demand without the involvement of the initial sharer.
Each of these logical magic states is located on the last t rows.
To evaluate the k-th T -gate on qubit j of the shared secret,
each party applies a CNOT with control on the j-th qubit and
target on the k-th last qubit of their share. They then apply a
CNOT with control on the k-th last qubit and target on the j-
th qubit. Each party y then measures the k-th last qubit in the

computation basis and broadcasts the measurement result my.
Lastly, if the parity of the measurement results m is odd, each
party applies a single-qubit Clifford gate SX on the j-th qubit.
If the parity is even, no such correction is necessary. This
method of evaluating each T -gate amounts to implementing a
logical gate teleportation protocol consuming one magic state
[22].

To demonstrate the security of the secret sharing scheme,
we consider the state of the system across a bipartition be-
tween a single honest party following the protocol, and the
remaining n−1 parties unrestricted in their actions. We show
that the bits broadcast by the honest party are uniformly ran-
dom and independent of the other parties’ actions. Namely,
after evaluation of the `-th gate, the state of the system has the
form

ρ
(`)
joint = ∑

σ∈{I,X ,Y,Z}⊗s

θ∈{I,X ,Y}⊗t−k

b(`)
σ ,θ

(
σ ⊗θ

2N

)
⊗χ

(`)
σ ,θ , (1)

where k≤ ` is the number of T -gates in (V1, . . . ,V`), {b
(`)
σ ,θ} is

a set of scalars, and {χ(`)
σ ,θ} is a set of operators on the dishon-

est parties’ system. We exclude the honest party’s measured
qubits, as these are in a product state with the rest of the sys-
tem.

While the complexity of the evaluation of quantum circuits
on the shared secret is limited in terms of the number of T -
gates to the number of corresponding magic states incorpo-
rated in the initial sharing, the possibility of creating such
states as needed without involving the initial sharer presents
an interesting avenue for future research. Intuitively, the se-
curity of our scheme is based on a randomized error correc-
tion code which leaves only weight n operators constant while
admitting transversal Clifford gates. This suggests that the
use of less random error-correction codes will allow for (k,n)-
threshold schemes for other values of k.
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Abstract. For a bipartite state with equal local dimension d, we prove that one can obtain work gain
under erasure process on one party in the iid limit when the fully entangled fraction is larger than 1

d . By
processing a given state to the maximally mixed state, we give an approximation for the largest extractable
work with an error which will become negligible in the large system limit. To link quantum thermodynamics
and quantum nonlocality, we also provide a simple picture to approximate the optimal work extraction
and suggest a potential thermodynamic interpretation of the fully entangled fraction for isotropic states.

Keywords: Erasure process, work extraction, fully entangled fraction

1 Main Results

For quantum nonlocality, we have the famous Einstein-
Podolsky-Rosen (EPR) paradox [1] and Bell’s inequal-
ity [2] to illustrate the bizarre nature of quantum theory.
On the other hand, for quantum thermodynamics, a mul-
titude of intriguing phenomena related to various defini-
tions of work has been addressed [3]. Examples such as
Landauer’s principle [4, 5], different scenarios on work
extraction [6, 7, 8], the minimal work cost of running
different processes such as a completely-positive trace-
preserving map (CPTPM) [9, 10], or an erasure pro-
cess [11], and other related results [12, 13, 14, 15, 16,
17, 18] simply certify the importance in this direction.

Even though the awareness of the relations between
work and entanglement [13], coherence [19, 20], or other
quantum correlations [12, 16, 21] has already been stud-
ied in the literature, a quantitative connection to non-
local properties such as quantum nonlocality [22], quan-
tum steerability [23, 24], and the usefulness of teleporta-
tion [25, 26, 27, 28] still remains as an open question de-
serving further study. To this end, we adapt a well-known
quantity called fully entangled fraction (FEF) [27, 28] de-
fined by

F(ρ) = max
|Ψ〉
〈Ψ|ρ|Ψ〉, (1)

where ρ is a given quantum state acting on Cd ⊗ Cd
(here d = 2l for some positive integer l) and the max-
imization is taken over all maximally entangled states
|Ψ〉 ∈ Cd ⊗ Cd. Because FEF is useful in characterizing
different nonlocal properties [22, 27, 28, 29, 30, 31, 32],
we try to bridge quantum thermodynamics and quantum
nonlocality together, by relating work gain under differ-
ent processes to FEF. In what follows, we will briefly
summarize our main results, and we refer the readers to
the full paper (Ref. [33]) for the detailed formalism and
proofs.

Given a bipartite quantum state ρ acting on Cd ⊗ Cd.
Define a local erasure process for ρ on Alice’s (Bob’s) side
to be a process mapping the Alice’s (Bob’s) side of the

∗s103022502@m103.nthu.edu.tw
†rklee@ee.nthu.edu.tw
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WTotal(ρ)
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|0〉〈0| ⊗ ρB
[l−S(ρB)]kBT ln 2 // |0〉〈0| ⊗ IB

d
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��
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Figure 1: Schematic interpretation of Eq. (3). Assume
Smin(ρ) = S(ρB). Via an optimal local erasure pro-
cess in iid limit on Alice’s side (the upper-left arrow),
a work extraction on Bob’s side (the upper-right arrow),
and a work extraction on Alice’s side (the downward ar-
row), WTotal(ρ) is extracted (the dashed arrow), up to
δεkBT ln 2.

purification of ρ to a predefined pure state and keeping
the complement part invariant (see Sec. III in Ref. [33]).
By defining −WEr(ρ) to be the minimal work cost for
local erasure process of ρ deterministic in iid limit [Eq.
(3) in Ref. [33]], we prove the following inequality:

Theorem 1 If F(ρ) > 1
d , then

WEr(ρ) ≥ kBT lnF(ρ)d. (2)

In other words, quantum states with FEF larger than
1
d enable work gain under local erasure process. This
result particularly means every states useful for telepor-
tation [25, 27] can induce work gain under local erasure
process in iid limit.

Consider work extraction process of a given state as a
process mapping the initial state with fully degenerate
system Hamiltonian to the final Gibbs state in T with
the Hamiltonian equal to the initial one (see Sec. IV in
Ref. [33]). A sufficient condition for approximate satura-
tion of Theorem 1 turns out to be a bonus when we derive
an approximation for the optimal extractable work de-
terministic in iid limit under temperature T of the given
state ,denoted by WTotal(ρ) [see Eq. (12) in Ref. [33]; we
note that there is a typo in that equation, which should
have “k →∞” rather than “k → 1”]:
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Theorem 2 Given 0 < ε ≤ 1
2 and δε = −3 ln ε. If

(1) F(ρ) > 1
d ,

(2) there exists a process described in Ref. [14] to extract
WTotal(ρ) with success probability ≥ 2ε, and
(3) log2 ||ρ||∞ = log2 F(ρ)d − Smin(ρ), where Smin(ρ) =
min{S(ρA);S(ρB)}. Then

WTotal(ρ) ≈ kBT ln d2 − Smin(ρ)kBT ln 2 +WEr(ρ), (3)

and

WEr(ρ) ≈ kBT lnF(ρ)d, (4)

up to an error of δεkBT ln 2.

Given the correctness of this approximation, Eq. (3)
provides a simple picture to approximate the optimal
work extraction (please see Fig. 1). As an application,
we apply Theorem 2 to isotropic states defined by [27]
ρiso(p) = p|Ψ+

d 〉〈Ψ
+
d | + (1 − p) I

d2 , where p ∈ [− 1
d2−1 , 1]

and |Ψ+
d 〉 = 1√

2

∑d−1
n=0 |nn〉. Direct calculation suggests

us to interpret FEF of isotropic states as a concept equiv-
alent to the minimal erasure work cost in iid limit.
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Nonlocal Correlation and Entanglement in Two-spin System
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Abstract. We study the nonlocal (quantum) correlation using measurement induced nonlocality and
geometric quantum discord for a system of interacting two spin-1/2 particles at thermal equilibrium. It is
shown that both the measures are proportional to each other, and hence they are identical in measuring
the correlation. On comparing with entanglement, it is found that correlation exists between the spins even
if they are unentangled. While the correlation is mainly due to interaction between the spins, it vanishes
only for maximal mixture of product bases.

Keywords: Entanglement, nonlocal correlation, exchange interaction.

Investigation on nonlocal correlation between different
parts of a composite system is essential for quantum in-
formation theory. Simplest composite system has two
parts and its entanglement has been paid much attention
over many decades. Though entanglement is realized as
a resource for various information processing, it is not
a complete manifestation of nonlocal correlation. In this
context, various correlation measures have been proposed
in the recent years.

An arbitrary bipartite state ρ in C2 ⊗C2 can be repre-
sented as,

ρ =
1A ⊗ 1B

4
+

3∑
i=1

xiXi⊗
1B√

2
+

3∑
j=1

1A√
2
⊗yjYj+

∑
i,j

tijXi⊗Yj

(1)
where the matrices Xi and Yj are orthonormal Hermitian
operator bases associated with the subsystems A and B
respectively such that tr(XiXj) = tr(YiYj) = δij . Here
xi = tr[ρ(σi ⊗ 1B)]/2 and yi = tr[ρ(1A ⊗ σj)]/2 are
the Bloch vector components and tij = tr[ρ(σi ⊗ σj)]/2
being real matrix elements of correlation matrix T . Ge-
ometric measure of quantum discord (GMOD) quantifies
nonlocal correlation through least Hilbert-Schmidt dis-
tance between the given state ρ and zero discord states.
Mathematically it is defined as [1],

D(ρ) = min
χ∈Ω‖ρ− χ‖2 (2)

where Ω is a set of all zero discord states χ, ‖A‖2 =
tr(A†A) is the square of Hilbert-Schmidt norm of an op-
erator A. There exists a closed formula for GMOD as
given by [2]

D(ρ) = 2(trS −max(ki)) (3)

where the matrix S = (xxt +TT t), with xt = (x1 x2 x3)
and ki are the eigenvalues of S and superscript t denotes
the transpose of a matrix. After the optimization D(ρ)
has the following tight lower bound [2]

Q(ρ) =
2

3

(
2trS −

√
6tr(S2)− 2(trS)2

)
. (4)

Another measure of nonlocality (quantum correlation)
in a given system, as introduced by S. Fu and S. Luo,

∗rajendramuthu@gmail.com
†sankar@nitt.edu

is a measurement based quantity called measurement in-
duced nonlocality (MIN). It is defined as the maximum
of square of Hilbert-Schmidt distance between pre- and
post-measurement state [3]:

N(ρ) = max
ΠA ‖ρ−ΠA(ρ)‖2 (5)

where the maximum is taken over all local projective
measurements. Here ΠA(ρ) =

∑
k(ΠA

k ⊗1B)ρ(ΠA
k ⊗1B),

with {ΠA
k } = {|k〉〈k|} being projective measurements on

the subsystem A, which do not change ρA locally i.e.,
ΠA(ρA) = ρA. For a general bipartite state, MIN is eval-
uated for C2 ⊗ Cd dimensional systems and the closed
formula is given by

N(ρ) =

{
tr(TT t)− 1

‖x‖2x
tTT tx if x 6= 0

tr(TT t)− λmin if x = 0
(6)

where λmin is the minimum eigenvalue of the matrix TT t.
This measure is in some sense dual to GMOD. The MIN
has the maximum value of 0.5 for the EPR (maximally
pure entangled) states.

Here we consider a Hamiltonian of two spin-1/2
particles (electrons) with Heisenberg isotropic and
Dzialoshinski-Moriya (DM) interactions as

H =
1

2

[
J
∑
i

σi1σ
i
2 + ~D · ( ~σ1 × ~σ2)

]
(7)

where σik(k = 1, 2 and i = x, y, z) are Pauli spin ma-

trices, J is the exchange coupling constant, and ~D is
DM vector which we choose to be along the z-axis,
(i.e., ~D = Dẑ). Density matrix describing the system at
equilibrium temperature T is ρ(T ) = Z−1exp(−H/kT ),
where Z = tr[exp(−H/kT )] is the partition function and
k is the Boltzmann constant. With this the concurrence
(measure of entanglement) [4], MIN and GMOD for the
above state are computed as

C(ρ) =
2

Z
max{0, |ν| − µ},

N(ρ) =
2

Z2
|ν|2,

Q(ρ) =
1

Z2
|ν|2 =

1

2
N(ρ). (8)

296



Figure 1: Nonlocal correlations of two-spin Hamiltonian for (a) D/kT = 0 and (b) D/kT = 2.

where µ = eJ/2kT , ν = −(J + iD)eJ/2kT sinh(η/kT )/η
and Z = 2e−J/2kT [eJ/2kT cosh(η/kT ) + 1] with η =√
J2 +D2. These results thus show that MIN and

GMOD are proportional to each other for the above
Hamiltonian, and hence they are identical in measuring
the correlation. We also observe that N(ρ) = Q(ρ) = 0,
only if ν = 0.

In what follows, we compare both entanglement and
nonlocal correlation (beyond entanglement) as a function
of J . To study the influence of exchange interaction, we
set the DM interaction to be zero (D = 0). From Fig.
1(a), we observe that C(ρ) = 0 for J ≤ Jc = kT ln3/2.
On the other hand, the measures MIN and GMOD are
non-zero except at J = 0, implying that there exists
quantum correlation between the spins even if they are
not entangled. We also observe that while the spins are
weakly correlated in ferromagnetic phase (J < 0) than
that in the antiferromagnetic phase (J > 0). This could
be a possible indication of change of phase of the mag-
netic system. A similar observation is made in such spin
systems in terms of quantum discord as well [5]. We may
note that ν = 0 only when J = 0, in which case the
state ρ = 1/4 (maximally mixed state). For this state
N(ρ) = Q(ρ) = 0 implying that nonlocal correlation
is essentially induced by the exchange interaction. For
J > Jc, the concurrence increases to the maximum when
J & 3kT . In other words, entanglement is maximum in
the antiferromagnetic phase provided the exchange in-
teraction strength between the spins is larger than 3kT .
Fig. 1(a) also shows the region of maximum entangle-
ment where quantum correlation between the spins is
maximum.

In order to see the effect of DM interaction on corre-
lation, we have taken D = 2kT . It is clearly observed
from Fig. 1(b) that C(ρ) = 0 for J . 2.55kT . For
J > 2.55kT , the concurrence gradually increases to the
maximum when J & 3kT . On comparing this with Fig.
1(a), we also observe that entanglement is enhanced by

the DM coupling, resulting to the enhancement of MIN
and GMOD. Further, MIN and GMOD do not vanish for
any values of J , as ν 6= 0 due to non-zero DM interaction.
Here also maximum entanglement resulting to maximum
correlation when J & 3kT .

In conclusion, unlike entanglement the MIN and
GMOD for Heisenberg two-spin system are found to be
zero only when the state is maximally mixed. It im-
plies that the nonlocal (quantum) correlation is induced
essentially by spin interaction. Though the correlation
between spins exists in the absence of entanglement, it
is found to be maximum when the spins are maximally
entangled. It is also interesting to note that, such spin
system losses its quantum signature in presence of an
external field [6].

References
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1 Introduction

In the current physical realization technology of quan-
tum circuits, there are some limitations exist, such as
the number of qubits and the cost of elementary quan-
tum gates. Another physical limitation often imposed is
that elementary quantum gates can only operate on adja-
cent qubits. As a result, it has been becoming important
to synthesize an optimal primitive quantum circuit with
the least number of qubits, and the least cost of quantum
gates where all of elementary quantum gates operate on
adjacent qubits.

There was an approach [1] exactly for this. In this ex-
isting approach, the optimal primitive quantum circuit
is synthesized directly from reversible function through
transforming the problem of synthesizing an optimal
primitive quantum circuit into Boolean Satisfiability
problem (SAT problem) in Conjunctive Normal Form
(CNF) and using a SAT solver to get the optimal circuit
with the least cost of quantum gates. To make the opti-
mal primitive quantum circuit satisfied with the physical
limitation that elementary quantum gates can only op-
erate on adjacent qubits, the limitation in the selections
of elementary quantum gates was added in the process of
synthesizing an optimal primitive quantum circuit.

However, the existing approach [1] is only applicable to
1-D architectures which are highly restrictive with only
two neighbors per qubit. Considering that 2-D architec-
tures with four neighbors per qubit have been proposed
to enable a greater degree of qubit interactions, which
also are considered as the most promising architecture for
a quantum computing system compared with 3-D archi-
tectures which are difficult to control. In this paper, we
extend the approach in the existing approach [1] to 2-D
architectures. Additionally, we add the selections of the
optimal grid by considering that the grid may be redun-
dant for qubits, and try all the possible initial placements
of qubits to get the exact optimal quantum circuit.

2 Previous approach

The problem of synthesizing an optimal quantum cir-
cuit is transformed to find an assignment of quantum
gate sequence with the minimal length L which satisfies
the truth table as well as the condition such that all gates
operate on only adjacent qubits [1] as shown in Fig. 1.

∗tarte@ngc.is.ritsumei.ac.jp
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Figure 1: Synthesis of optimal quantum circuits

In each iteration, we check whether there is a sequence
of elementary quantum gates such that the desired func-
tion is implemented; we transform the conditions to be
satisfied into the following CNF to use a SAT solver:

fs =

(
2n∧
i=1

|X0
i | = i− 1 ∧ |XL

i | = f(i)

)
∧(

L−1∧
k=0

2n∧
i=1

Gk → (Xk+1
i = G(Xk

i , G
k))

)
∧
(

L−1∧
k=0

|Gk| < g

)
These three conjunctions correspond to input/output

constraints, functional constraints, and the limitation
constraints of selecting elementary quantum gates, re-
spectively.

• Xk
i (1 <= i <= 2n): a n-bits vector which repre-

sents the result at stage k in the quantum circuit.

• Gk:a dlog2(g)e-bits vector and represents the ele-
mentary quantum gate sequence selected at stage
k.

• |vector|: a natural number derived by its corre-
sponding binary encoding.

• g: the number of optional elementary quantum
gates. Considering the physical limitation, only
elementary quantum gates operating on adjacent
qubits can be selected as shown in Fig. 2. Because
there are one 1-qubit quantum gate and seven 2-
qubits quantum gates with 1 cost to select [2], g is
equal to 7× 2× (n− 1) + n.

Figure 2: Gates operating on adjacent qubits on 1-D line.
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3 Proposed approach

Along with architectures changed, the degree of qubit
interactions changes, so do the selections of optional el-
ementary quantum gates. We extend the approach in
the existing approach [1] to 2-D architectures through
retouching the selections of optional elementary quan-
tum gates in the SAT formula. Additionally, in our pro-
posed approach, we consider the qubit grid and the initial
placements of qubits in the grid by considering that these
points affect the selections of elementary quantum gates.

3.1 Selections of the optimal grid

Unlike the 1-D case where the number of qubit lines is
the same as the number of necessary qubits to be used, we
need to select the optimal grid in the case of 2-D architec-
ture because some parts of the grid could be redundant.
For example, let us assume a reversible function has eight
inputs, then which grid should be selected, 3× 3 grid or
2×4 grid? Considering the cost of grid, we select the grid
with less redundancy as possible. So, when a reversible
function has m inputs where dlog2(m)e = n, we select
the grid as follows:

• If m = n× n, then n× n grid is selected.

• If (n − 1) × (n − 1) + 1 ≤ m ≤ (n − 1) × n, then
(n− 1)× n grid is selected.

• If (n − 1) × n + 1 ≤ m ≤ (n − 1) × (n + 1), then
(n− 1)× (n + 1) grid is selected.

For example, if a reversible function has nine inputs, 3×3
grid is selected. If a reversible function has a 11-qubits
input, then 3× 4 grid is selected because dlog2(11)e = 4
and 3 × 3 + 1 ≤ 11 ≤ 3 × 4. If a reversible function
has a 14-qubits input, then 3× 5 grid is selected because
dlog2(14)e = 4 and 3× 4 + 1 ≤ 14 ≤ 3× 5.

3.2 Initial placements of qubits

After we determine the initial grid, it is very important
to consider a good initial placement of qubits which may
affect the final quantum cost. Thus our approach tries
all the possible initial placements of qubits to find the
optimal assignment of elementary quantum gate sequence
with the minimal cost. Thus, when we select n1×n2 grid
for an m-input case, there are (n1×n2)× (n1×n2−1)×
...× (n1 × n2 −m + 1) possible placements of qubits.

3.3 Selections of quantum gates

In 2-D architectures, the circumstances of optional el-
ementary quantum gates change, especially for 2-input
gates. Optional 2-input gates are like the bidirectional
lines in Fig. 3. Sometimes the grid is not filled with
qubits, and so some of bidirectional lines will not exist.

Here, we should change Gk and g in the previous SAT
formulation, fs, to adapt the property of 2-D architec-
tures, according to the optimal grid selected and the con-
crete placement of qubits.

When a reversible function has m inputs where
dlog2(m)e = n, we change the SAT formulation as fol-
lows:

Figure 3: Gates operating on adjacent qubits on 2-D grid

• If n×n grid is selected, Gk corresponds to the whole
selections of optional elementary quantum gates on
n×n grid, and g is equal to 7×4×n(n−1)+n×n.

• When (n− 1)× n grid is selected,

– If m is equal to (n − 1) × n, Gk corresponds
to the whole selections of optional elementary
quantum gates on (n − 1) × n grid, and g is
equal to 7× 2× [(n− 1)× (n− 1) + n× (n−
2)] + (n− 1)× n.

– If m is less than (n − 1) × n, then Gk and g
needs to be considered according to the initial
placement of qubits.

• When (n− 1)× (n + 1) grid is selected,

– If m is equal to (n−1)×(n+1), Gk corresponds
to the whole selections of optional elementary
quantum gates on (n− 1)× (n + 1) grid, and
g is equal to 7 × 2 × [(n − 1) × n + (n + 1) ×
(n− 2)] + (n− 1)× (n + 1).

– If m is less than (n − 1) × (n + 1), Gk and g
needs to be considered according to the initial
placement of qubits.

4 Conclusion

We proposed an approach for synthesizing optimal
quantum circuits in 2-D architectures with one physical
constraint considered such that quantum gates can only
operate on adjacent qubits.

Our approach can synthesize the optimal quantum cir-
cuits because we try all the possible placements of qubits,
and use a SAT solver to get the optimal result.
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Abstract. We investigate zero and finite temperature dynamics of quantum correlations in the transverse
XY spin chain due to instantaneous quenching. We show that when the system is quenched from ordered
to the deep disordered phase of the initial Hamiltonian, the bipartite quantum correlations survive and
enhanced in the long time steady state as compared to that of the initial state. However, bipartite
quantum correlations do not survive at long-time and almost washed out when the system is quenched
from disordered to the ordered phase. Moreover, we observe the survival of quantum correlations when
quenching is considered within the phases. Finally, we investigate the bipartite quantum correlations when
the initial state is a thermal equilibrium state at finite temperature.

Keywords: Entanglement, Quantum discord, Quench dynamics, Quantum phase transitions and non-
equilbrium dynamics, Quantum information theory, Entanglement and decoherence in isolated many-body
systems.

Introduction: Quantum correlations [1, 2] play
useful role in the realization of several quantum infor-
mation theoretic [3, 4, 5], and computational protocols
[6]. Quantifying the amount of quantum correlation
present in a quantum state has remain a challenge in
general, however, measures of two different paradigms,
viz., that of entanglement-separability [7] and of
information-theoretic [8], are usually considered for
bipartite settings when both the subsystems are qubit.
In physical systems where quantum correlations can
be realized include photons, ion-traps, optical lattices,
superconductors, nuclear magnetic resonance, etc. The
bipartite quantum correlation measures have been used
to study various phenomena related to the equilibrium
many-body theory [9]. In recent years, investigation
of many-body systems in the non-equilibrium regime
from a quantum information perspective [6] have gained
interest. Several studies, therefore, concentrating at the
time evolution of quantum correlations their revival and
collapse [10] and their ergodic properties [11, 12] has
been addressed in many-body systems. These complex
systems can be prepared in experiments, e.g., ultracold
atoms in an optical lattice [15], in a way making them
effectively isolated from the environment [16]. This, in
turn, has generated a lot of interest in recent times in the
nonequilibrium dynamics of otherwise closed quantum
systems [17] and theoretically [18, 19, 20].

In this paper we investigate the dynamics of bipar-
tite quantum correlations of the evolved state, starting
from the zero-temperature state of an isolated XY spin
chain of infinite size after a sudden change in the cou-
pling strength from some initial value to a final value
[21]. We characterize the quantum correlations for both
finite time and large time limits (the steady state) in this

∗utkarsh.mishra@apctp.org
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Figure 1: (Color online.) Dynamics of nearest neighbor
concurrence (a) and quantum discord (b) in the evolved
state of quantum XY model against time, J2t/~, and

quenched coupling J̃1. The final coupling is fixed at
J̃2 = 0.5. We choose γ = 0.5. The base axes repre-
sent dimensionless quantities, while the vertical axis in
(a) and (b) are in ebits and bits, respectively.

model. In particular, for varied choices of initial states we
study the dependence of the dynamical behavior of quan-
tum correlations on choices of the phases of the driving
Hamiltonian. Our results show that survival of any finite
amount of quantum correlation present in a initial state,
followed by a quench, distinctly depends on the driving
Hamiltonian and on whether quenching is across critical
point in XY spin chain.

Results and Discussions

Case A: final coupling (J̃2) is fixed at disordered
phase

We present here two main scenarios where survival
of bipartite quantum correlation explicitly depends on
the phases of the undriven and the driving Hamiltoni-
ans. First when the final coupling constant, J̃2, at t > 0
is fixed at a value which corresponds to the disordered
phase of the driving Hamiltonian, H(J̃2). The initial
state at t = 0 corresponds to the zero-temperature state
of the system governed by the Hamiltonian H(J̃1). De-
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Figure 2: (Color online.) Variation of the nearest neigh-
bour concurrence (a) and quantum discord (b) of the
evolved state in XY model with respect to quenched cou-
pling constant J̃1 and J2t/~, where J̃2 = 2.0 and γ = 0.5.
The dimensions are the same as in Fig. 1.

pending on the choice of J̃1, the initial state is tuned
across the disordered and ordered phases. From Fig. 1(a),
it is clear that the behavior of quantum correlations can
be divided into three different regions in the J̃1− t plane:
Region 1 with J̃1 < 1, region 2 close to J̃1 = 1, and re-
gion 3 with J̃1 > 1. From Fig. 1(a)-(b) shows that in the
region 3, bipartite quantum correlations at large time,
where we may assume the system tends to reach steady
state, is always greater than that of the initial state at
time t = 0. However, in the region 1, such enhancement
in the quantum correlations through the evolution pro-
cess happens only if the coupling strength of the initial
state, J̃1, is less than 0.5, which is equal to our choice of
the coupling constant of the driving Hamiltonian, J̃2.

Case B: final coupling (J̃2) is fixed at ordered
phase

In Fig. 2, we plot the concurrence (a) and quantum dis-
cord (b) for the system under evolution with respect to
the coupling constant corresponding to the initial Hamil-
tonian H(J̃1) and time. Similar to the case A, the be-
havior of quantum correlations can again be analysed by
dividing the J1–t plane into three distinct regions: Re-
gion 1 with J̃1 < 1, region 2 close to J̃1 = 1.0, and region
3 with J̃1 > 1. Here we discuss concurrence and quantum
discord individually as they have different characteristics.
In region 1, concurrence shows revival and collapse with
respect to time. In particular, the amplitude and reviv-
ing regions of concurrence gradually decrease and finally
vanish at large time. In the region 3, entanglement os-
cillates between two non-zero values and the amplitude
of oscillations being maximum at low time scales located
close to region 2. However, as expected, at J̃1 = 2.0
such oscillations vanish and the entanglement assumes
constant non-zero value. In region 2, concurrence shows
continuous revival and collapse with the increase in time.

Entanglement in the steady state

In Fig. 3(a), we plot the difference of final and the
initial state entanglement, δC12, where δC12 = C12(t →
∞) − C12(t = 0), as a function of quenched coupling

constants J̃1 and J̃2 for γ = 0.5. The steady state corre-
sponds to the case t→∞.

The white line along the diagonal in Fig. 3(a) corre-
sponds to the case, when J1 = J2. Obviously, in this
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Figure 3: (Color online.)(a) Plot of the difference in
entanglement between the final and the initial two-site
states, δC12, in the quantum XY spin chain against J̃1
and J̃2. The negative values (the blue regime) in the dif-
ference indicates that the initial bipartite entanglement is
more as compared to the final bipartite entanglement in
the J1−J2 plane, while the positive value (the red regime)
reveals that bipartite entanglement is enhanced during
dynamics compared to the initial state. Here γ = 0.5
and h = 1.0. (b) The plot of the difference in quantum
discord between the final and the initial two-site states,
δD12. The dimensions are same as in Fig. 1.

case the entanglement of the system at infinite time is
same as in the initial time. One can immediately have
two interesting observations when the system is quenched
across the phase transition point. First, when the initial
state is in the ordered phase, i.e., J1 > 1, and the sys-
tem is instantaneously quenched to deep in disordered
phase, i.e., J2 � 1, the nearest-neighbor bipartite entan-
glement is enhanced significantly than that of the initial
state. For example, for J2 = J1 = 1.4, the bipartite en-
tanglement of the initial unperturbed state measured by
concurrence is approximately 0.066 ebit, which get en-
hanced to a value close to 0.186 ebit by quenching J2 to
its final value at J2 = 0.2. Secondly, when the initial
state is in the disordered phase, i.e., J1 < 1, and the sys-
tem is instantaneously quenched to ordered phase with
J2 > 1, the amount of entanglement is significantly de-
creased compared to the initial value. In fact, any finite
entanglement present in the initial state is washed out
completely if J2 is chosen from deep ordered phase. As
for an example, the initial state has entanglement 0.143
ebit for J2 = J1 = 0.6, which vanishes for any driving
Hamiltonian H(J2), with J2 > 1.3.

However, when the system is quenched within the same
phase, the steady state bipartite entanglement at infinite
time may be enhanced or deteriorated compared to that
of the initial state depending on the parametric range. In
this situation, we observe that the enhancement occurs
when J2 > J1.

Fig. 3(b) shows δD12 = D12(t → ∞) − D12(t = 0),

as a function of quenched coupling constants J̃1 and J̃2 .
The features of quantum discord is approximately similar
to the bipartite entanglement. However, unlike entangle-
ment, quantum discord survives with small values when
the system is quenched from the disordered to the or-
dered phase.
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Conclusion

Studying the controlled dynamics of isolated complex
quantum systems, involving many-particles, in presence
of external perturbation has its importance in various
fields of theoretical and experimental physics. In particu-
lar, observation of stable quantum correlations in driven
systems could have importance as a resources in quan-
tum information and computational protocols. In this
work, we have characterized the dynamics of quantum
correlations in an infinite XY model between the nearest-
neighbor spins due to sudden quenching of the interaction
strength, and studied their steady state behavior in long
time.

We consider two settings of quenching– either both the
initial as well as final coupling strengths are in the same
phase or they are across the critical point that connects
two different phases. We demonstrate that when the sys-
tem is quenched from the disordered to ordered phase,
any finite entanglement between the nearest-neighbor
spins in the initial state eventually vanishes at large times
via the dynamical process involving successive collapse
and revival phenomena. On the contrary, when the sys-
tem is quenched from ordered to disordered phase, then
the final state has enhanced entanglement compared to
the initial state. Such observation can be advantageous
in setting up quantum protocols in physical systems in
extreme situations.
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Efficient key distillation
for industrial quantum key distribution systems

A.K. Fedorov

Great attention to quantum key distribution (QKD) systems is related
to the fact of breaking of public-key encryption algorithms using quantum
computing. Security of public-key exchange schemes can be justified on the
basis of the complexity of several mathematical problems. Nevertheless,
the Shor’s algorithm allows solving these problems in a polynomial time.
Absence of efficient classical (non-quantum) algorithms breaking public-
key cryptosystems still remains unproved.

In this contribution, we report about the joint research project, which
is aimed on a design of an industrial fiber based QKD system in Russia.
The QKD engine is based on the decoy states BB84 protocol. We present
the developed post-processing procedure for sifted quantum keys (i.e., keys
after reconciliations), which consists of error correction, parameter estima-
tion, and privacy amplification. Communications over public channel are
authenticated. Summary of the procedures is presented in [1].

The post-processing procedure works as follows [1]. Sifted keys go
through the error correction that is adjusted on the current value of QBER.
After accumulation of necessary number of blocks they input to the param-
eter estimation (together with their versions before the error correction).

If an estimated value of QBER [1] is higher than the critical value
needed for efficient privacy amplification, the parties receive warning mes-
sage about possible of eavesdropping. Otherwise, verified blocks input
privacy amplification and estimated QBER is used in next round of the
error correction algorithm.

The overall (in)security parameter of the quantum key distribution sys-

1
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tem is

εqkd = εver + εpa + εaut = 2 × 10−11 + 10−12 + 10−12 < 3 × 10−11. (1)

This parameter majorizes both the probability that the keys of Alice and
Bob do not coincide and the probability of guessing the common key by
Eve. After the privacy amplification procedure, a fraction of the key is
used for authentication in the next rounds. In our setup, the fraction
of generated private key consumed by authentication procedure does not
exceed 15%.

The support from Ministry of Education and Science of the Russian Fed-
eration in the framework of the Federal Program (Agreement 14.582.21.0009,
ID RFMEFI58215X0009) is acknowledged.
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Measurement-Device-Independent Quantum Group Key Agreement

Shuquan Ma1 ∗ Changhua Zhu1 †
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Abstract. In traditional networking communication, group key agreements have been applied to many
practical scenarios, such as group teleconferences, multiplayer online games, and so on. Generally, security
in group communication is more fragile than that in a peer-to-peer communication. Not only key agree-
ments between members should be secure and reliable, but also the identities of group members should
be guaranteed. Dramatically, quantum key distribution (QKD) protocols can achieve unconditionally se-
cure communication in two-party communication, which is difficult to implement theoretically in classical
cryptography. In this paper, we propose a kind of group key agreement based on measurement-device-
independent QKD (MDI-QKD) protocol. In order to identify the group members, we utilize a pre-share
password between legitimate members in a certain group, by this password, any illegitimate members can
be excluded efficiently.

Keywords: Group key agreement, quantum key distribution, MDI-QKD, identity, password

1 Introduction

Nowadays, in a typical communication network, e.g.
the Internet, applications of secure group communication
are everywhere. For example, multiplayer sessions, group
teleconferences, and so on. Considering those facts, it is
obvious that secure group communication has been an
increasingly popular research area in recent years. Since
secure group communication involves in multiparty par-
ticipation, to guarantee its security, researchers proposed
many group key agreements based classical cryptogra-
phy [1][2][3]. However, traditional group key agreements
more or less face many underlying problems, the biggest
one is that classical cryptographic algorithms essentially
are based on the computational complexity, which mean-
s they cannot fulfill the unconditional security. Another
issue is that due to the computational complexity theory,
traditional group key agreements usually are more com-
plicated and need more procedures in protocols, which
consumes a huge computational resource. Thus, tradi-
tional group key agreements would occupy massive net-
work resource and may lead to network delay [4]. Amaz-
ingly, those problems seem to be easy to be resolved if
we introduce quantum key distribution [5][6] into group
key agreements, since the security of QKD protocols is
based on the postulates of quantum mechanics instead of
mathematically hard problems.
In this paper, we consider a quantum version of

group key agreement, we name it measurement-device-
independent quantum group key agreement (MDI-
QGKA), which is based on MDI-QKD [7]. In Sec. 2,
we will give a complete description of MDI-QGKA pro-
tocol, including the mechanics of key agreement and the
identity authentication of members in a group, which is
a key problem in group key agreements. We assume that
legitimate members share a common short random se-
quence, usually called password. By this password, only
legitimate members can identify each other efficiently. Fi-

∗shqma@stu.xidian.edu.cn
†chhzhu@xidian.edu.cn

nally, we make some conclusions on our protocol simply.

2 Measurement-Device-Independent
Quantum Group Key Agreement

The Scheme of Key Agreement Now we describe
the scheme of key agreement in details, the basic idea
of scheme may be sort of simple and rough, but it can
be easily extended to general situations. First, we de-
scribe the MDI-QGKA based on the two-party MDI-
QKD. In this case, suppose that a certain amount of
users want to establish a group communication, the num-
ber of users is N and we label those users by unique tags
Ui, i ∈ 1, 2, 3, ..., N . In order to generate a group key,
we first divide those users into N − 1 sub-groups, for ex-
ample, (U1, U2) , (U2, U3) , ..., (UN−1, UN ), then every two
users in each sub-group perform one MDI-QKD protocol.
After N − 1 times MDI-QKD, there are N − 1 secure
keys generating in (U1, U2) , (U2, U3) , ..., (UN−1, UN ), we
denote them by K1,2,K2,3, ...,KN,N−1, respectively. It
should be mentioned that in order to reduce the commu-
nication round, we only need to perform 2 rounds MDI-
QKD instead of N − 1 rounds, we will describe this in
the next part. Now we define U1 as the sponsor of group
communication and define K1,2 as the group key. Now
that the secure key Ki,i+1 is share between Ui and Ui+1,
so U2 can encrypt K1,2 by K2,3 and send the ciphertext
K1,2⊕K2,3 to U3. With K2,3, U3 can decrypt K1,2⊕K2,3

and get the secure key K1,2. Likewise, after N − 2 times
encryption and decryption operations, a group key would
be established in the group.
We can use the way of tree-like to describe the struc-

ture of key agreement. Consider measurement setups M
as internal nodes and take group members U as leaf n-
odes. Especially, suppose the measurement setup M1 is
the root node and has two child nodes, denoted by M2

and U1, respectively. And M2 has two child nodes, M3

and U2, and so on, the last internal node MN−1 only
has two leaf nodes, UN−1 and UN . Furthermore, given
Mi, i ∈ {1, 2, 3, ..., N −1}, the users Ui and Ui+1 perform
a MDI-QKD. Besides that, we assume that the frame-
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work of networks is hierarchical, logically we divide users
and servers into different layers, where the server layer
is in charge of choosing and allocating measurement se-
tups, also it is in charge of dividing group members into
different blocks. So whenever a user U wants to estab-
lish a group communication with some certain users in
the network, the servers will establish a definite group
topology for them. Next, we will consider the situations
that some members leave or join in the group.
Leave: If a member Ui, i ∈ {1, 2, 3, ..., N − 1} at some

time leaves this group, then to minimize the change of the
group topology, we only need to delete Mi and connect
Mi−1 to Mi+1 and keep the rest unchanged (if i = N ,
it also removes MN−1). This means after Ui leaves the
group, Ui−1 and Ui+1 will be divided into together, and
then the group will update the group key as usual.
Join: First, the servers will first search an optimal lo-

cation where it allocates the new member U a measure-
ment setup M , then it inserts U and M into the optimal
location. Suppose the optimal location for U locates be-
tween Ui and Ui+1, thenM will be inserted betweenMi

and Mi+1, here the search criterion can be the physical
distance between group members. Once completing this
mergence, the group key is needed to update so as to new
members can share a common key.
Theoretically, more general situation can easily be de-

composed as the combination of the two basic situations.
So far, we have not yet discussed the question of authenti-
cation. Without a reliable authentication, eavesdroppers
may pretend to be legitimate users, then jeopardize the
whole group communication. So, in the next section, we
describe the authentication scheme in MDI-QGKA.

MDI-QGKA with Authentication Before we add
the authentication scheme into MDI-QGKA, some ex-
tra hypotheses should be stated clearly here. First, we
assume that in every sub-group (Ui, Ui+1) they share a
message authenticated classical channel, indeed this hy-
pothesis is also needed in a standard QKD protocol. This
means messages through the channel can be read but
cannot be tampered by eavesdroppers. Second, we as-
sume that every user in the network shares a distinct
key with own server (there should be many servers in
the server layer), we will see later this shared key is used
to authenticate the identity of the sponsor of the group.
Third, we assume that every member in the group shares
a common key, that is, password. This shared key could
be distributed to group members securely by the servers
in advance. Now we describe the complete MDI-QGKA
with the identity authentication as follows.
Step 1 A user U in the network sends a demand for

group communication with some certain users, we denote
the number of the group members by N . The servers
authenticate the identity of the user U , if he or she is a
legitimate user, then it executes the next step, otherwise
it terminates the protocol.
Step 2 Once the servers have authenticated the identi-

ty of the sponsor, it informs the other group members to
establish the group communication. Concretely, it will

establish a definite group topology including choosing
measurement nodes, partitioning group members, and
distributing the password. We denote the group mem-
bers by Ui, i ∈ {1, 2, 3, ..., N}, where U = U1 stands
for the sponsor and the servers have divided them into
(U1, U2), (U2, U3), ..., (UN−1, UN ).
Step 3 Now given the group, they can perform MDI-

QKD protocol, respectively. Due to limited resources
at user sides, they can perform it in two rounds. At
the first round, (U1, U2), (U3, U4), (U5, U6), (U7, U8), ...,
perform MDI-QKD protocol. At the second round,
(U2, U3), (U4, U5), (U6, U7), (U9, U10), .... This ensures in
a round a certain user only needs to perform one MDI-
QKD protocol.
Step 4 After two rounds MDI-QKD, they have gener-

ated N − 1 secure keys, but they probably do not trust
each others identities. Although they got a secure key,
they cannot use it to authenticate. Nevertheless, we can
utilize its strong correlation in some subsequences to gen-
erate the identity information. In order to minimize the
communication cost, we find it no need to perform a mu-
tual authentication between Ui and Ui+1, indeed it is ad-
equate that let U1 authenticate U2 and U2 authenticate
U3, and so on. And this means we only need N −1 times
authentications. If all N − 1 times authentications are
successful, then protocol continues, otherwise it would
be aborted. Next, we describe the procedure that Ui
authenticates Ui+1, i ∈ {1, 2, 3, ..., N − 1}.
First, we denote the secure key generated in (Ui, Ui+1)

by Ki,i+1, and denote the corresponding state sequences
sent by Ui and Ui+1 are Si and Si+1, respectively. The
password is denoted by P, P ∈ {0, 1}T , where T is the
length of the password. It is worth mentioning that Si
and Si+1 have been performed the operations of sifting,
error correct, and privacy amplification. Now according
to the outcomes |ψ−⟩ of BSM, they record the corre-
sponding sent states and positions, then get the related
subsequences denoted by S̄i and S̄i+1, respectively. It is
clear that those subsequences are mutually orthogonal.
Second, Ui+1 uses P to generate the identity informa-

tion. Here we rewrite P = P1P2P3...PT , Pi ∈ {0, 1}, i =
1, 2, 3, ..., T . The rule is as follows: If P1 = 0, then Ui+1

seeks the first state |0⟩ appearing in S̄i+1 and records its
position as L1. Otherwise, he seeks the first state |+⟩ ap-
pearing in S̄i+1 and also records its position as L1. Then
P2 = 0, then he seeks the second state |0⟩ appearing in
S̄i+1 and records its position as L2. Otherwise, he seeks
the second state |+⟩ appearing in S̄i+1 and also records
its position as L2. Likewise, he records T positions in
all, it can be denoted by L = L1L2L3...LT , here L is the
identity information, then Ui+1 sends L to Ui so as to Ui
can authenticate the identity of Ui+1.
Third, Ui uses P to verify the identity information L.

Concretely, if P1 = 0, then he seeks the first state |1⟩
appearing in S̄i and records its position as L′

1. Other-
wise, he seeks the first state |−⟩ appearing in S̄i and also
records its position as L′

1, likewise, finally he can gen-
erate an authentication information L′ = L′

1L
′
2L

′
3...L

′
T .

Due to the correlation between S̄i and S̄i+1, there must
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be L′ = L, if Ui and Ui+1 possess a common P . Any
differences in P will lead to an inconformity. Thus, if
L′ ̸= L then Ui aborts the protocol.
Step 5 In this step, since the identities in group mem-

bers have been authenticated, the group key, defined as
K = K1,2, can be securely distributed to every member
in the group. After N − 2 times encryptions, transmis-
sions, and decryptions, every legitimate member will get
the group key K securely.

MDI-QGKA Based on Multi-Party MDI-QKD
Due to the property of Greenberger-Horne-Zeilinger
(GHZ) state analyzer [8], one can straight generalize the
two-party MDI-QKD to the multi-party scenario. Thus,
it can be utilized to improve the performance of MDI-
QGKA. For example, we can construct MDI-QGKA with
a three-party MDI-QKD as follows. For each Mi, it has
three child nodes, Mi+1, Uj , and Uj+1. (Also, the last
M has three leaf nodes UN−2, UN−1, and UN .)
It follows that by using GHZ state analyzers, the num-

ber of measurement setups decreases notably. Consid-
ering the allocation of measurement setups is a heavy
burden for the servers, so employing GHZ state analyz-
ers can efficiently reduce the computation cost for the
servers. However, at the present the detect efficiency of
GHZ analyzers is very poor and it can only recognize part
of states, which imply it may only have the theoretical
significance currently.

3 Conclusions

We now discuss security and efficiency related to MDI-
QGKA, here we only discuss simple situation.
Security One can note that between Ui and Ui+1,

they perform a standard MDI-QKD, so the conditional
security can be guaranteed as long as the qubit error rate
(QBER) is lower than some threshold. Second, between
(Ui−1, Ui) and (Ui, Ui+1), the secure key K is encrypted
by Ki,i+1 in a one-time pad, so after N−2 transmissions,
the security of the group key K does not change, which
means eavesdroppers cannot tell the group key from a
real random sequence still. However, once we introduce
a password to MDI-QGKA, it seems that the group key
K will not be absolutely secure, because according to the
information theory [9], there is a small probability, even
though it is very small, that an eavesdropper can guess
the password successfully. Thus, he can obtain part of
information on the group key. Trivially, if the length of
password is T , then the probability should be p ∝ 2−T ,
so this implies that we can appropriately increase T in
order to lower the probability to an arbitrarily small val-
ue, as a result, the loss of security is almost negligible.
Now we suppose that there exists an adversary who can
circumvent the protocol and guess the password offline,
this is called typically offline dictionary attack. To re-
sist the offline dictionary attack, the password should be
dynamical, which means every group communication the
servers distribute a random password to group members,
and it should be independent to the password used be-
fore, so this can guarantee that everytime the probability

that eavesdroppers guess successfully is still p ∝ 2−T .
Efficiency From the complete procedures of MDI-

QGKA, we can see that given the group, it needs N − 1
MDI-QKD and N − 1 authentications and N − 2 distri-
butions, so the communication rounds increase linearly
with the number of group members N . On the one hand,
suppose it takes Tk time in the procedures of MDI-QKD
and authentication, since we divide N-1 times MDI-QKD
into two rounds, thus it needs 2Tk altogether. On the
other hand, suppose that it takes Ts time to transmit
K from Ui to Ui+1, then it needs (N − 2)Ts altogeth-
er. In sum, the whole communication delay should be
T ∝ (N − 2)Ts + 2Tk, where Tk and 4Ts are usually in
the same order of magnitude and considering N ≫ 2,
then we can get T ∝ NTs. This means the increase of
the communication delay is also nearly linear with N .
According to above discussion, we can see that both

communication cost and computation cost in MDI-
QGKA are linear with the number of group members
N . So it is a realizable scheme in QKD networks.
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Conditional Quantum Discords

Mathieu Laurière∗, Tim Byrnes†, Chandrashekar Radhakrishnan‡

Abstract

Quantum discord, defined as the difference between two expressions of quantum mutual
information, has been used to measure the amount of quantum correlations in a bipartite system.
In this work, we extend this approach to tripartite systems by introducing quantum conditional
discords as the differences between several notions of quantum conditional mutual information.
This can be viewed as an extension of the quantum discord to the case where we have a side
information about one party in a tripartite system. We show that these conditional discords can
be used to measure the bipartite and tripartite correlations.

1 Mutual information and discord

In the classical world, correlations between two random variables can be measured using Shannon
mutual information. Given two random variables A and B the Shannon entropy S(A) quantifies
the amount of uncertainty one has apriori about A and the mutual information I(A : B) gives
the uncertainty about A if one knows B. The mutual information has numerous applications in
information theory, coding theory and computer science. Mathematically it has been defined as
I(A : B) = H(A) −H(A|B) and is the decrease of A’s entropy induced by the knowledge of B.
The last term relies on the notion of conditional entropy, which, in the classical setting, is defined
through Shannon entropy by H(A|B) = H(AB)−H(B). It corresponds to the uncertainty about
A that remains when B is known. If A is independent of B, this is just the entropy of A, but in
general it can be smaller since B contains information about A.

The von Neumann entropy S(ρ) = −Trρ log2 ρ is the quantum mechanical generalization of
the Shannon entropy. Considering a quantum bipartite system ρ = ρAB, the quantum mutual
information (QMI) between the parties A and B is I(A : B)ρ = S(A)ρ − S(A|B)ρ. The conditional
entropy of a quantum state can be defined in two different ways. The first one, given in References
[1, 2], is to proceed by analogy with the classical case:

S(A|B)ρ = S(AB)ρ − S(B)ρ. (1)

If ρ is a product state of the form ρA ⊗ ρB , this reduces to the entropy of ρA but in general cases
the situation is more complicated. In particular, this quantity can be negative if ρAB is not pure,
due to correlations with the environment [1]. A second method, introduced in [3], is to define QMI
using a projection over the qubit on which the system is conditioned, that is

S(A|{ΠB}) =
∑
j

pjS(ρA|{ΠB
j }) (2)

where {ΠB
j } is a set of complete measurement and ρA|ΠB

j is the state of AB after the outcome

corresponding to ΠB
j has been detected while pj is the probability of seeing this outcome. In

general (1) and (2) are not equal and the difference between them is called the quantum discord
between the parties A and B [3] and formally defined as:

δ(A : B)ΠB

ρ = I(A : B)ρ − J(A : B)ΠB

ρ
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†New York University Shanghai, tim.byrnes@nyu.edu
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where I(A : B)ρ = S(A)ρ − S(A|B)ρ whereas J(A : B)ΠB

ρ = S(A)ρ − S(A|{ΠB})ρ. It measures
the quantum correlations in the system [4, 3, 5] and can be non zero even for separable states
which do not contain any entanglement. Moreover, it has an operational interpretation in terms
of quantum-state-merging protocols [6]. The notion of quantum discord has shed a new light
on the notion of quantum correlations and opened many new directions of research in quantum
information theory.

2 Conditional quantum discords

In the present work, we introduce a conditional version of discord to study the correlations in
tripartite systems when we have side information about one of the parties. This is based on the
notion of conditional mutual information.

For three classical random variables, the conditional mutual information (CMI) between A and
B conditioned on C is defined by I(A : B|C) = H(A|C)−H(A|BC). It can be interpreted as the
information that B contains about A when C is already known. In particular, it vanishes if and
only if A− C −B forms a Markov chain. Moreover, CMI satisfies the following useful chain rule
I(A : BC) = I(A : C) + I(A : B|C), i.e. the amount of information that BC contains about A
can be split into the information that C has about A plus the information that B has about A
given C.

In the quantum mechanical setting for a state ρ = ρABC , a straightforward counterpart is
I(A : B|C)ρ = S(A|C)ρ−S(A|BC)ρ. This quantity, called quantum conditional mutual information
(QCMI), has found numerous applications in quantum information theory. It has clear operational
interpretation [7, 8] which has lead to recent breakthrough results in communication complexity
such as [9, 10].

However, using conditional entropies in the sense of (1) we can introduce several variants of
the QCMI depending on how it is projected. Here we consider two cases where we project either
on B and C or on C only:

J(A : B|C)ΠB ,ΠC

ρ = S(A|{ΠC
k })− S(A|{ΠB

j }, {ΠC
k }), (3)

L(A : B|C)ΠC

ρ = S(A|{ΠC}) + S(B|{ΠC})− S(AB|{ΠC}). (4)

Note that the two right-hand sides would be equal if we were using the notion of conditional entropy
defined by (1). We can actually show that these quantities equal the usual QCMI respectively on

ρΠB ,ΠC

where B and C are projected, and on ρΠC

where only C is projected:

J(A : B|C)ΠB ,ΠC

ρ = I(A : B|C)ρΠB,ΠC , L(A : B|C)ΠC

ρ = I(A : B|C)ρΠC . (5)

Based on these quantities we define two different notions of quantum conditional discord as follows:

δIJ(A : B|C)ΠB ,ΠC

ρ = I(A : B|C)ρ − J(A : B|C)ΠB ,ΠC

ρ ,

δLI(A : B|C)ΠC

ρ = L(A : B|C)ΠC

ρ − I(A : B|C)ρ.

Note that we could also consider δJL and other notions of discord corresponding to notions of
QCMI for states projected on A, AB, AC or ABC. However we can show that all these conditional
discords are closely related to the ones introduced above and so we leave their extensive study for
future work. Ignoring the sub-scripts and super-scripts for simplicity we can rewrite the conditional
quantum discords as:

δIJ(A : B|C) = δ(A : BC)− δ(A : C),

δLI(A : B|C) = δ(A : C) + δ(B : C)− δ(AB : C).

The first equality can be seen as a chain rule for conditional discord between I and J . We find that
δIJ captures the two way quantum correlations between A and B, that is, quantum correlations
that involve AB but not C, whereas δLI corresponds to the three way correlations between A,B
and C. We represent these ideas in the form of a Venn diagram which is displayed in Figure 1.
Since the quantities J and L are basis dependent we maximize them over the set of all bases.
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Figure 1: Left: Venn diagram representing the quantum correlations in the tripartite system. Here A, B and C
represent the three quantum systems. The regions 1,2 and 3 represents the two way correlations and region 4
denotes the three way correlation between them. Right: variation of the QCMI’s J(A : B|C) and L(A : B|C)
(top) and the conditional discords δIJ and δLI (bottom) with respect to the basis, for GHZ, W and star states .

This is to find the basis in which the correlations are preserved in a projective measurement by
disturbing the system in the least possible way. Further the QCMI’s should be non-increasing
under local operations and hence they should be maximized over all projectors. Also the variation
of the QCMI’s J and L and the conditional discord δIJ and δLI with respect to the basis is given
in Figure 1 for the sake of illustration on some examples of tripartite states. It is well known
that I vanishes if and only if the states are Markov states [12, 13], and due to the expressions (5)
the QCMI’s J and L also vanish for these states. For this reason we do not plot the values for
this type of states and focus on three other examples. In the case of GHZ states we find that the
maximum value of QCMI’s J and L results in δIJ = 0 and δLI = 1. This is due to the fact that
GHZ states have only tripartite correlations [14] which are destroyed if we trace out any one of the
qubits. We also provide plots for W states and star states.

3 Conclusion

The quantum discord is used to measure quantum correlations is generalized to the case of tripartite
systems when we have side information about one of the parties. This new measure relies on
notions of quantum conditional mutual information and we call it quantum conditional discord.
We show that it is zero for Markov states and we investigate the tripartite states like GHZ states,
W states and Star states using this measure and find that it verifies the fact that GHZ state has
only tripartite correlations.
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Quantum correlations in tripartite system is investigated using a quantum version of conditional
mutual information. Classically conditional mutual information can be expressed in several di↵erent
mathematical forms which are all equivalent. But the quantum version of the conditional mutual
information are not equivalent if we use the definition of conditional entropy given by Zurek. In
the present work we use three definitions of the quantum conditional mutual information namely
I, J and L . Exploiting the non-equivalence between these definitions we propose a new measure
known as conditional discord. Using the chain rule for the conditional mutual information we relate
the conditional discord to the traditional quantum discord. Finally by employing the conditional
discord we quantify the three-way and two-way quantum correlations. Tripartite GHZ, W and star
states as well as Markov states are analyzed in this framework.

Introduction: Generalization of Information theory
based on quantum mechanics led to the emergence
of new fields like quantum computation and quan-
tum communication. One of the foremost task of
quantum information theory is to identify the var-
ious types of quantum correlations and construct
their resource theories with an eye on potential
applications in the fields of quantum optics and
many-body physics [1–6]. A second set of interest
involves understanding the operational relevance
of information theoretic quantities [7–10] in the
quantum setting. The von Neumann entropy op-
erationally defines the compression of an ensemble
of n quantum systems each prepared in a state ⇢

into a space of nS(c) qubits, while preserving the
correlations shared by it with the environment. In
classical information theory, conditional entropy of
a joint system AB measures the information some
one knowing B would have to know about A as
well. While it is possible to have an apriori knowl-
edge of B in classical information theory, in quan-
tum information theory this leads to the emergence
of new features. Thus conditional entropy in quan-
tum information theory has two di↵erent defini-

tions as given in [11–13]:

S(A|B)⇢ = S(⇢AB)� S(⇢B) (1)

S(A|{⇧B
j })⇢ =

X
j

pjS(⇢A|⇧B
j
) (2)

where we have pj = Tr⇧B
j ⇢AB⇧B

j and ⇢A|⇧B
j

=

⇧B
j ⇢AB⇧B

j /pj . As noticed in [OZ],

S(A|{⇧B
j })⇢ = S(A|B)⇢⇧B (3)

where ⇢

⇧B

=
P

j ⇧
B
j ⇢AB⇧B

j . When there is
no ambiguity on the state, we will simply note
S(⇢A|B) = S(A|B) and S(⇢A|{⇧B

j }) = S(A|{⇧B
j }).

The first definition (1) given in [11, 12] is a straight
forward way of generalizing the conditional en-
tropy from the classical to the quantum situation
where the probabilities are replaced with the re-
spective density matrices. Also a given conditional
entropy S(⇢A|B) can be related to the joint entropy
S(⇢AB) through Bayes relation. But this definition
also leads to negative conditional entropy which is
classically forbidden and also gives rise to strange
processes like particles carrying negative informa-
tion.
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An alternative definition of conditional entropy
S(⇢A|{⇧B

j }) in Eqn. (2) was given in [13]. The

interpretation was based on the fact that in the
conditional entropy we need to specify the state
of A given the state of B. In quantum mechan-
ics a knowledge of the state of B implies that
some kind of measurement has taken place over
the state. The perfect measurements of B yields a
set of one dimensional projectors {⇧B

j }. This def-
inition of the conditional entropy is related to the
joint entropy through the relation S(⇢A|{⇧B

j }) �
S(⇢AB) � S(⇢B) in which the equality is the ana-
logue of Bayes relation.
The amount of quantum correlations in a bipar-

tite system is given by the quantum mutual in-
formation in the system. There are two di↵erent
expressions for measuring the quantum mutual in-
formation namely

I(A : B)⇢ = S(A)⇢ � S(A|B)⇢ (4)

J(A : B)⇢ = S(A)⇢ � S(A|{⇧B
j })⇢. (5)

The two notions are not equivalent [13, 14]. This
inequivalence between the two definitions of the
mutual informations which arises due to the use of
Eqn. (2) is purely a quantum e↵ect. More pre-
cisely, using (3), we have:

J(A : B)⇢ = I(A : B)⇢⇧B . (6)

It was proposed in [14] I and J measure the in-
formation between two parties, their discrepancy
can be construed as a measure of quantum corre-
lations. This measure of quantum correlations is
widely referred to as quantum discord in literature.

�(A : B) = I(A : B)� J(A : B) (7)

A similar understanding of tripartite systems is
lacking though there are a few attempts in this
direction. In the literature only one definition of
quantum conditional mutual information has been
focussed on with applications on quantum state
distribution [15], optimal source coding [16] and
the simluation of classical channels with quantum
side information [17]. Depending on the notion of
conditional entropy that is used there are several
definitions of conditional mutual information that
are all equivalent in the classical setting and can be
connected via Bayes relation. However in this work
we observe that in the quantum scenario if we use
Eqn. (2) for the conditional entropy these expres-
sions are not equivalent. In the current article we
use the inequivalence between the di↵erent defini-
tions of quantum conditional mutual information
to measure the three way and two way quantum
correlations in a tripartite system.

The di↵erent definitions of the quantum condi-
tional mutual information is introduced in the sec-
ond section. In the third section a set of discord
type relations is constructed to measure the three
way and two way quantum correlations in a tri-
partite system. An illustration of these measures
on simple tripartite systems is show in section four
and we present our conclusions in the final section.
Various notions of Quantum conditional mutual

information:

We now turn our attention to tripartite sys-
tems. What is the mutual information between
two subsystems, given side information contained
in a third one? To answer this question has been
introduced the quantum conditional mutual infor-
mation (QCMI), defined as follows [18]:

I(A : B|C) = S(A|C)� S(A|BC), (8)

= S(AC)� S(BC)� S(C)� S(ABC).

This is similar to mutual information (4), except
that both entropies are conditioned on the third
subsystem, C. By analogy with bipartite states,
we can introduce a J version of QCMI where the
conditional entropies appearing in (8) are replaced
by conditional entropies in the sense of (2):

J(A : B|C) = S(A|{⇧C})� S(A|{⇧B}, {⇧C}).
(9)

Here {⇧B} is a set of projectors corresponding to
subsystem B and similar notation holds for subsys-
tems A and C as well. Using (3), we can rewrite it
as:

J(A : B|C)⇢ = I(A : B|C)⇢⇧B,⇧C . (10)

In other words, this is just the QCMI in the
sense of (8) evaluated on a di↵erent state, namely

⇢

⇧B ,⇧C

instead of ⇢. One can then ask: what is
the QCMI measured on ⇢ when it is projected over
the conditional variable? To answer this question,
we introduce the following quantity:

L(A : B|C)⇢ = I(A : B|C)⇢⇧C . (11)

Note that I is symmetric in A and B, but it is not
the case for J amnd L. However, we recall [17] that
the I notion of QCMI as defined per (8) satisfies
the following chain rule:

I(A : B|C) = I(A : BC)� I(A : C), (12)

which can be interpreted as the fact that the QCMI
between A and B given C is the amount of in-
formation that BC reveal about A minus what C
alone already contains about A. In virtue of the
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relations (10)–(11), this is also the case for J and
L. As a consequence, one can check that L can be
rewritten as:

L(A : B|C) = S(A|{⇧C}) + S(B|{⇧C})
� S(AB|{⇧C}). (13)

Above, if we replace the conditional entropies with
projectors by conditional entropies in the sense
of (1), then all these expressions are equivalent to
I defined by (8).
For a classical state of the form ⇢ =P
a,b,c pa,b,c |ai ha |⌦ |bi hb |⌦ |ci hc | all these no-

tions (I, J, L) are equal. However for a general
quantum state, they are not equivalent. This is
because for each notion, we are projecting over dif-
ferent subsystems. The di↵erences between these
QCMI’s are entirely due to the quantum mechan-
ical nature of the system and hence they can be
used to measure quantum correlations in a tripar-
tite system, analogously to the idea of discord for
bipartite systems.
Conditional quantum discord: Quantum discord
(7) is the di↵erence between the two definitions of
mutual information (4)–(5) in the quantum setting
[13].
Similarly, we introduce a new quantity called

the quantum conditional discord (QCD). This new
quantity which captures the di↵erence between the
various definitions of QCMI helps us to measure
the two-way and three-way quantum correlations.
The general form of the conditional discord, which
is a di↵erence between the two QCMI’s is as given
below:

�I1I2(A : B|C)⇢ = I1(A : B|C)⇢ � I2(A : B|C)⇢
(14)

with I1 6= I2 2 {I, J, L}. Expanding the definitions
of I, J and L the conditional quantum discords can
be written as combinations of discords. The con-
ditional quantum discord between the QCMI’s I

and J is given below:

�IJ(A : B|C) = �(A : BC)� �(A : C) (15)

Here we find that (15) expresses the two way corre-
lations between the qubits A and B. In Fig. 1 this
is denoted by the overlap region labelled 1 which
is colored in dark green. We can similarly mea-
sure the two way correlations between the qubits
A and C as well the qubits B and A which are
denoted by the regions 2 and 3 and coloured with
dark blue and violet respectively. In such cases
the QCMI’s I and J are functions of (A : C|B)
and (C : B|A) respectively. Thus in a three qubit
system the two way correlations in the system can

A

B

C

1 2

3

4

FIG. 1. The quantum correlations in a tripartite sys-
tem is given above. Here A, B and C denote the three
quantum systems. The regions 1, 2 and 3 represents
the two way correlations between the three systems and
the region 4 denotes the three way correlation between
them.

be measured through the di↵erence between the
quantities I and J by changing the qubit about
which we have the prior side information.
In a tripartite system apart from the two way

quantum correlations we may also have three way
quantum correlations. A quantum correlation is
said to be three way if it is between all the three
qubits. In the tripartite system ABC denoted in
Fig. 1 this is shown through a grey coloured re-
gion labelled 4 where all the three circles overlap.
The three way quantum correlations can be found
from the di↵erence between the quantum condi-
tional mutual informations I and L

�LI(A : B|C) = �(A : C) + �(B : C)� �(AB : C)
(16)

From Equations (15) and (16) we can construct an
expression for the conditional discord �JL as well.

From the definition of the conditional discord in
(14) and the chain rule for QCMI in equation (12)
in we can get a chain rule for the conditional dis-
cord. The expression for the conditional discord
�IJ is an illustration of this chain rule. Thus the
chain rule which links the quantum discord and the
QCMI establishes a connection between quantum
correlations and the conditional mutual informa-
tion.
Quantum correlations in tripartite states:

The di↵erent notions of QCMI established in
section 2 and the conditional quantum discord in-
troduced in section 3 are studied for tripartite sys-
tems. The tripartite pure states can be divided
into GHZ and W states, two classes of states which
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are unrelated under local operations and classical
communication.
For the GHZ states we find that I(A : B|C) = 1.

The QCMI’s J(A : B|C) and L(A : B|C) in-
volve projections over certain qubits in the sys-
tem. So, the results are dependent on the basis
in which the qubits are projected. Considering a
single qubit unitary matrix t1 + i~s · ~� with t 2 R
and (s1, s2, s3) 2 R3 we have a more generalized
result for the GHZ states as follows:

J(A : B|C) = S(A|{⇧C}) =
X
i

piS(⇢
i
A) (17)

L(A : B|C) = S(A|{⇧C}) + S(B|{⇧C})
= 2

X
i

piS(⇢
i
A) (18)

The index i takes the values of 0 and 1 since we are
working with qubits. The probabilities are p0 =
p1 = 1/2 and the corresponding entropies are

S(⇢0) = S(⇢1) = �z log2 z � (1� z) log2(1� z)
(19)

where z = (s21 + s

2
2). The tripartite entropies

S(A|{⇧B}, {⇧C}) and S(AB|{⇧C}) are zero be-
cause the GHZ state is a pure state. Further we
find that S(A|{⇧C}) = S(B|{⇧C}) due to sym-
metry of the GHZ states which gives S(AB) =
S(BC) = S(AC).
We notice from Equation (19) that the QCMI’s

J and L are dependent on the basis in which the
computations are performed. For an optimal value,
the QCMI’s J and L are maximized over all basis.
This helps us to find the basis in which the correrla-
tions are preserved in a projective measurement
by disturbing the system in the least possible way.
Further the QCMI’s should be non-increasing un-
der local operations and hence they should be max-
imized over all projectors. The maximum value of
J(A : B|C) is one and L(A : B|C) = 2 and this
yields �IJ = 0 and �LI = 1.0 for the GHZ states.
Through Equation (15) we showed that the quan-
tity �IJ gives the bipartite correlations between
the qubits A and B leaving out the tripartite cor-
relations which is measured by �LI where all the
three qubits overlap. It is well known that the
GHZ states have only tripartite correlations [19]
i.e., tracing out even one qubit removes the cor-
relation in the system. This is being verified by
our calculation wherein we observe that the bipar-
tite correlations as measured by �IJ is zero and the
tripartite correlations measured using �LI is max-
imum.
In the case of W states the QCMI I(A : B|C) =

0.918. Due to the projections on the qubits the
QCMI’s J(A : B|C) and L(A : B|C) are basis
dependent. The expressions for these quantities

can be obtained in a basis independent way using
the unitary matrix as given above for the GHZ
states. Due to the symmetric nature of the W
states the expression for the J(A : B|C) and L(A :
B|C) in terms of the probabilities and the reduced
entropy S(A) is identical to Equations (17) and
(18). Once the projections are done, the entropies
are as given below:

S(⇢0) = �x log2 x� (1� x) log2(1� x)

S(⇢1) = �y log2 y � (1� y) log2(1� y)

where the quantities x and y are:

x =
(1 + z) +

p
1� z

p
1 + 3z

2(1 + z)

y =
(2� z) +

p
z

p
1 + 3(1� z)

2(2� z)

with z = s

2
3 + t

2
1. The probabilities correspond-

ing to S(⇢0) and S(⇢1) are p0 = (1 + z)/3 and
p1 = (2 � z)/3. The maximum values of QCMI’s
J(A : B|C) and L(A : B|C) are 2/3 and 4/3 re-
spectively and using these values the conditional
discord �IJ and �LI can be computed. The W
states are entangled in a bipartite fashion such that
tracing out any one qubit leaves us with an entan-
gled bipartite system. This leads us to expect that
the conditional discords �IJ and �LI should be zero
and one respectively which is contrary to the re-
sults obtained. This is because for the W-states
there is not basis in which the correlations are pre-
served completely.
The GHZ and the W states are symmetric states

in the sense that the bipartite and single qubit
reduced density matrices are invariant with re-
spect to the qubit which is traced out from the
tripartite system. As an example of a nonsym-
metric state we consider the star states |si =
(|000i + |100i + |101i + |111i)/2. Here qubits A

and C and entangled with each other and qubits
B and C are entangled with each other, but the
qubits A and B are not entangled with each other.
We find that I(A : B|C) = 0.600876. Though the
QCMI’s J(A : B|C) and L(A : B|C) can be calcu-
lated for these states for any arbitrary basis, the
mathematical expressions are long and we do not
present them here for the sake of brevity.
The QCMI’s J and L are plotted for the GHZ,

W and star states. Also the behaviour of the con-
ditional discords �IJ and �LI are displayed in the
Figure 2. From the plots in Fig: 2 (a) and (b), we
find that for the QCMI’s J and L the GHZ state
attains a maximum at the x-basis whereas the W
state attains maximum at the z-basis. For the star
state J(A : B|C) takes its maximum value at the x
basis whereas L(A : B|C) has it in an intermediate
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basis very close to the z-basis. The conditional dis-
cord �IJ increases for the GHZ states and decreases
for the W states as the basis is changed from the
x to the z-basis. With a change in basis from x

to z, the conditional discord �LI decreases for the
GHZ states and increases for the W states. These
results are sketched in the plots given through Fig:
2 (c) and (d) respectively.
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FIG. 2. The basis dependence of the QCMI’s J(A :
B|C) and L(A : B|C) are given in Fig 2(a) and Fig
2(b) respectively. Figures 2(c) and 2(d) display the
basis dependence of the conditional discords �IJ and
�LI respectively.

So far we have looked at a very general class
of states with tripartite and bipartite correlations
and we find that the QCMI’s I, J and L are not
equal to each other. This arises due to the defini-
tion of conditional entropy used in our calculations.
Now this gives rise to an important question as to
what are the class of states for which the QCMI’s
are zero?
This question has been answered through the

works [20–22] where it has been proved that the
QCMI I(A : B|C) = 0 for Markov states. In par-
ticular a state is Markov if and only if the tripartite
state ⇢ = ⇢ABC on Hilbert space HA ⌦HB ⌦HC

has the following decomposition for C:

HC =
O
j

HcLj
⌦HcRj

(20)

i.e., a direct (orthogonal) sum of tensor products,
such that

⇢ABC =
M
j

qj⇢AcLj
⌦ ⇢BcRj

(21)

with states ⇢AcLj
and ⇢BcRj

respectively on HA ⌦
HcLj

and HB ⌦HcRj
and a probability distribution

{qj}j . From our investigations we find that the
quantum conditional mutual information is zero
for I, J and L.

Conclusion:

The quantum correlations in tripartite systems
in which we have side information about one of
the qubit is measured. We achieve this by using
the quantum version of the conditional mutual in-
formation, a widely used measure in information
theory. In a manner similar to the mutual infor-
mation the conditional mutual information can be
defined in several di↵erent ways. Classically all
these definitions are equivalent. In the quantum
scenario they are equivalent if we use the defini-
tion of conditional entropy given in [11, 12]. But
this definition gave rise to negative information
and hence was replaced by [13] where we project
over the qubit on which the system is conditioned.
Under this new definition of conditional entropy
the various notions of QCMI become inequivalent.
In the present work we introduce the quantum ver-
sion of the two notions of QCMI J(A : B|C) and
L(A : B|C) apart from the quantity I(A : B|C)
which is well known in the literature. In the quan-
tity J the tripartite system is projected over the
qubits B and C, whereas in the definition of L

the system is projected over the qubit C. Since
these quantities are projected over some qubits,
the results are dependent on the basis in which
measurement made. To choose an optimal value
we maximize J and L over the set of all possi-
ble basis. This process helps us to find the basis
in which the correlations are preserved in a pro-
jective measurement. Also it makes sure that the
corresponding QCMI’s do not increase under a lo-
cal operation. Based on the non-equivalence of
these di↵erent definitions of QCMI’s we introduce
the conditional discord. The conditional discord
can be related to the well known quantum discord
through the use of the chain rule. From the fact
that quantum discord measures the quantum dis-
cord we show that the conditional discord helps us
to isolate and measure the tripartite and bipartite
quantum correlations in a given system.
The mathematical formulation above has been

used to examine GHZ, W and star states. In the
GHZ states we show that the conditional discord
�IJ is zero when J is maximized over all possible
measurement basis and �LI = 1 on being maxi-
mized. Thus we show that the quantum correla-
tions in the GHZ state is purely tripartite in nature
as established in [19]. For the W states we could
not show that it contains only bipartite correla-
tions, because there is no basis in which the cor-
relations are completely preserved on performing
a measurement. Finally we also prove that all the
notions of the QCMI’s I, J and L are zero for the
Markov states. The definitions of QCMI’s are not
limited to the ones given in the present work and
a detailed exposition of all the definitions, their
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quantum versions and their mathematical proper-
ties will be presented elsewhere. But the condi-
tional discords obtained from those new quantities
can also be generated from the ones given in the
present work.

ACKNOWLEDGMENTS

This work is supported by the Shanghai Re-
search Challenge Fund, New York University
Global Seed Grants for Collaborative Research,
National Natural Science Foundation of China
(Grant No. 61571301), the Thousand Talents
Program for Distinguished Young Scholars (Grant
No. D1210036A), and the NSFC Research Fund
for International Young Scientists (Grant No.
11650110425), NYU-ECNU Institute of Physics
at NYU Shanghai, Science and Technology Com-
mission of Shanghai Municipality (Grant No.
17ZR1443600).
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Abstract. As opposed to the abstract Hilbert space formalism, the search for a more physical, or
operational definition of quantum mechanics is an ongoing task. In the framework of no-signalling theories,
one could try to find the set of physical principles that would allow exactly the set of quantum correlations.
One of the such principles proposed is Macroscopic Locality (ML); it is shown to coincide with the first
level of the Navascues-Pironio-Acin hierarchy (Q1) and known to be strictly larger than the quantum set.
In this work, we propose a refinement of the principle of ML, called Many-box locality (MBL). Denote
the a bipartite two-input two-output distribution p(ab|xy) (a box), where a, b = 0, 1. Imagine N such
independent boxes, we define the N -box coarse-graining of p(ab|xy) to be the distribution of the sums of
output, p(AB|xy), where A =

∑
i ai. A distribution belongs to MBLN if its N -box coarse-graining is local.

We characterized the MBLN sets for small number of N for several slices of the no-signalling polytope.
On some slices, we showed that MBL∞ coincides with Q1; while on another, there exists a super-quantum
distribution that falls in MBL∞.

Keywords: Nonlocality, Macroscopic locality, Quantum set

1 Introduction

The definition of quantum physics is most frequently
reduced to a description of its mathematical formalism:
physical systems are described by vector spaces, and their
properties by subspaces. The desire for a more physical,
or operational, or even philosophical foundation for this
definition is an ongoing task. Two programs have re-
ported significant advances in the last decade.

The first program is a revival of the attempts left pend-
ing in the approach called “quantum logic”. Quantum
physics is put in the context of generalized probabilis-
tic theories, then singled out through a small set of ax-
ioms. Breakthrough was achieved by realizing that one
needs axioms about composite systems, i.e. one that
captures some aspects of entanglement. This program
has achieved the goal of reconstructing the Hilbert space
structure (see [1] for a review).

Another program has been inspired by the work on Bell
nonlocality. There, the basic mathematical object are
the correlations among the outcomes of measurements
on separated systems. One could try and find a physical
principle that would allow exactly the set of correlations
predicted by quantum theory. The pioneering attempt
in this direction was that of Popescu and Rohrlich [2],
who asked whether No-Signaling could be such a prin-
ciple and found it defines a much larger set of correla-
tions. This No-Signaling set became then the arena, in
which the Quantum set had to be recovered by further
constraints. The main principles proposed to date, in-
spired either by information theory or by physics, are
Non-trivial Communication Complexity [3], No Advan-
tage for Nonlocal Computation [4], Information Causal-
ity (IC) [5], Macroscopic Locality (ML) [6] and Local Or-

∗caiyu01@gmail.com

thogonality [7]. Each defines a set of correlations which
touches the quantum set in non-trivial way. For most
of them, we don’t have a compact characterization but
(pending a general proof for IC) we know that they are
larger than a set that is strictly larger than the quantum
set [8]. In other words, the principle defining quantum
physics in this program is still being sought [9, 10].

In this paper we explore the principle of Many-box lo-
cality (MBL) that is a refinement of ML. ML is prob-
ably the most physical of the principles listed above.
The starting point is the fact that we don’t see viola-
tion of Bell inequalities in the macroscopic world. The
formalization considers that one can’t observe the out-
come of individual sources of correlations (boxes), but
only the coarse-graining of the outcomes of N of them.
Then, a second coarse-graining is considered: the out-
comes of N boxes are known with a precision

√
N . Under

these coarse-graining assumptions, one can characterize
exactly the set of correlations identified by ML in the
limit N → ∞: it coincides with the first step of the
Navascués-Pironio-Aćın hierarchy of semi-definite relax-
ations [11].

2 Many-box locality: definition

Consider N identical (2, 2, 2, 2) boxes, each described
by P(a, b|x, y). In any run, all the boxes take the same
inputs (x, y), but each produces independently the out-
put ai, bi ∈ {0, 1}, i = 1, · · · , N . Besides, we do not keep
all the information on the output, but just the locally
coarse-grained variables A =

∑
i ai and B =

∑
i bi. By

construction, A ∈ {0, 1, · · · , N} and B ∈ {0, 1, · · · , N}.
In other words, the coarse-grained variables define a
(2, 2, N + 1, N + 1) scenario.

The behavior of these variables will be denoted by
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P∗N , called the N -box coarse-graining of P. It is not
difficult to write down the explicit form of P∗N given
P (a, b|x, y):

P ∗N (A,B|x, y) =
N∑

k=0

(
N

A− k,B − k, k,N −A−B + k

)
·P (00|x, y)N−A−B+k · P (01|x, y)B−k

·P (10|x, y)A−k · P (11|x, y)k (1)

where

(
N

n1, n2, n3, n4

)
=

N !

n1!n2!n3!n4!
. In particular,

the marginals are given by

P ∗N (A|x) =

(
N
A

)
P (a = 1|x)A · P (a = 0|x)N−A,

P ∗N (B|y) =

(
N
B

)
P (b = 1|x)B · P (b = 0|x)N−B ,

We introduce the notion of many-box local (MBL) sets:
Definition. A behaviour P is said to be N -box local

(P ∈ MBLN ) if P∗N is local in the (2, 2, N + 1, N + 1)
scenario. Notice that the sets MBLN are defined in the
original scenario (2, 2, 2, 2).

By construction, the coarse-graining procedure obeys
the composition rule

P∗(N1+N2) = P∗N1 ∗ P∗N2 . (2)

From it, one can straightforwardly prove the following
inclusion relations:

Proposition. If P ∈
⋂

j MBLNj , then P ∈
MBLN(~q) with N(~q) =

∑
j qjNj, for all ~q = (q1, q2, ...)

with qj ∈ N.
Indeed, local decompositions for both P∗N1 and P∗N2

directly define a local decomposition for P∗(N1+N2). As a
corollary: if a probability distribution is both 2-box and
3-box local, then it is N -box local for any N ≥ 2, since
any N can be decomposed as a sum of multiples of two
and three.

Beyond this Proposition, we have not been able to find
general properties for the MBLN sets. Properties that
might have been conjectured, e.g. convexity or the inclu-
sion MBLN ⊆ MBLN+1, do not hold, as forthcoming
counterexamples will demonstrate.

3 Results: Numerical plots

To have a better understanding of theseMBLN sets, in
this section, we start with numerical plots of MBLN sets.
We first show MBL2 and MBL3 in a three dimensional
slice of the NS polytope. Then, we show MBLN for N
up to 10 in a two-dimensional slices.

The local polytope in the (2, 2, 2, 2) scenario is charac-
terized by its 16 extremal points, PLDi

, i = 1, 2, · · · , 16.
Its nontrivial facets consists of 8 CHSH inequalities, for
example

C1 ≡ E00 + E01 + E10 − E11 ≤ 2,

C2 ≡ −E00 + E01 + E10 + E11 ≤ 2, (3)

where

Exy = P (a = b|x, y)− P (a 6= b|x, y).

No-signalling probability distribution that violates each
CHSH inequality to its algebraic maximum is known as a
Popescu-Rolich-box (PR-box). For the two CHSH men-
tioned above, we have the corresponding PR-boxes:

PPR1 =

 1 1/2 1/2

1/2 1/2 1/2
1/2 1/2 0

 , (4)

and

PPR2
=

 1 1/2 1/2

1/2 0 1/2
1/2 1/2 1/2

 . (5)

We are going to parametrize the slice under consider-
ation with PPR1 ,PPR2 ,PLD1 , and Pmix:

P(α, β, γ) (6)

= αPPR1
+ βPPR2

+ γPLD1
+ (1− α− β − γ)Pmix

=

 1 (1− γ)/2 (1− γ)/2

(1− γ)/2 (1 + α− β − γ)/4 (1 + α+ β − γ)/4
(1− γ)/2 (1 + α+ β − γ)/4 (1− α+ β − γ)/4

 .

Thanks to the symmetry of PR-boxes, we only need
to discuss the case where α, β ≥ 0. We first consider
the region γ ≥ 0. The positivity constraint is given by
α+ β + γ ≤ 1. The local polytope is constrained by two
CHSH inequalities, 2α + γ ≤ 1 and 2β + γ ≤ 1. The
quantum set is well characterized for the planes, α = 0,
β = 0 and γ = 0, by

√
2β + γ = 1,

√
2α + γ = 1, and

α2 + β2 = 1/2 respectively. We conjecture that in the
region α, β, γ > 0, the quantum set is given by

α2 + β2 ≤ (1− γ)2/2. (7)

In figure 1, MBL1, MBL2 and MBL3 is plotted for
the region α, β, γ ≥ 0, as well as N , Q and L. By def-
inition, MBL1 is simply the local set L. MBL2 and
MBL3 is obtained by solving a linear optimization. We
would like to highlight two qualitative features about
these MBL sets. First, MBLN sets are not convex as we
can see from the figure. Mathematically, it says that to
show µP1 + (1− µ)P2 ∈ MBLN , knowing P1 ∈ MBLN

and P2 ∈ MBLN is not sufficient. Second, in general
MBLN is not contained in MBLN+1, as we can see in
the figure, MBL2 is not contained in MBL3.

In figure 2 and 3, the MBLN sets are plotted in two
2d slices corresponding to γ = 0 and β = 0. Note that
for γ < 0, the positivity constraint becomes α+β−3γ ≤
1 and the quantum boundary is well approximated by
the second level of the NPA hierarchy, Q2. From the
figures, we can see that for up to N = 10, the MBlN are
contained in the quantum setQ. The general trend of the
sets are increasing with N . Though the inclusion relation
MBLN ⊆ MBLN+1 is not true, MBLN ⊆ MBLN+2 is
conjectured to hold for both even and odd N .
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InGaAs/InP avalanche photodiodes based single photon detectors for 

quantum key distribution over more than 100 km optical fiber 
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Abstract. Nowadays the best single photon detectors for quantum communications from a practical view are 

those based on InGaAs/InP avalanche photodiodes, operating at a wavelength of 1.55 µm. In this work the 

characteristics of such a detector of our development are studied, while operating at Geiger mode with a 

temporary resolution of less than 500 ps. 

Keywords: APD, SPD, quantum key distribution 

Single photon detectors must have a high 

quantum efficiency, low noise, and sufficiently 

high count rate. Quantum efficiency is a 

probability to detect a single photon and includes 

both a probability to get a secondary electron 

appeared after a photon was absorbed in the 

active area of a diode and a probability to get 

then an avalanche. Dark count probability is a 

probability that a detector clicks in the absence 

of a photon. This kind of noise is of a temperature 

effect, and the dark count probability increases 

with a temperature. The applied bias voltage 

increase causes both the growth of the 

probability to get an avalanche and increase in 

the dark count probability. Also, there can be a 

non-zero probability that a SPD registers a signal 

and then clicks after a while again even when 

there is no a photon. Such a probability is called 

an “afterpulsing probability”, and it is more 

typical for InGaAs/InP avalanche photodiodes. 

Present quantum communication 

systems use to operate at a wavelength of 1550 

nm which corresponds to the lowest attenuation 

and dispersion in single mode optical fibers [2]. 

To detect single photons at the wavelength of 

1.3-1.5 µm InGaAs/InP based avalanche 

photodiodes are being used [1,3]. To be able to 

detect single photons, an APD must operate in 

Geiger mode when one photon is sufficient to 

cause an avalanche [4-6]. For this purpose, the 

reverse bias voltage applied to an APD has to be 

more than the breakdown voltage. On the one 

hand, the more the bias voltage is, the higher the 

probability to detect a photon is. On the other 

hand, the increase in the applied bias voltage 

leads to the increase in both dark count 

probability and afterpulsing probability. To 

suppress these negative effects a number of 

techniques, like the APD cooling, are used. 

Usually, the temperature of an APD is reduced to 

-40 – -70 °C using microcoolers based on Peltier 

elements, which allows to improve the signal-to-

noise ratio significantly. To reduce the 

afterpulsing probability, active quenching circuits 

for reducing avalanche charge are used [2]. Also, 

there can be a pulsed bias voltage technique 

where the bias voltage is being kept under the 

breakdown voltage most part of time, whereas it 

is increased to a level higher than the breakdown 

voltage only for a short time, which is about 1 ns, 

when a photon is expected to fall [4,6]. 
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In this work, we present a newly developed 

single photon detector operating at the 

wavelength of 1.55 µm with a sinusoidal gating 

scheme. This single photon detector was 

developed for using in our “plug&play” device for 

quantum key distribution operating at 312.5 

MHz, and we gated the bias voltage with a 

sinewave signal at the corresponding frequency. 

Inhibition of the gating voltage response in the 

output signal was done via a compensation 

method at the main frequency and a filtration 

method at the closest harmonics. The avalanche 

response is amplified with a transimpedance 

amplifier and two sequential cascade amplifiers 

to a level of about 1 V. Wherein the ratio of the 

avalanche response and the gating voltage 

response with its harmonics in the output signal 

is provided at the level of 20 dB. Avalanche 

registration is accomplished with the comparator 

of a cymometer, tuned to a level no less than 6 

dB below the level of the gating voltage 

response. The diodes are cooled with three-stage 

Peltier elements, the temperature is measured 

with a platinum thermoresistor, located near the 

diode, and is controlled with the 

thermoregulator RMT DX5000. 
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Fig. 1. The dependencies of dark count probability on quantum efficiency obtained for APDI-30 at a 
temperature of 200 K ( ), PGA-025u at temperatures of 203 (□) and 228 K (○), PGA-308U at a 
temperature of 228 K (∆). 
 

We tested the detector with various 

APDs, which have different semiconductor 

structure and active area. The following three 

avalanche photodiodes were under test: PGA-

308u and PGA-025u made by Princeton 

Ligthwave company with 16 and 25 µm active 

area diameters, correspondingly, and APDI-30 

with 30 µm active area diameter. One can see the 

corresponding dependencies of the dark count 

probability on quantum efficiency in Fig. 1. The 

best signal-to-noise ratio was obtained when 

testing PGA-025u cooled to the temperature of 
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203 K (□). Since PGA-308u diode has its own 

cooling Peltier element, a temperature that 

could be achieved when testing PGA-308u was 

limited by the ultimate power for the Peltier 

cooler, and was no more than 228 K. 

Nevertheless, the noise level for PGA-308u taken 

at a temperature of 228 K (∆) does not exceed 

that taken at the same temperature for PGA-

025u (○). One can note, that APDI-30 

demonstrates the dark count probability 3 orders 

of magnitude more than that obtained for PGA-

025u. Thus, for APDI-30 it is equal to 4×10-5 at a 

temperature of 200 K and a quantum efficiency 

of 10 %, whereas for PGA-025u it does not 

exceed 4×10-8 under the same conditions. 

 

Such a characteristic as an afterpulsing 

probability is no of less importance when we 

consider an SPD for use in quantum 

communications. The greatest afterpulsing 

probability was found for a PGA-025u diode at a 

temperature of 203 K. The afterpulsing 

probability was found to decrease with 

increasing a temperature, what is an agreement 

with the data obtained earlier. A comparison of 

different types of APDs at the same 

temperatures shows that PGA-025u 

demonstrates much more higher afterpulsing 

probabilities than PGA-308u, while testing the 

detector with APDI-30 we found no afterpulsing 

events even at a temperature of 200 K. 

Thus, a newly single photon detector with 

a sinusoidal gating scheme and a temporary 

resolution of less than 500 ps operating at a 

wavelength of 1.55 µm has been developed. Now 

it operates in a real device for quantum key 

distribution over a quantum channel in the 

laboratory. The quantum channel is a coil with 

single mode optical fiber with the length of 25.5 

km and total losses of 4.8 dB which is being only 

in the laboratory. Now it is hard to implement a 

quantum key distribution over significantly 

greater distances because we use APDI-30 

showing a relatively high noise level. Thus, even 

at a distance of 25.5 km the corresponding 

contribution to the quantum bit error rate is 

equal to 2.4 %. However, now we are working on 

a mechanism of “dead time” which might allow 

to use PGA-025u avalanche photodiodes in the 

detector. As it was found during our studies, 

these APDs have the smallest dark count 

probability, which can allow to use them in 

quantum communication systems to distribute a 

quantum key over the distances of up to 100 km. 
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Quantum-secure blockchain application for urban QKD network
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Abstract. Blockchain is the growing technology that is going to become part of everyday life. But
quantum computer potentially affects blockchain applications. We propose to overcome this problem with
quantum key distribution. In our experiment we demonstrate blockchain protected with the key from
QKD network. The other advantage of this approach is that quantum-secure blockchain doesnt need much
computational power like common cryptocurrences.

Keywords: quantum key distribution, blockchain

1 Introduction

A universal quantum computer would enable efficient
solving of these problems, thereby making digital signa-
tures, including those used in blockchains, insecure. In
particular, Shors quantum algorithm solves factorization
of large integers and discrete logarithms in polynomial
time [1] Beautiful way to guarantee authentication in the
quantum era is to use quantum key distribution (QKD),
which guarantees information-theoretic security based on
the laws of quantum physics [24]. The technology en-
abling QKD networks have been demonstrated in many
experiments [5-10] and is now publicly available through
multiple commercial suppliers. In the present work, we
describe a blockchain platform that is based on QKD
and implement an experiment demonstrating its capa-
bility in a three-node urban QKD network. We believe
this scheme to be robust against not only the presently
known capabilities of the quantum computer, but also
those that may potentially be discovered in the future to
make post-quantum cryptography schemes vulnerable.

2 QKD for blockchains

The utility of QKD for blockchains may appear coun-
terintuitive, as QKD networks rely on trust among nodes,
whereas the earmark of many blockchains is the absence
of such trust. However, employing QKD for communica-
tion between two parties via a direct quantum channel
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permits these parties to authenticate each other. That
is, nobody can pretend to be somebody else when intro-
ducing a transaction. In this way, QKD, in combination
with classical consensus algorithms, can be used in lieu
of classical digital signatures.

Figure 1: Creation of a block in a quantum-secure
blockchain. a) Each node who wishes to implement a
transaction sends identical copies of that transaction to
all other nodes. Nodes A, B and C, whose transactions
are denoted as txnA, txnB and txnC, respectively, fol-
low the protocol. Node D is cheating, attempting to
send non-identical versions txnDa, txnDb and txnDc of
the same transaction to different parties. b) Transaction
contents. c) The nodes implement the broadcast proto-
col to reconcile the unconfirmed transactions and form
the block. They discover that the transaction initiated
by node D is illegitimate and exclude.

3 Blockchain protocol

We consider a blockchain protocol within a two-layer
network with n nodes [11]. The first layer is a QKD net-
work with pairwise communication channels that permit
establishing information-theoretically secure private key
for each pair of nodes. The second (classical) layer is
used for transmitting messages with authentication tags
based on Toeplitz hashing that are created using the pri-
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vate keys procured in the first layer. For concreteness,
we consider a blockchain maintaining a digital currency.
We experimentally study the proposed blockchain pro-
tocol on the basis of a four-node, six-link network with
information-theoretically secure authentication. We use
an urban fiber QKD network recently developed by our
team to procure authentication keys for two of the links
connecting three nodes; the key generation in the remain-
ing four links is classical.

4 Optical scheme

One QKD link is realized with phase coding with
plugplay optical scheme while the other is based on ac-
tive polarization optical scheme. We use fiber-based
polarization-encoding scheme with low voltage electro-
optical phase modulators based on LiNbO3 [12]. The
suggested approach allows one to use single laser source
for polarization encoding implementation. The advan-
tage in comparison to four laser implementation this
method does not suffers from the pulse indistinguisha-
bility problem. Both Alice and Bob use phase electro-
optical LiNbO3 modulators as a Pockels cell for polar-
ization modulation. Alice creates one of four polariza-
tion states, two diagonal and two circular. Bob uses his
modulator for active choose of basis in which he mea-
sures the state, diagonal or circular. This allows Bob to
use only two detectors except of four for BB84 proto-
col with Bobs passive choice. We propose nice technique
to overcome polarization mode dispersion (PMD) issue
in LiNbO3 crystal. Two crystals on Alice and Bob side
neutralize the effect of each other. A proof-of-concept
experiment has been conducted at 10 MHz over 50 km
of optical fiber in the lab and 30 km of the urban fiber
for several hours. To achieve these results, we develop to
compensate polarization drift in fiber line with the use
of the signal from single photon detectors. It allows the
system to work autonomously and making it promising
for practical applications.

Figure 2: QKD scheme: L - laser, PC - the polariza-
tion controller, PM - the electro-optical phase modula-
tor, PBS - polarization beam splitter, D - detector, QC
- quantum channel.
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Monogamy relation is an interesting property which
distinguishes the quantum systems and classical systems.
In this note, we give a generalized monogamy inequality
with respect to the α-th power of concurrence when α ≥ 2
and α-th power of entanglment of formation (EoF) when
α ≥

√
2. We also give an example to show that our

monogamy relation is tighter than the existing ones.
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With the rise of quantum technologies, it is necessary to have practical and preferably non-
destructive methods to measure and read-out from such devices. A current line of research towards
this has focussed on the use of ancilla systems which couple to the system under investigation,
and through their interaction, enable properties of the primary system to be imprinted onto and
inferred from the ancillae. We propose the use of continuous variable qumodes as ancillary probes,
and show that the interaction Hamiltonian can be fully characterised and directly sampled from
measurements of the qumode alone. We suggest how such probes may also be used to determine
thermodynamical properties, including reconstruction of the partition function. We show that the
method is robust to realistic experimental imperfections such as finite-sized measurement bins and
squeezing, and discuss how such probes are already feasible with current experimental setups.

The impressive developments in methods for exerting
control over quantum systems in recent years have made
the realisation of technologies that exploit truly quantum
phenomena a very imminent reality. The candidate sys-
tems that may be used for this paradigm are numerous,
among which include are ultracold atoms [1], ion traps
[2], superconducting circuits [3], and microwave cavities
[4]. These technologies can then be put to task enhancing
computation, simulation, and metrology [5–9].

A necessary aspect of a quantum technology is to read-
out the result output by the system. However, in many
of the proposed architectures this process is destructive
to the system, allowing only a single-shot reading, after
which the system must be completely re-prepared. For
example, with cold atom systems, a widely-used mea-
surement method is time-of-flight [10–13], which involves
destruction of the atomic trapping potential, hence re-
quiring the atoms to then be re-trapped and re-cooled.
Moreover, in other systems direct methods to measure
particular sets of observables may not be available.

A recent proposal towards circumventing this involves
coupling the system to ancillae. Through their inter-
action, properties of the system are imprinted onto the
ancillae [14, 15], and information about the system may
then be obtained through measurement of the ancillae
alone [16–28]. While such measurements disturb the sys-
tem state and are hence not non-demolition, they do not
destroy the system. This method has been explored in
particular for cold atom systems, where atomic impuri-
ties form ancilla qubits [29]; post-processing of the impu-
rity measurement statistics then allows properties such as
density [26] and temperature [21, 27] to be determined.

∗Electronic address: physics@tjelliott.net
†Electronic address: nana.liu@quantumlah.org

FIG. 1: Probing quantum systems with qumodes. A
continuous variable qumode illuminates a system of interest,
inheriting properties of the system through their interaction.
The state of the qumode is then measured, revealing informa-
tion about the system.

In parallel, developments in continuous variable quan-
tum information processing [30–34], based on ‘qumodes’
rather than qubits, provide new applications for quantum
optics and collective atomic phenomena in quantum tech-
nologies. One recently proposed model of quantum com-
putation uses squeezed qumodes as a resource for phase
estimation of an operator [35].

We unite these two themes, and investigate the use of
continuous variable qumode ancillae to probe quantum
systems [Fig. 1]. We find that for an appropriate initial
qumode state, the statistics of the system operator by
which the qumode couples to the system are mapped di-
rectly onto the qumode state. Subsequent measurement
of the qumode then allows for the spectrum of the system
operator to be determined, along with the populations of
the respective eigenstates. This enables a full character-
isation of the moments of the operator, as though one
had directly sampled the observable from the system.

We first describe the protocol, and demonstrate how
the operator statistics are imprinted onto the qumode
state. We then show that the protocol is robust to ex-
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perimental limitations of finite squeezing of the initial
qumode state and measurement bin-size. We discuss how
the probes may be applied to measure thermodynamical
quantities in both equilibrium and far from equilibrium
settings. These include the system temperature, the par-
tition function, free energy, heat capacity, work distri-
butions as well as some signatures for quantum phase
transitions. Finally, we propose candidate systems and
system operators for which the protocol may be realisible
with current experiments.

Qumode Probes. The use of qumode probes allows
for the determination of the eigenvalues of an observable
of a system of interest. It further allows one to measure
the occupation probabilities of the associated eigenstates
for the particular system state. This may be achieved
even when there is no a priori knowledge of the system
state, or the eigenvalues or eigenstates of the system op-
erator. From the measurement of these eigenvalues and
occupation probabilities, we can estimate the moments
of the observable, allowing for its characterisation with
respect to the (possibly unknown) system state.

The qumode probing protocol consists of three compo-
nents. The first of these is the system under investiga-
tion, which is described by some generic state ρsys. The
protocol does not in general need a particular form for
the system or its state, and it may inhabit a discrete or
continuous Hilbert space. The second component is the
continuous variable qumode, described by its quadratures
x and p, often referred to as ‘position’ and ‘momentum’
[36]. We shall take these quadratures to be in their di-
mensionless form (that is, in terms of the creation and
annihilation operators a and a† of the mode, we have
x = (a+ a†)/2 and p = (a− a†)/2i).

The final component is the interaction between sys-
tem and qumode. We shall consider an interaction
Hamiltonian of the form gx ⊗Hint, where the first sub-
space belongs to the qumode, and the second the sys-
tem [35]. Hence, the interaction acts on the system,
with a strength that depends on the qumode position
quadrature, with g an overall coupling strength. The as-
sociated evolution operator (in natural units ~ = 1) is
U(t) = exp(−igx ⊗ Hintt), and thus the qumode is de-
phased in this quadrature, at a rate dependent on the
the system operator Hint, thence motivating the use of a
phase estimation-type algorithm.

We label the eigenstates of the system operator Hint

as |un〉, with associated eigenvalues En. Thus, when the
system is in such an eigenstate, and the qumode in a
quadrature eigenstate |x〉, the effect of the interaction
can be written

|x〉 ⊗ |un〉 → e−igxEnt|x〉 ⊗ |un〉. (1)

In general, the qumode can be in a superposition of
the quadrature eigenstates |ψq〉 =

∫
dxG(x)|x〉, and the

system state can always be expressed in the basis defined
by the eigenstates of Hint: ρsys =

∑
mn cmn|um〉〈un|.

Owing to the linearity of quantum mechanics, Eq. (1)
can be extended to such states, and one can perform a

FIG. 2: Quantum circuit for qumode probing. A
qumode prepared in momentum eigenstate |p0〉 interacts with
the system through a controlled gate Ux = exp(−igxHintt) de-
pendent on the qumode position quadrature x. Measuring the
qumode in the momentum quadrature then directly samples
the statistics of the system operator Hint for state ρsys.

partial trace over the system to obtain an expression for
the qumode state after running the interaction for a time
t:

ρq(t) =

∫ ∫
dxdx′G(x)G∗(x′)L(x, x′, t)|x〉〈x′|, (2)

where analogous to the qubit probe protocols [26,
27], we define the dephasing function L(x, x′, t) ≡
Tr(ρsys exp(−ig(x − x′)Hintt)) =

∑
n Pn exp(−ig(x −

x′)Ent), where Pn = cnn. This is resemblant of a char-
acteristic function for the system operator.

Let us now consider that after an interaction time
τ a measurement is made of the qumode state. In-
spired by the qubit-based protocols, we shall measure
in a basis conjugate to that which defines the inter-
action Hamiltonian, here the momentum quadrature.
Further, we shall for now consider the initial qumode
state to have been prepared in a momentum eigenstate
|p0〉 = (1/

√
2π)

∫
dx exp(ip0x)|x〉. This protocol is il-

lustrated in Fig. 2. Then, the probability of the mea-
surement resulting in the outcome |p〉 is given by (see
Technical Appendix)

P (p) = 〈p|ρq(τ)|p〉 =
∑
n

Pn(δ(p− (p0 − gEnτ)))2. (3)

Thus, the probability distribution P (p) is non-zero
only at the points p = p0 − gEnτ , where it takes values
Pn. The measurement of the qumode state hence directly
samples the same distribution as that of a measurement
of the operator Hint on the state ρsys, with the mapping
from qumode measurement outcomes to the spectrum of
the system operator given by E = (p0 − p)/gτ . With re-
peated measurements, one can then obtain an estimate of
the probability distribution P (p) (and hence P (E)). This
thus allows for the estimation of the spectrum, and the
moments of the system operator 〈Hm

int〉 =
∑
n PnE

m
n . In

contrast to the analogous qubit probing protocols, here
these properties can be obtained directly, without the
need for post-processing of the measurement outcomes.

A caveat to the above is that we have neglected the
presence of the natural evolution of the system under its
bare Hamiltonian H0 during the running of the protocol.
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For this to be valid, we require that the interaction oc-
curs on timescales much faster than the natural evolution
(gHint � H0), and that the natural evolution has neg-
ligible effect on the system state during the running of
the protocol (H0τ � 1), hence imposing a maximum al-
lowable running time for the protocol. These restrictions
are lifted when the bare Hamiltonian and the interaction
Hamiltonian commute, in which case the natural evolu-
tion does not affect the outcome of the qumode measure-
ment.

Robustness to experimental imperfections. The
above derivation of the qumode state after performing
the protocol assumed an initial qumode state prepared
in a momentum quadrature eigenstate. In practice, one
can only achieve approximations to such an initial state.
Specifically, there is a finite resolution (‘bin’-size) in the
precision with which one can measure the momentum
quadrature, and only a finite level of squeezing in a given
quadrature (with a quadrature eigenstate corresponding
to an infinite squeezing). We can generalise the above
results to encompass each of these imperfections, and
thus determine the regime of parameters for which the
protocol is valid. This is done by considering different
inital qumode states G(x) corresponding to finite bins
and squeezed states.

First, we consider the case where there is a finite bin
size for the quadrature measurement. A bin size of L cen-
tered on p0 will constrain the initial momentum quadra-
ture value p0+k to be within the range −L/2 ≤ k ≤ L/2,
and hence we can express the initial state as

G(x) =
1√
2πL

∫ L
2

−L
2

dkei(p0+k)x. (4)

With this initial distribution, the final probability dis-
tribution for the qumode measurement is given by (see
Technical Appendix)

P (p) =
∑
n

{
Pn

L −L2 ≤ p− p0 + gEnτ ≤ L
2

0 otherwise.
(5)

The further consequence of a finite bin size in the final
measurement of the qumode can also be accounted for,
by integrating this probability over the size of each bin.

For the second case, with finite squeezing, we consider
an initial distribution with a Gaussian uncertainty in the
value of the momentum quadrature, centred on p0:

G(x) =

(
s2

π

) 1
4 1√

2π
eip0x

∫
dqe−

s2q2

2 . (6)

Here, s corresponds to the dimensionless squeezing fac-
tor [35], parameterising the squeezing in the momentum
quadrature (note that s = 1 corresponds to the case of
an unsqueezed coherent state, defined as the eigenstate of
the annihilation operator; a|α〉 = α|α〉). Inserting this in
to Eq. (2) and following through the protocol (see Techni-
cal Appendix), we find the final probability distribution
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FIG. 3: Effect of finite squeezing. Without perfect
squeezing, the distribution sampled by measuring the qumode
is spread around the actual distribution of the interaction
Hamiltonian. This is illustrated for various levels of precision
α = ∆/sgτ , where ∆ is the difference between the eigenval-
ues ofHint. This exampleHint has 5 evenly-spaced eigenstates
with randomly-selected populations.

for the qumode is given by

P (p) =
s√
π

∑
n

Pne
−s2(p−p0+gτEn)2 . (7)

The forms of the final probability distributions Eqs. (5)
and (7) are somewhat unsurprising, as they mirror the
uncertainty in the initial momentum distribution; that
is, the distribution of the initial momentum quadrature
value p0 ultimately defines the uncertainty in p for the fi-
nal distributions. Because of these finite uncertainties in
the initial momentum, the final probability distributions
are no longer perfectly identical to the distribution of the
system operator Hint, and inherit the uncertainty in the
initial state. With finite measurement bin sizes, we are
limited to a resolution in p of L, corresponding to a limit
in the resolution of the spectrum of Hint of ∆E = L/gτ .
For the case of finite squeezing, the squeezing factor de-
fines the spread of the final distribution, with greater
squeezing narrowing the distribution. The standard de-
viation of the final momentum distribution is given by
σp =

√
2/s, corresponding to a standard deviation for

the system operator eigenvalues of σE =
√

2/sgτ . Thus,
the precision to which we can measure can be increased
in both cases by running the protocol for longer or in-
creasing the coupling strength, and by decreasing the bin
size or increasing the squeezing for each of the individual
cases respectively. These values for ∆E and σE can be
replaced by our desired limit on accuracy to define the
valid parameter regime. We illustrate the consequence of
different levels of precision in Fig. 3.

Interestingly, we note that as with the proposal for
power of one qumode computation [35], one can trade
off a decreased squeezing with increased running time τ ,
and vice versa. While it is tempting to then conclude that
these uncertainties in the final distribution can thus be
negated by a sufficiently increased running time, this is
not necessarily the case in general, due to the constraint
imposed on τ for the effects of the system’s natural evo-
lution H0 to be neglected.
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Applications for Thermodynamics. When the
system is known to be in a thermal state ρΘ(β) =
exp(−βHΘ)/Z(β) with respect to a Hamiltonian HΘ,
it is possible to use the qumode as a thermodynami-
cal probe, by engineering Hint to be proportional to this
HΘ. Here, β = 1/T is the inverse temperature (we em-
ploy units in which Boltzmann’s constant kB = 1), and
Z(β) = Tr(exp(−βHΘ)) is the partition function. In
particular, note that this can be achieved even when the
system is thermalised with respect to its natural Hamil-
tonian H0. In this case, because the interaction Hamil-
tonian will be proportional to the natural Hamiltonian,
the two hence commute and there will be no restriction
on the magnitude of g or the time for which the protocol
can be run, as noted above.

To see this, consider that we estimate from the pro-
tocol the eigenvalues {En} of HΘ, along with their re-
spective probabilities Pn for the state ρΘ(β). One can
then construct for each eigenvalue (with degeneracy gn)
an equation of the form

log(Z(β)) + βEn = log(gn/Pn). (8)

Suppose we assume known values of only two de-
generacies gn0 , gn1 . Since Eq. (8) can be rewritten
β = log(Pn0gn1/(Pn1gn0))/(En1 − En0), we see that the
qumode probe can be used as a non-destructive ther-
mometer for quantum systems. While traditional ther-
mometry relies on thermal equilibrium to be established
between the system and the probe [37], here the temper-
ature can be measured without this constraint. Similar
probes using qubits [21, 27] instead of a qumodes also do
not require equilibration. However, using a qumode as a
thermometer has the advantage of being able to tune the
precision through the amount of squeezing of the probe
itself. Precision is thus not constrained by the number
of probes themselves, which can be a limitation even for
thermometers that exploit quantum advantages in preci-
sion using quantum metrology [21, 38].

When the effects of finite squeezing and bin size are
considered, it is necessary that we can resolve between
different eigenvalues of the interaction Hamiltonian (i.e.
min(En − En′) & σE). Otherwise, we must treat nearby
eigenvalues as degenerate, thus limiting the precision to
which we can estimate β by the uncertainty σE . We note
that to resolve a particular En to precision σE , the num-
ber of measurements required scales as N ∼ 1/(σ2

EPn),
where 1/σE & 1/s. Thus, the total number of measure-

ments to estimate β to precision σE is bound by
∑1
i=0Ni,

where Ni ∼ min(1/(σ2
EPni)) for i = 0, 1 and the minimi-

sation is over all known values of degeneracies gn.
With a known gn0

and temperature, the full set
of degeneracies {gn} can be found using gn =
Pngn0

exp(β(En−En0
))/Pn0

. Measuring this for a range
of β enables reconstruction of the full partition function
using Z(β) =

∑
n gn exp(−βEn). With access to the

partition function and temperature, important thermo-
dynamical quantities such as free energies, heat capacities
[39] and von Neumann entropy can also be reconstructed.

An important application is in understanding the free
energy landscape of a physical system. The Jarzynki
equality [40] and its quantum counterpart [41, 42] con-
nect the free energy difference between two thermal states
of a system to the work done W in a far-from-equilibrium
process. Since it is possible to sample the probability dis-
tribution of work done on a quantum system P (W ), it
has been proposed that the free energy difference can
be extracted from P (W ). However, this method for ex-
tracting free energy differences is not always efficient,
for instance, when large negative values of work are in-
volved and at low temperatures [43]. However, by prob-
ing {En} and {Pn} directly using our model, we see that
F (β) = − log(Z(β))/β can still be recovered efficiently in
those regimes. It is also possible to reconstruct the heat
capacity C = β2∂2 log(Z(β))/∂β2 using this method,
which can be used to probe quantum critical points [44].

It is also possible to probe thermodynamical quantities
of systems that are perturbed far from equilibrium. In
particular, we can study the average work performed on a
system due to a sudden quench in the interaction Hamil-
tonian. Further, we can determine the irreversible por-
tion of this work 〈Wirr〉 [41, 45, 46], which is defined as the
difference between 〈W 〉, average work done on the system
during the quench, and ∆F , the change in the free energy
had the system evolved adiabatically from the thermal
state of the initial interaction Hamiltonian to that of the
final interaction Hamiltonian. The irreversible work, mo-
tivated by the fluctuation theorems and its connections
with various entropy measures [41, 47], is a widely-used
measure of irreversibility, and has been shown to be a
signature for some second-order phase transitions [48].
Note that the average work is also an interesting quan-
tity to study in its own right, and its behaviour across a
critical point has been connected to first-order quantum
phase transitions [48].

Consider initial and final interaction Hamiltonians
H

(0)
int and H

(1)
int , satisfying H

(0)
int , H

(1)
int � H0/g. The

change in free energy ∆F may be calculated as above
by using the qumode to probe the free energies of the
respective thermal states ρΘ0

and ρΘ1
of the interaction

Hamiltonians. Under a quench, the system state is un-
changed, and remains in the initial thermal state ρΘ0

.
Thus, the average work done by the quench is given by

〈W 〉 = Tr(ρΘ0
H

(1)
int ) − Tr(ρΘ0

H
(0)
int ) =

∑
mE

(1)
m P

(1)
m −∑

nE
(0)
n P

(0)
n , where E(i) and P (i) are energies and prob-

ability amplitudes of the state ρΘ0
under H

(i)
int for i =

0, 1. These quantities can be determined by the qumode
probe, and hence one can calculate the average work
along with its irreversible portion.

Finally, we remark that it is also possible to use the
qumode probe to find the overlaps of the ground states of
a parameter-dependent Hamiltonian at two different val-
ues of the parameter λ. This quantity has been used to
characterise regions of criticality defining quantum phase
transitions in the Dicke model [49]. For pure states,
the overlap probability is just the state fidelity between
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the ground states. Let Hint(λ = λc) be the interac-
tion Hamiltonian at the quantum critical point. Then
the state fidelity of ground states of Hint(λ < λc) and
Hint(λ > λc) can be measured by concatenating two
qumode probe quantum circuits. The first qumode probe
circuit evolves under Hint(λ < λc) and is used to prepare
the ground state |uλ<λc〉 of Hint(λ < λc). Now we use
|uλ<λc〉 as the state input to the second qumode probe
circuit, which now evolves under Hint(λ > λc). The
final probability of obtaining a zero eigenvalue is then
P0 = |〈uλ<λc |uλ>λc〉|2, which is the sought after overlap
probability.

Candidates for Experimental Implementations.
We now suggest some current experimental setups that
would be ideal candidates to test our protocol. We con-
sider two interaction Hamiltonians, the quantum Rabi
model and the Dicke model, both of which describe light-
matter interactions, and are hence ubiquitous in quantum
technologies.

The first Hamiltonian, the quantum Rabi model, is
given by [36]

HQR = gx⊗ σx, (9)

where σx is the usual Pauli x matrix [6], taking the role
of the interaction Hamiltonian Hint. The Hamiltonian
was originally conceived as a description of a quantised
light field interacting with a two-level system. One of-
ten finds this Hamiltonian in its simplified guise as the
Jaynes-Cummings Hamiltonian, where the approxima-
tion is made to neglect the counter-rotating terms aσ−

and a†σ+; nevertheless, systems described by this Hamil-
tonian are typically more accurately described by the full
Rabi Hamiltonian.

As noted above, the majority of current quantum tech-
nologies involve light-matter interactions, and so one can
find many examples of systems utilising such interactions.
Sometimes, as with ion traps [2], Rydberg atoms [50],
and laser-driven tunnelling of ultracold atoms in optical
lattice [51], the continuous variable mode is treated as a
classical field (although in the case of the former, inter-
actions between the internal states of the ions and their
quantised motional state is well-described by the above
Hamiltonian). In principle, our protocol can be applied
to such systems by replacement of the classical light with
a qumode light field, though to achieve similar transition
rates one would need either a highly-populated field, or a
very strong coupling. While being optimistic about such
possibilities, we shall for concreteness highlight examples
where the fully-quantum interaction is realised.

Both cavity [52, 53] and circuit [54–56] quantum elec-
trodynamics experiments consist of interactions between
a continuous variable mode (cavity fields in the former,
nanomechanical resonators in the latter) and a two-level
system (atoms and superconducting qubits respectively),
interacting through a quantum Rabi Hamiltonian Eq. (9)
in the (ultra)strong coupling regime. Such setups operate
in a regime where the qumode measurement resolution
can be much finer than the differences between the inter-

action Hamiltonian eigenvalues, which for this example
is of order unity. For example, in Ref. [55] the coupling
between qubit and resonator gives g ≈ 1010, and the Q-
factor of 103 and resonance frequency of 8.2GHz leads
to gτ ∼ 200 when the protocol is run for times of the
order of the resonator lifetime. With the parameters of
Ref. [53], we would have gτ = 40 when τ is the cavity
lifetime. Thus, for both these examples, the spread σE
would be much smaller than the differences between the
measured eigenvalues.

While Eq. (9) makes it clear that the protocol can be
used to probe moments of σx for a two-level system, it
can straightforwardly be applied more generally. First,
the physical motivation and derivation of the Hamilto-
nian does not necessarily require that the system has only
two states, and can be rederived for any number of states,
by replacing σx with the appropriate x spin operator for
the number of states. Secondly, by illuminating an array
of such systems with the same light field, the Hamilto-
nian becomes an interaction between the light field and
the sum of the individual spin operators for each system,
and thus probes moments of the total spin operator, as
well as correlations between individual spins. Finally, it
is possible to probe the spin operator in any chosen di-
rection, by appropriate rotation of the individual spins
prior to probing (e.g. applying a Hadamard gate [6] to
the system allows probing of σz).

A related Hamiltonian that takes the desired form is
the Dicke model, which describes the interaction between
an ensemble of identical two-level atoms interacting with
a common quantised light field. It is given by

HD = gx⊗ Jx, (10)

where J is a spin operator describing the collective exci-
tations of the ensemble. The model has been realised
experimentally with cold atoms trapped in an optical
cavity, in the context of studying quantum phase tran-
sitions [57]. Here, we see it also as a possible route to
non-destructively probe atomic ensembles. This setting
is particularly apt for our proposal, as the inclusion of
the optical cavity facilitates the use of tools from quan-
tum optics, which constitutes a primary manifestation of
continuous variable quantum systems. The strong light-
matter coupling and long cavity lifetimes achievable in
such systems provide favourable conditions for testing
our protocol. Specifically, a ratio of 0.2 for the collec-
tive interaction strength to cavity decay rate has been
achieved [57], corresponding to gτ ∼ O(10−3 − 10−2)
when the protocol is run for a time comparable to the cav-
ity lifetime. This allows for measurement of the number
of atomic excitations to be resolved to within a few hun-
dred even with no squeezing. This is quite sharp when
compared to the total number of atoms (105). Further,
we note extensions of the above experiment have suc-
ceeded in additional manipulation of the trapped atoms,
by confining them to various lattice structures [58].
Discussion. We have shown that properties of quan-

tum systems may be imprinted onto continuous variable
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qumode ancillae to allow for non-destructive probing of
the system. For an appropriate choice of interaction op-
erator and initial qumode state, the spectrum of the de-
sired observable, and the occupation probabilities of its
eigenstates for a particular system state are mapped di-
rectly on to the qumode state. The qumode state then
behaves according to the same statistics as this opera-
tor, and thus measurement of the qumode reproduces the
same result as a direct measurement of the system would,
while avoiding particular drawbacks associated with di-
rect measurements of practical implementations of quan-
tum technologies. Further, the direct recovery of the
measurement statistics is in contrast to analogous pro-
tocols with qubit ancillae, where one must first employ
post-processing such as taking derivatives [26] or Fourier
transforms [19, 20, 27] of the measurement outcomes. As
our proposal is feasible with typical parameters for con-
temporary experiments, it could find immediate use in
the field.

We note that while qumode probes are non-destructive
to the system, in general they will not be non-demolition.
The backaction on the system state will project it to the
eigenstate (or in the case of degeneracies, eigenspace) as-
sociated with the measurement outcome, in much the
same way as a direct measurement of the system would.
For an interaction operator with the eigenstates known,
this projection could perhaps be employed as a form of
probabilistic state engineering [59–62], with the partic-
ular state created being heralded by the qumode mea-
surement outcome, potentially adding further utility to
the addition of our protocol to the quantum technologies
toolbox.

After completion of this manuscript, we became aware
of a recent work employing a qumode-based protocol to
measure thermodynamical work [63].
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Technical Appendix

Here we derive Eq. (3) which gives the probability of
the momentum measurement resulting in the outcome
|p〉, denoted P (p), when the initial state is infinitely
squeezed. Recall that for a qumode prepared in a given
state G(x), its state after interacting with the system for
a time τ is given by Eq. (2), which we reproduce here for

convenience:

ρq(t) =

∫ ∫
dxdx′G(x)G∗(x′)L(x, x′, τ)|x〉〈x′|, (11)

with L(x, x′, τ) =
∑
n Pn exp(−ig(x− x′)Enτ).

For the infinitely squeezed initial state we then have

P (p) = 〈p|ρq(τ)|p〉

=
1

(2π)2

∫ ∫
dxdx′ei(x−x

′)(p0−p)L(x, x′, τ)

=
1

(2π)2

∑
n

Pn

∫ ∫
dxdx′ei(x−x

′)(p0−p−gEnτ)

=
∑
n

Pn(δ(p− (p0 − gEnτ)))2, (12)

as given in Eq. (3).
We also derive Eqs. (5) and (7), which describe the

sampled probability distribution when the initial state
has a finite bin size, or is finitely squeezed. Inserting the
explicit initial qumode state for a finite bin of size L,

G(x) = 1/(
√

2πL)
∫ L

2

−L
2

dk exp(i(p0 + k)x), we have that

ρq(τ) =
1

2πL

∑
n

Pn

∫ ∫
dxdx′

∫ L
2

−L
2

∫ L
2

−L
2

dkdk′

× ei(p0+k)x−i(p0+k′)x′−ig(x−x′)Enτ |x〉〈x′|. (13)

Thus, we have that

P (p) =
1

(2π)2L

∑
n

Pn

∫ ∫
dxdx′

∫ L
2

−L
2

∫ L
2

−L
2

dkdk′

× ei(p0−p+k)x−i(p0−p+k′)x′−ig(x−x′)Enτ

=
1

(2π)2L

∑
n

Pn

∫
dx

∫ L
2

−L
2

dkei(p0−p+k−gEnτ)x

×
∫
dx′
∫ L

2

−L
2

dk′e−i(p0−p+k
′−gEnτ)x′

=
1

L

∑
n

Pn

(∫ L
2

−L
2

dkδ(p− (p0 − gEnτ + k))

)2

=
∑
n

{
Pn

L −L2 ≤ p− p0 + gEnτ ≤ L
2

0 otherwise,
(14)

in agreement with Eq. (5).
We now do the same for the finite squeezed

state, which has initial wavefunction G(x) =

(s2/π)
1
4 (1/
√

2π) exp(ip0x)
∫
dq exp(−s2q2/2). The

state of the qumode after the interaction for time τ is
given by

ρq(t) =
s√
π

1

2π

∑
n

Pn

∫ ∫
dxdx′

∫ ∫
dqdq′

× ei(p0+q)x−i(p0+q′)x′−ig(x−x′)Enτe−
s2(q2+q′2)

2 |x〉〈x′|,
(15)
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and the associated probability distribution is given by

P (p) =
s

4π
5
2

∑
n

Pn

∫
dx

∫
dqei(p0−p+q−gEnτ)xe−

s2q2

2

×
∫
dx′
∫
dq′e−i(p0−p+q

′−gEnτ)x′
e−

s2q′2
2

=
s√
π

∑
n

Pn

(∫
dqδ(p− (p0 − gEnτ + q))e−

s2q2

2

)2

=
s√
π

∑
n

Pne
−s2(p−p0+gτEn)2 , (16)

as given in Eq. (7). In the limit of infinite squeezing, this
reduces to Eq. (3).
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On Layered Quantum Key Distribution
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Abstract. We introduce a family of QKD protocols for distributing shared random keys within a network of
n users. Advantage of these protocols is that any possible key structure needed within the network, including
broadcast keys shared among subsets of users, can be implemented by using a particular multi-partite high-
dimensional quantum state. This approach is more efficient in the number of quantum channel uses than the
conventional quantum key distribution using bipartite links. Additionally, multi-partite, high-dimensional
quantum states are becoming readily available in quantum photonic labs, making the proposed protocols
implementable using the current technology.

Keywords: Quantum key distribution, Qudit states, Multipartite entanglement, Conference key

1 Introduction

The possibility of increasing the amount of shared ran-
dom variables across spatially separated parties in an
intrinsically secure fashion is one of the flagship appli-
cations of quantum entanglement [2]. Such schemes are
also called quantum key distribution (QKD) and have
matured to the point of commercial application [6]. Bi-
partite entanglement of a sufficient quality to violate
Bell inequalities is enough to ensure complete device-
independent security in bipartite communication scenar-
ios [1, 9, 7]. However, due to very strict technical require-
ments, such schemes are difficult to realize in practice
[11].

While the conventional entanglement based QKD pro-
tocols employ two party qubit states, it is well docu-
mented that the quantum state dimension has a big im-
pact on the actual key rate [4, 8] and can significantly
improve the robustness of such protocols against noise or
other potential security leaks [5]. Both of these proper-
ties make quantum key distribution with q-dits a viable
candidate for the next generation implementations.

Another recent generalization of QKD protocols goes
in a different direction and allows n > 2 users to share a
secret key known to all of them [3]. Such a multipartite
shared key can later be used for example for secure broad-
cast. This family of protocols uses n-partite GHZ-type
qubit states and is more efficient than sharing a secret key
among n parties with the use of bipartite links followed
by sharing of the broadcast key with the help of one time
pad cryptosystem. This is advantage is especially pro-
nounced in the network architectures with bottlenecks
(see [3]), making this protocol an interesting possibility
for quantum network designs.

In this work, we go even further and generalize QKD
schemes to protocols which use a general class of mul-
tipartite qudit states. Special structure of these states
allows not only an increase in the efficiency of quantum
key distribution (either due to the dimension of the local
states or the QKD network structure), but also adds a
new qualitative property to the QKD protocols – multiple

∗mpivoluska@mail.muni.cz

keys between arbitrary subsets of users can be shared si-
multaneously. Our generalization therefore shows a more
complete picture of the advantages of multi-partite qudit
entangled states in QKD networks, which goes beyond
the simple increase of the key rates.

Let us now introduce the idea behind the proposed
protocols with a simple motivating example. Consider a
state

|ψ442〉 =
1

2
(|000〉+ |111〉+ |220〉+ |331〉) . (1)

After measuring many copies of this state locally in the
computational basis, the three users – Alice, Bob and
Charlie – end up with data with interesting correlations.
First of all, each of the four possible outcome combi-
nations 000, 111, 220, 331 is distributed uniformly, more-
over, the outcomes of first two users are perfectly corre-
lated and partially independent of the outcomes of the
third user. Alice and Bob can post-process their out-
comes into two uniform random bit-strings kABC and
kAB in the following way.

kABC =

{
0 for outcomes 0 and 2

1 otherwise,

while simultaneously

kAB =

{
0 for outcomes 0 and 1

1 otherwise.

Note that kABC is perfectly correlated to Charlie’s mea-
surement outcomes, therefore it constitutes a random
string shared between all three users. On the other hand,
string kAB is completely independent of Charlie’s data –
conditioned on either of the two Charlie’s measurement
outcomes, the value of kAB is 0 or 1 each with proba-
bility 1

2 . Simplified argument can now be made – since
this procedure uses copies of pure entangled states, it is
also independent of any other external data, therefore the
strings kABC and kAB are not only uniformly distributed,
but also secure.

In this paper we provide the full protocol with the proof
of security in full generality for an arbitrary layered key
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structure of n users. Since there are several options for
implementation of a general key structure of n users, in
we compare our proposed implementation with the more
conventional techniques which use EPR and GHZ-type
states.

2 Layered key structures and their im-
plementation with asymmetric multi-
partite qudit states

Suppose there are n users of a quantum network. In
order to achieve secure communication within this net-
work, many types of shared keys are required. Apart
from bipartite keys between pairs of users, which can be
used for numerous cryptographic tasks, such as encryp-
tion or authentication, also secret keys shared between
larger groups of users have interesting uses, for example
secure broadcasting. Let us therefore define a layered key
structure as a set of keys required for secure communica-
tion in a given quantum network.

Formally, we define a layered key structure K as a sub-
set of the power set of users – K ⊆ P (Un), where Un
denotes a set of n users {u1, . . . , un}. In order to con-
veniently talk about the layered key structures, let us
define some of the parameters describing them. First, let
us define K = |K| as the number of layers. Addition-
ally, we will interchangeably use layers and keys shared
in these layers. They are labeled by a natural number
i ∈ {1, . . . ,K}, therefore ki ∈ K is a label for a sin-
gle layer (key) of the layered structure. Last, but not
least, for each user ui let us define a parameter `i, as
the number of layers, the user ui belongs to, therefore
`i := |{kj |ui ∈ kj}|.

In what follows we, given a particular key structure K,
define a state that can be used for implementation of K
in a multipartite protocol.

The construction is based on implementations of corre-
lations shared in tensor product of GHZ and EPR type
states for every layer with the help of high dimensional
states.

State Preparation Given K find the state |ΦK〉
1: For each layer ki let

|ϕi〉 =
1√
2

(
|00 . . . 0〉ui

j1
,...,ui

j|ki|
+ |11 . . . 1〉ui

j1
,...,ui

j|ki|

)

2: Consider the state |ϕK〉 =
⊗K

i=1 |ϕi〉.
3: For each layer i the user uj is a part of, he holds the

register uij
4: For each user j encode his `i qubits {uij} into a qudit

register dj of dimension 2`j by rewriting binary string
of qubits into digits.

5: The resulting state |ΦK〉 is an equal superposition of
2K states of registers d1, . . . , dK .

In order to state the QKD protocol for the layered key
structure K implemented with the state |ΦK〉, let us first
discuss the measurements we will use in the protocol. As

stated above, each user ui holds a qudit state of dimen-
sion 2`i . Our proposed protocol requires full projective
measurements, therefore each user needs to be able to
implement a projective measurement with 2`i outcomes.
Additionally, since the state |ΦK〉 can essentially be seen
as a tensor of various qubit GHZ and EPR states, the
proof of security will be done by the reduction to multiple
instances of protocols for such qubit states implemented
simultaneously in higher dimensional systems. The pro-
tocols for qubit systems typically require only measure-
ments in the three mutually unbiased qubit bases σx, σy
and σz (see [3] for GHZ based protocols and for exam-
ple [10] for the EPR based protocol). In order to be able
to use analysis for a qubit state protocol for every layer,
the user uj needs to implement measurements with 2`j

outcomes that can be post-processed into measurement
outcomes on the respective “virtual” qubits belonging to
these layers. What is more, in order to keep the anal-
ysis of each layer independent, all the combinations of
qubit measurements are required. Let us therefore label
required measurements of user uj as M j

b1,b2,...,b`j
, with

∀i, bi ∈ {x, y, z}. Outcomes of such a measurement can
be coarse grained into measurement outcomes of mea-
surements σbi on their respective qubits.

Let us now present the protocol.

The protocol implementing K using |ΦK〉
1: In each round user uj measures a randomly chosen

projective measurement M j
b1,...,b`j

and coarse grains

their outcome into measurement results for each “vir-
tual” qubit corresponding to his layers

2: The measurement choices are revealed
3: For each layer ki, rounds in which σz was measured

by every user in this layer are the key rounds
4: Rounds with other σj measurement combinations are

the test rounds
5: In every layer separately, the test rounds are used for

parameter estimation
6: Based on the parameter estimetion results, error cor-

rection and privacy amplification is performed sepa-
rately for every layer

3 Comparison to other implementation
of key structures

In this section we compare the performance of our
protocol for implementing a key structure K with the
performance of other possible implementations. The
tools available for other implementations are the stan-
dard QKD protocols of two types:

1. Bipartite QKD protocols (qubit or qudit) for sharing
a key between a pair of users with the use of EPR
states

|φ+d 〉 =
1√
d

d−1∑
i=0

|ii〉.

The qubit case of d = 2 can be seen as the standard
solution and is sufficient to implement any layered
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key structure with current technology. We however,
for the sake of a fair comparison we also allow higher
dimensional protocols.

2. Recently QKD protocols have been proposed, which
can implement a multipartite key with the use of
GHZ type states shared between m users:

|φ+d 〉u1,...,um
=

1√
d

d−1∑
i=0

|ii . . . i〉u1,...,um
.

Such protocols can be used to implement the key
for each layer separately. Although so far only qubit
(d = 2) protocols are known [3], we also allow proto-
cols with higher dimensional systems, which are in
principle possible.

These existing protocols can be combined to imple-
ment the given layered key structure K in multiple ways.
Here we compare the performance of two specific imple-
mentations. The first one uses only bipartite QKD pro-
tocols of various dimensions between the selected pairs
of users. These bi-partite keys are subsequently used to
distribute a locally generated multipartite key via one-
time-pad encryption. The second implementation uses
the GHZ protocols of various dimensions to directly dis-
tribute the keys for each layer.

The merit of interest is the idealized key rate ri in
each layer ki – ri is the expected number of key bits in
the layer ki per the time slot, under an assumption that
only key round measurements (i.e. the computational
basis) are used. Such a merit captures how efficiently
the information carrying potential of the photon is used
in different implementations, neglecting the need for the
test rounds used in the parameter estimation part of the
protocol.

In order to further specify what implementations of the
layered key structure K we are comparing to, we need
to characterize two different properties of the quantum
network we are using for comparison.

Since the achievable idealized rates depend on the ar-
chitecture of the network (as illustrated in [3]), let us
specify the network architecture first. Let us suppose
that the n users Un are connected into a network, where
each ui is connected to a source of entanglement by a
quantum channel and each pair of users (ui, uj) shares a
common authenticated classical channel.

The second property of the network we need to specify
are the local dimensions of the measurements allowed for
each user. We restrict every user to the local dimension of
|ΦK〉 – user ui can perform projective measurements with
at most 2`i outcomes. This is a reasonable assumption,
since it is a statement about the complexity of the mea-
surement apparatus of each user ui. This choice of the
dimensions is also meaningful, since in a certain sense,
our protocol is a good benchmark implementation under
these local dimension assumptions. It achieves the rates
ri = 1 for all layers i and it is not difficult to see that
this is impossible with lower local dimensions, since the
logarithm of the local dimension di of the user ui needs to
be at least `i – the number of shared bits in each round.

Note that the two aforementioned assumptions do not
restrict the routing capabilities of the source. This means
that the source can send out entangled states to any sub-
set of users on demand. Also these assumptions allow for
simultaneous sending of entangled states to mutually ex-
clusive sets of users. Therefore, for example, in networks
of 2n users, n EPR pairs can be sent simultaneously,
or, alternatively two n partite GHZ states can be sent
simultaneously and so on. These routing capabilities re-
quired of the source in order to be able to implement the
layered key structures with alternative approaches pose
some experimental challenges, however for the sake of
fair comparison we allow them anyway. Note that in this
sense our protocol is passive, since the source produces
the same state in each of the rounds of the protocol.

In what follows we show that the rates ri = 1 for all i
are achievable for only a restricted classes of key struc-
tures K with both EPR and GHZ implementations.

Naturally, each layered structure K defines a neighbor-
hood graph GK. Users Un are represented as the vertices
in this graph and two users ui and uj are connected by
an edge, if they share a layer in the structure K. We
call a layered structure K connected, if the neighborhood
graph GK associated to it is connected.

The connected components of each layered structure K
can be treated separately, since the source can send states
to them simultaneously and therefore their rates do not
depend on the rates of the other connected components.
In what follows, we therefore deal only with connected
key structures K.

Let us now introduce partitions Pi of the key structure
K. These are subsets of layers that are mutually exclusive
and collectively exhaustive – meaning that their union is
equal to the set of all users Un and no pair of the layers
in the partition contain the same user. Formally:

Pi =
{
ki1, . . . , k

i
m| ∪j kij = Un,∀a, b : kia ∩ kib = ∅

}
.

Note that we maintain an index i for each partition, since
each connected layered structure might contain several
partitions.

Let us now suppose that all the layers of a key structure
K can be grouped into exactly ` partitions. In such a
case, each user belongs to exactly ` layers and therefore
∀i : `i = `. In fact in the full paper we show that for the
GHZ implementation all the K with this property can
achieve the idealized rate ri = 1 for all layers. For the
EPR implementation to achieve all rates equal to 1 an
additional requirement is needed – all the layers need to
be of size 2. Additionally, no other key structures can
be implemented with all rates 1 with the GHZ or EPR
implementation. This shows that our implementaton is
more efficient for most of the layered key structures and
might be a good solution for implementation of small
networks with a simple fixed layer structure.
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EXTENDED ABSTRACT

Quantum state is the carrier of the quantum information and the target of quantum operation. One of the central
problems in quantum science and technology is the estimation of an unknown quantum state through the observation
of this state. Quantum state tomography is the process of determining an arbitrary quantum state with appropri-
ate measurement strategies. The generalized measurement can be described by a positive operator-valued measure
(POVM). In this paper, we focus on the rank-1 POVM which can uniquely determine an arbitrary pure state.

A quantum state ρ in d-dimensional Hilbert space Hd, described by a normalized density operator, is specified by
d2 − 1 real parameters. It is easy to construct an IC-POVM which contains d2 rank-1 elements, i.e., multiples of
projectors onto pure states [3]. For an state in n-qubit system, d = 2n. The cost of resource grows exponentially with
the number of n. Thus, it is important to design schemes with lower outcomes to uniquely determine the state. A
priori information about the states can lower the cost of the resource. For example, a rank-r quantum states can be
reconstructed with a high probability with rd log2(d) outcomes via compressed sensing techniques [4]. For a pure state
in Hd, a rank-1 quantum state, the cost of measurement results is d log2(d). Or one can take the adaptive methods.
Let the first glance of this pure state determine a subset where the state belongs. Then design the measurements
which can determine all pure states in this subset. Goyeneche et al.[8] constructed five orthonormal bases, which
corresponds to ∼ 5d rank-1 operators, to determine any input pure states.

In this work, we consider the problem of pure state tomography with two ways. One is to determine the minimal
number of outcomes theoretically. The other is to give an efficient scheme of tomography for the pure state with lower
costs.

Theoretically, Flammia, Silberfarb, and Caves constructed a POVM with 2d outcomes [6], by which almost all pure
states (up to a global phase) can be determined, except for a set of pure states that is dense on a set of measure zero.
This means that, if a pure state is selected at random, then with probability 1 it would be uniquely identified. They
called this kind of POVM to be PSI-complete. Moreover, they constructed a rank-1 PSI-complete POVM with 3d− 2
outcomes and conjectured that 2d outcomes suffice even restricting the elements to be rank one.

Finkelstein constructed a rank-1 PSI-complete POVM containing 2d elements [7] to prove this. A pure state only
in two sets of measure zero which have been depicted can not be determined. The summation of two measure zero
sets is still measure zero. A further question is raised: what is the minimal number of elements in rank-1 POVM
which can determine all pure states in Hd? Finkelstein showed that the number is at least 3d− 2.

RESULTS

We show this bound of 3d−2 is not tight except for d = 2 or 4. And an upper bound of the minimal number m1(d)
is given.

m1(d) =


3d− 2, d = 2,

3d− 2 or 4d− 3, d = 4,

4d− 3, d 6= 2, 4.

(1)

For dimension d = 2 (3), we construct a rank-1 POVM with four (eight) elements to uniquely determine any
pure state in H2 (H3). By a reference to Heinosaari et al [11], four and eight are the minimal numbers of elements
for POVMs which can distinguish any pair of different pure states in H2 and H3 correspondingly. The POVMs we
construct are the minimal possible resource. Moreover, each element in the POVMs is of rank-1. The minimal number
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2

of elements of rank-1 POVM For dimension d = 2, the rank-1 operators are:

|0〉〈0|, |1〉〈1|, (|0〉+ |1〉)(〈0|+ 〈1|)/2, (|0〉+ i|1〉)(〈0| − i〈1|)/2. (2)

For dimension d = 3, the rank-1 operators are:

Es = |s〉〈s|, for s = 0, 1, 2, E3 = (|0〉+ |1〉)(〈0|+ 〈1|), (3)

E4 = (|0〉+ i|1〉)(〈0| − i〈1|), E5 = (|0〉+ |2〉)(〈0|+ 〈2|), (4)

E6 = (|0〉+ |1〉+ |2〉)(〈0|+ 〈1|+ 〈2|), E7 = (|0〉+ |1〉+ i|2〉)(〈0|+ 〈1| − i〈2|). (5)

After the rank-1 conversion, these operators will form a rank-1 POVM which can determine an arbitrary pure state
in H2 or H3. The effectiveness is guaranteed by theorem 1 and theorem 2 we give.

Rank-1 conversion: Given n rank-1 positive self adjoint operators {Ek : k = 1, · · · , n}, G =
∑d
k=1Ek > 0, a

rank-1 POVM denoted by {Fk : k = 1, · · · , n} can be constructed. Fk = G−1/2EkG
−1/2 and

∑n
k=1 Fk = I.

Theorem 1: Let {Ek} be a set of rank-1 self adjoint operators, whose outcome probabilities are sufficient to
uniquely determine all pure states (up to a global phase). Some of the elements satisfy the following condition:∑

k∈B
Ek = I. (6)

After the rank-1 conversion, the POVM {Fk} is PSIR-complete.
Theorem 2: Assume that m orthonormal bases can distinguish all pure states in Hd, a PSIR-complete POVM

with m(d− 1) + 1 rank-1 elements can be constructed.
For d = 4, we show the minimal number is in {10, 11, 12, 13}. And we discuss that if this number is greater than

10, an answer can be given to an unsettled open problem up to now. Three orthonormal bases can not distinguish all
pure states in H4.

We give a constraint that three orthonormal bases must obey if they can distinguish all pure states in H4. If
three orthonormal bases can distinguish all pure states in H4 and the standard basis {|0〉, |1〉, |2〉, |3〉} is included, the
number zero should not appear in the unitary matrices form of the other two bases. The proof of this is motivated
by theorem 1 in [7].

ADAPTIVE d + 2k − 2 RANK-1 OPERATORS FOR Hd

Technically, we use the adaptive methods to construct d+2k−2 rank-1 operators to uniquely determine an arbitrary
input pure state in Hd, where 1 ≤ k ≤ d. The number k is determined by the results of the first measurements. And
we give the schemes to calculate all the unknown coefficients of the pure state.

Let a pure state in Hd be |φ〉 =
∑d−1
s=0 ase

iθs |s〉, where as is a non-negative real number and θs ∈ [0, 2π) for
s = 0, · · · , d− 1. The first d operators to be measured are Es = |s〉〈s|, s = 0, · · · , d− 1. From the result of tr(Esρ),
we can calculate the amplitudes as. Let k be the number of nonzero amplitudes. And keep track of the sites of
nonzero amplitudes {n0, · · · , nk−1} The remaining 2k − 2 projections are as follows: Fs = (|n0〉+ |ns〉)(〈n0|+ 〈ns|),
Gs = (|n0〉+ i|ns〉)(〈n0| − i〈ns|), s = 1, · · · , d− k− 1. The total number of outcomes needed is reduced to d+ 2k− 2.
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Abstract.
Self-testing, which could also be called device-independent characterization of the state and the mea-

surements, or simply blind tomography, refers to the fact that some statistics predicted by quantum
theory determine the state and the measurement as uniquely as possible, namely up to a local isom-
etry. While the most self-testing results are obtained by numerical method and the bounds are lower
than CHSH criterion. Here, we construct a general extraction map for all the Bell inequalities with two
measurements(A0, A1, B0, B1) and two inputs and each measurement has two outcomes[(2,2,2) scenario][2].
We obtain the analytic bound that depends on the angle α00 between the measurements A0 and B0.

Keywords: self-testing bound, Bell inequalities

1 Background

Self-testing is a concept of device independence which
regards the local systems as black boxes with some in-
puts and outputs and it requires only the no-signaling
assumption and that inputs are freely chosen.
The central question in self-testing is: given a con-

ditional probability distribution arising from measuring
a (multipartite) quantum state, what can be deduced
about the state and the measurements? The first ex-
ample that was studied was the following: if the Clauser-
Horne-Shimony-Holt (CHSH) inequality is violated max-
imally, then the state being measured is equivalent to
a maximally entangled state and the measurements are
anticommuting on both Alice’s and Bob’s part. In the
context of quantum cryptography, Mayers and Yao pro-
vided another criterion that certifies the same state and
measurements. Incidentally, the expression “self-testing”
comes from their work. In these early works, self-testing
was proved for the ideal statistics, which can never be
realized in an experiment. Intuition says that the certifi-
cation should be robust against small deviations from the
ideal case, but it took several years before the task of de-
riving robustness bounds was undertaken . The noise to
be tolerated in these early schemes was extremely small,
but a later method (Swap method) extended self-testing
of quantum states and measurement devices to realistic
experimental situations.

2 Main work

While the most self-testing results are obtained by nu-
merical method and the bounds are lower than CHSH cri-
terion. The development of strong analytical robustness
bounds is an active research topic. In this paper, we use
the concept of “extractability violation trade-off” that
was first put forward by J. Kaniewski in[1]. However, in
his paper the extraction map is just suit to the simple
Clauser-Horne-Shimony-Holt and Mermin inequalities.
We know that the ideal self-testing can only be done

with extremal points of the quantum set and all these

∗LiXinhui@bupt.edu.cn
†gaof@bupt.edu.cn

points can be achieved only by measuring the singlet.
Since the opeators Ax and By are unitary on |ψ⟩, we

denote Exy =
−→
Ax

†−→
By = cosαxy with αxy ≥ 0. Y. Wang

et.al. in [2] have shown that all the feasible points that
can be used for self-testing singlet by∑

(x,y)̸=(i,j)

arcsin(Exy)− arcsin(Ei,j) = ξπ, (1)

with i, j ∈ 0, 1, ξ ∈ {+1,−1} and the corresponding
operators satisfy with condition

α00 + α10 = α01 − α11. (2)

Let the target state |ψ⟩AB = |00⟩+|11⟩⟩√
2

and F (ρ, σ) be

the fidelity. For an arbitrary bipartite input state ρAB ,
the extractability of ψAB from ρAB is defined as[1]

Ξ(ρAB → ψAB) := max
ΛA,ΛB

F ((ΛA
⊗

ΛB)(ρAB), ψAB),

where the maximum is taken over all quantum channels
of appropriate input and output registers[1]. Our goal
is to self-test the target state using Bell inequalities and
obtain the linear self-testing statements of the form

F ((ΛA
⊗

ΛB)(ρAB), ψAB) ≥ sβ + µ (3)

for some parameters s and u.
Miller and Shi proved that a binary nonlocal XOR

game defined by the figure of merit
∑

(x,y)∈{0,1}2 fxyExy
can be self-testing[3]. Then Y. Wang showed that the
parametrisation of the sector of Q defined by condition
(2) is given by the suitable equality (1), that is

g(x, y, z) = sin(arcsinx+ arcsin y + arcsin z − π)
= − sin(arcsinx+ arcsin y + arcsin z).

(4)
A possible way of writing −→n , in the cases where none

of the Exy is zero, is
f00
f01
f10
f11

 =


sin−1 α00

− sin−1(α00 + α10 + α11)
sin−1 α10

sin−1 α11

 (5)

339



.
We rotate each two-dimensional block and the observ-

ables of Alice and Bob can be written as

Ar = cos aZ+(−1)r sin aX and Br = cos bZ+(−1)r sin bX
(6)

for r ∈ {0, 1}. Then the Bell operator is

W : =
∑

(x,y)∈{0,1}2 fxyExy
= (f00 + f01 + f10 + f11) cos a cos bZ

⊗
Z

+(f01 + f11 − f00 − f10) cos a sinZ
⊗
X

+(f10 + f11 − f00 − f01) sin a cos bX
⊗
Z

+(f00 + f11 − f01 − f10) sin a sin bX
⊗
X.

(7)

Here, we construct a general extraction map for all the
Bell inequalities with two measurements(A0, A1, B0, B1)
and two inputs and each measurement has two out-
comes[(2,2,2) scenario][2]. The extraction map is defined
as {

[Λ(a)](ρ) = 1+g(a)
2 ρ+ 1−g(a)

2 Γ(a)ρΓ(a)

[Λ(b)](ρ) = 1+h(b)
2 ρ+ 1−h(b)

2 Γ(b)ρΓ(b)
(8)

where{
g(a) = (sin(α00+α10

2 ) + cos(α00+α10

2 )− 1)−1(sin a+ cos a− 1)

h(b) = (sin(α11+α10

2 ) + cos(α11+α10

2 )− 1)−1(sin b+ cos b− 1)

(9)
and

Γ(x) =

{
Z x ∈ [0, α00+α10

2 ( or α10+α11

2 )]

X x ∈ [α00+α10

2 ( or α10+α11

2 ), π2 ].
(10)

It is easy to check g(0) = g(π2 ) = h(0) = h(π2 ) = 0
(full dephsing) and g(α10+α11

2 ) = h(α10+α11

2 ) = 1 (no
dephasing).
case1. For α00 + α10 = π

2 and α11 + α10 = π
2 , the

parameter s is given as a function about α00

s(α00) =
− cot(α00)+6 csc(2α00)

8(− csc(α00)2+4 csc(2α00)2)

+

√
(cot(α00)−6 csc(2α00)2)−(9−cos(α00))2(− csc(α00)+4 csc(2α00)2)

8(− csc(α00)2+4 csc(2α00)2)
.

case2. For α00 + α10 = π
2 and α11 = α10, the param-

eter s is given as a function about α00

s(α00) =
−1+6 csc(2α00)

2(16 csc(2α00)2−4 sec(α00))

+

√
(1−6 csc(2α00)2)−4( 9

16−
cos(α00)2

16 )(16 csc(2α00)2)−4 sec(α00)

2(16 csc(2α00)2−4 sec(α00))
.

For α10 = α11 and α00 = α10 is similar to case 2.
Here take the case 1 for an example:

3 Conclusions

In this paper, we construct a general extrac-
tion map for all the Bell inequalities with two
measurements(A0, A1, B0, B1) and two inputs and each
measurement has two outcomes[(2,2,2) scenario][2]. We
obtain the analytic bound that depends on the angle α00

between the measurements A0 and B0. Firstly, we show
that the high Bell inequalities implies high fidelity of the
rotated state with singlet for a given α00. Then for dif-
ferent values of α00, the fidelity of the singlet sate for
α00 = π/4 is better than other values. What’s more, our
results improve the bound on previously known results.
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Figure 1: The relation between violation and fidelity for
α00 = π/4. [1] is a special case of our results. The bound
is higher than the previously known results.
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Figure 2: The relation between violation and fidelity for
different values α00, the fidelity of the singlet sate for
α00 = π/4 is better than others

4 Bibliography Styles

References

[1] J. Kaniewski, Analytic and Nearly Optimal Self-
testing Bounds for the Clauser-Horne-Shimony-Holt
and Mermin Inequalities. PRL 117, 070402 (2016).

[2] Y. K. Wang, X. Y. Wu and V. Scarani, All the self-
testings of the singlet for two binary measurements,
New J. Phys. 18, 025021 (2016).

[3] C. A. Miller and Y. Shi, arXiv:1207.1819.

340



Quantum Inf Process (2017) 16:120
DOI 10.1007/s11128-017-1552-8

Resonant transition-based quantum computation

Chen-Fu Chiang1 · Chang-Yu Hsieh2

Received: 2 August 2016 / Accepted: 22 February 2017 / Published online: 23 March 2017
© Springer Science+Business Media New York 2017

Abstract In this article we assess a novel quantum computation paradigm based
on the resonant transition (RT) phenomenon commonly associated with atomic and
molecular systems. We thoroughly analyze the intimate connections between the
RT-based quantum computation and the well-established adiabatic quantum computa-
tion (AQC). Both quantum computing frameworks encode solutions to computational
problems in the spectral properties of a Hamiltonian and rely on the quantum dynam-
ics to obtain the desired output state. We discuss how one can adapt any adiabatic
quantum algorithm to a corresponding RT version and the two approaches are limited
by different aspects of Hamiltonians’ spectra. The RT approach provides a compelling
alternative to the AQC under various circumstances. To better illustrate the usefulness
of the novel framework, we analyze the time complexity of an algorithm for 3-SAT
problems and discuss straightforward methods to fine tune its efficiency.

1 Introduction

In the past decades, there has been great progress in quantum computation. One of
the aims of quantum computation is to attack computationally hard problems that
prove difficult (if not impossible) for classical computers. Several quantum algorithms,
such as Deutsch–Jozsa algorithm [1] and Shor’s factoring algorithm [2], that provide
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exponential speed-up in comparison with the classical counterparts, have already been
found and demonstrate the superiority of quantum computations.

Most early algorithm developments were based on the quantum circuit models
in which qubits are operated by a sequence of discrete quantum gates in analogy
to the classical circuit models. However, the complexity of quantum circuit models
has deterred subsequent developments. A variety of alternative quantum computation
models have been proposed to carry out quantum computations without explicitly
relying on a circuit model. Among them, the adiabatic quantum computation (AQC)
model [3–6] is probably the most well known and receives most attention. In this
work, we shall compare a recently proposed quantum computation model to the AQC
and discuss how this new model can be a practical alternative and complement to the
AQC.

In a series of recent works, a new quantum computation model is introduced. In
Ref. [7], a polynomial quantum algorithm for obtaining the energy spectrum of a physi-
cal system was proposed that can be used for phase estimation algorithm. Subsequently,
Wang et al. [8] generalized the model to solve 3-bit exact cover (EC3) problems and
improved upon the earlier work on the phase estimation algorithm including the extrac-
tion of eigenstates of a Hamiltonian.

This new quantum computation framework is inspired by resonant transition (RT)
phenomenon commonly observed in atomic and molecular systems. When a quantum
system is only weakly perturbed, the system responds most actively when the pertur-
bations resonate with some transition frequencies of the system’s spectrum. Based on
this principle, the computational problem is then encoded to the spectral properties of
a Hamiltonian of the system and an external agent, a probe qubit, is brought into inter-
action with the system. By adjusting the property of the probe qubit, one can induce
specific transitions inside the system and explore the eigen-energy of the system and
eigenstates.

Despite relying on different physical processes, the RT model is actually intimately
related to the well-established and highly successful AQC model. To clearly illustrate
their connections, we (1) discuss how one can adapt any adiabatic algorithm to a
corresponding RT algorithm and (2) inspect the underlying quantum dynamics of the
RT model and compare to that of the AQC model. As will become clear in the later
discussions, the RT model suffers a potential performance hit when the spectrum of
the Hamiltonian contains too many degenerate levels other than the manifold in which
the solution (to a computational problem) is encoded. Since no adiabaticity is imposed
onto the quantum dynamics, the RT model is significantly less susceptible to common
obstacles such as the spectral gap issue [10] for the AQC model. Because of the high
compatibility in terms of algorithm development and entirely different sources of
obstacles in carrying out these quantum dynamics driven computations, we expect the
RT model can provide a practical alternative and complement to the AQC. Toward the
end, we show how RT algorithms perform in a non-trivial algorithmic context when
we consider a 3-SAT problem. It will also be clear that the RT algorithm is clearly
derived from an adiabatic version [5].

The structure of this work is described as the following. In Sect. 2, we characterize
the basics of the resonant transition (RT) model-based quantum computation. Expla-
nations are then given on the structure of a RT-based EC3-solving algorithm and its
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physical implementations through Pauli matrices. In Sect. 3, we review the essences
of the AQC and the adiabatic path. Later, we compare the quantum dynamics of the
AQC with that of the RT-based quantum computation from the similarity perspective,
the difference perspective and the performance perspective. Subsequently, we demon-
strate how to emulate the RT-based quantum computation via the AQC. In Sect. 4.1,
we propose a new energy function to encode 3-SAT instances to be used in the EC3-
solving algorithm to solve 3-SAT problems. The modified EC3-solving algorithm has
a lower decay error probability and avoids the high degeneracy issue. We provide the
performance analysis in Sect. 4.2 and discussion in Sect. 5.

2 Quantum computation by the resonant transition model

In this section, we explain the basic physics behind the RT model, illustrate the RT-
based quantum computations through the original EC3-solving algorithm [8], and
discuss its physical implementations and other characteristics.

2.1 Resonant transition physics

We present background material on the model system and the phenomenon of res-
onant transitions between two quantum states in order to make the present paper
self-contained. To be elucidated in the subsequent section, the proposed quantum
algorithms are realized physically with the resonant transitions of a quantum system
coupled to an external agent.

Following [7,8], we consider a quantum device composed of two sets of qubits,
namely, the probe qubits and the register qubits. The register qubits could be con-
structed with an ensemble of two-level atoms in a cavity or trapped ions, while the
probe qubits are additional two-level system supposed to possess highly adjustable
physical properties, such as the resonant frequency and the coupling strength to the
register qubits. For the rest of this paper, we should restrict the discussion to one probe
qubit.

Similar to the Jaynes–Cummings model in quantum optics, this quantum device is
described by the following Hamiltonian,

H = Hp + Hs + Hint

= 1

2
ω0Z ⊗ I s2 + I2 ⊗ Hs + cX ⊗ A, (1)

where Hs represents the many-body Hamiltonian for the quantum register, Z and X are
standard Pauli matrices, and A denotes the probing operation on the quantum register
due to interaction with the probe qubit. In this device, the probe qubit is governed by a
particularly simple Hamiltonian, Hp, which sets the energy gap, ω0, between the two
states |0〉 and |1〉. The interaction with the quantum register should eventually result
in a flip of the probe qubit’s state from |0〉 to |1〉 or vice versa due to X appearing at
the very last term in Eq. (1). We shall see shortly that the operator A generalizes X to
induce transitions among quantum states of a multi-level quantum system.
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Given the Hamiltonian in Eq. (1), the dynamics of the entire system (the register
qubits plus the probe qubit) is governed by the unitary evolution U (t) = exp(−i Ht).
The time-evolved quantum state at time τ reads

ρτ = U (τ )ρ0U
†(τ )

= U (τ )(|1〉 〈1| ⊗ |�s〉 〈�s |)U †(τ ), (2)

where ρ0 = |1〉 〈1|⊗|�s〉 〈�s | is the joint initial state. A transition in the probe qubit’s
state (say, from |1〉 to |0〉) is accompanied with a similar transition between states of
the register qubits. The decay probability for the probe qubit can be quantitatively
estimated from the perturbation theory,

Pdecay = 〈0| Trs(ρτ ) |0〉 , (3)

where Trs(·) denotes a partial trace over the register qubits. To implement the quantum
algorithm, we operate the quantum device in the weak coupling limit, i.e., c � 1
in Eq. (1). In this scenario, the virtual transitions are strongly suppressed and the
dominant pathways are the classical-like transitions in which energy is transferred
back and forth between the probe qubit and register qubits. One can approximately
decompose Eq. (3) into an incoherent summation (i.e., no quantum interference) of
distinct transitions between the i-th and j-th eigenstates of Hs . More precisely, the
contribution to the decay probability of a particular transition path between the i-th
and j-th state of Hs reads

Pdecay,i→ j = sin2
(

�i jτ

2

) Q2
i j

Q2
i j + (E j − Ei − ω0)2

|〈�i |�s〉|2 (4)

where Qi j = 2c 〈�i | A
∣∣� j

〉
, �i j =

√
Q2

i j + (E j − Ei − ω0)2, |�s〉 is the initial state

of the register qubits, |�i 〉 and
∣∣� j

〉
are the i-th and the j−th eigenvector of Hs . From

Eq. (4), it is clear that the dominant resonant pathways would have a nearly perfect
match between the energy gaps (E j − Ei ) and ω0. When a transition is off-resonant,
i.e., |E j − Ei | >> ω0, the corresponding contribution to the decay probability in
Eq. (4) can be tuned to extremely small values in many realistic experimental set-ups.
Further detail on the resonant transitions can be found in Refs. [9,11–13] and later
discussions below.

2.2 Original EC3-solving algorithm

We now summarize the algorithm proposed by Wang and his co-authors that exploits
the resonant transition physics to perform computational tasks. Extended from the
spectrum-probe algorithm in [7], EC3-solving algorithm was further designed to solve
a satisfaction problem. An EC3 problem is a boolean formula F with M clauses and
n binary variables v1, v2, · · · vn that F = C1 ∧ C2 · · · ∧ CM . Each clause contains
exactly three variables and it is satisfied when there is only one variable is 1 and the
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Fig. 1 The original EC3-solving algorithm [8]. The register Rp has one probing qubit that is initially in
the excited state. The Rs register contains n + 1 qubits where the first qubit is an ancillary qubit while the
last n qubits are the state space for all the boolean assignments. The unitary U is based on Hamiltonian H
in Eq. (1) that U = e−i H(τ )

other two are 0. The task is to determine if there is an assignment of v1v2 · · · vn that
satisfies all M clauses such that F is evaluated to 1. An energy function is defined as

hi
(
vi1, v

i
2, v

i
3

)
=

{
0 if vi1, v

i
2, v

i
3 satisfies clause Ci ;

1 if vi1, v
i
2, v

i
3 does not satisfy clause Ci

(5)

where viz means the zth variable in clause Ci that z ∈ {1, 2, 3}, i ∈ {1, M} and
viz ∈ {v1, · · · , vn}. Then, it is defined that

HCi |v1v2 · · · vn〉 = hi
(
vi1, v

i
2, v

i
3

)
|v1v2 · · · vn〉 (6)

and

HC =
M∑
i=1

HCi . (7)

From Eqs. (6)-(7), we know that for any given arbitrary assignment, HC computes
the total number of violated clauses in an EC3 instance. The state space, i.e., all the
possible assignments (N = 2n), is the computational basis (also the eigen-basis) for
HC while the corresponding eigenvalue is the number of clauses violated by that
eigenstate. Hence, the eigenvalues are integers in the range of 0 and M in the subspace
occupied by HC . Eigenstates with eigenvalues 0 would be the solution assignments .

The EC3-solving algorithm acts on an 1-qubit probe register Rp and one n + 1
qubit register Rs as shown in Fig. 1. The register Hamiltonian is constructed as

Hs =
(−IN 0

0 HC

)
. (8)
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where IN is N -dimensional identity operator. It is given that

A = X ⊗
(

1√
2
(I2 + X)

)⊗n

(9)

and

|�s〉 = (I2 ⊗ H⊗n)(|0〉⊗(n+1)) = 1√
N

N∑
j=1

|0〉 | j − 1〉 = 1√
N

N∑
j=1

∣∣ϕ j
〉

(10)

From Eqs. (8) to (10) we know (1) the states
∣∣ϕ j

〉
are eigenstates of Hs with eigenvalue

−1 because of −IN and (2) Hs |�s〉 = − |�s〉 where Es = −1. With the additional
1 ancillary qubit in Rs , it is easier to prepare an eigenstate for Hs as |�s〉 can be
prepared by using Hadamard gates on the last nth qubits of register Rs . We simply set
ω0 = 1 for resonance and let the system evolve for some time τ and we measure the
probe qubit to see if we observe 0. If the outcome is 1, it means we have not found
any solution yet. If the outcome is a 0, it means either (1) with high probability we
have found the solution or (2) with low probability we obtain a non-solution state
because of the error from non-solution assignments becomes non-negligible such that
the energy from the probe qubit leaks to non-solution assignments.

In the RT model, a state in the cavity system climbs up from eigen state |�i 〉 to
state |�i+1〉 by using the energy given from the probe qubit when the eigen-energy
gap Ei+1 − Ei is equal to the frequency ω0 . In this setting, we know the state |�s〉
can be also viewed as state |�0〉 because Es = E0 = −1 as E1 = 0. The evolution of
|�0〉 to all other states, solution assignment(s) state |�1〉 and non-solution assignments∣∣� j

〉
, will contribute to the probability of observing a 0 in register Rp. It is clear to

see that each
∣∣� j

〉
state is associated with eigen energy E j and it can be expressed

as

∣∣� j
〉 =

m j∑
l=1

1√
m j

|1〉 |μl〉 (11)

where m j is the number of eigenstates associated with eigenvalue E j and |1〉 |μl〉 is
the corresponding eigenstate. The contribution from the solutions states (states with
eigenvalue 0) is 1

Pdecay = sin2
(

�01τ

2

)
(12)

The contribution from all non-solution states is [8]

1 In this case, the initial state |�s 〉 is also the eigenstate of Hs with eigenvalue −1 such that |�s 〉 that will
be excited to other eigenstates with higher eigenvalues.
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Perr
decay =

N∑
j=2

sin2
(

�0 jτ

2

) Q2
0 j

Q2
0 j + E2

j

. (13)

Since Qi j = 2c 〈�i | A
∣∣� j

〉
and we know that

〈�0| A
∣∣� j

〉 = 1√
N

1√
m j

N∑
j=1

m j∑
l=1

(((〈0| 〈 j |)A) |1〉 |μl〉)

= 1√
N

1√
m j

N∑
j=1

m j∑
l=1

⎛
⎝〈1|

N−1∑
k j=0

1√
N

〈
k j

∣∣
⎞
⎠ (|1〉 |μl〉)

= 1

N

m j√
m j

N∑
j=1

1

= √
m j . (14)

Q0 j is therefore 2c
√
m j where m j is the degeneracy of the assignments (basis states)

of HC with eigenvalue E j . The upper bound of decay error probability Perr
decay can be

simplified to

Perr
decay ≤

∑
j

Q2
0 j

Q0 j
2 + E j

2 ≤
∑
j

4c2m j

E j
2 ≤ 2

3
π2c2mmax, (15)

wheremmax is the maximum ofm j , given the fact that
∑∞

j=2
1

( j ′−1)2 = π2

6 . We have to

choose the coupling factor c  O( 1√
mmax

) to make Perr
decay become negligible. However,

this imposes the dilemma. If we have a huge degeneracy (exponentially large) in the
system, then we need to set τ to be exponentially large (τ  1

c ) for each iteration
since

Pdecay = sin2 (
c
√
m0τ

)
(16)

has to be some non-negligible number. If τ is some constant number, then Pdecay will
be exponentially small. That makes the number of required iterations (	  1

Pdecay
)

exponential large and the overall complexity 	 × τ would be huge. Furthermore, for
hard instances of solvable satisfaction problems, m0 is a small number as it is the
number of satisfying assignments. When we observe a 0 in the probe qubit, it implies
that with high probability the solution state is obtained. Hence, we will examine the
potential issues based on (1) decay error probability and (2) energy leak due to high
degeneracy.

We remark that our analyses above restricts to Hamiltonians for EC-3 or 3-SAT
problems encoded with specific energy functions which assign the (integer-valued)
energies according to the number of clauses violated. For more general Hamiltonians,
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the success probability of the algorithm depends on more factors as discussed in
Ref. [14].

2.3 Physical implementation

We next clarify the physical implementations of the full Hamiltonian H in terms of
elementary Pauli matrices for qubits. First, we define the projection operator

Z+ = |0〉 〈0| = 1

2
(I2 + Z), Z− = |1〉 〈1| = 1

2
(I2 − Z).

Each energy function in hi in Eq. (5) can now be straightforwardly translated into a
linear combination of three-qubit projections,

hi (v
i
1, v

i
2, v

i
3)

=
(
I −

∣∣∣0vi1
0vi2

1vi3

〉 〈
0vi1

0vi2
1vi3

∣∣∣−
∣∣∣0vi1

1vi2
0vi3

〉 〈
0vi1

1vi2
0vi3

∣∣∣−
∣∣∣1vi1

0vi2
0vi3

〉 〈
1vi1

0vi2
0vi3

∣∣∣)

= (
I − Z+

1 Z+
2 Z−

3 − Z+
1 Z−

2 Z+
3 − Z−

1 Z+
2 Z+

3

)
, (17)

where I is the identity operator in the 3-qubit subspace. We then expand the projection
operators using Pauli matrix Z , for instance,

Z+
1 Z+

2 Z−
3 = 1

8

⎛
⎜⎝I + Z1 + Z2 + Z3︸ ︷︷ ︸

one body

+ Z1Z2 − Z1Z3 − Z2Z3︸ ︷︷ ︸
two body

− Z1Z2Z3︸ ︷︷ ︸
three body

⎞
⎟⎠ .

The full register Hamiltonian (coupling the n-register qubits to the ancillary one) can
also be re-written in terms of the projection operators introduced earlier,

Hs = −Z+
0 ⊗ I + Z−

0 ⊗ Hc

= I2 ⊗
(
Hc − I

2

)
− Z0 ⊗

(
Hc + I

2

)
, (18)

where Z−
0 , Z+

0 and I2 are operators associated with the ancillary qubit and I is the
identity operator in the N-dimensional subspace spanned by n qubits in cavity. As for
the register-probe interaction, the operator A given in Eq. (9) is already fully specified
in terms of Pauli matrices.

It is now clear that the EC3 problems require building intricate many-body interac-
tions among qubits in the present framework. While the two-body interaction can be
generated easily in most cavity-related quantum optical experiments, a major challenge
is to coherently couple multiple (beyond 2) register qubits that might not be in a close
vicinity of each other. This obstacle prevents implementing the present algorithm in
a large-scale experiment involving many register qubits at the moment. Nevertheless,
with the recent progress of various quantum technologies such as the quantum bus
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[18] and the many-body Hamiltonian simulations [15–17], the future prospect of con-
structing the required multiple-qubit interacting Hamiltonian is certainly promising.
This could be particularly true as the present framework only requires static (alway-
on) interactions as opposed to time-dependent (on-demand) interactions among the
qubits. This static requirement is true for both the energy functions, hi , as well as for
register-probe interaction, Hint.

3 Comparison to adiabatic quantum computation

We now analyze the intimate connections between RT and AQC models. First, we
briefly summarize the essence of AQC [5] to make the analysis in this work self-
contained.

Based on the adiabatic theorem [19], a quantum system evolves according to
Schrödinger equation

i
d

dt
|ψ(t)〉 = Hc(t) |ψ(t)〉 , (19)

we can consider a family of Hamiltonians H̃(s), 0 ≤ s ≤ 1 and let H(t) = H̃(t/T ).
Define the instantaneous eigenstates and eigenvalues

H(s) |l; s〉 = El(s) |l : s〉 (20)

where

E0(s) ≤ E1(s) ≤ · · · ≤ EN−1(s) (21)

and the minimum spectral gap is

gmin = min
0≤s≤1

(E1(s) − E0(s)). (22)

It is well known that the expected running time

T � ε

g2
min

s.t. 〈l = 0; s = 1|ψ(T )〉  1. (23)

where

ε = max0≤s≤1 |〈l = 1; s| dH

ds
|l = 0; s〉| . (24)

This concept was further extended [5] in a linear manner. The computation starts
by initializing the AQC in the easy-to-prepare ground state(s) of the Hamiltonian HB .
The time-dependent Hamiltonian H(t) is defined as

H(t) = (1 − s)HB + sHC (25)
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where s = f (t/T ). In this study, we consider s = t/T for simplicity. We simply let
the ground state of HB evolve in this Hamilton H(t). When t = T , the ground state
|l = 0; s = 0〉 of HB will evolve into state |ψ(t)〉 that is extremely close to the ground
state |l = 0; s = 1〉 of HC . The running time of AQC is determined by the minimal
spectral gap gmin of the underlying Hamiltonians [5].

In the following three subsections, we shall investigate (1) how to adapt any AQC
algorithm to a corresponding RT version to firmly establish their connections as com-
putational devices, (2) how the performance of RT and AQC model differs in different
computational problems due to the very different physical mechanism by which the
models operate, and (3) how to interpret the underlying quantum dynamics of RT
model in terms of well-established and well-studied AQC models.

3.1 Translation of algorithms

Figure 2 presents a clear picture of how the two computational models are related. In
both models, the solution to a computational problem is encoded in the ground state of
a Hamiltonian HC . If it is easy to initialize a quantum device in the ground state of HC

then the problem is directly solved without invoking either AQC or RT models. Hence,
both AQC and RT models are initialized with an easy-to-prepare quantum state and
rely on different physical principles (adiabatic theorem versus resonant transition) to
manipulate the quantum dynamics in order to achieve the desired ground state of HC .

As described earlier and shown in the figure, the AQC model would initialize the
device in the ground state of another Hamiltonian HB , which is related to HC via a

Fig. 2 Connections between AQC and RT. In both models, the desired solution is encoded as the ground
state of HC . In the RT model, the HC is embedded into a larger Hamiltonian after introducing the ancillary
qubit. The enlarged system is then excited from the -1-eigenvalue manifold to the 0-eigenvalue manifold
with the help of the probe qubit. On the other hand, the AQC model starts with HB (easy to initialize in the
ground state) and relies on adiabatic tuning to morph the Hamiltonian to HC
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simple linear equation as in Eq. (25). As long as this transformation of Hamiltonians
(from HB to HC ) is adiabatically slow, the quantum device remains in the instantaneous
ground state of the time-evolved Hamiltonian. This guarantees the attainment of the
ground state of HC at the end of the algorithm execution.

On the other hand, the RT model would add an ancillary qubit to the system (with
Hamiltonian HC ) to define an extended Hamiltonian for the enlarged system. For
instance, this is how the register Hamiltonian Hs , Eq. (8), for the EC3 solving algorithm
is defined earlier. As shown, the desired Hamiltonian HC appears at the lower diagonal
part of the enlarged Hamiltonian in Eq. (8). We note that Hs Hamiltonian essentially
introduces a highly degenerate ground state and the rest of the spectral properties
of Hs is determined by HC Hamiltonian. It would be easy to initialize the enlarged
system in the ground state with eigenvalue −1 since this is determined solely by the
ancillary qubit’s quantum state. By properly tuning the probe qubit’s energy to target
the transition between the −1 and 0 eigenvalue manifold of this extended system, the
desired state (ground state of HC ) can also be reached reliably.

Hence, the translation of adiabatic algorithms is now clear. One simply takes HC

(the final Hamiltonian in an adiabatic algorithm) and embedded into Hs as done in
Eq. (25). This straightforward mapping establishes the RT model potentially being
a universal quantum computation framework. In this work, this adaptation of AQC’s
EC3 and 3-SAT algorithms to RT versions are discussed in great depth. Another impor-
tant algorithm for adaptation is AQC’s integer-factoring scheme [22]. The translation
scheme has given the RT model an access to a variety of important AQC-based quan-
tum algorithms.

3.2 Different limiting factors

We now compare the performance of AQC model and RT model when attacking two
types of problems: Minimum Hamming Weight Problem and Perturbed Minimum
Hamming Weight Problem.

A Minimum Hamming Weight Problem (MHWP) is that for a given n bit string
z ∈ {0, 1}n , we want to minimize the Hamming weight w(z) of z. In the MHWP, it is
shown that the complexity is O(1) for AQC [6]. If we look at the final Hamiltonian
HC , we know that many eigenstates (in the computational basis) would have the same
eigenvalues. For instance, when n = 3, binary strings 011, 101 and 110 have the same
Hamming weight. When eigenvalue en/2 = n

2 , we have C(n, n/2) eigenstates, which
is approximately O

(
2n/n2

)
by Stirling’s approximation. That is the corresponding

maximum degeneracy of the system. Hence, the RT model would have a complexity

of O
(√

2n
n2

)
when it is easy to prepare the initial state with eigenvalue ω0 shifted from

the eigenvalue of the all zeros string. It is clear in this case that AQC performs much
better than RT-based models in the simple MHWP.

In a Perturbed Mininum Hamming Weight Problem (PMHWP), a Hamiltonian of
the system is expressed as

H f (t) = H(t) − t

T
(n + 1)

∣∣1n 〉 〈1n∣∣ (26)
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and it is shown [6] that for the Hamiltonian H f : gmin ∈ O
(

n√
2n

)
and this impliesT �

�
(

2n

n2

)
. Similarly, for the RT model, the complexity for PMHWP remains O

(√
2n
n2

)
exactly the same as that for MWHP since small perturbation from |1n〉 〈1n| does not
affect where the most degeneracy occurs and does not change the degree of highest
degeneracy. The perturbation will only affect (decrease or increase) the degeneracy
of eigenstate |1〉⊗n by at most n, which is significantly smaller than C(n, n/2). In
such a scenario, small perturbation, the RT model is almost perturbation blind and
outperforms AQC.

Hence, when solving the eigenstate/eigenvalue problems (such as CSP, MHW, and
search), we need to examine the nature of the problem in order to choose the right
model. From a very intuitive sense, we can imagine that RT model and AQC model are
similar but their running time is dominated by different parameters. In the AQC model,
the running time is dominated by the inverse of the square of the minimal spectral gap
1/g2

min while in the RT model, the running time is dominated by the square root of the
maximal degeneracy

√
mmax.

Finally, we emphasize that the above comparisons are based on idealistic situations
in which no noise or decoherence is considered. In the study of resonant transitions
physics, it is well known that a significant quantum state leakage into high-lying energy
state is highly unlikely due to the violation of energy conservations . In fact, if this type
of quantum leakage happened all the time, it would have completely altered the robust
resonant transition physics observed ubiquitously. This being said, temporary virtual
transition into the high-lying energy states then back down to the resonant states can
happen as allowed by the Heisenberg’s time-energy uncertainty principle. Hence, the
realistic problem is not really the leakage problem but rather the dephasing problem.
As the qubits temporarily change their states, important quantum phase information
will be lost. Fortunately, the phase factors of a wave function is not explicitly used
in the RT model. This allows the RT model, similar to the AQC model, to be more
noise-resilient than the traditional circuit models where the computational time has to
be significantly less than the single qubit’s dephasing time, for instance.

3.3 Adiabatic evolution following resonant transition model

To complete the analysis, now we would like to compare the underlying quantum
dynamics of the two models and gain a different perspective on their connections. We
follow closely a method of analysis presented by Wong and Myer [20] in which one can
make AQC to emulate other unitary dynamics-based quantum computation models.
The idea is to project complicated many-qubit quantum dynamics into the dynamics
of an effective qubit. One then asks how to engineer an appropriate adiabatic path for
this effective qubit’s Hamiltonian such that the time-evolved ground state emulates
the dynamical evolution in another system. Being an effective two-state description,
one can view the adiabatic ground state evolutions as a trajectory on the Bloch sphere.

Through these simplified representations, Wong and Myer provide an illuminating
account of the subtle differences between AQC and continuous quantum walk (CQW)
model, another universal quantum computation paradigm based on the unitary quan-
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tum dynamics. In Ref. [20], it was shown that for AQC to emulate the quantum walk
search algorithm, it must interpolate between three fixed Hamiltonians (H̃B, H̃E , H̃C ).
That implies in order to emulate the behavior of a quantum walk via the use of AQC,
the corresponding Hamiltonian for AQC is structurally beyond a linear interpolation
between the initial Hamiltonian, H̃B , and the final Hamiltonian, H̃C . Not surprisingly,
adopting the same projected representation, we find the AQC can more naturally emu-
late the RT model; although with an unusual adiabatic path.

To make AQC emulate RT model in the approach just described above, let us first
formulate the RT model in this two-state description. We first focus on the system part
and exclude the ancillary and probe qubits. The solutions of a computational problem
are designated as one quantum state |g〉 and every other states are denoted as |i〉. Next,
we incorporate the probe and ancillary qubits into the two-state description. We now
define augmented basis with |G〉 = |01g〉 and |B〉 = |10b〉 with |b〉 = ∑2n−1

i=0
1√
2n

|i〉
where the three indices of the kets denotes the state of the probe qubit, the ancillary
qubit and the cavity system, respectively. In this augmented basis, we can now depict
the time evolution of the entire quantum device in which an initial state |�0〉 = |B〉
is time evolved under the unitary operation, U = e−i Hτ . The time evolution of |�0〉
can be expressed as

|�0(τ )〉 = √
Pdecay |01g〉 + √

1 − Pdecay |10b〉 = α(τ) |G〉 + β(τ) |B〉 (27)

where H is described in Eq. 1. In this case we obtain

�0,1 = 2c, Pdecay = sin2
(

�0,1τ

2

)
= sin2(cτ) (28)

by the result from Eq. 4, 14 and 16 and assuming there is only one solution. Then,
we want the ground state of the adiabatic Hamiltonian HA(τ ) to be |�0(τ )〉 with
eigenvalue λ0. The other eigenstate is hence

∣∣∣�0
⊥(τ )

〉
= β(τ) |G〉 − α∗(τ ) |B〉 (29)

with eigenvalue λ⊥
0 . Similar to the analysis by Wong and Meyer, to avoid complex

number, in [20] with eigenvalues λ0 = −λ⊥
0 , the Hamiltonian is

H̃A(τ ) = λ0 |�0(τ )〉 〈�0(τ )| + λ⊥
0

∣∣∣�⊥
0 (τ )

〉 〈
�⊥

0 (τ )

∣∣∣ (30)

= λ⊥
0

(−|α|2 + β2 −2αβ

−2α∗β |α|2 − β2

)
(31)

= λ⊥
0

(− sin2(cτ) + cos2(cτ) −2 sin(cτ) cos(cτ)

−2 sin(cτ) cos(cτ) sin2(cτ) − cos2(cτ)

)
(32)

The Hamiltonian is thus reduced to

H̃A(s) = λ⊥
0 (s)

[
−(1 − 2s)H̃C + √

s(1 − s)H̃E

]
(33)
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where

s(t) = sin2(cτ) (34)

is the interpolation schedule and we have

H̃C =
(−1 0

0 1

)
, H̃E =

(
0 −2

−2 0

)
. (35)

We still need to find out λ⊥
0 in terms of s. By use of the adiabatic theorem ds/dt =

εg2(s) and Eq. (34), we have

2 sin(cτ) cos(cτ)c = εg2(s). (36)

Since λ0 = −λ⊥
0 , i.e., λ⊥

0 = g(s)/2, then we obtain

g(s) =
√

2c
√
s(1 − s)

ε
, λ⊥

0 = 4

√
c2s(1 − s)

4ε2 . (37)

Therefore, the adiabatic Hamiltonian that follows the evolution in a RT-based algorithm
is

H̃A(s) = 4

√
c2s(1 − s)

4ε2

[
−(1 − 2s)H̃C + √

s(1 − s)H̃E

]
. (38)

Unlike the case presented in Ref. [20], the AQC emulates the RT dynamics via a
nonlinear and closed adiabatic path which starts with −H̃C at s = 0 and returns to H̃C

at s = 1. Note the sign difference in the beginning and the end of the adiabatic path.
The initial input to the system is |10b〉 and is also the ground state of −H̃C . This

points to a fundamental difference between RT and AQC models. In the AQC case, one
would like to initialize the quantum device into the ground state of H̃B , which should
preferably overlap significantly with the desired output state as much as possible and
limit the need to perform the adiabatic transitions. In the RT model, we actually want
the initial state to be completely orthogonal to the desired state because the resonant
transitions imply a jump from one eigenstate to another. In the two-state description,
this would imply the initial state has to be |B〉 (completely orthogonal to |G〉). This
physical circumstances explain the unusual closed adiabatic path AQC must follow in
order to emulate the RT model.

In this two-state projected view, it is also clear that the RT dynamics is different
from that of the CQW consider in Ref. [20]. For instance, the Hamiltonian H̃e acts
more powerfully than the standard oracular operations. Unlike a standard oracular
operation which first reflects around |G〉 by applying a phase then reflects around the
initial state, the Hamiltonian H̃e introduces an extra structure that drives the evolution
between |G〉 and |B〉.
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4 3-SAT problems

To further illustrate the usefulness of a RT-based quantum computations, we general-
ize the EC3 algorithm presented earlier to study hard instances in 3-SAT problems.
Through this highly non-trivial problem, we will address how to improve the efficiency
of a RT model. We recall a 3-SAT is defined as a formula F with M clauses and n binary
variables. Let N = 2n be the number of possible assignments for n boolean variables.
Let V = {v1, v2, . . . , vn} be the set of boolean variables and V̄ = {v̄1, v̄2, . . . , v̄n} be
the complement set. A 3-SAT formula is described as

F = C1 ∧ C2 ∧ · · · ∧ CM and Ci =
(
li1 ∨ li2 ∨ li3

)

where (1) ∀i ∈ {1, M} , literal lij ∈ V or literal lij ∈ V̄ and (2) ∀k ∈ {1, n}, vk or v̄k
appears at least once in F . The task is to find an assignment to v1, v2, . . . , vn such
that F will be evaluated to 1.

4.1 RT algorithm

Given a 3-SAT formula F , we associate each 3-bit clause with an energy function,
modified from Eq. (5),

hi (Ci ) = hi (l
i
1, l

i
2, l

i
3) =

{
0 if li1, l

i
2, l

i
3 satisfies clause Ci ;

1 if li1, l
i
2, l

i
3 does not satisfy clause Ci ,

(39)

where liz is the zth literal in clauseCi . We can consider this energy function as a constant
energy function. Similarly, we can also have the clause associated with another energy
function

hi (Ci ) = hi (l
i
1, l

i
2, l

i
3) =

{
0 if li1, l

i
2, l

i
3 satisfies clause Ci ;

γ × i if li1, l
i
2, l

i
3 does not satisfy clause Ci ,

(40)

we can consider this second energy function as clause-dependent energy function.
With both energy functions, each local Hamiltonian HCi can be defined by its action
on quantum state vectors,

HCi |v1v2 · · · vn〉 = hi
(
li1, l

i
2, l

i
3

)
|v1v2 · · · vn〉 . (41)

Hence, the Hamiltonian HC = ∑
i HCi gives an energetic value to each configurations

of all qubits according to which clauses Ci are violated. The solutions to a 3-SAT
problem would correspond to the zero-energy eigenstates of HC if they exist. Similar
to the EC3 algorithm introduced earlier, one needs to introduce an additional ancillary
qubit and embed HC within the extend structure of Hamiltonian Hs as done in Eq. (8).
Details of how to construct all these abstract Hamiltonians in terms of Pauli matrices
can be inferred from Sect. 2.3.
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To improve performance of RT-based quantum computation, it is desirable to reduce
the decay error probability Perr

decay described in Eq. (15). Intuitively, we can either (1)
increase the eigenvalue gap (detuning effect) to suppress the decay error probability
Perr

decay and (2) increase the number of distinct eigenvalues in the spectrum of HC to
minimize the degeneracy in each eigen-energy manifold. These two objectives can be
simultaneously achieved through the modifications introduced in Eq. (40).

4.2 3-SAT hard instances

It is well known that, in general, the difficulty of a 3-SAT problem is gauged by an
order parameter known as the clause-variable ratio, (M/n). When the ratio is around
M/n  4.24, then the problem can undergo a phase transition [21,23–25] and be
classified as NP-complete. When the order parameter is significantly different from the
critical value of 4.24, then the problem becomes relatively trivial. Next, we use either
Eqs. (39) or (40) as the energy function required by the 3-SAT algorithm presented
in Sect. 4.1 and compare the performance of the corresponding algorithm in a hard
instance of the 3-SAT problem.

4.2.1 Constant energy function

In this subsection, we will analyze RT-based algorithm to solve a hard 3-SAT instance.
We will take a constant energy function, based on Eq. (39), that assigns a numerical
value 1 whenever a clause is violated. Given the constraint from a hard 3-SAT instance,
the decay probability error can be bounded from above with respect to M . We obtain2

a new upper bound

Perr
decay ≤

∑
j

4c2m j

E j
2 ≤ 4c2mmax

j ′=4n∑
j ′=1

1

j ′2
≤ 4c2

(
π2

6
− 2M − 1

2M2

)
mmax. (42)

Regarding the performance, the main concern is the maximal degeneracy mmax.
With M+1 eigenvalues and N eigenstates, even distributed uniformly, each eigenvalue
has an expected exponential O

( N
4n

)
degree of degeneracy. It is inevitable that mmax

is exponentially large for 3-SAT hard instances, given the constructed HC based on
Eq. (39). This implies the coupling factor c (between the register and the probe) has
to be exponentially small in order to make Perr

decay negligible. This ultra-weak coupling
is, however, not a desired solution as the running time τ will necessarily scale to an
exponentially large quantity, (O(

√
mmax)), as summarized in Table 1. The worst case

is that there is only one solution assignment and all the degeneracy occurs at the non-
solution assignments that only violate one clause. In such a scenario, the complexity
of the RT approach is O(

√
N ).

2 On Mathematica, harmonicnumber(M,2), is bounded from above by π2

6 − 2M−1
2M2 by use of Laurent

series.
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Table 1 Time complexity for two types of quantum algorithms for solving SAT

Method Running time Time unit

RT with constant energy function O
(√

mmax
)

Continuous time

Conventional grover O
(√

2n
)

Discrete, Oracle invocations

Fig. 3 Top line for the conventional discrete quantum search algorithm, the bottom line is for spectra
probing algorithm. The x axis is the number of possible assignments (N ) in hard cases in a constraint
satisfaction problem F . The y axis is the complexity

For conventional discrete quantum search algorithms, such as Grover’s search algo-
rithm on unstructured data [27], the complexity is O(

√
N ) when there are only a few

solutions. Let us consider a uniform situation that the given 2n − 1 non-solution
assignments will be evenly distributed among one eigenvalue, two eigenvalues and
so on till M eigenvalues. On the average, in comparison with conventional discrete
quantum search algorithms, the RT algorithm outperforms the conventional quantum
search algorithms in hard instances since the expected running time of each iteration
is (Fig. 3). 3

E(τ )  E

(
1

c

)
 E

(√
mmax

) =
∑M

i=1

√
N
i

M
 O(

√
N/n) (43)

4.2.2 Clause-dependent energy function

Now, we will adapt the modified energy function introduced in Eq. (40). From Eq. (15),

it is shown that Perr
decay ≤ ∑

j
4c2m j

E j
2 . In the worst case scenario, we have only one

solution and each of the rest of 2n − 1 assignments violates only one clause (the first
clause). Given such a condition, we have

3 On Mathematica, harmonicnumber(M,1/2)/M, is approximately 2
√

1
M by Puiseux series.

123
357



120 Page 18 of 21 C.-F. Chiang, C.-Y. Hsieh

Perr
decay ≤ 4c2(N − 1)

(γ )2 . (44)

Since the running time τ of each iteration is proportional to the inverse of coupling
factor c, i.e.,

τ  1

c
, (45)

and we have to make the Perr
decay a relatively small constant, then we know τ  O(

√
N

γ
).

It is clear that γ defined in Eq. (40) improves the running time of the adapted algorithm
as γ gets larger. Suppose γ is a positive integer, i.e., γ ∈ [1, 2, . . . ,∞] and the
cost of increasing γ is constant, then the rate of improvement remains positive but
monotonically drops as γ is scaled up. When γ ∝ √

N , the running time τ would
approach a plateau value independent of input size. Unfortunately, the ideal scenario
is difficult to attain as it is unrealistic to scale γ arbitrarily large in experiments. The
benefit of having a large γ is physically intuitive and reflects in improved algorithmic
performances.

Regarding the average case, for the simplicity of the analysis, let us assume the
distribution of the non-solution assignments to corresponding eigenvalues is uniform.
Given 2n − 1 non-solution assignments, they will be evenly distributed among one
eigenvalue, two eigenvalues and so on till M(M+1)

2 eigenvalues. In each case, we
will have mmax equal to 2n , 2n/2, 2n/3 · · · and 2n/(M(M + 1)/2), respectively. We
derive 4

E(τ )  E

(√
mmax

γ

)
= 1

γ

∑K
i=1

√
N
i

K
 O

(√
N/(nγ )

)
(46)

where K = (M(M + 1))/2. In comparison with the performance of the solver that
adapts the constant energy function as shown in Eq. (43), we notice that the algorithm
that adapts the clause-dependent energy function outperforms by a factor of γ and√
n. The improvement is two-fold in the solver that adapts clause-dependent energy

function. The first improvement comes from the variable γ that we can control in
the experiment. The second improvement, the factor

√
n, comes from the fact that,

using the clause dependent in the energy function, we broaden the bandwidth of the
spectrum (from M to M×(M+1)

2 ) while the number of underlying eigenstates remains as
N . A wider spectrum of eigenvalues leads to a lower number of the expected maximal
degeneracy.

4 On Mathematica, (harmonicnumber ((M ∗ (M + 1)/2), 1/2))/M converges around 1.5. Since K =
M(M+1)

2 , then O
(

2×1.5
√
N

γ (M+1)

)
 O

(√
N/(nγ )

)
.
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Table 2 Time complexity for the two energy functions

Method Worst case Average case

Costant energy function O
(√

N
)

O

(√
N
n

)

Clause-dependent energy function O
(√

N/γ
)

O
(√

N/nγ
)

5 Discussion

In this work, we critically analyze a novel quantum computational paradigm which
encodes solution of a computational problem in eigenstates of a Hamiltonian and
invoke the trick of resonant transition to explore these eigenstates. Our main focus is
to fully understand how the RT model compares and contrasts with the well-established
and highly related AQC model. To this end, we provide a straightforward scheme to
translate any AQC algorithm into a corresponding RT version. We also briefly comment
on how to build up the extended Hamiltonian for the entire system (register qubits,
ancillary qubit and probe qubit) in terms of elementary Pauli matrices.

To further understand the subtle differences in the underlying quantum dynamics
driving both computational models, we use simple Hamming weight problems [6] to
distinguish the influences of different spectral properties of the Hamiltonian on the
computational performances. In AQC, the spectral gap size determines how fast the
adiabatic execution of an algorithm can take place. In the RT model, for Hamiltonians
based on the constant energy functions, it is the degeneracy structure of the Hamil-
tonian’s eigen-spectrum that determines the execution speed. Through the toy model
analyses, we argue that certain AQC algorithms will be more efficiently implemented
in a RT model. Since both computational models rely on complicated many-body
quantum dynamics to proceed, it would be illuminating to compare these underlying
dynamics in some simple fashion. In this study, we adopt Wong’s method that depicts
the entire computational procedure as an effective qubit starting from some initial
state and gradually moves toward the target (solution) state on a Bloch sphere. In this
simplified view, we find RT dynamics follows a very different path than the AQC
model on the Bloch sphere. In conclusion, while our algorithmic translation scheme
might deceptively convey the impression that both models are almost identical at a
conceptual level, the detailed dynamical analyses reveal the irreconcilable differences
between the two under the hood.

Our second focus is to assess straightforward approaches one can take to fine
tune the performance of a RT model in a highly non-trivial algorithmic context. In
particular, we choose to illustrate these points by generalizing the original EC3-solving
algorithm [8] to consider the infamous 3-SAT problem. Through this NP-complete
example, we demonstrate an enhanced performance of the RT model by adopting a
modified energy function in Sect. 4.2.2 that reduces the degeneracy structure of the
Hamiltonian’s spectrum and suppresses decay errors due to off-resonant transitions.
In Table 2, the time complexity of RT algorithms based on the two different energy
functions is summarized.
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In summary, we find a RT model to be a convenient and practical alternative to AQC
in certain contexts. A simple criterion to decide which model to use is to compare
the running time, which can be deduced from the spectral gap size of adiabatically
connected Hamiltonians and the spectral degeneracies of the target Hamiltonian. The
fact that one does not have to design an entirely new algorithm for the RT model should
be a particularly desirable trait. For instance, the EC3 and 3-SAT algorithms presented
above are clearly adapted from the original adiabatic versions. Similar to the efforts
to introduce ultra-fast adiabatic process in the adiabatic computing community, there
are potential ways to further enhance the physics of resonant transitions [26,28,29],
such as exploiting the additional quantum effects when multiple probe qubits are
introduced.

Acknowledgements C. C. gratefully acknowledges the support from the State University of New York
Polytechnic Institute.
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Quantum non-Markovianity from informational perspective
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Abstract. The difficulty inherent in the quantum theory leads to very few general results of quantum non-
Markovianity, and the definition of a convenient notion of non-Markovian open quantum dynamics is still
riddled with inconsistency and subtle variations. The research of quantum non-Markovianity has rapidly
developed and many important theoretical and experimental progresses have been made. In this work, we
will propose some criteria to detect and quantify quantum non-Markovianity from quantum informational
perspective, and put forward several non-Markovian measures which involve less optimization procedure
and are more convenient to implement in experiment.

Keywords: Quantum non-Markovianity, Quantum correlation, Fisher information, Quantum entropy

1 Introduction

Dynamics is a fundamental aspect of both classical and
quantum theory. In the classical realm, dynamics is usu-
ally classified into Markovian and non-Markovian, with
Markovian dynamics well defined and widely studied due
to its special structures and universal applications. Un-
derstanding and characterizing general features of the dy-
namics of open quantum systems is one of the most inter-
esting issues in the field of quantum information theory.
Similar to the classical case, the dynamics of open quan-
tum systems can be classified into two categories. One
is the quantum Markovian dynamics in which the time
evolution of the system state is determined solely by the
instantaneous state. In this kind of dynamics, there is
only the flow of information from the system to the envi-
ronment, that is to say, the system smoothly loses infor-
mation. The other one is non-Markovian dynamics where
the history of the system plays an important role in the
time evolution. This dynamics always occurs along with
the back flow of information from the environment to the
system.

Although the concepts of Markovianity and non-
Markovianity in the classical regime are properly defined
and widely studied, their quantum versions are somewhat
ambiguous, subtle and often controversial in some sense.
Quantum non-Markovianity has been proved to be help-
ful in many quantum information processing tasks and
intrigues increasing interest of researchers [1, 2]. Vari-
ous criteria have been proposed in recent literatures to
qualitatively or quantitatively characterize quantum non-
Markovianity based on different considerations [3, 4, 5,
6, 7]. Each of the characterizations captures a certain
aspect of quantum non-Markovianity and exhibits some
unique feature, while they do not coincide in general [8].
A universal definition of quantum non-Markovianity is
still lacking and might not exist.

In this work, we mainly investigate the quantum non-
Markovianity from the informational perspective, and
propose several closely related, but conceptually different

∗songhongting@qxslab.cn
†mao@amss.ac.cn

definitions (or conventions) for non-Markovianity. The
measures based on mutual information, Fisher informa-
tion matrix, and Rényi entropy are introduced, respec-
tively.

2 Several Approaches

In this section, we mainly introduce three measures
of non-Markovianity from the informational perspec-
tive. Mutual information, Fisher information matrix and
Rényi entropy are adopted separatively.

(1)Non-Markovianity via mutual information. Moti-
vated by the idea of exploiting the correlations between
the system and an arbitrary ancillary system (rather
than only the purification counterpart of the system),
we introduced a conceptually simple, mathematically
computable, and physically intuitive measure for non-
Markovianity by use of quantum mutual information.

Consider a bipartite state ρsa on space H ⊗Ha, with
H the system space and Ha an arbitrary ancillary space.
If the quantum dynamics Λ = {Λt, t ≥ 0} on system
space is Markovian, the total correlations in the evolv-
ing state ρsat = (Λt ⊗ 1)ρsa quantified by its quantum
mutual information I(ρsat ) is a monotonically decreasing
function of t ≥ 0. Any violation of this monotonicity (i.e.,
d
dtI(ρsat ) ≤ 0) is an indication for non-Markovianinty of
the dynamics {Λt}. From this, we may introduce a mea-
sure for non-Markovianity as follows:

NM (Λ) = sup
ρsa

∫
(d/dt)I(ρsat )>0

d

dt
I(ρsat )dt.

While the above measure is fundamental, its evaluation
is complicated due to the formidable optimization. For-
tunately, in practice we may use the following simplified
version as a significant substitute, which is intuitive in its
own right: We take Ha = H and let ρsa = |Φ〉〈Φ| be any
maximally correlated pure state between the system and
the ancillary Ha, then we come to an alternative measure
for non-Markovianity as follows:

NM (Λ) =

∫
(d/dt)I(ρsat )>0

d

dt
I(ρsat )dt.
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Here ρsat = (Λ ⊗ I)|Φ〉〈Φ|, and in general, NM is inde-
pendent of the choice of |Φ〉. This procedure for obtain-
ing a simple measure for non-Markovianity has a twofold
meaning: Firstly, in mathematics, the correspondence
between an operation and a bipartite state as stipu-
lated by the above equation is precisely the Jamio lowski-
Choi isomorphism, which implies that we could exploit
the correlations structure in a bipartite state in order
to study an operation. Secondly, in physics, any mixed
state of a system can be viewed as the reduced state of
a higher-dimensional pure state, and the system is corre-
lated (both classically and quantum mechanically) with
an ancillary, then the action of a quantum operation on
the system state can be studied via the correlations be-
tween the system and the ancillary. The measure NM (Λ)
for non-Markovianity can be straightforwardly evaluated
for both discrete and continuous variable systems.

(2)Non-Markovianity via quantum Fisher information
matrix. Assume that the initial system state has the
typical form ρ(0) = |Φ〉〈Φ| with

|Φ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉,

where θ ∈ [0, π) and φ ∈ [0, 2π) are parameters which
may be regarded as encoding the amplitude and phase
information, respectively, |0〉 and |1〉 are the eigenvectors
of the Pauli spin matrix σ3. The information content of
all parameters contained in the state ρ(t) can be quanti-
fied by the Fisher information matrix

F (t) =

(
Fθ(t) Fθφ(t)
Fφθ(t) Fφ(t)

)
with Fθ(t) = trρtL

2
θ, Fφ(t) = trρtL

2
φ, and Fθφ(t) =

Fφθ(t) = 1/2trρt(LθLφ + LφLθ), where Lθ and Lφ are
the symmetric logarithmic derivatives for the parameters
θ and φ defined by

∂

∂θ
ρt =

1

2
(ρtLθ + Lθρt),

∂

∂φ
ρt =

1

2
(ρtLφ + Lφρt),

respectively. Since L†θ = Lθ and L†φ = Lφ, the quantum
Fisher information matrix F (t) is Hermitian. Perform in-
tegration with respect to the uniform distribution dΩ =
1
4π sin θdθdφ of the parameters θ ∈ [0, π), φ ∈ [0, 2π) on
the unit Bloch sphere, we remove the dependence of the
Fisher information matrix on particular values of param-
eters, and get the following averaged Fisher information
matrix

F̄ (t) =

(
F̄θ(t) F̄θφ(t)
F̄φθ(t) F̄φ(t)

)
with F̄θ(t) =

∫
Fθ(t)dΩ, F̄φ(t) =

∫
Fφ(t)dΩ, and

F̄θφ(t) = F̄φθ(t) =
∫
Fθφ(t)dΩ.

Motivated by the intuitive and plausible idea that
Markovian dynamics usually leads to loss of information,
and thus should never increase the information content
of the parameters encoded in the states, it is desirable

to define a quantum dynamics to be Markovian in the
sense of decreasing quantum Fisher-information (abbre-
viated as FI-Markovian) if the averaged quantum-Fisher-
information matrix F̄ (t) monotonously decreases with
time t ≥ 0. In other words, if the derivative matrix
d
dt F̄ (t) is always nonpositive definite, i.e., the eigenval-

ues of the Hermitian matrix d
dt F̄ (t), denoted as λ1(t) and

λ2(t), are nonpositive, then we say that Λ = {Λt, t ≥ 0}
exhibits FI-Markovianity. Any violation of this mono-
tonicity is an indication for FI-non-Markovianity. A
quantitative measure for FI-non-Markovianity may be
defined in terms of λ(t) = max{λ1(t), λ2(t)} as

NFI(Λ) =

∫
λ(t)>0

λ(t)dt.

Other measures can also be proposed in a similar spirit.
(3) Non-Markovianity via quantum Rényi entropy.

Since the nondivisibility originating from the nonunital
aspect cannot be revealed by the non-Markovianity mea-
sure based on the information flow [9], we only consider
the unital dynamics in this work. Apart from the prac-
tical relevance, quantum unital channels exhibit many
special properties, and for sufficiently large dimensions,
the problems on general channels can be reduced to their
unital counterparts [10].

Here we introduce an alternative measure based on the
quantum Rényi entropy

Sα(ρ) =
1

1− α
log2 Trρα,

with α ∈ (0, 1) ∪ (1,∞) its order, to detect quantum
non-Markovianity for unital dynamics. Quantum Rényi
entropy constitutes a family of information measures and
turns out to be important in several fields of quan-
tum physics, such as quantum communication proto-
cols and quantum correlations [11, 12]. By investigat-
ing the monotonic property of quantum Rényi entropy
under unital dynamics, a new witness of quantum non-
Markovianity is proposed. In this formalism, no aux-
iliary system and extra state is needed, thus making
it easy to compute and tractable in experiment. Pre-
cisely, for a unital dynamcis Λ = {Λt, t ≥ 0}, it is de-
fined to be Markovian via Rényi α-entropy, denoted as
R-Markovian, if d

dtSα(Λt(ρ0)) ≥ 0 for all t ≥ 0. Any
violation of the monotonicity of the Rényi α-entropy
is regarded as an indication for the quantum R-non-
Markovianity, and the corresponding measure of the
amount of non-Markovianity is given as follows

NR(Λ) = max
ρ0

∫
dSα(ρt)

dt <0

−dSα(ρt)

dt
dt (1)

where ρt = Λt(ρ0) and the maximization is taken over all
the initial states ρ0.

For the single qubit case, the measure can be rewritten
as

NR(Λ) = max
ρ0

∫
d|ρt|
dt <0

−h(α, t)
d

dt
|ρt|dt. (2)

with |ρt| = ρ00t ρ
11
t − |ρ01t |2 being the determinant of ρt.
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3 Examples and discussions

Since phase damping and random unitary operation
are two typical dynamics, we investigate the applica-
tions of these new proposed characterizations of quan-
tum non-Markovianity by these two examples. The com-
parison with the existing measures of quantum non-
Markovianity, such as the ones based on information flow
and based on divisibility, is also presented.

Example 1. Consider the phase damping dynamics of
the qubit system described by the following time-local
master equation

d

dt
ρt = γ(t)(σzρtσz − ρt), t ≥ 0,

where γ(t) is the time-dependent dephasing rate deter-
mined by the spectral density of the reservoir. It is obvi-
ous that this dynamics is unital, and for arbitrary initial
state ρ0, the evolving state can be expressed as

ρt = Λt(ρ0) =

(
ρ000 ρ010 f(t)

ρ100 f(t) ρ110

)
,

where f(t) = e−2
∫ t
0
γ(s)ds. The determinant of the state is

|ρt| = ρ000 ρ
11
0 − |ρ010 |2f2(t), with the derivative d|ρt|/dt ∝

f2(t)γ(t).
In this case, it turns out that γ(t) < 0 is the common

criteria for the three different kinds of non-Markovianity.
Example 2. Consider a qubit system suffering from a

random unitary channel {Λt, t ≥ 0}governed by the
following equation

Λt(ρ0) =
3∑
i=0

pi(t)σiρ0σi, t ≥ 0,

with p0 = (1 +
∑3
j=1 λj(t))/4 and pi = λi(t)/2 +

(1 −
∑3
j=1 λj(t))/4, i = 1, 2, 3 in which λi(t) =

e2
∫ t
0
(γi(s)−

∑3
j=1 γj(s))ds.

We are restricted to the particular case pi(t) = ai[1−
p0(t)], i = 1, 2, 3, and a1 = a2 = a ∈ [0, 1/2], then a3 =
1−2a ∈ [0, 1]. For an arbitrary state ρ0, the output state
after this random unitary dynamics turns out to be

ρt =

(
ρ00t ρ01t
ρ01t
∗

1− ρ00t

)
with

ρ00t =
[
p0(t) + (1− 2a)(1− p0(t))

]
ρ000 + 2a(1− p0(t))ρ110 ,

ρ01t =
[
p0(t)− (1− 2a)(1− p0(t))

]
ρ010 .

By complicated calculation, we found that there exists
hierarchial relationship between these non-Markovianity
criteria, namely, non-Markovianity via mutual informa-
tion implies FI-non-Markovianity, which in turns implies
R-non-Markovianity, which is equivalent to the famous
BLP-non-Markovianity. However, this hierarchial rela-
tionship may not hold in general.

4 Conclusions

In this paper, we have listed three different kinds of
quantum non-Markovianity criteria and their induced
measures from informational perspective, and illustrated
their effectiveness by two typical examples. Finding more
intrinsic feature of quantum non-Markovianity need our
further investigation. Many works have been done ex-
ploring and showing the usefulness of non-Markovian
quantum dynamics to assist certain tasks. With no
doubts, a powerful criterion and measure for non-
Markovianity can certainly promote the development of
quantum information theory.
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The device-independent approach to physics is one where conclusions are drawn directly and
solely from the observed correlations between measurement outcomes. In quantum information,
this approach allows one to make strong statements about the properties of the underlying devices
via the observation of Bell-inequality-violating correlations. However, since one can only perform a
finite number of experimental trials, an important gap remains between the many theoretical tools
developed for such purposes and the experimentally obtained raw data. In particular, a sensible
way to estimate the true quantum distribution has so far remained elusive. Here, we propose a few
methods to bridge this gap. Under the assumption that the experimental trials are independent and
identically distributed, our methods allow one to achieve the analog of quantum state estimation
in the device-independent setting by generating unique point estimates of the true quantum distri-
bution. In addition, we provide strong numerical evidence showing that these estimates converge
toward the true quantum distribution with a rate at least as good as the relative frequencies. We
further demonstrate how these estimates of the true distribution can be used to provide sensible
estimates of certain desired properties of the system, such as the amount of entanglement present
in the measured system.

One of the primary goals of quantum information is to
exploit features unique to quantum systems to achieve
tasks that are not possible when we only have access to
classical resources. For example, in device-independent
quantum information, one seeks to conclude about the
nature of the employed devices (or the privacy of their
outputs) directly from the observed correlations between
measurement outcomes. Indeed, robust characterizations
of quantum systems and instruments can be achieved
with minimal assumptions [1, 2]. To date, a couple of
theoretical tools have been developed for this purpose
and a common assumption that they share is that the
observed correlations satisfy physically-motivated condi-
tions of non-signaling [3, 4].

In practice, however, if one directly uses the raw corre-
lations given by the relative frequencies of experimental
outcomes for these tools, one is doomed to fail. Due to
finite statistics, raw correlations generically do not sat-
isfy the aforementioned conditions. As such, this mis-
match has rendered these tools inapplicable in essentially
all practical situations. Are there means to bridge this
gap? And more generally, how should one obtain a sen-
sible estimate of the underlying distribution for specific
quantities of interest? Here, we propose a few meth-
ods that would allow us to regularize these raw data and
hence obtain direct estimates of the true quantum dis-
tribution. Moreover, it allows us to apply algorithmic
tools to obtain sensible device-independent estimates for
various quantities of interest, see Figure 1.

It is worth noting that there have been attempts to
perform such regularizations for device-independent es-
timations [5, 6] and for the quantification of nonlocal-

ity [7]. However, these proposals turn out to su↵er from
some serious drawbacks, such as giving non-physical or
non-unique estimates. Likewise, it is tempting to per-
form device-independent parameter estimation using the
amount of Bell-inequality violation evaluated from the
relative frequencies (see, e.g., [6, 8]). However, since any
device-independent estimation based on the amount of
Bell-inequality violation presupposes (see, e.g., [9–12])
that the correlation leading to this violation satisfies the
non-signaling conditions, the validity of such an estimate
may be questionable.
As a first step toward answering the above questions,

we consider the simplest Bell scenario where Alice and
Bob share a quantum resource between them and are
allowed to perform two binary-outcome measurements.
The correlations between their measurements outcomes
are described by the vector of joint conditional distribu-
tions ~

P = {P (ab|xy)}
a,b,x,y

. The underlying distribu-

tion, ~

P , is known to satisfy the so-called non-signaling
conditions [3, 4]. Thus, their marginal distributions are
well-defined and independent of the measurement choice
of the distant parties, i.e.,

P (a|xy) ⌘
X

b

P (ab|xy) = P (a|xy0), 8 a, x, y, y0,

P (b|xy) ⌘
X

a

P (ab|xy) = P (b|x0
y), 8 b, x, x0

, y.

(1)

Here, a, b are labels for the outcomes of Alice and Bob,
while x, y are the corresponding labels for their measure-
ment choices.
Under the assumption that the trials are independent
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Experiment Rel. freq.

point estimate

Parameter estimate
e.g. negativity

counts regularization

DI algorithm

Bell violation

Figure 1. Steps involved in a device-independent param-
eter estimation through the regularization of experimentally
determined relative frequencies ~f , under the assumption that
the experimental trials are independent and identically dis-
tributed. Here, we focus on regularization methods which
employ the almost-quantum set [13] Q̃ = Q̃1 as an approx-
imation to the quantum set, thus mapping the relative fre-
quencies ~f to some unique regularized correlations ~PReg(~f).
In the step of parameter estimation, a better approximation
specified by Q̃`0 may be needed. An alternative path (dashed
lines) to device-independent estimation using the magnitude
of the observed Bell violation has also been considered in the
literature. Although seemingly simpler, the prospect of ob-
taining a good estimate in this case relies strongly on using
the right Bell inequality (see Figure 3 of the technical draft
for an example). In contrast, in the parameter estimation via
regularization, we obtain, as a byproduct, an optimized Bell
inequality (which can be used a witness) for the corresponding
parameter estimation.

and identically distributed (i.i.d.), the underlying distri-
bution ~

P can be estimated by computing the relative
frequencies ~

f , i.e., P (ab|xy) ⇠ f(ab|xy) = N

abxy

N

xy

where

N

abxy

is the number of coincidences registered for the
combination of outcomes and settings (a, b, x, y) while
N

xy

=
P

ab

N

abxy

is the total number of trials pertaining
to the measurement choice (x, y). While this estimate
of the underlying distribution seems intuitive, due to fi-
nite number of trials, such an estimation generally does
not satisfy (1). As mentioned above, this discrepancy
between theory and practice immediately renders tools
developed for device-independent estimation inapplica-
ble.
Of course, one expects from the law of large numbers

that in the asymptotic limit of trials, relative frequen-
cies of the experimental outcomes converges to the true
probability distribution and hence satisfies the minimal
requirement (1). But this limit is of course not attain-
able in practice. One must thus consider other reasonable
ways of estimating the real distributions without going
to the asymptotic limit.
What counts as a good regularization method? As a

start, we believe that it should provide a unique physical
point estimate with no dependence on the implementa-
tion. Otherwise, it may be the case that a method gives,
for the same relative frequency, two estimates, one of
which is Bell-inequality-violating but not the other . Of
course, for practical purpose, it would be desirable to
have a regularization method that can be implemented
with relative ease. Last but not least, since we are in-
terested in di↵erent quantities of the physical system,

the estimators should not overestimate quantities that
we care about. Finally, as a consistency check, the out-
put of a good regularization method should converge to
the underlying distribution in the asymptotic limit.
To this end, we propose a few regularization methods.

The first of these, dubbed the nearest quantum approxi-

mation (NQA2),1 consists of minimizing the least-square

deviation between ~

f and all correlations ~

P from the quan-
tum set Q. As is well-known, there is no simple charac-
terization of Q [14–17], this minimization can thus be
carried out, in practice, only with respect to some relax-
ations [10, 12, 14, 15] of the quantum set. Here we focus
on a pretty good superset approximation of Q known
as the almost-quantum [13] set Q̃. One can then use the
uniqueminimizer of the optimization as the output of this
regularization, i.e., ~

PNQA2
(~f) = argmin

~

P2Q̃ ||~f � ~

P ||2.
It is worth noting that the computation of ~

PNQA2
(~f)

can be cast as a semidefinite program (SDP) [18] and
thus e�ciently solved on a computer.
Evidently, from a statistical viewpoint, it is desirable

to minimize, instead, some statistical distance. A natural
choice [19–21] in this case is the Kullback-Leibler (KL)

divergence [22, 23] from some ~

P 2 Q to ~

f . In practice,
we use, as above, the almost-quantum [13] set Q̃ as an
approximation to Q. The KL regularization method then

takes the unique minimizer of DKL

⇣
~

f ||~P
⌘
as its output,

i.e., ~PKL(~f) = argmin
~

P2Q̃ DKL

⇣
~

f ||~P
⌘
. Since such an op-

timization is equivalent [19] to maximizing the likelihood
of producing the observed frequencies by ~

P 2 Q̃, the KL
method, therefore, serves as the equivalent of the maxi-
mum likelihood state estimation [24] technique employed
in standard quantum state tomography.
Given relative frequencies ~

f , how relevant are these
corresponding regularized correlations ~

PReg(~f) as point
estimates of the true quantum distribution ~

P? For
example, does ~

PReg(~f) also converge asymptotically to
~

P? As a first consistency check, we have computed for
each regularization method, the average 1-norm distance
||~PReg(~f) � ~

P ||1 between ~

P and ~

PReg(~f). For the few
quantum correlations that we have considered, our re-
sults clearly indicate that for both the aforementioned
methods, ~

PReg(~f) converges to ~

P as Ntrials increases. In
particular, as can be seen in Figure 4 of the attached
technical draft, their distance evidently diminishes as 1p

N
(which is of the same scaling as the relative frequencies).
Moreover, from the uniqueness of these estimators and
the non-negativity of distance measures, it can be shown
that our estimators are consistent [25], in the sense that
they provide estimates that do converge to the true quan-
tum distribution in the limit of Ntrials ! 1.

1
The subscript “2” signifies that the approximation is nearest in

the sense of having least 2-norm deviation.
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Another relevant question to ask is the likelihood of
~

PReg(~f) 2 Q. Indeed, from our numerical studies, we
found that our choice of using the almost quantum set Q̃
as our approximation of Q has little bearing on the qual-
ity of our estimate of the true distribution. In particu-
lar, our numerical results show that very often, ~PReg(~f) is
quantitatively indistinguishable to tighter approximation
of Q (see technical draft for details).
Having established the confidence that our methods

provide reliable point estimate of the true quantum dis-
tribution, we now take a step further to consider device-
independent parameter estimations (Figure 1). In the
attached technical draft, we show the results for entan-
glement estimation based on the regularized relative fre-
quencies obtained from an ideal quantum distribution.
In contrast with the analysis presented in [26] for the
device-dependent scenario, our estimators clearly system-

atically underestimate (on average) the amount of nega-
tivity present. Although such underestimations are ex-
pected to be present for any finite Ntrials, our separate
analysis reveals that the bias essentially diminishes as

1p
Ntrials

.

The regularization methods that we have discussed
above evidently do not exhaust all possibilities. But for
any given raw experimental data ~

f , a sensible regular-
ization method should provide a unique and physical es-
timate of the true quantum distribution ~

PReg(~f). The
approach employed in [5–7] either fails the physical or
the uniqueness requirement. In contrast, our methods
give unique and sensible physical estimations for proper-
ties of interests. These methods can thus be the first step
to bridge the gap present between experimental data and
theoretical tools developed for device-independent quan-
tum information.
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The device-independent approach to physics is one where conclusions are drawn directly and
solely from the observed correlations between measurement outcomes. In quantum information,
this approach allows one to make strong statements about the properties of the underlying devices
via the observation of Bell-inequality-violating correlations. However, since one can only perform a
finite number of experimental trials, an important gap remains between the many theoretical tools
developed for such purposes and the experimentally obtained raw data. In particular, a sensible way
to estimate the underlying quantum distribution has so far remained elusive. Here, we propose a
few methods to bridge this gap. Under the assumption that the experimental trials are independent
and identically distributed, our methods allow one to achieve the analog of quantum state estima-
tion in the device-independent setting by generating unique point estimates of the true quantum
distribution. In addition, we provide strong numerical evidence showing that these estimates con-
verge toward the underlying distribution with a rate at least as good as the relative frequencies. We
further demonstrate how these estimates of the true quantum distribution can be used to provide
sensible estimates of certain desired properties of the system, such as the amount of entanglement
present in the measured system.

Amilestone discovery in physics is that the quest for an
intuitive understanding of quantum correlations through
events in spacetime is doomed to fail [1, 2]. This seminal
discovery by Bell [1] has not only forced us to change our
worldview, but has also initiated an operational approach
to physics, where one tries to learn about the nature of
physical systems directly from the observed correlations
between measurement outcomes.
In quantum information, this has led to the device-

independent paradigm [3, 4], where the nature of the de-
vices employed are deduced directly from the measure-
ment statistics [5, 6]. Consequently, robust character-
izations of quantum systems and instruments are now
possible with minimal assumptions. Likewise, the distri-
bution of shared secret keys [7–9] and the generation of
random bits that are guaranteed to be secure by the laws
of physics [10–12] are now possibilities at our disposal.
Crucially, in order to make non-trivial statements from

the observed correlations, the latter have to be Bell-
inequality [1] violating. Thus, in their modern incar-
nation, Bell inequalities are powerful tools for device-
independent quantum information processing. In princi-
ple, since the full measurement statistics is available from
a Bell-type experiment, one could hope to make stronger
conclusions utilizing all such information [13–16], rather
than relying only on the extent to which certain Bell in-
equality is violated.
In fact, various theoretical tools taking into account

the full data have been developed for device-independent

⇤ ycliang@mail.ncku.edu.tw

characterizations: from the nature of the (multipar-
tite) entanglement [17–19] present to their quantifica-
tion [20, 21], from the steerability [22] of the underly-
ing state to the incompatibility of the measurements em-
ployed [23, 24], and from the minimal compatible Hilbert
space dimension [25–27] to the self-testing [5, 6] of quan-
tum apparatus [28, 29] etc. Stemming from the superset
characterization of the set of quantum distributions due
to Navascués-Pironio-Aćın (NPA) [30, 31], a common as-
sumption that they share is that the observed correla-
tions satisfy the physically-motivated conditions of non-
signaling [32, 33].

In practice, however, these raw correlations estimated
from the relative frequencies of experimental outcomes—
due to finite statistics—generically do not satisfy the
aforementioned conditions. As such, the tools described
above cannot be directly applied to experimentally ob-
served statistics. Although techniques based on hy-
pothesis testing have been used to demonstrate some
device-independent characteristics in the presence of fi-
nite statistics [11, 34–36], such approaches are problem-
specific, and it is not yet known how to pursue them for
the general problem of device-independent estimations.
Here, we consider the alternative approach proposed by
estimation theory, which consists in constructing a point
estimate from the observed frequency for the underlying
quantum distribution. In particular, we propose a few
methods that would allow us to regularize these raw data
and hence obtain a direct estimation of all quantities of
interest mentioned above through the corresponding the-
oretical techniques.

Although there have been attempts to perform such
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regularizations for device-independent estimations [15,
37] and for the quantification of nonlocality [38], these
proposals turn out to su↵er from some serious drawbacks.
Likewise, it is tempting to perform device-independent
parameter estimation using the amount of Bell-inequality
violation evaluated from the relative frequencies (see,
e.g., [37, 39]). However, since any device-independent es-
timation based on the amount of Bell-inequality violation
presupposes (see, e.g., [17, 19, 20, 23]) that the correla-
tion leading to this violation satisfies the non-signaling
conditions, the validity of such an estimate may be ques-
tionable. Even if we disregard the statistical fluctuations
due to finite samples, it is worth noting that a priori

it is not always obvious which Bell inequality will pro-
vide an optimal estimate for the parameter of interest.
To complicate matters further, physically equivalent [40]
Bell inequalities have also been found [41] to give very
di↵erent statistical properties.
Indeed, regularization is a widely-employed practice

in experimental quantum information, especially in the
context of quantum tomography (see, e.g., [42–44] and
references therein). The methods that we propose can
thus be seen as data-processing techniques for quantum
state estimation [45] in the device-independent context,
in accordance to di↵erent figures of merit. Moreover, as
we shall demonstrate, these regularized distributions al-
low us to apply the algorithmic tools mentioned above to
obtain sensible device-independent estimates for various
quantities of interest, see Figure 1.

Experiment Rel. freq.

point estimate

Parameter estimate
e.g. negativity

counts regularization

DI algorithm

Bell violation

,

Figure 1. Steps involved in a device-independent param-
eter estimation through the regularization of experimentally
determined relative frequencies ~

f , under the assumption that
the experimental trials are independent and identically dis-
tributed. Here, we focus on regularization methods which
employ the almost-quantum set [46] Q̃ = Q̃1 as an approx-
imation to the quantum set, thus mapping the relative fre-

quencies ~

f to some unique ~

PReg(~f), ~P
.Q̃

`

Reg (~f) 2 Q̃. In the step
of parameter estimation, a better approximation specified by
Q̃`0 may be needed (see texts in page 4 on how one may
cater for this di↵erence). An alternative path (dashed lines)
to device-independent estimation using the magnitude of the
observed Bell violation has also been considered in the litera-
ture. Although seemingly simpler, the prospect of obtaining
a good estimate in this case relies strongly on using the right
Bell inequality (see Figure 3 for an example). In contrast, in
the parameter estimation via regularization, we obtain, as a
byproduct, an optimized Bell inequality (which can be used
a witness) for the corresponding parameter estimation.

Preliminaries.—The starting point of device-
independent estimations is a Bell experiment. Consider

now the simplest Bell scenario where Alice and Bob
are each allowed to perform two possible measurements
on their share of the quantum system — we label
their measurement settings, respectively, by x 2 {0, 1}
and y 2 {0, 1}, and the corresponding (binary) mea-
surement outcomes by a 2 {0, 1} and b 2 {0, 1}.
Generalization of our discussion to other generic Bell
scenarios is obvious from the context. The correlations
between their measurement outcomes can be summa-
rized by the vector of joint conditional distributions
~

P = {P (ab|xy)}
a,b,x,y

2 R16 (see Appendix A 1).
Denote by ⇢ the state shared by Alice and Bob,

and byM

A
a|x (MB

b|y) the positive-operator-valued-measure

(POVM) elements associated with their measurements.
Born’s rule dictates that measurement outcomes occur
according to the conditional probability distributions:

P (ab|xy) Q
= tr

⇣
⇢M

A
a|x ⌦M

B
b|y

⌘
8 a, b, x, y, (1)

where the positivity and normalization of probabili-
ties demand that M

A
a|x,M

B
b|y ⌫ 0 and

P
a

M

A
a|x =

I
A

,

P
b

M

B
b|y = I

B

(the identity matrix). Throughout,
we use Q to denote the set of quantum correlations, i.e.,
the collection of ~P that can be cast in the form of Eq. (1)
for some state ⇢ and some local POVMs.
Quantum correlations are known to satisfy the so-

called non-signaling conditions [32, 33]. Thus, their
marginal distributions are well-defined and independent
of the measurement choice of the distant parties, i.e.,

P (a|xy) ⌘
X

b

P (ab|xy) = P (a|xy0), 8 a, x, y, y0,

P (b|xy) ⌘
X

a

P (ab|xy) = P (b|x0
y), 8 b, x, x0

, y.

(2)

In an experiment, the distribution P (ab|xy) of Eq. (1)
[under the assumption that the trials are independent
and identically distributed (i.i.d.)] can be estimated
by computing the relative frequencies, i.e., P (ab|xy) ⇠
f(ab|xy) = N

abxy

N

xy

where N

abxy

is the number of coinci-

dences registered for the combination of outcomes and
settings (a, b, x, y) while N

xy

=
P

ab

N

abxy

is the total
number of trials pertaining to the measurement choice
(x, y).
Of course, one expects from the law of large num-

bers that in the limit of a large number of trials, i.e.,
when Ntrials = min

x,y

N

xy

! 1, the di↵erence be-

tween the true distribution ~

P and the relative frequen-
cies ~

f = {f(ab|xy)}
a,b,x,y

, as quantified by their total

variation distance k�~Pk1 = 1
2

���~P � ~

f

���
1
vanishes (see

Appendix A2). In practice, as one can only perform a
finite number of trials, we inevitably have k�~Pk1 6= 0.
In fact, even the weaker requirement of the non-signaling
conditions, cf. Eq. (2), are typically violated. As men-
tioned above, this discrepancy between theory and prac-
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tice immediately renders many of the tools developed for
device-independent estimation inapplicable.
Regularization methods.—As a first attempt to bridge

this gap, one may consider projecting the observed fre-
quencies ~f into an a�ne subspace N of R16 which con-
tains only ~

P ’s that satisfy Eq. (2). There is no unique
way to perform this projection. However, if one further
demands that this projection (via the corresponding pro-
jector ⇧) commutes with all relabelings [40], i.e., all pos-
sible permutations of the labels for parties, settings and
outcomes (e.g., a = 0 $ a = 1), then it is uniquely de-
fined, and is equivalent to finding the minimizer of the
least-square deviation problem: min

~

P2N ||~f � ~

P ||2 (see
Appendix B for details). Henceforth, we refer to this
regularization as the projection method. Although pre-
sented di↵erently, the regularization invoked in [15] is
precisely the projection method.
While the application of the projection method to re-

move signaling components of ~f is intuitive and straight-
forward, it su↵ers from a serious drawback — its out-
put ~

P⇧(~f) = ⇧~f may give “negative probabilities” and
thus becomes unphysical (see Appendix B for an ex-

ample). Moreover, even when ~

P⇧(~f) represents a le-
gitimate correlation vector, there is no guarantee that
~

P⇧(~f) 2 Q. To this end, we thus propose a second regu-
larization method, dubbed the nearest quantum approxi-

mation (NQA2),1 which consists of minimizing the least-

square deviation between ~

f and all correlations ~P from
the quantum set Q, instead of N � Q. As is well-known,
there is no simple characterization of Q [30, 31, 47, 48],
this minimization can thus be carried out, in practice,
only with respect to some relaxations [20, 23, 30, 31] of
the quantum set. To fix ideas, we hereafter focus on a
pretty good superset approximation of Q known as the
almost-quantum [46] set Q̃ (this is also the lowest-level of
the hierarchy Q̃

`

of approximations to Q discussed in [20]
and [49], i.e., Q̃1 = Q̃ and Q̃

`

✓ Q̃
`�1 for all ` � 2). One

can then use the unique minimizer (see Appendix F) of
the optimization as the output of this regularization, i.e.,
~

PNQA2
(~f) = argmin

~

P2Q̃ ||~f � ~

P ||2.
Alternatively, by mixing ~

P⇧(~f) with an appropriate
amount of uniformly-random distribution ~

PI, one can
always obtain a convex mixture that lies in Q (and
hence Q̃). This suggests the possibility of using the

unique, least-perturbed mixture in Q̃, i.e., ~

P⇧.

(~f) =

max
v2[0,1] v

~

P⇧(~f)+(1�v)~PI 2 Q̃ as the output of a reg-
ularization procedure, which we refer to as the modified-
projection (M-projection) method. It is worth noting

that both the computation of ~PNQA2
(~f) and ~

P⇧.

(~f) can
be cast as a semidefinite program (SDP) [50] (see Ap-
pendix C 2) and thus e�ciently solved on a computer.

1 The subscript “2” signifies that the approximation is nearest in
the sense of having least 2-norm deviation.

Evidently, from a statistical viewpoint, it is desirable
to minimize, instead, some statistical distance. A natural
choice [51–53] in this case is the Kullback-Leibler (KL)
divergence [54, 55] (see also Appendix A 2) from some
~

P 2 Q to ~

f , defined as :

DKL

⇣
~

f ||~P
⌘
=
X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
, (3)

where f(xy) is the relative frequency in which the combi-
nation of measurement settings labeled by (x, y) is cho-
sen. The KL regularization method then takes the unique

minimizer of DKL

⇣
~

f ||~P
⌘

as its output, i.e., ~PKL(~f) =

argmin
~

P2Q̃ DKL

⇣
~

f ||~P
⌘
. Since such an optimization is

equivalent [51] to maximizing the likelihood of produc-
ing the observed frequencies by ~P 2 Q̃ (see Appendix D),
the KL method therefore serves as the equivalent of the
maximum likelihood state estimation [45] technique em-
ployed in standard quantum state tomography. Impor-
tantly, the nonlinear optimization problem involved in
the KL method can also be e�ciently solved via existing
software packages like the splitting conic solver (SCS) [56]
or PENLAB [57] (see Appendix D 2 for details).
Quality of point estimates.—How relevant are these

~

PReg(~f) as point estimates of the true quantum distri-
bution ~

PQ? To gain insights into this, we carry out ex-
tensive numerical experiments according to the following
procedure: (i) Pick an ideal ~PQ of interest (ii) Numeri-
cally simulate the outcomes of a Bell experiment to gen-
erate the relative frequencies ~

f of outcomes according
to the multinomial distribution of ~PQ (iii) Compute the

point estimate ~

PReg(~f) based on the methods proposed
above and calculate various quantities of interest (iv) Re-
peat steps (i)-(iii) 104 times forNtrials = 102, 103, . . . , 1010

for all x, y. For simplicity, we take N

xy

= Ntrials, i.e.,
a constant independent of x, y [this amounts to setting
f(xy) as a constant in Eq. (3)].
As a first consistency check, we have computed for

each regularization method, the average 1-norm distance
||~PReg(~f)� ~

PQ||1 between ~

PQ and the corresponding regu-

larized correlation ~

PReg(~f). For the few ~

PQ that we have
considered (see Appendix E 1), our results clearly indi-

cate that for all the aforementioned methods, ~

PReg(~f)
converges to ~

PQ as Ntrials increases (see Appendix E 2).
In particular, their distance evidently diminishes, as with
~

f , as 1p
Ntrials

.

Recall from the above discussions that by virtue of the
di�culty involved in characterizing the quantum set Q,
the estimate ~PReg(~f) obtained via a regularization proce-
dure is not necessarily quantum realizable, cf. Eq. (1).

Then, how likely is ~

PReg(~f) 2 Q? Again, due to the
di�culty involved in characterizing Q, it is not possi-
ble to answer this question directly. Nonetheless, one
can again make use of some superset characterizations of
Q [20, 23, 30] to gain some insights into this.
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For example, for each ~

PReg(~f) and for each super-
set approximation Q̃

`

of Q discussed in [20, 49], one
can, in analogy to the M-projection method, determine
the least-perturbed convex mixture of ~

PReg(~f) and ~

PI
that lies in Q̃

`

. Denoting this optimal mixture by
~

P

.Q̃
`

Reg (~f), we see that the quantity d

.Q̃
`

Reg (~f) := ||~P .Q̃
`

Reg (~f)�
~

PQ||1/k~PReg(~f) � ~

PQ||1 provides a means to quantify

the quality of our estimate ~

PReg(~f) with respect to Q̃
`

.
Specifically, if only a tiny “white-noise-correction” is
needed to make ~PReg(~f) a member of Q̃

`

, then ~

P

.Q̃
`

Reg (~f) ⇡
~

PReg(~f) and d

.Q̃
`

Reg (~f) ⇡ 1, see Figure 2. Generically, due
to imprecisions involved in the numerical computation of
~

PReg, and the di↵erence between Q̃ and Q̃
`

for all ` > 1,

one expects d.Q̃`

Reg (~f) 6= 1. However, for a good regulariza-
tion method, we expect that for su�ciently large Ntrials,
d

.Q̃
`

Reg (~f) ⇡ 1 for all `.

regul.

sam
pled from

Figure 2. In evaluating d

.Q̃
`

Reg (~f), its numerator ||~P .Q̃
`

Reg (~f) �
~

PQ||1 and its denominator k~PReg(~f)� ~

PQ||1 quantify, respec-

tively, the 1-norm distance from the true distribution ~

PQ to

the least-perturbed mixture ~

P

.Q̃
`

Reg (~f) and the regularized dis-

tribution ~

PReg(~f). A good estimate ~

PReg(~f) should be close

to ~

PQ and thus near to Q̃` for all ` � 1.

Indeed, our numerical results (see Figure 5 in Ap-
pendix E 3) show that, in most of the cases that we
have considered, even though the regularization was only
carried out with respect to Q̃, the regularized distri-
butions ~

PReg(~f) are essentially indistinguishable from
~

P

.Q̃4
Reg (~f) even for relatively small values of Ntrials (say,

Ntrials � 103). The only exception to these happens, as
expected, when the ~

PQ chosen lies at the boundary of
Q but strictly inside Q̃ and in this case, we see that for
some ~f , d.Q̃`

Reg (~f) may spread as far away as 0.8 ⇠ 1.2.
Application to device-independent estimations.-Having

established the confidence that our methods provide reli-
able point estimates of ~PQ, we now take a step further to
consider device-independent parameter estimations (Fig-
ure 1). To this end, note that although the choice of
approximation to Q (namely, Q̃1, Q̃2, . . .) seems to make

only a minute di↵erence in ~

PReg(~f) with respect to the ge-
ometry, the same cannot be said for generic (algorithmic)
parameter estimations, which also requires a choice of ap-
proximation toQ. In fact, as we see below (and in [20]), a
good estimation of the underlying entanglement, e.g., via
negativity [58] generally requires the consideration of Q̃

`

(with ` � 2) even for some ideal quantum distributions.
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Figure 3. Mean value of the normalized negativity esti-
mated from the “white-noise-corrected” regularized distribu-

tions ~

P

.Q̃1
Reg (~f) and ~

P

.Q̃2
Reg (~f) (average over 104 runs) as a func-

tion of Ntrials based on the relative frequencies ~

f generated
from ~

P

⌧1.25
Q (see Appendix E 1), which gives Neg(~P ⌧1.25

Q ) ⇡
0.38244636. In estimating the negativity, ~

P

.Q̃1
Reg (~f) and

~

P

.Q̃2
Reg (~f) are fed, respectively, into an SDP that uses Q̃1 and

Q̃2 as an approximation of the quantum set Q. The lower and
upper limit of each “error bars” mark, respectively, the 10%
and 90% window of the spread of the negativity value. The
inset shows histograms of the corresponding normalized neg-
ativity value obtained with Q̃2 for Ntrials = 106. For compar-
ison, we have also included the mean value of the negativity
estimated directly from the CHSH-Bell inequality violation of
~

P

.Q̃2
Reg (~f), using Eq. (5) of [20].

Hence, it is generally essential to perform regularizations
with respect to a better approximation of Q in order to
arrive at a better device-independent negativity estima-
tion [20] from ~

f .
To illustrate the above subtleties, consider ~PQ = ~

P

⌧1,25

Q
(see Appendix E 1), a quantum distribution used in the
experimental demonstration [59] of more nonlocality with

less entanglement [60–62]. To investigate the reliability of
device-independent parameter estimation via regulariza-
tion, we again follow the numerical procedures outlined in
page 3 and feed the corresponding ~P .Q̃

`

Reg (~f) (cf. Figure 2)

into the SDP of [20] with Q̃
`

for device-independent nega-

tivity estimation. Here, we have used ~

P

.Q̃
`

Reg (~f) instead of
~

PReg(~f) for two reasons: (i) imprecisions in the numerical

computations of ~PReg(~f) generally cannot guarantee that
~

PReg(~f) 2 Q̃ but mixing ~

PReg(~f) with the appropriate
amount of ~PI ensures that the SDP becomes feasible (ii)
the negativity estimation assuming Q̃2 cannot be carried
out with the ~

PReg(~f) defined above as we have only im-

posed ~

PReg(~f) 2 Q̃1, and thus generically ~

PReg(~f) 62 Q̃2.2

2 One can also compute ~PReg(~f) by imposing the tighter require-
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In contrast with the analysis presented in [63] for the
device-dependent scenario, our estimators clearly system-
atically underestimate (on average) the amount of neg-
ativity present, see Figure 3. Indeed, since such esti-
mations based on regularized distributions are likely to
underestimate the true value of Bell-inequality violations
(see Appendix E 4), we expect the same to hold true for
any quantity that is monotonously related to some Bell-
inequality violation. Moreover, although such underesti-
mations are expected to be present for any finite Ntrials,
our separate analysis reveals that for the better estima-
tion obtained via ~P .Q̃2

Reg (~f), the bias essentially diminishes
as 1p

Ntrials
(see also Appendix E 4). In principle, one may

hope to achieve the same accuracy of estimation by con-
sidering the Bell-inequality violation of these regularized
distributions with respect to the Bell inequality that is
optimal for the negativity estimation of ~

P

⌧1.25

Q . How-
ever, the statistical fluctuation present in finite statis-
tics is likely to render, generically, this inequality [see
Eq. (E5)] suboptimal for the regularized distributions.
Discussion.- The regularization methods that we have

discussed so far evidently do not exhaust all possibilities.
For instance, one could also consider, in analogy to the
local content [64, 65], a maximization of the (almost-)

quantum content and use the corresponding maximizer
as a candidate for the regularized distribution. In Ap-
pendix G, we describe this together with a few other
plausible regularization methods and summarize their
properties in Table G 4. For any given ~

f , a sensible
regularization method should provide a unique,3 physi-
cal ~PReg(~f). But interestingly, among all the possibilities
that we have investigated, only the NQA2 method, the
KL method, their analog (dubbed, respectively, NNA2

and KLN ) where the output set is the non-signaling poly-
tope and the M-projection method fit this criterion (see
Appendix F for a proof). In contrast, the approach em-
ployed in [15, 37, 38] either fails the physical, or the
uniqueness requirement.
In fact, from the uniqueness of these estimators and

the non-negativity of distance measures, it can be shown
that our estimators are consistent [66], in the sense that
they provide an estimate that converges to the true ~

PQ
in the limit of Ntrials ! 1. Moreover, as we illustrate
in Figure 4, up to a constant factor, they appear to
have the same rate of convergence to ~

PQ as the relative
frequencies ~f , with ~

PKL(~f) converging most rapidly, fol-

lowed first by ~

PKLN (~f), only then ~

PNQA2
(~f), and finally

ment of ~PReg(~f) 2 Q̃2, but the implementation of a “white-noise-
correction” is still needed typically. Alternatively, one can view
this correction as part of the regularization process. Given the
results shown in Figure 5, we do not expect the output of these
2-step regularizations to behave fundamentally di↵erently from
those without these corrections.

3 For any given ~f , a non-unique estimator may provide a number
of ~PReg(~f)’s with very di↵erent nature.

either ~PNNA2
(~f) or ~P⇧.

(~f). A natural question that fol-
lows is whether this ordering of convergence is preserved
for all ~PQ? As noted above, the KL method is natu-
rally suited for finding the regularized distribution that
maximizes the likelihood functional. Assuming that the
answer to the last question is a�rmative, we then see that
the KL method may also be preferred over the others for
a better rate of convergence. Are the others preferred
over the KL method for some other device-independent
tasks? Answering these questions will clearly shed light
on the operational significance of these methods.
We now briefly comment on some other directions for

future research. Evidently, establishing a sensible point
estimate is only the first step towards taking the full data
into account. As with conventional quantum state esti-
mation [67–69], a natural question that follows is how
should one go about constructing a confidence region
for these estimates? To see the relevance of this, note
that even when one starts with a ~

PQ that is not Bell-
inequality-violating (and not deterministic), there is al-
ways a nonzero probability that the regularized distribu-
tion becomes Bell-inequality violating. In other words,
blindly believing in the estimate obtained by this means
without establishing the corresponding reliability can be
jeopardizing.
More generally, how does one use the full data obtained

in a Bell experiment to establish a confidence region for
the quantities of interest, with and without the assump-
tion that the experimental trial is i.i.d.? For experimen-
tally refuting local causality, randomness generation (as
quantified by the min entropy) and key distribution (as
quantified by secret key rate), some techniques that take
the full data as input have been proposed, respectively,
in [13, 14], [34, 36] and [35] but to our knowledge, no
general techniques have been proposed for quantities like
entanglement, steerability etc. Indeed, it is worth noting
that when performing a device-independent parameter
estimation utilizing the full regularized distribution ~

PReg

and SDPs, one also obtains a device-independent witness
(a Bell-like inequality) that is optimized for witnessing
the desired parameter (when assuming ~PReg). In our neg-
ativity example (Figure 3), we have seen that these op-
timal witnesses perform extremely well. What about the
estimation of other parameters? And how would these
“optimized witnesses” fare when we drop the i.i.d. as-
sumption? These are some questions that we hope to
answer in the sequel of this work.
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Appendix A: Miscellaneous definitions and
technicalities

We label the measurement settings (inputs) of Al-
ice (Bob) by x 2 X (y 2 Y) and her (his) measure-
ment outcomes (outputs) by a 2 A (b 2 B), where
X ,Y,A,B are some finite sets. The correlations be-
tween their measurement outcomes are succinctly sum-
marized by the vector of joint conditional distributions
~

P := {P (ab|xy)} 2 R|X ||Y||A||B|. Here and below, we use
|C| to denote the cardinality of the set C.

1. Sets and spaces of correlations in the more
general Bell scenario

All probability distributions are normalized and non-
negative. Thus:

X

ab

P (ab|xy) = 1 8 x, y, (A1a)

P (ab|xy) > 0 8 x, y, a, b. (A1b)

Definition 1. We write S the set of (possibly signaling)

probability distributions, those that obey (A1).

Additionally, special relativity mandates that correla-
tions obtained in a space-like separated manner obey the
non-signaling (NS) principle [32, 33], as already men-
tioned in Eq. (2) in the main text:

X

b

[P (ab|xy)� P (ab|xy0)] = 0 8 a, x, y, y0,

X

a

[P (ab|xy)� P (ab|x0
y)] = 0 8 b, x, x0

, y. (A2)

Definition 2. We write N for the set of non-signaling

correlations, those that obey (A1) and (A2).

It is worth noting that both S and N [33] are convex
polytopes [70], i.e., convex sets having a finite number
of extreme points, and are conventionally referred to, re-
spectively, as the signaling and the non-signaling poly-
tope. In Definitions 1 and 2, these sets are described
in their H-representation using linear equations and in-
equalities. As our methods are based on convex optimiza-
tion, we now describe the a�ne spaces in which these
convex sets are embedded.

Definition 3. The non-signaling a�ne space N � N
is the smallest-dimensional a�ne space containing the

set N and is given by the distributions satisfying (A1a)
and (A2). Likewise, the signaling a�ne space S � S
is the smallest-dimensional a�ne space containing S,
whose elements satisfy Eq. (A1a).

In the literature, a standard basis of the
space N is given by the Collins-Gisin ba-
sis [40]. When the outcomes are binary, corre-
lators E

xy

=
P

a,b

[P (a = b|x, y)� P (a 6= b|x, y)],
E

A

x

=
P

b

P (0, b|x, 0) � P (1, b|x, 0), E

B

y

=P
a

P (a, 0|0, y) � P (a, 1|0, y) are also widely used (see,
e.g., [71]). Further details about the parameterization
of N are provided in Appendix B.

2. Norms and distances

For any p � 1, the p-norm of a vector ~v 2 n is given
by k~vk

p

= (|v1|p+ . . .+ |v
n

|p)1/p. Some notable examples
of these are

k~vk1 =
X

i

|v
i

| (the taxicab norm),

k~vk2 =

sX

i

v

2
i

(the Euclidean norm),

k~vk1 = max
i

|v
i

| (the infinity norm).

(A3)

Since k~vk1 � k~vk2 � . . . k~vk1, if the 1-norm vanishes, so
are all the other p norms for p > 1. Each of these norms
induces a metric d

p

(~v, ~w) = k~v � ~wk
p

which satisfies the
conditions:

d(~v, ~w) � 0, d(~v, ~w) = 0 i↵ ~v = ~w, (A4a)

d(~v, ~w) = d(~w,~v), (A4b)

d(~u, ~w)  d(~u,~v) + d(~v, ~w). (A4c)

When ~v and ~w are probability distributions, the 1-
norm of their di↵erence k~v � ~wk1 is twice the total vari-

ation distance of these probability distributions. In gen-
eral, statistical distances do not need to satisfy all these
conditions. Statistical divergences, for instance, only sat-
isfy (A4a). In the main text, we consider the Kullback-
Leibler divergence (3):

DKL (~v||~w) =
X

i

v

i

log2 (vi/wi

) , (A5)

which is asymmetric and violates the triangle inequality.
We note that statistical distances are defined on uncon-

ditional probability distributions of the form P (abxy) or
f(abxy); in the present study, we set P (xy) = f(xy) =

1/|X ⇥ Y|, so that f(abxy)
P (abxy) =

f(ab|xy)
P (ab|xy) .

Appendix B: Further details about the projection
method

Here, we provide some further details about the pro-
jection method, which is closely related to the NQA2
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method, and which serves a basic ingredient of the M-
projection method. As with the main text, our discus-
sion here focuses on the simplest Bell scenario where
|X | = |Y| = |A| = |B| = 2, but generalization of many
of these arguments can also be carried out for the more
complicated Bell scenarios.

1. Equivalent definitions

The projection method can be defined in three equiv-
alent ways.

1. It is the minimizer ~P⇧(~f) of the following optimiza-
tion problem:

min
~

P2N

���~P � ~

f

���
2
=
���~P⇧(~f)� ~

f

���
2

(B1)

2. It is the non-signaling part ~fN 2 N , i.e., the first
component of the decomposition

~

f = ~

fN + ~

fSI, (B2)

where ~

fSI is the signaling component of ~f and is
orthogonal to all vectors in the a�ne subspace N .

3. It is the result

~

P⇧(~f) = ⇧~f (B3)

of the projection onto N by the linear operator
⇧, where ⇧ is uniquely determined by the set of
commutation relations ⇧M = M⇧ with M being
any permutation matrix corresponding to relabel-
ing [40] of outputs, inputs and parties.

To prove these equivalences, we use the decomposition
given in [41, Prop. in Sec. 3] for the bipartite scenario
involving binary inputs and outputs.

Proposition 1. Let V = R|A||B||X ||Y|
. There is a unique

decomposition of V into normalization, non-signaling

and signaling subspaces

V = VNO � VNS � VSI, (B4)

such that these subspaces are invariant under the rela-

beling of parties, inputs and outputs. Accordingly, any

~

P 2 V can be decomposed as:

~

P = ~

PNO + ~

PNS + ~

PSI, (B5)

and the following conditions are satisfied:

• PNO(ab|xy) = PI(ab|xy) = 1
|X ||Y| for all

~

P 2 S,

• ~

PSI = 0 for all nonsignaling distributions

~

P 2 N .

A basis of VNO, VNS, VSI is given in Table C4 of [41]; in

the bipartite scenario with |X | = |Y| = |A| = |B| =
2, their dimension is dimVNO = dimVSI = 4 while

dimVNS = 8.

Note that VNO, VNS and VSI are orthogonal under
the standard inner product. Moreover, the non-signaling
a�ne subspace N is given by ~

PI+VNS (interpreting + as
the Minkowski sum), while the signaling a�ne subspace

S 3 ~

f is given by ~

PI + VNS + VSI.
We now prove the equivalence of the first two defini-

tions of the projection method. For any ~

f 2 S ⇢ V and
~

P 2 N ⇢ V , Proposition 1 gives:

~

f = ~

fNO + ~

fNS + ~

fSI = ~

PI + ~

fNS + ~

fSI,

~

P = ~

PNO + ~

PNS + ~

PSI = ~

PI + ~

PNS. (B6)

By the orthogonality of the subspaces, we have���~P � ~

f

���
2
=
���~PNS � ~

fNS

���
2
+
���~fSI

���
2
, and thus the min-

imization of (B1) is attained by setting ~

PNS = ~

fNS, i.e.,
~

P⇧(~f) = ~

PI + ~

fNS. In the decomposition (B2), we have
~

fSI 2 VSI and thus ~fN = ~

PI+ ~

fNS. Thus the first two def-
initions given for the projection method are equivalent.
As shown in [41], the subspaces VNO, VNS and VSI

are composed of irreducible, pairwise inequivalent rep-
resentations. By Schur’s lemma [72, Prop. 4], the
projection operator defined in (B3) is block-diagonal:
⇧ = ⇧NO + ⇧NS + ⇧SI, with blocks having their do-
main and image in VNO, VNS and VSI respectively. The
definition then requires ⇧NO = NO, ⇧NS = NS and
⇧SI = 0, and thus ~P⇧(~f) = ⇧~f = ~

PI + ~

fNS. Thus, the
third definition of the projection method is equivalent to
the first two.

2. Explicit form of the projection matrix in the
simplest Bell scenario

Using the notation of [41], the projection operator ⇧
in the simplest Bell scenario where |X | = |Y| = |A| =
|B| = 2 is given by:

⇧
abxy,a

0
b

0
x

0
y

0 = 16 �
1

16

X

(i,j,k,l)2I

i

a+a

0
j

b+b

0
k

x+x

0
l

y+y

0
,

(B7)

where 16 is the 16⇥16 identity matrix, the sum
is carried out over the four quadruplets I =
{(+1,�1,�1,±1), (�1,+1,±1,�1)}, the rows of ⇧ are
indexed by (a, b, x, y), while its columns by (a0, b0, x0

, y

0).

3. An explicit example showing that the output of
the projection method may be non-physical

While being easy to compute, this method does not
ensure that the coe�cients of ~P⇧(~f) are nonnegative. In-
deed, the output space of the projection method is the
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non-signaling a�ne space N . We now give an explicit
example to illustrate this fact. Consider a relative fre-
quency ~

f given in the compact matrix representation:

~

f =


f(a, b|0, 0) f(a, b|0, 1)
f(a, b|1, 0) f(a, b|1, 1)

�
= 1

10

2

6664

3 0 7 0

1 6 1 2

5 1 1 6

1 3 3 0

3

7775
(B8)

where the entries in each block are arranged such that
the value of a increases downward while the value of b
increases rightward. By applying the projection matrix
⇧ given in Eq. (B7) to this signaling distribution, one
obtains:

~

P⇧(~f)=

"
P (a, b|0, 0) P (a, b|0, 1)
P (a, b|1, 0) P (a, b|1, 1)

#
= 1

40

2

6664

18 2 20 0

2 18 4 16

19 7 7 19

1 13 17 �3

3

7775
,

(B9)
which one can easily verify to satisfy the non-signaling
conditions of Eq. (A2). However, the ~

P⇧(~f) given in
Eq. (B9) is evidently non-physical as its entry for x =
y = a = b = 1 is negative.

Appendix C: Further details about the
nearest-quantum-approximation (NQA2) method

1. Equivalence to performing a projection +

minimization of the 2-norm distance from ~

P⇧(~f) to Q̃

Here, we give a proof that the optimization involved in
the NQA2 method can be seen as first performing the pro-
jection method, followed by performing a minimization
of the 2-norm distance from the output of the projection
method to Q̃.

Lemma C.1. Given the relative frequencies

~

f , the reg-

ularized correlation obtained via the NQA2 method satis-

fies

~

PNQA2
(~f) = argmin

~

P2Q̃ k~P � ~

P⇧(~f)k2.

Proof. Firstly, note from the discussion in Appendix B 1
that any given relative frequencies ~f can be decomposed
as ~

f = ~

fN + ~

fSI, where ~

fN 2 N is orthogonal to ~

fSI.

Similarly, for any ~

P 2 Q̃ ⇢ N ⇢ N , we must have (~P �
~

fN ) 2 N , which is orthogonal to ~fSI. It then follows from
the definition of the NQA2 method and the orthogonality
of these components that

~

PNQA2
(~f) = argmin

~

P2Q̃
k~P � ~

fk2 = argmin
~

P2Q̃
k(~P � ~

fN )� ~

fSIk2

= argmin
~

P2Q̃

⇣
k~P � ~

fN k2 + k~fSIk2
⌘

= argmin
~

P2Q̃
k~P � ~

fN k2 = argmin
~

P2Q̃
k~P � ~

P⇧(~f)k2

where the second last equality follows from the fact that
k~fSIk2 is a constant in the 2-norm minimization, while
the last equality follows from the equivalence between the
second and the third definition of the projection method.

Two remarks are now in order. Firstly, instead of Q̃,
the above equivalence can be straightforwardly extended
to any convex subset of the non-signaling polytope N ,
such as any of the supersets of Q introduced by NPA [30],
Moroder et al. [20] and Chen et al. [23]. Secondly, al-

though ~

P⇧(~f) is not necessary in Q̃, if it happens that
~

P⇧(~f) 2 Q̃ (or any superset of Q just mentioned) then
the equivalent regularization shown in Lemma C.1 im-
plies that ~PNQA2

(~f) = ~

P⇧(~f) (when the regularization of
NQA2 is carried out with respect to the corresponding
superset of Q).

2. Formulation as a semidefinite program

Here, we briefly explain how the NQA2 regularization
method can be formulated and solved as a semidefinite
program (SDP) [50]. Recall from the main text that for

any given relative frequency ~

f , the NQA2 method (with
respect to the almost quantum set Q̃) works by solving
the following optimization problem:

min
~

P2Q̃
||~f � ~

P ||2. (C1)

Importantly, the almost quantum set Q̃ (or any of those
supersets of Q defined in [20, 23, 30]) is convex and ad-
mits an SDP characterization in terms of some moment
matrix �. In particular, � has all the entries of ~P as some
of its matrix elements.
Using the characterization of positive semidefinite ma-

trices via their Schur complements (see, e.g., Theorem
7.7 of [73]), the optimization problem of Eq. (C1) can
equivalently be reformulated as:

min
~

P2Q̃
s

s.t.

 
s

~

f � ~

P

~

f

T � ~

P

T
s

!
⌫ 0,

(C2)

where is the identity matrix having the same dimen-
sion as the column vector ~

f , while ~

f

T is the transpose
of ~f . Evidently, we see from Eq. (C2) that the equiva-
lent optimization problem of Eq. (C1) now involves only
an objection function and matrix inequality constraints
that are linear in all its optimization variables: s, ~P and
some other entries of � (that cannot be estimated from
experimental data). Thus, at the expense of introducing
an additional real variable s, the minimization of the 2-
norm of ~f � ~

P over ~P 2 Q̃ can indeed be cast as an SDP
and thus e�ciently solved on a computer using an SDP
solver such as SeDuMi [74].
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Appendix D: Further details about the
Kullback-Leibler (KL) divergence and the

corresponding regularization method

1. Connection to maximum likelihood

The equivalence between the minimization of the KL
divergence over some ~

P 2 C (for some set C) to ~

f and

the maximization of the likelihood of generating ~

f from
~

P can be seen as follows:

min
~

P2C
DKL

⇣
~

f ||~P
⌘

=min
~

P2C

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
,

=+min
~

P2C
� 1

N

X

abxy

N

abxy

log2 P (ab|xy),

=� 1
N

max
~

P2C

X

abxy

log2 P (ab|xy)Nabxy

,

=� 1
N

max
~

P2C
log2

Y

abxy

P (ab|xy)Nabxy

,

(D1)

where  :=
P

abxy

f(abxy) log2 f(ab|xy) is a constant
of the optimization, N :=

P
xy

N

xy

, and in the second
equality, we have used the definition of the relative fre-
quencies ~

f and the fact that f(xy) = N

xy

N

. In the last
line of Eq. (D1), the argument of the maximization is the
log likelihood of observing N

abxy

times the event labeled
by (x, y, a, b) with probability P (ab|xy). Hence, we see
that the minimization of the KL divergence is equiva-
lent to maximizing the likelihood of generating ~

f given
P (ab|xy).

2. Formulation as a conic program

Here, we briefly explain how the KL method can be
formulated and solved as a conic program (CP) with an
exponential cone. Recall from the main text that for
any given relative frequency ~

f , the KL method (with
respect to the almost quantum set Q̃) works by solving
the following optimization problem:

min
~

P2Q̃

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
. (D2)

A conic program takes the canonical form of:

min ~c · ~x,

s.t. A~x = ~

b,

~x 2 K, (D3)

where K is a convex cone; these include positive semidef-
inite cones already mentioned above and the exponential
cone:

Kexp = {(u, v, w) | veu/v  w, v � 0}. (D4)

After discarding the constant term and folding the
factors in f(abxy) = f(xy)f(ab|xy), the minimizer of
Eq. (D2) can be obtained by solving the following opti-
mization problem:

~

PKL(~f) = argmin
X

abxy

f(abxy) log2
1

P (ab|xy)

s.t. � ⌫ 0,

tr[F
abxy

�] = P (ab|xy) 8 a, b, x, y,

tr[G
k

�] = 0, k = 1, 2, ... (D5)

where � is the moment matrix associated with Q̃, while
F

abxy

and G

k

encode the equality constraints associated
with the structure of this moment matrix. This problem
has the conic form (D3):

~

PKL(~f) = argmax
X

abxy

f(abxy)u
abxy

(D6a)

s.t. � ⌫ 0, (D6b)

e

u

abxy  P (ab|xy) 8 a, b, x, y, (D6c)

tr[F
abxy

�] = P (ab|xy) 8 a, b, x, y, (D6d)

tr[G
k

�] = 0, k = 1, 2, ... (D6e)

where the constraint (D6b) is that for a positive semidef-
inite cone and the constraint (D6c) is that for copies of
the exponential cone (D4) (at the price of introducing
dummy variables v

abxy

= 1 for all a, b, x, y).
Thus, we see that the problem of Eq. (D2) is indeed

an exponential conic program, and can thus be solved
using, e.g., the splitting conic solver (SCS) [56, 75]. Note
that the nonlinear optimization problem of Eq. (D2) can
also be solved by other means, such as the nonlinear op-
timization software of PENLAB [57].

Appendix E: Details of numerical investigations

1. Explicit form of the quantum distribution ~

PQ
considered

Here, we provide the explicit form of the various ideal
quantum distributions ~

PQ employed in our numerical
studies and an explicit quantum strategy realizing each of
these correlations. Firstly, we consider ~PQ = ~

P

CHSH with

entries given by 1
4 + (�1)a+b+xy

p
2
8 , i.e., the quantum

correlation which maximally violates the Clauser-Horne-
Shimony-Holt (CHSH) [76] Bell inequality. Indeed, var-
ious experiments have been carried out with the goal of
achieving this in the laboratory, see, e.g., [39, 59, 77].
~

P

CHSH can be realized by both parties locally measur-
ing cos 3⇡

8 �z + sin 3⇡
8 �x and cos 7⇡

8 �z + sin 7⇡
8 �x for, re-

spectively, input 0 and 1 on the shared state | +i =
1p
2
(|01i + |10i). The correlation is known to maximally

violate the CHSH Bell inequality:

ICHSH =
1X

a,b,x,y=0

(�1)a+b+xy

P (ab|xy)
L
 2, (E1)
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up to the limit of 2
p
2 allowed by quantum theory.

Apart from this often-discussed correlation, we also
consider four other quantum distributions. The first of
these is a noisy version of ~PCHSH

Q , denoted by ~

P

90%CHSH

Q ,

which consists of a mixture of ~PCHSH

Q with the uniform

distribution ~

PI = 1
4 . This allows us to gain some insight

on how the various regularization methods fare for quan-
tum distributions that are more readily accessible in the
laboratory. Explicitly, the entries of this distribution are:

P

90%CHSH

Q (a, b|x, y) = 1
4 + 9

10 (�1)a+b+xy

p
2
8 , (E2)

which can be realized by performing the measurements
mentioned above on the mixed state ⇢ = 9

10 | 
+ih +| +

1
10

I
4 where I

4 is the maximally mixed two-qubit state.

Note that for both ~

P

CHSH

Q or its noisy counterpart
~

P

90%CHSH

Q , the advantage gained by implementing the
NQA2/ KL method with respect to higher level refine-
ments [49] of the almost-quantum set Q̃ may not be ob-
vious. In particular, it is known that ~PCHSH

Q lies already
at the boundary of the first NPA set [30, 31], and hence of
Q̃

`

for all ` � 1, likewise for ~P 90%CHSH

Q , which lies strictly

inside Q̃
`

for ` � 1 (thus even the projection method for
large enough Ntrials would essentially always give rise to
~

P⇧(~f) 2 Q, see Figure 5).
To better understand the impact of our choice of Q̃

`

on the quality of the proposed point estimates, we thus
also consider the following equal-weight mixture between
~

P

CHSH

Q and a local deterministic extreme point:

P

CHSH-Local

Q (a, b|x, y) = 1
8 + 1

2 (�1)a+b+xy

p
2
8 + 1

2�a,0�b,0.

(E3)
Numerically, it was found [78] that ~PCHSH-Local

Q lies on the
boundary of Q and the second level of the NPA set, but
strictly inside Q̃.
Likewise, for the purpose of device-independent es-

timations, it is known [20] that Q̃ generally does not

provide a tight estimate of, e.g., the amount of neg-
ativity [58] present in the system. An example of
this is given by the quantum distribution ~

PQ = ~

P

⌧1.25

Q
which arises from both parties locally measuring the
state | i ' 0.9066856 |00i+0.4218070 |11i in the basis of
~n0 ·~� and ~n1 ·~�, where ~n0 ' (0.25709400, 0,�0.96638640)
and ~n1 ' �(0.87414944, 0, 0.48565701) are Bloch vec-
tors. Explicitly, using the matrix representation given
in Eq. (B9), ~P ⌧1.25

Q reads as:

~

P

⌧1.25

Q =

2

6664

↵00 �00 ↵01 �01

�00 ✏00 �01 ✏01

↵10 �10 ↵11 �11

�10 ✏10 �11 ✏11

3

7775
, (E4)

where ↵00 ' 0.0002322, �00 = �00 ' 0.0135843, ↵01 =
↵10 ' 0.0035532, �01 = �10 ' 0.0102633, �10 = �01 '
0.2078620, ↵11 ' 0.0543700, �11 = �11 ' 0.1570452 and
✏

xy

= 1 � ↵

xy

� �

xy

� �

xy

for all x, y 2 {0, 1}. Note

that the interest of ~

P

⌧1.25

Q lies not only on its feature
mentioned above, but also on the possibility of using it
to demonstrate the phenomenon of more nonlocality with

less entanglement [60–62], as was achieved in [59]. In
particular, being on the boundary of Q, ~P ⌧1.25

Q maximally

violates the ⌧ = 5
4 version of the following Bell inequality

from [61]:

I
⌧

:=
X

x,y

(�1)xyP (0, 0|x, y)

�⌧
X

a

[P (a, 0|1, 0) + P (0, a|0, 1)]
L
 0

(E5)

which is provably [59] satisfied by all finite-dimensional
maximally entangled states whenever 1p

2
+ 1

2  ⌧  3
2 .

Finally, we also consider the correlation ~

P

MDL dis-
cussed in [79]:

P

MDL

Q (a, b|x, y) = 1
12 (8ab+ 1)�

xy,0 +
1
3 (1� �

a,0�b,0)�xy,1

+ 1
6 (3ab+ 1)(1� �

a,x

�

b,y

)�
x�y,1.

(E6)

which can be realized with both parties locally measuring
�

x

and �
z

for, respectively, input 0 and 1 on the shared
state | i = 1

3 (|01i + |10i � |11i). ~

P

MDL

Q can be used to
demonstrate the Hardy paradox [80], as well as a viola-
tion of measurement-dependent-locality [81] (MDL), e.g.,
via the following MDL inequality:

IMDL = lP (0000)�h [P (0101) + P (1010) + P (1111)]
MDL

 0,
(E7)

where h > l > 0. Note also that as opposed to ~

P

CHSH

Q
which lies on the boundary of Q, but strictly inside N ,
~

P

MDL

Q lies on both the boundary of Q and N . Exper-

imental realizations of a correlation analogous to ~

P

MDL

Q
have been achieved in [82, 83].

2. Convergence to true distribution

Here, we provide in Figure 4 the plots of the mean
value of the 1-norm deviation ||~PReg(~f)� ~

PQ||1 between

the regularized distribution ~

PReg(~f) and the various ~PQ
discussed above as a function of the number of trials
Ntrials = 102, 103, . . . , 1010 for the regularization methods
discussed in the main text and two additional regular-
ization methods discussed in Appendix G. For ease of
comparison, we also include in each of these figures the
corresponding plot for ~f .
Notice that from some basic numerical fitting, one

finds that for all these methods, the mean value of
||~PReg(~f)� ~

PQ||1, as with the mean value of ||~f � ~

PQ||1
diminishes at a rate of 1p

Ntrials
.
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Figure 4. Plots of the mean value of the 1-norm deviation ||~PReg(~f)� ~

PQ||1, average over 104 runs, based on various ~

PQ as a
function of the number of trials Ntrials for the projection method (Projection), the modified-projection method (M-projection),
the nearest non-signaling approximation method (NNA2), the nearest quantum approximation method (NQA2), the modified
KL method with a minimization to the non-signaling polytope (KLN ) and the KL method discussed in the main text, which
involves a minimization to Q̃ (KL). For details on the NNA2 and the KLN method, see Appendix G. From top (left/ right)

to bottom (left/right), we have respectively the plots based on the maximal CHSH-inequality-violating correlation ~

P

CHSH
Q , the

plots based on a noisy version of ~

P

CHSH
Q , i.e., ~

P

90%CHSH
Q , the plots based on ~

P

CHSH-Local
Q , i.e., the equal-weight mixture of ~

P

CHSH
Q

and a local deterministic point, the plots based on ~

P

⌧1.25
Q , and the plots based on ~

P

MDL
Q (see Appendix E 1 for details about

these quantum distributions). In each subfigure, the corresponding inset shows a zoom-in view of the plots for Ntrials = 106.
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3. Quantumness of approximations

Here, we provide in Figure 5 the plots of the the mean

value of d.Q̃`

Reg :=
||~P.Q̃

`

Reg (~f)�~

PQ||1
||~PReg(~f)�~

PQ||1
(which can be seen as a

normalized version of total variation distance) as a func-
tion of Ntrials = 102, 103, . . . , 1010 for all the ~PQ discussed
in Appendix E 1. For clarity, the corresponding plots for
` = 1 have been suppressed as they are visually indistin-
guishable from a straight horizontal line at hd.Q̃`

Reg iruns = 1
while those for ` = 2, 3 have been omitted as they are
very much the same as the ones for ` = 4. Also, in or-
der to distinguish the features associated with the NQA2,
the M-projection and the KL method better, we do not
include the results for the projection method (which by
construction do not guarantee anything that resembles
quantum distribution) in these plots.

4. Biasness and mean squared errors of estimates

To gain further insight into the bias and the mean
squared errors of various regularization methods, we pro-
vide in Figure 6 our simulation results for the mean Bell-
inequality violation and the corresponding mean squared
error based on the regularized distributions as a function
of the number of trials Ntrials = 102, 103, . . . , 1010. Our
results clearly suggests that the bias in the Bell value ob-
tained from ~

P⇧(~f) is essentially negligible,4 whereas that

obtained from ~

PNQA2
(~f), ~

PKL(~f) and ~

P⇧.

(~f)—for ex-

tremal ~PQ— systematically underestimate (on average)
the true value. However, as can be seen from the cor-
responding insets, such underestimations rapidly shrink
with Ntrials, diminishing at a rate of the order of 1p

Ntrials
.

For the case of non-extremal ~PQ, such as ~

P

90%CHSH

Q , we
see that the bias present is essentially of the same order
as that given by the projection method, which is basically
negligible already for small Ntrials.
Similarly, as can be seen from Figure 6, the mean

squared error rapidly decreases with Ntrials at a rate of
the order of 1

Ntrials
in all the cases investigated. In par-

ticular, it is worth noting that for the case of ~PMDL

Q , the
mean squared error present for the KL method is ap-
proximately three orders of magnitude less than all those
given by the other methods. This superiority of the KL
method over the others is, to some extent, anticipated
from the fact that the KL divergence is superior as a
statistical distance over, e.g., the total variation distance
in terms of discriminating probability distribution that

4 As the projection method involves a linear transformation of ~f ,
its bias is in theory identically zero. The nonzero bias that we
observe in this case arises from the fact our numerical simulations
involve only a finite number of samples (104).

contains zero entries, such as ~PMDL

Q (see page 28 of [51]
for a discussion).

Appendix F: Proof of the Uniqueness of Estimators

We give here a proof that the output of certain regu-
larization methods ~PReg(~f) is determined uniquely by ~

f .
Let us start by proving that the minimizer of a strictly
convex function over a convex set is unique.

Lemma F.1. Consider a convex set C and a strictly

convex function D(x), i.e., for all 0 < � < 1,
D (�x+ (1� �)y) < �D(x) + (1 � �)D (y), then there

is a unique minimizer of D(x) over all x 2 C, i.e.,

there is one, and only one x

⇤ 2 C such that D(x⇤) =
min

x2C D(x).

Proof. We shall prove this by contradiction. Suppose
that both x

⇤ and y

⇤ 2 C are the global minimizers of
D, i.e., D(x⇤) = D(y⇤) = ⌧ , where ⌧ = min

x2C D(x).
By the convexity of C, we know that for any 0 < � < 1,
z = �x

⇤ + (1 � �)y⇤ is also a member of C. Moreover,
since D(x) is a strictly convex function, we have

D(z) = D(�x⇤ + (1� �)y⇤)

< �D(x⇤) + (1� �)D(y⇤) = ⌧

(F1)

which contradicts the assumption that x⇤ and y

⇤ are the
minimizers ofD. Thus, the minimizer of a strictly convex
function over a convex set is necessarily unique.

The uniqueness of the output of the M-projection
method follows from the uniqueness of the projection
method and the fact the convex mixture between ~

P⇧(~f)
and ~

PI is uniquely specified by the weight associated with
either of these vectors. To see that the NQA2 method
provides a unique estimate, let us first note that the Eu-
clidean norm squared (k~xk2)2 is strictly convex in ~x, since
its Hessian is two times the identity matrix. Moreover,
min

~

P2Q̃(k~f � ~

Pk2)2 and min
~

P2Q̃ k~f � ~

Pk2 share exactly
the same set of minimizer(s). Thus, when combined with
the above Lemma, we see that the output of the NQA2

method with ~

PReg 2 C for any convex set C 2 N is nec-
essarily unique. Likewise, since � log2(x) is a strictly
convex function of x, the KL divergence from ~

P 2 C to
~

f is also strictly convex. In other words, the output of
the regularization via both the NQA2 method and the
KL method is unique. In the main text, we have fo-
cussed on C being the almost-quantum set Q̃, but this
uniqueness clearly applies to other convex subsets of the
non-signaling polytope N , such as N itself, or any of the
superset relaxation of Q considered in [20, 23, 30].

Appendix G: Some other plausible regularization
methods and their properties

Here, we briefly discuss a few other possibilities for reg-
ularizing a given relative frequency ~

f to some physically-
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Figure 5. Plots of the mean value of d.Q̃`

Reg =
||~P.Q̃

`

Reg (~f)�~PQ||1
||~PReg(~f)�~PQ||1

for the M-projection, the NQA2, and the KL method for ` = 4

based on 104 relative frequencies ~

f obtained from various ~

PQ for each Ntrials = 102, 102, . . . , 1010. From top (left/ right) to

bottom (left/right), we have respectively the plots based on the maximal CHSH-inequality-violating correlation ~

P

CHSH
Q , the

plots based on a noisy version of ~

P

CHSH
Q , i.e., ~

P

90%CHSH
Q , the plots based on ~

P

CHSH-Local
Q , i.e., the equal-weight mixture of ~

P

CHSH
Q

and a local deterministic point, the plots based on ~

P

⌧1.25
Q , and the plots based on ~

P

MDL
Q . For details about these quantum

distributions, see Appendix E 1. The lower and upper limit of each “error bars” mark, respectively, the 10% and 90% window

of the spread of d.Q̃`

Reg . Note that, in some instances, especially those with larger Ntrials, the error bars are too small to be seen.

Moreover, the fact d.Q̃`

Reg is normalized with respect to ||~PReg(~f)� ~

PQ||1 means that as Ntrials increases, even though the values

of d.Q̃`

Reg ⇡ 1, the distribution of ||~P .Q̃
`

Reg (~f)� ~

PQ||1 is actually getting sharper, see Figure 4.
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Figure 6. Plots of the mean value of the normalized Bell violations (top 4 subfigures) and the mean squared error of these Bell

violations (bottom 4 subfigures) computed from ~

PReg(~f) over 10
4 relative frequencies ~

f generated from various ~

PQ as a function

of the number of trials Ntrials. From top (left/ right) to bottom (left/right), we have respectively the plots based on ~

P

CHSH
Q

and ~

P

90%CHSH
Q in conjunction with the CHSH Bell inequality [Eq. (E1)], the plots based on ~

P

⌧1.25
Q and the Bell inequality I⌧

with ⌧ = 1.25 [Eq. (E5)], as well as the plots based on ~

P

MDL
Q and the MDL inequality [Eq. (E7)] with P (x, y) = 1

4
for all x, y

and l = 0.1, h = 1� 3l = 0.3. For details about the quantum distributions considered, see Appendix E 1. The lower and upper
limit of each “error bars” mark, respectively, the 10% and 90% window of the spread of the values plotted. In each of the top
four subfigures, the inset shows the corresponding log-log plot of the absolute value of the mean value, whereas in each of the
bottom four subfigures, the inset shows histograms of the normalized Bell violations for Ntrials = 106.
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motivated (convex) set C.

1. Nearest quantum approximations via other
p-norms (NQAp)

Obviously, one can also try to regularize a given ~

f to Q̃
(or other superset relaxations of Q considered in [20, 23,
30]) by determining the nearest quantum approximation

of ~f with a metric di↵erent from the 2-norm, such as the
p-norm with p 6= 2:

~

PNQA
p

(~f) = argmin
~

P2Q̃
||~f � ~

P ||
p

. (G1)

In particular, for the case of p = 1 (which has been con-
sidered in [37]) and p = 1, the optimization problem
of Eq. (G1) can both be cast—with the introduction of
some auxiliary variable(s)–as an SDP. For instance, the

optimization of min
~

P2Q̃ ||~f � ~

P ||1 can be equivalently
formulated as:

min
~

P2Q̃,

~

D

~ · ~D

s.t. ~

D � ~

P � ~

f and ~

D � �(~P � ~

f)
(G2)

where ~ is a vector of ones and the inequality constraints
are understood to hold component-wise. Similarly, the
optimization of min

~

P2Q̃ ||~f � ~

P ||1 can be equivalently
formulated as:

min
~

P2Q̃, t

t

s.t. t

~ � ~

P � ~

f and t

~ � �(~P � ~

f).
(G3)

Being an SDP, the optimization problem of Eq. (G1)
for both p = 1 and p = 1 (and hence the regularization
method of NQA1 and NQA1) can be e�ciently imple-
mented on a computer. However, it turns out that in
both cases, the regularized distribution ~

PNQA
p

(~f) is gen-

erally not uniquely determined by ~

f . In particular, for
both values of p, one can find easily find an example of
~

f where some ~

PNQA
p

(~f) is Bell-inequality-violating but

some other ~

PNQA
p

(~f) is not. It is thus clear that both
these regularization methods cannot be used to provide
a sensible estimate of the true quantum distribution.5

2. Nearest non-signaling approximations via
p-norms (NNAp)

Instead of Q̃, one can evidently also regularize a given
~

f by determining a ~

P inside the non-signaling polytope

5 While one may still be tempted to use the minimizer returned as
a point estimate, the scientific results thus obtained would not be
reproducible (running the same computation twice on the same
computer may give di↵erent results due to the non-deterministic
scheduling inherent to multi-threaded computations).

N which is nearest to ~

f , as measured according to the
p-norm:

~

PNNA
p

(~f) = argmin
~

P2N
||~f � ~

P ||
p

. (G4)

For each p, we shall refer to the corresponding regular-
ization method by NNA

p

.
As opposed to Q̃, the convex set N � Q̃ is a polytope,

and thus its characterization can be carried out as a linear
program (LP). Hence, if we replace Q̃ by N in Eq. (G2)
and Eq. (G3), we see, respectively, that NNA1 and
NNA1 can both be cast in the form of an LP, and thus
e�ciently solved. However, as with NQA1 and NQA1,
the output distributions ~

PNNA1
(~f) and ~

PNNA1(~f), for a

generic ~

f , are not unique (with some minimizers Bell-
inequality-violating and some others not), thus making
this method unsuitable for providing a sensible point es-
timate of the true distribution. Note that a variant of
NNA1 has been employed in [38] in order to quantify
the nonlocality of experimentally measured correlation.
This variant, however, is again known to be a non-unique
estimator [84].
On the other hand, for the case of p = 2, the proof

given in Appendix F shows that the regularized distribu-
tion ~

PNNA2
(~f) is indeed uniquely determined by ~f . More-

over, using essentially the same argument as that given
in Appendix C 2, we see that the optimization problem
min

~

P2N ||~f � ~

P ||2 can be transformed to the following
second-order cone program (SOCP) [50]:

min s

s.t. k~f � ~

Pk2  s

d

i

 ~c

i

· ~P 8 i = 1, 2, . . . ,m

(G5)

where the inequalities in the last line are (positivity
constraints) used to define the non-signaling polytope.
Hence, the regularization method of NNA2 can also be
carried out e�ciently on a computer using an SOCP
solver.

3. Minimizing the KL divergence to N

In the same spirit as the NNA
p

method, another plau-
sible regularization method is to perform minimization
of the KL divergence from the non-signaling polytope N
to some given relative frequencies ~f

min
~

P2N

X

abxy

f(xy)f(ab|xy) log2

f(ab|xy)
P (ab|xy)

�
. (G6)

As with the KL method proposed in the main text, the
minimizer of the optimization problem of Eq. (G6) is
provably unique (see Appendix F), and one may con-
sider using the corresponding unique minimizer as the
output of this regularization method. For convenience,
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we shall refer to this as the KLN method. Note that, as
with the KL method, performing the KLN regularization
method amounts to solving a conic program, which can
be achieved using, e.g., the SCS solver.
Although not explicitly discussed as a regularization

method, the KLN method has been employed in [13] and
was noted to help in the analysis of the hypothesis test-
ing of local causality, as discussed in Appendix 2 of [13]
[see Eqs. (A1) and (A2) therein]. Conceivably, the KL
method (with respect to Q̃ or other subsets of N which
approximate Q) may help in the analysis of Bell tests
further.

4. Maximal R content

Finally, let us note that in analogy with the notion of
local content [64, 65], one can also define the maximal R
content for some other physically motivated set R, such
as N or some supersets of Q (like Q̃) via the optimization
problem:

max
~

PR2R,

~

PS2S
v

s.t. ~

f = v

~

PR + (1� v)~PS

(G7)

where S is the set of all legitimate conditional distribu-
tions defined in Definition 1. In other words, we con-
sider all possible convex decompositions of the given rel-
ative frequencies ~f in terms of distributions from S, R
and maximize the weight associated with the distribution
from R.
One may then want to use the maximizer of the opti-

mization problem given in Eq. (G7) to define the regular-
ized distribution giving this maximal R content. While
this is indeed computationally feasible [the optimization
problem of Eq. (G7) for R = N is an LP while the2
one with R = Q̃ is an SDP], the maximizer unfortu-
nately turns out to be non-unique (with some minimiz-
ers Bell-inequality-violating and some others not). This
non-uniqueness therefore again renders such regulariza-
tion methods unsuitable for generating a sensible point
estimate of the true (quantum) distribution.

Method Output set R Optimization Unique? Unbiased?

Projection N -

M-Projection Q̃ SDP 7

NNA1

N
LP 7 -

NNA2 SOCP 7

NNA1 LP 7 7

NQA1

Q̃ � Q
SDP 7 -

NQA2 SDP 7

NQA1 SDP 7 -

KLN N CP 7

KL Q̃ � Q CP 7

Max. N content N LP 7 -

Max. Q̃ content Q̃ � Q SDP 7 -

Table I. A summary of the various possible regularization
methods discussed and some of their key properties. Note
that all these considered methods are invariant under relabel-
ings, in the sense that for any relabeling operation M , we have
M

~

PReg(~f) = ~

PReg(M ~

f). In the event that the output of the
regularization method is unique, we indicate in the last col-
umn if the method provides (in general) unbiased estimation
of Bell violation.
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[52] A. Aćın, R. Gill, and N. Gisin, Phys. Rev. Lett. 95,
210402 (2005).

[53] Y. Zhang, E. Knill, and S. Glancy, Phys. Rev. A 81,
032117 (2010).

[54] S. Kullback and R. A. Leibler, Ann. Math. Statist. 22,
79 (1951).

[55] T. M. Cover and J. A. Thomas, Elements of Information
Theory (Wiley Series in Telecommunications and Signal
Processing) (Wiley-Interscience, 2006).

[56] B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd, “SCS:

384

http://dx.doi.org/10.1038/nphys2460
http://dx.doi.org/10.1103/PhysRevLett.67.661
http://dx.doi.org/10.1038/nature09008
http://dx.doi.org/10.1038/nature09008
http://dx.doi.org/10.1103/PhysRevLett.106.250404
http://dx.doi.org/10.1103/PhysRevLett.98.140402
http://dx.doi.org/10.1103/PhysRevLett.98.140402
http://dx.doi.org/10.1103/PhysRevLett.116.240401
http://dx.doi.org/10.1103/PhysRevX.4.011011
http://dx.doi.org/10.1103/PhysRevX.4.011011
http://dx.doi.org/10.1088/1367-2630/18/3/035001
http://dx.doi.org/10.1103/PhysRevA.55.R1561
http://dx.doi.org/10.1038/ncomms7288


18

Splitting conic solver, version 1.2.6,” https://github.

com/cvxgrp/scs (2016).
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[83] G. Pütz, A. Martin, N. Gisin, D. Aktas, B. Fedrici, and

S. Tanzilli, Phys. Rev. Lett. 116, 010401 (2016).
[84] S. Schwarz, (private communication).

385

https://github.com/cvxgrp/scs
https://github.com/cvxgrp/scs
http://dx.doi.org/10.1103/PhysRevA.77.042112
http://dx.doi.org/10.1103/PhysRevLett.111.160406
http://dx.doi.org/10.1103/PhysRevLett.111.160406
http://stanford.edu/~boyd/papers/scs.html
http://stanford.edu/~boyd/papers/scs.html
http://dx.doi.org/10.1103/PhysRevLett.23.880
http://stacks.iop.org/1367-2630/18/i=5/a=055006
http://dx.doi.org/10.1103/PhysRevLett.71.1665


Comparing Simulated Annealing with Simulated Quantum Annealing
on Max-cut and Other NP-Hard Problems
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Abstract. We experimentally investigate whether there exists superiority of simulated quantum anneal-
ing (SQA) over simulated annealing (SA) on various combinatorial problems known to be computationally
hard. Crosson and Harrow found the classical algorithm SQA which samples the mechanics of quantum
annealing braking a barrier between quantum and classical annealing methods in one specific problem. In
this paper, we conduct experiments to evaluate the efficiency of SQA concerning a wide variety of combi-
natorial problems. The results shows that SQA does not surpass SA in general, which would suggest that
a gap between classical and quantum annealing frameworks still exists.

Keywords: Simulated Annealing, Simulated Quantum Annealing, Quantum Annealing, NP-Hard

1 Introduction

Quantum computing has been well-researched area un-
der the expectation that exploiting quantum mechanics
would achieve larger scalability than classical computa-
tion. How to realize quantum computing is far from
unique; there are actually several models and frameworks
for quantum computing. Among them, quantum anneal-
ing (QA), introduced by Nishimori and Kadowaki [2], is
one of most promising frameworks. Extended from sim-
ulated annealing (SA) proposed by Kirkpatrick et al. [3],
QA is a kind of metaheuristics oriented for combinatorial
optimization problems. It is known that QA converges
to the optimal solution exponentially faster than SA does
under the condition where energy gaps between Hamilto-
nians are 1

poly(n) . Also, quantum annealing is experimen-

tally superior to simulated annealing on some cost func-
tions. These superiority of QA over SA on such specific
cases would be regarded as one of supporting evidence
of the superiority of quantum computing over classical
computing.
However, Crosson and Harrow showed that the supe-

riority of quantum annealing on one specific problem is
achieved by classically simulating quantum annealing us-
ing path-integral [1]. This classical algorithm is called
path-integral quantum Monte Carlo, or simulated quan-
tum annealing (SQA), which generates random walks by
Markov Chain Monte Carlo using the approximate value
of the partition function of the given Hamiltonian cal-
culated with Suzuki-Trotter expansion. Since SQA is in
fact a classical algorithm, there arose a natural question
that the superiority of quantum annealing over classical
computing might be reproducible by classically simulat-
ing quantum mechanics and methodology.
The previous researches [1] compared SQA and QA,

showing SQA outputs a good distribution of QA only in
specific functions related to Hamming weight on which
QA is known to retain greater efficiency than SA. On the
other hand, it would be naturally asked that SQA is su-

∗hsk1226@is.s.u-tokyo.ac.jp
†hiraishi1729@is.s.u-tokyo.ac.jp
‡imai@is.s.u-tokyo.ac.jp

perior to SA even in more general setting. In this paper,
we compare SA and SQA concerning more general NP-
Hard problems such as Max-cut and investigate whether
the superiority would appear or not. The result shows
that there are little differences between SA and SQA in
our setting. Moreover, SA was more efficient on larger
instances of some problems. These results indicates there
is a limit of simulating the superiority of quantum com-
puting.

2 Outline of Experiments

First we describe the implementation of SA and SQA.
Our implementation is based on [4]. The differences be-
tween our implementation and [4] is the annealing sched-
ule and the implementation of SA. While [4] adopts linear
annealing schedule, we use exponential schedule. That is,
when A is assumed an annealing parameter, A is updated
as αA with a constant 0 < α < 1. We also changed the
implementation of SA to make the number of transitions
equal between SA and SQA. In particular, we made SA
run with multiple candidates of solution which are coun-
terparts of the slices of SQA. The number of multiple
candidates of SA is same as the slice-number in our ex-
periments.

Second the setting of parameters in our experiments is
presented here. We compared the value of solutions of
two algorithms under the fixed number of updates. We
call this number steps. In many case, steps are 300,000;
for some instances, 10,000,000. The parameter, TSQA is
set to satisfy PTSQA = 1 in order to fix the transitional
condition of SQA. Note that the condition of SQA is
min(1, ∆′

PT ) while the condition of SA is min(1, ∆T ) where
∆′ and ∆ is the differences of value between the current
and neighbor solution. We experimented in three cases
where P is 1, 40, 80. We solved 5 times by each algo-
rithm.

Finally, the problems for our experiments are noted.
They are Restricted Boltzmann Machine, 3-SAT, Vertex
Cover and Max-cut. We translated these problems to
the energy minimization of Ising Model which is known
as equivalent to Max-cut. In this paper, we presented
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Table 1: Comparison between SA and SQA when P = 80. LU means the number of steps when solutions last updated.
The bold numbers represents the optimal solutions. The numbers with # are the upper bounds by [5].
(Linux server, CPU: Intel(R) Xeon(R) CPU X5675 3.07GHz, Memory: 300GBytes)

Instance n m Opt SA SQA SQA-SA Total steps

Ave Best LU Ave Best LU Ave Best

P200 200 588 -396 -396.0 -396.0 17226 -396.0 -396.0 22905 0.0 0.0 3 × 105

P400 400 1182 -796 -795.6 -796.0 23201 -795.8 -796.0 51103 0.2 0.0 3 × 105

P800 800 2370 -1596 -1591.0 -1592.0 27376 -1594.2 -1595.0 229942 3.20 3.0 3 × 105

P1600 1600 4746 -3193 -3182.2 -3185.0 44736 -3180.6 -3185.0 284767 -1.6 0.0 3 × 105

P3200 3200 9498 -6392 -6355.8 -6358.0 140922 -6325.8 -6332.0 298736 -30.0 -26.0 3 × 105

P6400 6400 19002 -12786 -12696.8 -12700.0 227363 -12528.0 -12539.0 292841 -168.8 -161.0 3 × 105

P12800 12800 38010 -25584 -25369.4 -25376.0 292921 -24770.0 -24778.0 299682 -599.4 -598.0 3 × 105

P25600 25600 76026 -51164 -50646.6 -50655.0 299787 -48610.4 -48631.0 299887 -2036.2 -2024.0 3 × 105

P51200 51200 152058 -102324 -100812.8 -100839.0 299976 -94662.2 -94703.0 298671 -6150.6 -6136.0 3 × 105

P102400 102400 304122 -204658 -199111.2 -199149.0 299943 -182086.6 -182180.0 299844 -17024.6 -16969.0 3 × 105

P204800 204800 608250 -409328 -388683.8 -388722.0 299957 -345768.6 -345911.0 299987 -42915.2 -42811.0 3 × 105

P102400 102400 304122 -204658 -203184.6 -203203.0 9368462 -201599.0 -201639.0 9824383 -1585.6 -1563.0 1 × 107

P204800 204800 608250 -409328 -405953.6 -405976.0 9552584 -400024.2 -400084.0 9997937 -5929.4 -5892.0 1 × 107

the results of Max-cut whose underlying graph is planar.
The other results are ommited due to space limitation.

3 Results and Discussion

We presented the result for P = 80 on Table 1. This
showed that SA worked better than SQA in Max-cut in
planar graph. In every slice, SQA could not show su-
perior performances in almost all instances of Max-cut.
Moreover, SQA needed larger number of steps to reach
the final solution; The number of steps tended to be-
come more than doubled as the number of vertices dou-
bled. This implies that planar graph had some structures
which made it more difficult for SQA to solve.
Then we briefly note the results on the other problems.

SQA worked better in RBM and SAT on average. In
particular, SA converged to the final solution faster than
SQA in RBM. This implies that SA tends to fall into a
local optimal in RBM. In vertex cover, SA worked better
than SQA. In all instances of vertex cover, SA reached
better solutions than SQA, while SA took much larger
steps to reach its final solution. In addition, the solutions
of each steps in SQA behaved interestingly. While the
values of SA’s solution almost monotonically decreased,
the values of SQA’s solutions showed bimodal tendency;
first decreased, then increased, and finally converged to
optimal solutions.

4 Conclusion

We experimentally showed that SQA had little supe-
riority to SA to solve general NP-Hard problems in our
setting. What should be mentioned here is that, since
the number of steps in our experiments is limited, the dif-
ferent results would be obtained if the number of steps
becomes larger; particularly in vertex cover and RBM.
Hence larger-scale experiments are required to make our
results credible and comprehensive. It would be neces-
sary to experiment in more various instances as well to
comprehensively evaluate SA and SQA. Moreover, there
is no evidences that QA can solve those problems more
efficiently than SA. To state SQA cannot sample QA’s
output of solving those NP-Hard problems, we should
prove that QA has superiority over SA for these prob-

lems. Therefore it is also a future work to investigate
whether QA can solve these problems in our experiment
more efficiently than SA. One of ways to do that is to
solve small-size instances of these problems so that we
can apply naively SQA to them. Although the size is
different, it will be some help to know QA’s performance
because the graph structures are similar in each problem.
Also, if we directly obtain the reason of the difficulty of
solving Max-cut on planar graphs by SQA, we can show
a limitation of SQA. Therefore, it is also a future work
to analyze the result in Max-cut.

Acknowledgment

The work by the second and third authors
was supported in part by KAKENHI (JP15H01677,
JP16K12392, JP17K12639).

References

[1] E. Crosson and Aram W. Harrow: Simulated Quan-
tum Annealing Can Be Exponentially Faster than
Classical Simulated Annealing, 57th Annual Sympo-
sium on Foundations of Computer Science, pp. 714–
723 (2016)

[2] T. Kadowaki and H. Nishimori: Quantum Anneal-
ing in the Transverse Ising model, Physical Review
E, Vol. 58, No. 5, pp. 5355 (1998)

[3] S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi: Opti-
mization by Simulated Annealing, Science, Vol. 220,
No. 4598, pp. 671–680 (1983)

[4] E. Savard: Quantum Monte Carlo Code in Github,
https://github.com/ezrasavard/qmc, Last Visited:
3rd February 2017

[5] S. Yasuda: Analyses of Modern RBMs: Expressive-
ness in Selective Settings and Benchmark Tests on
Relaxation, Master Thesis, Department of Computer
Science, the University of Tokyo (2017)

387



Device-independent tests of quantum states, channels, and
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Abstract. In the operational formulation of Physics, the only observable manifestation of Nature are
events in space-time. However, the most general mathematical description of Nature’s way of processing
such events is in terms of a Theory, that specifies states, channels, and measurements. Hence, what is the
operational meaning of associating a mathematical description to a physical device? Given that Physics is
about falsification, while verification is impossible in principle, the optimal answer is a device-independent
test aimed at falsifying any given claim about a device. Here, we solve this problem for any family of qubit
states, any qubit measurement, qubit channels, and arbitrary-dimensional universally-covariant quantum
channels.

Keywords: device-independent tests, quantum states, quantum channels, quantum measurements

This presentation is based on Refs. [1, 2, 3].
Within the operational approach to Physics, events in

space and time are the only observable manifestation of
Nature. There are two types of events. Input events
are those in which the observer provides an input to the
physical setup, and can be abstractly regarded as the
pressure of a key on a keyboard. Output events are those
in which the physical system provides an output to the
observer, and can be abstractly regarded as a light bulb
lighting up.

Within the framework of Special Relativity, given an
input event and an output event that are space-like sep-
arated, the no-signaling principle constraints the output
to be independent of the input. However, if two events
are time-like separated, the strictly weaker no-signaling-
from-the-future principle merely constraint a past output
to be independent of a future input.

Input events form a convex set. That is, the probabilis-
tic mixture of two buttons corresponds to pressing either
button probabilistically. Extremal events are events that
are not probabilistic mixtures, and are perfectly distin-
guishable in principle to the observer.

Nature’s role is to processes input events to generate
output events. A convenient, although immaterial, gen-
eral description of this process is in terms of a theory.
Any theory specifies its states, channels, and effects. In-
put events perform selections of these components, and
measurements (that is, collections of effects) finally gen-
erate output events. Such a composition of states, chan-
nels, and effects is referred to as a circuit, and the theory
associates a probability of occurrence to any closed cir-
cuit.

Among all possible theories, classical theory exhibits
the peculiar feature that extremal states, channels, and
measurements are perfectly distinguishable, as it is the
case for events. That is, for any two distinct extremal
states there exists a measurement that generates two dis-
tinct extremal output events, and analogously for chan-

∗cqtmda@nus.edu.sg

nels and effects. Hence, within classical theory there ex-
ists a trivial mapping between what is observable (events)
and what is immaterial (circuits).

As intuitive as this assumption must have appeared for
centuries, it does not survive experimental test, hence the
need to consider non-classical theories, such as quantum
theory. In any such a theory, extremal states, channels,
and effects are in general not perfectly distinguishable.
Hence, in non-classical theories the mapping between
what is observable (events) and what is immaterial (cir-
cuits) is non trivial. This presentation focuses on the
characterization of such a mapping.

To this aim, one cannot resort to standard procedures
such as process tomography nor self-testing. For what
concerns process tomography, it assumes full knowledge
of any component of the circuit other than the unknown
one, while naturally in the present context no such as-
sumption is allowed. For what concerns self-testing, it
adopts a bottom-up approach, that is it aims at charac-
terizing the set of claims compatible with a given correla-
tion, while our aim is a top-down characterization of the
set of correlations compatible with a given claim. Finally,
self-testing is limited to bipartite scenarios.

The most general approach is then to adopt the game-
theoretic formalism of device-independent tests. Most
generally, a device-independent test involves two play-
ers: an experimenter, with full control over his labora-
tory, and a skeptical theoretician, only willing to trust
observed correlations among events. The experimenter
makes some claim X about his experimental setup. For
example, in a Bell test the claim is about the existence
of a compatible classical circuit, while in dimension test-
ing [4, 5, 6, 7] the claim is about the dimension of the
prepared family of states. Generally speaking, the theo-
retician’s aim is to falsify such a claim.

More precisely, let S(X) denote the set of correlations
compatible with claim X, and let S(X0) ⊇ S(X1) denote
the induced partial order between claims X0 and X1, that
is X0 � X1 if and only if S(X0) ⊇ S(X1). Of course, if
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the experimenter produces some correlation not in S(X),
the theoretician must conclude that the actual X ′ is not
weaker than X at creating correlations, that is X ′ 6≺ X.
This is the case for Bell and dimension tests considered
in the literature, where the conclusion is drawn based on
a single correlation violating a CHSH-like inequality or a
dimension witness, respectively.

However, the strongest possible conclusion can be
achieved if the experimenter produces all the extremal
correlations of S(X), in which case the theoretician must
conclude that the actual X ′ is stronger than X at cre-
ating correlations, that is X ′ � X. Since the ordering
� is partial, this latter result is strictly stronger than
the previous one. Hence, device-independent tests most
generally amount to a full closed-form characterization
of the set of correlations S(X) compatible with claim X,
and of the circuits needed to generate them.

In this presentation, we consider the simplest non-
trivial scenario in which, at each run of the experiment,
an input event x is first generated and an output event
y is later observed, with x and y time-like separated.
Therefore, in contrast with the case of Bell tests where
one can exploit the no-signaling principle, we are solely
left with the strictly weaker no-signaling-from-the-future
principle. Hence, a conclusion as strong as the falsifi-
cation of any classical model is impossible in principle,
as any correlation py|x always defines a classical chan-
nel. Here, rather than testing scalar quantities as it is
the case for dimension testing, we will test claims about
states, channels, and measurements, that is operatorial
quantities.

Let us first present our results for the device-
independent tests of any given family of quantum states
{ρx} and any given quantum measurement {πy} (see
Refs. [1, 3], respectively). In the former case S(ρx) is
the set of all correlations px of the form

px := Tr[ρxπ] = x ρx π ,

for some quantum effect π, while in the latter case S(πy)
is the set of all correlations py of the form

py := Tr[ρπy] = ρ πy y ,

for some quantum state ρ.
For any family {ρx} of qubit states or any qubit mea-

surement {πy} let us denote withQ the covariance matrix
Qx0,x1 = 1

2 Tr[ρx0ρx1 ] − 1
4 and Qy0,y1 = 1

2 Tr[πy0πy1 ] −
1
4 Tr[πy0 ] Tr[πy1 ], respectively. Each entry of Q is min-
imized (maximized, respectively) by orthogonal (paral-
lel, respectively) rank-one operators. Let also u de-
note the vector with all unit entries, t denote the vector
ty := Tr[πy], and Q+ denote the Moore-Penrose pseu-
doinverse of Q. We then have the following results.

Theorem 1 The set S(ρx) of correlations generated by
a given family {ρx} of qubit states for any effect π is
given by the convex hull of 0, u, and{

(1−Q+Q)(p− 1
2u) = 0,

(p− 1
2u)TQ+(p− 1

2u) ≤ 1.
(1)

Theorem 2 The set S(πy) of correlations generated by
a given qubit measurement {πy} for any state ρ is given
by {

(1−Q+Q)(q − t) = 0,

(q − t)TQ+(q − t) ≤ 1.
(2)

Let us provide a geometrical interpretation of Eq. (1)
(Eq. (2), respectively). Imposing the rank(1 − Q+Q)
equalities causes linear dependencies – if any – among
states ρx (effects πy, respectively) to emerge as linear
constraints on the probabilities. Provided that these con-
straints are satisfied, the inequality recasts – through the
transformation Q+ – the set of compatible distributions
as an ellipsoid centered on distribution u/2 (t, respec-
tively). These results have direct applications in the field
of quantum majorization [8, 9, 10].

Let us now present our results for the device-
independent test of any given quantum channel C. In
this case S(C) is the set of all correlations py|x of the
form

py|x := Tr[C(ρx)πy] = x ρx C πy y ,

for some family of quantum states {ρx} and quntum mea-
surement {πy}.

Since general formulas [2] are lengthy in this case, we
only provide here a preview of some Corollaries.

• The set S(P~λ) of binary correlations generated by

the Pauli channel P~λ(ρ) = λ0ρ+
∑3
k=1 λkσkρσ

†
k is

given by

|p1|1 − p1|2|
1− |p1|1 − p2|2|

≤ max
k∈[1,3]

|2(λ0 + λk)− 1|;

• The set S(Aλ) of correlations generated by the am-

plitude damping channel Aλ(ρ) = A0ρA
†
0 +A1ρA

†
1

with A0 = |0〉〈0|+
√
λ|1〉〈1| and A1 =

√
1− λ|0〉〈1| is

given by (√
p1|2p2|1 −

√
p1|1p2|2

)2 ≤ λ;

• The set S(Ed) of correlations generated by the d-
dimensional erasure channel Ed(ρ) = λρ ⊕ (1 −
λ) Tr[ρ]φ is given by

|p1|1 − p1|2| ≤ λ;

• The set S(Dλd ) of correlations generated by the d-
dimensional depolarizing channel Dλd (ρ) = λρ+(1−
λ) Tr[ρ]1/d is given by{

|p1|1 − p1|2| ≤ λ,
|p1|1−p1|2|

1−|p1|1−p2|2|
≤ dλ

2−2λ+dλ ;

• The set S(Cd) of correlations generated by the d-
dimensional universal optimal 1→ 2 cloning chan-
nel Cd is given by

|p1|1 − p1|2| ≤
d

d+ 1
;
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• The set S(Td) of correlations generated by the d-
dimensional universal optimal transposition chan-
nel Td is given by{

|p1|1 − p1|2| ≤ 1
d+1 ,

|p1|1−p1|2|
1−|p1|1−p2|2|

≤ 1
3 .
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Abstract. Port-based teleportation (PBT) is a unique set of teleportation protocols in that they do not
require unitary correction. We study PBT protocols and fully characterize their performance for arbitrary
dimensions and number of ports. We also derive expressions for the optimal probability of success and the fi-
delity of teleportation for both probabilistic and deterministic PBT schemes. In the latter case, surprisingly,
the answer depends only on a largest eigenvalue of a certain easy to construct matrix which encodes the
relationship between a certain set of Young diagrams and emerges as the the optimal solution to the relevant
semidefinite program. To obtain our re sults, we develop new mathematical tools to study the symmetries
of the measurement operators that arise in these protocols and belong to the algebra of partially transposed
permutation operators. These tools can be easily generalized to the study of systems with arbitrary partial
symmetries.

Introduction

Quantum teleportation is one of the earliest and most widely used primitives in Quantum Information
Science which performs an arbitrary quantum state transfer between two spatially separated systems [2]. It
involves pre-sharing an entangled resource state and consists of three simple stages. The first stage involves
a joint measurement of the teleported subsystem together with the share of the resource state on the sender’s
side. In the second step, classical measurement outcome is communicated to the receiver. The last step
consists of applying a requisite correction operation which recovers the transmitted quantum state.

In 2008, Ishizaka and Hiroshima introduced a novel PBT protocol which does not require unitary cor-
rection [4, 5, 3]. In this setup, parties share a large resource state consisting of N copies of the maximally
entangled states | �i⌦N , where each singlet is a two-qubit state, termed port. Alice performs a joint
measurement on the unknown state ✓ which she wishes to teleport, and her half of the resource state, com-
municating the outcome to Bob. The outcome of the measurement indicates the subsystem where the state
has been teleported to. To obtain the teleported state, Bob discards all ports except for the one indicated by
Alice’s outcome. There are two versions of the PBT protocol, depending on the exact set of measurements
used by Alice. The first type, the so-called deterministic PBT, is described by the set of N POVM elements
X = {⇧

a

}N
a=1. The second type, the probabilistic PBT, consists of a measurement with N + 1 POVM

elements {⇧
a

}N
a=0, where ⇧0 indicates a failure of the teleportation. In this protocol, when Alice obtains

the input a 2 {1, . . . , N}, the parties proceed as above; when she obtains 0, then they abort the protocol.
Evaluating the performance of the PBT amounts to determining the spectral properties of the measure-

ment operators X . In the qubit case, authors in [4] viewed N + 1 qubits (with one extra qubit representing
the teleported state) as spins, recursively building a basis for constituents of X making the use of the
Clebsch-Gordan (CG) coe�cients to find their structure. This approach relied on the existence of the closed
form for the CG coe�cients and therefore was limited to SU(2)⌦N . In the case of SU(d)⌦N , with d > 2
there exists no closed form of the CG coe�cients and thus it is not known how to obtain the spectrum of the
relevant measurement operators without incurring an exponential overhead in d and N . However, one has a
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closed-form lower bound on the performance of deterministic PBT, but it is only useful for the deterministic
PBT in the regime N � d [5].

By using a graphical variant of the Temperley-Lieb algebra, it is possible to get a closed-form expression
for the fidelity and success probability of PBT for an arbitrary d and N [9]. Unfortunately, the resulting
mathematical expression contains an exponential number of terms (in N) with explicit results available for
N  5.

In our work we develop new mathematical tools in order to study the symmetries of X which will enable
us to e�ciently evaluate the performance of any PBT scheme for arbitrary N and d. Our first contribution
is the theory of the partially reduced irreducible representations (PRIR) [7]. It provides an elegant way of
understanding the properties of subsystems of a large system which has general symmetries. We further
use these techniques to provide a simpler way to approach the representation of the algebra of the partially
transposed permutation operators [6, 8]. Remarkably, the operators describing measurements in any PBT
scheme possess the exact symmetries which makes them elements of this algebra.

Results

Probabilistic PBT. Consider a probabilistic protocol defined by a d-dimensional maximally entangled

resource state
N

N

i=1 |�
+
d

i
AiBi , set of POVMs X = {⇧

a

}N
a=1, where each ⇧

a

= ⇢�
1
2 %

a

⇢�
1
2 with ⇢ =

P
N

a=1 %a,
and %

a

= 1
d

N P+
CAa

⌦ 1

Aa
, for a = 1, . . . , N . We will henceforth refer to ⇢ as the PBT operator.

The operator P+
CAa

denotes an unnormalised projection onto the state |�+i
CAa =

P
d

i=1 |iiiCAa between
systems C and A

a

, and 1

Aa
is identity operator on all subsystems A except A

a

. Alice wishes to teleport
a qudit ✓

C

to Bob. After she measures X and communicates the classical outcome i to Bob, he performs
one of the following actions: (a) if i 2 {1, . . . , N}, he traces out all but the i-th port which contains the
teleported state with perfect fidelity; (b) if i = 0, he aborts.

In this scheme, the teleported state reaches the recipient with high probability, which depends on the
size and entanglement of the resource state. There exist two subtypes of this protocol. In the first type
we consider a resource state which consists of a number of maximally entangled states, and in the second
type we obtain the resource state as a result of the optimization procedure. In what follows, by m

↵

,m
µ

we
denote multiplicities of the irreps of S(N � 1), S(N) in the natural representation, by d

↵

, d
µ

the respective
dimensions. In the former case, the probability of success is given by:
Theorem 1 [7]. The maximal average success probability in the probabilistic PBT with N ports and a re-

source state consisting of maximally entangled pairs with local dimension d is given by p = 1
d

N

P
↵

m2
↵

min
µ=↵+⇤

dµ

mµ
,

where µ denotes Young diagram obtained from ↵ ` N � 1 by adding a single box in a proper way of maximal
height d.

In the latter case, the probability of success is given by:
Theorem 2 [7]. The optimal state in the probabilistic PBT with N ports and the local dimension d of

each port is given by X
A

=
P

µ

c
µ

P
µ

with c
µ

= d

N
h(N)mµ

dµ
where h(N) = 1/

P
⌫

m2
⌫

, and ⌫ labels irreps

of S(N). Operators P
µ

are Young projectors onto irreps of S(N), and µ ranges over all Young diagrams of

height at most d. The corresponding optimal probability is of the form p = 1� d

2�1
N+d

2�1 .
Deterministic PBT. The deterministic version of the PBT guarantees that the teleported state always

reaches the recipient, but at a cost of being distorted. It is described by N POVM elements {⇧
a

}N
a=1 with

each ⇧
a

= ⇢�1/2%
a

⇢�1/2+�, where the term � = 1/N(1�
P

N

a=1⇧a

) with Tr %
a

� = 0 is required to ensure

that
P

N

a=1⇧a

= 1. Alice performs a joint measurement {⇧
a

}N
a=1 on ✓

C

and her share of the resource state.
She then communicates the classical outcome a 2 {1, . . . , N} to Bob, who traces out all but the a-th port
which contains the teleported state. The entanglement fidelity of this protocol with the maximally entangled
ports as a resource for any d � 2, N � 2 is given by:
Theorem 3 [7]. The fidelity for the deterministic PBT with N ports and a resource state consisting of

maximally entangled pairs with local dimension d is given by F = 1
d

N+2

P
↵`N�1

⇣P
µ=↵+⇤

p
d
µ

m
µ

⌘2
, where

the sum over ↵, µ ranges over all Young diagrams of height at most d.
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When we optimize both the measurement and resource state we find that the optimal fidelity F
opt

,
surprisingly, only depends on a maximum eigenvalue of a certain matrix M

F

. For a given N and d, the rows
and columns of M

F

are indexed by the weakly increasing Young diagrams of height at most d consisting of
N boxes as illustrated in Fig. 1. Each element of M

F

is filled according to two simple rules: (1) the number
on the diagonal corresponds to a number of ways to obtain a Young diagram which indexes the element
from a set of valid Young diagrams which have one box less (i.e. having the height d and the non-increasing
number of boxes on each row from the top to the bottom) (2) the o↵-diagonal element equals 1 if it is
possible to obtain the shape that indexes a column from that which indexes a row by moving a single box,
or 0 otherwise.

The Teleportation Matrix M
F

has a number of interesting properties. It turns out that it is positive
semidefinite; when d � N one has: spec(M

F

) = {0, 1, 2, . . . , N � 2, N}; when d < N we provide a fast
algorithm to determine its maximum eigenvalue and eigenvector which is subsequently used to determine
the optimal state and POVM [1].

We show that the best achievable fidelity of teleportation in the deterministic PBT is given by [1]:

F
opt

=
1

d2
||M

F

||1. (1)

1 1

1 112

1 112

1 122

1 121

1 121

1 1

Figure 1: Teleportation matrix M
F

for deterministic PBT schemes with N = 5 ports (N also describes the
number of boxes in each shape) and varying dimensions of each port and teleported state (the maximum
admissible height of each shape). A sequence of principal submatrices corresponds to an optimal performance
of a di↵erent deterministic PBT scheme: the entire matrix (solid blue frame) corresponds to d � 5, and
its first principal submatrix (dashed green frame) corresponds to the deterministic PBT d = 4, followed by
d = 3, 2 (dash dotted yellow frame and dotted black frame respectively). Empty cells contain zeros.

Our approach to studying properties of the PBT schemes may be replicated for the study of systems with
arbitrary partial symmetries. First, one needs to classify the symmetries of the system (S(N) and S(N � 1)
in the case of the PBT). Next, to identify and study the structure and the natural representation of the
algebra corresponding to the elements with these symmetries (algebra of partially transposed permutation
operators in the case of the PBT). Finally, to compute functions of products of the operators (such as trace)
e�ciently one needs to adjust the theory partially reduced irreducible representations to account for the
symmetries of the system in question.
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[7] M. Studziński, S. Strelchuk, M. Mozrzymas, and M. Horodecki. Port-based teleportation in arbitrary
dimension. arXiv:quant-ph/1612.09260v2, December 2016.
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Abstract

Deterministic port-based teleportation (dPBT) protocol is a scheme where a quantum state is
guaranteed to be transferred to another system without unitary correction. We characterize the
best achievable performance of the dPBT when both the resource state and the measurement is
optimized. Surprisingly, the best possible fidelity for an arbitrary number of ports and dimension
of the teleported state is given by the largest eigenvalue of a particular matrix – Teleportation
Matrix. It encodes the relationship between a certain set of Young diagrams and emerges as
the the optimal solution to the relevant semidefinite program.

1 Introduction

Quantum teleportation is one of the earliest and most widely used primitives in Quantum Informa-
tion Science which performs an arbitrary quantum state transfer between two spatially separated
systems [2]. It involves pre-sharing an entangled resource state and consists of three simple stages.
The first stage involves a joint measurement of the teleported subsystem together with the share
of the resource state on the sender’s side. In the second step, classical measurement outcome is
communicated to the receiver. The last step consists of applying a requisite correction operation
which recovers the transmitted quantum state.

One type of protocols, stands out for its simplicity and its surprising qualities which are
unattainable by the preexisting set of protocols – dubbed the Port-based teleportation (PBT).
It was able to reduce the three-step procedure to the one where the remaining correction step is
trivial. In this protocol, the sender and receiver share a large entangled resource state and the
sender implements a joint POVM on the teleported system and the resource state. Depending on
the type of POVM, one distinguishes two operational regimes: probabilistic and deterministic. In
the former case, the measurement is designed to ensure that the teleported state arrives intact to
the receiver, but there is a small probability of failure. In the latter case, the state always gets to
the receiver but incurs some distortion. In both protocols the sender communicates the classical
measurement outcome (including the failure in the former case) to the receiver who then traces out
part of the resource state indicated by the classical communication and finishing with the teleported
state in the case of dPBT or maximally mixed state in case of the probabilistic PBT.

While the optimal functioning of the probabilistic PBT is well-understood, for a number of
practical applications it may be critical to have a teleportation protocol without a unitary cor-
rection which always succeeds even when the replica is distorted. Understanding the feasibility of
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such protocols (with optimal measurements and the corresponding resource state) for an arbitrary
number of ports and local dimension of the teleported state remained a di�cult open problem.

Despite the superficial similarity to the probabilistic PBT, characterizing optimal performance
of the dPBT remained elusive due to the distortion which a↵ected the teleported state – the existing
tools were ill-suited for the analysis of the resulting quantum state on the receiver. In our work,
we show that the optimal performance regime for the dPBT, remarkably, can be reduced to the
study of a static object – Teleportation Matrix. This extraordinarily simple matrix emerges as a
result of an SDP optimization, and characterizes the abstract relationship between the input and
the output states of the protocol.

In this work we obtain a relationship between the dPBT and its companion Teleportation
Matrix and provide a fast algorithm to determine its infinity norm that characterizes the best
possible fidelity of teleportation when both the resource state and measurement are optimized. In
particular, when the dimension of the teleported state is greater or equal to the number of ports,
the maximal eigenvalue is obtained analytically. In the other case we provide a fast algorithm to
compute it.

In Section 2 we review the connection of PBT protocols with the algebra of partially transposed
permutation operators, followed by a short review of basic facts about the induced and restricted
representations of the symmetric group S(N) in Section 3. In the same section we also prove a
group-theoretic lemma about characters of the induced representations which will play an important
role in the following sections. Then, in Section 4 we formally introduce the Teleportation Matrix
(TM) and study its properties. In particular, we present an analytical expression for its eigenvalues
and corresponding eigenvector when the dimension of underlying local Hilbert space is large enough
compared to the number of ports. Finally, in Section 5 we show how it naturally appears as a result
of semidefinite optimization and describe a fast algorithm which calculates its infinity norm with
corresponding eigenvector when dimension of the local Hilbert space is smaller than number of
ports.

2 dPBT and its connection to algebra representation

We now recall the details of the dPBT introduced in [6, 7, 8], and introduce the notation emphasize
the connection with the algebra of partially transposed permutation operators Atn

n

(d). Here we
review the most important facts regarding the representation of Atn

n

(d) (for detailed discussion of
properties of Atn

n

(d) see [11, 12, 13]). In the dPBT, two parties, Alice and Bob, share a resource
state consisting of N copies of bipartite maximally entangled states | +i. Then Alice performs a
joint measurement on her half of the resource state and the unknown state ✓

C

which she wants to
teleport by choosing one of the POVM from the set {e⇧

a

}N
a=1, where each e⇧

a

is given in the form
of square root measurement [7]. She then communicates the measurement outcome a 2 {1, . . . , N}
to Bob. This outcome a labels the port on Bob’s side which contains the teleported state. Bob
then traces out all the ports except for the a-th. In this protocol, teleportation always succeeds
but the teleported state arrives distorted. To characterize the performance of the dPBT we need
to evaluate the fidelity of teleportation F [7]:

F =
1

d2

NX

a=1

Tr
h
�
a

e⇧
a

i
=

1

d2

NX

a=1

Tr
h
�
a

⇢�1/2�
a

⇢�1/2
i
, e⇧

a

= ⇢�1/2�
a

⇢�1/2, (1)
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which is a function of number of the ports N and local dimension of the Hilbert space d. For
1  a  N

�
a

=
1

dN
1

aC

⌦ eP+
aC

=
1

dN
1

aC

⌦ V tC (a, C), (2)

where 1

aC

denotes the identity operator acting on all subsystems except a-th C-th, eP+
aC

denotes

an unnromalised projector onto the maximally entangled state |�+i
aC

= 1p
d

P
d

i=1 |iiiaC between

subsystems a and C, where the set {|ii}d
i=1 is the standard basis in Cd. In the second equality

in (1) we use a well-known fact that eP+
aC

= V tC (a, C), where t
C

is a partial transposition with
respect to subsystem C performed on permutation operator V (a, C) acting between subsystems a
and C. The operator ⇢ in (1) is called the PBT operator, and can be expressed as (see [12]):

⇢ =
NX

a=1

�
a

=
1

dN

NX

a=1

1

aC

⌦ V tC (a, C) =
1

dN
⌘. (3)

Since every element 1
aC

⌦ V (a, C) acts as a permutation on the full Hilbert space (Cd)⌦n, where
n = N + 1, we will further denote it by V (a, C). To keep the notation consistent with the earlier
works that study Atn

n

(d) we label subsystem C by the index n, then expressions (2), (3) read

�
a

=
1

dN
V tn(a, n), ⇢ =

NX

a=1

�
a

=
1

dN

NX

a=1

V tn(a, n) =
1

dN
⌘. (4)

From the above identities it follows that ⇢ is strictly connected with the algebra Atn
n

(d) of partially
transposed permutation operator where partial transposition t

n

is performed with respect to last
n�th subsystem. The operator ⇢ can be regarded as an element of the algebra Atn

n

(d). From [11, 13]
we know that the full algebra Atn

n

(d) splits into direct sum of two left ideals Atn
n

(d) = M � S.
From [12] we also know that the part of the algebra Atn

n

(d) containing the ideal S does not play
any role in the description of the dPBT, so we will not discuss it here. In the ideal M all irreducible
representations (irreps) of Atn

n

(d) are labelled by the irreps of the symmetric group S(N � 1), and
they are strictly connected with the irreps of the group S(N) induced by those irreps of S(N � 1).

Furthermore, we denote the corresponding projector (including multiplicities) on chosen irrep
labelled by ↵ ` N � 1 (symbol ` indicates that the diagram ↵ is obtained for N � 1 boxes) by
M
↵

, and its support space by S(M
↵

). Further by P
µ

we denote the Young projector (including
multiplicities) onto irrep of S(N) labelled by µ ` N induced from a given irrep ↵ of S(N � 1). It
occurs when a Young diagram µ ` N can be obtained from a Young diagram ↵ ` N � 1 by adding
a single box ⇤ (we denote this by µ 2 ↵), and when all irreps labelled by ↵ and µ occur. The latter
happens when the heigh of the first column of ↵ and µ is less of equal to the dimension d of the
local Hilbert space (i.e. when h(↵)  d, h(µ)  d). Define projectors

8 µ 2 ↵ F
µ

(↵) ⌘ M
↵

P
µ

, (5)

which project onto irreps of S(N) contained in M
↵

labelled by Young diagrams µ and induced from
the irreps of S(N � 1) labelled by ↵ [12]. Denoting by P

↵

a Young projector onto irrep labelled by
↵ ` N � 1 we get the following representation of ⌘ from Eqn. 4:

⌘ =
X

↵

⌘(↵) =
X

↵

V (a,N)P
↵

V tn(N,n)V (a,N). (6)
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The support of every ⌘(↵) is the space S(M
↵

) which is invariant with respect to action of S(n�1),
so we see that F

µ

(↵) are eigenprojectors of ⌘(↵). From [12] we know that projectors F
µ

(↵) can be
written as:

F
µ

(↵) = ��1
µ

(↵)P
µ

⌘(↵)P
µ

, (7)

where the numbers �
µ

(↵) are the eigenvalues of the operator ⌘ from (4) given by

�
µ

(↵) = N
m

µ

d
↵

m
↵

d
µ

, (8)

where d
↵

, d
µ

are dimensions of the irreps of S(N �1), S(N) labelled by Young diagrams ↵ ` N �1,
µ ` N respectively, and m

↵

,m
µ

are their multiplicities.
Combining the above facts, the PBT operator ⇢ which is strictly connected with ⌘ has the

following form:

⇢ =
X

↵`N�1

X

µ2↵
�
µ

(↵)F
µ

(↵), (9)

where

�
µ

(↵) =
1

dN
�
µ

(↵). (10)

In our previous work [12] we give an explicit expression for the fidelity F given in equation (1)
in terms of N, d, the dimensions d

µ

, and multiplicities m
µ

of irreps of the permutation group S(N)
when the resource state is given by as a N�fold tensor product of | +i. In this case we also know
that optimal POVMs {e⇧

a

}N
a=1 are given in the form of square root measurements (see (1)). In the

qubit case when both the measurement and the resource state are optimized simultaneously it is
known that it is possible to achieve a significantly higher teleportation fidelity [8]. In the latter
case, the resource state di↵ers from | +i⌦N , and one has a di↵erent set of POVMs. In the qudit
case we similarly take the resource state to be

| i = (O
A

⌦ 1

B

) | +i
A1B1 ⌦ | +i

A2B2 ⌦ · · ·⌦ | +i
ANBN , (11)

where A = A1A2 · · ·AN

, B = B1B2 · · ·BN

, and TrO†
A

O
A

= dN , where O
A

encodes an arbitrary
quantum operation on Alice’s side. We want to compute

F =
1

d2
max
{⇧a}

NX

a=1

Tr [⇧
a

�
a

] , (12)

with respect to the following constraints

(1)
NX

i=a

⇧
a

 X
A

⌦ 1

B

, (2) TrX
A

= TrO†
A

O
A

= dN , (13)

where {⇧
a

}N
a=1 is some new, optimal set of POVMs which are compatible with operation O

A

and
1

B

is identity operator acting on single qudit space on Bobs’ side. We see that the problem of
simultaneous optimisation over a resource state | i and the set of POVMs {⇧

a

}N
a=1 can be case

as a semi-definite program (SDP) [3]. Most of this work is dedicated to finding an optimal form
of the Alice operation O

A

, optimal form of POVMs, and expression for the optimal value of the
fidelity (12). As we have mentioned above we solve this problem by giving an analytical solution
of the primal and the dual SDP. Moreover, all such solutions are presented in terms of objects
characterising Atn

n

(d).
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3 Facts about symmetric group S(N)

Before we state and prove our results, we need to introduce further group-theoretic notation.

i) By the symbol ⌫/µ = ⇤ we denote two Young diagrams µ, ⌫ for the same natural number N
when µ can be obtained from ⌫ by moving a single box ⇤ (and vice versa).

ii) By ↵ 2 µ we denote Young diagrams ↵ ` N�1 which can be obtained from µ ` N by removing
one box ⇤.

iii) By bS(N) we denote the set of all possible irreps of the symmetric group S(N), and by |bS(N)|
its cardinality.

iv) By '↵, µ, etc. we denote irreps of respective symmetric groups belonging to sets bS(N � 1) or
bS(N).

Recall that the representations ResS(N)
S(N�1)( 

⌫),  ⌫ 2 bS(N) and IndS(N)
S(N�1)('

↵) '↵ 2 bS(N � 1),
have the following structure

ResS(N)
S(N�1)( 

⌫) =
M

↵2⌫
'↵, IndS(N)

S(N�1)('
↵) =

M

µ2↵
 µ, (14)

so they are simply reducible. Some properties of ResS(N)
S(N�1)( 

⌫) and IndS(N)
S(N�1)('

↵) will be necessary
for Section 4:

Proposition 1. We have the following:

a) '↵ 2 ResS(N)
S(N�1)( 

⌫) if and only if  ⌫ 2 IndS(N)
S(N�1)('

↵).

b) Irreps  µ, ⌫ 2 bS(N), µ 6= ⌫ are in the relation ⌫/µ = ⇤ if and only if there exists '↵ 2
ResS(N)

S(N�1)( 
⌫) :  µ 2 IndS(N)

S(N�1)('
↵).

Proof. The statement a) of the Proposition is a well-known result in representation theory. We
prove part b). From the assumption we have

⌫ = (⌫1, . . . , ⌫
k

, . . . , ⌫
l

, . . . , ⌫
p

) ) µ = (⌫1, . . . , ⌫
k

� 1, . . . , ⌫
l

+ 1, . . . , ⌫
p

) (15)

for some indices k, l. We chose

↵ = (⌫1, . . . , ⌫
k

� 1, . . . , ⌫
l

, . . . , ⌫
p

) ` N � 1, (16)

which is properly defined Young diagram because by assumption µ is properly defined Young

diagram and we have µ 2 ↵, so  µ 2 IndS(N)
S(N�1)('

↵). On the other hand for b) we have from the

assumption that for a given ⌫ = (⌫1, . . . , ⌫s, . . . , ⌫t, . . . , ⌫q) such that s 6= t

↵ = (⌫1, . . . , ⌫s, . . . , ⌫t � 1, . . . , ⌫
p

), µ = (↵1, . . . ,↵s

+ 1, . . . ,↵
t

, . . . ,↵
q

), (17)

so µ = (⌫1, . . . , ⌫s + 1, . . . , ⌫
t

� 1, . . . , ⌫
q

) and ⌫/µ = ⇤.

The next result concerns the characters of the induced representations.
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Lemma 2. Let � 2 S(N) and suppose that � has the following cycle structure � 2 (1k, 2⇠2 , . . . , N ⇠n),
where k � 1, ⇠

i

� 1, then

�
Ind

S(N)
S(N�1)('

↵)
(�) = k�↵(1k�1, 2⇠2 , . . . , N ⇠n). (18)

In particular for � = e 2 (1N ), where e denotes identity element of the group S(N) we have

�
Ind

S(N)
S(N�1)('

↵)
(e) = Nd

↵

. (19)

Proof. Recall that the induced representation IndS(N)
S(N�1)('

↵) : '↵ 2 bS(N � 1) has the following
form

8� 2 S(N) �Ind('↵)
ai,bj

(�) = e'↵
ij

[(aN)�(bN)], (20)

where

e'↵
ij

(⇡) =

(
'↵(⇡), ⇡ 2 S(N � 1),

0, ⇡ /2 S(N � 1),
(21)

and a, b = 1, . . . , N . We thus get the following formula for the character of the induced represen-
tation

�Ind('↵)(�) =
dim'

↵X

i=1

NX

a=1

e'↵
ii

[(aN)�(aN)] =
NX

a=1

e�↵[(aN)�(aN)], (22)

where e�↵ is defined in the same way as e'↵
ij

. Let � = C1C2 · · ·C
k

2 S(N) be a unique decomposition
of the permutation � into disjoint cycles. For a given transposition (aN) of the natural transversal,
the number a appears in only one cycle C

i

in �, and similarly for the number N and we have the
following possibilities for the cycles, which include the numbers a,N

(aN)(ai1 · · · ip)(aN) = (Ni1 · · · ip), i
k

6= N,

(aN)(Ni1 · · · ip)(aN) = (ai1 · · · ip), i
k

6= a,

(aN)(ai1 · · ·N · · · i
p

)(aN) = (Ni1 · · · a · · · ip), i
k

6= a,N.

(23)

From the above it follows that if � = C1C2 · · ·C
k

2 S(N) is such that |C
i

| > 1 i.e. all cycles C
i

in
� are of the length greater than one, then for any transposition (aN) the permutation (aN)�(aN)
does not belong to S(N � 1), and �Ind('↵)(�) =

P
N

a=1 e�↵[(aN)�(aN)] = 0. Suppose now that a
permutation � contains the cycle of the length one i.e. it is of the form

� 2 (1k, 2⇠2 , . . . , (N � k)⇠n�k), k � 1, ⇠
j

� 1, � = (a1)(a2) · · · (a
k

)C1 · · ·Cp

, (24)

where a
i

= 1, . . . , N and |C
j

| > 1. In this case we have for i = 1, . . . , k

(a
i

N)�(a
i

N) = (a1) · · · (N) · · · (a
k

)C 0
1 · · ·C 0

p

2 S(N � 1), (25)

so for k transpositions of the transversal (a
i

N) : i = 1, . . . , k we have

e�↵[(a
i

N)�(a
i

N)] = �↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k) (26)

and for the remaining transpositions of the transversal (a
ji

N) : j > k we have

e�↵[(a
j

N)�(a
j

N)] = 0, (27)

so
�Ind('↵)(1k, 2⇠2 , . . . , (N � k)⇠n�k) = k�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k). (28)
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4 Teleportation Matrix

We are now ready to define the central object of our work – the Teleportation Matrix M
F

which
plays a key role in the analysis of the simultaneous optimisation over POVMs and the resource
state in the dPBT. Later, we derive a connection between M

F

and induced characters of the
symmetric group which enables us to use results from Section 3 in order to determine its spectral
properties. We provide an analytical expression for its eigenvalues whenever d � N , and show that
M

F

together with all of its principal submatrices is positive semi-definite. Finally, we derive a few
other important properties of M

F

like its irreducibility and primitivity which are necessary when
we discuss the fast algorithm for computation of the infinity norm of principal submatrices of M

F

(i.e. when d < N and the analytical expression for the eigenvalues is not known).

Definition 3. Let µ, ⌫ run over all irreps of the group S(N), define the following matrix M
F

of
dimension |bS(N)|

M
F

⌘ (n
µ

�
µ,⌫

+�
µ,⌫

), (29)

where n
µ

is the number of ↵ ` N � 1 for which ↵ 2 µ, and

�
µ,⌫

=

(
1 if µ/⌫ = ⇤,

0 otherwise.
(30)

The symbol µ/⌫ = ⇤ denotes such Young diagrams µ, ⌫ which can be obtained from each other by
moving a single box.

Fig 1 depicts M
F

for N = 2, 3, 4 when all the irreps of S(N) occur. From the representation
theory point of view, the structure of M

F

encodes relations among the irreps of the group S(N).
As we will see later, the relations that define the matrix M

F

are determined by the properties of the
representations Res and Ind (see Section 3). We will further assume that all indices  µ, ⌫ 2 bS(N)
of the matrix M

F

are ordered in the strongly decreasing lexicographic order, starting from the
biggest Young diagram µ = id. In such ordering, Young diagrams strongly decrease, whereas the
height of the Young diagrams weakly increases.
To reveal the connection between M

F

and irreps of S(N) we start from the following lemma:

Lemma 4. The numbers, which appear in the row ⌫ of the matrix M
F

, are the multiplicities of the
irreps  ⌫ 2 bS(N) appearing in all representations

IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫), '↵ 2 bS(N � 1), (31)

where the diagonal term n
⌫

shows how many '↵ 2 ResS(N)
S(N�1)( 

⌫).

Proof. The lemma is in fact, a corollary from the Proposition 1. From the statement a) of this
proposition we get that for a given  ⌫ 2 bS(N), so for a given row ⌫ of the matrix M

F

, the irrep

⌫ is included in all representations IndS(N)
S(N�1)('

↵) such that '↵ 2 ResS(N)
S(N�1)( 

⌫), and there are n
⌫

of them. From statement b) of Proposition 1 we get that if µ 6= ⌫ then ⌫/µ = ⇤ if and only if  µ

belongs to IndS(N)
S(N�1)('

↵) for some '↵ 2 ResS(N)
S(N�1)( 

⌫). It is not di�cult to prove that in the case

µ 6= ⌫ the irrep µ : ⌫/µ = ⇤ appears only once in all IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫).

In order to describe the spectral properties of the matrix M
F

we need
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1 1

1 1

1 1

1 1

1 12

1 1

1 1

1 1 1

1 1 1

1 1

2

2

A

B

C

Figure 1: Teleportation matrix for the dPBT schemes. The maximal eigenvalue of each of the
matrices determines the optimal performance of the dPBT scheme for: N = 2 (A), N = 3 (B),
N = 4 (C) in the case where all the irreps occur (i.e. local dimension d of the teleported state and
each of the port equals to N). Empty squares are filled with zeros.

Definition 5. The reduced character matrix for the group S(N) has the following form

T ⌘ (�
µ

(C)), (32)

where µ runs over all irreps of the group S(N), C = (1k, 2⇠2 , . . . , N ⇠N ) describes the class of
conjugated elements, �

µ

(·) is character calculated on irrep µ and elements from C. By T (C) =
(�

µ

(C)), where C runs over all classes of the group S(N), we denote the columns of the matrix T .
It is known that matrix T is unitary.

Matrix T = (�
µ

(C)) plays a central role in the description of spectral properties of the matrix
M

F

:

8
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Proposition 6. We have the following spectral properties of the matrix M
F

M
F

T (C) = kT (C) ,
X

µ

(M
F

)
⌫µ

�
µ

(C) = k�
⌫

(C), (33)

where C = (1k, 2⇠2 , . . . , N ⇠N ), so k is the number of cycles of the length 1 in the class C which is the
support of the eigenvector T (C). The reduced character matrix T for the group S(N), diagonalises
the matrix M

F

.

Proof. From Lemma 4 we deduce that for the given row ⌫ of the matrix M
F

the sum

X

µ

(M
F

)
⌫µ

�
µ

(C) (34)

is equal to the sum of all characters of the irreps of the group S(N) which are included in all

induced representations IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫),'↵ 2 bS(N � 1) i.e. we have

X

µ

(M
F

)
⌫µ

�
µ

(C) =
X

↵2Res
S(N)
S(N�1)(⌫)

�
Ind

S(N)
S(N�1)('

↵)
(C), (35)

where C = (1k, 2⇠2 , . . . , (N � k)⇠n�k). From Lemma 2 we have

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�
Ind

S(N)
S(N�1)('

↵)
(C) = k

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k), (36)

where the sum on RHS is the character of the representation ResS(N)
S(N�1)( 

⌫), and we have

X

'

↵2Res
S(N)
S(N�1)( 

⌫)

�↵(1k�1, 2⇠2 , . . . , (N � k)⇠n�k) = �
v

(1k, 2⇠2 , . . . , (N � k)⇠n�k) = �
⌫

(C). (37)

Directly from Proposition 6 we deduce

Corollary 7. 1. The matrix M
F

has the following spectrum

spec(M
F

) = {0, 1, 2, . . . , N � 2, N}. (38)

Note that there is a gap in this spectrum – the number N � 1 does not occur.

2. The matrix M
F

is positive semi-definite.

3. The multiplicity of the eigenvalue k 2 spec(M
F

) is equal to the number of cycles classes of
the form (1k, 2⇠2 , . . . , N ⇠n), equivalently to the number of solutions in N[ {0} of the equation
(equations for ⇠

l

)
N�kX

l=2

l
⇠l
= N � k. (39)
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4. The eigenvector v = (v
µ

) for µ 2 bS(N) corresponding to maximal eigenvalue N has strictly
positive entries (which agrees with Frobenius-Perron Theorem - see Theorem 30 of Appendix B)
and 8µ 2 bS(N) v

µ

= d
µ

, where d
µ

is the dimension of the respective irrep.

5. The largest eigenvalue N , in fact spectral radius, has multiplicity one, which agrees with
Frobenius-Perron Theorem. Similarly the eigenvalues N � 2, N � 3 also are simple and the
multiplicities of the eigenvalues N � 4, N � 5 are equal 2 and so on.

The above statements are true when all irreps of S(N) occur. This happens whenever heights
h(µ), h(⌫) of Young diagrams labelling rows and columns of M

F

satisfy conditions h(µ)  d, h(⌫) 
d. The minimal dimension d for having all irreps is just equal to the heigh of the Young diagram
corresponding to antisymmetric space, so it happens when d � N . As we will see later, whenever d
is too small with respect to height of certain Young diagrams, our spectral analysis reduces to an
analysis of respective principal submatrices of the matrix M

F

.

Definition 8. By Md

F

we denote a principal submatrix (i.e. matrix localised on the main diagonal

in the upper left corner), which contains all irreps  ⌫ 2 bS(N), such that h(⌫)  d. For such choice
we have

N  d ) Md

F

= M
F

, (40)

and in particular MN

F

= M
F

.

On the Fig 2 we present matrix M
F

with its principal submatrices Md

F

for N = 5 when
d = 2, 3, 4, 5.

Remark 9. From Sylvester’s theorem (see Theorem 27 of Appendix B) it follows that all principal
matrices Md

F

are positive semi-definite.

Using Lemma 4 we can calculate how many irreps ⌫ of S(N) we have in IndS(N)
S(N�1)('

↵) : '↵ 2
ResS(N)

S(N�1)( 
⌫), i.e. how many 10s (with multiplicities) we have in the row ⌫ in the matrix Md

F

. We
thus get the following bound

Proposition 10. The number of all IndS(N)
S(N�1)('

↵) : '↵ 2 ResS(N)
S(N�1)( 

⌫) is not greater than

h(⌫)  d, so n
⌫

 d. In each induced representation IndS(N)
S(N�1)('

↵) we have at most h(⌫)+1 irreps

of S(N), if h(⌫) < d, and d irreps of S(N) if h(⌫) = d. From this it follows that in the matrix Md

F

,
the maximum number of 10s (with multiplicities) in each row is not greater than d2.

Defining ||A||1 ⌘ max
i

P
j=1 |aij |, for an arbitrary A = (a

ij

) 2 M(n,C), and using Proposi-
tion 10 we have the following

Corollary 11. We have the following upper bound for the norm of the matrix norm of Md

F

||Md

F

||1  d2. (41)

At the end of this section we show a few additional important features of the teleportation
matrix M

F

, and its principal matrices Md

F

. It turns out that matrices Md

F

have a few useful
properties regarding our algorithm presented further in Section 5.4– irreducibility and primitivity
which are explained in Definition 28, Definition 29, and Definition 31 of Appendix B.
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1 1

1 112

1 112

1 122

1 121

1 121

1 1

Figure 2: Teleportation matrix for the dPBT schemes with fixed number of ports (N = 5 – number
of boxes in each shape) and varying dimensions of each port and teleported state (the maximum
admissible height of each shape). A sequence of principal submatrices corresponds to an optimal
performance of a di↵erent dPBT scheme: the entire matrix (solid blue frame) corresponds to d � 5,
and its first principal submatrix (dashed green frame) corresponds to the dPBT d = 4, followed
by d = 3, 2 (dash dotted yellow frame and dotted black frame respectively). Empty cells contain
zeros.

Fact 12. M
F

defined in (3) is irreducible in the sense of Definition 29.

Proof. From the Definition 3 we see that the matrix M
F

is at least three-diagonal. The number of
zeros in every row of the matrix M

F

is equal then to m = |bS(N)| � 2. After the exponentiation
of M2

F

the positions (M
F

)1,3 6= 0, . . . , (M
F

)|bS(N)|�2,|bS(N)| 6= 0, so the third upper (lower) diagonal

becomes nonzero. ComputingM3
F

we see that the fourth upper (lower) diagonal has strictly positive

entries. Because of the construction continuing process of the multiplication m + 1 = |bS(N)| � 1
times we have (Am+1)

ij

> 0 for every 1  i, j  |bS(N)|. In general matrix M
F

has strictly positive
numbers also outside of the three main diagonals. It means that in the general case the required
number of the multiplications can be smaller than m+ 1.

Using the same argumentation as in Fact 12 we can show that every principal matrix Md

F

is also
irreducible. MatrixM

F

, and its principal matricesMd

F

are also primitive matrices (see Definition 31

11
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of Appendix B). Matrices M
F

, Md

F

satisfy all assumptions of Proposition 32 of Appendix B, so we
can formulate

Corollary 13. The matrices M
F

,Md

F

are primitive.

Remark 14. It follows also directly from the positive semi-definiteness of the matrices Md

F

.

We end this section with the following

Remark 15. The matrix M
F

given in the Definition 29 is a centrosymmetric matrix according to
Definition 33 of Appendix B.

5 Optimisation over a resource state in the dPBT

We now turn to the case when both the resource state | i and Alice’s measurements {⇧
a

}N
a=1 are

optimised simultaneously. Since from [8] we know that this problem can be cast in terms of SDP,
we provide analytical solutions to both primal and dual SDPs obtaining optimal form of POVMs
and the state | i. By showing that the primal matches the dual, we obtain the optimal fidelity. We
also show how optimal fidelity of the dPBT relates to a maximal eigenvalue of the Teleportation
Matrix M

F

given in Definition 3 or its principal matrices if the dimension d is smaller than number
of the ports N . Figure 3 illustrates how optimal fidelity compares to previous results.

Figure 3: Best achievable fidelity of port-based teleportation when both the state and the measure-
ment is optimized. dX ENT denotes the fidelity of the dPBT when the resource state consists of
maximally entangled pairs and only measurement is optimized; X corresponds to the dimension of
the teleported state. dX OPT denotes the best possible fidelity achieved by optimizing the resource
state and measurement simultaneously
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5.1 The primal SDP problem

The primal problem is to compute:

F ⇤ =
1

d2
max
{⇧i}

NX

a=1

Tr [⇧
a

�
a

] , (42)

with respect to constraints

(1)
NX

a=1

⇧
a

 X
A

⌦ 1

B

, (2) TrX
A

= dN . (43)

In the above {⇧
a

}N
a=1 is the set of POVMs used by Alice, and X

A

= O†
A

O
A

, where O
A

is a global
operation performed on Alices’ half of the maximally entangled resource state. The solution of (42)
with the constraints (43) is given in the following

Theorem 16. The quantity F ⇤ in the primal problem can be expressed as:

F ⇤ =
1

d2
||M

F

||1 , (44)

where ||M
F

||1 denotes the infinity norm of the Teleportation Matrix M
F

is given in Definition 3.

Proof. Here we assume the most general form of the POVMs (indeed more general than in (94));
for a = 1, . . . , N we take:

⇧
a

= ⇧�
a

⇧, (45)

with
⇧ =

X

↵

X

µ2↵
p
µ

(↵)F
µ

(↵), p
µ

(↵) � 0, (46)

and
X

A

=
X

µ

c
µ

P
µ

, c
µ

� 0. (47)

We rewrite expression (42) using our assumption about the form of POVMs ⇧
a

for a = 1, . . . , N
given in (45):

F ⇤ =
1

d2
max
{⇧a}

Tr

"
NX

a=1

⇧
a

�
i

#
=

1

d2
max
⇧

X

a

Tr [⇧�
a

⇧�
i

]

=
N

d2
max
⇧

Tr [⇧�
N

⇧�
N

] =
N

d2N
max
⇧

Tr [⇧(1⌦ P+)⇧(1⌦ P+)] ,

(48)

where we use the fact that Tr [⇧
a

�
a

] does not depend on the index a = 1, . . . , N . This property
allows us to compute the trace for fixed value a = N and multiply it N times. Here and further in
this manuscript by P+ we denote projector onto maximally entangled state |�+i between N�th and
n�th subsystem, and the identity operator 1 on N�1 first subsystems. Substituting decomposition
of ⇧ given in (46), fact that 1⌦ P+ = 1

d

V tn(N,n), and decomposition (5) we write:

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵0)}

X

↵,↵

0

X

µ2↵
µ

02↵0

p
µ

(↵)p
µ

0(↵0) Tr
⇥
M
↵

P
µ

V tn(N,n)M
↵

0P
µ

0V tn(N,n)
⇤
. (49)
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Using that V tn(N,n)M
↵

= V tn(N,n)P
↵

(see Fact 13 of [12]) we have

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵0)}

X

↵,↵

0

X

µ2↵
µ

02↵0

p
µ

(↵)p
µ

0(↵0) Tr
⇥
P
µ

V tn(N,n)P
↵

0P
µ

0V tn(N,n)P
↵

⇤
. (50)

Using properties [P
↵

, V tn(N,n)] = 0, [P
↵

, P
µ

] = 0, P
↵

P
↵

0 = �
↵↵

0P
↵

, and again V tn(N,n)M
↵

=
V tn(N,n)P

↵

we reduce above expression to

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

(↵)p
µ

0(↵) Tr
⇥
P
µ

V tn(N,n)P
↵

P
µ

0V tn(N,n)P
↵

⇤

=
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

(↵)p
µ

0(↵) Tr
⇥
F
µ

(↵)(P
↵

⌦ P+)F
µ

0(↵)(P
↵

⌦ P+)
⇤
.

(51)

In the next step we use of the identity operator in the form 1 =
P

↵

P
↵

=
P

↵

P
d↵
k=1

P
m↵
r=1 |'k,r

(↵)ih'
k,r

(↵)|,
where vectors {|'

k,r

(↵)i}d↵
k=1 span r-th block of the irrep labelled by Young diagram ↵:

F ⇤ =
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)⇥

⇥
d↵X

k,l=1

m↵X

r,s=1

Tr
⇥
F
µ

(↵)|'
k,r

(↵)ih'
k,r

(↵)⌦ P+|F
µ

0(↵)|'
l,s

(↵)ih'
l,s

(↵)|⌦ P+
⇤

=
N

d2N
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)⇥

⇥
d↵X

k,l=1

m↵X

r,s=1

Tr
⇥|'

l,s

(↵)ih'
k,r

(↵)|⌦ P+F
µ

0(↵)
⇤
Tr [|'

k,r

(↵)ih'
l,s

(↵)⌦ P+|Fµ

(↵)] .

(52)

Using Fact 25 we can simplify above expression as

F ⇤ =
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)
m

µ

0m
µ

m2
↵

d↵X

k,l=1

m↵X

r,s=1

�2
lk

�2
sr

=
N

d2N+2
max

{pµ(↵),pµ0 (↵)}

X

↵

d
↵

m
↵

X

µ2↵
µ

02↵

p
µ

0(↵)p
µ

(↵)m
µ

0m
µ

=
N

d2N+2
max

{pµ(↵)}

X

↵

d
↵

m
↵

 
X

µ2↵
p
µ

(↵)m
µ

!2

.

(53)

Form the definition of ⇧ we see that 8⇡ 2 S(N) [⇧, V (⇡)] = 0. Together with (9) we write

NX

a=1

⇧
a

= ⇧
NX

a=1

�
a

⇧ = ⇧⇢⇧ = ⇧2⇢ =
X

↵

X

µ2↵
p2
µ

(↵)�
µ

(↵)F
µ

(↵). (54)
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Similarly to Eqn.(37) in [8] we get

NX

a=1

⇧
a

=
X

↵

X

µ2↵
p2
µ

(↵)�
µ

(↵)F
µ

(↵) =
X

µ

X

↵2µ
p2
µ

(↵)�
µ

(↵)F
µ

(↵) 
X

µ

c
µ

P
µ

⌦ 1

n

. (55)

Note that F
µ

(↵) ⇢ P
µ

, so we have p2
µ

(↵)�
µ

(↵)  c
µ

. Now we see that the fidelity F ⇤ given by
expression (53) can only increase, when we increase coe�cients p

µ

(↵). Thus for any fixed c
µ

it is
optimal to choose p

µ

(↵) satisfying

8↵ p2
µ

(↵)�
µ

(↵) = c
µ

. (56)

Finally from the normalisation condition (expression (2) of (43)) and by substitution of (47) we
get constraint on coe�cients c

µ

TrX
A

=
X

µ

c
µ

TrP
µ

=
X

µ

c
µ

d
µ

m
µ

= dN . (57)

Taking v2
µ

= 1
d

N c
µ

d
µ

m
µ

together with the equation ensuring maximal possible value of the quantity
F ⇤ given in (56) we write

p2
µ

(↵)�
µ

(↵)d
µ

m
µ

=

✓
1

dN
c
µ

d
µ

m
µ

◆
dN = dNv2

µ

. (58)

Using the explicit formula for �
µ

(↵) we can compute p
µ

(↵) in terms of new coe�cients v
µ

as

p
µ

(↵) =
dNp
N

r
m
↵

d
↵

v
µ

m
µ

. (59)

Now inserting above formula into (53) we have

F ⇤ =
N

d2N+2
max
{vµ}

X

↵

d
↵

m
↵

 
X

µ2↵

dNp
N

r
m
↵

d
↵

v
µ

m
µ

m
µ

!2

=
1

d2
max
{vµ}

X

↵

 
X

µ2↵
v
µ

!2

. (60)

Using equation (57) we get

dN
 
X

µ

1

dN
c
µ

d
µ

m
µ

!
= dN

X

µ

v2
µ

= dN )
X

µ

v2
µ

= 1. (61)

The above condition is just a normalisation condition for some vector v, i.e. ||v||2 =
P

µ

v2
µ

= 1.
Finally writing more explicitly the double sum in (60) we see the following

X

↵

 
X

µ2↵
v
µ

!2

=
X

↵

0

BB@
X

µ2↵
v2
µ

+
X

µ6=⌫
µ,⌫2↵

v
µ

v
⌫

1

CCA =
X

µ

n
µ

v2
µ

+
X

µ6=⌫
µ/⌫=⇤

v
µ

v
⌫

, (62)

where n
µ

is number of ↵ ` N � 1 for which µ 2 ↵. Having expression (62) together with (61) we
rewrite the equation (60) as

F ⇤ =
1

d2
max

v:||v||=1
hv|M

F

|vi ⌘ 1

d2
||M

F

||1, (63)
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5.2 The dual SDP problem

The dual problem is to compute:

F⇤ = dN�2min
⌦

||Tr
B

⌦||1 , (64)

with respect to constraints
⌦� �

a

� 0, a = 1, . . . , N. (65)

In the above ⌦ is an arbitrary operator acting on N subsystems. The solution of (64) with the
constraints defined in (65) is given in the following

Theorem 17. The quantity F⇤ in the dual problem can be expressed as:

F⇤ =
1

d2
||M

F

||1 , (66)

where ||M
F

||1 denotes the infinity norm of the Teleportation Matrix M
F

is given in Definition 3.

Proof. Assume the general form of the operator which gives contribution to F⇤ as

e⌦ =
X

↵`N�1

e⌦(↵) =
X

↵`N�1

X

µ2↵
!
µ

(↵)F
µ

(↵), !
µ

(↵) � 0. (67)

By choosing coe�cients !
µ

(↵) we ensure that e⌦� �
a

� 0 for a = 1, . . . , N , where �
a

= 1
d

N�11an ⌦
P+
a,n

(see condition (65)), and P+
a,n

is projector onto maximally entangled state |�+i
a,n

between
a�th and n�th subsystem. Due to symmetry it is enough to check it only for a = N , and on all
irreps ↵.

e⌦ � �
N

() 8↵ e⌦(↵) � �
N

P
↵

, (68)

where P
↵

denotes a Young projector onto irrep labelled by the Young diagram ↵ ` N � 1. More
explicitly using form of the operator e⌦(↵) from (67) and resolution of the identity in terms of Young
projectors P

↵

we have

8↵ ` N � 1 dN�1
X

µ2↵
!
µ

(↵)F
µ

(↵) � P
↵

⌦ P+. (69)

We now ask when above condition is fulfilled. Form [10] we know, that

A(↵)� 1

c(↵)
R(↵) � 0 if c(↵) =

d↵X

k=1

m↵X

l=1

h�+|h'
k,l

(↵)|A�1(↵)|'
k,l

(↵)i|�+i, (70)

where for fixed l = 1, . . . ,m
↵

vectors |'
k,l

(↵)i span one irrep of S(N�1) labelled by Young diagram
↵ and

A(↵) = dN�1
X

µ2↵
!
µ

(↵)F
µ

(↵), R(↵) = P
↵

⌦ P+. (71)
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Having above we are in the position to compute the constant c(↵) for all irreps ↵

c(↵) =
1

dN�1

d↵X

k=1

m↵X

l=1

h�+|h'
k,l

(↵)|
X

µ2↵
!�1
µ

(↵)F
µ

(↵)|'
k,l

(↵)i|�+i

=
1

dN�1

X

µ2↵
!�1
µ

(↵)
d↵X

k=1

m↵X

l=1

Tr [|'
k,l

(↵)ih'
k,l

(↵)|⌦ P+Fµ

(↵)]

=
1

dN

X

µ2↵
!�1
µ

(↵)
m

µ

m
↵

,

(72)

since we used Fact 25 from Appendix A. Now, redefining the operator e⌦(↵) as

⌦(↵) ⌘ c(↵)e⌦(↵) = 1

dN

X

⌫2↵
!�1
⌫

(↵)
m
⌫

m
↵

X

µ2↵
!
µ

(↵)F
µ

(↵)

=
1

dN

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
↵

!
⌫

(↵)
F
µ

(↵)
(73)

we satisfy the constraint ⌦��
N

� 0, since ⌦ =
P

↵

⌦(↵). In the next step we compute the quantity
dN�2Tr

n

⌦ form (64)

dN�2Tr
n

⌦ =
1

d2

X

↵

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
↵

!
⌫

(↵)
Tr

n

F
µ

(↵) =
1

d2

X

↵

X

⌫2↵

X

µ2↵

m
⌫

!
µ

(↵)

m
µ

!
⌫

(↵)
P
µ

=
1

d2

X

↵

X

µ2↵

P
⌫2↵ t⌫(↵)

t
µ

(↵)
P
µ

=
1

d2

X

µ

X

↵2µ

P
⌫2↵ t⌫(↵)

t
µ

(↵)
P
µ

,

(74)

where
t
µ

(↵) ⌘ m
µ

!
µ

(↵)
. (75)

From definition of t
µ

(↵) we have to exclude all coe�cients !
µ

(↵) which are equal to zero from the
decomposition (67) . Finally, the quantity F⇤ in the dual problem given in (64) is given as

F⇤ = dN�2min
⌦

||Tr
n

⌦||1 =
1

d2
min

{tµ(↵)}
max
µ

X

↵2µ

P
⌫2↵ t⌫(↵)

t
µ

(↵)
. (76)

Since we are looking for the feasible solution we assume that 8↵ 8µ 2 ↵ t
µ

(↵) = t
µ

:

8µ ` N
X

↵2µ

P
⌫2↵ t⌫
t
µ

=

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

, (77)

where matrix M
F

is given in Definition 3. Substituting (77) into (76) we reduce min�max problem
to

F⇤ =
1

d2
min
{tµ}

max
µ

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

. (78)

17

411



Consider the eigenproblem for the matrix M
F

t = �t, where t = (t
µ

), and � � 0, since M
F

is
positive semi-definite. Writing eigenproblem for M

F

in the coordinates we have

8µ ` N
X

⌫

(M
F

)
µ⌫

t
⌫

= �t
µ

) � =

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

. (79)

Taking minimization over all vectors t and maximal possible value over all allowed Young diagram
µ we get definition of the maximal eigenvalue of the matrix M

F

:

F⇤ =
1

d2
min
{tµ}

max
µ

P
⌫

(M
F

)
µ⌫

t
⌫

t
µ

=
1

d2
||M

F

||1. (80)

From Theorem 16 and Theorem 17 we get:

Proposition 18. • From equality F ⇤ = F⇤ we find that

F
opt

=
1

d2
||M

F

||1 (81)

is an optimal value of the fidelity in the case of the dPBT, where M
F

is Teleportation Matrix
diven in Definition 3.

• The optimal POVMs ⇧
i

= ⇧�
i

⇧ for i = 1, . . . , N where ⇧ are given as:

⇧ =
dNp
N

X

↵

X

µ2↵

r
m
↵

d
↵

v
µ

m
µ

F
µ

(↵), (82)

where the �
i

is from (2). The coe�cients v
µ

are the components of the eigenvector v corre-
sponding to the maximal eigenvalue of the Teleportation Matrix M

F

when d � N or respective
principal submatrix of M

F

otherwise.

• The resource state | i:

| i = (O
A

⌦ 1

B

) | +i
A1B1 ⌦ | +i

A2B2 ⌦ · · ·⌦ | +i
ANBN , (83)

where
O

A

=
p
dN
X

µ

v
µp

d
µ

m
µ

P
µ

. (84)

is the optimal resource state. In the above P
µ

denotes Young projector onto irrep labelled by
the Young diagram µ ` N .

Proof. Taking (46) together with (59) we obtain desired form of operator ⇧. To obtain expres-

sion (84) we use (47) with the condition X
A

= O†
A

O
A

.

In the regime d  N from Proposition 7 of Section 4 we can give a simple formula for optimal
fidelity F

opt

in the dPBT:

F
opt

=
N

d2
, (85)
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since in this particular case ||M
F

||1 = N . We can run the same analysis for the eigenvector
v = (v

µ

): when d � N we know its analytical form as long as we assume that the respective
characters of the irreps of S(N) are given. In this case such vector is given as a column of the
reduced character matrix T = (�

µ

(C)) introduced in Definition 5 of Section 4. We can construct it
explicitly due to item 4 in Corollary 7. When d < N we do not have analytical expressions (except
for the qubit case discussed below) for the infinity norm of the principal submatrices of M

F

or
eigenvector v. In this case we use the algorithm presented in the Section 5.4.

The method of construction of the explicit matrix representation of the optimal POVMs and
the state in the computational basis is described in detail in Appendix C.

At the end of this section we discuss the asymptotic behaviour of the optimal fidelity F
opt

=
F
opt

(N, d) when number of ports N tends to infinity with fixed local dimension of the Hilbert space
d. From Corollary 11 and from well known relation r(A)  ||A||, where r(A) ⌘ ||A||1 is the spectral
radius of 0  A = (a

ij

) 2 M(n,C), and || · || is any matrix norm we get that fidelity F
opt

(N, d) is
bounded in the following way

8N, d F
opt

(N, d)  1, (86)

which certifies our calculations. Denote by eF
ent

= eF
ent

(N, d) the lower bound for the fidelity in
the non-optimised case, when the resource state is a tensor product of N d�dimensional singlets
(see [1])

eF
ent

=
N

d2 +N � 1
. (87)

We have eF
ent

(N, d)  F
opt

(N, d) if both calculated for the same set of parameters N, d. Moreover

we see that for fixed dimension d we have lim
N!1 eF

ent

(N, d) = 1, so together with expression (86)
we see that lim

N!1 F
opt

(N, d) = 1.

5.3 Comparison with known results

In this section we compare our results to the only previously investigated case of d = 2 from [6, 7, 8].
We show how our approach relates to the latter when it comes to determining optimal fidelity and
optimal POVMs with known representation of the dPBT. Moreover, we show how extending to
higher dimensions of the underlying local Hilbert space reproduces the expression for the fidelity
of the teleported state in the case of maximally entangled resource state presented in [12]. The
proof presented here, remarkably, does not require notion of partially reduced irreps which was
indispensable in the previous approach of [12].

We start from showing how the optimal fidelity F
opt

given in Proposition 18 from Section 5.2
reduces to the results presented in earlier works. Whenever N > 2, d = 2 Proposition 7 from
Section 4 is not applicable since not all irreps of S(N) appear. We thus cannot use the analytical
formula for the optimal fidelity given by 85, and instead have to carry out the analysis of the infinity
norm of principal submatrices of M

F

. Fortunately, for this case principal submatrices of M
F

(we
absorb coe�cient 1/4 into definition of M

F

) reduce to so-called tridiagonal matrix of the form

M
F

=
1

4

0

BBBBB@

�x1 + b c 0 0 · · · 0 0
a b c 0 · · · 0 0
0 a b c · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · a �x2 + b

1

CCCCCA
2 M(t,R), (88)
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for which analytical expressions for eigenvalues are known; t is the number of allowed Young
diagrams of N for d = 2, a = c = 1, and b = 2. The coe�cients x1, x2 depend on the parity of N .
Let us consider them separately.

a) x1 = 1 and x2 = 0 when N is odd.

In this case from [14] (Theorem 1, page 72) we know that all eigenvalues of M
F

for k = 1, . . . , t are
of the form:

�
k

=
1

4


b+ 2

p
ac cos

✓
2k⇡

2t+ 1

◆�
=

1

2


1 + cos

✓
2k⇡

2t+ 1

◆�
= cos2

✓
k⇡

2t+ 1

◆
, (89)

since cos(2y) = 2 cos2 y � 1. When N is odd matrix M
F

is (N + 1)/2�dimensional, so

�
k

= cos2
 

k⇡

2
�
N+1
2

�
+ 1

!
= cos2

✓
k⇡

N + 2

◆
, k = 1, . . . , (N + 1)/2. (90)

b) x1 = x2 = 1 when N is even.

In this case from [14] (Theorem 4, page 73) we know that all eigenvalues of M
F

for k = 1, . . . , t are
of the form

�
k

=
1

4


b+ 2

p
ac cos

✓
k⇡

t

◆�
=

1

2


1 + cos

✓
k⇡

t

◆�
= cos2

✓
k⇡

2t

◆
. (91)

When N is even matrix M
F

is N/2 + 1�dimensional, so

�
k

= cos2
 

k⇡

2
�
N

2 + 1
�
!

= cos2
✓

k⇡

N + 2

◆
, k = 1, . . . , N/2 + 1. (92)

In both cases, i.e. when N is odd or even the maximal eigenvalue is obtained for k = 1, and then
optimal fidelity F

opt

is equal to:

F
opt

= ||M
F

||1 = cos2
✓

⇡

N + 2

◆
. (93)

We see that above expression reproduces optimal fidelity in Eqn. (41) from [8].
We now turn to the connection between our optimal POVMs and those derived in [8] where

authors propose the following optimal POVMs

e⇧
a

=

(N�1)/2X

s=smin

z(s)⇢(s)�1/y(s)�
a

(s)⇢(s)�1/y(s), a = 1, . . . , N, (94)

where s is the total spin number, and z(s), y(s) some constant numbers for fixed s. This expression
is valid only for the qubit case, but it can be easily translate into language of the irreps of S(N)
and all d � 2. Assume the general form of the optimal POVM to be

e⇧
a

=
X

↵`N�1

z(↵)⇢(↵)�1/y(↵)�
a

(↵)⇢(↵)�1/y(↵), a = 1, . . . , N, (95)

where sum runs over all irreps labelled by Young diagrams of N whose height is not greater than
dimension d of the underlying local Hilbert space. Now we are in the position to present direct
connection between the most general decomposition of POVMs presented in (45),(46) and the form
given in (95).
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Corollary 19. Having decompositions of POVMs defined in (45),(46), and (95) by comparison we
can write the following equality between coe�cients p

µ

(↵) and z(↵):

p
µ

(↵) =
p

z(↵)�
µ

(↵)�1/y(↵). (96)

In particular for d = 2 we have a direct translation between optimal POVMs presented in [7, 8, 6]
(or see (94)) and the decomposition presented in this manuscript.

The equation (96) can be obtained by direct comparison of (45), (46) with the expression (95)
and fact that ⇢ =

P
↵

P
µ2↵ �µ(↵)Fµ

(↵).
Before we go further and prove that the choice of the POVMs given in (95) reproduces correct

expression for the fidelity in the dPBT in the case of the maximally entangled resource state we
need the following auxiliary lemma

Lemma 20. The fidelity of the teleported state with the POVMs given from (95) is given by

F =
1

dN+1

X

↵`N�1

z(↵)c(↵, y(↵)) Tr
h
⇢(↵)1�1/y(↵)

i
, (97)

where

c(↵, y(↵)) =
1

d

X

µ2↵
�
µ

(↵)�1/y(↵)mµ

m
↵

. (98)

Proof. From [8] we know that fidelity F in the deterministic version of the protocol is given by

F =
1

d2
Tr

"
NX

a=1

⇧
a

�
a

#
, (99)

where ⇧
a

are the POVMs given in (95). Using explicit form of POVMs we get:

F =
1

d2

NX

a=1

Tr

"
X

↵

z(↵)⇢(↵)�1/y(↵)�
a

(↵)⇢(↵)�1/y(↵)�
a

(↵)

#

=
N

d2N

X

↵

z(↵) Tr
h
⇢(↵)�1/y(↵)P

↵

⌦ P+⇢(↵)
�1/y(↵)P

↵

⌦ P+

i
.

(100)

We used the fact that due to symmetry the trace in (99) does not depend on the index i and that
�
N

(↵) = P
↵

⌦P+. Using the decomposition of the Young projector P
↵

=
P

d↵
k=1

P
m↵
r=1 |'k,r

(↵)ih'
k,r

(↵)|
we have

F =
N

d2N

X

↵

z(↵)
d↵X

k,l=1

m↵X

r,p=1

Tr
h
|'

k,r

(↵)ih'
k,r

(↵)|⌦ P+⇢(↵)
�1/y(↵)|'

l,p

(↵)ih'
l,p

(↵)|⌦ P+⇢(↵)
�1/y(↵)

i

=
N

d2N

X

↵

z(↵)
d↵X

k,l=1

m↵X

r,p=1

h�+|h'
k,r

(↵)|⇢�1/y(↵)|�+i|'
l,p

(↵)iTr
h
|'

k,r

(↵)ih'
l,p

(↵)|⌦ P+⇢
�1/y(↵)

i
.

(101)
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Using Remark 26 and with some simplification we get

F =
N

d2N

X

↵

z(↵)c(↵, y(↵))
d↵X

k=1

m↵X

r=1

Tr
h
|'

k,r

(↵)ih'
k,r

(↵)|⌦ P+⇢(↵)
�1/y(↵)

i

=
N

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr


P
↵

dN�1
⌦ P+⇢(↵)

�1/y(↵)

�

=
N

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr
h
�
N

(↵)⇢(↵)�1/y(↵)
i

=
1

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr

"
NX

a=1

�
a

(↵)⇢(↵)�1/y(↵)

#

=
1

dN+1

X

↵

z(↵)c(↵, y(↵)) Tr
h
⇢(↵)1�1/y(↵)

i
.

(102)

In (102) we used the fact that ⇢(↵) =
P

N

a=1 �a(↵) =
P

N

a=1 P↵/d
N�1 ⌦ P+

a,n

, where P+
a,n

is the
projector on the maximally entangled state |�+i

a,n

between a�th and n� th system.

We do not claim yet that POVMs given by (95) are indeed the optimal ones for any d � 2.
We only derived the formula for the fidelity of the teleported state for this particular choice of
measurements. Now using above lemma we can show that

Lemma 21. Substituting in expression (97) of Lemma 20 and eq. (94) 8↵ y(↵) = 2 and z(↵) = 1
we reproduce POVMs (square root measurement) and fidelity in the dPBT in the case of maximally
entangled state as a resource state.

Proof. Inserting 8↵ z(↵) = 1, y(↵) = 2 into eq. (95) we reproduce their form in the case of maxi-
mally entangled state as a resource state. We get form of the square root measurement which we
now is the optimal one in this case

e⇧
i

=
X

↵`N�1

1p
⇢(↵)

�
a

(↵)
1p
⇢(↵)

, a = 1, . . . , N. (103)

Making the same substitution in eq. (97) and using the explicit form of coe�cients c(↵, y(↵)) given
in Eqn. (26) and operator ⇢(↵) we get

F =
1

dN+2

X

↵`N�1

X

µ2↵
�
µ

(↵)�1/2mµ

m
↵

Tr

2

4
X

µ

02↵
�
µ

0(↵)1/2F
µ

0(↵)

3

5

=
1

dN+2

X

↵`N�1

X

µ,µ

02↵
�
µ

(↵)�1/2�
µ

0(↵)1/2d
µ

0m
µ

,

(104)

since TrF
µ

0(↵) = d
µ

0m
↵

. Finally using explicit form of �
µ

(↵) = N

d

N
mµd↵

m↵dµ
we have

F =
1

dN+2

X

↵`N�1

X

µ

0
,µ2↵

p
d
µ

m
µ

p
d
µ

0m
µ

0 =
1

dN+2

X

↵`N�1

 
X

µ2↵

p
d
µ

m
µ

!2

. (105)

We reproduce the formula for the fidelity of the teleported state from [12].
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We can also reproduce expression for the fidelity of the teleported state in the case of maximally
entangled state using certain choice of the coe�cients p

µ

(↵) in the most general form of the POVM
given by (46).

Corollary 22. Choosing coe�cients p
µ

(↵) in the decomposition (46) as

8↵ 8µ 2 ↵ p
µ

(↵) =
1p
�
µ

(↵)
=

s
dN

N

m
↵

d
µ

d
↵

m
µ

, (106)

and plugging them in (53) we reproduce fidelity for the maximally entangled state as a resource
state (see Theorem 12 of [12] or expression (105) above).

5.4 Fast algorithm for computing fidelity

We now describe a method of approximation of maximal eigenvalues and corresponding eigenvector
of principal submatrices Md

F

1. We use this algorithm for 2 < d < N , since in this regime we do not
know an analytical expressions for maximal eigenvalue and corresponding eigenvector of matrix
M

F

which are required for computation of F
opt

together with optimal state and POVM. From
Fact 12 and Corollary 13 from Section 4 we can apply Frobenius-Perron theorem (see Theorem 30
of Appendix B) to M

F

as well as to all of its principal submatrices Md

F

, and write

Proposition 23. If matrix A 2 M(n,R) is non-negative and irreducible then it satisfies the fol-
lowing eigenequation

Ax = r(A)x, (107)

where x = (x
i

) :
P

i

x
i

= 1 and x
i

> 0, so this eigenvector is positive. Such a vector x is called
Perron eigenvector of the matrix A.

Making use of irreducibility and the primitivity, one can approximate maximum eigenvalues
and find the corresponding eigenvector of Md

F

, which are positive semi-definite and primitive (see
Corollary 7 and Remark 9).

Theorem 24. Let A 2 M(n,R) be a positive semi-definite and primitive matrix (in particular
Md

F

). Suppose that the vector w0 is of the form

w0 = (w0
i

) :
nX

i

w0
i

= 1, w0
i

> 0, (108)

then we define

vm+1 = Awm, m = 0, 1, . . . wm+1 =
vm+1

P
j

vm+1
j

, m = 0, 1, . . . (109)

We thus have the following limits

lim
m!1

wm = x, lim
m!1

nX

j

vm
j

= r(M), (110)

1
SageMath code for implementing the algorithm as well as routines to generate the respective matrices is available

upon request.
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where x is Perron eigenvector of the matrix A. So the sequence of vectors { wm} approximates Per-
ron eigenvector of the matrix A, whereas the number sequence {Pn

j

vm
j

} approximates the spectral
radius r(A) of the matrix A.

Proof. In the proof we use the method of calculation of eigenvalues of diagonalisable matrices
described in [9], and for sake of completeness of this manuscript we adopt this method to our
particular case of positive semi-definite, non-negative and irreducible matrices.

By induction using the non-negativity and irreducibility of the matrix A we get

8m 2 N vm = (vm
i

) : vm
i

> 0 )
X

j

vm
j

> 0, (111)

so the vectors wm are well defined. From our assumptions on the matrix A and Perron-Frobenius
Theorem it follows that A has the following spectral decomposition

A =
KX

k=1

µ
k

P
k

, (112)

where µ1 = r(A) > µ
t

: t � 2 and P1 = p1p
†
1 : p1 =

w

||w|| 2 Rn. The vector w is the Perron vector of

the matrix A, so it satisfies w = (w
i

) :
P

i

w
i

= 1, w
i

> 0. The remaining projectors have the form
the standard form

P
k

=
X

l

pl
k

pl†
k

: pl
k

= (pl
ki

) 2 Rn, ||pl
k

|| = 1, k � 2. (113)

Using this spectral decomposition we calculate

v1 = (v1
i

) = µ1p1(p1, w
0) +

X

k�2

µ
k

X

l

pl
k

(pl
k

, w0), (114)

where (p1, w0) is the standard, Euclidean scalar product of vectors in the space Rn. From this we
get X

j

v1
j

= µ1s(p1)(p1, w
0) +

X

k�2

µ
k

X

l

s(pl
k

)(pl
k

, w0), (115)

where s(x) =
P

i=1 xi for x = (x
i

) 2 Rn. So we have

w1 =
µ1p1(p1, w0) +

P
k�2 µk

P
l

pl
k

(pl
k

, w0)

µ1s(p1)(p1, w0) +
P

k�2 µk

P
l

s(pl
k

)(pl
k

, w0)
. (116)

By induction we get

wm =
µm

1 p1(p1, w0) +
P

k�2 µ
m

k

P
l

pl
k

(pl
k

, w0)

µm

1 s(p1)(p1, w0) +
P

k�2 µ
m

k

P
l

s(pl
k

)(pl
k

, w0)
(117)

and
nX

j=1

vm+1
j

=
µm+1
1 s(p1)(p1, w0) +

P
k�2 µ

m+1
k

P
l

s(pl
k

)(pl
k

, w0)

µm

1 s(p1)(p1, w0) +
P

k�2 µ
m

k

P
l

s(pl
k

)(pl
k

, w0)
, (118)

where µ1 = r(A) > µ
t

: t � 2 and s(p1) =
P

i wi

||w|| = 1
||w|| > 0, (p1, w0) > 0. We thus have

lim
m!1

wm =
p1

s(p1)
= w, lim

m!1

nX

j=1

vm+1
j

= µ1 = r(M). (119)
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6 Conclusions and discussion

We showed that the question of the optimal functioning of the dPBT reduces to finding a maximal
eigenvalue of a certain class of matrices which encode the relationship between Young diagrams. To
our knowledge it is the first teleportation protocol of its kind which can be e�ciently characterized
in terms of a single ‘static’ object – Teleportation Matrix. It brings about a question about whether
one could formulate the study of the optimal performance of any other important LOCC protocols
in Quantum Information Processing as a study of a simple object which encodes the relationship
between the given input and desired output states of such protocol.
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A Auxiliary facts and lemmas

The set of vectors {|'
k,r

(↵)i}d↵
k=1 spans the r-th irrep of S(N � 1) is labelled by Young diagram ↵.

Define the following operators

E↵

kl

=
m↵X

r=1

|'
k,r

(↵)ih'
l,r

(↵)|, (120)

where m
↵

is a multiplicity of irrep labelled by ↵. The above operators play an important role in
the description of the irreps of the symmetric group, but we skip the details here (see for example
Appendix F of [12]).

Fact 25. Assume, that F
µ

(↵) are projectors onto irreps of algebra Atn
n

(d), then

h'
k,r

(↵)|h�+|F
µ

(↵)|�+|'
l,s

(↵)i = 1

d

m
µ

m
↵

�
kl

�
rs

, (121)

where vectors {|'
k,r

(↵)i}d↵
k=1 span the r-th irrep of S(N � 1) labelled by Young diagram ↵.

Proof. Direct calculation shows that

h'
k,r

(↵)|h�+|F
µ

(↵)|�+|'
l,s

(↵)i = Tr
⇥|'

k,r

(↵)ih'
l,s

(↵)|⌦ |�+ih�+|F
µ

(↵)
⇤

=
1

m
↵

Tr [E↵

kl

⌦ P+M↵

P
µ

] �
rs

=
1

dm
↵

Tr
⇥
E↵

kl

V tn(n� 1, n)M
↵

P
µ

⇤
�
rs

=

=
1

dm
↵

Tr
⇥
P
µ

P
↵

V tn(n� 1, n)E↵

kl

⇤
�
rs

=
1

dm
↵

Tr [P
µ

P
↵

E↵

kl

] �
rs

= �
kl

�
rs

1

dm
↵

Tr [P
µ

E↵

ii

] = �
kl

�
rs

1

d

1

d
↵

m
↵

Tr [P
µ

P
↵

] =
1

d

m
µ

m
↵

�
kl

�
rs

,

(122)

since Tr [P
µ

P
↵

] = m
µ

d
↵

, and Tr
n

V tn(N,n) = 1

N

.
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Remark 26. As a natural consequence of Fact 25 we have for k, l = 1, . . . , d
↵

and r, p = 1, . . . ,m
↵

the following
h�+|h'

k,r

(↵)|⇢�1/y(↵)|�+i|'
l,p

(↵)i = c(↵, y(↵))�
kl

�
rp

, (123)

where

c(↵, y(↵)) ⌘ 1

d

X

µ2↵
�
µ

(↵)�1/y(↵)mµ

m
↵

, (124)

and y(↵) is an arbitrary non-zero real number depending on Young diagram ↵ ` N � 1.

Using that ⇢(↵) =
P

µ2↵ �µ(↵)Fµ

(↵) we get desired statement.

B Additional facts from general matrix theory

We begin with a short overview of some basic facts from the matrix theory which are required for
the analysis of the spectral properties of the matrix M

F

described in Section 4. We discuss the
notion of irreducibility for the matrices with non-negative entries (which is the case for matrix M

F

)
and primitivity.

Recall Sylwester’s Theorem [5]

Theorem 27. (Sylwester) A Hermitian matrix A is positive semi-definite if and only if all principal
minors are positive.

Definition 28. Let A 2 M(m,C), then the matrix A is irreducible if cannot be conjugated into
block upper triangular form by a permutation matrix P :

PAP�1 6=
✓
A1 A2

0 A3

◆
, (125)

where A1, A3 are non-trivial square matrices.

If A 2 M(m,R) is non-negative we have equivalent definition (which is the case for the telepor-
tation matrix M

F

):

Definition 29. Let A 2 M(m,R) be a non-negative matrix, then the matrix A is irreducible if for
any pair of indices 1  i, j  n there exists a q 2 N such that (Aq)

ij

> 0.

We now present a stronger version of the Frobenius-Perron theorem:

Theorem 30. (Frobenius-Perron) Let A be an m ⇥ m irreducible matrix with non-negative, real
entries with the spectral radius r(A). Then we have the following:

1. The number r(A) is a positive real number and it is an eigenvalue of matrix A (Perron-
Frobenius eigenvalue).

2. The multiplicity of an eigenvalue r(A) is equal to one.

3. The matrix A has an eigenvector corresponding to an eigenvalue r with all positive compo-
nents.

Definition 31. A non-negative matrix A 2 M(m,R) is primitive if it is irreducible and has only
one non-zero eigenvalue of maximum modulus.
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On the other hand we have [5]:

Proposition 32. If the matrix A 2 M(m,R) is non-negative, irreducible and has positive diagonal
then A is primitive.

At the end we introduce the notion of the centrosymmetric matrices.

Definition 33. Matrix A 2 M(m,C) is called centrosymmetric if its entries satisfy

A
i,j

= A
m�i+1,m�j+1 for 1  i, j  m. (126)

C Explicit form of the Young projectors and operators Fµ(↵) in
the natural representation

We provide the construction of the permutation operators V (�), where � 2 S(N), Young projectors
P
µ

, and projectors F
µ

(↵) in the computational basis. Using this representation we can construct
the explicit form of the optimal POVM (82) and state (83) for various N, d.

Consider a unitary representation of a permutation group S(N) acting on the N�fold tensor
product of complex spaces Cd, so our full Hilbert space is H ⇠= (Cd)⌦N . For a fixed permutation
� 2 S(N) a unitary transformation V(�) is given by

V (�) (|e
i1i ⌦ . . .⌦ |e

iN i) = |e
i��1(1)

i ⌦ . . .⌦ |e
i��1(N)

i, (127)

where the set {|e
i1i ⌦ · · · ⌦ |e

iN i} is a standard basis in (Cd)⌦N . Then the explicit form of the
operator V (�) for some � 2 S(N) is given by

V (�) =
X

ei1 ,...,eiN

|e
i��1(1)

i ⌦ · · ·⌦ |e
i��1(N)

ihe
i1 |⌦ · · ·⌦ he

iN |. (128)

Having an expression for any permutation operator V (�), the explicit form of the Young projectors
in the natural representation is

P
µ

=
f
µ

N !

X

�2S(N)

�µ

�
��1

�
V (�), (129)

where �µ(�) is the character calculated on irreducible representation labelled by the Young diagram
µ ` N on the permutation � 2 S(N), fµ is some constant depending on the Young diagram µ ` N
(see for example [4]). The explicit form of the projectors F

µ

(↵) described briefly in the introductory
part of our manuscript (for complete description see [12]) are given by

F
µ

(↵) =
1

�
µ

(↵)
P
µ

NX

a=1

V (a,N)P
↵

⌦ eP+V (a,N)P
µ

, (130)

where P
↵

, P
µ

are Young projectors onto irreducible spaces labelled by Young diagrams ↵ ` N � 1

and µ ` N�1 respectively, eP+ is a unnormalised projector onto maximally entangled state between
N�th and n = N + 1�th, and �

µ

(↵) is given in (8).
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1 Introduction

In order to demonstrate the ability of quantum com-
puting in the near future, an efficient quantum algorithm
should be implemented efficiently. In general, a quantum
algorithm includes a part to calculate (classical) logic
functions corresponding to a problem instance. Thus,
an efficient design technique for realization of a (clas-
sical) logic function should be very important even for
quantum circuits, as pointed out in the literature (e.g.,
[1]). Therefore, the design methodology of reversible cir-
cuits has been studied very extensively in the reversible
computation as well as quantum computation research
communities.
There are many ways to design a reversible circuit to

calculate a Boolean function; one of the most popular
ways is to design an initial circuit consisting of Mixed
Polarity Multiple-Control Toffoli (MPMCT) gates, and
then decompose a large gate (i.e., with the large num-
ber of inputs) into elementary gates. In the latter part,
there have been proposed many methods dedicated to
reversible/quantum circuits.
For the first part, the important task is to find a small

Exclusive-or Sum-Of-Products (ESOP) expression for a
given Boolean function because we can generate a re-
versible circuit for a logic function by concatenating an
MPMCT gate corresponding to each product term in the
ESOP expression (as we will mention later). There are
many ESOP-based synthesis methods; in the approaches
our essential task is to find a small (with respect to the
quantum cost) ESOP expression, which may be a pure
classical logic synthesis problem.
There is an efficient quantum circuit design method [2]

which utilizes a property such that we can copy a logic
realized by MPMCT gates, and the logic optimization of
Kmap. The method can design a quantum circuit with
Multiple-outputs. However, it may need huge computa-
tion time when the numbers of primary inputs and logic
minterms becomes large. Thus, we may need another
method to design quantum circuits for larger multiple-
output functions. Thus, we propose a new heuristic
method to design large multiple-output functions with
reasonable time by using an ESOP minimization tech-
nique.

2 Reducing Quantum Cost by Adding
MPMCT Gates

2.1 Previous Method

In the following, we refer to a blank cell or a cell having
the 0 value as 0-value cell in a Kmap. Also, a cell hav-
ing the 1 value is called 1-value cell. A minterm of a

∗dax@ngc.is.ritsumei.ac.jp
†ger@cs.ritsumei.ac.jp

logic function is the combination of all the input variables
(negative or positive) when the logic function becomes 1.
Thus one minterm can corresponds to an MPMCT gate
that has n control bits, which is called anMPMCTn gate
in the following. One 1-value cell in a Kmap corresponds
to one minterm in a logic function, and a rectangular con-
sisting of 2m 1-value cells corresponds to an MPMCTm
gate.

Now let us explain the previous method in [2]. Let a
circuit G have qubits, x1, · · · , xn+1, and calculate a logic
function with n variables (x1, · · · , xn) on xn+1. Suppose
we add an MPMCT gate whose (possibly many) control
and target bits are some of x1, · · · , xn before and after
G. Let the set of control bits of the added MPMCT gate
be C and the target bit be xt. Then, if there is a gate
g in G such that the control bits of g is the same as
C + {xt} and the polarities for the control bits of g and
the added MPMCT gate are the same except for xt, we
need to change (i.e., invert) the polarity of xt of g to keep
the functionality of the circuit. This means that adding
an MPMCT can change the locations of 0-value cells and
1-value cells in a Kmap for the function realized by G.
Therefore, if we add appropriate MPMCT gates, we can
modify the given function so that it has a much simpler
ESOP forms; the total quantum cost can be reduced.
By using this modification, the previous method [2] can
design a circuit for a single output function with lower
quantum cost.

We can realize multiple logic functions efficiently by
using CNOT gates. Let us consider two quantum gates
G1, G2 that realize two logic functions, and let us also
consider to insert a CNOT gate between G1 and G2. If
the control and the target bits of the inserted CNOT
gate are the target bits of G1 and G2, respectively, we
can copy the logic function realized by G1 into the target
bit of G2. This means conceptually that 1-value cells in
the Kmap of G1 are copied into the Kmap of G2. By this
copy, we may change the Kmap into an easier one such
that we can realize the function by a quantum circuit
with the lower quantum cost.

2.2 Our New Idea

As we see, the previous method can design a multiple-
output function efficiently in some cases. However, it
may need huge computation time when the numbers of
primary inputs and logic minterms becomes large. Thus
we may need another technique to design a large func-
tion. Thus, we consider a method to reduce the com-
putational time by reducing the literal count by ESOP
minimization.

For example, let us optimize ESOPs for Kmaps as
shown in Fig. 1 and Fig. 2. In the optimization of ESOPs,
0-value and 1-value cells in a Kmap should be enclosed by
even and odd number of loops, respectively. When there
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Figure 1: An Kmap for func-
tion 1.
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Figure 2: An Kmap for func-
tion 2.

00 01 11 10

00 1

01 1

11 1

10 1

𝑥1𝑥2
𝑥3𝑥4

Figure 3: Minimization pat-
tern 1 for 1.
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Figure 4: Minimization pat-
tern 2 for 1.

are many patterns to do so with the minimum literal
counts, we consider to use as much as possible the same
loops between multiple functions. For example, there are
four optimal minimization of ESOP for Fig. 1 including
Figs. 3 and 4. Also, for Fig. 2, there are two optimal
minimization of ESOP, i.e., Figs. 6 and 5. In this exam-
ple, the yellow loops in Fig. 3 and Fig. 5, and in Fig. 4
and Fig 6, are the same. Therefore, if we optimize the
function of Fig. 1 into Fig. 3, we should optimize Fig. 2
into Fig. 5. Also, if we optimize the function of Fig. 1
into Fig. 4, we should optimize Fig. 2 into Fig. 6. There
is a very efficient heuristic that can optimize ESOPs very
fast even for large cases; we can utilize such a heuristic
to copy the logic of the same loops by using CNOT gates
in the above ESOP minimization.
We further consider to copy logic functionality after

the above-mentioned ESOP minimization. For example,
let us consider a part of a quantum circuit in Fig. 7; let
us assume the circuit is generated by utilizing the ESOP
minimization technique, and it realizes 6-input and 4-
output functions consisting of 80 minterms. Because the
logic expression for each output is already optimized, we
cannot optimize the circuit further by using only the pre-
vious method. By the proposed method in this paper, we
insert a CNOT gate as shown in Fig. 8 to copy the logic of
f(a) into f(c). Then, we can realize the modified f(c) by
the smaller quantum cost as shown in Fig. 8. We found
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Figure 5: Minimization pat-
tern 1 for 2.
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Figure 6: Minimization pat-
tern 2 for 2.

𝑥1

𝑥2

𝑥1

𝑥2

0
0

𝑓(𝑎)

𝑓(𝑏)

𝑥6 𝑥6

0
0

𝑓(𝑐)

𝑓(𝑑)

𝑥3

𝑥4

𝑥3

𝑥4

𝑥5𝑥5
・・・ ・・・ ・・・

Figure 7: A part of a designed quantum circuit.
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Figure 8: Further optimized circuit from Fig. 7.

an example where the quantum costs of Fig. 7 and Fig. 8
are 85 and 74, respectively, which means our method in-
deed can reduce the quantum cost in some cases.

3 Conclusions and Future work

In this paper, first we discuss a method to copy logic
functionality by inserting CNOT gates, and its problem.
To solve the problem, we proposed a method to utilize
an ESOP minimization heuristic.

For future work, we need to implement the presented
method and improve the computational efficiency of the
method. The effect of the logic copy used in the proposed
method depends on the relation between logic functions;
the order of the realization of output functions may have
some effects on the final results. So we need to consider
the order of the outputs as our future work.
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1 Introduction

The TQC (Topological Quantum Computing) model
has been receiving a lot of attention because it has proven
to be one of the most promising fault-tolerant quantum
computation models. In the TQC model, we arrange
qubits in a two-dimensional space, and we encode logical
qubits by using a surface code for error correction. By
adding the time axis, we consider the three-dimensional
space to represent calculation steps for the TQC model.
In a three-dimensional space, a region of physical qubits
measured in a specific basis is called a defect. We pre-
pare a pair of defects to encode one logical qubit. Then,
in a TQC model, we can perform a desired calculation by
moving defects in the space [1]. This computation model
is called topological cluster state computation (TCSC),
and computation steps can be represented by defect pat-
terns in the three-dimensional space.
In TCSC, if the two defect patterns are topologically

equivalent, the represented two quantum computations
by the defect patterns are proven to be the same. We
can optimize the space for TCSC by using this property.
There have been found various transformations which do
not keep the topological equivalence, but still keep com-
putational equivalence [4].
Theoretically, we can optimize the necessary space (or,

volume) size for TCSC by applying transformation rules.
However, it is not fully automated to find a good order
of applying the rules up to today, and it is desirable to
have an automated software to do so [3]. The method
which formulate transformation rules by representing the
TCSC circuit as a set loops[2] is one of the automated
optimization method.
In the method, we should dispose geometrical infor-

mation of the TCSC circuit. So, we should locate loops
into the three dimensional space. Additionally, the trans-
formation rule called bridge is not formulated in this
method. Because bridge transformation can reduce the
space size of TCSC circuit dramatically, it is desired to
have a method which can utilize the rule.
Thus, in this paper, we propose the way to locate loops

considering the most effective order of loops for bridge
transformation.

∗hub@ngc.is.ritsumei.ac.jp
†ger@cs.ritsumei.ac.jp

Figure 1: Loop representation of TCSC circuit

Table 1: Crossing loops, injection, cap each loops has
Loop Crossing Cap
1 {6} {*1}
2 {6, 7, 8}
3 {8} {*2}
4 {6, 7} {*3}
5 {7, 8} {*4}
6 {1, 2, 4}
7 {2, 4, 5}
8 {2, 3, 5}

2 Space Optimization for TCSC

2.1 Loop Representation

We can represent all TCSC circuit as a set of loops. All
loops exists in either primal-phase or dual-phase. A loop
can cross other loops which are in the different phase. 　
Also, a loop can have some caps or injectors on it. Cap
represents external I/O of the whole circuit and injection
generally represents one qubit gate. For example, The
TCSC circuit shown in Figure 1 is represented as a set
of loops shown in Table 1.

We can also represent these circuits as a graph shown
in Figure 2. In this graph, a node means loops, and an
edge means the crossing of loops. We call this graph a
crossing graph.

2.2 Transformation Rules for Loops

We have three transformation rules for TCSC circuit
represented as a set of loops. We show details of the rules
in the following.

Rule 1. If a loop crosses only one loop and it has less
than two injections, we can remove the loop. If the loop
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Figure 2: Crossing graph

Figure 3: Rule 1. Figure 4: Rule 2.

has a injection, the injection moves on the crossing loop.
Figure 3. shows the example of this rule.
Rule 2. If a loop crosses exactly two loops, and it

does not have any injection or cap, we can remove the
loop and combine two crossing loops. Figure 4. shows
the example of this rule.
Rule 3. If a loop, which has neither injection nor cap,

crosses more than three loops, and one of the crossing
loops has neither injection nor cap, we can transform
these loops as mentioned in Figure 5.

2.3 Bridge and Switch Transformation

By using a transformation rule called bridge, we can
connect two defects in the same phase. Figure 6 shows
the example of bridge transformation. Also, we can move
a defect parallelly as Figure 7 shows. This transformation
rule is called switch. Switching after bridging can help
us removing defects. In addition, because the number of
defects decrease, we may be able to remove further a loop
by using Rule 1. In a situation when a defect conflicts
other defect in the other phase when moving, we cannot
move the defect with switch transformation.

2.4 Placement of Loops

To locate loops in the three dimensional space, it is
easy to arrange primal loops on Y axis and dual loops
on X axis. Locating loops which crosses same loops ad-
jacently helps us remove more defects with bridge and
switch. Thus, if we locate loops in order of nodes we can
visit by breadth first search (BFS) for crossing graph, we
can use bridge and switch more effectively. We located
the loops in the graph as shown in Figure 8 in the order of

Figure 5: Rule 3.

Figure 6: Bridge Figure 7: Switch

Figure 8: A Graph of Circuit in Figures 9 and 10

the loop number to get the circuit as shown in Figure 9.
In contrast, we can get the circuit as shown in Figure 10
by locating loops in the order of BFS.

3 Conclusion and Future Work

In this paper, we proposed the method to locate loops
in the three dimensional space. Locating loops in order of
BFS helps us removing more defects and getting smaller
circuit.

As a future work, we must develop a method to locate
loops using three dimensional space more effectively. The
method we proposed in this paper locates loops on the X-
Y layer. Using Z axis will help us making smaller circuit.
Also, we must develop a method to transform circuits
topologically. There are some problems to get optimized
TCSC circuit and further study would be necessary.
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Introduction 

Efficient quantum implementation of matrix operations had been of particular interest in the past 

few years. Matrix operations through quantum circuits have provided exponentially faster 

solutions for several mathematical and physical problems. One of the interesting matrix 

operations through quantum circuits is the diagonal matrix implementation in [1], in which the 

fact that an arbitrary diagonal unitary matrix can be implemented efficiently in a quantum circuit 

was proved using Walsh functions and operators. Much more interesting result on matrix 

implementation has been proven in [2]. That is, any unitary matrix having polynomially many 

(efficiently computable) nonzero entries in each row (or column), can be efficiently implemented 

in a quantum circuit. These results prove that several classes of matrices are efficiently 

implementable in quantum circuits. However, arbitrary matrices cannot be efficiently 

implemented in quantum circuits in general [3]. Consequently, it is natural to inquire which 

classes of matrices are efficiently implementable. For example, sparsity can be used as a 

condition for being efficiently implementable in a quantum circuit [4,5].  

Our previous work proved that a sparse or Fourier-sparse Toeplitz matrix can be 

efficiently implemented in a quantum circuit [6]. A Toeplitz matrix is a square matrix in which 

its elements are constant along all diagonals parallel to the main diagonal. If a Toeplitz matrix 

has polynomially many (efficiently computable) nonzero entries in any row or column, we call it 

a sparse Toeplitz. It is possible to see that an     Toeplitz consists maximum of       

distinct entries. Thus, we can regard the vector consisting of these      entries as the 

generating vector of the Toeplitz matrix. If this vector is sparse in the frequency domain (that is, 

if its Fourier transformation is sparse), then the relevant Toeplitz is called Fourier-sparse. It is 

easy to construct a dense and Fourier sparse Toeplitz. This encourages to find out the classes of 

efficiently implementable classes of matrices, and also to provide quantum algorithmic solutions 
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for many real-world problems. The latter is due to the tremendous applicability of Toeplitz and 

other structured matrices in real problems. 

 

Applications 

One major application of the quantum Toeplitz implementation is its capability of solving a 

sparse circulant linear system efficiently. Circulant linear systems had been always a topic of 

interest in linear algebra and numerical methods. A number of classical algorithms are available 

for solving circulant systems [7-10]. Though exponential in time complexity, these algorithms 

are significantly less-exhaustive over non-circulant linear system solvers. That is, in classical 

circulant linear system solvers, the circulant symmetry has been taken into account in order to 

reduce the complexity. It is interesting to ask if this advantage can be taken also in a quantum 

method. In order to address this question, we first consider the widely known HHL algorithm 

[11], which solves a sparse linear system in polynomial complexity, using quantum circuits. This 

HHL quantum circuit includes a number of Hadamard gates, several phase estimations, 

uncomputations etc. Thus, even when the linear system is circulant, if the HHL is used to solve 

the system, all these operations might take place. In this context, we show that the quantum 

algorithm for implementing the Toeplitz matrix in [6] can be modified slightly to solve this 

system in polynomial time. Compared to the HHL circuit, our method provides a much simpler 

way of solving the circulant linear system in same runtime and resource cost. 

Secondly, the quantum Toeplitz implementation can be used to calculate the velocities 

and accelerations of large rotating systems with exponentially many sectors, whenever the 

displacement of each sector is known. We show that these entities are related to displacement by 

a Toeplitz matrix, for which the efficient implementation is guaranteed. 

The quantum implementation of a Toeplitz matrix is useful in solving differential 

equations too. A differential equation representing exponential growth with circulant coefficients 

can be efficiently solved, given that the corresponding circulant matrix is sparse. Further, the 

quantum Toeplitz circuit can be slightly modified to efficiently solve the heat equation with 

periodic Neumann boundary conditions. 

Also the quantum Toeplitz circuit can be used to implement several other structured 

matrices. A Hankel matrix (elements are constant along all diagonals parallel to the skew 
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diagonal) is an example, which can be efficiently implemented with a very slight modification of 

the original circuit. 

 

Further work 

In addition to those applications, recent advances in linear algebra indicate that the quantum 

Toeplitz implementation can be helpful for implementing several other matrices as well. A very 

recent work proved that every square matrix is a product of Toeplitz matrices [12]. We are 

currently engaged in Toeplitz decomposition of matrices, in order to identify efficiently 

implementable classes through this result. Also it had been a conjecture until recent times 

whether every matrix is similar to a Toeplitz [13]. Though the conjecture was proved to be false 

[14], it is evident that many classes of matrices are similar to Toeplitz matrices. We are currently 

working on this similarity transformation too, in order to identify other efficiently implementable 

matrices in quantum circuits. 
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Appendix 01: Quantum Toeplitz implementation and its applications 

I. INTRODUCTION 

Matrix operations through quantum circuits have provided exponentially faster solutions for several 

mathematical and physical problems. In particular, quantum algorithms for implementing matrices on 

vectors, such as the diagonal matrix implementation [1], the HHL sparse matrix inversion [2] were proved 

to provide solutions to real problems, exponentially faster than existing classical solutions. A recent work 

proved that sparse or Fourier–sparse Toeplitz and Hankel matrices can be efficiently implemented in 

quantum circuits [3]. Here we discuss several applications of this quantum implementation.  

 

II. QUANTUM TOEPLITZ IMPLEMENTATION  

A Toeplitz matrix is a square matrix in which its elements are constant along all diagonals parallel to 

the main diagonal. The quantum Toeplitz implementation makes use of the formula given below: 
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Given a sparse (or Fourier-sparse) Toeplitz matrix of order  ,     in the above equation is the Fourier 

matrix of order   ,    the circulant matrix [
   
   

] in which   is embedded [3],     the diagonal 

matrix consisting of the eigenvalues of    and   (   ) its Halmos dilation, and  ( (   )) the 

Hermitian embedding of  (   ). In order to describe the formula, let us take an example Toeplitz matrix 
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]. The Halmos dilation of     is given by  (   )  
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, where   is the square-root of the maximum modulus of   . 

The Hermitian embedding of  (   ) is given by  ( (   ))  [
  (   )

(   )
 

 
]. The quantum 

circuit which implements equation (1) is given by Fig. 1. This implements  | ⟩ in runtime and resource 

cost  (        (  
 

 
 ‖
 

 
 | ⟩‖

 
)). The quantum algorithm makes use of sparse Hamiltonian lemma 

and Hermitian embedding of non-Hermitian matrices as key ingredients. The derivation of equation (1) 

and more details can be found in [3].  

Now we consider some problems, which are solvable by the direct implementation of the circuit in Fig. 

1, and also some problems for which slight modifications of the circuit will provide solutions. 

 

III. SOLVING SPARSE CIRCULANT SYSTEMS 

 

It is widely known that the HHL algorithm is capable of solving sparse linear systems in polynomial 

time and resource cost. It should be noted that the HHL circuit consists of several Hadamard gates, phase 
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estimations and controlled rotations etc. Therefore, in case the linear system is circulant, the quantum 

Toeplitz implementation provides a simpler way of solving the system. 

Given a sparse circulant linear system     , we encode the vector   in a quantum state |  ⟩ using 

quantum random access memory [4]. The eigenvalues of    are the eigenvalue reciprocals of  . 

In other words, if the Fourier decomposition of   is given by     
     (          )  , then the 

inverse circulant is       
     (

 

  
 
 

  
   

 

  
)  .  

This can efficiently implemented on |  ⟩, using analogous quantum gates. 

 

 

 

 

 

 

 

 

 

 

 

IV. CALCULATING VELOCITIES AND ACCELERATIONS OF ROTATING MECHANICAL 

SYSTEMS 

 

Given the displacement vector   of a rotating mechanical system consisting of   components, in which 

any two sectors are lie within a distance  , approximations for its velocity and acceleration, are given by 

 ̇  
 

 
    and  ̈   

 

  
   , where   and    denote the first and the second order difference matrices. 

Since these matrices are sparse Toeplitz matrices with known entries and the displacement vector can 

be encoded in a quantum state as in the previous case, it is possible to calculate the acceleration of the 

system in polylog complexity.  
 

 

 

 

V. SOLVING THE HEAT EQUATION WITH PERIODIC NEUMANN BOUNDARY CONDITIONS 

The discretised version of  

  

  
 
   

   
 

over mesh points             with second order central difference approximations 

 ̈  
             

  
 

and system boundary conditions        , takes the form 
  

  
  

 

  
     

where    is the second–order difference matrix. Here we consider the periodic Neumann boundary 

conditions; that is,  

 ( )   ( )      
  

  
( )  

  

  
( )  

Due to these conditions, the corner elements of   are changed and it becomes the circulant matrix 

      (               ), in which the solution can be expressed as 

 

 FIG. 1 Circuit for quantum Toeplitz implementation.  
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 ( )   
 
  

   ( )  
a circulant exponentiation [5].  

The circulant   has the Fourier decomposition     
    , where   is the diagonal matrix of the 

eigenvalues of   and    the  –dimensional Fourier matrix. Thus, it follows that      
     .  It is 

possible that    is non–unitary. In such cases we use Halmos dilation  (  ) and embed it in a unitary. If 

the dilated matrix is non–Hermitian, we use the Hermitian embedding as used in [3]. Also it follows from 

[6] and [3] that 

 

 ( (  ))    
  
 
 
 ( (  ))

  

Therefore,  

 

(     
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 ( (  ))(     )| ⟩| ⟩| ⟩  | ⟩(| ⟩

 

 
  
     | ⟩   | ⟩  

 √  
 

  
(  )      | ⟩)  

The initial state  ( ) can be encoded in the quantum state | ⟩ with resource cost      using the 

quantum random access memory [4], and the state will undergo the above operations which can be 

approximated (by sparse Hamiltonian lemma [7] and quantum Fourier transformation) to an arbitrary 

accuracy   with  (          
 

 
 ‖
 

 
  | ⟩‖

 
) runtime and resources. The desired solution vector is 

obtained by appropriate measurement. The state of the vector has changed into after the implementation. 

Measuring the second qubit in the standard basis, conditioning on seeing | ⟩, results in the desired state, 

with a global phase factor, which can easily be eliminated by a simple phase shift.  
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I. INTRODUCTION

Constructing an efficient quantum circuit to implement a given matrix operation is of

fundamental importance in the field of quantum computation and quantum information.

One direct implication of the works by Aharanov, Ta-Shma, Childs and Berry [1–4] is that,

the action of the exponent eiH of an arbitrary sparse Hermitian matrix H can be efficiently

implemented on a quantum state |ψ〉. An n × n matrix is row-sparse, if each row has at

most O(polylog(n)) nonzero entries. It is row-computable, if the non-zero elements in each

row can be computed in runtime O(polylog(n)). The sparse Hamiltonian lemma states that,

if a Hermitian matrix H is row-sparse, row-computable and ‖H‖ ≤ O(polylog(n)), then H

is simulatable [1, 2]. This means that the unitary operation U = e−iH can be approximated

to an arbitrary accuracy ǫ, using O(polylog(n), 1
ǫ
) quantum gates. The sparse Hamilto-

nian lemma has been the key ingredient in a number of practically significant quantum

algorithms [5, 6]. Simplifying and generalising a number of previous quantum algorithms,

Jordan and Wocjan [7] proved that, if U is unitary and sparse, it is possible to efficiently im-

plement U |ψ〉 directly. For an arbitrary diagonal unitary matrix, explicit quantum circuits

can be found in [8, 9].

Broadening the quantum circuit framework to perform non-unitary operations is also of

vital importance in order to extend the range of practically useful quantum algorithms. A

quantum algorithm for the efficient implementation of A−1 for an arbitrary sparse matrix A

was introduced by Harrow, Hassidim and Lloyd [5], which is known as the HHL algorithm.

Given a row-sparse matrix A, the HHL algorithm can implement A−1|ψ〉 with runtime and

resource cost O(polylog(n)). Quantum circuit implementations and experimental verifica-

tions of the HHL methods can be found in [10–12]. The HHL algorithm relies upon the

quantum Fourier transform, quantum eigenvalue estimation, and post-selection. Apart from

its direct application in solving sparse linear systems, the HHL algorithm has been applied

to solve several other important problems efficiently. A few examples are the d-dimensional

Poisson equation [13], systems of differential equations [14], curve fitting and computing the

effective resistance in electric networks [15]. The HHL algorithm is thus an example of high

applicability of non-unitary operations performed through quantum circuits.

One implication of the HHL algorithm is that, quantum circuits can efficiently implement

any sparse matrix as well as its inverse on any given quantum state. Thus, it is natural to
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ask if any other matrices can be implemented efficiently through quantum circuits. It is well-

known that implementing an arbitrary non-sparse matrix in a quantum circuit is a daunting

task. This motivates us to investigate classes of efficiently implementable matrices, which

also have a significant practical importance.

Two specific classes of matrices with a wide range of applications are the Toeplitz and

Hankel matrices. These matrices arise in different fields of physics, mathematics and engi-

neering; such as quantum mechanics, signal processing, partial differential equations, differ-

ential geometry, and numerical integration [16–18]. Application of the Toeplitz and Hankel

operators on states plays a key role in extracting information of systems with corresponding

symmetries. A number of physical systems are analysed through structured Toeplitz and

Hankel matrices [19–24]. Moreover, any arbitrary matrix can be decomposed into a product

of these matrices [16].

A n×n Toeplitz (or Hankel) matrix can be fully described by an array of 2n−1 elements.

Using this fact, for a given n × n Toeplitz matrix, it is possible to define a unique array

with 2n elements. The given Toeplitz matrix is row-sparse if and only if this array is

sparse. Therefore, a n × n row-sparse Toeplitz matrix is fully characterised by an array

of 2n elements, O(polylog(n)) of them are non-zero. On the other hand, if the Fourier

transform of this 2n-element array has only O(polylog(n)) non-zero elements (that is, if this

array is sparse in the frequency domain instead of the time domain), we say the relevant

Toeplitz matrix is frequency-sparse. It is noteworthy that a frequency-sparse Toeplitz can

be a non-sparse matrix.

We present an efficient quantum algorithm and circuit implementation for sparse and

frequency-sparse Toeplitz (and Hankel) matrices. Our algorithm has several straightforward

applications, such as implementing Laplacians, solving circulant systems. This approach

yields exponential speedups over existing classical algorithms. In the preceding section, we

describe our algorithm for sparse and frequency-sparse Toeplitz matrices, and in section

III we show that a slightly modified version would implement sparse and frequency sparse

Hankel matrices efficiently.

437



4

II. QUANTUM ALGORITHM

A Toeplitz matrix is a matrix in which its elements are constant along all diagonals

parallel to the main diagonal. More precisely, a Toeplitz matrix is a matrix of the form,

T =

































t0 t−1 t−2 · · · t
−(n−3) t−(n−2) t−(n−1)

t1 t0 t−1 · · · t
−(n−4) t−(n−3) t−(n−2)

t2 t1 t0 · · · t−(n−5) t−(n−4) t−(n−3)

...
...

...
. . .

...
...

...

tn−3 tn−4 tn−5 · · · t0 t−1 t−2

tn−2 tn−3 tn−4 · · · t1 t0 t−1

tn−1 tn−2 tn−3 · · · t2 t1 t0

































. (1)

Thus, a n× n Toeplitz matrix is fully described by the 2n− 1 entries of its first row and

column. With an extra zero element, we may associate the following array to the Toeplitz

matrix.

ψT =
(

t0, t−1, · · · , t−(n−1), 0, tn−1, tn−2 · · · t3, t2, t1
)

. (2)

An immediate observation is that, a Toeplitz matrix T is row-sparse if and only if ψT is

sparse. Considering the rows as sequences of data corresponding to different moments of

time, this can be described as the sparsity of ψT in the time domain. Similarly, we can also

regard the sparsity of an array in the frequency domain. Thus, we define a class of Toeplitz

matrices as follows: a Toeplitz matrix T so that ψT is sparse in the frequency domain is called

frequency-sparse. More precisely, if the Fourier transform of ψT has at most O(polylog(n))

non-zero elements, the corresponding Toeplitz matrix T is said to be frequency-sparse.

A special category of Toeplitz matrices with interesting spectral properties is the class

of circulants – square matrices in which the elements of each row are identical to those of

the previous row, but are moved one position to the right and wrapped around [25]. The

circulant C = circ(c1, c2, ..., cn) is given by,

C =

















c1 c2 · · · cn

cn c1 · · · cn−1

...
...

. . .
...

c2 c3 · · · c1

















.
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One of the major advantages of using a circulant in quantum circuits is its diagonalisation.

It is well known that an n × n circulant is diagonalised by the discrete Fourier transform

(DFT) matrix Fn, i.e.

C = F †

ndiag (λ1, λ2, . . . , λn)Fn, (3)

where λj is the j-th eigenvalue of C, given by λj = c1+c2ω
j−1+c3ω

(j−1)2+· · ·+cnω(j−1)(n−1),

and ω = exp (2πi/n).

Although a Toeplitz matrix is not circulant in general, any Toeplitz matrix T can be

embedded in a circulant defined by [18],

CT =





T BT

BT T



 , (4)

where BT is given below

BT =

































0 tn−1 tn−2 · · · t3 t2 t1

t
−(n−1) 0 tn−1 · · · t4 t3 t2

t
−(n−2) t−(n−1) 0 · · · t5 t4 t3
...

...
...

. . .
...

...
...

t−3 t−4 t−5 · · · t0 tn−1 tn−2

t−2 t−3 t−4 · · · t
−(n−1) t0 tn−1

t−1 t−2 t−3 · · · t−(n−2) t−(n−1) t0

































. (5)

Our objective is to implement the operation of T on a quantum state vector |ψ〉 efficiently,

using a quantum circuit, for any given row-sparse or frequency-sparse Toeplitz matrix T . It

can be readily seen that,




T BT

BT T









ψ

0



 =





Tψ

BTψ



 . (6)

Considering the diagonalisation of a circulant, we observe that both F and F † are unitary

operations; however, the diagonal matrix consisting of the eigenvalues may not be unitary

in general. In order to embed it in a unitary matrix, we make use of the unitary dilation.

Denoting the diagonal matrix diag (λ1, λ2, . . . , λn) by ΛCT
, we have the unitary dilation

U(ΛCT
) of ΛCT

given by,

U(ΛCT
) =





1
k
ΛCT

√

I − 1
k2
ΛCT

Λ†

CT
√

I − 1
k2
Λ†

CT
ΛCT

− 1
k
Λ†

CT



 , (7)
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where k is the square-root of the maximum modulus of CT , i.e.

k =
√

(max{|λj| : j = 1, 2, · · · , n}). (8)

If our chosen Toeplitz T is row-sparse, the circulant CT is row-sparse as well. Since each

of its eigenvalues is a function of tj ’s and ω and we have polynomially many tj ’s in T , each

eigenvalue is also efficiently computable. That is, the two non-zero elements in each row of

U(ΛCT
) are efficiently computable, which proves that U(ΛCT

) is a row-computable, 2-sparse

unitary matrix.

If T is frequency-sparse, then the array ψT has polynomially many non-zero elements

in its Fourier transform. Observe that ψT is the first row of the circulant CT . The jth

eigenvalue of CT is the j-th element of the Fourier transform of the first row (ψT ) of CT .

This can be done through the sparse Fourier transform (SFT) algorithm in polynomial time

[26, 27]. That is, the diagonal matrix U(ΛCT
) is computable in polynomial time, when T is

frequency sparse.

Note that the unitary matrix U(ΛCT
) is not necessarily Hermitian. Simulating a non-

Hermitian Hamiltonian can be done by Hermitian embedding as proposed by Jordan and

Wocjan [7]. For completeness, we briefly describe the Jordan and Wocjan procedure below.

To start with, one embeds the unitary matrix U(ΛCT
) in a Hermitian matrix,

H(U(ΛCT
)) =





O U(ΛCT
)

U(ΛCT
)† O



 . (9)

Note that H(U(ΛCT
)) is an involutory Hermitian matrix, i.e.

H(U(ΛCT
))2 =





U(ΛCT
)U(ΛCT

)† O

O U(ΛCT
)†U(ΛCT

)



 = I. (10)

Also, the Euclidean norm of H(U(ΛCT
)) is of unit value, namely ‖H(U(ΛCT

))‖ = 1. It

follows that,

e−iH(U(ΛCT
))θ = cos θI − i sin θH(U(ΛCT

)), (11)

and we have

H(U(ΛCT
)) = ie−iπ

2
H(U(ΛCT

)), (12)

as given by Jordan and Wocjan [7].
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Since U(ΛCT
) is row-computable and 2-sparse, it is an immediate observation that

H(U(ΛCT
)) is row-computable and 2-sparse as well. According to the sparse Hamiltonian

lemma, e−iH(U(ΛCT
))θ (and therefore H(U(ΛCT

))) is efficiently implementable [7] [1].

Let
∣

∣

∣
ψ̃
〉

= |0〉|ψ〉 and we write U(ΛCT
)† as,

U(ΛCT
)† =





u†11 u†12

u†21 u†22



 . (13)

It can be seen that,





O U(ΛCT
)

U(ΛCT
)† O



















0

0

Fψ̃

0















=

















1
k
ΛCT

Fψ̃
√

I − 1
k2
Λ†

CT
ΛCT

Fψ̃

0

0

















. (14)

Finally, we have















F †

F †

F †

F †















·





O U(ΛCT
)

U(ΛCT
)† O



·















F

F

F

F





























0

0

ψ̃

0















=

















1
k
F †ΛCT

Fψ̃

F †

√

I − 1
k2
Λ†

CT
ΛCT

Fψ̃

0

0

















.

(15)

In Dirac notation, it can be expressed as follows.

(

I4 ⊗ F †

2n

)

ie−iπ
2
H(U(ΛCT

)) (I4 ⊗ F2n) |1〉|0〉|0〉|ψ〉

= |0〉
(

|0〉 1
k
F †

2nΛCT
F2n|0〉|ψ〉+ |1〉F †

2n

√

I − 1
k2
Λ†

CT
ΛCT

F2n|0〉|ψ〉
)

= |0〉
(

1
k
|0〉(|0〉T |ψ〉+ |1〉BT |ψ〉) + |1〉F †

2n

√

I − 1
k2
Λ†

CT
ΛCT

F2n|0〉|ψ〉
)

.

(16)

Accordingly, we have a quantum circuit to implement T |ψ〉, as shown below.

|1〉

e−iπ
2
H(U(ΛCT

))

|0〉
|0〉 |0〉
|0〉

F F †

|0〉
|ψ〉 −iT |ψ〉
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By sparse Hamiltonian simulation, e−iπ
2
H(U(ΛCT

)) can be implemented efficiently, so

H(U(ΛCT
)), accordingly. Given the state |ψ〉 that we need to apply the Toeplitz T on,

we may append three qubits in the state |100〉 to |ψ〉. Then it will be followed by the

sequence of operations I4 ⊗ F2n, e
−iπ

2
H(U(ΛCT

)) and I4 ⊗ F †

2n. Measurement of the first

three qubits in the standard basis, conditioned on seeing |000〉 collapses the system to state

−iT |ψ〉. (The additional i is a global phase, that can be ignored.) It can be observed that

the first qubit is already in the state |0〉, which makes its post-selection a deterministic

operation. However, measurement of the second and the third qubits makes our algorithm

probabilistic, as there is no guarantee they would be in the state |00〉. The probability of

the measurement outcomes to be in the desired states is
∥

∥

1
k
T |ψ〉

∥

∥

2
, which implies, whenever

there is at least one entry in T |ψ〉 that is not exponentially small, the algorithm can be

repeated to get the desired result efficiently.

III. APPLICATIONS AND EXTENSIONS

From a large class of applications of Toeplitz matrices [17, 18], we briefly describe a

few tasks that can be done with our method, with an exponential saving, compared to the

classical ways of performing them.

A. Laplacians and banded Toeplitz matrices

One significant and straightforward application is the calculation of Laplacians. Let us

consider the second order Laplacian L2, which is derivable from the second order central

differences. The Laplacian L2 is a banded Toeplitz matrix, which takes the following form:

L2 =

































2 −1 0 · · · 0 0 0

−1 2 −1 · · · 0 0 0

0 −1 2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 2 −1 0

0 0 0 · · · −1 2 −1

0 0 0 · · · 0 −1 2

































. (17)
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Consider a rotating system with cyclic symmetry (such as fans, compressors, or turbines

[28]) consisting of n + 2 sectors, where the displacement of the ith sector is denoted by ui.

We can write down the discretised approximation of its acceleration, using second order

central difference, as

üi ≈
ui+1 − 2ui + ui−1

h2
, (18)

where h is the distance between two sectors. Taking the system boundary conditions as

u0 = un+1 = 0, the acceleration vector can be expressed as ü = − 1
h2L2u. We can encode

the displacement vector u =
(

u(0), u(1), · · · , u(n+1)

)T
of the system in a quantum state with

resource cost log(n) using, for example, the Quantum Random Access Memory proposed by

Giovannetti et. al. [29]. Since L2 is a sparse Toeplitz matrix, we can obtain the accelerations

of all sectors in this system efficiently using the quantum circuit proposed above.

B. Sparse circulant systems

Our algorithm also provides an alternative way of solving sparse circulant systems effi-

ciently. The inverse of the non-singular circulant C = circ(c1, c2, ..., cn) is given by,

C−1 = F †diag

(

1

λ1
,
1

λ2
, . . . ,

1

λn

)

F. (19)

If C is sparse, then the eigenvalue reciprocals in the above diagonal matrix can be computed

efficiently; proving it to be a row-computable matrix. Following the above described steps,

including the unitary dilation and Hermitian embedding, it can be readily seen that C−1 is

efficiently implementable. Recall that the HHL algorithm can also implement C−1 efficiently,

however the HHL circuit involves a phase estimation circuit, a number of Hadamard gates

and controlled rotations, which are not present in our circuit. The quantum circuit described

in this paper serves as an alternative algorithm to solve a sparse circulant system, which

is conceptually simpler and therefore may lead to a more efficient physical implementation

than the HHL algorithm.

C. Hankel matrices

Recall that a Toeplitz matrix has constant elements in its diagonals. Contrastingly, a

Hankel matrix has constant elements in its skew-diagonals. More precisely, a Hankel matrix
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is of the following form,

H =

































h
−(n−1) h−(n−2) h−(n−3) · · · h−2 h−1 h0

h−(n−2) h−(n−3) h−(n−4) · · · h−1 h0 h1

h
−(n−3) h−(n−4) h−(n−5) · · · h0 h1 h2
...

...
...

. . .
...

...
...

h−2 h−1 h0 · · · hn−5 hn−4 hn−3

h−1 h0 h1 · · · hn−4 hn−3 hn−2

h0 h1 h2 · · · hn−3 hn−2 hn−1

































. (20)

It is possible to permute a Hankel matrix into a Toeplitz matrix. Mathematically, this can

be done by multiplying H by the following permutation matrix.

P =





















0 0 · · · 0 1

0 0 · · · 1 0
...
...

. . .
...
...

0 1 · · · 0 0

1 0 · · · 0 0





















(21)

Note that the matrix P is efficiently implementable in a quantum circuit, as it is equal

to the tensor product of Pauli x-operators. Let TH be the corresponding Toeplitz matrix;

that is, TH = HP . Also it follows that H = THP .

Consider the quantum state |ψ〉. Apply a Pauli x-gate to this state and make the state

P |ψ〉. Now, we may implement TH on a quantum state P |ψ〉 as described in section 2.

The respective measurement and post-selection gives an outcome proportional to THP |ψ〉,
which is equal to H|ψ〉. The runtime and the resource cost for the Hankel implementation

is almost the same as for the Toeplitz implementation, since the Pauli x-gates are efficiently

implementable in polynomial time and resource cost. Applications of Hankel matrices can

be found in [30].

IV. DISCUSSION AND CONCLUSION

We present quantum algorithms for implementing arbitrary row-sparse or frequency-

sparse Toeplitz and Hankel matrices, a class of matrices which has a number of applications

in different fields. The application of a classical sparse or frequency-sparse Toeplitz matrix
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is exponential, whereas the quantum algorithms presented in this paper can implement

them in polynomial time; gaining exponential speedup over the classical procedures. It

is noteworthy that the runtime of our algorithm is almost the same as the runtime of

e−iπ
2
H(U(ΛCT

)) for 2-sparse H . The two Fourier transforms has runtime O((log n)2), resulting

in overall O(polylog(n)) runtime. The probability of the measurement outcomes to be in

the desired states is
∥

∥

1
k
T |ψ〉

∥

∥

2
. Following the sparse Hamiltonian lemma, our algorithms

can implement any sparse or frequency-sparse Toeplitz or Hankel matrix T on a state |ψ〉 to
precision ǫ, in runtime O( polylog (n), 1

ǫ
,
∥

∥

1
k
T |ψ〉

∥

∥

2
). This implementation is able to provide

exponentially faster solutions to a variety of real-world problems.
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Abstract  Quantum key distribution systems with a heralded single photon source (HSPS) have been proved to offer a longer 

transmission distance than those using weak coherent pulse (WCP). However, high probability of multi-photon generation rate in 

the HSPS reduces key generation rate more than in the WCP. We propose a method of decreasing the multi-photon events to 

improve key generation rate. Our proposed method can improve the transmission distance and key generation rate of QKD 

systems. 
 

Key word  heralded single photon source, BBM92, decoy state, quantum key distribution 

 
1. Introduction 
The security of quantum key distribution (QKD) is 
founded on the principles of quantum mechanics. It 
enables sender (Alice) and receiver (Bob) to share 
random secret keys, which can be used to encrypt and 
decrypt messages. The most particular property of QKD 
is that it can detect the presence of eavesdropper (Eve). 
The security of QKD has been rigorously proved [1]. 

Despite the advantage on security, QKD has not been 
widely deployed yet. One of the main obstacle is the 
limited transmission distance. Though quantum repeaters 
will solve this problem, it is more practical to improve 
the transmission distance of the direct QKD link 
especially for applications that tolerate low key 
generation rate (for example, password sharing.)  

The transmission distance is limited by the false photon 
detection due to dark counts and stray photons. As the 
distance increases, signal photon detection events are 
decreased by the loss in transmission line. Once the 
photon detection rate falls below a threshold, roughly 
several multiple of dark count rate, high quantum bit 
error rate (QBER) prevents us from generating secure 
key. Therefore, we can extend our reach by improving 
detection rate of the signal photons. If we increase it 
tenfold, we will gain another 50 km.  

Weak coherent pulses (WCP) from a highly attenuated 
laser, often used in QKD systems, are not the best choice. 
They carry no photons with a high probability for the 
mean photon number 𝜇 smaller than one. If we increase 
the probability to contain one photon with pulses of a 
large mean photon number, we also increase the 
probability to contain more than one photon. 
Multi-photon pulses are vulnerable to photon number 
splitting (PNS) attack, where eavesdropper (Eve) safely 
obtain the key information. Though the decoy method [2, 
3] provides a countermeasure against the PNS attack, the 
key rate is still reduced for long distant transmission. A 
heralded single photon source (HSPS) [4] was proposed 
for long distance QKD [5], where one of the single mode 
spontaneous parametric down-conversion (SPDC) 
photons acts as a trigger. The HSPS improves the 
probability that emitted pulses contain photons 
effectively, and decreases the effect of dark counts. 
However, the effect of the multi-photon events will be 
more significant because the photon number probability 
of some HSPS obeys thermal distribution  

 𝑃𝑛(𝜇) =
𝜇𝑛

(1 + 𝜇)𝑛+1 (1) 

The probability of multiphoton emission given by Eq. (1) 
is higher than in the WCP sources, where the photon 
number probability obeys Poisson distribution. 

In this report, we propose a novel heralding method to 
reduce effects of the multi-photon events. We modify 
Bennett, Brassard, Mermin 1992 protocol (BBM92) [6] 
to add a function of detecting the multi-photon events. 
Our modification is simple, but not excludes all the 
multi-photon events. To reduce the effects of the residual 
multi-photons, we propose to combine the decoy method 
with our protocol. We analyze the key generation rate 
and find that our protocol yields the higher key rate than 
WCP-decoy-BB84 protocol and HSPS-decoy BB84 
protocol. 

 

2. Proposal 

In this section, we describe our protocol to decrease 
multi-photon events. A BBM92 QKD system is shown in 
Fig. 1. A SPDC source generates signal and idler photon 
pairs. The signal photon is sent to Bob and the idler 
photon is fed to Alice’s photon detectors. The SPDC is 
assumed to be in Alice side to reduce the loss of idler 
photon. A polarization rotator selects the basis to analyze 
with a polarization beam splitter. 
  

 
Fig. 1. A BBM92 protocol QKD system with HSPS 
 
We propose a heralding method to use only the events 
that either DA1 or DA2 detects a photon. The events of no 
detection and detection on both detectors are discarded. 
We can reduce the probability to send multi-photon 
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pulses, because the double click occurs when two or 
more photon pairs are generated. It is obvious that each 
photon has 1/2 chance to enter one of the two detectors, 
so it is 1/2 chance that two photons enter the different 
detectors, when one pulse contains two photons. The 
possible detection events, probabilities, and the actions, 
in case of one pulse containing two photons, are 
summarized in Table 1. It can be proved that the 
elimination probability is given by 1 − 2−(𝑛−1), if the 
pulse contains n photons. For example, it is 3/4 chance to 
eliminate the multi-photon events when one pulse 
contains three photons. 
 

DA1 DA2 Probability Result 

1 1 1/2 Discard 

2 0 1/4 Failure  

0 2 1/4 Undetectable 

Table 1. Principle of multi-photon events elimination for 
two-photon pulses 
 
Because the efficiency of detector is 𝜂𝐴(𝜂𝐴<1) for one 
photon, only zero or one photon may be detected, even 
when a pulse contains two or more photons. Then, the 
elimination of the multi-photon events sometimes fails. 
Considering the imperfect detection, we obtain the 
probability that Alice sends a pulse containing n photons 
to Bob as follows: 

𝜂𝐴𝑛 = 1 − (1 −
1

2𝑛−1) [1 − 𝑛𝜂𝐴(1 − 𝜂𝐴)𝑛−1 −

(1 − 𝜂𝐴)𝑛] − (1 − 𝜂𝐴)𝑛,  
(2) 

where[1 − 𝑛𝜂𝐴(1 − 𝜂𝐴)𝑛−1 − (1 − 𝜂𝐴)𝑛] stands for the 

probability that detectors click with two or more photons. 

The factor (1 −
1

2𝑛−1) refers to the probability to detect 

the multi-photon pulses. The last term is the probability 

that no photons are detected. 

We can reduce the probability of multi-photon pulses 
sent to Bob with the above heralding method. 
Nevertheless, it still remains a certain probability of 
sending multi-photons. The decoy method will help us to 
improve the security of QKD system. The key generation 
rate with decoy state method is given as follow [7]: 

 𝑅 ≥ 𝑞{−𝑄𝜇𝑓(𝐸𝜇)𝐻2(𝐸𝜇) + 𝑄1(1 − 𝐻2(𝑒1))} (3) 

where R is key generation rate, 𝑄𝜇is the gain, 𝐸𝜇  is 
quantum bit error rate, 𝑄1 is the gain of single photon 
states, 𝑞 =

1

2
 for BBM92 protocol, 𝐻2(𝑒) is a binary 

entropy function, and 𝑓(𝑒)  is the error correction 
efficiency. We here consider asymptotic case for 
simplicity. The comparison will be involved considering 
finite length code, because the performances 
significantly depend on the optimization of the system 
parameters. 

 

3. Numerical Simulation 

In this section, we calculate the key rate of proposed 
BBM92 with HSPS. The gain 𝑄μ for HSPS is given by: 

 

𝑄𝜇 = 𝑌0𝑑𝐴

1

1 + 𝜇
+ 𝑌1𝜂𝐴

𝜇

(1 + 𝜇)2

+ ∑ 𝑌𝑛𝑃𝑛(𝜇)𝜂𝐴𝑛

∞

𝑛=2

, 
(4) 

where 𝑌𝑛 is the yield of an n-photon pulse [6]. We need 
to consider 𝑌0  for vacuum pulses, because of the 
detection in Alice’s detectors by dark counts and stray 
light. Similarly, the QBER is given as a function of the 
mean photon number. We assume that 𝑒𝑛 as the QBER 
of an n-photon pulse.  Then, the QBER 𝐸𝜇, is shown as 
follows: 

 
𝑄𝜇𝐸𝜇 = 𝑒0𝑌0𝑑𝐴

1

1 + 𝜇
+ 𝑒1𝑌1𝜂𝐴

𝜇

(1 + 𝜇)2

+ ∑ 𝑌𝑛𝑃𝑛(𝜇)𝜂𝐴𝑛

∞

𝑛=2

𝑒𝑛 
(5) 

where the error rate of the dark count 𝑒0  is 1/2 
because dark counts occur randomly. Among four key 
variables needed to calculate the rate with Eq. (3), 𝑄𝜇 
and 𝐸𝜇 can be measured directly from experiment. The 
decoy method provides the lower limit s of 𝑌1 and the 
upper limit of 𝑒1in the asymptotic case as follows [8]: 

 

𝑌1 ≥ {
𝜇′

𝜇
(1 + 𝜇)3𝑄𝜇 −

𝜇

𝜇′
(1 + 𝜇′)3𝑄𝜇′ −

𝑌0𝑑𝐴 [
𝜇′

𝜇
(1 + 𝜇)2 −

𝜇

𝜇′
(1 + 𝜇′)2]} [𝜂𝐴(𝜇′ − 𝜇)]−1  

(6) 

and 

 

𝑒1 ≤
(1 + 𝜇)2𝑄𝜇𝐸𝜇 − (1 + 𝜇)𝑌0𝑑𝐴/2

𝑌1𝜂𝐴𝜇
 (7) 

where 0 < μ′ < μ are the mean photon numbers of the 
decoy and signal pulses, respectively. Experimentally, we 
can control the mean photon numbers of signal and idler 
photons by changing pump intensity as depicted by μ𝑠 
and μ𝑑 in Fig. 1.  

We can now calculate the final key generation rate with 
assumed and observed values. For convenience, we used 
parameters of the Gobby-Yuan-Shields (GYS) [9] 
experiment to our simulation. Figure 2 shows that 
proposed system, decoy QKD for BBM92 protocol with 
HSPS, has better key generation rate and longer 
transmission distance than Decoy QKD for BB84 
protocol with HSPS, when mean photon numbers of 
signal pulses for the famer and latter systems are set to 
0.6 and 0.1, respectively, to yield the longest 
transmission distance. The mean photon number of 
decoy pulses μ′  are optimized at each transmission 
distance. 
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Fig. 2. The solid line is decoy WCP with μ = 0.48. The 
dashed line is BBM92 decoy HSPS method (proposal), 
with μ = 0.6 and 𝜂𝐴 = 0.8. The dotted-dashed line is 
Decoy HSPS with μ = 0.1. The dotted line is HSPS 
with μ = 0.1. The stars are WCP with μ = 0.48. 
 
This improvement comes from the fact that we can 
increase mean photon number of signal pulses and 
decrease the probability of multi-photon pulses 
simultaneously. Furthermore, the proposed system 
provides longer transmission distance than decoy BB84 
system with WCP, because HSPS can decrease the dark 
count effect by triggering the receiver’s detectors only 
when the pulse contains photons. 

With the proposed system, sender (Alice) has to use two 
detectors to detect the multi-photon events, the efficiency 
of the detector may affect the final key generation rate 
significantly. We estimated the key generation rate with 
several values of the detector efficiency as shown in Fig. 
3. The results show that the more efficient detector 
provides the higher key generation rate, and longer 
transmission distance. 
 

 
Fig. 3. The effect of the detector efficiency 𝜂𝐴 on key 
generation rate. The lines correspond to 𝜂𝐴=0.2, 0.4, 0.6, 
0.8, 1 from the lower to the upper traces. 
 
4. Conclusion  
In summary, we have proposed a decoy state BBM92 
protocol for quantum key distribution system with a 
heralded single photon source. With this system, the 
probability of single photon events can be increased and 
the probability of multi-photon events can be decreased. 

Moreover, our simulation results showed that the 
proposed method would achieve a longer transmission 
distance and a higher key generation rate than decoy 
state QKD with HSPS. We also evaluated the effect of 
the detector efficiency on the final key generation rate. 
We found that the more efficient detector achieved the 
higher key generation rate and longer transmission 
distance. The proposed decoy state BBM92 system with 
a HSPS will improve the performances of QKD 
networks for long distance transmission. Recently, a 
HSPS based QKD system with multi-photon detection is 
reported [10]. From implementation point of view, our 
BBM92 system will show better performance, because it 
requires no state-preparation devices, which inevitably 
causes photon loss.  
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Abstract. Recently, it is well recognized that hypothesis testing has deep relations with other topics
in quantum information theory as well as in classical information theory. These relations enable us to
derive precise evaluation in the finite-length setting. However, such usefulness of hypothesis testing is not
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quantum computer as well as guaranteeing the security of keys generated via quantum key distribution.
In this talk, we overview these kinds of applications of hypothesis testing.
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1 Quantum information theory and bi-
nary hypothesis testing

In information theory community it is well known that
many information theoretical tasks can be analyzed by
using the terminology of the binary asymmetric hypoth-
esis testing. While there are many studies to focus on
this relation, the first series study with this direction is
the method of information spectrum, which was initi-
ated by Han and Verdú [8][9][39], in which we convert
the optimization problems in various information tasks
into the binary asymmetric hypothesis testing, and the
asymptotic behavior of the likelihood ratio plays a key
role. This correspondence is valid without any assump-
tion for the information source and/or the information
channel, i.e., we do not need the independent and identi-
cal distributed condition nor Markovian condition. Due
to the generality of the method of information spectrum,
Nagaoka [31] considered to employ this method for quan-
tum information theory. As a result, he found a remark-
able relation between the classical-quantum channel cod-
ing and the quantum binary hypothesis testing, in which
the correctly decoding probability is upper bounded by
the performance of the corresponding quantum binary
hypothesis testing in a canonical way. Later, Polyanskiy,
Poor and Verdú [33] showed the same inequality only
with the classical channel coding, which is called meta-
converse theorem, nowadays. Nagaoka [31] also pointed
out the notable relation between the quantum binary hy-
pothesis testing and the Rényi relative entropy. These his
results were presented in the first conference of ERATO
Workshop on Quantum Information Science, which is the
forerunner of AQIS conference series [31].

Based on this study, the author jointly with Nagaoka
proved another remarkable relation between the classical-
quantum channel coding and the quantum binary hy-
pothesis testing [24, 11]. That is, they showed that the
decoding error probability is upper bounded by the error
probability of the corresponding quantum binary hypoth-
esis testing, which is chosen slightly differently from the
meta converse. Based on this method, the author derived
the lower bound of the error exponent in the classical-

∗masahito@math.nagoya-u.ac.jp

quantum channel [15]. Wang and Renner [40] reformu-
lated this result by introducing the hypothesis testing
entropy. Later, Polyanskiy, Poor and Verdú showed the
same inequality only with the classical channel coding,
which is called the dependence test (DT) bound [33].
These two remarkable relations lead the breakthrough
of the second order analysis of channel coding [16, 33].

Also, quantum data compression can be treated via the
quantum binary hypothesis testing [10, 32]. Since reduc-
tion to a quantum analogue of likelihood ratio test, i.e.,
the quantum binary hypothesis testing is a very power-
ful method [20, 11], the following topics can be treated
in this direction; quantum wiretap channel [19], universal
(compound) channel coding [18, 4], entanglement concen-
tration [12], entanglement dilution [20, Section 8.6], clas-
sical data compression with quantum side information
[37], quantum Slepian-Wolf problem [3], classical ran-
dom number generation with quantum side information
[37], quantum state redistribution [2], and entanglement
assisted communication over (quantum-quantum) point
to point quantum channel, Gel’fand- Pinsker quantum
channel, and quantum broadcast channel [1].

2 Verification of bipartite entangled
state

Application of quantum hypothesis testing is not lim-
ited to the above type of theoretical aspects. Quantum
hypothesis testing can be applied to more practical top-
ics. One is verification of a bipartite entangled state.
When an entangled state is generated experimentally, to
use the generated bipartite entangled state, we need to
verify whether the generated state is truly the intent bi-
partite entangled state. In the conventional qubit system,
our verification is written as a binary POVM on the bi-
partite system. In this case, the direction of the error
cannot be expected, it is suitable that the performance
of this testing does not depend on the direction. That is,
the POVM of the testing is preferred to be invariant for
the group action preserving the entangled state. Such a
testing method is formulated by using the irreducible de-
composition of the group representation theory [22, 17].

However, in a usual optical device, like, spontaneous



parametric down-conversion (SPDC), a binary POVM is
often constructed by a filter and a detector. That is,
when the filter is passed, we have detection. Otherwise,
we have no detection. In this situation, it is impossi-
ble to distinguish the following two cases, both of which
correspond to no detection. One is the event that the
photon pair is not generated so that it is not detected.
The other is the event that the photon pair is generated,
but the filter is not passed so that it is not detected.
Then, the performance of the following two cases are not
the same. We have the detection when the generated
state is close to the intent entangled state. We have the
detection when the generated state is far from the intent
entangled state. Surprisingly, when the photon genera-
tion rate is known, the latter has better performance for
this testing [27], whose experimental demonstration was
also done [26].

3 Quantum key distribution

Another important application of hypothesis testing is
its application to quantum key distribution, which is a
method to share secure keys via quantum communica-
tions and classical communications [5]. Its security is
trivial when the quantum communication channel has no
noise. However, a real quantum communication channel
has a certain amount of noise. When the amount is less
than a threshold, we can generate secure keys by com-
bining the error correction and the privacy amplification
[36]. Quantum key distribution focuses on the bit basis
and the phase basis. The error of the bit basis expresses
the sacrifice rate in the error correction and the error of
the phase basis expresses the sacrifice rate in the privacy
amplification [13]. Later, a similar observation was also
done via smooth entropy [38]. While we randomly choose
check bits in quantum key distribution, its purpose is ver-
ification of the error rates of both bases.

However, in a realistic quantum key distribution, we of-
ten employ weak coherent pulses, which generates multi-
photon state with some probability. In this situation,
only a part of generated photons arrive at the receiver
side. When a multi-photon state is generated, the eaves-
dropper, in principle, can obtain the transmitted infor-
mation. Therefore, the required sacrifice rate in the pri-
vacy amplification is determined by the rate of pulses
generated as multi-photon among the pluses arrived at
the receiver side and the error rate of phase basis among
pulses generated as single-photon and arrived at the re-
ceiver side [14]. That is, when we employ weak coherent
pulses, we need to know these two ratios as well as the
bit error ratio of the received pulses. For this purpose,
we need to guarantee that these two rates are not greater
than certain values. In this verification process, we ran-
domly chooses several values of intensity of pulses [28].
Then, we obtain the detection rate and the error rates
of the phase basis depending on the intensity. Using this
data, we apply the method of hypothesis testing or the
interval estimation, which employs the percent point [25].
Hence, we can verify these two ratios with certain inter-
vals.

4 Verification of quantum computer

Hypothesis testing can be applied to the verification of
quantum computer. In the conventional circuit model,
it is quite difficult to predict the outcome of the cir-
cuit because the aim of the computation is to know the
outcome. As an alternative model of quantum com-
puter, measurement-based quantum computer (MBQC)
is known [34], and is composed of a limited number of
local measurements and a graph state, which is an entan-
gled state of large size. Since the components of MBQC
have known forms, its verification can be done by veri-
fying these components. Therefore, when we can trust
these local measurement devices, we can verify our com-
putation outcome under the MBQC model by verifying
the graph state. However, since available measurements
are restricted to a limited number of local measurements,
we need to realize the verification only with this limited
class of measurements. Fortunately, in the graph state,
the outcome of the Z basis predicts the behavior of the
connected site. In the case of two-colorable graph, we can
deterministically predict the outcome of the X basis on
sites of one color from the Z basis outcome on sites of the
other color. Using this property, we can verify whether
the generated state is the intent graph state [23]. Since
the above prediction is deterministic, this verification is
can be done very efficiently. That is, the required num-
ber of sampling does not depend on the size of the graph
state. Since this test checks whether the state belongs
to the stabilizer defined by the pair of the X basis mea-
surement and the Z basis measurement, it is called the
stabilizer test.

Further, this method can be extended to the case when
the measurement devices has noises and the generated
graph state has noise [6]. In this case, we need to attach
the fault-tolerant MBQC, which is often based on a topo-
logical surface code. When the noises of measurement
devices are independent, they can be theoretically con-
verted to the noises in the generated graph state. Once
we fix the scheme of the fault-tolerant MBQC, we can
define the set of correctable errors. When the noise be-
longs to the set of correctable error, the fault-tolerant
MBQC works properly, i.e., the computation outcome is
the correct value. Hence, it is sufficient to verify whether
the error belongs to the the set. Since this test is also
deterministic, the required number of sampling still does
not depend on the size of the graph state.

Furthermore, we can make this kind of test even when
the measurement device cannot be trusted. This kind
of test is called self-testing, and the currently proposed
method works with the noiseless case. In this setting,
the testing of a graph state can be reduced to the test-
ing of the Bell state in a canonical way. McKague et al
[30] proposed the self-testing of the Bell state only with
the CHSH test. However, the recently proposed method
[21] combines the CHSH test and the stabilizer test so
that the performance is much improved. This self-testing
of the Bell state yields a self-testing of the graph state.
When it applied to the verification of MBQC, the ob-
tained scaling is much better than previously obtained



verification methods [35, 29], and is the same as that of
the paper [7], which employs a different method.
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Abstract. Round-robin-differential-phase (RRDPS) quantum key distribution (QKD) protocol has at-
tracted intensive studies due to its distinct security characteristic, e.g., information leakage in RRDPS can
be bounded without learning error rate of key bits. Nevertheless, its implementation is still far from practi-
cal due to the complication of its measurement device. Moreover, on the theoretical side, its security is still
not clear in view of error rate. Here, by observing a potential phase randomization in the encoding states,
we develop a theory to bound information leakage quite tightly and differently. Besides, the error rate is
incorporated to improve the secret key rate, which is significant for the understanding of RRDPS. Based on
our novel security proof, the practicality and performance of RRDPS can be both improved dramatically.
Furthermore, we realize an experiment up to 140km fiber distance which is the longest achievable distance
of RRDPS system until now, while the original security proof predicts no secret key can be generated in
our experiment.

Keywords: QKD, RRDPS

1 Introduction

Unlike classical cryptography whose security relies on
unproven mathematical assumptions, quantum key dis-
tribution (QKD) [1, 2] can information-theoretically dis-
tribute secret key bits between distant peers (such as
Alice and Bob). According to quantum mechanics, any
eavesdropping on quantum channel will inevitably intro-
duce signal disturbance, which implies that Alice and
Bob can bound the information leakage for the eaves-
dropper (Eve) through collecting the error rate of their
raw key bits. Thus, monitoring signal disturbance is in-
dispensable for almost all QKD protocols.
Surprisingly, recently proposed round-robin-

differential-phase-shift (RRDPS) [3] protocol is an
exception. In RRDPS protocol, Alice prepares a series of
pulse trains, each consisting of L weak coherent pulses.
The pulses are individually modulated to random phases
out of 0 and π, and every L-pulse train can be handled
as a packet. Upon receiving these packets, Bob measures
the phase shift between the i-th pulse and (i + r)-th
pulse of each packet, where r is randomly chosen from
[1, L − 1] for each packet and i + r ⩽ L. Through a
simple and comprehensive security proof [3], it has been
pointed out that Eve’s information on raw key bits IAE
is no larger than h2(n/(L − 1)), where n is the photon
number of a packet. The main merit of RRDPS protocol
is that IAE does not depend on error rate of key bits,
and thus can be treated as a constant experimentally.
It’s obvious that the information leakage will be deeply
suppressed when L becomes large, which is the reason
why a RRDPS experiment with large L is important.
There have been several successful demonstrations of

∗wshuang@ustc.edu.cn
†weich@ustc.edu.cn

this protocol with passive interferometers [4, 5] and
actively-selectable components [6, 7]. The longest achiev-
able distance is around 90km [7]. Albeit great progresses
on experiments of RRDPS protocol have been made, it’s
still a great challenge to realize a practical measurement
system with large L value. Besides, large L value will de-
crease the secret key rate per pulse obviously. Therefore,
it is highly desired if IAE can be further lowered while
L is maintained small. Additionally, although IAE given
in Ref.[3] does not depend on the error rate, theorists
are still not clear how does Eve’s attack introduce error
bits, and if it is possible to use the error rate in RRDPS
to improve its performance. To address these issues, we
first report a new theory to bound IAE greatly tighter
than before especially for small L values. Interestingly,
error rate can be also taken into account in our method
to estimate IAE further tightly. Through numerical sim-
ulation, we show that with our theory, the performance
of real-life RRDPS implementation can be improved dra-
matically. It is remarkable that the most simple real-life
RRDPS protocol with L = 3, which is not permitted in
the original RRDPS protocol, can outperform the ones
with very large L. Finally, we verify our theory through
an experiment with L = 3, which achieves the longest
achievable distance (140km) so far.

2 Results

In Tab.1, the maximum tolerant error rate for RRDPS
with conventional method and the proposed formula are
given. Our formula can increase the tolerance of error
rate dramatically, especially when L is small. It’s re-
markable to note that for the case L = 3, our bound can
tolerant E up to 8%, while original RRDPS protocol can
not generate secure key bits at all. One may also note
that the difference between these methods become little
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(b) Fig.2. Secret key rate
R (per pulse) versus channel
loss under WCS.

in large L cases. The reason is quite simple, e.g., the orig-
inal bound h2(1/(L− 1)) has been close to 0 for large L,
so the potential improvement made by our analyses will
be very little. However, the significance of our theory will
not be compromised for real-life implementations, since
we show that the RRDPS systems with small L values
can outperform the ones with larger L values .

Table 1: The maximum value of tolerant error rate of
RRDPS with different method.XXXXXXXL

method
original RRDPS new without E new with E

3 – 0.0546 0.0811
5 0.0289 0.122 0.144
65 0.302 0.347 0.347

We simulate the secret key rate R per pulse versus to-
tal loss for L = 3, L = 5 and L = 65 using single photon
source and weak coherent source respectively. The sim-
ulation results are shown in Fig.1 and Fig.2. In each
figure, the upper line and middle line correspond to the
proposed calculations of IAE with and without error rate
statistic, while the lower line accounts for the original
RRDPS protocol. Note that in Fig.1 (a) and Fig.2 (a),
there is no line for the original RRDPS protocol, since
original protocol’s key rate is 0 for L = 3 case.
We tested the L = 3 RRDPS system with standard

telecom fiber channels at the distance of 50 km, 100 km,
and 140 km. Thus, we have successfully verified the fea-
sibility of RRDPS with the smallest L = 3, which is
impossible based on original theory.

3 Conclusion

In conclusion, we develop a theory to estimate Eve’s
information on raw key bits IAE in a quite different way.

Briefly speaking, the new physics behind our method is
that the potential phase randomization can be utilized
for the security analysis of RRDPS. The main merit of
our method is that IAE could be bounded more tightly
than before, especially when L is small. In theory, the
relation between the information leakage and error rate
in RRDPS is present clearly, which is particularly mean-
ingful for the completeness of security analysis of QKD.
Our results pave an avenue towards practical RRDPS[8].
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Abstract. Blind quantum computation protocols allow a user to delegate a computation to a remote
quantum computer in such a way that the privacy of their computation is preserved, even from the device
implementing the computation. To date, such protocols are only known for settings involving at least
two quantum devices: either a user with some quantum capabilities and a remote quantum server or
two or more entangled but noncommunicating servers. In this work, we take the first step towards the
construction of a blind quantum computing protocol with a completely classical client and single quantum
server. Specifically, we show how a classical client can exploit the ambiguity in the flow of information in
measurement-based quantum computing to construct a protocol for hiding critical aspects of a computation
delegated to a remote quantum computer.

Keywords: blind quantum computation, secure delegated quantum computation, measurement-based
quantum computation, generalized information flow

It is very likely that when a universal quantum com-
puter will finally become available, it will be hosted by
large institutions and accessed remotely by clients. For
example, companies like D-Wave [1] and IBM [2], as well
as academic institutions including the University of Bris-
tol [3], have begun making their quantum devices availa-
ble for remote access. This situation will inevitably lead
to questions as to the integrity and privacy of the client’s
computation. In the past, quantum protocols have been
proposed to address similar problems. Protocols which
provide security of client’s quantum computation, as well
as input and output, are known as blind quantum com-
puting protocols [4, 5, 6, 7]. Similarly, protocols which
capture the idea of verification of quantum computing,
i.e., the ability to detect, with very high probability, any
attempt by a malicious server to deviate from the compu-
tation are known as verifiable quantum computing proto-
cols [8, 9, 10]. A common feature among known protocols
for these tasks is that either the client require a small
quantum device on their side or there must exist at le-
ast two non-communicating quantum servers [11, 12]. In
other words, there is a requirement that two or more par-
ties involved in the protocol possess quantum processors.
Ideally, we would like to have a secure delegated quantum
computing protocol between a completely classical client
and a quantum server. In this work, we take the first
steps towards this problem. We construct a blind quan-
tum computing protocol which maintains security of the
client’s computation even against the quantum server. In
the next section, we briefly describe our main ideas and
results, but the full details can be found in [13].

∗atul_mantri@mymail.sutd.edu.sg
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Main Ideas and Results

Our aim is to explore the possibility of blind quantum
computation with a purely classical client. We demon-
strate this fact by constructing a protocol for a task we
call as classically driven blind quantum computing (CD-
BQC) and analyse its security in the stand-alone setting.
Our protocol uses measurement-based quantum compu-
ting (MBQC) [14] as the underlying principle. We show
that the protocol allows a client to hide non-trivial infor-
mation about their computation from the powerful quan-
tum server by making use of a novel technique that we
call flow ambiguity. In particular, we analyse the case of a
single instance of the protocol and show that the amount
of information obtained by the server is bounded below
what is necessary to unambiguously distinguish the com-
putation.

In the MBQC framework we denote by ∆ the com-
putation of the client such that ∆ = {G,α,f}. Here G
denotes the graph state, α is the set of measurement an-
gles on the graph state, and f represents the information
flow [15] which captures how angles are to be adapted
based on results of previous measurements. Formally,
generalised information flow or g-flow [16] is defined as
follows: For an open graph G(I,O), there exists a g-flow
(g,�) if one can define a function g : Oc → P (Ic) and
a partial order � on V such that ∀i ∈ Oc, all of the
following conditions hold:

(G1) if j ∈ g(i) and j 6= i, then j � i;
(G2) if j � i and i 6= j, then j /∈ Odd(g(i)); and
(G3) i /∈ g(i) and i ∈ Odd(g(i)).

Intuitively, g-flow is used to assign a set of local cor-
rections to a subset of unmeasured qubits to ensure de-
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terministic computation, despite the random nature of
the measurement outcomes obtained during the compu-
tation. It is important to note that for a fixed graph there
exist multiple choices of the input and output vertex sets
that result in deterministic measurement patterns consis-
tent with the same fixed total ordering of vertices. Spe-
cifically, we show that the transcript of any run of the
protocol is consistent with multiple non-equivalent com-
putations. This is due to the fact that the information
about the g-flow for the underlying resource state is hid-
den from the server. This particular ambiguity in the flow
enables the classical user to hide the essential aspects of
the computation.

The CDBQC protocol is interactive and proceeds as
follows. Firstly, the client sends the dimension of the
graph to the server to prepare the graph state |G〉. At
each step i: Client chooses a bit ri uniformly random.
Using ri and the previous measurement outcome b<i′ ,
client updates the angle αi to construct α′i in the follo-
wing way:

α′ = (−1)s
x

α+ (r ⊕ sz)π

where sx and sz denote the corrections dictated by flow
based on previous measurement results. The server per-
forms a projective measurement of i-th vertex in the XY-

plane of the Bloch sphere, denoted M
α′
i

i = {|±α′
i
〉〈±α′

i
|},

where {|±α′〉} = 1√
2
(|0〉 ± eiα

′ |1〉) and sends the mea-

surement outcome b′i to the client. The client records
bi = b′i ⊕ ri in b and then updates the set (sx, sz). If the
i-th vertex is output qubit then the bit bi is registered
in the set pCB . The client and the server repeat this pro-
cedure for all the vertex of the graph in the given total
order. The client implements the final round of correcti-
ons on the string pC (equivalent to pCB in the case of
honest server) to obtain the output string p. At the end
of the protocol, the server possesses information about
the angles α′ and the measurement outcome b′ and whe-
reas the client’s secret consists of the actual measurement
angle α and the flow bits f . Hereafter we will denote the
variables with the upper-case letters and particular in-
stances of such variable with the lower-case letters. For
example, A will be used to denote the angle variable and
F is used to represent the flow variable. For simplicity,
let’s take the case whenA and F are uniformly variables.
We quantify the amount of information that on average
remains hidden from the server about the client’s com-
putation at the end of the protocol. This is given by the
conditional entropy H(A,F |B′,A′).

H(A,F |B′,A′) = H(A,F )− I(B′,A′;A,F ). (1)

where H(A,F ) = H(A) + H(F ) := log2NA + log2NF .
Here NA and NF denote the number of possible choices
for the angle and flow variable respectively. Using tools
from information theory we explicitly calculate that, in a
single run of CDBQC protocol, the mutual information
between the client’s secret input (α, f) and the informa-
tion received by the server (α′, b′) is bounded by

I(B′,A′;A,F ) ≤ H(A′)

This in turn gives a lower bound on the conditional en-
tropy

H(A,F |B′,A′) ≥ log2NF (2)

We derive a non-trivial lower bound on the conditional
entropy by calculating the value of NF . Note that flow
is a property of the underlying graph and therefore
depends on the chosen graph G. We will consider the
case of cluster states as they are known to be universal
for quantum computation with (X, Y)-plane measure-
ments [17]. To calculate NF for the cluster state, we
put a lower bound on the number of different input and
output choices (open graphs) #G(I,O)n,m satisfying
flow conditions for a cluster state and a certain fixed
total order. Mathematically, this corresponds to calcu-
lating the flows that satisfy the conditions (G1)-(G3) as
mentioned above. To simplify the counting argument we
put an additional constraint:

(G4) If k ∈ N (i) ∪N (j), and if k ∈ g(i), then k /∈ g(j).

This is not required strictly by the definition of g-flow,
but it simplifies the flow counting problem and so we
obtain a lower bound on the number of flows rather than
the exact number. For a generic cluster state G(n,m) with
the fixed total ordering of measurements, the number of
different open graphs G(I,O) satisfying the conditions
(G1)- (G4) is given by:

#G(I,O)n,m = F
|n−m|
2min(n,m)+1

min(n,m)∏
µ=2

F 2
2µ. (3)

where Fi is the ith Fibonacci number. Further sim-
plifying the above equation gives us #G(I,O)n,m =
22N log2 φ+O(Nε) for ε < 1, N = nm and assuming
m = poly(n). This shows that there exists at least an
exponential number (in the dimension of the graph) of
information flows corresponding to a cluster state for a gi-
ven total order of measurements. To demonstrate this we
take a simple example of 2× 2 cluster state G(I,O)(2×2)
in Fig. 1. The figure shows 9 possible open graphs com-
patible with the flow conditions (G1)-(G4). In general
different flows correspond to different computations.

Using the following relation NF ≥ #G(I,O)n,m
with the the above result, we get log2NF ≥
log2 #G(I,O)n,m ≈ 1.388N . Therefore, the conditional
entropy is given by

H(A,F |B′,A′) ≥ 1.388N. (4)

This shows that it is indeed possible for a client to hide
their chosen computation, by using the ambiguity in the
flow of information, from a quantum server. Importantly,
we show that it is not possible for the quantum server
to guess the client’s computation perfectly, since a large
number of other computations are still compatible with
the information server receives.

For more details, we refer to the published version of
this work [13] and references therein.
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Figure 1: All the possible G(I,O)2,2 combinations that satisfy g-flow conditions for the 2× 2 cluster state are shown.
The arrows indicate the direction of the quantum information flow. Note that overlapping input and output sets are
allowed. All patterns implement unitary embeddings on the input state.
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Abstract. Space-based quantum key distribution (QKD) is a widely discussed and greatly anticipated key
technology for emerging quantum communication applications. However, high launch costs of conventional
satellites prevent rapid progress in the development of space-based QKD. Here, we present a robust high-
brightness source of entangled photons that can be employed on a small-scale nanosatellite to enable space
based QKD.
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A key technology for quantum experiments is quantum
cryptography, and in particular QKD, which bridges the
gap between fundamental tests of the concepts of quan-
tum mechanics and potential applications in communi-
cation technology. QKD enables secure communication
with forward secrecy based on the laws of quantum me-
chanics. While ground-based QKD systems are now in
place in several institutions across the globe, their range
on earth is fundamentally limited (absorption losses, line-
of-sight).

Figure 1: Different schemes for space-based QKD. (1)
Ground-to-satellite, (2) satellite-to-ground, (3) entangle-
ment based, (4) inter satellite. Illustration reproduced
from [1].

To overcome this limitation, space-based QKD satel-
lites have been proposed and first proof-of-concept satel-
lites have been developed and deployed in the recent years
[1, 2]. Fig. 1 shows several different concepts for space-
based QKD. Our approach envisiones the generation of
entangled photon pairs in orbit (3 in Fig. 1) to enable
QKD over long distances via an entanglement-based pro-
tocol.

Despite its advantages, space-based QKD suffers from
high costs and system complexities. In order to minimize
the costs for the demonstration of space-based QKD, we
are working on an iterative approach in which entangled
photon sources are operated in a low-earth orbit aboard
low-cost nanosatellites. This provides a cost-effective al-
ternative to a full-scale QKD satellite.

At the heart of our technology lies the Small Photon
Entangling Quantum System (SPEQS), a specifically de-
signed, small entangled photon source based on sponta-

∗cqtal@nus.edu.sg

neous parametric down conversion (SPDC). SPDC is rou-
tinely exploited to create entangled photon pairs from a
material with a strong second order non-linearity, such as
β-Barium Borate (BBO) or Lithium Niobate. In short, in
the presence of a non-linear crystal, a pump photon can
split into two lower energy photons that are correlated re-
garding their polarization state (for example |H1〉 |H2〉 or
|V1〉 |V2〉 in type-I phasematching depending on the crys-
tal orientation). If SPDC photon pairs are created in two
coherent processes, e.g. in crossed crystal or double pass
configuration [3, 4], one can produce the entangled state:

|Ψ〉 =
1√
2

(
|H1〉 |H2〉 + eiΦ |V1〉 |V2〉

)
(1)

The first generation of SPEQS that produced corre-
lated photon pairs was successfully launched and its in-
orbit operation was demonstrated [5]. The source design
will be further improved to produce entangled photon
pairs. We give a brief overview on the progress made on
this source (SPEQS-1) which will be launched within a
year.

Figure 2: Schematic of the current design of our SPEQS-2
entangled-photon source. The components in the aligned
crystal configuration are (1) 405 nm pump, (2) spatial
and spectral filtering, (3) preparation of pump polariza-
tion, (4) BBO crystal, (5) quarter waveplate,(6) BBO
crystal, (7) temporal compensator YVO4 and (8) dichroic
mirror. The dotted rectangle highlights the SPDC gen-
eration and temporal compensation.

Our final goal is the development of a source (SPEQS-
2) that provides entangled photon pairs with higher pair
rates to overcome atmospheric turbulence and absorp-
tion losses [6] and enable space based QKD on a small
and cost-effective platform. Here, we present the progress
on our final source design (see Fig. 2). We use two BBO
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crystals with aligned optical axes in type-I phase match-
ing condition to create non-degenerate entangled photon
pairs via SPDC. Collinear emission of the SPDC photons
enables a compact and robust source design. By compen-
sating the temporal walkoff effects, we can prepare the
entangled two-photon state in Eq. 1. First experiments
performed with this source design show that an in-orbit
rate of 1 million entangled photon pairs per second is
within reach. In ground-based experiments, we achieve a
pair rate of more than 70 k/s/mW at high visibility which
is unprecedented for BBO based entangled pair sources.

With the employment of a compact, high brightness
QKD source in space, we lay the foundation for pratical
entanglement based QKD on a multitude of platforms,
such as aircrafts, drones and fiber-coupled, ground-based
systems.
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Abstract. In recent years there has been a great deal of focus on a globe spanning quantum network,
including linked satellites for applications ranging from quantum key distribution to distributed sensors and
clocks. In many of these schemes, relativistic transformations may have deleterious effects on the purity
of the distributed entangled pairs. This becomes particularly important for the application of distributed
clocks. In this paper, we have developed a Lorentz invariant entanglement distribution protocol that
completely removes the effects due to the relative motions of the satellites.
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One of the main roadblocks to the widespread utiliza-
tion of quantum communication such as quantum cryp-
tography is the difficulty of producing long-distance en-
tanglement. Photons are a natural way of generating
such entanglement due to their excellent coherence prop-
erties and the fact that they are ”flying qubits”. However
optical fiber quantum communication is limited to dis-
tances of approximately ∼ 200 km due to photon loss,
which make them practical for only for a limited re-
gion, not a global scale. Broadly two approaches have
been considered to overcome this challenge – the use
of quantum repeaters to cascade entanglement genera-
tion for longer distances [1, 2], and space-based schemes
[3, 4, 5, 6]. Quantum communication in space is attrac-
tive due to the negligible effects of the atmosphere which
is the origin of decoherence effects such as photon loss.
This allows for the possibility of globe-scale quantum net-
work where the photons can be transmitted at distances
of the order of the diameter of the Earth without the need
of additional infrastructure such as quantum repeaters.

In this paper, we investigate various strategies for
space-based entanglement distribution using photons.
We examine three popular alternatives for entanglement
generation: (I) a polarization entangled photons; (II) sin-
gle photon entangled state; and (III) dual rail entangled
photons. The advantages and disadvantages of each will
be investigated in the context of low Earth orbit (LEO)
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Figure 1: Entanglement distribution between three satel-
lites in low Earth orbit. The photons heading to the
two satellites may have different momenta p, q, due to
their different directions. We choose Alice’s satellite to
be moving in the z-direction without loss of generality.

satellites producing and detecting the photons (see Fig.
1). The photonic states (II) and (III) are particularly
interesting as they are based on RI quantities. It is
known that photonic Fock states are RI quantities [10].
It is therefore natural to choose entangled states involv-
ing these degrees of freedom to develop a truly Lorentz
invariant (LI) entanglement distribution. Choosing such
manifestly LI states bypasses the need for any correction
that would need to be made for states such as (I).

Let us first introduce the three types of entangled pho-
ton states that will be analyzed in this paper for creating
long-distance entanglement using photons. The first is
simply a polarization entangled photon pair, produced
for example by parametric down conversion. The state
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is written

|Ψ(S)
I 〉 =

1√
2

(|p, h〉|q, h〉 − |p, v〉|q, v〉) , (1)

where |p, σ〉 is a single photon state of four momentum
p and polarization σ = h, v, and the S refers to the fact
that the photons are in the reference frame of the source
satellite. We label the modes for Alice and Bob’s satel-
lites with A and B respectively. The second type of en-
tangled state is the single photon entangled state, which
can be produced by a single photon source mounted on
the source satellite entering a 50:50 beamsplitter. The
state is

|Ψ(S)
II 〉 =

1√
2

(|p, λ〉A|0〉B − |0〉B |q, λ〉B). (2)

where λ = ±1 labels the helicity, and |0〉 is the electro-
magnetic vacuum. Finally, the third type of entangled
state is using a dual rail encoding, where Alice and Bob
each posses two distinct modes A1, A2 and B1, B2 re-
spectively, and the same helicity is used for both photons
and modes:

|Ψ(S)
III 〉 =

1√
2

(|0〉A1|p, λ〉A2|0〉B1|q, λ〉B2

− |p, λ〉A1|0〉A2|q, λ〉B1|0〉B2). (3)

Each of these states will have a different behavior under
a Lorentz transformation, and our task will be to identify
which is the best for entanglement generation.

First, let us examine how single photon states trans-
form. For a photon of helicity λ and momentum p in the
Source frame, the state in Alice’s frame is

U(Λ)|p, λ〉 = e−iλΘ(Λ,p)|Λp, λ〉 (4)

where Θ is the Wigner phase, and Λ is the Lorentz trans-
formation to the frame of A. Since we assume that the
photon momentum is in an arbitrary direction, without
loss of generality we may take the Lorentz transforma-
tion to be a pure boost in the z direction Λ = Lz(β).
In this case Lz(β) is the standard Lorentz transforma-
tion matrix with dimensionless velocity β = v/c (c is the
speed of light). Polarized vectors in the original frame
are defined as

|p, h〉 = R(p̂)(0, cosφ,− sinφ, 0)T

|p, v〉 = R(p̂)(0, sinφ, cosφ, 0)T

|p, λ〉 = R(p̂)(0, 1, iλ, 0)T /
√

2 (5)

where the rotation matrix is R(p̂) = Rz(φ)Ry(θ), with
Ry,z being the standard SO(3) rotation matrices, and
p̂ = (sin θ cosφ, sin θ, sinφ, cos θ) is the normalized 3-
momentum. For a pure boost in the z direction, the
effect is to transform the coordinates as

sin θ → sin θ′ =
sin θ√

sin2 θ + γ2(cos θ − β)2

φ→ φ′ = φ. (6)
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Figure 2: Performance of the entanglement distribution
for various protocols. Trace distance ε between the orig-
inal state and that observed in a moving frame for (a)
a single horizontally (or vertically) polarized photon (b)
a polarization entangled photon pair moving in opposite
directions θ = θA = −θB . Parameters are β = 10−5.
(c) Negativity of (10) under Lorentz boosts with differ-
ent orientations. Photons are taken to move in opposite
directions θA = −θB , φA = φB and the spread due to
the diffraction is σ = 1. (d) Number of entangled pho-
ton states (10) with σ = 1 required to reach purities
as marked. We assume a photon attenuation factor of
A = 100, and the number of photons required for k pu-
rification steps to be 2k.

To a good approximation, for β � 1 the variation in
angle has the effect of

θ′ ≈ π
(
θ

π

)1− 2
π ln 2β

. (7)

This effectively broadens or contracts the angular varia-
tion around the z-axis. The angular variation is the ori-
gin of the variation in entanglement that was observed in
works such as Ref.

To quantify the change we measure the trace distance
of the polarization vector

ε = Tr(
√

(ρ(S) − ρ(A))2)/2 (8)

where ρ(S) = Trp(|p, σ〉〈p, σ|) and ρ(A) =
Trp(|Λp, σ〉〈Λp, σ|) for this case. Here we trace
over the momentum degrees of freedom in order to
obtain a 4 × 4 matrix that is with respect to the
polarization degrees of freedom. Fig. 2(a) shows the
trace distance between a horizontally polarized photon
with momentum p as observed by the source and Alice’s
satellite. For small velocities β � 1 as will be true for
all satellites orbiting the Earth, expansion of the density
matrices reveals that

εh ≈ β sin θ cosφ, (9)

which very accurately summarizes the numerical results
in Fig. 2(a). We see that the basic effect of the relativistic
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correction on the polarization is at the level of εh ∼ O(β).
We note that the trace distance is the most appropriate
quantity (than the fidelity for instance which scales as
F ∼ 1−O(β2)), as it is most closely related to distances
on the Bloch sphere.

Let us now examine the effect on the entangled states.
For the type I entangled state, in Alice’s frame we have

|Ψ(A)
I 〉 =

1√
2

(|Λp, h〉|Λq, h〉 − |Λp, v〉|Λq, v〉) . (10)

The Wigner phase does not affect the state in this case
as the state is transformed only by a pure Lorentz boost.
The sole effect in terms of the trace distance is the ro-
tation of the polarization vectors, as given in (6). The
trace distance between the states in the Source and Al-
ice’s frames ρ(S,A) = Trp,q(|Ψ(S,A)

I 〉〈Ψ(S,A)
I |) is shown in

Fig. 2(b).

εI ≈ β sin θ. (11)

We again see that the relativistic correction again occurs
at the level of ∼ O(β).

In this regard, the type II and III entangled states are
a better choice. Fock states, including the vacuum, are
known to be invariant states under Lorentz transforms,
and remain orthogonal in all reference frames. For the
single photon entangled states, transforming to the ref-
erence frame of satellite A, we find

|Ψ(A)
II 〉 =

1√
2

(e−iλΘ(Λ,p)| − Λp, λ〉A|0〉B

− e−iλΘ(Λ,q)|0〉A|Λq, λ〉B). (12)

|Ψ(A)
III 〉 =e−iλ(Θ(Λ,p)+Θ(Λ,q))(|0〉A1|p, λ〉A2|0〉B1|q, λ〉B2

− |p, λ〉A1|0〉A2|q, λ〉B1|0〉B2), (13)

Similarly to type I, the photons are Lorentz transformed
and there are separate Wigner phase terms due to the
photon traveling with different momenta. Helicity is a
Lorentz invariant quantity. The Wigner phase, which
depends on the Lorentz transformation and the momen-
tum does not show up in the measure we calculate. In
both these cases, the entanglement is present in the pho-
ton number, rather than polarization. We thus define the
density matrices for these states according to

ρ = Trp,q,λ(|Ψ〉〈Ψ|). (14)

The trace distance between ρ(S) and ρ(A) is always zero,
hence it is a manifestly LI state.

To take into account of diffraction, we integrate with
a momentum distribution [11]

|Ψ̃〉 =

∫
d̃pd̃qfA(p)fB(q)|Ψ(p, q)〉 (15)

where the |Ψ(p, q)〉 are the states (1), (2), (3) in the

source satellite’s frame. Here d̃p ≡ d3p
2|p| is a Lorentz-

invariant momentum integration measure and the f(p)
is a normalized diffraction function.

f(p) =
1√
M
e−

θ2

2σ2 δ(|p| − p0). (16)

This gives a Gaussian spread for a photon traveling in
primarily the z-direction. σ is a parameter controlling
the angular spread of the beam and M is a suitable nor-
malization factor. To have photons traveling in directions
other than the z-direction, we make rotation of the co-
ordinates around the y-axis by changing variables in the
integrand

θ → θ′′ = cos−1 (cosα cos θ + sinα sin θ cosφ)

φ→ φ′′ = tan−1

(
sin θ sinφ

cosα sin θ cosφ− sinα cos θ

)
(17)

which gives photons traveling in primarily the direction
(θ, φ) = (α, 0). To transform to Alice’s frame, one then
applies a boost in the z-direction to the states, which
amounts to making the transformation (6).

We now estimate the order to which the relativistic
corrections affect the entanglement. To gauge this we
calculate the effect of the boost on the purity of the states
P = Trρ2. The purity is directly related to the entangle-
ment in this case as for the case with no diffraction, the
entanglement is invariant under all boosts. The degrada-
tion in the entanglement observed in Fig. 2(c) arises from
an effective decoherence entering the system due to trac-
ing out the momentum degrees of freedom. Performing
an expansion for β � 1 we find that the purity behaves
as

P ≈ 1− 2σ2(1 + |β|)2. (18)

Turning to type II and III states, we find that the
effects of diffraction that afflicted type I states are not
present in terms of entanglement degradation. The rea-
son is that the type of entanglement is encoded in the
orthogonality of the Fock states, which are preserved as
they are relativistically invariant. For the type II state
the main effect that one must account for is simply pho-
ton loss, which is captured by the photon attenuation A
which is the same as the above. For the dual rail type
III states, there is however the issue that the diffraction
cone for the two rails will start to overlap unless they
are separated by a sufficiently large distance, which is
impractical for satellite based sources and detectors.

In summary, we have analyzed several photon based
entanglement distribution protocols for the space-based
quantum network. We find that standard polarization
based photon entanglement (type I) can experience sig-
nificant errors for satellites that are in low Earth orbit.
While in principle these are correctable if the velocities
of the satellites are known to high precision, this can still
introduce errors at the δβ, which is the error on the es-
timate of the satellite velocity.We note that other types
of encodings, such as in energy or time, would also un-
dergo Lorentz transformations. Combined with the fact
that diffraction effects degrade the entanglement for type
I states, our results point to the fact that single photon
entangled states (type II) and dual rail photon entangle-
ment (type III) are a superior choice in terms of robust-
ness to relativistic transformations.
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Abstract. We propose an efficient scheme for verifying quantum computations in the ‘high complexity’
regime i.e. beyond the remit of classical computers. Previously proposed schemes remarkably provide
confidence against arbitrarily malicious adversarial behaviour in the misfunctioning of the computer. Our
scheme is not secure against arbitrarily adversarial behaviour, but may nevertheless be sufficiently accept-
able in many practical situations. In contrast to previous schemes, our verifier is entirely classical. It is
based on the fact that adaptive Clifford circuits on general product state inputs provide universal quantum
computation, while the same processes without adaptation are always classically efficiently simulatable.

Keywords: verification, quantum computation

Establishing confidence in the output of a quantum
computing device operating in the ‘high complexity’
regime i.e. beyond the remit of classical computers, will
be an important issue as our first quantum computers
become available. Some previously proposed schemes for
such verification [1, 2, 3, 4] have been based on adap-
tations of the formalism of interactive proof systems
(IP) from classical complexity theory [5], while others
[12, 13, 14] have been based on the formalism of mea-
surement based computing (MQC). Verification has also
played an important role in the cognate subjects of blind
quantum computing [10, 9], and self testing and device
independent protocols [15, 12, 11].

Most of the previously proposed schemes have been
designed to provide confidence in correctness of the out-
put against the most general prospective malicious or
adversarial behaviour in the misfunctioning of the com-
puter. But although a stance of such extreme guarded-
ness may be appropriate and relevant in fields such as
cryptography, information security and financial trans-
action, it is not normally adopted in standard scientific
method, and it comes at a considerable cost. All previous
schemes (except some [12, 11] having multiple provers,
so not directly relevant for our setting) require the ver-
ifier to have a quantum communication channel to the
prover and some quantum processing capability (to the
extent of the verifier having the ability to perform indi-
vidual computational steps that would suffice for univer-
sal quantum computing). As such, these schemes, while
being significant developments in the theory of verifica-
tion, are perhaps less relevant for issues of realistically
efficient verification capability per se.

In contrast to the above, in our scheme the verifier is
entirely classical, using only polynomially-bounded clas-
sical computing resources and only classical communi-
cation with the prover. However there are associated
limitations too: the confidence in correctness of the out-
put will not be secure against arbitrarily malicious mal-
functioning of the computer, but nevertheless we would
expect that it could be acceptable in many realistic situ-
ations, to an extent that’s not dissimilar from commonly

∗Full arXiv version available at

https://arxiv.org/abs/1705.02817

accepted scientific practice. Indeed with this concession
we gain in manifest simplicity and transparency.

Our scheme will be based on the fact that adaptive
Clifford computations (on product state inputs that can
include 1-qubit magic states) provide universal quantum
computation [7], whereas non-adaptive Clifford compu-
tations with the same inputs are always classically effi-
ciently simulatable [6]. Intuitively, this will enable us to
reduce the the running of a universal quantum computer
to a classically simulatable process, after the machine has
completed its run, and hence, with further testing runs of
the same sequence of quantum operations that occurred
in the initial run, we can efficiently verify that the ma-
chine was able to correctly run that sequence.
The verification scheme. Suppose we have available
a quantum computing device that can allegedly per-
form Clifford gates and computational basis measure-
ments, and we can also reliably prepare the computa-
tional basis states |0〉 and |1〉 as well as the magic state
|A〉 = 1√

2
(|0〉+eiπ/4 |1〉). We also assume that the classi-

cal actions of hardware choice involved in adaptation in
response to the classical outcomes of intermediate mea-
surements, can be reliably performed.

It is well known [7] that the above resources provide
universal quantum computation. Indeed in addition to
the Clifford gates it suffices to be able to implement the
gate T = diag(1 , eiπ/4), which can be achieved by an
adaptive Clifford process called “the T -gadget”, consum-
ing one copy of |A〉 as follows: to apply T to line k using
|A〉 on line a, first apply Clifford CXka to those two lines,
measure line a to obtain measurement outcome m, and
then apply the Clifford gate Sm = diag(1 , i)m to line
k. This results in T being applied on line k (up to an
irrelevant overall phase).

In view of all the above, suppose now that we have
solved an instance of a BQP decision task by implement-
ing an adaptive Clifford circuit on our quantum comput-
ing device, to obtain output 0 or 1. By further efficient
use of the machine and efficient classical computation,
we wish to develop confidence in the correctness of the
quantum operation of the machine and its classical out-
put for the adaptive choices in the computational run
that occurred.
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Having run our adaptive Clifford circuit we record
its output as well as the sequence of (adaptively cho-
sen) gates that were actually applied. We will refer to
this particular sequence as the ‘computational run’. To
develop confidence in the correctness of its output we
next run, polynomially many times, the same sequence
of gates non-adaptively (including here also the inter-
mediate measurement operations but ignoring their out-
comes). We refer to these runs as ‘gate test runs’. From
the frequencies of their outputs, we obtain an estimate of
the output probabilities of this non-adaptive process to
within 1/poly(n) additive error (with probability expo-
nentially close to 1, by the Chernoff bound cf Appendix
of [8]). Now this non-adaptive process of Clifford gates
and measurements, the same sequence of operations that
actually occurred in the computational run, is classically
efficiently simulatable [6]. We classically compute its out-
put probabilities and compare them to the experimen-
tally obtained values, verifying that the single actually
implemented sequence of operations used in the compu-
tational run, provided a true sample of its output distri-
bution to within 1/poly(n) additive error in the proba-
bilities (assuming that the computing device behaves in
the same way for repeated trials of a given process).

The non-adaptive process in the gate test runs differs
from the computational run only in that the intermedi-
ate measurement results are uniformly randomly vary-
ing and unlikely to reproduce those that occurred in
the computational run itself. Nevertheless we still de-
velop confidence in the computing device’s ability to cor-
rectly implement the same sequence of operations that
occurred in the computational run, albeit in a slightly
different scenario. Indeed since the measured qubit is al-
ways disjoint from rest of the computer and never used
again, the measurement operation on it can have no ef-
fect on the reduced state of the rest of the computer
(by the no-signalling principle). As such, the unitary
gates of the (adaptive) computational run acted on the
same (reduced) input states that occur in the (now classi-
cally simulatable, non-adaptive) gate test runs. Also the
computer cannot physically function differently for dif-
ferent intermediate measurement results (assuming suit-
able non-communication in implementation of local op-
erations, and having the measured qubits reasonably iso-
lated from the other qubits). So although the gate test
runs produce generally different intermediate measure-
ment outputs, they may nevertheless still be viewed as
providing evidence for validity of the implementation of
the quantum operations that actually occurred in the
computational run.

In the adaptive process, it is important that the dif-
ferent gate sequences (assumed now to be sufficiently
faithfully implemented themselves) are chosen with their
correct respective probabilities, for a single run of the
adaptive process to represent a valid sampling of the de-
sired BQP problem’s solution. We can develop further
confidence in the device’s correctness of its operation in
this respect as follows. We consider the initial part of
the circuit up to the first T -gadget and run it polyno-

mially many times to estimate the measurement prob-
ability to within a 1/poly(n) additive error, and verify
that it is within (say) O(1/t2) of the value half, where
t = O(poly(n)) is the number of T -gadgets in the circuit.
Being adequately satisfied with the first T -gadget’s mea-
surement operation, we apply the same process to the
second T -gadget, while now treating the first T -gadget’s
measurement output non-adaptively and using the gate
sequence from the computational run up to the second
T -gadget. Similarly we work through all the T -gadgets
in order. We refer to such test runs as ‘measurement test
runs’.

The theoretical probability of any adaptive gate se-
quence is 1/2t and we have developed confidence that
the computing device has selected the gate sequence
used in the computational run with probability π =(
1
2 +O( 1

t2 )
)t

= 1
2t

(
1 +O( 1

t2 )
)t
. Since (1 + 1

m2 )m → 1
as m → ∞ we see that we can thus (with polynomially
bounded computing effort) confirm that |π− 1

2t | <
ε
2t for

any chosen constant ε > 0 and all sufficiently large t.
Finally let pout be the true theoretical probability of

output 0 in the adaptive Clifford process, and let p
(j)
out,

for j = 1, . . . , 2t, be the corresponding output probability
for the jth adapted gate sequence. Also let π(j) be the
true theoretical probability that the jth gate sequence
occurs in an adaptive run. (In fact π(j) = 1/2t here).

Then pout =
∑2t

j=1 p
(j)
outπ

(j). Let j0 be the label of the
adaptive sequence that was actually used in the compu-
tational run. With polynomially bounded quantum and
classical computational resources we have developed con-
fidence that:
(i) (from gate test runs) the output probability p̃

(j0)
out of

the implemented computational run is within additive er-

ror η = 1/poly(n) of its theoretical value p
(j0)
out , and

(ii) (from measurement test runs) the gate sequence la-
belled j0 has been chosen by the device with proba-
bility π̃(j0) that is within ε/2t of its theoretical value
π(j0) = 1/2t.
(i) and (ii) then imply that (with suitably chosen η and
ε) our quantum computing device has provided a sample
of a probability distribution that is within any desired
ε′ > 0 of the theoretical distribution {pout, 1 − pout},
so its output is then (within the requirements of the
bounded error condition) the solution to our BQP de-
cision problem e.g. we could assume without loss of gen-
erality that the BQP algorithm used has bounded error
margin |pout−1/2| > 0.49, and choose ε and η to provide
ε′ < 0.01, to then establish confidence that the machine’s
output is the correct answer to the decision problem with
probability at least 0.98.
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Abstract. We study lower bounds on the optimal error probability in channel coding at rates below
capacity, commonly termed sphere-packing bounds. In this work, we establish a sphere-packing bound for
classical-quantum channels, which significantly improves previous prefactor from the order of subexponen-
tial to polynomial. Furthermore, the gap between the obtained error exponent for constant composition
codes and the best known classical random coding exponent vanishes in the order of o(log n/n), indicating
our sphere-packing bound is almost exact in the high rate regime. The main technical contributions are
two converse Hoeffding bounds for quantum hypothesis testing and the saddle-point properties of error
exponent functions. Our complete paper can be found in arXiv:1704.05703 [quant-ph].

Shannon’s noisy coding theorem [1] states that a mes-
sage in an appropriately coded form can be reliably
transmitted through a discrete memoryless channel W ,
provided the coding rate R is below the channel ca-
pacity CW . More precisely, the probability of decod-
ing errors can be made arbitrarily small as the coding
blocklength grows. Later, Shannon himself pioneered
the study of the exponential dependency of the opti-
mal error probability ε∗(n,R) for a blocklength n and
transmission rate R [2]. He defined the reliability func-
tion to be, for any fixed coding rate R < CW , E(R) :=
lim supn→+∞ − 1

n log ε∗(n,R). The quantity E(R) then
provides a measure of how rapidly the error probability
approaches zero with an increase in blocklength. This
characterization of the reliability function is hence called
the the error exponent analysis. For a classical chan-
nel, the upper bounds of the optimal error can be estab-
lished using a random coding argument [3]. On the other
hand, the lower bound was first developed by Shannon,
Gallager, and Berlekamp [4] and was called the sphere-
packing bound.

Error exponent analysis in classical-quantum (c-q)
channels is much more difficult because of the noncom-
mutative nature of quantum mechanics. Dalai [8] em-
ployed Shannon-Gallager-Berlekamp’s approach to estab-
lish a sphere-packing bound with Gallager’s expression
[4]. It was later pointed out that these two sphere-
packing exponents are not equal for general c-q chan-
nels . The sphere-packing bound obtained by Dalai [8]
had a pre-factor e−O(

√
n), which is loose in the situation

where the transmission rate is close to channel capac-
ity. The main contribution of this paper is to establish a
sphere-packing bound with a better pre-factor O(n−t) for
some t > 1/2, which notably improves Dalai’s bound [8]
from the order of subexponential to polynomial (Corol-
lary 2). When restricting to constant composition codes,
we can be more explicit about the obtained pre-factor,

∗F99942118@ntu.edu.tw
†Min-Hsiu.Hsieh@uts.edu.au
‡marco.tomamichel@uts.edu.au

namely, n−
1
2 (1+|E′

sp(R)|+o(1)) (Theorem 1). Furthermore,
this sphere-packing bound and the best known random
coding upper bound [9] in the classical case coincide up
to the third-order term. Hence, our result yields an al-
most exact asymptotics of the sphere-packing bound for
constant composition codes.

Our main ingredients are a tight concentration inequal-
ity in strong large deviation theory [6] and Blahut’s ap-
proach of hypothesis testing reduction [5]. The strategy
of the proof consists of three steps: (i) formulate the error
probability of a certain codebook to a hypothesis testing
problem; (ii) give a lower (or called the converse) bound
to the type-I error in quantum hypothesis testing; and
(iii) relate the error with the strong sphere-packing ex-
ponent. In Section 2, we provide two converse bounds for
quantum hypothesis testing. The first bound generalizes
Blahut’s one-shot converse Hoeffding bound [5, Theorem
10] to the quantum case (Proposition 4). Unlike Blahut’s
result derived in the weak form, we establish a strong
sphere-packing bound for c-q channels. For the second
bound (Proposition 5), we employ Bahadur-Ranga Rao’s
inequality [6] to prove a sharp converse bound in step
(ii). Finally, we combine these two results to obtain a
refined strong sphere-packing bound with a polynomial
pre-factor.

1 Notation and Main Result

1.1 Notation

Throughout this paper, we consider a finite-
dimensional Hilbert space H. The set of density op-
erators (i.e. positive semi-definite operators with unit
trace) on H are defined as S(H). We write ρ � σ
if supp(ρ) ⊂ supp(σ), where supp(ρ) denotes the sup-
port of ρ. The identity operator on H is denoted by
1H. When there is no possibility of confusion, we skip
the subscript H. Let N, R, and R>0 denote the set of
integers, real numbers, and positive real numbers,, re-
spectively. Define [n] := {1, 2, . . . , n} for n ∈ N. Given
a pair of positive semi-definite operators ρ, σ ∈ S(H),
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we define the (quantum) relative entropy as D(ρ‖σ) :=
Tr [ρ (logρ− logσ)], when ρ � σ, and +∞ otherwise.
For every α ∈ [0, 1), we define the (Petz) quantum
Rényi divergences Dα(ρ‖σ) := 1

α−1 log Tr
[
ρασ1−α]. For

α = 1, D1(ρ‖σ) := limα→1Dα(ρ‖σ) = D(ρ‖σ). Let
X = {1, 2, . . . , |X |} be a finite alphabet, and let P(X )
be the set of probability distributions on X . A classical-
quantum (c-q) channel W maps elements of the finite set
X to the density operators in S(H), i.e., W : X → S(H).
Let M be a finite alphabetical set with size M = |M|.
An (n-block) encoder is a map fn : M → Xn that en-
codes each message m ∈ M to a codeword xn(m) :=
x1(m) . . . xn(m) ∈ Xn. The codeword xn(m) is then
mapped to a state W⊗nxn(m) = Wx1(m) ⊗ · · · ⊗Wxn(m) ∈
S(H⊗n). The decoder is described by a positive operator-
valued measurement (POVM) Πn = {Πn,1, . . . ,Πn,M}
on H⊗n, where Πn,i ≥ 0 and

∑M
i=1 Πn,i = 1. The pair

(fn,Πn) =: Cn is called a code with rate R = 1
n log |M|.

The error probability of sending a message m with the
code Cn is εm(W, Cn) := 1 − Tr

(
Πn,mWxn(m)

)
. We

use εmax(W, Cn) = maxm∈M εm(W, Cn) and ε̄(W, Cn) =
1
M

∑
m∈M εm(W, Cn) to denote the maximal error prob-

ability and the average error probability, respectively.
Given a sequence xn ∈ Xn, we denote by Pxn(x) :=
1
n

∑n
i=1 1 {x = xi} the empirical distribution of xn. A

constant composition code with a composition Pxn refers
to a codebook whose codewords all have the same distri-
bution Pxn .

We define the following conditional entropic quantities
for the channel W with P ∈ P(X ): Dα (W‖σ|P ) :=∑
x∈X P (x)Dα (Wx‖σ). The mutual information of the

c-q channel W : X → S(H) with prior distribution
P ∈ P(X ) is defined as I(P,W ) :== D (W ‖PW |P ),
where PW :=

∑
x∈X P (x)Wx. The (classical) capac-

ity of the channel W : X → S(H) is denoted by:
CW := maxP∈P(X ) I(P,W ). We define two related in-
formation quantities: for every α ∈ [0, 1],

I(1)α (P,W ) := min
σ∈S(H)

Dα (P ◦W ‖P ⊗ σ) ; (1)

I(2)α (P,W ) := min
σ∈S(H)

Dα (W ‖σ|P ) . (2)

The term I
(1)
α (P,W ) is called the α-Rényi mutual in-

formation. The second term I
(2)
α (P,W ) can be viewed

as a variant of the α-Rényi mutual information. For
the case of α = 1, they both equal conventional mutual

information, i.e. I
(1)
1 (P,W ) = I

(2)
1 (P,W ) = I(P,W ).

Mosonyi and Ogawa [10, Proposition IV.2] showed that

for all α ∈ [0, 1], Cα,W := maxP∈P(X ) I
(1)
α (P,W ) =

maxP∈P(X ) I
(2)
α (P,W ), and it is termed the Rényi ra-

dius of order α. Let

E(1)
sp (R,P ) := sup

0<α≤1

1− α
α

(
I(1)α (P,W )−R

)
; (3)

E(2)
sp (R,P ) := sup

0<α≤1

1− α
α

(
I(2)α (P,W )−R

)
. (4)

The sphere-packing exponent is defined by

Esp(R) := max
P∈P(X )

E(1)
sp (R,P ) = max

P∈P(X )
E(2)

sp (R,P ),

where the last equality follows from [10, Proposition
IV.2]. Further, we define a rate, [8]: R∞ := C0,W . It
follows that Esp(R) = +∞ for any R ≤ R∞ (see also [4,
p. 69] and [3, Eq. (5.8.5)]). In this paper, we assume the
channel satisfies R∞ < CW .

Given any R ∈ (R∞, CW ) and P ∈ PR(X ), we de-
note a maximum absolute value subgradient of the sphere-
packing exponent at R by∣∣E′sp(R)

∣∣ := max
P :E

(2)
sp (R,P )=Esp(R)

1− α?R,P
α?R,P

,

where α?R,P is the optimizer in Eq. (4).
Consider a binary hypothesis whose null and alterna-

tive hypotheses are ρ ∈ S(H) and σ ∈ S(H), respec-
tively. The type-I error and type-II error of the hypoth-
esis testing, for an operator 0 ≤ Q ≤ 1, are defined as
α (Q; ρ) := Tr [(1−Q)ρ], and β (Q;σ) := Tr [Qσ]. There
is a trade-off between these two errors. Thus, we can de-
fine the minimum type-I error, when the type-II error is
below µ ∈ (0, 1), as

α̂µ (ρ‖σ) := min
0≤Q≤1

{
α (Q; ρ) : β (Q;σ) ≤ µ

}
. (5)

1.2 Main Result

Theorem 1 (Refined Strong Sphere-Packing Bound
of Constant Composition Codes). Consider a classical-
quantum channel W : X → S(H) and R ∈ (R∞, CW ).
For every γ > 0, there exist an N0 ∈ N and a constant
A > 0 such that for all constant composition codes Cn
of length n ≥ N0 with message size |Cn| ≥ exp{nR}, we
have

ε̄ (Cn) ≥ A

n
1
2 (1+|E′

sp(R)|+γ)
exp {−nEsp(R)} . (6)

The following corollary generalizes the refined sphere-
packing bound for constant composition codes to arbi-
trary codes via a standard argument [4, p. 95].

Corollary 2 (Refined Strong Sphere-Packing Bound for
General Codes). Consider a classical-quantum channel
W : X → S(H) and R ∈ (R∞, CW ). There exist some
t > 1/2 and N0 ∈ N such that for all codes of length
n ≥ N0, we have

ε∗ (n,R) ≥ n−t exp {−nEsp(R)} . (7)

We provide the proof in the full version [12, Section 4.2].
Theorem 1 yields

log
1

ε̄(Cn)
≤ nEsp(R) +

1

2

(
1 +

∣∣E′sp(R)
∣∣) log n+ o(log n),

On the other hand, for the case of classical non-singular
channels, it was shown that [9, Theorem 3.6], for all con-
stant composition codes Cn and rate R ∈ (Rcrit, CW ),

log
1

ε̄(Cn)
≥ nEr(R) +

1

2
(1 + |E′r(R)|) logn+ Ω(1), (8)

where Er(R) is the random coding exponent, and Rcrit is
the critical rate such that Er(R) = Esp(R) for all R ≥
Rcrit [3, p. 160]. Hence our result, Theorem 1, matches
the achievability up to the logarithmic order.
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2 Proof Ideas

To establish our main result, we combine Blahut’s in-
sight of relating a channel coding problem to binary hy-
pothesis testing [5] with a sharp concentration inequality
employed in Ref. [7]. Our proof consists of three major
steps: (i) reduce the channel coding problem to binary
hypothesis testing (Lemma 3); (ii) bound its type-I error
from below (Propositions 4 and 5); (iii) relate the derived
bound to the sphere-packing exponent.

Lemma 3. For any classical-quantum channel W : X →
S(H) and any code Cn with message size M , it follows
that

εmax (Cn) ≥ max
σ∈S(H)

min
xn∈Cn

α̂ 1
M

(
W⊗nxn ‖σ⊗n

)
. (9)

We provide the proof in the full version [12, Section 4].

Proposition 4 (Chebyshev-Type Converse Hoeffding
Bound). Let R ∈ (R∞, CW ). Consider the hypotheses

H0 : ρn = W⊗nxn ; (10)

H1 : σn = (σ?)
⊗n

, (11)

where xn ∈ Xn and σ? ∈
arg minσ∈S(H) sup0<α≤1

1−α
α (Dα (W ‖σ|Pxn)−R).

Then, for every c > 0, there exist N0 ∈ N and
κ1, κ2 ∈ R>0 such that for all n ≥ N0 we have

α̂c exp{−nR} (ρn‖σn) ≥ κ1 exp
{
−κ2
√
n− nE(2)

sp (R,Pxn)
}
,

We provide the proof in the full version [12, Section 4].

Proposition 5 (Sharp Converse Hoeffding Bound). Let
R ∈ (R∞, CW ). Consider the hypothesese:

H0 : ρn = W⊗nxn ; (12)

H1 : σn = (σ?)
⊗n

, (13)

where xn ∈ Xn, and σ? :=
arg minσ∈S(H) sup0<α≤1

1−α
α (Dα (W ‖σ|Pxn)−R)

satisfying E
(2)
sp (R,Pxn) ∈ [ν,+∞) for some positive

ν > 0. For every c > 0, there exists a constant N0 ∈ N,
independent of the sequences ρn and σn, such that for
all n ≥ N0 we have

α̂c exp{−nR} (ρn‖σn) ≥ A

n
1
2 (1+s

?)
exp

{
−nE(2)

sp (R,Pxn)
}
,

where s? := − ∂E(2)
sp (r,P )

∂r

∣∣∣∣
r=R

, and A ∈ R>0 is a finite

constant depending on R, ν and W .

We provide the proof in the full version [12, Section 4].

3 Discussion

In this paper, we obtained a refined strong sphere-
packing bound for c-q channels and constant composition

codes with a polynomial pre-factor n−
1
2 (1+|E′

sp(R)|+o(1)).
Moreover, the established result matches the best known

random coding bound (i.e. achievability) up to the log-
arithmic order [7, 9]. For the case of general codes, the
derived pre-factor is of the polynomial order, i.e. O(n−t)
for some t > 1/2. We are able to obtain the exact pre-
factor without the assumption of constant composition
codes for a class of symmetric c-q channels. We note
that the exact pre-factor for general codes is still open
even in the classical case. Finally, our refinement enables
a moderate deviation analysis in c-q channels [13].
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Abstract. We study lower bounds on the optimal error probability in classical coding over classical-
quantum channels at rates below the capacity, commonly termed quantum sphere-packing bounds. Win-
ter and Dalai have derived such bounds for classical-quantum channels; however, the exponents in their
bounds only coincide when the channel is classical. In this paper, we show that these two exponents admit
a variational representation and are related by the Golden-Thompson inequality, reaffirming that Dalai’s
expression is stronger in general classical-quantum channels. Second, we establish a sphere-packing bound
for classical-quantum channels, which significantly improves Dalai’s prefactor from the order of subexpo-
nential to polynomial. Furthermore, the gap between the obtained error exponent for constant composition
codes and the best known classical random coding exponent vanishes in the order of o(logn/n), indicating
our sphere-packing bound is almost exact in the high rate regime. Finally, for a special class of symmetric
classical-quantum channels, we can completely characterize its optimal error probability without the con-
stant composition code assumption. The main technical contributions are two converse Hoeffding bounds
for quantum hypothesis testing and the saddle-point properties of error exponent functions.

1. Introduction

Shannon’s noisy coding theorem [1] states that a message in an appropriately coded form can be reliably
transmitted through a discrete memoryless channel W, provided the coding rate R is below the channel
capacity CW. More precisely, the probability of decoding errors can be made arbitrarily small as the
coding blocklength grows. Later, Shannon himself pioneered the study of the exponential dependency of
the optimal error probability ε∗(n,R) for a blocklength n and transmission rate R [2]. He defined the
reliability function to be, for any fixed coding rate R < CW,

E(R) := lim sup
n→+∞

− 1

n
log ε∗(n,R). (1)

The quantity E(R) then provides a measure of how rapidly the error probability approaches zero with
an increase in blocklength. This characterization of the reliability function is hence called the reliability
function analysis or the error exponent analysis.

For a classical channel, lower bounds for the reliability function can be established by random coding
arguments [3, 4, 5, 6]. However, upper bounds require different techniques since the code-dependent
bounds on the error probability need to be optimized over all codebooks. The first result—the sphere-
packing bound E(R) ≤ Esp(R)—was developed by Shannon, Gallager, and Berlekamp [7]. The sphere-
packing exponent Esp(R) is defined as

Esp(R) := sup
s≥0

{
max
P

E0(s, P )− sR
}
, (2)

where P is maximized over all probability distributions on the input alphabet, and E0(s, P ) is the aux-
iliary function or Gallager’s exponent [5]. Unlike Shannon-Gallager-Berlekamp’s technique which relates
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channel coding to binary hypothesis testing, Haroutunian [8, 9] employed a combinatorial method and
obtained an upper bound for the reliability function in terms of the following expression

Ẽsp(R) := max
P

min
V
{D (V‖W|P ) : I(P,V) ≤ R} , (3)

where V is minimized over all channels with the same output alphabet as W, D(V‖W|P ) is the conditional
relative entropy between the dummy channel V and the true channel W, and I(P,V) is the mutual
information of the channel V (the detailed definitions are given in Section 2). It was later realized
that the two quantities in Eqs. (2) and (3) are equivalent: they are related by convex program duality
[10, 11, 12]. Therefore, these two expressions, Eqs. (2) or (3), are both called sphere-packing exponents.

Error exponent analysis in classical-quantum (c-q) channels is more challenging because of the noncom-
mutative nature of quantum mechanics. Burnashev and Holevo [13] introduced a quantum version of the
auxiliary function [14, 15] and initialized the study of reliability functions in c-q channels. Winter [16] de-

rived a sphere-packing bound for c-q channels in the form of Ẽsp(R) in Eq. (3), generalizing Haroutunian’s
idea [8]. Dalai [17] employed Shannon-Gallager-Berlekamp’s approach [7] to establish a sphere-packing
bound with Gallager’s exponent in Eq. (2). In the follow-up work [18], Dalai and Winter pointed out that
these two exponents are not equal in c-q channels. In this work, we explicitly demonstrate a relationship
between the two quantities. Precisely, we show that they individually admit a variational representation
(Theorem 6 in Section 3):

Esp(R) = max
P

sup
0<α≤1

min
σ

{
1− α
α

(∑
x

P (x)Dα (Wx‖σ)−R

)}
; (4)

Ẽsp(R) = max
P

sup
0<α≤1

min
σ

{
1− α
α

(∑
x

P (x)D[
α (Wx‖σ)−R

)}
, (5)

where σ is minimized over all density operators on some Hilbert space H; Wx is the channel output state
on H; Dα is the (Petz) α-Rényi divergence [19]; and D[

α is the log-Euclidean α-Rényi divergence.

Since Dα ≥ D[
α for all α ∈ (0, 1], as a simple consequence of the Golden-Thompson inequality [20, 21],

the exponent Esp(R) in Eq. (4) is stronger than Ẽsp(R) in Eq. (5), i.e.

E(R) ≤ Esp(R) ≤ Ẽsp(R). (6)

These two exponents coincide2 only when all the channel output states commute (i.e. for classical chan-

nels). Thus, we call Esp(R) and Ẽsp(R) the strong sphere-packing exponent and the weak sphere-packing
exponent, respectively. The lower bounds for the optimal error probability in terms of these two quantities
are called the strong sphere-packing bound

ε∗ (n,R) ≥ f(n) exp {−n [Esp(R− g(n))]} , (7)

and the weak sphere-packing bound

ε∗ (n,R) ≥ f(n) exp
{
−n
[
Ẽsp(R− g(n))

]}
, (8)

where f(n) is the pre-factor of the bound, and g(n) is a rate back-off term. We note that g(n) = 0 in our
main result, and hence we only study f(n) in the following discussion.

The strong sphere-packing bound obtained by Dalai [17] had a pre-factor f(n) = e−O(
√
n), which is

loose for small blocklength n or in the situation where the transmission rate is close to channel capacity.
The main contribution of this paper is to establish a sphere-packing bound with a better pre-factor f(n) =
O(n−t) for some t > 1/2, which notably improves Dalai’s bound [17] from the order of subexponential to
polynomial (Corollary 10). When restricting to constant composition codes, we can be more explicit about

the obtained pre-factor, namely, f(n) = n−
1
2(1+|E′sp(R)|+o(1)) (Theorem 9). Furthermore, this sphere-

packing bound and the best known random coding upper bound [22, 23, 24, 25] in the classical case
coincide up to the third-order term (see the discussion in Section 4)). Hence, our result yields an almost

2For the coding rates above channel capacity, these two exponents are both zero (α attains 1 in Eqs. (4) and (5)). We exclude
this trivial case and only consider the rate being strictly below capacity.
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exact asymptotics of the sphere-packing bound for constant composition codes. Our second contribution

is to show that, for a class of symmetric c-q channels, the pre-factor f(n) = O(n−
1
2(1+|E′sp(R)|)), holds for

general codes. In other words, we are able to obtain an exact sphere-packing bound for general codes, by
exploiting a symmetric property of the channel.

Our main ingredients are a tight concentration inequality in strong large deviation theory [26], [27,
Theorem 3.7.4], [28, Section III.D] (Appendix B) and Blahut’s approach of hypothesis testing reduction
[10]. The strategy of the proof consists of three steps: (i) formulate the error probability of a certain
codebook to a hypothesis testing problem; (ii) give a lower (or called the converse) bound to the type-I
error in quantum hypothesis testing; and (iii) relate the error with the strong sphere-packing exponent. In
Section 4.1, we provide two converse bounds for quantum hypothesis testing. The first bound generalizes
Blahut’s one-shot converse Hoeffding bound [10, Theorem 10] to the quantum case (Proposition 12).
Unlike Blahut’s result derived in the weak form, we establish a strong sphere-packing bound for c-q
channels. For the second bound (Proposition 14), we employ Bahadur-Ranga Rao’s inequality [26] to
prove a sharp converse bound in step (ii). Finally, we combine these two results to obtain a refined strong
sphere-packing bound with a polynomial pre-factor.

Table 1 collects major proof approaches of classical sphere-packing bounds, Eqs. (7) and (8), and
discusses their generalizations to c-q channels. We remark that the established polynomial pre-factor is
crucial for the analysis of coding performance in the medium error probability regime (more commonly
known as moderate deviation analysis) [28, 29, 30].

The remaining part of the paper is organized as follows. Section 2 introduces the notation and necessary
preliminaries. The relationship between the weak and strong sphere-packing exponents is proved in
Section 3. In Section 4, we prove a refined sphere-packing bound for c-q channels. We consider a
symmetric c-q channel and establish an exact sphere-packing bound in Section 5. Lastly, we conclude
this paper in Section 6.

Blocklength Composition Pre-factor Rate back-off Classical-quantum
TightnessBounds\Settings

n dependent f(n) g(n) channels

Shannon-Gallager-
Any n Yes e−O(

√
n) O

(
logn
n

)
Dalai [17] Strong(a)

Berlekamp [7]

Haroutunian [8]

Large n Yes e−o(n) o(1) Winter [16] WeakOmura [31](b)

Csisár-Korner [12]

(c) Blahut [10] Any n No e−O(
√
n) O

(
n−

1
2

)
Eqs. (187) & (192) Strong

Large n Yes n−
1
2(1+|E′sp(R)|+o(1)) 0 Theorem 9 Strong(d) Altuğ-Wagner [32]

(e) Elkayam-Feder [33] Any n Yes O
(
n−t
)

O
(

logn
n

)
Unknown Unknown

Agustin-Nakiboğlu
Large n No O

(
n−t
)

0 Unknown Unknown(f)
[34, 35, 36, 37]

Table 1. Different sphere-packing bounds are compared by (i) whether the bounds hold
for any blocklength n or only for sufficiently large n ∈ N; (ii) whether or not they are
dependent on the constant composition codes; (iii) & (iv) the asymptotics f(n) and g(n);
(v) the corresponding c-q generalizations. The parameter t in rows (e) and (f) is some value
in the range t > 1/2; and (vi) whether their error exponent expressions for c-q channels
are in the strong form (Eq. (2)) or weak form (Eq. (3)).

2. Notation and Preliminaries

Throughout this paper, we consider a finite-dimensional Hilbert space H. The set of density operators
(i.e. positive semi-definite operators with unit trace) and the set of full-rank density operators on H are
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defined as S(H) and S>0(H), respectively. For ρ, σ ∈ S(H), we write ρ� σ if the support of ρ is contained
in the support of σ. The identity operator on H is denoted by 1H. If there is no possibility of confusion,
we will skip the subscript H. We use Tr [ · ] to denote the trace. Let N, R, R≥0, and R>0 denote the
set of integers, real numbers, non-negative real numbers, and positive real numbers, respectively. Define
[n] := {1, 2, . . . , n} for n ∈ N.

For a positive semi-definite operator A whose spectral decomposition is A =
∑

i aiPi, where (ai)i and
(Pi)i are the eigenvalues and eigenprojections of A, its power is defined as: Ap :=

∑
i:ai 6=0 a

p
iPi. In

particular, A0 denotes the projection onto supp(A), where we use supp(A) to denote the support of the
operator A. Further, A ⊥ B means supp(A) ∩ supp(B) = ∅. We denote by log the natural logarithm.

2.1. Information Quantities and Error-Exponent Functions. Given a pair of positive semi-definite
operators ρ, σ ∈ S(H), we define quantum relative entropy [38, 39] and relative variance [40, 41, 42],
respectively as

D(ρ‖σ) := Tr [ρ (logρ− logσ)] ; (9)

V (ρ‖σ) := Tr
[
ρ (logρ− logσ)2

]
−D(ρ‖σ)2, (10)

when ρ� σ, and +∞ otherwise.
For density operators ρ, σ ∈ S>0(H), and every α ∈ (0, 1), we define the following two families of

quantum Rényi divergences [19, 43, 44]:

Dα(ρ‖σ) :=
1

α− 1
logQα(ρ‖σ), Qα(ρ‖σ) := Tr

[
ρασ1−α] ; (11)

D[
α(ρ‖σ) :=

1

α− 1
logQ[α(ρ‖σ), Q[α(ρ‖σ) := Tr

[
eα log ρ+(1−α) log σ

]
. (12)

We term the above quantities as the (Petz) α-Rényi divergence, and the log-Euclidean α-Rényi divergence,
respectively. The log-Euclidean Rényi divergence arises from the log-Euclidean operator mean (also called
the chaotic mean): A♦αB := exp ((1− α) logA+ α logB) for 0 ≤ α ≤ 1. For general density operators
ρ, σ ∈ S(H), the above definitions can be extended as

Qα(ρ‖σ) := lim
δ↓0

Qα(ρ+ δ1‖σ + δ1) and Q[α(ρ‖σ) := lim
δ↓0

Q[α(ρ+ δ1‖σ + δ1). (13)

Note that these two quantities are related by the Golden-Thompson inequality [20, 21]:

Q[α(ρ‖σ) ≤ Qα(ρ‖σ), ∀α ∈ (0, 1). (14)

For α = 1 and α = 0, we define (see e.g. [44, Lemma III.4]):

D1(ρ‖σ) := lim
α↑1

Dα(ρ‖σ) = D(ρ‖σ), D[
1(ρ‖σ) := lim

α↑1
D[
α(ρ‖σ) = D(ρ‖σ); (15)

D0(ρ‖σ) := lim
α↓0

Dα(ρ‖σ), D[
0(ρ‖σ) := lim

α↓0
D[
α(ρ‖σ). (16)

We will need the following lemma in the next section.

Lemma 1 ([45], [44, Lemma III.3, Lemma III.11, Theorem III.14, Corollary III.25], [46, Corollary 2.2]).
Let ρ, σ ∈ S(H). Then,

α 7→ logQα(ρ‖σ) and α 7→ logQ[α(ρ‖σ) are convex on (0, 1); (17)

α 7→ Dα (ρ‖σ) is continuous and monotone increasing on [0, 1]. (18)

Moreover3,

∀α ∈ (0, 1), (ρ, σ) 7→ Q[α(ρ‖σ) is jointly concave on S(H)× S(H); (19)

∀α ∈ [0, 1], σ 7→ Dα(ρ‖σ) is strictly convex and lower semi-continuous on S(H). (20)

3It was shown in [44, Lemma III.22] that the map σ 7→ Dα(ρ‖σ) is lower semi-continuous on S(H) for all α ∈ (0, 1). The
argement can be extended to the range α ∈ [0, 1] by the same method in [44, Lemma III.22].
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Let X = {1, 2, . . . , |X |} be a finite alphabet, and let P(X ) be the set of probability distributions on
X . A classical-quantum (c-q) channel W maps elements of the finite set X to density operators in S(H),
i.e. W : x 7→ Wx. For a c-q channel W : X → S(H) and P ∈ P(X ), it is convenient to denote the
corresponding c-q state:

P ◦W :=
∑
x∈X

P (x)|x〉〈x| ⊗Wx. (21)

We also express the input distribution P ∈ P(X ) as a diagonal matrix with respect to the computational
basis {|x〉}x∈X , i.e. P =

∑
x∈X P (x)|x〉〈x|. Denote the conditional relative entropy of two c-q channels

V,W : X → S(H) with a prior distribution P ∈ P(X ) by

D (V‖W|P ) :=
∑
x∈X

P (x)D (Vx‖Wx) . (22)

Similarly, we define the following conditional entropic quantities for W : X → S(H), σ ∈ S(H) and
P ∈ P(X ):

D (W‖σ|P ) :=
∑
x∈X

P (x)D (Wx‖σ) , (23)

Dα (W‖σ|P ) :=
∑
x∈X

P (x)Dα (Wx‖σ) , (24)

D[
α (W‖σ|P ) :=

∑
x∈X

P (x)D[
α (Wx‖σ) . (25)

The mutual information of the prior distribution P ∈ P(X ) and the c-q channel W : X → S(H) is defined
as

I(P,W) := inf
σ∈S(H)

D (W‖σ|P ) = D (W‖PW|P ) , (26)

where PW :=
∑

x∈X P (x)Wx. The (classical) capacity of the channel W : X → S(H) is denoted by
[47, 48]:

CW := max
P∈P(X )

I(P,W). (27)

We define two related information quantities: for every α ∈ [0, 1],

I(1)
α (P,W) := inf

σ∈S(H)
Dα (P ◦W‖P ⊗ σ) ; (28)

I(2)
α (P,W) := inf

σ∈S(H)
Dα (W‖σ|P ) . (29)

The term I
(1)
α (P,W) is called the α-Rényi mutual information [49, 50, 36] or the generalized Holevo

quantity. The second term I
(2)
α (P,W) can be viewed as a variant of the α-Rényi mutual information. It

can be verified that these two functions are related by Jensen’s inequality:

I(1)
α (P,W) ≤ I(2)

α (P,W). (30)

For the case of α = 1, they both equal conventional mutual information, i.e. I
(1)
1 (P,W) = I

(2)
1 (P,W) =

I(P,W). Mosonyi and Ogawa [44, Proposition IV.2] showed that for all α ∈ [0, 1],

Cα,W := sup
P∈P(X )

I(1)
α (P,W) = sup

P∈P(X )
I(2)
α (P,W), (31)

and it is termed the Rényi radius or the Rényi capacity of order α. Moreover, Proposition 2 below and
the compactness of P(X ) show that the suprema in Eq. (31) can be replaced with maxima. The following
proposition presents important properties of α-Rényi mutual information and radius. The proof is given
in Appendix C.

Proposition 2 (Properties of α-Rényi Mutual Information and Radius). Given any classical-quantum
channel W : X → S(H), the following holds:
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(a) The map (α, P ) 7→ I
(2)
α (P,W) is continuous on [0, 1]× P(X ).

(b) For every P ∈ P(X ), α 7→ I
(2)
α (P,W) is monotone increasing on [0, 1].

(c) For every P ∈ P(X ), α 7→ 1−α
α I

(2)
α (P,W) is strictly concave on (0, 1).

(d) The map α 7→ Cα,W is continuous and monotone increasing on [0, 1].

Items (a), (b), and (c) also hold for I
(1)
α (P,W).

The strong sphere-packing exponent [17] of a c-q channel W : X → S(H) and a rate R ≥ 0 is defined
by

Esp(R) := max
P∈P(X )

Esp(R,P ), (32)

where

Esp(R,P ) := sup
s≥0
{E0(s, P )− sR} , (33)

and E0 is the auxiliary function of the c-q channel W (see [13, 14, 15]):

E0(s, P ) := − log Tr

(∑
x∈X

P (x) ·W 1/(1+s)
x

)1+s
 (34)

for all P ∈ P(X ) and s ≥ 0.
The weak sphere-packing exponent [16] is defined as

Ẽsp(R) := max
P∈P(X )

Ẽsp(R,P ), (35)

where

Ẽsp(R,P ) := min
V:X→S(H)

{D (V‖W|P ) : I(P,V) ≤ R} . (36)

We also need the following definitions: for any R ≥ 0 and P ∈ P(X ),

E(1)
sp (R,P ) := sup

0<α≤1

1− α
α

(
I(1)
α (P,W)−R

)
; (37)

E(2)
sp (R,P ) := sup

0<α≤1

1− α
α

(
I(2)
α (P,W)−R

)
, (38)

Eq. (30) implies that (see also Theorem 6) E
(1)
sp (R,P ) ≤ E

(2)
sp (R,P ). By quantum Sibson’s identity

[51], one finds

E(1)
sp (R,P ) = Esp(R,P ). (39)

Proposition 2 and Eq. (31) imply that the two quantities given in Eqs. (37) and (38) are equal to the
strong sphere-packing exponent by maximizing over the input distributions:

Esp(R) = max
P∈P(X )

E(1)
sp (R,P ) = max

P∈P(X )
E(2)

sp (R,P ). (40)

Further, we define [12, p. 152], [17, Theorem 6]:

R∞ := C0,W. (41)

From the definitions in Eqs. (27) and (41), it can be verified that R∞ ≤ CW for all c-q channels W. In
Proposition 4 below, one has Esp(R) = +∞ for R < R∞, and Esp(R) = 0 as R > CW. Throughout this
paper, we further assume that the considered c-q channel W satisfies R∞ < CW.

As we will show in Section 4, the quantity E
(2)
sp (R,P ) plays a significant role in the connection between

hypothesis testing and channel coding. Moreover, Proposition 3 below shows that the the optimizer in
Eqs. (29) and (38) forms a saddle-point. The proof closely follows Altuğ and Wagner [32, Proposition 1],
and is given in Appendix D.
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Proposition 3 (Saddle-Point). Consider a classical-quantum channel W : X → S(H), any R ∈ (R∞, CW),
and P ∈ P(X ). Let

SP,W(H) := {σ ∈ S(H) : ∀x ∈ supp(P ), Wx 6⊥ σ} . (42)

Define

FR,P (α, σ) :=


1− α
α

(Dα (W‖σ|P )−R) , α ∈ (0, 1)

0, α = 1
, (43)

on (0, 1]× S(H), and denote by

PR(X ) :=

{
P ∈ P(X) : sup

0<α≤1
inf

σ∈S(H)
FR,P (α, σ) ∈ R>0

}
. (44)

The following holds

(a) For any P ∈ P(X ), FR,P (·, ·) has a saddle-point on (0, 1]× SP,W(H) with the saddle-value:

min
σ∈S(H)

sup
0<α≤1

FR,P (α, σ) = sup
0<α≤1

min
σ∈S(H)

FR,P (α, σ) = E(2)
sp (R,P ). (45)

(b) If P ∈ PR(X ), the saddle-point is unique.
(c) Fix P ∈ PR(X ). Any saddle-point (α?R,P , σ

?
R,P ) of FR,P (·, ·) satisfies α?R,P ∈ (0, 1) and

σ?R,P �Wx, ∀x ∈ supp(P ). (46)

The following proposition discusses the continuity and differentiability of the error-exponent functions.
The proof is shown in Appendix E.

Proposition 4 (Properties of Error-Exponent Functions). Consider a classical-quantum channel W :
X → S(H) with R∞ < CW. We have

(a) Given every P ∈ P(X ), E
(2)
sp (·, P ) is convex and non-increasing on [0,+∞], and continuous on[

I
(2)
0 (P,W),+∞

]
. For every R > R∞, E

(2)
sp (R, ·) is continuous on P(X ). Further,

E(2)
sp (R,P ) =

+∞, R < I
(2)
0 (P,W)

0, R ≥ I(2)
1 (P,W)

. (47)

(b) Esp(·) is convex and non-increasing on [0,+∞], and continuous on [R∞,+∞]. Further,

Esp(R) =

{
+∞, R < R∞

0, R ≥ CW
. (48)

(c) Consider any R ∈ (R∞, CW) and P ∈ PR(X ) (see Eq. (44)). The function E
(2)
sp (·, P ) is differen-

tiable with

s?R,P = − ∂E
(2)
sp (r, P )

∂r

∣∣∣∣∣
r=R

∈ R>0, (49)

where s?R,P := (1− α?R,P )/α?R,P , and α?R,P is the optimizer in Eq. (38).

(d) s?R,(·) in Eq. (49) is continuous on PR(X ).

Given any R ∈ (R∞, CW) and P ∈ PR(X ), we denote a maximum absolute value subgradient of the
sphere-packing exponent at R by ∣∣E′sp(R)

∣∣ := max
P :E

(2)
sp (R,P )=Esp(R)

s?R,P . (50)

Note that the term
∣∣E′sp(R)

∣∣ in Eq. (50) is well-defined and finite by item (d) in Proposition 4.
Figure 1 below depicts different cases of the Esp(R) over rate R.
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+∞

CW

(a) 0 = R∞ < CW.

+∞

R∞ CW

(b) 0 < R∞ < CW.

+∞

CW

(c) 0 < R∞ = CW.

Figure 1. This figure illustrates three cases of the strong sphere-packing exponent Esp(R)
over R ≥ 0. In the first case 0 = R∞ < CW (the left figure), Esp(R) is only infinite at R = 0
and finite otherwise. In the second case 0 < R∞ < CW (the central figure), Esp(R) = +∞
for R < R∞, and Esp(R) < +∞ for R ≥ R∞. In the third case 0 < R∞ = CW (the
right figure), Esp(R) = +∞ for R < CW , and Esp(R) = 0 for R ≥ CW . Without loss of
generality, we assume R∞ < CW to exclude the last case throughout this paper.

2.2. Quantum Hypothesis Testing and Channel Coding. Consider a binary hypothesis whose null
and alternative hypotheses are ρ ∈ S(H) and σ ∈ S(H), respectively. The type-I error and type-II error
of the hypothesis testing, for an operator 0 ≤ Q ≤ 1, are defined as:

α (Q; ρ) := Tr [(1−Q)ρ] , (51)

β (Q;σ) := Tr [Qσ] . (52)

There is a trade-off relation between these two errors. Thus we can define the minimum Type-I error
when the type-II error is below µ ∈ (0, 1) as

α̂µ (ρ‖σ) := min
0≤Q≤1

{
α (Q; ρ) : β (Q;σ) ≤ µ

}
. (53)

We define an error-exponent function [52, 53, 54] for two sequences of states

H0 : ρn = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρn, (54)

H1 : σn = σ1 ⊗ σ2 ⊗ · · · ⊗ σn, (55)

by

φn (r|ρn‖σn) := sup
α∈(0,1]

{
1− α
α

(
1

n
Dα (ρn‖σn)− r

)}
, r ≥ 0. (56)

It is known that [54, Lemma 4]

φn (r|ρn‖σn) = +∞, ∀r ∈
[
0,− 1

n
D0 (ρn‖σn)

)
. (57)

Let M be a finite alphabetical set with size M = |M|. An (n-block) encoder is a map fn :M→ X n
that encodes each message m ∈ M to a codeword xn(m) := x1(m)x2(m) . . . xn(m) ∈ X n. The codeword
xn(m) is then mapped to a state

W⊗nxn(m) = Wx1(m) ⊗Wx2(m) ⊗ · · · ⊗Wxn(m) ∈ S(H⊗n). (58)

The decoder is described by a positive operator-valued measurement (POVM) Πn = {Πn,1, . . . ,Πn,M}
on H⊗n, where Πn,i ≥ 0 and

∑M
i=1 Πn,i = 1. The pair (fn,Πn) =: Cn is called a code with rate R =

1
n log |Cn| = 1

n logM . The error probability of sending a message m with the code Cn is εm(Cn) :=

1 − Tr
(
Πn,mWxn(m)

)
. We use εmax(Cn) = maxm∈M εm(Cn) and ε̄(Cn) = 1

M

∑
m∈M εm(Cn) to denote the
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maximal error probability and the average error probability, respectively. Given a sequence xn ∈ X n, we
denote by

Pxn(x) :=
1

n

n∑
i=1

1 {x = xi} (59)

the empirical distribution of xn, where xi is the i-th position of xn. A constant composition code with a
composition Pxn refers to a codebook whose codewords all have the same distribution Pxn .

Denote by ε∗ (n,R) the smallest average probability of error among all the coding strategies with a
blocklengh n and coding rate R. The reliability function of the channel W and the coding rate R is
defined by4

E(R) := lim sup
n→+∞

− 1

n
log ε∗ (n,R) . (60)

Winter [16] and Dalai [17] showed that the reliability function of a c-q channel can be upper bounded by

E(R) ≤ Ẽsp(R) and E(R) ≤ Esp(R), respectively.

2.3. Nussbaum-Szko la Distributions. Assume the dimension of the Hilbert space H is d. Given
density operators ρ, σ ∈ S(H) with spectral decompositions

ρ =
∑
i∈[d]

λi|xi〉〈xi|, and σ =
∑
j∈[d]

γj |yj〉〈yj |, (61)

we define the Nussbaum-Szko la distributions [55] pρ,σ, qρ,σ as

pρ,σ(i, j) := λi|〈xi|yj〉|2, qρ,σ(i, j) := γj |〈xi|yj〉|2. (62)

The distributions pρ,σ, qρ,σ have the same mathematical properties as the density operators ρ, σ in some
cases, and thus are useful in the sequel. First, one can verify that [55, 40],

Dα (ρ‖σ) = Dα (pρ,σ‖qρ,σ) , ∀α ∈ [0, 1]. (63)

Second, for product states ρ1 ⊗ ρ2 and σ1 ⊗ σ2, we have

pρ1⊗ρ2,σ1⊗σ2 = pρ1,σ1 ⊗ pρ2,σ2 , and qρ1⊗ρ2,σ1⊗σ2 = qρ1,σ1 ⊗ qρ2,σ2 . (64)

Third, ρ � σ if and only if pρ,σ � qρ,σ. Moreover, we will use ω to represent the pair of indices (i, j) in
Eq. (62), and view the distributions pρ,σ, qρ,σ as diagonal matrices, e.g. Tr [pρ,σ] =

∑
ω∈[d]×[d] p

ρ,σ(ω).

3. Relation between the Strong and Weak Sphere-Packing Exponents

This section derives alternative formulations of the strong and weak sphere-packing exponents of
Eqs. (2)-(3), and provides a relation between these two exponents. As we will show later, the derived
formulations are essentially optimization problems in the primal domain, while the expressions in Eqs. (2)
and (3) are corresponding dual representations.

We first consider the following convex optimization problem and then exploit it to establish variational
formulations of the sphere-packing exponents. Let ρ, τ ∈ S(H) be two density operators. Consider the
following convex optimization problem:

(P) e(r) := inf
σ∈S(H)

D (σ‖ρ) ,

subject to D (σ‖τ) ≤ r.
(65)

The above primal problem is interpreted as finding the optimal operator σ? that achieves the minimum
relative entropy e(r) to ρ, within r-radius to τ . The following result shows the dual representation of
problem (P) via Lagrangian duality.

Lemma 5 ([52, Section 3.7], [56], [44, Theorem III.5]). The dual problem of (P) is given by

(D) sup
s≥0

{
−(1 + s) logQ[ 1

1+s

(ρ‖τ)− sr
}
. (66)

4Throughout this paper, we skip the dependence of the channel W in the reliability function and error-exponent functions.
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Proof. By the method of Lagrange multipliers, the primal problem in Eq. (65) can be rewritten as

sup
s≥0

inf
σ∈S(H)

{D(σ‖ρ) + s (D(σ‖τ)− r)} (67)

= sup
s≥0

{
(1 + s) inf

σ∈S(H)

{
1

1 + s
D(σ‖ρ) +

s

1 + s
D(σ‖τ)

}
− sr

}
(68)

= sup
s≥0

{
−(1 + s) logQ[ 1

1+s

(ρ‖τ)− sr
}
, (69)

where the last equality follows from [44, Theorem III.5]. �

Theorem 6 (Variational Representations of the Sphere-Packing Exponents). Let W : X → S(H) be a
classical-quantum channel. For any R > R∞, we have

Ẽsp(R,P ) = sup
0<α≤1

min
σ∈S(H)

{
1− α
α

(
D[
α (W‖σ|P )−R

)}
, and (70)

Esp(R,P ) ≤ sup
0<α≤1

min
σ∈S(H)

{
1− α
α

(Dα (W‖σ|P )−R)

}
, (71)

where Ẽsp(R,P ) and Esp(R,P ) are defined in Eqs. (36) and (33), respectively.
Moreover, equality in Eq. (71) is attained when maximizing over all prior distributions, i.e.,

Esp(R) = max
P∈P(X )

Esp(R,P ) = max
P∈P(X )

sup
0<α≤1

min
σ∈S(H)

{
1− α
α

(Dα (W‖σ|P )−R)

}
. (72)

Proof. We start with the proof of Eq. (70). Observe that

min
σ∈S(H)

D (V‖σ|P ) = min
σ∈S(H)

∑
x∈X

P (x) Tr [Vx (log Vx − log σ)] (73)

= I(P,V). (74)

We find

Ẽsp(R,P ) = min
V:X→S(H)

{D (V‖W|P ) : I(P,V) ≤ R} (75)

= min
V:X→S(H)

{
D (V‖W|P ) : min

σ∈S(H)
D (V‖σ|P ) ≤ R

}
(76)

= sup
s≥0

min
V:X→S(H)

{
D (V‖W|P ) + s

(
min

σ∈S(H)
D (V‖σ|P )−R

)}
(77)

= sup
s≥0

min
σ∈S(H)

min
V:X→S(H)

{
−sR+

∑
x∈X

P (x)D (Vx‖Wx) + s ·D (Vx‖σ)

}
(78)

= sup
s≥0

min
σ∈S(H)

{∑
x∈X

P (x) min
Vx∈S(H)

[D (Vx‖Wx) + s ·D (Vx‖σ)− sR]

}
(79)

= min
σ∈S(H)

{∑
x∈X

P (x) min
Vx∈S(H)

{D (Vx‖Wx) : D (Vx‖σ) ≤ R}

}
. (80)

In Eq. (77) we introduced the constraint into the objective function via the Lagrange multiplier s ≥ 0;
and Eq. (79) follows from the linearity of the convex combination. By Lemma 5, the inner minimum over
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Vx ∈ S(H) can be represented as its dual problem:

Ẽsp(R,P ) = min
σ∈S(H)

sup
s≥0

{
−(1 + s)

∑
x∈X

P (x) log

[
Q[ 1

1+s

(Wx‖σ)

]
− sR

}
(81)

= min
σ∈S(H)

sup
0<α≤1

{
−
∑

x∈X P (x) log
[
Q[α (Wx‖σ)

]
− (1− α)R

α

}
, (82)

where we substitute α = 1/(1+s). From Lemma 1, the numerator in the bracket of Eq. (82) is a concave-
convex saddle function for every σ ∈ S(H) and every α ∈ (0, 1]. Hence, we invoke the minimax theorem,
Proposition 7 below, to exchange the order of min-sup in Eq. (82):

Ẽsp(R,P ) = sup
0<α≤1

min
σ∈S(H)

{
−
∑

x∈X P (x) log
[
Q[α (Wx‖σ)

]
− (1− α)R

α

}
(83)

= sup
0<α≤1

min
σ∈S(H)

{
1− α
α

(
D[
α (W‖σ|P )−R

)}
, (84)

where in (84) we recall the definition of the log-Euclidean α-Rényi divergence, Eq. (12), and hence prove
the first claim in Eq. (70).

Next, we will prove Eq. (71). From Jensen’s inequality and the concavity of the logarithm, the right-
hand side of Eq. (71) implies that

sup
0<α≤1

min
σ∈S(H)

{
1− α
α

(∑
x∈X

P (x)Dα (Wx‖σ)−R

)}
(85)

= sup
0<α≤1

min
σ∈S(H)

{
− 1

α

∑
x∈X

P (x) log Tr
[
Wα
x σ

1−α]− 1− α
α

R

}
(86)

≥ sup
0<α≤1

min
σ∈S(H)

{
− 1

α
log Tr

[∑
x∈X

P (x)
[
Wα
x σ

1−α]]− 1− α
α

R

}
(87)

= Esp(R,P ), (88)

where the last equality follows from Eq. (39).
Finally, Eq. (72) follows from the following identity proved by Mosonyi and Ogawa [44, Proposition

IV.2]:

max
P∈P(X )

min
σ∈S(H)

Dα (W‖σ|P ) = max
P∈P(X )

min
σ∈S(H)

Dα (P ◦W‖P ⊗ σ) , (89)

Note that the above relation also holds for D[
α.

Proposition 7 ([49, Proposition 21]). Let A ⊂ R≥0 be a convex set and let B be a compact Hausdorff
space. Further, let f : A× B → R be concave on A as well as convex on B. Then

sup
x∈A

inf
y∈B

f(x, y)

x
= inf

y∈B
sup
x∈A

f(x, y)

x
. (90)

�

The following corollary is a simple consequence of the variational representations of the sphere-packing
exponents in Theorem 6 and Eq. (14) .

Corollary 8. For any classical-quantum channel W : X → S(H), R > R∞, and P ∈ P(X ), it holds that

Esp(R,P ) ≤ Ẽsp(R,P ). (91)
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4. The Refined Strong Sphere-Packing Bound

The main result in the section is a refined strong sphere-packing bound for c-q channels with a polyno-
mial pre-factor (Theorem 9), improving upon a subexponential pre-factor obtained in [17]. To establish
this result, we combine Blahut’s insight of relating a channel coding problem to binary hypothesis testing
[10, 57] with a sharp concentration inequality employed in Ref. [32]. Our proof consists of three major
steps: (i) reduce the channel coding problem to binary hypothesis testing (Lemma 11); (ii) bound its
type-I error from below (Propositions 12 and 14); (iii) employ Theorem 6 to relate the derived bound to
the strong sphere-packing exponent.

Theorem 9 (Refined Strong Sphere-Packing Bound of Constant Composition Codes). Consider a classical-
quantum channel W : X → S(H) and R ∈ (R∞, CW). For every γ > 0, there exist an N0 ∈ N and a
constant A > 0 such that for all constant composition codes Cn of length n ≥ N0 with message size
|Cn| ≥ exp{nR}, we have

ε̄ (Cn) ≥ A

n
1
2(1+|E′sp(R)|+γ)

exp {−nEsp(R)} . (92)

The following corollary generalizes the refined sphere-packing bound for constant composition codes to
arbitrary codes via a standard argument [7, p. 95].

Corollary 10 (Refined Strong Sphere-Packing Bound for General Codes). Consider a classical-quantum
channel W : X → S(H) and R ∈ (R∞, CW). There exist some t > 1/2 and N0 ∈ N such that for all codes
of length n ≥ N0, we have

ε∗ (n,R) ≥ n−t exp {−nEsp(R)} . (93)

Proofs for Theorem 9 and Corollary 10 are provided in Section 4.2.

Theorem 9 yields

log
1

ε̄(Cn)
≤ nEsp(R) +

1

2

(
1 +

∣∣E′sp(R)
∣∣) log n+ o(log n), (94)

where the term 1
2

(
1 +

∣∣E′sp(R)
∣∣) can be viewed as a second-order term (see the discussions in [58, Section

4.4]). On the other hand, for the case of classical non-singular channels5, it was shown that [24, Theorem
3.6], for all constant composition codes Cn and rate R ∈ (Rcrit, CW),

log
1

ε̄(Cn)
≥ nEr(R) +

1

2

(
1 +

∣∣E′r(R)
∣∣) log n+ Ω(1), (95)

where Er(R) is the random coding exponent, and Rcrit is the critical rate such that Er(R) = Esp(R) for all
R ≥ Rcrit [6, p. 160], [15]. Hence our result, Theorem 9, matches the achievability up to the logarithmic
order. We note that whether the third order o(log n) in Eq. (94) can be improved to O(1) is still unknown
even for the classical case.

4.1. Converse Bounds for Quantum Hypothesis Testing. This section contains the hypothesis
testing reduction method (Lemma 11) and two converse bounds (Propositions 12 and 14). We first
present a proof that relates the decoding error of a code to binary hypothesis testing. We note that
Lemma 11 below is similar to the meta-converse in Ref. [60]. However, the idea dates back to Blahut [10].

Lemma 11. For any classical-quantum channel W : X → S(H) and any code Cn with message size M ,
it follows that

εmax (Cn) ≥ max
σ∈S(H)

min
xn∈Cn

α̂ 1
M

(
W⊗nxn ‖σ⊗n

)
. (96)

5For classical singular channels, one has log 1
ε̄(Cn)

≥ nEr(R) + 1
2

logn + Ω(1) [24]. Further, it was conjectured that [59]

that log 1
ε̄(Cn)

≤ nEsp(R) + 1
2

logn+ o(logn), for all asymmetric classical singular channels and constant composition codes.

However, such a result remains open.
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Proof. Let xn(m) be the codeword encoding the message m ∈ {1, . . . ,M}. Define a binary hypothesis
testing problem:

H0 : W⊗nxn(m), (97)

H1 : σn :=

n⊗
i=1

σi, (98)

where σn ∈ S (H⊗n) can be viewed as a dummy channel output. Since
∑M

m=1 β (Πn,m;σn) = 1 for any
POVM Πn = {Πn,1, . . . ,Πn,M}, and β (Πn,m;σn) ≥ 0 for every m ∈ M, there must exist a message

m ∈M for any code Cn such that β (Πn,m;σn) ≤ 1
M . Fix xn := xn (m). Then

εmax (Cn) ≥ εm (Cn) = α
(
Πn,m;W⊗nxn

)
≥ α̂ 1

M

(
W⊗nxn ‖σn

)
. (99)

Since the above inequality (99) holds for every σn ∈ S (H⊗n), it follows that

εmax (Cn) ≥ max
σ∈S(H)

min
xn∈Cn

α̂ 1
M

(
W⊗nxn ‖σ⊗n

)
. (100)

�

In the following Proposition, we generalize Blahut’s one-shot converse Hoeffding bound [10, Theorem
10] to the quantum setting. This result is essentially a Chebyshev-type bound. We will employ it to lower
bound the error of “bad sequences” that yield smaller error exponent in Section 4.2.

Proposition 12 (One-Shot Converse Hoeffding Bound). Consider the following binary hypothesis testing
problem: H0 : ρ versus H1 : σ, where ρ, σ ∈ S(H). For every r ≥ 0 and ν > 0, we have

α̂ 1
4

exp{−(r+ν)} (ρ‖σ) ≥ 1

2

(
1

2
− K(ρ, σ)

ν2

)
exp {−ν − φ (r|ρ‖σ)} (101)

where

φ (r|ρ‖σ) := sup
α∈(0,1]

{
1− α
α

(Dα (ρ‖σ)− r)
}
, (102)

and

K(ρ, σ) := V (q̂t‖q) + V (q̂t‖p) ∈ R≥0, (103)

where (p, q) are the Nussbaum-Szko la distributions of (ρ, σ), and

q̂t(ω) =
p1−t(ω)qt(ω)∑

ω∈supp(p)∩supp(q) p
1−t(ω)qt(ω)

, ω ∈ supp(p) ∩ supp(q) (104)

for some t ∈ [0, 1].

Proof. If ρ and σ have disjoint supports, then Eq. (101) trivially holds since Dα(ρ‖σ) = +∞ for all α ∈
[0, 1]. Hence, we assume ρ and σ have non-disjoint support in the following. Let B := supp(p)∩supp(q) be
the intersection of the joint support of p and q. Fix φ(r) := φ(r|ρ‖σ) = φ(r|p‖q) since Dα(ρ‖σ) = Dα(p‖q).

For any test 0 ≤ Q ≤ 1, Nagaoka showed that [56, Lemma 1] (see also [54, Proposition 2], [55]):

α (Q; ρ) + δβ (Q;σ) ≥ 1

2

 ∑
ω:p(ω)≤δq(ω)

p(ω) +
∑

ω:p(ω)>δq(ω)

δq(ω)

 , ∀δ ≥ 0. (105)

Let r > 0, δ = er−φ(r), and µ ≥ 0 that will be specified later. Eq. (105) implies that

α̂µ (ρ‖σ) ≥ 1

2

 ∑
ω:p(ω)eφ(r)≤q(ω)er

p(ω) +
∑

ω:p(ω)eφ(r)>q(ω)er

er−φ(r)q(ω)

− er−φ(r)µ (106)

≥ 1

2

 ∑
ω∈U1(ν)

p(ω) +
∑

ω∈U2(ν)

er−φ(r)q(ω)

− er−φ(r)µ, (107)
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where in the last line we introduce the decision regions for some ν > 0:

U1(ν) :=
{
ω : q̂t(ω)e−ν < p(ω)eφ(r) ≤ q(ω)er

}
, U2(ν) :=

{
ω : q̂t(ω)e−ν < q(ω)er < p(ω)eφ(r)

}
, (108)

and q̂t is the tilted distribution (see [10, Theorem 4]):

q̂t(ω) =
p1−t(ω)qt(ω)∑
ω∈B p

1−t(ω)qt(ω)
, ω ∈ B (109)

for some t ∈ [0, 1] such that q̂t satisfies

D (q̂t‖p) = φ (r) and D (q̂t‖q) = r. (110)

In the following, we are going to lower bound the right-hand side of Eq. (107) in terms of q̂t. From
Eq. (108), we find ∑

ω∈U1(ν)

p(ω) ≥ e−(φ(r)+ν)
∑

ω∈U1(ν)

q̂t(ω);

∑
ω∈U2(ν)

q(ω) ≥ e−(r+ν)
∑

ω∈U2(ν)

q̂t(ω).
(111)

Next, we estimate the error in the union:
∑

ω∈U1(ν)∪U2(ν) q̂t(ω). Let

UA :=
{
ω : q̂t(ω)e−ν < q(ω)er

}
, UB :=

{
ω : q̂t(ω)e−ν < p(ω)eφ(r)

}
. (112)

Observe that U1(ν) ∪ U2(ν) = UA ∩ UB and∑
ω∈UA∩UB

q̂t(ω) ≥ 1−
∑
ω∈Uc

A

q̂t(ω)−
∑
ω∈Uc

B

q̂t(ω). (113)

Denote by

UT :=

{
ω :

∣∣∣∣log
q̂t(ω)

q(ω)
e−r
∣∣∣∣ ≥ ν} (114)

=

{
ω :

∣∣∣∣∣log
q̂t(ω)

q(ω)
−
∑
ω∈B

q̂t(ω) log
q̂t(ω)

q(ω)

∣∣∣∣∣ ≥ ν
}
, (115)

where the last equality follows from Eq. (110). Since Uc
A ⊆ UT , we apply Chebyshev’s inequality to obtain∑

ω∈Uc
A

q̂t(ω) ≤
∑
ω∈UT

q̂t(ω) ≤ V (q̂t‖q)
ν2

. (116)

Similarly, ∑
ω∈Uc

B

q̂t(ω) ≤ V (q̂t‖p)
ν2

. (117)

Let K = K(ρ, σ) := V (q̂t‖q) + V (q̂t‖p). Equation (113), along with (116) and (117) yields that∑
ω∈U1(ν)∪U2(ν)

q̂t(ω) =
∑

ω∈UA∩UB

q̂t(ω) ≥ 1− K

ν2
. (118)
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Hence, from Eqs. (107), (111), and (118), we obtain the lower bound of the type-I error:

α̂µ (ρ‖σ) ≥ 1

2

 ∑
ω∈U1(ν)

p(ω) +
∑

ω∈U2(ν)

er−φ(r)q(ω)

− er−φ(r)µ, (119)

≥ 1

2
e−(φ(r)+ν)

 ∑
ω∈U1(ν)

q̂t(ω) +
∑

ω∈U2(ν)

q̂t(ω)

− er−φ(r)µ (120)

≥ 1

2
e−(φ(r)+ν)

 ∑
ω∈U1(ν)∪U2(ν)

q̂t(ω)

− er−φ(r)µ (121)

≥ 1

2
e−(φ(r)+ν)

(
1− K

ν2

)
− er−φ(r)µ. (122)

Choose µ = 1
4 exp{−(r + ν)}. Eq. (122) further gives

α̂ 1
4

exp{−(r+ν)} (ρ‖σ) ≥ 1

2
e−(φ(r)+ν)

(
1− K

ν2

)
− 1

4
e−(φ(r)+ν) (123)

=
1

2

(
1

2
− K

ν2

)
e−(φ(r)+ν), (124)

which completes the proof. �

Applying Proposition 12 to product states yields the following result.

Proposition 13 (Chebyshev-Type Converse Hoeffding Bound). Let W : X → S(H) be a classical-
quantum channel, and let R ∈ (R∞, CW). Consider the binary hypothesis testing with sequences

H0 : ρn = W⊗nxn ; (125)

H1 : σn =
(
σ?R,Pxn

)⊗n
, (126)

where xn ∈ X n and σ?R,P ∈ arg minσ∈S(H) sup0<α≤1
1−α
α (Dα (W‖σ|Pxn)−R). Then, for every c > 0,

there exist N0 ∈ N and κ1, κ2 ∈ R>0 such that for all n ≥ N0 we have

α̂c exp{−nR} (ρn‖σn) ≥ κ1 exp
{
−κ2

√
n− nE(2)

sp (R,Pxn)
}
, (127)

Remark 4.1. Consider independent and identically distributed (i.i.d.) extensions H0 : ρ⊗n and H1 : σ⊗n.
Proposition 13 then recovers the converse proof of the quantum Hoeffding bound (see [56] and [61, Section
5.4]): for r ∈ (0, D(ρ‖σ)),

lim
n→+∞

− 1

n
log α̂exp{−nr}

(
ρ⊗n‖σ⊗n

)
≤ sup

0<α≤1

1− α
α

(Dα(ρ‖σ)− r) . (128)

Proof. Denote by pn =
⊗n

i=1 pxi , q
n =

⊗
i=1 qxi Nussbaum-Szko la distributions of ρn and σn [55] with

joint supports Bxi := supp(pxi) ∩ supp(qxi), i ∈ [n]. Let Rn := R − γn, where γn := ν+log 4c
n . Fix an

arbitrary R0 ∈ (R∞, R). Choose an N0 ∈ N such that Rn ≥ R0 for all n ≥ N0. Consider n ≥ N0 onwards.
Then, Proposition 12 implies that

α̂c exp{−nR} (ρn‖σn) ≥ 1

2

(
1

2
− K(ρn, σn)

ν2

)
exp {−ν − nφn (Rn|ρn‖σn)} (129)

=
1

2

(
1

2
− K(ρn, σn)

ν2

)
exp

{
−ν − nE(2)

sp (Rn, Pxn)
}
, (130)
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where the second equality (130) follows from the saddle-point property, item (a) in Proposition 3. Since
the coefficient K(ρn, σn) in Eq. (103) is additive for product states, one has

K (ρn, σn) = V (q̂nt ‖pn) + V (q̂nt ‖qn) (131)

= n
∑
x∈X

Pxn(x) [V (q̂x,t‖px) + V (q̂x,t‖qx)] , (132)

where Pxn is the empirical distribution for the sequence xn, and q̂nt :=
⊗n

i=1 q̂xi,t is the tilted distribution
(see Eqs. (104) and (109)). Note that q̂nt � pn and q̂nt � qn for all t ∈ [0, 1]. This guarantees that the
quantity K(ρn, σn) is finite.

Let

Vmax := max
t∈[0,1], Pxn∈P(X )

∑
x∈X

Pxn(x) [V (q̂x,t‖px) + V (q̂x,t‖qx)] ∈ R>0, (133)

we obtain

K (ρn, σn) ≤ nVmax. (134)

By choosing ν =
√

4nVmax, Eqs. (130) and (134) give

α̂c exp{−nR} (ρn‖σn) ≥ 1

8
exp

{
−
√

4nVmax − nE(2)
sp (R− γn, Pxn)

}
. (135)

Finally, we will remove the rate back-off term γn in Eq. (135). Recall item (a) in Proposition 4 that

the map r 7→ E
(2)
sp (r, Pxn) is convex and monotone decreasing. Further, we assume E

(2)
sp (R0, Pxn) > 0

and thus the E
(2)
sp (·, Pxn) is differentiable at R0 by item (c) in Proposition 4. Otherwise, the monotone

decreases imply that E
(2)
sp (R,Pxn) = E

(2)
sp (R0, Pxn) = 0, which already completes the proof. Denoting by

∂− the left derivative, the convexity then implies that

E(2)
sp (R− γn, Pxn) ≤ E(2)

sp (R,Pxn)− γn∂−E(2)
sp (R− γn, Pxn), (136)

≤ E(2)
sp (R,Pxn)− γn

∂E
(2)
sp (r, Pxn)

∂r

∣∣∣∣∣
r=R0

, (137)

where the last inequality (137) follows from the monotone decreases. Let

Υ := max
Pxn∈P(X )

∣∣∣∣∣ ∂E(2)
sp (r, Pxn)

∂r

∣∣∣∣∣
r=R0

∣∣∣∣∣ . (138)

Note that Υ ∈ R≥0 due to R0 > R∞ and item (d) of Proposition 4. Then, Eqs. (135), (137), and (138)
lead to

α̂c exp{−nR} (ρn‖σn) ≥ 1

8
exp

{
−
√

4nVmax − γnΥ− nE(2)
sp (R,Pxn)

}
. (139)

Setting κ1 = 1/8 and choosing a constant κ2 ∈ R>0 such that
√

4nVmax + γnΥ ≤ κ2
√
n for all n ≥ N0

conclude this corollary. �

The following Proposition 14 is a sharp converse bound from Bahadur-Ranga Rao’s inequality (see
Appendix B). In Section 4.2, we will exploit this result to bound the error of “good sequences” with a
polynomial pre-factor.

Proposition 14 (Sharp Converse Hoeffding Bound). Let W : X → S(H) be a classical-quantum channel,
and let R ∈ (R∞, CW). Consider the following binary hypothesis testing problem with sequences

H0 : ρn = W⊗nxn ; (140)

H1 : σn =
(
σ?R,Pxn

)⊗n
, (141)

where xn ∈ X n, and σ?R,P := arg minσ∈S(H) sup0<α≤1
1−α
α (Dα (W‖σ|Pxn)−R) satisfying

E(2)
sp (R,Pxn) ∈ [ν,+∞) (142)
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for some positive ν > 0. For every c > 0, there exists a constant N0 ∈ N, independent of the sequences
ρn and σn, such that for all n ≥ N0 we have

α̂c exp{−nR} (ρn‖σn) ≥ A

n
1
2

(
1+s?R,Pxn

) exp
{
−nE(2)

sp (R,Pxn)
}
, (143)

where s?R,P := − ∂E
(2)
sp (r,P )
∂r

∣∣∣∣
r=R

, and A ∈ R>0 is a finite constant depending on R, ν and W.

Proof. Fix an arbitrary R0 ∈ (R∞, R). Let γn := logn
2n + x

n and Rn := R− γn for some x ∈ R. The choice
of x and the rate back-off term γn will become evident later. Let N1 ∈ N such that Rn ∈ [R0, R] for all
n ≥ N1. Subsequently, we choose such n ≥ N1 onwards.

Let pn :=
⊗n

i=1 pxi and qn :=
⊗n

i=1 qxi , where (pxi , qxi) are Nussbaum-Szko la distributions [55] of
(Wxi , σ

?) for every i ∈ [n]. Since Dα(ρxi‖σxi) = Dα(pxi‖qxi), for α ∈ (0, 1], again we shorthand

φn(Rn) := φn (Rn|ρn‖σn) = φn(Rn|pn‖qn) = E(2)
sp (Rn, Pxn) , (144)

where the last equality in Eq. (144) follows from the saddle-point property, item (a) in Proposition 3.
Moreover, item (c) in Proposition 3 implies that the state σ? dominants all the states: σ? � Wx, for all
x ∈ supp(Pxn), Hence, we have pn � qn. Without loss of generality, we set zero all elements of qxi that
do not lie in the support of pxi , i.e. qxi(ω) = 0, ω 6∈ supp(pxi), i ∈ [n], because those elements do not
contribute in φn(Rn).

Repeating Nagaoka’s argument [56] in Eq. (105) for any 0 ≤ Qn ≤ 1 and choosing δ = exp{nRn −
nφn(Rn)} yields

α (Qn; ρn) + δβ (Qn;σn) ≥ 1

2

(
α (U; pn) + enRn−nφn(Rn)β (U; qn)

)
, (145)

where α (U; pn) :=
∑

ω∈Uc pn(ω), β (U; qn) :=
∑

ω∈U q
n(ω), and

U :=
{
ω : pn(ω)enφn(Rn) > qn(ω)enRn

}
. (146)

In the following, we will employ Bahadur-Ranga Rao’s concentration inequality, Theorem 18, in Ap-
pendix B, to further lower bound α (U; pn) and β (U; qn). Before proceeding, we need to introduce some
notation. Let

Λ0,Pxn
(t) :=

∑
x∈X

Pxn(x)Λ0,xi(t), Λ1,Pxn
(t) :=

∑
x∈X

Pxn(x)Λ0,xi(t);

Λ0,xi(t) := logEpxi

[
e
t log

qxi
pxi

]
, Λ1,xi(t) := logEqxi

[
e
t log

pxi
qxi

]
,

(147)

and the Lengendre-Fenchel transform:

Λ∗j,Pxn
(z) := sup

t∈R
{tz − Λj,Pxn

(t)} , j ∈ {0, 1}. (148)

The quantities Λ∗j,Pxn
(z) would appear in the lower bounds of α (U; pn) and β (U; qn) obtained by Bahadur-

Randga Rao’s inequality as shown later.
Note that Eqs. (144), (142) and item (a) in Proposition 4 imply that, for all r ∈ [R0, R],

φn(r) ≥ φn(R) ≥ ν > 0. (149)

Lemma 17 in Appendix A thus relates the Legendre-Fenchel transform Λ∗j,Pxn
(z) to the desired error-

exponent function φn(Rn): for all r ∈ [R0, R]:

Λ′′0,Pxn
(t) > 0, ∀t ∈ [0, 1]; (150)

Λ∗0,Pxn
(φn(r)− r) = φn(r); (151)

Λ∗1,Pxn
(r − φn(r)) = r, (152)
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and there exists a unique optimizer t? := t?r,Pxn
to the Legendre-Fenchel transform Λ∗0,Pxn

(z) with

t? =
s?r,Pxn

1 + s?r,Pxn

∈ (0, 1), (153)

s?r,Pxn
= −∂φn(r)

∂r
. (154)

Next, we show that the optimizer t? in Eq. (153) can be further bounded in the following region:

t? ∈

[
ν

Ψ(R,ν)

1 + ν
Ψ(R,ν)

, 1

]
=: H, (155)

where

Ψ(R, ν) := max
Pxn : ν≤φn(R)<+∞

I
(2)
1 (Pxn ,W) ∈ R>0. (156)

Owing to t? =
s?r,Pxn

1+s?r,Pxn
in Eq. (153), proving Eq. (155) is equivalent to showing that, whenever φn(R) ∈

[ν,+∞) and r ∈ [R0, R]:

s?r,Pxn
≥ ν

Ψ(R, ν)
. (157)

Item (a) in Proposition 4 gives φn(Ψ(R, ν)) = 0 because I
(2)
1 (Pxn ,W) ≤ Ψ(R, ν). Continuing from

Eq. (154) leads to

s?r,Pxn
= −∂φn(r)

∂r
≥ −∂φn(r)

∂r

∣∣∣∣
r=R

≥ ν − 0

Ψ(R, ν)−R
≥ ν

Ψ(R, ν)
, (158)

where the first and second inequalities follow from the fact that φn(r) is convex and non-increasing in r.
Since Eq. (155) shows that the optimizer t? always lies in the compact set H, we can define the following

quantities:

Vmax(R, ν) := max
t∈H,Pxn∈PR,ν(X )

Λ′′0,Pxn
(t); (159)

Vmin(R, ν) := min
t∈H,Pxn∈PR,ν(X )

Λ′′0,Pxn
(t); (160)

Kmax(R, ν) := 15
√

2π max
t∈H,Pxn∈PR,ν(X )

T0,Pxn
(t)

Λ′′0,Pxn
(t)

; (161)

T0,Pxn
(t) :=

∑
x∈X

Pxn(x)Eq̂x,t

[∣∣∣∣log
qx
px
− Λ′0,x(t)

∣∣∣∣3
]
, (162)

where

PR,ν(X ) :=
{
Pxn ∈ P(X ) : ν ≤ E(2)

sp (R,Pxn) ≤ Esp(R) < +∞
}

(163)

is a compact set owing to the continuity of r 7→ φn(r). Also note that the maximization and minimization
in the above definitions are well-defined and finite because Λ′′0,(·)(·) and T0,(·)(·) are continuous functions

in (0, 1]× PR(X ) [32, Lemma 6], where PR(X ) is defined in Eq. (44). Further, the quantity Vmin(R, ν) is
bounded away from zero because of the positivity in Eq. (150).

Now, we are ready to derive the lower bounds for α (U; pn) and β (U; qn). Let N2 ∈ N be sufficiently
large such that for all n ≥ N2,

√
n ≥ 1 + (1 +Kmax(R, ν))2√

Vmin(R, ν)
. (164)
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Letting Zi = log qi − log pi with probability measure µi = pi, and z = Rn − φn(Rn) in Theorem 18, the
Bahadur-Randga Rao’s inequality gives

α (U; pn) :=
∑
ω∈Uc

pn(ω) (165)

= Pr

{
1

n

n∑
i=1

Zi ≥ Rn − φn(Rn)

}
(166)

≥ 2A(R, ν)√
n

exp
{
−nΛ∗0,Pxn

(φn(Rn)−Rn)
}

(167)

where

A(R, ν) :=
e−Kmax(R,ν)√
4πVmax(R, ν)

. (168)

Similarly, applying Theorem 18 with Zi = log pi − log qi, µi = qi, and z = φn(Rn)−Rn yields

β (U; qn) :=
∑
ω∈U

qn(ω) (169)

= Pr

{
1

n

n∑
i=1

Zi ≥ φn(Rn)−Rn

}
(170)

≥ 2A(R, ν)√
n

exp
{
−nΛ∗1,Pxn

(Rn − φn(Rn))
}
. (171)

Continuing from Eq. (167) and item (b) in Lemma 17 gives

α (U; pn) ≥ 2A(R, ν)√
n

exp {−nφn (Rn)} . (172)

Eq. (171) together with item (c) in Lemma 17 yields

β (U; qn) ≥ 2A(R, ν)√
n

exp {−nRn} = 2c exp {−nR} , (173)

where we choose x = − logA(R, ν) + log c in the rate back-off term γn = logn
2n + x

n . Thus we can bound

the left-hand side of Eq. (145) from below by A(R,ν)√
n

exp{−nφn(Rn)}. For any test 0 ≤ Qn ≤ 1 such that

β(Qn;σn) ≤ c exp {−nR} , (174)

we have,

α(Qn; ρn) ≥ A(R, ν)√
n

exp {−nφn (Rn)} . (175)

Hence, by choosing Qn in Eqs.(174) and (175) that attains α̂c exp{−nR}, we have

α̂c exp{−nR} (ρn‖σn) ≥ A(R, ν)√
n

exp {−nφn (Rn)} =
A(R, ν)√

n
exp

{
−nE(2)

sp (R− γn, Pxn)
}
. (176)

It remains to remove the rate back-off term γn in Eq. (176). By Taylor’s theorem, one has

E(2)
sp (R− γn, Pxn) = E(2)

sp (R,Pxn)− γn
∂E

(2)
sp (r, Pxn)

∂r

∣∣∣∣∣
r=R

+
γ2
n

2

∂2E
(2)
sp (r, Pxn)

∂r2

∣∣∣∣∣
r=R̄

, (177)
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for some R̄ ∈ (R0, R). Recalling item (d) in Lemma 17, one can show that

− ∂E
(2)
sp (r, Pxn)

∂r

∣∣∣∣∣
r=R

= s?R,Pxn
∈ R>0,

∂2E
(2)
sp (r, Pxn)

∂r2

∣∣∣∣∣
r=R̄

=
(1 + s̄)3

Λ′′0,Pxn

(
s̄

1+s̄

) ≤ (1 + s̄)3

Vmin(R, ν)
=: Υ ∈ R>0,

(178)

where s̄ := − ∂E(2)
sp (r, Pxn)/∂r

∣∣∣
r=R̄
∈ R>0, and the inequality follows from Eq. (160). Then, Eqs. (176),

(177) and (178) lead to

α̂c exp{−nR} (ρn‖σn) ≥ A(R, ν)√
n

exp
{
−nE(2)

sp (R,Pxn)− n
[
γn

(
s?R,Pxn

+
γn
2

Υ
)]}

(179)

=
A(R, ν)

n
1
2

(
1+s?R,Pxn

) exp
{
−nE(2)

sp (R,Pxn)− `n
}
, (180)

where we denote by

`n := −
(
s?R,Pxn

+
γn
2

Υ
)

logA(R, ν) +
γnΥ

4
log n. (181)

Since s?R,Pxn
∈ R>0 and γn log n = o(1), we choose a constant L ∈ R>0 and N3 ∈ N such that

`n ≤ L, ∀N ≥ N3. (182)

Hence, Eqs. (180) and (182) lead to

α̂c exp{−nR} (ρn‖σn) =
A(R, ν) exp{−L}

n
1
2

(
1+s?R,Pxn

) exp
{
−nE(2)

sp (R,Pxn)
}
. (183)

By letting N0 := max {N1, N2, N3} and A′ := A(R, ν) exp{−L}, we conclude the proof. �

4.2. Proofs of Theorem 9 and Corollary 10. We are ready to prove our main result—the refined
strong sphere-packing bound in Theorem 9 for constant composition codes and Corollary 10 for general
codes.

Proof of Theorem 9. Fix any rate R∞ < R < CW. First note that by Ref. [15, Proposition 10], we find

Esp(R) ∈ R>0. (184)

By Lemma 11 and the standard expurgation method (see e.g. [7, p. 96], [10, Theorem 20], [57, p. 395]),
it holds for every constant composition code Cn with a common composition Pxn that

ε (Cn) ≥ 1

2
εmax

(
C′n
)
≥ max

σ∈S(H)

1

2
α̂1/|C′n|

(
W⊗nxn ‖σ⊗n

)
(185)

≥ max
σ∈S(H)

1

2
α̂2 exp{−nR}

(
W⊗nxn ‖σ⊗n

)
(186)

≥ 1

2
α̂2 exp{−nR}

(
W⊗nxn ‖(σ?)⊗n

)
, (187)

where C′n is an expurgated code with message size |C′n| = d|Cn|/2e ≥ 1
2 exp{nR}. Inequality (186) holds

because the map µ 7→ α̂µ is monotone decreasing. In the last line (187) we denote by

σ? = σ?R,Pxn
:= arg min

σ∈S(H)
sup

0<α≤1

{
1− α
α

(Dα (W‖σ|Pxn)−R)

}
(188)

a channel output state that depends on the coding rate R and the composition Pxn .
In the following, we deal with sequences of inputs that will yield different lower bounds. Fix an arbitrary

δ ∈ (0, Esp(R)). Let ν := Esp(R)− δ > 0, and recall the definition in Eq. (163):

PR,ν(X ) :=
{
Pxn ∈ P(X ) : ν ≤ E(2)

sp (R,Pxn) ≤ Esp(R) < +∞
}
. (189)
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The set PR,ν(X ) ensures that the error exponents of the input sequences xn with composition Pxn ∈
PR,ν(X ) are close to the sphere-packing exponent Esp(R).

For sequences xn with Pxn /∈ PR,ν(X ), we infer that

Esp(R)− E(2)
sp (R,Pxn) = δ > 0. (190)

We then apply the Chebyshev-type bound, Proposition 13, with c = 2 to obtain, ∀Pxn /∈ PR,ν(X ),

α̂2 exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
≥ κ1 exp

{
−κ2

√
n− nE(2)

sp (R,Pxn)
}
, (191)

≥ κ1 exp
{
−κ2

√
n− n [Esp (R)− δ]

}
, (192)

for all sufficiently large n, say n ≥ N1 ∈ N. The equality in Eq. (191) follows from the saddle-point
property, item (a) in Proposition 3, and the constants κ1, κ2 are positive and finite constants.

Next, we consider sequences xn with Pxn ∈ PR,ν(X ). Since such sequences satisfy Eq. (142), we apply
the sharp lower bound, Proposition 14, with c = 2 to obtain, ∀Pxn ∈ PR,ν(X ),

α̂2 exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
≥ 2A

n
1
2

(
1+s?R,Pxn

) exp
{
−nE(2)

sp (R,Pxn)
}
, (193)

for all sufficiently large n, say n ≥ N2 ∈ N, and some A ∈ R>0. In the following, we will relate the term
s?R,Pxn

in Eq. (193) to
∣∣E′sp(R)

∣∣. The idea follows similar from [32, Eqs. (111)–(114)]. Let

P?R(X ) :=
{
P ∈ P(X ) : E(2)

sp (R,P ) = Esp(R)
}
, (194)

Pθ(X ) :=

{
P ∈ PR,ν(X ) : min

Q∈P?R(X )
‖P −Q‖1 ≥ θ

}
. (195)

Since s?R,(·) is uniformly continuous on the compact set P ∈ PR,ν(X ) (see item (d) of Proposition 4), one

has

∀γ ∈ R>0, ∃f(γ) ∈ R>0, such that ∀P,Q ∈ PR,ν(X ), ‖P −Q‖1 < f(γ)⇒
∣∣s?R,P − s?R,Q∣∣ < γ. (196)

By choosing γ ∈ R>0 that satisfies Eq. (196), it follows that

s?R,Pxn
≤
∣∣E′sp(R)

∣∣+ γ, ∀Pxn ∈ PR,ν(X )\Pf(γ)(X ). (197)

Hence, Eqs. (193) and (197) further lead to, ∀Pxn ∈ PR,ν(X )\Pf(γ)(X ),

α̂2 exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
≥ 2A

n
1
2(1+|E′sp(R)|+γ)

exp {−nEsp (R)} . (198)

For the case Pxn ∈ PR,ν(X ) ∩ Pf(γ)(X ), we have

Esp(R)− max
P∈Pf(γ)(X )

E(2)
sp (R,Pxn) =: δ′ > 0. (199)

Then, Eqs. (193) and (199) give, ∀Pxn ∈ PR,ν(X ) ∩ Pf(γ)(X ),

α̂2 exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
≥ 2A

n
1
2

(
1+s?R,Pxn

) exp
{
−n
[
Esp (R)− δ′

]}
. (200)

Finally, by comparing the bounds in Eqs. (192), (198) and (200), the first-order leading term in the
right-hand side of Eq. (198) decays faster than that of Eqs. (192) and (200). Thus, for sufficiently large
n, say n ≥ N3 ∈ N, we combine the bounds to obtain, for all compositions Pxn ∈ P(X ),

α̂2 exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
≥ 2A

n
1
2(1+|E′sp(R)|+γ)

exp {−nEsp (R)} . (201)

By combining Eqs. (187), (201), we conclude our result: for any γ > 0 and every n-blocklength constant
composition code Cn,

ε̄ (Cn) ≥ A

n
1
2(1+|E′sp(R)|+γ)

exp {−nEsp (R)} , (202)

for all sufficiently large n ≥ N0 := max {N1, N2, N3}. �
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Proof of Corollary 10. For an n-blocklength code, there are at most
(n+|X |−1
|X |−1

)
< n|X | different composi-

tions. Hence, for any code with M = exp{nR} codewords, there exists some codewords M ′ of the same

composition such that M ′ ≥ M/n|X |. Denote by C′n such constant composition codes with composition
Pxn .

Fix an arbitrary R0 ∈ (R∞, R), and choose N1 be an integer such that R− |X |n log n ≥ R0 for all n ≥ N1.
Consider such n ≥ N1 onwards. By following the similar steps in Theorem 9, we obtain

ε∗ (n,R) ≥ ε̄
(
C′n
)
≥ A

n
1
2

(
1+s?

R,Pnx

) exp

{
−nE(2)

sp

(
R− |X |

n
log n, Pxn

)}
, (203)

for all sufficiently large n, say n ≥ N2 ∈ N, and some s?R,Pxn
∈ R>0. Let

Υ := max
P∈P(X ):E

(2)
sp (R̄,P )=Esp(R̄)

∣∣∣∣∣ ∂E(2)
sp (r, P )

∂r

∣∣∣∣∣
r=R0

∣∣∣∣∣ . (204)

Then, item (a) in Proposition 4 implies that

E(2)
sp

(
R− |X |

n
log n, Pxn

)
≤ E(2)

sp (R,Pxn) + Υ · |X |
n

log n (205)

≤ Esp(R) + Υ · |X |
n

log n, ∀n ≥ N2 (206)

Combining Eqs. (203) and (206) gives

ε∗ (n,R) ≥ A

n
1
2

(
1+s?R,Pxn

)
+Υ|X |

exp {−nEsp(R)} , ∀n ≥ max{N1, N2}. (207)

By choosing t ∈ R>0 such that n−t ≤ An−
1
2

(
1+s?R,Pxn

)
−Υ|X |

, and letting N0 := max{N1, N2}, we conclude
our claim. �

5. Symmetric Classical-Quantum Channels

In this section, we consider a symmetric c-q channels. By using the symmetric property of the channels,

we show that the uniform distribution, denoted by UX , achieves the maximum of E
(1)
sp (R, ·) and E

(2)
sp (R, ·).

Then, by choosing the optimal output state σ?R = σ?R,UX , every input sequence in the codebook is a good

codeword and attains the sphere-packing exponent Esp(R). Hence, we can remove the assumption of
constant composition codes and apply Theorem 9 in Section 4 to obtain the optimal pre-factor for the
sphere-packing bound (Theorem 15).

A c-q channel W : X → S(H) is symmetric if it satisfies

Wx := V x−1W1(V †)x−1, ∀x ∈ X , (208)

where W1 ∈ S(H) is an arbitrary density operator, and V satisfies V †V = V V † = V |X | = 1H.

Theorem 15 (Exact Sphere-packing Bound for Symmetric Classical-Quantum Channels). For any rate
R ∈ (R∞, CW), there exist A > 0 and N0 ∈ N such that for all codes Cn of length n ≥ N0 with message
size |Cn| ≥ exp{nR}, we have

εmax (Cn) ≥ A

n
1
2(1+|E′sp(R)|) exp {−nEsp(R)} . (209)

Proof. The proof consists of the following steps. First, we show that the distribution UX satisfies

E
(1)
sp (R,UX ) = E

(2)
sp (R,UX ) = Esp(R). Second, we show that E

(2)
sp (R,P ) = Esp(R) for all P ∈ P(X ),

which means that any codeword attains the sphere-packing exponent. Finally, we follow Theorem 9 to
complete the proof.
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Fix any R ∈ (R∞, CW). From the definition of the symmetric channels in Eq. (208), it is not hard to
verify that UXW

α = V UXW
αV † for all α ∈ (0, 1], where we denote by PWα :=

∑
x∈X P (x)Wα

x for all
α ∈ (0, 1]. Hence, it follows that

Tr[Wα
x (UXW

α)
1−α
α ] = Tr[V x−1Wα

1 V
†x−1(UXW

α)
1−α
α ] (210)

= Tr[Wα
1 (UXW

α)
1−α
α ] (211)

for all x ∈ X and α ∈ (0, 1]. Summing Eq. (211) over all x ∈ X and dividing by M yields that

Tr[Wα
x (UXW

α)
1−α
α ] = Tr[(UXW

α)
1
α ], (212)

for all x ∈ X and α ∈ (0, 1]. Recalling Proposition 16 below, the above equation shows that the distribution
UX indeed maximizes E0(s, P ), ∀s ∈ R≥0. Then we have

E(1)
sp (R,UX ) = sup

s≥0

{
max
P∈P(X )

E0(s, P )− sR
}

= Esp(R).

Further, Jensen’s inequality shows that E
(2)
sp (R,UX ) ≥ E

(1)
sp (R,UX ) = Esp(R), and thus, E

(2)
sp (R,UX ) =

Esp(R).
Next, let (α?R, σ

?
R) be the saddle-point of FR,UX (·, ·) (see Eq. (43)). One can observe from the definition

of E
(2)
sp and Eq. (212) that all the quantities Dα?R

(Wx‖σ?R), x ∈ X , are equal. By item (c) of Proposition

3 and Eq. (300), we obtain

σ?R =

(
UXW

α?R
)1/α?R

Tr
[(
UXW

α?R
)1/α?R] , (213)

which, in turn, implies that

E(2)
sp (R,P ) = sup

α∈(0,1]
FR,P (α, σ?R) = sup

s≥0
{E0(s, UX )− sR} = Esp(R), ∀P ∈ P(X ). (214)

Further, we have ∣∣E′sp(R)
∣∣ =

1− α?R
α?R

=

∣∣∣∣∣∂E(2)
sp (R,P )

∂R

∣∣∣∣∣ , ∀P ∈ P(X ). (215)

Since Eqs. (214) and (5) indicates that every input sequence attains the sphere-packing exponent, we
apply the same arguments in the proof of Theorem 9 to conclude this theorem.

Proposition 16 ([14, Eq. (38)]). Let s ∈ R≥0 be arbitrary. The Necessary and sufficient condition for
the distribution P ? to maximize E0(s, P ) is

Tr

[
W 1/(1+s)
x ·

(∑
x∈X

P ?(x)W 1/(1+s)
x

)s]
≥ Tr

(∑
x∈X

P ?(x)W 1/(1+s)
x

)1+s
 , ∀x ∈ X (216)

with equality if P ?(x) 6= 0.

�

6. Conclusions

In this paper, we provided an exposition of sphere-packing bounds in classical and quantum channel
coding. Unlike classical results, there are two different quantum sphere-packing exponents, one being
stronger than the other. We provided variational representations for these two exponents, and showed
that they are ordered by the Golden-Thompson inequality. Our proof strategy was inspired by Blahut’s
approach of hypothesis testing reduction [10] and Altuğ-Wagner’s technique in strong large deviation
theory [32]. Specifically, the pre-factor of the bound, that is akin to the converse Hoeffding bound in
quantum hypothesis testing, can be improved by Bahadur-Ranga Rao’s sharp concentration inequality
[26, 27]. Consequently, we obtained a refined strong sphere-packing bound for c-q channels and constant
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composition codes with a polynomial pre-factor f(n) = n−
1
2(1+|E′sp(R)|+o(1)). Moreover, the established

result matches the best known random coding bound (i.e. achievability) up to the logarithmic order
[32, 23, 24, 25]. For the case of general codes, the derived pre-factor is of the polynomial order, i.e. f(n) =
O(n−t) for some t > 1/2. We are able to obtain the exact pre-factor without the assumption of constant
composition codes for a class of symmetric c-q channels. We note that the exact pre-factor for general
codes is still open even in the classical case. Finally, our refinement enables a moderate deviation analysis
in c-q channels [29] (see also [30]).

Appendix A. Lengendre-Fenchel Transform and Error-Exponent Functions

In this section, we will see that the Lengendre-Fenchel transform is closely related to the error-exponent
function of hypothesis testing and channel coding. Consider the following binary hypotheses:

H0 : pn := px1 ⊗ px2 ⊗ · · · pxn ,
H1 : qn := qx1 ⊗ qx2 ⊗ · · · qxn ,

(217)

where pxi , qxi are probability mass functions; and xi belongs to some finite alphabet X and n ∈ N be
fixed. Given any r ≥ 0, recall the definition of the error-exponent function in Eq. (56):

φn(r) = φn(r|pn‖qn) = sup
α∈(0,1]

{
1− α
α

(
1

n
Dα (pn‖qn)− r

)}
. (218)

Without loss of generality, we assume that pn � qn have the same support since elements of qxi , that do
not lie in the support of pxi , do not contribute to φn(r).

Let Z be a random variable with probability measure µ. Further, we assume Z is finite on supp(µ).
The cumulant generating function (c.g.f.) of Z is defined as

Λ(t) := logEµ
[
etZ
]
, t ∈ R. (219)

The Lengendre-Fenchel transform of Λ(t) is

Λ∗(z) := sup
t∈R
{zt− Λ(t)} . (220)

Such a transform plays a significant role in concentration inequalities, convex analysis, and large deviation
theory [27].

Let Pxn be the empirical distribution of the sequence xn = x1x2 . . . xn. Let Z0 = log qn

pn with probability

measure pn, Z1 = log pn

qn with probability measure qn, and denote

Λ0,Pxn
(t) :=

1

n
logEpn

[
etZ0

]
=
∑
x∈X

Pxn(x)Λ0,xi(t),

Λ1,Pxn
(t) :=

1

n
logEqn

[
etZ1

]
=
∑
x∈X

Pxn(x)Λ1,xi(t);

(221)

where

Λ0,xi(t) := logEpxi

[
e
t log

qxi
pxi

]
, Λ1,xi(t) := logEqxi

[
e
t log

pxi
qxi

]
. (222)

Rewrite the right-hand side of Eq. (218) with α = 1
1+s , and observe that∑

x∈X
Pxn(x)sD 1

1+s
(px‖qx) = −(1 + s)Λ0,Pxn

(
s

1 + s

)
(223)

=: E
(2)
0 (s, Pxn). (224)

Then the error-exponent function in Eq. (218) can also be viewed as a Lengendre-Fenchel transform of

E
(2)
0 (s, Pxn):

φn(r) = sup
s≥0

{
E

(2)
0 (s, Pxn)− sr

}
. (225)
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The following lemma relates φn(r) to Λ∗j,Pxn
(z), the Lengendre-Fenchel transform of Eq. (221):

Λ∗j,Pxn
(z) := sup

t∈R
{tz − Λj,Pxn

(t)} , j ∈ {0, 1}. (226)

Lemma 17. Let pn and qn, n ∈ N, be described as above. Assume r > 1
nD0 (pn‖qn) and φn(r) > 0. The

following hold:

(a) Λ′′0,Pxn
(t) > 0 for all t ∈ [0, 1].

(b) Λ∗0,Pxn
(φn(r)− r) = φn(r).

(c) Λ∗1,Pxn
(r − φn(r)) = r.

(d) Let t? := t?r,Pxn
be the optimizer of Λ∗0,Pxn

(z) in Eq. (226), and s? := s?r,Pxn
be the optimizer of φn(r)

in Eq. (225). The optimizer t? ∈ (0, 1) is unique, and satisfies Λ′0,Pxn
(t?) = φn(r)−r. In particular,

one has t? = s?

1+s? ; s? = −∂φn(r)
∂r ; and ∂2φn(r)

∂r2 = −
(
∂2E

(2)
0 (s,Pxn )

∂s2

∣∣∣∣
s=s?

)−1

=

(
1+s?r,Pxn

)3

Λ′′0,Pxn
(t?)

> 0.

Before proving Lemma 17, we will need the following partial derivatives with respect to t:

Λ′0,xi(t) = Eq̂xi,t

[
log

qxi
pxi

]
, Λ′1,xi(t) = Eq̂xi,1−t

[
log

pxi
qxi

]
; (227)

Λ′′0,xi(t) = Varq̂xi,t

[
log

qxi
pxi

]
, Λ′′1,xi(t) = Varq̂xi,1−t

[
log

pxi
qxi

]
, (228)

where we denote the tilted distributions for every i ∈ [n] and t ∈ [0, 1] by

q̂xi,t(ω) :=
pxi(ω)1−tqxi(ω)t∑

ω∈supp(pxi )
pxi(ω)1−tqxi(ω)t

, ω ∈ supp(pxi). (229)

It is also easy to verify that

Λ0,xi(t) = Λ1,xi(1− t), Λ′0,xi(t) = −Λ′1,xi(1− t), Λ′′0,xi(t) = Λ′′1,xi(1− t). (230)

This lemma closely follows Ref. [32, Lemma 9]; however, the major difference is that we prove the
claim using φn(r|ρn‖σn) in Eq. (56) instead of the discrimination function: min {D (τ‖ρ) : D (τ‖σ) ≤ r}
in Eq. (65). This expression is crucial to obtaining the sphere-packing bound in Theorem 9 in the strong
from, cf. Eq. (2), instead of the weak form, cf. Eq. (3).

Proof of Lemma 17-(a). We will prove this statement by contradiction. Let t ∈ [0, 1], Assuming that
Λ′′0,Pxn

(t) = 0, implies Λ′′0,x(t) = 0, ∀x ∈ supp(Pxn). Recall from Eq. (228)

0 = Λ′′0,x(t) = Varq̂x,t

[
log

qx
px

]
, (231)

which is equivalent to

px(ω) = qx(ω) · e−Λ′0,x(t), ∀ω ∈ supp(px). (232)

Summing both sides of Eq. (232) over ω ∈ supp(px) gives

1 = Tr
[
p0
xqx
]

e−Λ′0,x(t). (233)

Then, Eqs. (232) and (233) imply that

φn(r) = sup
0<α≤1

α− 1

α

(
r −

∑
x∈X

Pxn(x)Dα (px‖qx)

)
(234)

= sup
0<α≤1

α− 1

α

(
r +

∑
x∈X

Pxn(x) log Tr
[
p0
xqx
])

(235)

= 0, (236)

where Eq. (236) follows since r > 1
nD0(pn‖qn) = − 1

n

∑
x∈X Pxn(x) log Tr

[
p0
xqx
]

by assumption. However,
this contradicts with the assumption φn(r) > 0. Hence, we conclude item (a). �
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Proof of Lemma 17-(b). Observe that E
(2)
0 (s, Pxn)− sr in Eq. (225) is strictly concave in s ∈ R≥0 since

∂2E
(2)
0 (s, Pxn)

∂s2
= − 1

(1 + s)3
Λ′′0,Pxn

(
s

1 + s

)
< 0, (237)

owing to Eqs. (224), (228), and Lemma (a). Moreover, s = 0 cannot be an optimum in Eq. (225);
otherwise, it will violate the assumption φn(r) ≥ 0. Thus a unique maximizer s? ∈ R>0 exists such that

φn(r) = −s?r + E
(2)
0 (s?, Pxn) (238)

=
s?

1 + s?
Λ′0,Pxn

(
s?

1 + s?

)
− Λ0,Pxn

(
s?

1 + s?

)
. (239)

where in the second equality we use Eq. (224) and

r =
∂E

(2)
0 (s, Pxn)

∂s

∣∣∣∣∣
s=s?

(240)

= − 1

1 + s?
Λ′0,Pxn

(
s?

1 + s?

)
− Λ0,Pxn

(
s?

1 + s?

)
. (241)

Comparing Eq. (239) with (241) gives

Λ′0,Pxn

(
s?

1 + s?

)
= φn(r)− r, (242)

which is exactly the optimum solution to Λ∗0,Pxn
(z) in Eq. (226) with

t? =
s?

1 + s?
∈ (0, 1), (243)

z = φn(r)− r. (244)

Hence, we obtain

Λ∗0,Pxn
(φn(r)− r) = t?z − Λ0,Pxn

(t?) (245)

=
s?

1 + s?
(φn(r)− r)− Λ0,Pxn

(
s?

1 + s?

)
(246)

=
s?

1 + s?
Λ′0,Pxn

(
s?

1 + s?

)
− Λ0,Pxn

(
s?

1 + s?

)
(247)

= φn(r), (248)

where Eqs. (242) and (239) are used in the third and last equalities. �

Proof of Lemma 17-(c). This proof follows from similar arguments in item (b) and Eq. (230). Eqs. (242)
and (230) lead to

Λ′1,Pxn

(
1

1 + s?

)
= r − φn(r), (249)

which satisfies the optimum solution to Λ1,Pxn
(z) in Eq. (226) with t? = 1

1+s? ∈ (0, 1) and z = r − φn(r).
Then,

Λ∗1,Pxn
(r − φn(r)) = t?z − Λ1,Pxn

(t?) (250)

=
1

1 + s?
(r − φn(r))− Λ1,Pxn

(
s?

1 + s?

)
(251)

=
1

1 + s?
Λ′1,Pxn

(
1

1 + s?

)
− Λ1,Pxn

(
1

1 + s?

)
(252)

= r, (253)

where the third equality is due to Eq. (249), and the last equality follows from Eqs. (230) and (241).
�
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Proof of Lemma 17-(d). The fact that a unique optimizer t? ∈ (0, 1) exists such that Λ′0,Pxn
(t?) = φn(r)−r

follows directly from Eqs. (242), (243) and Λ′′0,Pxn
(t) > 0, for t ∈ [0, 1].

Moreover, Eqs. (238), (240), and (237) yield

−∂φn(r)

∂r
= s?, (254)

∂2φn(r)

∂r2
= −∂s

?

∂r
= −

(
∂2E

(2)
0 (s, Pxn)

∂s2

)−1
∣∣∣∣∣∣
s=s?

=
(1 + s?)3

Λ0,Pxn

(
s?

1+s?

) , (255)

which completes the claim in item (d). �

Appendix B. A Tight Large Deviation Inequality

Let (Zi)
n
i=1 be a sequence of independent, real-valued random variables with probability measures

(µi)
n
i=1. Let Λi(t) := logE

[
etZi

]
and define the Legendre-Fenchel transform of 1

n

∑n
i=1 Λi(·) to be:

Λ∗n(z) := sup
t∈R

{
zt− 1

n

n∑
i=1

Λi(t)

}
, ∀z ∈ R. (256)

Then there exists a real number t? ∈ (0, 1] for every z ∈ R such that

z =
1

n

n∑
i=1

Λ′i(t
?); (257)

Λ∗n(z) = zt? − 1

n

n∑
i=1

Λi(t
?). (258)

Define the probability measure µ̃i via

dµ̃i
dµi

(zi) := et
?zi−Λi(t

?), (259)

and let Z̄i := Zi − Eµ̃i [Zi]. Furthermore, define m2,n :=
∑n

i=1 Varµ̃i
[
Z̄i
]
, m3,n :=

∑n
i=1Eµ̃i

[∣∣Z̄i∣∣3],
and Kn(t?) :=

15
√

2πm3,n

m2,n
. With these definitions, we can now state the following sharp concentration

inequality for 1
n

∑n
i=1 Zi:

Theorem 18 (Bahadur-Ranga Rao’s Concentration Inequality [32, Proposition 5], [26]). Provided that
√
m2,n ≥ 1 + (1 +Kn (t?))2, then

Pr

{
1

n

n∑
i=1

Zi ≥ z

}
≥ e−nΛ∗n(z) e−Kn(t?)

2
√

2πm2,n
. (260)

Appendix C. Proof of Proposition 2

Proposition 2 (Properties of α-Rényi Mutual Information and Radius). Given any classical-quantum
channel W : X → S(H), the following holds:

(a) The map (α, P ) 7→ I
(2)
α (P,W) is continuous on [0, 1]× P(X ).

(b) For every P ∈ P(X ), α 7→ I
(2)
α (P,W) is monotone increasing on [0, 1].

(c) For every P ∈ P(X ), α 7→ 1−α
α I

(2)
α (P,W) is strictly concave on (0, 1].

(d) The map α 7→ Cα,W is continuous and monotone increasing on [0, 1].

Items (a), (b), and (c) also hold for I
(1)
α (P,W).
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Proof of Proposition 2-(a). Fix an arbitrary sequence (αk, Pk)k∈N such that αk ∈ [0, 1], Pk ∈ P(X ), and
limk→+∞(αk, Pk) = (α∞, P∞) ∈ [0, 1]× P(X ). Let

σ?k ∈ arg min
σ∈S(H)

Dαk (W‖σ|Pk) , ∀k ∈ N ∪ {+∞}. (261)

The definition in Eq. (29) implies that

lim inf
k→+∞

I(2)
αk

(Pk,W) = lim inf
k→+∞

Dαk (W‖σ?k|Pk) (262)

≥ Dα∞

(
W

∥∥∥∥ lim
k→+∞

σ?k

∣∣∣∣P∞) (263)

≥ min
σ∈S(H)

Dα∞ (W‖σ|P∞) (264)

= I(2)
α∞(P∞,W), (265)

where, in order to establish (263), we used the lower semi-continuity of the map σ 7→ Dαk(W‖σ|Pk) in
Eq. (23) and the continuity of (α, P ) 7→ Dα (W‖σ?k|P ) (Eq. (18) in Lemma 1).

Next, we let

σk := (1− εk)σ?∞ + εk
1

d
, ∀k ∈ N; (266)

εk :=
‖Pk − P∞‖1

2
. (267)

Then, it follows that

lim sup
k→+∞

I(2)
αk

(Pk,W) ≤ lim sup
k→+∞

{Dαk (W‖σk|Pk)} (268)

= lim sup
k→+∞

{
Dαk (W‖σk|P∞) +

∑
x∈X

[Pk(x)− P∞(x)]Dαk (Wx‖σk)

}
(269)

≤ lim sup
k→+∞

{Dαk (W‖σk|P∞)}+ lim sup
k→+∞

{∑
x∈X

[Pk(x)− P∞(x)]Dαk (Wx‖σk)

}
(270)

= Dα∞ (W‖σ?∞|P∞) + lim sup
k→+∞

{∑
x∈X

[Pk(x)− P∞(x)]Dαk (Wx‖σk)

}
(271)

= I(2)
α∞(P∞,W) + lim sup

k→+∞

{∑
x∈X

[Pk(x)− P∞(x)]Dαk (Wx‖σk)

}
. (272)

Here, Eq. (269) follows from the definition in Eq. (23). Inequality (270) holds because the superior
limit of sum is smaller than the sum of superior limits. Equality (271) holds because σk � Wx for
all x ∈ supp(P∞) and k ∈ N ∪ {+∞}. Thus, the map (αk, σk) 7→ Dαk(W‖σk|P∞) is continuous for
k ∈ N ∪ {+∞}.
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It remains to show the second term in Eq. (272) is actually zero. The definition in Eq. (23) and direct
calculation show that

lim sup
k→+∞

{∑
x∈X

[Pk(x)− P∞(x)]Dαk (Wx‖σk)

}
(273)

≤ lim sup
k→+∞

{
εk ·max

x∈X
Dαk(Wx‖σk)

}
(274)

≤ lim sup
k→+∞

{
εk ·max

x∈X
Dαk

(
Wx

∥∥∥∥εk1d
)}

(275)

= lim sup
k→+∞

{
εk ·

[
log εk + max

x∈X
Dαk

(
Wx

∥∥∥∥1d
)]}

(276)

= lim sup
k→+∞

εk log εk (277)

= 0, (278)

where Eq. (275) follows from the dominance of α-Rényi divergence [62, Section 4]; in the last equality
(278) we use the convention limεk↓0 εk log εk = 0 and limk→+∞ Pk = P∞. Hence, item (a) is proven. �

Proof of Proposition 2-(b). Recall the definition in Eq. (29). The statement immediately follows from
Eq. (18) (see also [44, Lemma IV.5]) because the minimization over σ ∈ S(H) preserves the monotonicity.

�

Proof of Proposition 2-(c). The claim was proven by Mosonyi and Ogawa [44, Appendix B]. �

Proof of Proposition 2-(d). The map α 7→ Cα,W is continuous and monotone increasing on [0, 1].
Berge’s maximum theorem [63, Section IV.3], [64, Lemma 3.1] shows that the continuous map (α, P ) 7→
I

(2)
α (P,W) maximized over the compact set P ∈ P(X ) is still continuous for α ∈ [0, 1].

Lastly, we show the the assertions for I
(1)
α (P,W). Quantum Sibson’s identity [51] implies that I

(1)
α (P,W) =

α
1−αE0((1−α)/α, P ) for α ∈ [0, 1), where E0 is defined in Eq. (34). Items (a) and (b) hold directly. Item (c)

follows from the concavity of s 7→ E0(s, P ) for all s ≥ 0 [15]. �

Appendix D. Proof of Proposition 3

Proposition 3 (Saddle-Point). Consider a classical-quantum channel W : X → S(H), any R ∈ (R∞, CW),
and P ∈ P(X ). Let

SP,W(H) := {σ ∈ S(H) : ∀x ∈ supp(P ), Wx 6⊥ σ} . (279)

Define

FR,P (α, σ) :=


1− α
α

(Dα (W‖σ|P )−R) , α ∈ (0, 1)

0, α = 1
, (280)

on (0, 1]× S(H), and denote by

PR(X ) :=

{
P ∈ P(X) : sup

0<α≤1
inf

σ∈S(H)
FR,P (α, σ) ∈ R>0

}
. (281)

The following holds

(a) For any P ∈ P(X ), FR,P (·, ·) has a saddle-point on (0, 1]× SP,W(H) with the saddle-value:

min
σ∈S(H)

sup
0<α≤1

FR,P (α, σ) = sup
0<α≤1

min
σ∈S(H)

FR,P (α, σ) = E(2)
sp (R,P ). (282)

(b) If P ∈ PR(X ), the saddle-point is unique.
(c) Fix P ∈ PR(X ). Any saddle-point (α?R,P , σ

?
R,P ) of FR,P (·, ·) satisfies α?R,P ∈ (0, 1) and

σ?R,P �Wx, ∀x ∈ supp(P ). (283)
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Proof of Proposition 3-(a). Fix arbitrary R > R∞ and P ∈ P(X ). In the following, we prove the existence
of a saddle-point of FR,P (·, ·) on (0, 1] × SP,W(H). Ref. [65, Lemma 36.2] states that (α?, σ?) is a saddle
point of FR,P (·, ·) if and only if the supremum in

sup
α∈(0,1]

inf
σ∈SP,W(H)

FR,P (α, σ) (284)

is attained at α? ∈ (0, 1], the infimum in

inf
σ∈SP,W(H)

sup
α∈(0,1]

FR,P (α, σ) (285)

is attained at σ? ∈ SP,W(H), and the two extrema in Eqs. (284), (285) are equal and finite. We first claim
that, ∀α ∈ (0, 1],

inf
σ∈SP,W(H)

FR,P (α, σ) = inf
σ∈S(H)

FR,P (α, σ). (286)

To see this, observe that for any α ∈ (0, 1), Eqs. (11) and (24) yield

∀σ ∈ S(H)\SP,W(H), Dα (W‖σ|P ) = +∞, (287)

which, in turn, implies

∀σ ∈ S(H)\SP,W(H), FR,P (α, σ) = +∞. (288)

Further, Eq. (286) holds trivially when α = 1. Hence, Eq. (286) yields

sup
α∈(0,1]

inf
σ∈SP,W(H)

FR,P (α, σ) = sup
α∈(0,1]

inf
σ∈S(H)

FR,P (α, σ) (289)

Owing to the fact R > R∞ and Eq. (38), we have

E(2)
sp (R,P ) = sup

α∈(0,1]
inf

σ∈S(H)
FR,P (α, σ) < +∞, (290)

which guarantees the supremum in the right-hand side of Eq. (290) is attained at some α ∈ (0, 1]. Namely,
there exists some ᾱR,P ∈ (0, 1] such that

sup
α∈(0,1]

inf
σ∈SP,W(H)

FR,P (α, σ) = max
α∈[ᾱR,P ,1]

inf
σ∈S(H)

FR,P (α, σ) < +∞. (291)

Thus, we complete our claim in Eq. (284). It remains to show that the infimum in Eq.(285) is attained at
some σ? ∈ SP,W(H) and the supremum and infimum are exchangeable. To achieve this, we will show that(
[ᾱR,P , 1],SP,W(H), FR,P

)
is a closed saddle-element (see Definition 19 below) and employ the boundness

of [ᾱR,P , 1]× SP,W(H) to conclude our claim.

Definition 19 (Closed Saddle-Element [65]). We denote by ri and cl the relative interior and the closure
of a set, respectively. Let A,B be subsets of a real vector space, and F : A×B → R ∪ {±∞}. The triple
(A,B, F ) is called a closed saddle-element if for any x ∈ ri (A) (resp. y ∈ ri (B)),

(i) B (resp. A) is convex.
(ii) F (x, ·) (resp. F (·, y)) is convex (resp. concave) and lower (resp. upper) semi-continuous.
(iii) Any accumulation point of B (resp. A) that does not belong to B (resp. A), say yo (resp. xo)

satisfies limy→yo F (x, y) = +∞ (resp. limx→xo F (x, y) = −∞).

Fix an arbitrary α ∈ ri ([ᾱR,P , 1]) = (ᾱR,P , 1). We check that
(
SP,W(H), FR,P (α, ·)

)
fulfills the three

items in Definition 19. (i) The set SP,W(H) is clearly convex. (ii) Eq. (20) in Lemma 1 implies that
σ 7→ Dα(Wx‖σ) is convex and lower semi-continuous. Since convex combination preservers the convexity
and the lower semi-continuity, Eq. (280) yields that σ 7→ FR,P (α, σ) is convex and lower semi-continuous on
SP,W(H). (iii) Due to the compactness of S(H), any accumulation point of SP,W(H) that does not belong
to SP,W(H), say σo, satisfies σo ∈ S(H)\SP,W(H). Eqs. (287) and (288) then show that FR,P (α, σo) = +∞.
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Next, fix an arbitrary σ ∈ ri
(
SP,W(H)

)
. Owing to the convexity of SP,W(H), it follows that ri

(
SP,W(H)

)
= ri

(
cl
(
SP,W(H)

))
(see e.g. [66, Theorem 6.3]). We first claim cl

(
SP,W(H)

)
= S(H). To see this, ob-

serve that S>0(H) ⊆ SP,W(H) since a full-rank density operator is not orthogonal with every Wx, x ∈ X .
Hence,

S(H) = cl (S>0(H)) ⊆ cl
(
SP,W(H)

)
. (292)

On the other hand, the fact SP,W(H) ⊆ S(H) leads to

cl
(
SP,W(H)

)
⊆ cl (S(H)) = S(H). (293)

By Eqs. (292) and (293), we deduce that

ri
(
SP,W(H)

)
= ri

(
cl
(
SP,W(H)

))
= ri (S(H)) = S>0(H), (294)

where the last equality in Eq. (294) follows from [67, Proposition 2.9]. Hence, we obtain

∀σ ∈ ri
(
SP,W(H)

)
and ∀x ∈ X , σ �Wx. (295)

Now we verify that ([ᾱR,P , 1], FR,P (·, σ)) satisfies the three items in Definition 19. Fix an arbitrary
σ ∈ ri

(
SP,W(H)

)
. (i) The set (0, 1] is obviously convex. (ii) From Eq. (18) in Lemma 1, the map α 7→

FR,P (α, σ) is continuous on (0, 1). Further, it is not hard to verify that FR,P (1, σ) = 0 = limα↑1 FR,P (α, σ)
from Eqs. (295), (280), and (11). Item (c) in Proposition 2 implies that α 7→ FR,P (α, σ) on [ᾱR, 1) is
concave. Moreover, the continuity of α 7→ FR,P (α, σ) on [ᾱR,P , 1) guarantees the concavity of α 7→
FR,P (α, σ) on [ᾱR,P , 1]. (iii) Since [ᾱR,P , 1] is closed, there is no accumulation point of [ᾱR,P , 1] that does
not belong to [ᾱR,P , 1].

We are at the position to prove item (a) of Proposition 3. The closed saddle-element, along with the
boundness of SP,W(H) and Rockafellar’s saddle-point result [65, Theorem 8], [66, Theorem 37.3] imply
that

−∞ < sup
α∈[ᾱR,P ,1]

inf
σ∈SP,W(H)

FR,P (s, σ) = min
σ∈SP,W(H)

sup
α∈[ᾱR,P ,1]

FR,P (s, σ). (296)

Then Eqs. (291) and (296) lead to the existence of a saddle-point of FR,P (·, ·) on (0, 1]×SP,W(H). Hence,
item (a) is proved.

�

Proof of Proposition 3-(b). Fix arbitrary R ∈ (R∞, CW) and P ∈ PR(X ). We have

sup
0<α≤1

min
σ∈S(H)

FR,P (α, σ) ∈ R>0. (297)

First note that α? = 1 will not be a saddle point of FR,P (·, σ) because FR,P (1, σ) = 0, ∀σ ∈ S(H),
contradicting Eq. (297).

Now, fix α? ∈ (0, 1) to be a saddle-point of FR,P (·, ·). Eq. (20) in Lemma 1 implies that the map
σ 7→ Dα?(W‖σ|P ) is strictly convex, and thus the minimizer of Eq. (297) is unique. Next, let σ? ∈ SP,W(H)
be a saddle-point of FR,P (·, ·). Then,

FR,P (α, σ?) =
1− α
α

(
I(2)
α (P,W)−R

)
. (298)

Item (c) in Proposition 2 then shows that 1−α
α I

(2)
α (P,W) is strictly concave on (0, 1), which in turn implies

that FR,P (·, σ?) is also strictly concave on (0, 1). Hence, the maximizer of Eq. (297) is unique. �

Proof of Proposition 3-(c). As shown in the proof of item (b), α? = 1 is not a saddle point of FR,P (·, ·)
for any R > R∞ and P ∈ PR(X ). We assume (α?, σ?) is a saddle-point of FR,P (·, ·) with α? ∈ (0, 1), it
holds that

FR,P (α?, σ?) = min
σ∈S(H)

FR,P (α?, σ) =
α? − 1

α?
R+

1− α?

α?
min

σ∈S(H)
Dα?(W‖σ|P ). (299)
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We claim that the minimizer of Eq. (299) must satisfy

σ? =

(∑
x∈X P (x) Wα?

x

Tr[Wα?
x (σ?)1−α? ]

) 1
α?

Tr

[(∑
x∈X P (x) Wα?

x

Tr[Wα?
x (σ?)1−α? ]

) 1
α?
] . (300)

Our approach follows closely from Hayashi and Tomamichel [49, Lemma 5]. Observe that

arg min
σ∈S(H)

Dα (W‖σ|P ) = arg max
σ∈S(H)

gα(σ), ∀α ∈ (0, 1), (301)

where

gα(σ) :=
∑
x∈X

P (x) log Tr
[
Wα
x σ

1−α] . (302)

Note that the map σ 7→ gα(σ) is strictly concave for every α ∈ (0, 1) by Eq. (20) in Lemma 1. A sufficient
and necessary condition for σ to be an optimizer of Eq. (301) is

∂ωgα(σ) := Dgα(σ)[ω − σ] = 0, (303)

for all ω ∈ S(H), where Dgα(σ) denotes the Fréchet derivative of the map gα (see e.g. [49, Appendix C],
[68, 69, 70, 71]). Direct calculation shows that

∂ωgα(σ) = Tr

[∑
x∈X

P (x)
Wα
x

Tr [Wα
x σ

1−α]
∂ωσ

1−α

]
. (304)

Next, we check that the fixed-points of the following map attains Eq. (303):

σ 7→

(∑
x∈X P (x) Wα

x
Tr[Wα

x σ
1−α]

) 1
α

κα(σ)
, (305)

where κα(σ) denotes a finite normalization constant. Let σ̄ be a fix-point of the map in Eq. (305). Then
Eqs. (304) and (305) yield

∂ωgα(σ̄) = Tr
[
κα(σ̄)ασ̄α∂ωσ̄

1−α] = Tr
[
κα(σ̄)ασ̄α(1− α)σ̄−α(ω − σ̄)

]
= (1− α)κα(σ̄)α Tr [ω − σ̄] = 0.

(306)

By Brouwer’s fixed-point theorem, the map in Eq. (305) is indeed the optimizer for Eq. (301). Further,
it is clear from Eq. (300) that

σ? �Wx, ∀x ∈ supp(P ), (307)

and thus item (c) is proved.
�

Appendix E. Proof of Proposition 4

Proposition 4 (Properties of Error-Exponent Functions). Consider a classical-quantum channel W :
X → S(H) with R∞ < CW. We have

(a) Given every P ∈ P(X ), E
(2)
sp (·, P ) is convex and non-increasing on [0,+∞], and continuous on[

I
(2)
0 (P,W),+∞

]
. For every R > R∞, E

(2)
sp (R, ·) is continuous on P(X ). Further,

E(2)
sp (R,P ) =

+∞, R < I
(2)
0 (P,W)

0, R ≥ I(2)
1 (P,W)

. (308)
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(b) Esp(·) is convex and non-increasing on [0,+∞], and continuous on [R∞,+∞]. Further,

Esp(R) =

{
+∞, R < R∞

0, R ≥ CW
. (309)

(c) Consider any R ∈ (R∞, CW) and P ∈ PR(X ) (see Eq. (44)). The function E
(2)
sp (·, P ) is differen-

tiable with

s?R,P = − ∂E
(2)
sp (r, P )

∂r

∣∣∣∣∣
r=R

∈ R>0, (310)

where s?R,P := (1− α?R,P )/α?R,P , and α?R,P is the optimizer in Eq. (38).

(d) s?R,(·) in Eq. (310) is continuous on PR(X ).

Proof of Proposition 4-(a). Fix any arbitrary P ∈ P(X ). Item (b) in Proposition 2 shows that the map

α 7→ I
(2)
α (P,W) is monotone increasing on [0, 1]. Hence, from the definition in Eq. (38), it is not hard to

verify that E
(2)
sp (R,P ) = +∞ for all R ∈ (0, I

(2)
0 (P,W)); finite for all R > I

(2)
0 (P,W); and E

(2)
sp (R,P ) = 0,

for all R ≥ I(2)
1 (P,W).

For every α ∈ (0, 1], the function 1−α
α (I

(2)
α (P,W) − R) in Eq. (38) is an non-increasing, convex, and

continuous function in R ∈ R>0. Since E
(2)
sp (R,P ) is the pointwise supremum of the above function,

E
(2)
sp (R,P ) is non-increasing, convex, and lower semi-continuous function for all R ≥ 0. Furthermore,

since a convex function is continuous on the interior of the interval if it is finite [72, Corollary 6.3.3], thus

E
(2)
sp (R,P ) is continuous for all R > I

(2)
0 (P,W), and continuous from the right at R = I

(2)
0 (P,W).

To establish the continuity of E
(2)
sp (R,P ) in P ∈ P(X ), we first claim that there exists some ᾱR ∈ (0, 1]

such that for every P ∈ P(X ),

sup
α∈(0,1]

1− α
α

(
I(2)
α (P,W)−R

)
= sup

α∈[ᾱR,1]

1− α
α

(
I(2)
α (P,W)−R

)
. (311)

Recall that R > R∞ = maxP∈P(X ) I
(2)
0 (P,W). The continuity, item (a) in Proposition 2, implies that

there is an ᾱR > 0 such that

R ≥ I(2)
ᾱR(P,W), ∀P ∈ P(X ). (312)

Then, Eq. (312) and the monotone increases of the map α 7→ I
(2)
α (P,W) yield that,

1− α
α

(
I(2)
α (P,W)−R

)
< 0, ∀P ∈ P(X ), and α ∈ (0, ᾱR). (313)

The non-negativity of E
(2)
sp (R,P ) ≥ 0 ensures that the maximizer α? will not happen in the region (0, ᾱR),

and thus Eq. (311) is evident. Finally, Berge’s maximum theorem [63, Section IV.3], [64, Lemma 3.1]
coupled with the compactness of [ᾱR, 1] and item (a) in Proposition 2 complete our claim:

P 7→ E(2)
sp (R,P ) = sup

α∈[ᾱR,1]

1− α
α

(
I(2)
α (P,W)−R

)
is continuous on P(X ). (314)

�

Proof of Proposition 4-(b). The statement follows since item (a) holds for any P ∈ P(X ). �

Proof of Proposition 4-(c). For any R ∈ (R∞, CW) and P ∈ PR(X ), item (b) in Proposition 3 shows that
the optimizer α?R,P is unique. Moreover, Eq. (310) follows from item (d) in Lemma 17.

�
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Proof of Proposition 4-(d). The proof of this item is similar to [32, Proposition 3.4]. Fix any Po ∈ PR(X )
and consider arbitrary {Pk}k∈N such that Pk ∈ PR(X ), ∀k ∈ N, and limn→+∞ Pk = Po. Following from
Eq. (310), we have

s?R,Pk = − ∂E
(2)
sp (r, Pk)

∂r

∣∣∣∣∣
r=R

. (315)

Given any R ∈ (R∞, CW), the continuity of E
(2)
sp (R, ·) (see item (a)) implies that

lim
k→+∞

E(2)
sp (R,Pk) = E(2)

sp (R,Po). (316)

Then, continuity of the first-order derivative in [73, Corollary VI.6.2.8], we have

lim
k→+∞

s?R,Pk = lim
k→+∞

− ∂E
(2)
sp (r, Pk)

∂r

∣∣∣∣∣
r=R

= − ∂E
(2)
sp (r, Po)

∂r

∣∣∣∣∣
r=R

= s?R,Po , (317)

which completes the proof. �
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Abstract. Quantum systems, in general, cannot be simulated efficiently by a classical computer, and
hence is useful for solving certain mathematical problems and simulating quantum many-body systems.
This also implies, unfortunately, that verification of the output of the quantum systems is not so trivial,
since predicting the output is exponentially hard. Here we propose a framework for verification of the output
of fault-tolerant quantum computation in the measurement-based model. Contrast to existing analyses on
fault-tolerance, we do not assume any noise model on the resource state, but an arbitrary resource state
is tested by using only single-qubit measurements to verify whether the output of measurement-based
quantum computation on it is correct or not. Verifiability is equipped by a constant time repetition
of the original meausrement-based quantum computation in appropriate meausrement bases. Since full
characterization of quantum noise is exponentially hard for large-scale quantum computing systems, our
framework provides an efficient way of practical verification of experimental quantum error correction.
(The long version of the present work is located on arXiv [1].)

Keywords: verification, fault-tolerant quantum computation, measurement-based quantum computation,
blind quantum computation

1 Introduction

Quantum computation provides a new paradigm of in-
formation processing offering both fast and secure infor-
mation processing, which could not be realized in clas-
sical computation [2]. Recently, a lot of experimen-
tal efforts have been paid to realize quantum computa-
tion [3, 4, 5]. There, fault-tolerant quantum computation
with quantum error correction [2, 6] is inevitable to ob-
tain quantum advantage using noisy quantum devices.
Due to the recent rapid progresses on experimental

quantum error correction techniques [7, 8, 9, 10], there
is an increasing demand on an efficient way of a perfor-
mance analysis of fault-tolerant quantum computation.
There are three categories for this purpose, characteri-
zation, validation and verification of quantum systems
(QCVV) [11]. In the majority of existing performance
analyses of fault-tolerant quantum computation, a spe-
cific noise model, such as independent and identical Pauli
error operation and some specific correlation models, is
assumed apriori [12, 13, 14, 15, 16, 17, 19, 18, 20]. By
characterizing the elementary quantum operations ex-
perimentally, these could serve as validation of quantum
computing devices [21]. However, in actual experiments,
more general noise might occur including general trace
preserving completely positive (TP-CP) maps with var-
ious correlation between qubits [22, 23]. Since full to-
mographic approch does not work efficiently, we need a
novel scheme for the third category, verification, to guar-
antee correctness of the output of a quantum computer
without assuming the underlying noise model. Unfor-
tunately, existing fault-tolerant quantum computations
have not equipped such an efficient verification scheme

∗fujii@qi.t.u-tokyo.ac.jp
†masahito@math.nagoya-u.ac.jp

yet.

2 Verifiable fault-tolerance

The aim of this work is to develop fault-tolerant quan-
tum computation being equipped with a verification
scheme without assuming the underlying noise model.
As requirements of verifiable fault-tolerance, we define
the following two concepts. One is detectability which
means that if the error of a quantum computer is not
correctable, such a faulty output of the quantum com-
putation is detected with high probability. In this stage,
any assumption on the underlying noise model should not
be made. The other is acceptability which means that an
appropriately constructed quantum computer can pass
the verification with high probability. In other words,
under a realistic noise model, the test accepts the quan-
tum computation with high probability. Both properties
are important to characterize performance of test in sta-
tistical hypothesis testing [24].

3 Our main contribution

In this work, we develop verifiable fault-tolerance
in measurement-based quantum computation (MBQC)
[25, 26], which satisfies both detectability and acceptabil-
ity (see Ref [1] for the detail). We take a rather different
approach to fault-tolerance than conventional one. We
do not assume any noise model underlying, but define
a correctable set of errors on a resource state of MBQC
and test whether the error on a given resource state be-
longs to such a set or not. To this end, we employ the
stabilizer test proposed in Ref. [27], where an efficient
verification of MBQC can be carried out by testing the
graph state. However, this method is not fault-tolerant
lacking acceptability; any small amount of noise on the
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graph state causes rejection regardless whether or not it
is correctable. Although the paper [28] extended the sta-
bilizer test to the self-testing for the measurement basis,
it still has the same problem. Therefore, we crucially
extend the stabilizer test [27] for a noisy situation, so
that we can decide whether the given resource states be-
long to a set of fault-tolerant resource states or not (See
“Test for veirification of fault-tolerance” in Ref [1]). In
Theorem 1 of Ref. [1], we show under the condition of
a successful pass of the test, that the accuracy of fault-
tolerant MBQC is guaranteed to be arbitrarily high (i.e.,
contraposition of detectability). Our verification scheme
works quite efficiently by simply repeating fault-tolerant
MBQC without verification for a constant time in appro-
priate measurement bases. Therefore, we do not need any
special resource state nor entangling operation for verifi-
cation. The total overhead is only factored by a constant
to the original fault-tolerant MBQC. In order to demon-
strate acceptability, we consider a concrete example, and
explicitly define a set of correctable errors on the re-
source state for topologically protected MBQC [14, 16, 6]
(see “Verifiable fault-tolerance for topological ly protected
MBQC.―” and Appendix A and B in Ref. [1] for the de-
tail). Under a realistic noise model, we calculate a lower
bound of the acceptance probability concretely and show
that it can be made close to one (see “Acceptance prob-
ability under a typical error model.―” and Appendix C
in Ref. [1]).

4 Verifiable blind quantum computation

We also address an application of the proposed ver-
ification scheme in a different context, blind quantum
computation [29, 30, 33, 32, 34, 31, 35]. A promis-
ing application of the proposed framework is verification
of measurement-only blind quantum computation [33].
Suppose a quantum server generates two-colorable graph
states and sends them to a client who execute univer-
sal quantum computation by only single-qubit measure-
ments, where client employ the proposed verification.
First, our protocol is a one-way quantum communication
from Bob to Alice, and therefore, the blindness is guar-
anteed by the no-signaling principle as in the protocol
of Ref. [33], which contrasts to verifiable blind quantum
computation [30, 35] of BFK (Broadbent-Fitzsimons-
Kashefi) type [29]. According to detectability (Theorem
1 of Ref. [1]), under the condition of acceptance, the ac-
curacy of the output is guaranteed. Contrast to the ear-
lier verifiable blind quantum computation [30, 27], by
virtue of acceptability, the proposed verification scheme
can accept the delegated quantum computation even un-
der quantum server’s deviation or quantum channel noise
as long as they are correctable. In this way, we can
verify the quantum server is honest enough to obtain a
correct output by only using single-qubit measurements.
While fault-tolerance of verifiable blind quantum compu-
tation has been an open problem in the field [36], the pro-
posed verifiable fault-tolerance in the measurement-based
model combined with measurement-only blind quantum
computation [33] resolved it successfully.
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This short abstract is based on Ref. [1]. As
commonly understood, the noise spectroscopy
problem is ill-posed. Ad-hoc solutions assume
implicit structure which is often never deter-
mined. Thus it is unclear when the method
will succeed or whether one should trust the
solution obtained. Here we propose to treat
the problem from the point of view of statisti-
cal estimation theory. We develop a Bayesian
solution to the problem which allows one to
easily incorporate assumptions which render
the problem solvable. We compare several nu-
merical techniques for noise spectroscopy and
find the Bayesian approach to be superior in
many respects.

The development of quantum technologies requires
accurate characterisation not only for validation but
also for control. Quantum noise spectroscopy proto-
cols of varying generality have been developed and
implemented in recent years [2–10] as a protocol to
probe some aspects of the characterisation problem.
Their objective is to characterize the actual noise af-
fecting a quantum system of interest, regardless of its
source, in terms of its correlations, or more specifically
the set of power poly-spectra [11]. The key point is
that the information these protocols output should be
enough to enable its use, in tandem with optimal con-
trol techniques, to design control routines tailored to
suppress the actual noise affecting the quantum sys-
tem of interest [12, 13]. Operationally, spectroscopy
protocols measure the response of a quantum system,
in terms of expectation values of observables, in a
known initial state, to the noise affecting it and user-
determined control routines. The main difficulty is
that noise correlations influence the dynamics of the
quantum system in a highly non-linear way. Thus, in-
ferring these correlations in detail from the response
of the quantum system is generally an ill-posed prob-
lem, unless constraints are imposed or, equivalently,
if a priori information on the noise is assumed. Even
when standard assumptions such as Gaussian noise
or a dephasing coupling are satisfied, the problem re-
mains non-linear and inverting it carries along a set of
non-trivial complications that in turn constraint the
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Sec. 5

Sec. 4

Figure 1: Estimation demands data. At some point (the
exact location of which depends are far too many fac-
tors to quantify), the distribution of data becomes well-
approximated by a Gaussian, allowing an effective lineariza-
tion of the problem. This greatly simplifies the calculations
required to solve the estimation problem. When this is not
the case, the problem demands more resources and more
clever numerical algorithms to approximate the solution. In
any case, the more parameters one has in their model, the
more data is require to learn anything. (The section numbers
refer to the companion paper [1].)

type of noise that can be characterized. For exam-
ple, in Refs. [5–9] a control induced frequency comb
approach is used in order to overcome the non-linear
character of the problem but it comes at the cost of
being only effective when the noise correlations are
smooth functions in frequency space.

We propose that many of these problems can be
alleviated, or at least properly quantified, using a sta-
tistically principled approach. Within the statistical
phrasing of the problem we provide a Bayesian so-
lution [14], complete with a numerical implementa-
tion. We show the problem can be solved analyti-
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cally with no numerical approximations in the limit
of large of amounts of experimental data. At the
other extreme—the small-data limit—a numerically
stable Monte Carlo algorithm [15] approximates the
full Bayesian solution. Our two approaches provide a
robust solution to the software side of the noise spec-
troscopy problem. These two regimes are schemati-
cally depicted in Figure 1. For brevity, only the for-
mer will be described in this abstract.

We briefly describe the essence of the spectroscopy
protocol. Consult the companion technical paper for
full details of the physical model [1]. First, a +1 eigen-
state of σx is prepared on the system at time t = 0, in
such way that the expectation value of the observable
σx at the final time t = T , given Hctrl(t), is deter-
mined by

〈σx〉 = e
−
∫∞

0
dω
2π F (ω)S(ω)

, (1)

where F (ω) is known as the filter function. Different
choices of Hctrl(t) result in different filters F (ω), and
different experimentally accessible values of 〈σx〉. In
principle, it should be possible to choose a sufficiently
large set of different control sequences in such way
that the integral in the exponent can be deconvolved,
and information about S(ω) can be inferred. Differ-
ent approaches to this problem, under different sim-
plifying assumptions, have been proposed and even
experimentally implemented [7, 8, 10, 16, 17].

In the physical description we often make reference
to observations as being the average values of observ-
ables. By contrast, in real experiments, observations
are made by acquiring single bits of data at a time
through projective measurements of single quantum
systems. These two views of experimental observa-
tions agree only in the limit that very large num-
bers of projective measurements are made on identical
copies of the system. Reasoning about noise spec-
troscopy in the presence of experimental constraints
is thus, at its core, a statistical problem not suited to
the “data-fitting” paradigm we are more used to. To
make this precise we first extract the core mathemat-
ical elements of the problem. Mathematically, we are
interested in

χ(S;Fj) = 1
2π

∫ ∞
0

S(ω)Fj(ω)dω, (2)

where Fj indexes many different control sequences
which result in different filter functions. In our sim-
ulations and algorithms we take the simple approach
of numerically integrating this as

χ(S;Fj) ≈
1

4π
∑
k

Fj(ωk)S(ωk)(ωk − ωk−1). (3)

Recall that we do not have direct access to χ as
it is only exposed experimentally through the statis-
tical model in (1). Moreover, expectation values of
observables also cannot be measured directly and will
always come with fluctuations due to finite sample

sizes. Thus, we prefer to work from the bottom up,
considering the precise distribution of each bit of data.
To this end, let r be a the binary random variable with
distribution

Pr(r = 1|S;Fj) = 1
2

(
1 + e−χ(S;Fj)

)
, (4)

such that the expectation value in (1) obeys

〈σx〉 = Pr(r = 1|S;Fj)− Pr(r = −1|S;Fj).

This is the most fundamental statistical model and we
should process data at this level whenever possible.
But wait, what does it mean to process data? This is
where Bayes come in.

The notation Pr(A|B) is read “the probability of A
being true given B is known to be true”. So, Pr(r =
1|S;Fj) is the probability of observing r = 1 given the
filter Fj is used and the spectrum is S. Ah, but that
seems a bit awkward, doesn’t it? Isn’t the spectrum
the thing we don’t know? To rectify this, we invert
the probability using Bayes’ rule:

Pr(S|r;Fj) = Pr(r|S;Fj) Pr(S|Fj)
Pr(r|Fj)

. (5)

Some terminology: Pr(r|S;Fj) is called the likelihood
function and in physics it is always given by the physi-
cal model; Pr(r|Fj) is called the evidence and it is usu-
ally ignored as it can be determined by normalization;
Pr(S|Fj) is called the prior and encodes the informa-
tion we have about the spectrum before the data is
take; and finally, Pr(S|r;Fj) is called the posterior,
which is the information we have about the spectrum
after the experiment—exactly what we want to know!

In general, performing this inversion is both analyt-
ically and computationally intractable. There are two
general approaches to solving this problem. Either we
make analytical approximations or we employ clever
numerical integration techniques. Here we demon-
strate both. But, the problem and solutions are also
not decoupled from how much can be assumed known
about the spectrum—the dimension of model—and
the amount of data available, such that the domain
of applicability of each solution is restricted in subtle
ways. This is shown pictorially in Figure 1.

In the large data we effectively linearize the model
and use what is known as Gaussian process (GP) re-
gression [18]. this S(ω) ∼ GP(µ(ω), k(ω, ω′)), where
µ is the mean function and k is the covariance func-
tion, or kernel. In standard notation,

µ(ω) = ES [S(ω)] and (6)
k(ω, ω′) = ES [(S(ω)− µ(ω))(S(ω′)− µ(ω′))]. (7)

In principle we can choose any functions µ and k as
our mean and kernel functions. However, there are
natural choices and ones that have been found to per-
form well in a broad range of problems. The most
common kernel is the so-called squared exponential

k(ω, ω′) = κe−
(ω−ω′)2

δ , (8)
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Figure 2: A visualization of a Gaussian Process. Here the
mean function µ is taken to be a Gaussian function and we
use the squared exponential kernel in (8) with parameters
κ = 0.02 and δ = 100. In red, the mean and 95% credible
band is plotted. The other curves are samples from this GP.
One of them, in solid black, we take to be the true spectrum.

where δ is a hyper-parameter which controls the cor-
relation in S for nearby ω and κ controls the overall
prior uncertainty. We have plotted a visualization of
the GP we will use in Figure 2.

If we begin with a GP prior and the distribution
of data is also Gaussian, then the posterior is Gaus-
sian and we can derive an analytic expression for its
mean function and kernel. Denote G as the matrix
with entries Gkj = Fj(ωk)(ωk − ωk−1)/4π. Then,
Bayesian updating amounts to updating the covari-
ance and mean as follows [18]:

k 7→ k′ = GTΣ−1G+ k−1, (9)
µ 7→ k′−1 (χTΣ−1G+ µTk−1) , (10)

where the bold font simply means the vector of values
defined by the level of discretization.

In describing one of our numerical results, we com-
pare the GP estimator with a naive estimator. As a
point of reference, we can also treat the prior mean
function as an estimator and calculate its loss. The
result of 400 trials is shown in Figure 3. As expected,
the posterior loss is lower than the prior loss, indicat-
ing that the algorithm is learning. The naive loss does
a respectable job as well, but is convincingly beaten
by the GP estimator—especially given the fact that
GP estimator comes with all the added benefits of the
Bayesian methodology discussed above.

In this work, we formulated the noise spectroscopy
problem in the language of statistical estimation the-
ory. This allows us to provide a robust and principled
solution to the problem using Bayesian analysis.
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Figure 3: The performance of the Gaussian process estimator and naive estimator in relation to the prior loss. Plotted is
a normalized histogram of the log-loss over 400 trials. The simulated experiment is that of N = 100 (Left) and N = 1000
(Right) single-shot repetitions of each of the 25 control sequences described in the text. Both the median loss (solid line) and
the mean loss / Bayes risk (dashed line) are shown to guide the eye. The prior for the Gaussian process estimator is taken to
be that shown in Figure 2, and the true spectra are sampled from the prior.
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Moderate Deviations for Classical-Quantum Channels
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Abstract. We show that the reliable communication through a classical-quantum channel is possible
when the transmission rate approaches the channel capacity sufficiently slowly. This scenario exists between
the non-vanishing error probability regime, where the rate tends to capacity with a fixed error, and the small
error probability regime, where the error vanishes given a rate below capacity. The proof employs a sharp
concentration bound in strong large deviation theory, and the asymptotic expansions of the error-exponent
functions. Our complete paper can be found in arXiv:1701.03195 [quant-ph].

1 Introduction

The interplay between the transmission rate, block-
length and error probability is one of the core problems
in Shannon theory. Based on different ranges of the error
probability, its study roughly falls into the following three
categories: (i) large error probability or non-vanishing
error probability regime; (ii) medium error probability
regime; and (iii) small probability error regime. In the
non-vanishing error probability regime, the target is to
find the largest rate of a code given a blocklength n up
to an error ε. Strassen [2] applied the central limit the-
orem (CLT) to show that the maximum message size
of an n-blocklength code through a discrete memoryless
channel (DMC) W yields an asymptotic expansion to the
order

√
n, and hence this is called second-order analysis

[3]:

logM∗(Wn, ε) = nC +
√
nV Φ−1(ε) +O(log n), (1)

where the quantities C and V denote the capacity and
the dispersion [3] of the channel, and Φ is the cumulative
distribution function of a standard normal random vari-
able. Equivalently, the second-order result in Eq. (1) can
be formulated for estimating the optimal decoding error
with blocklength n and rate C −A/

√
n for any constant

A:

lim
n→+∞

ε∗
(
n,C −A/

√
n
)

= Φ

(
A√
V

)
. (2)

In the small error probability regime, Shannon [4] in-
troduced a reliability function E(R) as the optimal ex-
ponent of the exponential decreases of the error for any
rate R below C:

ε∗ (n,R) = e−nE(R)+o(n). (3)

This seminal work entails the error exponent analysis of
a broad class of channels [5, 6, 8]. The exponential decay
of the error in Eq. (3) is the consequence of the large devi-
ation principle (LDP) [10]. Hence, the errors in Eqs. (2)

∗F99942118@ntu.edu.tw
†Min-Hsiu.Hsieh@uts.edu.au

and (3), respectively, fall into the CLT regime and LDP
regime.

Altuğ and Wagner [11, 12] pioneered the study of the
medium error probability regime, and investigated the
asymptotic behaviour of the optimal decoding error when
the coding rate converges to capacity slowly. Specifi-
cally, they studied the conditions under which the error
is asymptotically equal to1

ε∗ (n,C − an) ∼ Φ

(√
nan√
V

)
∼ e

−na2
n

2V , (4)

where the sequence (an)n∈N satisfies

(i) lim
n→+∞

an = 0, and (ii) lim
n→+∞

na2n = +∞. (5)

A DMC with errors satisfying Eq. (4) possesses a
moderate deviation property (MDP) [10]. These three
approaches—(i), (ii), and (iii)—all have theoretical sig-
nificance and practical value; however, this paper focuses
on the medium error probability regime, which is rarely
explored in the quantum scenario.

Our main contribution is, for any classical-quantum
(c-q) channel with a non-zero dispersion V > 0,

lim
n→+∞

log ε∗(n,C − an)

na2n
= − 1

2V
, (6)

where (an)n is an arbitrary sequence satisfies Eq. (5).
The result in Eq. (6) shows that reliable communication
for a c-q channel is possible when the transmission rate
approaches capacity at the scale of Θ(n−t), t ∈ (0, 12 ).
Our proof employs techniques from error exponent anal-
ysis. For the achievability part, we start from Hayashi’s
upper bound of the average error for c-q channels [13]
followed by an asymptotic expansion of the error ex-
ponent. For the converse, we exploit a refined sphere-
packing bound [7, 8]. We remark that Altuğ and Wag-
ner’s converse proof [12, Theorem 2.2] cannot be directly
generalized to c-q channels because their sphere-packing
bound is of a weaker form [9, 8] and hence naively follow-
ing their converse approach will result in a gap between

1We denote fn ∼ gn if and only if limn→+∞
fn
gn

= 1.
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the achievability and converse results. Different from the
approaches in this work, we remark that a recent and
independent paper [1] proceeds from another way of the
non-vanishing error regime and also accomplish a MDP
result in Eq. (6).

2 Notation and Main Result

2.1 Notation

Throughout this paper, we consider a finite-
dimensional Hilbert space H. Denote by X a finite input
alphabet, and let P(X ) be the set of probability dis-
tributions on X . A c-q channel W maps elements of
X to the density operators in S(H), i.e. W : x 7→ Wx.
Let M be a finite alphabetical set with size M = |M|.
An (n-block) encoder is a map fn : M → Xn that en-
codes each message m ∈ M to a codeword xn(m) :=
x1(m) . . . xn(m) ∈ Xn. The codeword xn(m) is then
mapped to a state W⊗nxn(m) = Wx1(m) ⊗ · · · ⊗Wxn(m) ∈
S(H⊗n). The decoder is described by a positive operator-
valued measurement (POVM) Πn = {Πn,1, . . . ,Πn,M} on

H⊗n, where Πn,i ≥ 0 and
∑M
i=1 Πn,i = 1H. The pair

(fn,Πn) =: Cn is called a code with rate R = 1
n log |M|.

The error probability of sending a message m with the
code Cn is εm(Cn) := 1 − Tr

(
Πn,mWxn(m)

)
. We use

ε̄(Cn) = 1
M

∑
m∈M εm(Cn) to denote the average er-

ror probability. Denote the relative entropy and rela-
tive entropy variance by D(ρ‖σ) := Tr [ρ (log ρ− log σ)]

and V (ρ‖σ) := Tr
[
ρ (log ρ− log σ)

2
]
−D(ρ‖σ)2, respec-

tively. We define the mutual information by I(P,W ) :=
D (P ◦W ‖P ⊗ PW ), where P◦W :=

∑
x∈X P (x)|x〉〈x|⊗

Wx. Hence, the (classical) information capacity of the
channel is C := maxP∈P(X ) I(P,W ). The informa-
tion variance is defined byV (P,W ) := V (W ‖PW |P ),
where PW :=

∑
x P (x)Wx. Further, we define V :=

minP∈P(X ): I(P,W )=C V (P,W ).

2.2 Main Results

Theorem 1 (Achievability). For any c-q channel with
V > 0 and any sequence (an)n≥1 satisfying Eq. (5), there
exists a sequence of codes {Cn}n≥1 with rates Rn = C−an
so that

lim sup
n→+∞

1

na2n
log ε̄ (Cn) ≤ − 1

2V
. (7)

Theorem 2 (Converse). For any c-q channel with V >
0, any sequence {an}n≥1 satisfying Eq. (5), and any se-
quence of codes {Cn}n≥1 with rates Rn = C−an, it holds
that

lim inf
n→+∞

1

na2n
log ε̄ (Cn) ≥ − 1

2V
. (8)

The proof can be found in Section 3 of the main text.

3 Auxiliary functions and their proper-
ties.

In order to prove Theorems 1 and 2, we need the follow-
ing crucial properties of the auxiliary functions, Proposi-

tions 3, 4, and 5. The proof can be found in Appendix A
of the main text.

The auxiliary function of a classical-quantum channel
is defined as [14, 15]

E0(s, P ) := − log Tr

(∑
x∈X

P (x)W 1/(1+s)
x

)1+s
 .

In this paper, we will require three variants of the above
auxiliary function: ∀s ≥ 0 and σ ∈ S(H),

Ẽ0(s, P, σ) := sD1−s (P ◦W ‖P ⊗ σ) (9)

Eh(s, P, σ) := sD 1
1+s

(W ‖σ|P ) , (10)

Ẽh(s, P, σ) := sD[
1

1+s
(W ‖σ|P ) , (11)

where Dα is the (Petz’s) quantum Rényi divergence
and D[

α(ρ‖σ) := 1
α log Tr[exp{α log ρ + (1 − α) log σ}]

is the log-Euclidean Rényi divergence; Dα (W ‖σ|P ) :=∑
x∈X P (x)Dα (Wx‖σ).

Proposition 3 (Properties of Ẽ0(s, P, σ)).

(a) Ẽ0(s, P, σ) and its partial deriva-

tives ∂Ẽ0(s, P, σ)/∂s, ∂2Ẽ0(s, P, σ)/∂s2,

∂3Ẽ0(s, P, σ)/∂s3 are all continuous in
(s, P ) ∈ [0,+∞)×P(X ).

(b) For every P ∈ P(X ), the function Ẽ0(s, P, σ) is
concave in s ∈ [0,+∞).

(c) For every P ∈ P(X ), ∂Ẽ0(s,P,σ)
∂s

∣∣∣
s=0

=

D (P ◦W ‖P ⊗ σ) .

(d) For every P ∈ P(X ), lims→+∞
∂Ẽ0(s,P,σ)

∂s ≤
∂Ẽ0(s,P,σ)

∂s ≤ D (P ◦W ‖P ⊗ σ) , ∀s ∈ [0,+∞).

(e) For every P ∈ P(X ), ∂2Ẽ0(s,P,σ)
∂s2

∣∣∣
s=0

=

−V (P ◦W ‖P ⊗ σ) .

Proposition 4 (Properties of Eh(s, P, σ)).

(a) Eh(s, P, σ) and its partial deriva-
tives ∂Eh(s, P, σ)/∂s, ∂2Eh(s, P, σ)/∂s2,
∂3Eh(s, P, σ)/∂s3 are continuous for (s, P ) ∈
[0,+∞)×P(X ).

(b) For every P ∈ P(X ), the function Eh(s, P, σ) is
concave in s for all s ∈ [0,+∞).

(c) For every P ∈ P(X ), ∂Eh(s,P,σ)
∂s

∣∣∣
s=0

=

D (W ‖σ|P ) .

(d) For every P ∈ P(X ), lims→+∞
∂Eh(s,P,σ)

∂s ≤
∂Eh(s,P,σ)

∂s ≤ D (W ‖σ|P ) , ∀s ∈ [0,+∞).

(e) For every P ∈ P(X ), ∂2Eh(s,P,σ)
∂s2

∣∣∣
s=0

=

−V (W ‖σ|P ) , where V (W ‖σ|P ) :=∑
x∈X P (x)V (Wx‖σ).
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Proposition 5 (Properties of Ẽh(s, P, σ)).

(a) Ẽh(s, P, σ) and its partial deriva-

tives ∂Ẽh(s, P, σ)/∂s, ∂2Ẽh(s, P, σ)/∂s2,

∂3Ẽh(s, P, σ)/∂s3 are all continuous for
(s, P ) ∈ [0,+∞)×P(X ).

(b) For every P ∈ P(X ), the function Ẽh(s, P, σ) is
concave in s for all s ∈ [0,+∞).

(c) For every P ∈ P(X ), ∂Ẽh(s,P,σ)
∂s

∣∣∣
s=0

=

D (W ‖σ|P ) .

(d) For every P ∈ P(X ), lims→+∞
∂Ẽh(s,P,σ)

∂s ≤
∂Ẽh(s,P,σ)

∂s ≤ D (W ‖σ|P ) , ∀s ∈ [0,+∞).

(e) For every P ∈ P(X ), ∂2Ẽh(s,P,σ)
∂s2

∣∣∣
s=0

=

−Ṽ (W ‖σ|P ), where Ṽ (W ‖σ|P ) :=∑
x∈X P (x)Ṽ (Wx‖σ) and Ṽ (ρ‖σ) :=∫ 1

0
dtTr

[
ρ1−t(log ρ− log σ)ρt(log ρ− log σ)

]
−

D(ρ‖σ)2.

4 Discussions

We consider a scenario that involves the interplay be-
tween three parameters—optimal error probability, the
transmission rate, and the coding blocklength. Our re-
sult shows that the optimal error of a c-q channel with
positive channel dispersion tends to zero as the rate ap-
proaches channel capacity slower than 1√

n
. Our proof

strategy is based on a strong large deviation inequality
[8] and the asymptotic behaviour expansion the error ex-
ponent function. It is interesting that a recent and in-
dependent work [1], which proceeds from the other ex-
treme of the non-vanishing error probability regime, also
accomplishes the MDP result.
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Moderate Deviation Analysis for Classical-Quantum Channels and
Quantum Hypothesis Testing

Hao-Chung Cheng1,2 and Min-Hsiu Hsieh1

1Centre for Quantum Software and Information (UTS:Q|SI〉),
Faculty of Engineering and Information Technology, University of Technology Sydney, Australia
2Graduate Institute Communication Engineering, National Taiwan University, Taiwan (R.O.C.)

Abstract. In this work, we study the tradeoffs between the error probabilities of classical-quantum chan-
nels and the blocklength n when the transmission rates approach the channel capacity at a rate slower than
1/
√
n, a research topic known as moderate deviation analysis. We show that the optimal error probability

vanishes under this rate convergence. Our main technical contributions are a tight quantum sphere-packing
bound, obtained via Chaganty and Sethuraman’s concentration inequality in strong large deviation theory,
and asymptotic expansions of error-exponent functions. Moderate deviation analysis for quantum hypoth-
esis testing is also established. The converse directly follows from our channel coding result, while the
achievability relies on a martingale inequality.

1. Introduction

Investigating the interplay between the transmission rate, blocklength and error probability is one of
the core problems in information theory. Based on different ranges of the error probability, the analysis
of communication performance roughly falls into the following three categories: (i) large error probability
or non-vanishing error probability regime; (ii) medium error probability regime; and (iii) small error
probability regime. In the non-vanishing error probability regime, the largest transmission rate, given a
coding length n and an error probability no more than ε, is one of the main research focuses. Strassen
[1] first demonstrated that the maximum size of an n-blocklength code through a discrete memoryless
channel (DMC) W, denoted by M∗(Wn, ε), yields an asymptotic expansion to the order

√
n, and hence

this is called second-order analysis:

logM∗(Wn, ε) = nC +
√
nV Φ−1(ε) +O(log n), (1.1)

where the quantities C and V denote the capacity [2] and the dispersion [3] of the channel, and Φ is the
cumulative distribution function of a standard normal random variable. Equivalently, Eq. (1.1) yields the
following relationship between the optimal decoding error with blocklength n and rate C−A/

√
n for any

constant A:

lim
n→+∞

ε∗
(
n,C −A/

√
n
)

= Φ

(
A√
V

)
. (1.2)

Strassen’s result relied on the Gaussian approximation or the central limit theorem (CLT). His work was
latter refined by Hayashi [4], Polyanskiy et al. [3], and extended to quantum channels [5, 6, 7, 8]. The
results for higher-order asymptotics are referred to Refs. [9, 10, 11].

In the small error probability regime, Shannon [12] introduced the reliability function E(R) as the
optimal error exponent:

lim
n→+∞

− 1

n
log ε∗ (n,R) = E(R), (1.3)

E-mail address: F99942118@ntu.edu.tw, Min-Hsiu.Hsieh@uts.edu.au.
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for rate R below the channel capacity1 C. This seminal work entails the error exponent analysis of a
broad class of channels [14, 13, 15, 16, 17, 18]. The exponential decay of the error probability in Eq. (1.3)
is a consequence of the large deviation principle (LDP) [19]. In summary, the errors in Eqs. (1.2) and
(1.3), respectively, fall into the CLT regime and large-deviation regime.

Altuğ and Wagner [20, 21] pioneered the study of the medium error probability regime, and investigated
the asymptotic behaviour of the optimal decoding error when the coding rate converges to capacity
sufficiently slowly. Specifically, they studied under which conditions the error is asymptotically equal to2

ε∗ (n,C − an) ∼ Φ

(√
nan√
v

)
∼ e

−na2n
2v , (1.4)

where the sequence (an)n∈N satisfies

(i) lim
n→+∞

an = 0;

(ii) lim
n→+∞

an
√
n = +∞.

(1.5)

Evidently, the transmission rate in Eq. (1.4) approaches capacity slower than 1/
√
n. A DMC with errors

satisfying Eq. (1.4) possesses a moderate deviation property (MDP) [19, Section 3.7]. The constant v in
Eq. (1.4) equals the channel dispersion V when both the limit in Eq. (1.2) and MDP hold [22, Theorem 1].
We refer the interested readers to Refs. [22, 24, 21] for further results in classical channel coding. These
three approaches—(i), (ii), and (iii)—all have theoretical significance and practical value, and this paper
will focus on the medium error probability regime, which is rarely explored in the quantum scenario.

Our main contribution is, for any classical-quantum (c-q) channel with a non-zero dispersion V > 0,

lim
n→+∞

log ε∗(n,C − an)

na2
n

= − 1

2V
, (1.6)

where (an)n∈N is any sequence satisfying Eq. (1.5). The result in Eq. (1.6) shows that reliable communi-
cation over a c-q channel is possible when the transmission rate approaches capacity at the scale slower
than 1/

√
n. Our proof employs techniques from the error exponent analysis (the LDP regime). For the

achievability part, we start from Hayashi’s upper bound of the average error for c-q channels [27] followed
by an asymptotic expansion of the error-exponent function. For the converse, we employ a sharp converse
bound based on a strong large deviation inequality (Proposition 7). This bound is more general than
the previous result in Ref. [18, Proposition 14], since it allows the transmission rates to depend on the
blocklength instead of being fixed. We remark that Altuğ and Wagner’s converse proof [21, Theorem 2.2]
is not sufficient for proving Eq. (1.6) because their sphere-packing bound is of a weaker form in general
c-q channels [18, Theorem 6] (see also [29]). Thus, naively following their converse approach will result
in a gap between the achievability and converse results (see Remark 3.1).

As a special case of c-q channel coding, we obtain the moderate deviations for binary quantum hypoth-
esis testing (see Theorems 9 and 10):

lim
n→+∞

1

na2
n

log α̂exp{−n[D(ρ‖σ)−an]}
(
ρ⊗n‖σ⊗n

)
= − 1

2V (ρ‖σ)
, (1.7)

where α̂µ denotes the smallest type-I error when the type-II error does not exceed µ; D(ρ‖σ) and V (ρ‖σ)
denote the relative entropy and relative variance of ρ and σ, respectively. The converse part directly
follows from the channel coding, and we provide two proofs for the achievability part. The first one comes
from Audeneart et al.’s error exponent analysis [30], while the second one employs a martingale inequality
[24]. We remark that the moderate deviation analysis for classical hypothesis testing was studied by Sason
[24], and by Watanabe and Hayashi [25]. Moreover, a recent work by Rouzé and Datta [26] formulated
the quantum hypothesis problem into a martingale, which is similar to our approach for proving the
achievability.

1To the best of our knowledge, the reliability function E(R) is only known in the high rate regime, i.e. at rates above a
critical rate (see e.g. [13, p. 160]).
2We denote fn ∼ gn if and only if limn→+∞

fn
gn

= 1.
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Unlike our proof techniques relying on error exponent analysis (the LDP regime), a recent and in-
dependent paper [31] obtained the same result, but proceeds from the second-order analysis (the CLT
regime). Their achievability proof follows from the one-shot capacity by Wang and Renner [32]; while the
converse part generalizes Polyanskiy and Verdú’s result [22] (which in turn relies on Strassen’s Gaussian
approximation [1]) and a powerful inequality in probability [33] to the quantum scenario. We summarize
the error behaviors in these three regimes in Table 1.

This paper is organized as follows. We introduce notation and preliminaries in Section 2. Section 3
contains our main result—the moderate deviation analysis for c-q channel coding. In Section 4, we present
the moderate deviations for quantum hypothesis testing. Lastly, we conclude this paper in Section 5.

Error Regimes Concentration Phenomena Hypothesis Testing Channel Coding

Large Error CLT: Pr (Sn ≥
√
nx)→ 1− Φ

(
x√
v

)
α̂

exp
{
−n

[
D− A√

n

]} → Φ
(

A√
V

)
ε∗
(
n,C − A√

n

)
→ Φ

(
A√
V

)
Medium Error MDP: Pr (Sn ≥ nanx) = e−

na2n
2v

x+o(na2n) α̂exp{−n[D−an]} = e−
na2n
2V

+o(na2n) ε∗(n,C − an) = e−
na2n
2V

+o(na2n)

Small Error LDP: Pr (Sn ≥ nx) = e−nΛ∗(x)+o(n) α̂exp{−nr} = e−nφ(r)+o(n) ε∗(n,R) = e−nE(R)+o(n)

Table 1. This table compares the asymptotic error behaviors of quantum hypothesis testing and
classical-quantum channel coding in three error probability regimes: (i) large error (central limit
theorem), (ii) medium error (moderate deviation principle), and (iii) small error (large deviation
principle). The quantity Sn denotes the sum of n independent and identically distributed random
variables with zero mean and variance v. The exponent Λ∗ is the Legendre-Fenchel transform of
the normalized cumulant generating function of Sn [19]. The error α̂exp{−nr} is defined as the
minimum type-I error with the type-II error smaller than exp{−nr}. The quantities D and V
in the hypothesis testing column denote the quantum relative entropy and the relative entropy
variance, respectively. The optimal error probability with blocklength n and rate R is denoted by
ε∗(n,R). The quantities C and V in the channel coding column indicate the channel capacity and
the channel dispersion, respectively. The sequence (an)n∈N satisfies Eq. (1.5). The quantity E(R)
is the reliability function of the channel.

2. Preliminaries and Notation

We first introduce necessary notation. Throughout this paper, we consider a Hilbert space H with
finite dimension d. The set of density operators (i.e. positive semi-definite operators with unit trace) and
non-singular density operators on H are defined by S(H) and S>0(H), respectively. The identity operator
on H is denoted by 1H, or simply 1 if there is no possibility of confusion. We use Tr [ · ] as the trace
function. Let N, R, and R≥0 denote the set of integers, real numbers, and non-negative real numbers,
respectively. Define [n] := {1, 2, . . . , n} for n ∈ N.

The power of a positive semi-definite operator A is defined as: Ap =
∑

i:ai 6=0 a
p
iPi, where (ai)i and

(Pi)i are the eigenvalues and eigenprojections of A =
∑

i aiPi. We use supp(A) to denote support of the
operator A. We write A� B if supp(A) ⊂ supp(B).

2.1. Quantum Hypothesis Testing and Channel Coding. Consider a binary hypothesis testing
problem whose null and alternative hypotheses are ρ ∈ S(H) and σ ∈ S(H), respectively. The type-I
error and type-II error of the hypothesis testing, for an operator 0 ≤ Q ≤ 1, are defined as follows:

α (Q; ρ) := Tr [(1−Q)ρ] , (2.1)

β (Q;σ) := Tr [Qσ] . (2.2)

There is a trade-off relation between these two errors. Thus we can define the minimum type-I error when
the type-II error is below µ ∈ (0, 1) as

α̂µ (ρ‖σ) := min
0≤Q≤1

{
α (Q; ρ) : β (Q;σ) ≤ µ

}
. (2.3)
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Denote by X a finite input alphabet, and let P(X ) be the set of probability distributions on X . For a
sequence xn ∈ X n, we denote by

Pxn(x) :=
1

n

n∑
i=1

1 {x = xi} , (2.4)

where xi is the i-th element of xn.
A c-q channel W maps elements of X to the density operators in S(H), i.e. W : x 7→ Wx. We denote

the image of the channel W by

im (W) := {ρ ∈ S(H)| ∃x ∈ X : ρ = Wx} , (2.5)

and its closure by im(W). Without loss of generality, we assume that im (W) has full support on the
Hilbert space H throughout this paper.

Let M be a finite alphabetical set with size M = |M|. An (n-block) encoder is a map fn :M→ X n
that encodes each message m ∈M to a codeword xn(m) := x1(m) . . . xn(m) ∈ X n. The c-q channel then
produces an output state W⊗nxn(m) with the input codeword xn(m), where

W⊗nxn(m) = Wx1(m) ⊗ · · · ⊗Wxn(m) ∈ S(H⊗n). (2.6)

The decoder is described by a positive operator-valued measurement (POVM) Πn = {Πn,1, . . . ,Πn,M} on

H⊗n, where Πn,i ≥ 0 and
∑M

i=1 Πn,i = 1. The pair (fn,Πn) =: Cn is called a code with rate R = 1
n log |M|.

The error probability of sending a message m with the code Cn is εm(W, Cn) := 1−Tr
(
Πn,mWxn(m)

)
. We

use εmax(W, Cn) = maxm∈M εm(W, Cn) and ε̄(W, Cn) = 1
M

∑
m∈M εm(W, Cn) to denote the maximal error

probability and the average error probability, respectively. Denote by ε∗ (n,R) the smallest average error
probability among all codes Cn with message size |M| = exp{nR}.

2.2. Information Quantities. For any ρ, σ ∈ S(H), we define the quantum relative entropy, (Petz’s)
quantum Rényi divergence [43], and the log-Euclidean Rényi divergence [48, 18], respectively, as follows:

D(ρ‖σ) := Tr [ρ (log ρ− log σ)] , (2.7)

Dα(ρ‖σ) :=
1

α− 1
log Tr[ρασ1−α], (2.8)

D[
α(ρ‖σ) :=

1

α− 1
log Tr

[
eα log ρ+(1−α) log σ

]
. (2.9)

We define two types of the quantum relative entropy variances [5, 6] by

V (ρ‖σ) := Tr
[
ρ (log ρ− log σ)2

]
−D(ρ‖σ)2 (2.10)

Ṽ (ρ‖σ) :=

∫ 1

0
dtTr

[
ρ1−t(log ρ− log σ)ρt(log ρ− log σ)

]
−D(ρ‖σ)2. (2.11)

It is well-known that both quantities are non-negative, and

V (ρ‖σ) > 0 implies D(ρ‖σ) > 0. (2.12)

We define the conditional quantum relative entropy of two channels W̄,W and P ∈ P(X ) to be

D
(
W̄‖W|P

)
:=
∑
x∈X

P (x)D
(
W̄x‖Wx

)
. (2.13)
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Similarly, we define the following conditional entropic quantities for σ ∈ S(H) and P ∈ P(X ):

D (W‖σ|P ) :=
∑
x∈X

P (x)D (Wx‖σ) , (2.14)

Dα (W‖σ|P ) :=
∑
x∈X

P (x)Dα (Wx‖σ) , (2.15)

V (W‖σ|P ) :=
∑
x∈X

P (x)V (Wx‖σ) , (2.16)

Ṽ (W‖σ|P ) :=
∑
x∈X

P (x)Ṽ (Wx‖σ) . (2.17)

The mutual information of the channel W : X → S(H) with a prior distribution P ∈ P(X ) is defined by

I(P,W) := D (P ◦W‖P ⊗ PW) = D (W‖PW|P ) , (2.18)

where P ◦W :=
∑

x∈X P (x)|x〉〈x| ⊗Wx and PW :=
∑

x∈X P (x)Wx. Hence, the (classical) information
capacity of the channel W is

CW := max
P∈P(X )

I(P,W). (2.19)

The conditional information variance and the unconditional information variance of W : X → S(H) with
a prior distribution P ∈ P(X ) are defined, respectively, by

V (P,W) := V (W‖PW|P ) ,

U(P,W) := V (P ◦W‖P ⊗ PW) .
(2.20)

It is known that (see e.g. [3, Lemma 62]) that V (P ?,W) = U(P ?,W) for every capacity-achieving distri-
bution P ? ∈ P(X ), i.e. I(P ?,W) = CW. Similarly, we also define the unconditional information variance

in terms of Ṽ (ρ‖σ):

Ṽ (P,W) := Ṽ (W‖PW|P ) . (2.21)

The minimal peripheral information variance and its variant are defined by

VW := min
P∈P(X ): I(P,W)=CW

V (P,W), (2.22)

ṼW := min
P∈P(X ): I(P,W)=CW

Ṽ (P,W). (2.23)

Furthermore, one can verify that

VW > 0 implies CW > 0. (2.24)

2.2.1. Auxiliary functions and their properties. The auxiliary function of a classical-quantum channel is
defined as [35, 36, 37, 38, 39]

E0(s, P ) := − log Tr

(∑
x∈X

P (x)W 1/(1+s)
x

)1+s
 .

In this paper, we will require three variants of the above auxiliary function: ∀s ≥ 0 and σ ∈ S(H),

Ẽ0(s, P, σ) := sD1−s (P ◦W‖P ⊗ σ) (2.25)

Eh(s, P, σ) := sD 1
1+s

(W‖σ|P ) , (2.26)

Ẽh(s, P, σ) := sD[
1

1+s

(W‖σ|P ) , (2.27)

where Dα and D[
α are the (Petz’s) quantum Rényi divergence and the log-Euclidean Rényi divergence,

respectively.
5
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The function Ẽ0(s, P, σ) will play a major role in the achievability part of our main result (see Theorem 4
in Section 3). This quantity yields an upper bound to the average error probability (see [27, Eq. (9)]):

ε̄(W, Cn) ≤ 4 exp

{
−n
[

max
0≤s≤1

max
P∈P(X )

{
−sR+ Ẽ0(s, P, PW)

}]}
. (2.28)

Properties of Eh and Ẽh will be crucial in the analysis of the converse part of our main result.

The following proposition summarizes properties of Ẽ0(s, P, σ). We provide the proof in Appendix A.1.

Proposition 1 (Properties of Ẽ0(s, P, σ)). Consider a classical-quantum channel W : X → S(H), a

distribution P ∈ P(X ), and a state σ ∈ S(H) with Wx � σ for all x ∈ supp(P ). Then Ẽ0(s, P, σ) defined
in Eq. (2.25) enjoys the following properties.

(a) Ẽ0(s, P, σ) and its partial derivatives ∂Ẽ0(s, P, σ)/∂s, ∂2Ẽ0(s, P, σ)/∂s2, ∂3Ẽ0(s, P, σ)/∂s3 are all
continuous in (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Ẽ0(s, P, σ) is concave in s ∈ R≥0.
(c) For every P ∈ P(X ),

∂Ẽ0(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D (P ◦W‖P ⊗ σ) . (2.29)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Ẽ0(s, P, σ)

∂s
≤ ∂Ẽ0(s, P, σ)

∂s
≤ D (P ◦W‖P ⊗ σ) , ∀s ∈ R≥0. (2.30)

(e) For every P ∈ P(X ),

∂2Ẽ0(s, P, σ)

∂s2

∣∣∣∣∣
s=0

= −V (P ◦W‖P ⊗ σ) . (2.31)

Properties of Eh(s, P, σ) are collected in the following proposition. The proof can be found in Appen-
dix A.2.

Proposition 2 (Properties of Eh(s, P, σ)). Consider a classical-quantum channel W : X → S(H), a
distribution P ∈ P(X ), and a state σ ∈ S(H) with Wx � σ for all x ∈ supp(P ). Then Eh(s, P, σ) defined
in Eq. (2.26) enjoys the following properties.

(a) Eh(s, P, σ) and its partial derivatives ∂Eh(s, P, σ)/∂s, ∂2Eh(s, P, σ)/∂s2, ∂3Eh(s, P, σ)/∂s3 are
continuous for (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Eh(s, P, σ) is concave in s for all s ∈ R≥0.
(c) For every P ∈ P(X ),

∂Eh(s, P, σ)

∂s

∣∣∣∣
s=0

= D (W‖σ|P ) . (2.32)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Eh(s, P, σ)

∂s
≤ ∂Eh(s, P, σ)

∂s
≤ D (W‖σ|P ) , ∀s ∈ R≥0. (2.33)

(e) For every P ∈ P(X ),

∂2Eh(s, P, σ)

∂s2

∣∣∣∣
s=0

= −V (W‖σ|P ) . (2.34)

Proposition 3 below lists the properties of Ẽh, and the proof is provided in Appendix A.3.

Proposition 3 (Properties of Ẽh(s, P, σ)). Consider a classical-quantum channel W : X → S(H), a

distribution P ∈ P(X ), and a state σ ∈ S(H) with Wx � σ for all x ∈ supp(P ). Then Ẽh(s, P, σ) defined
in Eq. (2.27) enjoys the following properties.
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(a) Ẽh(s, P, σ) and its partial derivatives ∂Ẽh(s, P, σ)/∂s, ∂2Ẽh(s, P, σ)/∂s2, ∂3Ẽh(s, P, σ)/∂s3 are
all continuous for (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Ẽh(s, P, σ) is concave in s for all s ∈ R≥0.
(c) For every P ∈ P(X ),

∂Ẽh(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D (W‖σ|P ) . (2.35)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Ẽh(s, P, σ)

∂s
≤ ∂Ẽh(s, P, σ)

∂s
≤ D (W‖σ|P ) , ∀s ∈ R≥0. (2.36)

(e) For every P ∈ P(X ),

∂2Ẽh(s, P, σ)

∂s2

∣∣∣∣∣
s=0

= −Ṽ (W‖σ|P ) . (2.37)

2.2.2. Error Exponents. Auxiliary functions allow us to concisely define sphere-packing exponent func-
tions of a classical-quantum channel. We will use notation similar to Refs. [40, 28, 18]. Define

Ẽsp(R,P, σ) := min
W̄:X→S◦

{
D
(
W̄‖W|P

)
: D
(
W̄‖σ|P

)
≤ R

}
(2.38)

= sup
s≥0

{
Ẽh(s, P )− sR

}
, (2.39)

E(2)
sp (R,P, σ) := sup

s≥0
{Eh (s, P )− sR} , (2.40)

for all R > 0, P ∈ P(X ), and σ ∈ S>0(H). The equality in Eq. (2.39) follows from [18, Theorem 6]. From
the definitions in Eqs. (2.38) and (D.9), it is not hard to see that [30]

Ẽsp(R,P, σ) = 0, ∀R ≥ D (W‖σ|P ) . (2.41)

and

E(2)
sp (R,P, σ) =

{
+∞, R < D0 (W‖σ|P ) ,

0, R ≥ D (W‖σ|P ) .
(2.42)

3. Moderate Deviations for Classical-Quantum Channels

This section presents our main results—the error performance of classical-quantum channels satisfies
the moderate deviation property, Eq. (1.4). The achievability part is stated in Theorem 4, and its proof is
given in Section 3.1. Our proof strategy employs Hayashi’s bound [27] and the properties of the modified
auxiliary function (Proposition 1). Theorem 5 contains the converse part, and is proved in Section 3.2. The
proof involves a weak sphere-packing bound (Proposition 6), a sharp converse lower bound (Proposition 7),
and an approximation of the error-exponent function around capacity (Proposition 8).

Let (an)n∈N be a sequence of real numbers satisfying

(i) an → 0, as n→ +∞,
(ii) an

√
n→ +∞, as n→ +∞.

(3.1)

Theorem 4 (Achievability). For any W : X → S(H) with VW > 0 and any sequence (an)n≥1 satisfying
Eq. (3.1), there exists a sequence of codes {Cn}n≥1 with rates Rn = CW − an so that

lim sup
n→+∞

1

na2
n

log ε̄ (W, Cn) ≤ − 1

2VW
. (3.2)

The proof is given in Section 3.1.
7
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Theorem 5 (Converse). For any W : X → S(H) with VW > 0, any sequence {an}n≥1 satisfying Eq. (3.1),
and any sequence of codes {Cn}n≥1 with rates Rn = CW − an, it holds that

lim inf
n→+∞

1

na2
n

log ε̄ (W, Cn) ≥ − 1

2VW
. (3.3)

The proof is given in Section 3.2.

Remark 3.1. Altuğ and Wagner [21] proved Theorem 5 for discrete classical channels by a weak sphere-

packing bound with the expression of Ẽsp. Although such a weak sphere-packing bound indeed holds for
c-q channels (see Proposition 6 and Remark B.1 in Appendix B), Proposition 8 in Section 3.2 shows that
it will lead to

lim sup
n→+∞

1

na2
n

log ε̄ (W, Cn) ≤ − 1

2ṼW
, (3.4)

where ṼW is defined in Eq. (2.23). Since Ṽ (ρ‖σ) ≤ V (ρ‖σ) [42, Theorem 1.2], it holds that ṼW ≤ VW and
the equality happens if and only if the channel reduces to classical. Hence, Altuğ and Wagner’s method
yields a weaker result in quantum regime; namely, a gap between the achievability and the converse. In
Section 3.2, we will employ a sharp converse bound from strong large deviation theory to achieve our
result, Theorem 5.

3.1. Proof of Achievability: Theorem 4. Let W : X → S(H) satisfy VW > 0. Let {an}n≥1 be any
sequence of real numbers satisfying Eq. (3.1). Since VW > 0, Eq. (2.24) shows that CW > 0. Hence, we
have CW − an > 0, for all sufficiently large n. Fix such an integer n onwards, Hayashi’s upper bound,
Eq. (2.28), implies that there exists a code Cn with Rn = CW − an so that

ε̄(W, Cn) ≤ 4 exp

(
−n
[

max
0≤s≤1

{
Ẽ0(s, P, PW)− sRn

}])
, (3.5)

for all P ∈ P(X ). In the following, we denote by Ẽ0(s, P ) := Ẽ0(s, P, PW) for notational convenience.
Simple algebra yields

1

na2
n

log ε̄(W, Cn) ≤ log 4

na2
n

− 1

a2
n

max
0≤s≤1

{
Ẽ0(s, P )− sRn

}
, (3.6)

for all sufficiently large n and any P ∈ P(X ).

Let P̃(X ) be the set of distributions that achieve the minimum in Eq. (2.22), and let P̃ ∈ P̃(X ). Note

that Ref. [9, Lemma 3] implies that P̃(X ) is compact. Applying Taylor’s theorem to Ẽ0(s, P̃ ) at s = 0
together with Proposition 1 gives

Ẽ0

(
s, P̃

)
= sCW −

s2

2
VW +

s3

6

∂3Ẽ0

(
s, P̃

)
∂s3

∣∣∣∣∣∣
s=s̄

, (3.7)

for some s̄ ∈ [0, s]. Let sn = an/VW. Then sn ≤ 1 for all sufficiently large n by the assumption in Eq. (3.1)
and VW > 0. For all sn ≤ 1, Eq. (3.7) yields

max
0≤s≤1

{
Ẽ0

(
s, P̃

)
− sRn

}
≥ Ẽ0

(
sn, P̃

)
− snRn (3.8)

=
an
VW

(CW −Rn)− a2
n

2VW
+

a3
n

6V 3
W

∂3Ẽ0

(
s, P̃

)
∂s3

∣∣∣∣∣∣
s=s̄n

(3.9)

=
a2
n

2VW
+

a3
n

6V 3
W

∂3Ẽ0

(
s, P̃

)
∂s3

∣∣∣∣∣∣
s=s̄n

, (3.10)

where s̄n ∈ [0, sn] and Eq. (3.10) holds since Rn = CW − an.
8
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Define

Υ = max
(s,P )∈[0,1]×P̃(X )

∣∣∣∣∣∂3Ẽ0 (s, P )

∂s3

∣∣∣∣∣ , (3.11)

which is finite due to the compact set [0, 1]× P̃(X ) and item (a) in Proposition 1. Therefore, Eq. (3.10)
implies that

max
0≤s≤1

{
Ẽ0

(
s, P̃

)
− sRn

}
≥ a2

n

2VW
+

a3
n

6V 3
W

∂3Ẽ0

(
s, P̃

)
∂s3

∣∣∣∣∣∣
s=s̄n

(3.12)

≥ a2
n

2VW
− a3

n

6V 3
W

∣∣∣∣∣∣
∂3Ẽ0

(
s, P̃

)
∂s3

∣∣∣∣∣∣
s=s̄n

∣∣∣∣∣∣ (3.13)

≥ a2
n

2VW
− a3

n

6V 3
W

Υ, (3.14)

for all sufficiently large n.
Substituting Eq. (3.14) into Eq. (3.6) gives

1

na2
n

log ε̄(W, Cn) ≤ log 4

na2
n

− 1

2VW

(
1−Υ

an
3V 2

W

)
. (3.15)

Recall Eq. (3.1) and let n→ +∞, which completes the proof:

lim sup
n→+∞

1

na2
n

log ε̄(W, Cn) ≤ − 1

2VW
. (3.16)

�

3.2. Proof of Converse: Theorem 5. Our strategy consists of the following steps. First, we claim that
it suffices to prove Eq. (3.3) for the maximal error probability of any code Cn, i.e. εmax(W, Cn). Recall
the standard expurgation method (see e.g. [41, p. 96], [50, Theorem 20], [15, p. 395]): by removing half
codewords with highest error probability to arrive at ε̄ (W, Cn) ≥ 1

2εmax (W, C′n) with |C′n| = d|Cn|/2e ≥
1
2 exp{nRn} = exp{n(Rn − 1

n log 2)}. Since the induced rate back-off is only 1
n log 2 = o(an), one might

define another sequence a′n := an − 1
n log 2 satisfying Eq. (3.1). Hence, without of loss generality, we only

need to prove the converse part for εmax.
Second, we employ the method of Ref. [18, Lemma 16] to relate the error probability εmax to the

minimum type-I error:

log εmax(W, Cn)

na2
n

≥ max
σn∈S(H⊗n)

min
xn∈Xn

log α̂exp{−nRn}(W
⊗n
xn ‖σn)

na2
n

(3.17)

≥ min
xn∈Xn

log α̂exp{−nRn}(W
⊗n
xn ‖(P ?W)⊗n)

na2
n

, (3.18)

where P ? ∈ P(X ) is an arbitrary capacity-achieving distribution, i.e. I(P ?,W) = CW.
Third, we divide the set of codewords into two groups. Fix an arbitrary η ∈ (0, 1

2). Let A :=

maxρ∈S◦ V (ρ‖P ?W) and let ξ =
√

2A/η. Define:

Ωgood := {xn ∈ X n : D(W‖P ?W|Pxn) > Rn} ; (3.19)

Ωbad := X n\Ωgood. (3.20)

For the codes in Ωbad, we employ a weak converse bound in Proposition 6, and apply a sharp converse
bound, Proposition 7, for Ωgood. Furthermore, we can assume an > 0 for all sufficiently large n ∈ N owing
to the assumption limn→+∞ an

√
n = +∞. Subsequently, we will consider such n onwards.
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Proof of Theorem 5. We start the proof with the case Ωbad, and further consider two different cases:

Ω
(1)
bad :=

{
xn ∈ X n : D(W‖P ?W|Pxn) ≤ Rn −

2ξ√
n

}
; (3.21)

Ω
(2)
bad :=

{
xn ∈ X n : Rn −

2ξ√
n
< D(W‖P ?W|Pxn) ≤ Rn

}
. (3.22)

We apply the following weak converse bound with σ = P ?W, whose proof is provided in Appendix B to
further lower bound the right-hand side of Eq. (3.18).

Proposition 6 (A Weak Converse Bound). Consider a classical-quantum channel W : X → S(H) with

S◦ := im(W), an arbitrary rate R ≥ 0, and σ ∈ S>0(H). For any η ∈ (0, 1
2), let N0 ∈ N such that for all

n ≥ N0,

e−ξ
√
n ≤ η

2
, (3.23)

where ξ =
√

2A/η and A := maxρ∈S◦ V (ρ‖σ). Then, it holds that for all n ≥ N0,

α̂exp{−nR}
(
W⊗nxn ‖σ⊗n

)
≥ f(η) exp

−n
Ẽsp

(
R− 2ξ√

n
, Pxn , σ

)
1− η

 , (3.24)

where f(η) = exp
{
−h(1−η)

1−η

}
and h(p) := −p log p− (1− p) log(1− p) is the binary entropy function.

Let η and ξ be defined as above, and let N1 be an integer satisfying Eq. (3.23). Then Eq. (3.24) gives,
for all n ≥ N1,

log α̂exp{−nRn}(W
⊗n
xn ‖(P ?W)⊗n)

na2
n

≥ −
Ẽsp

(
Rn − 2ξ√

n
, Pxn , P

?W
)

a2
n(1− η)

+
log f(η)

na2
n

. (3.25)

Further, Eq. (2.41) implies that for all xn ∈ Ω
(1)
bad,

Ẽsp

(
Rn −

2ξ√
n
, Pxn , P

?W

)
= 0. (3.26)

Hence, we have for all xn ∈ Ω
(1)
bad,

log α̂exp{−nRn}(W
⊗n
xn ‖(P ?W)⊗n)

na2
n

≥ log f(η)

na2
n

(3.27)

≥ − 1

2VW
+

log f(η)

na2
n

, (3.28)

where the last inequality follows from VW > 0. Since f(η) < +∞, taking the infimum limit of n → +∞
and using Eq. (3.1) give, for all xn ∈ Ω

(1)
bad,

lim inf
n→+∞

log α̂exp{−nRn}
(
W⊗nxn ‖(P ?W)⊗n)

)
na2

n

≥ − 1

2VW
. (3.29)

Next, we move on to xn ∈ Ω
(2)
bad. In this case, Ẽsp in Eq. (3.25) is not equal to zero for any finite n, we

employ Eq. (3.47) in Proposition 8 below with δn = an + 2ξ/
√
n and bn = an to arrive at

lim inf
n→+∞

log α̂exp{−nRn}
(
W⊗nxn ‖(P ?W)⊗n)

)
na2

n

≥ − lim
n→+∞

4ξ2

n
(
an + 2ξ√

n

)2 ·
1

2ṼW(1− η)
(3.30)

= 0 (3.31)

≥ − 1

2VW
, (3.32)

where the equality follows since limn→+∞ na
2
n = +∞.
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In the last case of xn ∈ Ωgood, we employ a tighter bound, Proposition 7, to lower bound the right-hand
side of Eq. (3.18). The proof is delayed to Appendix C.

Proposition 7 (A Sharp Converse Bound). Consider a classical-quantum channel W : X → S(H) and a
state σ ∈ S(H). Suppose the sequence xn ∈ X n satisfies

ν ≤ V (W‖σ|Pxn) < +∞ (3.33)

for some ν > 0, and suppose the sequence of rates (Rn)n∈N satisfies3 D0(W‖σ|Pxn) < Rn < D(W‖σ|Pxn).
Then, there exists an N0 ∈ N such that, for all n ≥ N0,

α̂exp{−nRn}(W
⊗n
xn ‖σ⊗n) ≥ A

s?n
√
n

exp
{
−nE(2)

sp (Rn − cn, Pxn , σ)
}
, (3.34)

where cn = K logn
n and A,K > 0 are finite constants independent of the sequence xn, and

s?n := arg max
s≥0

{Eh(s, Pxn , σ)− sRn} . (3.35)

Before applying Proposition 7, we verify that the condition, Eq. (3.33), is satisfied. Define

v(δ) := min
P∈P(X )

{V (W‖P ?W|P ) : D(W‖P ?W|P ) ≥ CW − δ} . (3.36)

Note that the map δ 7→ v(δ) is monotone decreasing and continuous at 0 from above, i.e. limδ↓0 v(δ) =
v(0) = VW [7, Lemma 22]. For any κ ∈ (0, 1), we can choose a sufficiently small γ > 0 independent of the
sequence xn such that v(γ) ≥ (1− κ)VW =: ν > 0. Further, let N2 ∈ N such that an ≤ γ for all n ≥ N2.
Then, one finds, for all xn ∈ Ωgood and n ≥ N2,

V (W‖P ?W|Pxn) ≥ v(γ) ≥ ν > 0. (3.37)

Moreover, since VW > 0 implies that CW = maxP∈P(X )D(W‖P ?W|P ) > maxP∈PD0(W‖P ?W|P ), one can
choose a sufficiently large n, say N3 ∈ N, such that Rn > D0(W‖P ?W|Pxn) for all n ≥ N3. Now, we have
for all xn ∈ Ωgood and n ≥ max{N2, N3} that

max
P∈P(X )

D0(W‖P ?W|P ) < Rn < D(W‖P ?W|Pxn); (3.38)

0 < ν ≤ V (W‖P ?W|Pxn). (3.39)

Together with Eqs. (3.18) and (3.37) and letting σ = P ?W, Proposition 7 yields, for all xn ∈ Ωgood and
all sufficiently large n, say n ≥ N4 ∈ N,

log α̂exp{−nRn}
(
W⊗nxn ‖(P ?W)⊗n

)
na2

n

≥ −E
(2)
sp (Rn − cn, Pxn , P

?W)

a2
n

− log s?n
√
n

na2
n

+
logA

na2
n

. (3.40)

Recall Eq. (3.48) in Proposition 8 below with bn = 0 and δn = an + cn that lim supn→+∞
s?n

an+cn
≤ 1

VW
.

Hence, one can fix an arbitrary ζ > 0 and there exists an N5 ∈ N such that s?n
√
n

(an+cn)
√
n
≤ 1

VW
+ ζ for all

n ≥ N5. This then leads to for all sufficiently large n ≥ max{N2, N3, N4, N5} and all xn ∈ Ωgood,

log α̂exp{−nRn}
(
W⊗nxn ‖(P ?W)⊗n

)
na2

n

≥ −E
(2)
sp (Rn − cn, Pxn , P

?W)

a2
n

− log(an + cn)
√
n

na2
n

+

log A
1
VW

+ζ

na2
n

. (3.41)

Taking n → +∞, the second and the third terms on the right-hand side of Eq. (3.41) vanish since

cn = K logn
n = o(an) and the assumption limn→+∞ an

√
n = +∞.

3Note that D0(W‖σ|P ) = D(W‖σ|P ) implies Wx = σ for all x ∈ supp(P ) [46, Collorary 4.1]. This further gives V (W‖σ|P ) =
0. However, the assumption in Eq. (3.33) ensures that lim infn∈ND(W‖σ|Pxn) − D0(W‖σ|Pxn) > 0. Hence, the intervals
[D0(W‖σ|Pxn), D(W‖σ|Pxn)] for all xn satisfying Eq. (3.33) are not measure zero.
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Next, we apply Eq. (3.46) in Proposition 8 again to bound the error-exponent function E
(2)
sp in Eq. (3.40):

for all xn ∈ Ω(3)

lim inf
n→+∞

log α̂exp{−nRn}
(
W⊗nxn ‖(P ?W)⊗n

)
na2

n

≥ − lim sup
n→+∞

E
(2)
sp (CW − δn, Pxn , P

?W)

a2
n

(3.42)

= − lim sup
n→+∞

E
(2)
sp (CW − δn, Pxn , P

?W)

δ2
n

(3.43)

≥ − 1

2VW
. (3.44)

Finally, combining Eqs. (3.18), (3.29), (3.32) and (3.44) concludes the desired Eq. (3.3).

Proposition 8 (Error Exponent around Capacity). Let (bn)n∈N be a sequence of real numbers with
limn→+∞ bn = 0 and let (δn)n∈N be a sequence of positive numbers with limn→+∞ δn = 0. Suppose the
sequence of distributions (Pn)n∈N satisfies

CW − δn < D(W‖P ?W|Pn) ≤ CW − bn. (3.45)

The following hold:

lim sup
n→+∞

E
(2)
sp (CW − δn, Pn, P ?W)

δ2
n

≤ lim sup
n→+∞

(δn − bn)2

2VWδ2
n

; (3.46)

lim sup
n→+∞

Ẽsp (CW − δn, Pn, P ?W)

δ2
n

≤ lim sup
n→+∞

(δn − bn)2

2ṼWδ2
n

; (3.47)

lim sup
n→+∞

s?n
δn
≤ 1

VW
, (3.48)

where

s?n := arg max
s≥0

{Eh(s, Pn, P
?W)− s (CW − δn)} . (3.49)

The proof of Proposition 8 is provided in Appendix D.
�

4. Moderate Deviations for Quantum Hypothesis Testing

In this section, we show that a special case of channel coding yields the moderate deviation result for
quantum hypothesis testing. The achievability part is given in Theorem 9. In Section 4.1, we provide two
proofs. The first proof follows the idea of asymptotic expansions in Theorem 4; however, we will employ
Audenaet et al.’s quantum Hoeffding bound [30], instead of Hayashi’s inequality [27]. The second proof
relies on a martingale inequality [24]. The converse part and its proof are provided in Theorem 10 and
Section 4.2, respectively.

Theorem 9 (Achievability). Let ρ, σ ∈ S(H) be the density operators with finite relative variance V :=
V (ρ‖σ) > 0. For any sequence of real numbers (an)n∈N satisfying Eq. (3.1), there exists a sequence
rn := D (ρ‖σ)− an such that

lim sup
n→+∞

1

na2
n

log α̂exp{−nrn}
(
ρ⊗n‖σ⊗n

)
≤ − 1

2V
. (4.1)

Theorem 10 (Converse). Let ρ, σ ∈ S(H) be the density operators with non-zero and finite relative
variance V := V (ρ‖σ) > 0. For any sequence of real numbers {an}n∈N satisfying Eq. (3.1), there exists
a sequence rn := D (ρ‖σ)− an such that

lim inf
n→+∞

1

na2
n

log α̂exp{−nrn}
(
ρ⊗n‖σ⊗n

)
≥ − 1

2V
. (4.2)
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4.1. Proof of Achievability: Theorem 9. In this section, we present two proofs for Theorem 9. The
first one relies on the quantum Hoeffding bound [30] and the Taylor’s expansion of the exponent function
Eh.

The first proof of Theorem 9. Recall the following achievability of the quantum Hoeffding bound:

Lemma 11 (Theorem 5, Section 5.5 of [30]). Let ρ, σ ∈ S(H). For any r ≥ 0 and any n ∈ N, we have

α̂exp{−nr}
(
ρ⊗n‖σ⊗n

)
≤ exp

{
−n
[

sup
0<α≤1

{
α− 1

α
(r −Dα (ρ‖σ))

}]}
. (4.3)

Since D(ρ‖σ) > 0 (due to Eq. (2.12)), we have

rn := D(ρ‖σ)− an > 0 (4.4)

for all sufficiently large n. Choose such n onwards, then Eq. (4.3) implies that:

1

na2
n

log α̂exp{−nrn}
(
ρ⊗n‖σ⊗n

)
≤ − 1

a2
n

sup
0<α≤1

{
α− 1

α
(rn −Dα (ρ‖σ))

}
(4.5)

= − 1

a2
n

sup
s≥0
{Eh(s)− srn} , (4.6)

where we substitute s = 1−α
α and let

Eh(s) := sD 1
1+s

(ρ‖σ) . (4.7)

Taylor’s theorem followed by simple calculation yields

Eh(s) = sD(ρ‖σ)− s2

2
V +

s3

6

∂3Eh(s)

∂s3

∣∣∣∣
s=s̄

(4.8)

for some s̄ ∈ [0, s] and all s ≥ 0. The above equation is also a simple consequence of items (c) and (e) in
Proposition 2. Now let sn = an/V , for all n ∈ N. Then for all sufficiently large n and for some s̄n ∈ [0, sn],
Eq. (4.8) yields

sup
s≥0
{Eh(s)− srn} ≥ Eh(sn)− snrn (4.9)

=
an
V

(D(ρ‖σ)− rn)− a2
n

2V
+

a3
n

6V 3

∂3Eh(s)

∂s3

∣∣∣∣
s=s̄n

(4.10)

=
a2
n

2V
+

a3
n

6V 3

∂3Eh(s)

∂s3

∣∣∣∣
s=s̄n

, (4.11)

where we substitute rn = D(ρ‖σ)− an in Eq. (4.11).
Define

Υ := max
s∈[0,1]

∣∣∣∣∂3Eh(s)

∂s3

∣∣∣∣ , (4.12)

which is finite. Therefore, Eq. (4.11) leads to

sup
s≥0
{Eh(s)− srn} ≥

a2
n

2V
+

a3
n

6V 3

∂3Eh(s)

∂s3

∣∣∣∣
s=s̄n

(4.13)

≥ a2
n

2V
− a3

n

6V 3
Υ (4.14)

for all sufficiently large n. Substituting Eq. (4.14) into Eq. (4.6) yields

1

na2
n

log α̂exp{−nrn} (ρ‖σ) ≤ − 1

2V

(
1−Υ

an
3V 2

)
, (4.15)

which implies the desired achievability part:

lim sup
n→+∞

1

na2
n

log α̂exp{−nrn} (ρ‖σ) ≤ − 1

2V
. (4.16)
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In the following, we give an alternative proof of Theorem 9 by employing a martingale inequality [24].

The second proof of Theorem 9. We follow the idea in Ref. [6] to write the eigendecomposition of ρ⊗n and
σ⊗n, respectively, as

ρ⊗n =
∑
xn

λn(xn)|fnxn〉〈fnxn |; σ⊗n =
∑
yn

γn(yn)|gnyn〉〈gnyn |, (4.17)

where xn := x1x2 . . . xn; yn := y1y2 . . . yn; λn(xn) =
∏n
i=1 λ(xi); µ

n(yn) =
∏n
i=1 µ(yi); |fnxn〉 = |fx1〉 ⊗

|fx2〉 ⊗ · · · ⊗ |fxn〉; and |gnyn〉 = |gy1〉 ⊗ |gy2〉 ⊗ · · · ⊗ |gyn〉. Further, we define a pair of random variables

(X,Y ) via the Nussbaum-Szko la mapping [58], i.e. PX,Y (x, y) = λ(x)|γxy|2, where γxy := 〈gy|fx〉 ∈ C. It
is well-known that

D(ρ‖σ) = D(λ(X)‖µ(Y )) = E(X,Y )

[
log

λ(X)

µ(Y )

]
, (4.18)

V (ρ‖σ) = V (λ(X)‖µ(Y )) = Var(X,Y )

[
log

λ(X)

µ(Y )

]
. (4.19)

Let Tn := exp {nrn}. For every sequence xn, we define a sub-normalized vector:

|ξnxn〉 :=
∑

yn:λn(xn)/µn(yn)≥Tn

γnxnyn |gnyn〉 (4.20)

with γnxnyn =
∏n
i=1 γxiyi and

∑
x |γxy|2 =

∑
y |γxy|2 = 1. Applying the Gram-Schmidt orthonormalization

process on {|ξnxn〉}xn to obtain an orthonormal vectors

|ξ̂nxn〉 =
∑

yn:λn(xn)/µn(yn)≥Tn

tnxnyn |gnyn〉 (4.21)

for some tnxnyn ∈ C and ∑
yn:λn(xn)/µn(yn)≥Tn

|tnxnyn |2 = 1. (4.22)

We define a test of the hypotheses by

Qn :=
∑
xn

|ξ̂nxn〉〈ξ̂nxn |. (4.23)

Then, it suffices to show β (Qn;σ⊗n) ≤ exp{−nrn} and

lim
n→+∞

1

na2
n

logα
(
Qn; ρ⊗n

)
≤ − 1

2V
(4.24)

to complete the proof. The former follows Eqs. (4.17), (4.21), and (4.22):

β
(
Qn;σ⊗n

)
=
∑
xn

Tr
[
σ⊗n|ξ̂nxn〉〈ξ̂nxn |

]
=
∑
xn

∑
yn:λn(xn)/µn(yn)≥Tn

|tnxnyn |2µn(yn)

≤
∑
xn

λn(xn)

Tn
=

1

Tn
= exp{−nrn}. (4.25)
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Likewise, since |ξxn 〉〈ξxn |
|〈ξxn |ξxn 〉|2

≤ Qn, one can verify that

α
(
Qn; ρ⊗n

)
≤ 1−

∑
xn

λn(xn)〈ξnxn |ξnxn〉 (4.26)

= Pr

{
λn(Xn)

µn(Y n)
< Tn

}
(4.27)

= Pr

{
log

λn(Xn)

µn(Y n)
< nrn

}
. (4.28)

Next, we adopt Sason’s approach [24] to construct a martingale sequence {Uk,Mk}nk=0, where Mk

denotes the sigma-algebra formed by (Xl, Yl)
k
l=1; M0 ⊆M1 ⊆ . . . ⊆Mn is the filtration; and

Uk := E(Xn,Y n)

[
log

λn(Xn)

µn(Y n)

∣∣∣∣Mk

]
(4.29)

=

k∑
i=1

log
λ(Xi)

µ(Yi)
+

n∑
i=k+1

EXn

[
log

λ(Xi)

µ(Yi)

]
(4.30)

=
k∑
i=1

log
λ(Xi)

µ(Yi)
+ (n− k)D(λ(X)‖µ(Y )). (4.31)

In particular, we have

U0 = nD (λ(X)‖µ(Y )) ; Un = log
λ(Xn)

µ(Y n)
=

n∑
i=1

log
λ(Xi)

µ(Yi)
.

Hence, it can be verified that:

Uk − Uk−1 = log
λ(Xk)

µ(Yk)
−D(λ(X)‖µ(Y ));

EXn [Uk − Uk−1|Mk−1] = 0;

EXn

[
(Uk − Uk−1)2

∣∣∣Mk−1

]
= V (λ(X)‖µ(Y )) = V.

Let

b := max
(x,y):x=y

∣∣∣∣log
λ(x)

µ(y)
−D(λ(X)‖µ(Y ))

∣∣∣∣ , (4.32)

which is a finite number due to the assumption of the finite-dimensional Hilbert space. Then, we have
|Uk − Uk−1| ≤ b almost surely for every k ∈ [n]. Equipped with the notation above, Eq. (4.28) can be
expressed as:

α
(
Qn; ρ⊗n

)
= Pr {Un − U0 ≤ −nan} . (4.33)

In the following, we borrow the idea from Sason [24] to employ a martingale inequality to upper bound
Eq. (4.33).

Theorem 12 (Refined Azuma’s Inequality [24, Theorem 2]). Let (Xk)
n
k=1 be a martingale with respect to

the filtration (Mk)
n
k=0 such that the following requirements are satisfied almost surely: (i) E [Xk|Mk−1] =

0; (ii) E
[
X2
k |Mk−1

]
≤ v; (iii) ‖Xk‖∞ ≤ bk. For any x ≥ 0,

Pr

{
n∑
k=1

Xk ≥ xn

}
= Pr

{
n∑
k=1

Xk ≤ −xn

}

≤ 2 exp

{
−nh

(
bx+ v

b2 + v

∥∥∥∥ v

b2 + v

)}
, (4.34)

where h(p‖q) := p log p
q + (1− p) log 1−p

1−q .
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Apply Theorem 12 to Eq. (4.33) with x = an, Xk = Uk − Uk−1 for ever k ∈ [n]:

α
(
Qn; ρ⊗n

)
≤ 2 exp

{
−nh

(
ban + V

b2 + V

∥∥∥∥ V

b2 + V

)}
. (4.35)

By using a scalar inequality [24, Lemma 1]:

(1 + u) log(1 + u) ≥ u+
u2

2
− u3

6
, u ≥ 0, (4.36)

and the definition of h(·‖·) in Theorem 12, Eq. (4.35) leads to

α
(
Qn; ρ⊗n

)
≤ 2 exp

{
−n
[
a2
n

2V

(
1− anb

3V (1 + V/b2)

)]}
. (4.37)

Finally, recall that limn→+∞ an = 0 in Eq. (3.1), then

lim sup
n→+∞

1

na2
n

logαn (ηn) ≤ − 1

2V
.

�

4.2. Proof of Converse: Theorem 10. The converse part is a direct consequence of the sharp converse
Hoeffding bound, Theorem 7.

Let X = {x} and Wx = ρ. We apply Theorem 7 with r = rn to obtain

α̂exp{−nrn}
(
ρ⊗n‖σ⊗n

)
≥ A

s?n
√
n

exp

{
−n
[

sup
0<α≤1

α− 1

α
(rn − cn −Dα (ρ‖σ))

]}
, (4.38)

for sufficiently large n ∈ N and some constant A > 0. Here

s?n := arg max
s≥0

{
sD 1

1+s
(ρ‖σ)− srn

}
. (4.39)

Now let

δn := an + cn, ∀n ∈ N, (4.40)

and invoke Proposition 8 with Wx = ρ, P (x) = 1, and substitute P ?W with σ to obtain

lim sup
n→+∞

sups≥0

{
−s (D (ρ‖σ)− δn) + sD 1

1+s
(ρ‖σ)

}
δ2
n

≤ 1

2V
. (4.41)

Moreover, Eq. (3.48) in Proposition 8 gives that limn→+∞
s?n
δn

= 1/V . Combining Eqs. (4.38) and (4.41)
concludes our claim:

lim inf
n→+∞

log α̂exp{−nrn} (ρ⊗n‖σ⊗n)

nδ2
n

≥ − 1

2V
. (4.42)

5. Conclusion

A practical question in quantum information theory is that—is it possible for a reliable communication
through a c-q channel when the transmission rate approaches capacity in blocklength? In this paper, we
propose a moderate deviation analysis for c-q channel and thus give an affirmative answer. Moreover, we
also establish the moderate deviations for quantum hypothesis testing.

Our proof strategy is based on a strong large deviation theory [28, 18] and the study of the asymptotic
behaviour of the error exponent function. As a result, we successfully bridge the connection between
small error regime and the medium error regime. On the other hand, the recent work from the authors
[31] also obtains the moderate deviation result via the techniques in the non-vanishing error regime. It is
remarkable that both methods from different regimes arrive at the same place, and hence both this work
along with Ref. [31] illuminate the whole picture of the three regimes in quantum information theory. �
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Appendix A. Properties of Auxiliary Functions

This section contains proofs of Propositions 1 and 2. Most results follow from properties of Petz
quantum Rényi divergence [43] (see also [44, 45, 46]).

A.1. Proof of Proposition 1.

Proposition 1 (Properties of Ẽ0(s, P, σ)). For any classical-quantum channel W : X → S(H), the

modified auxiliary function Ẽ0(s, P, σ) admits the following properties.

(a) Ẽ0(s, P, σ) and its partial derivatives ∂Ẽ0(s, P, σ)/∂s, ∂2Ẽ0(s, P, σ)/∂s2, ∂3Ẽ0(s, P, σ)/∂s3 are all
continuous in (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Ẽ0(s, P, σ) is concave in s ∈ R≥0.
(c) For every P ∈ P(X ),

∂Ẽ0(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D(P ◦W‖P ⊗ σ) (A.1)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Ẽ0(s, P )

∂s
≤ ∂Ẽ0(s, P )

∂s
≤ D(P ◦W‖P ⊗ σ), ∀s ∈ R≥0. (A.2)

(e) For every P ∈ P(X ),

∂2Ẽ0(s, P )

∂s2

∣∣∣∣∣
s=0

= −V (P ◦W‖P ⊗ σ). (A.3)

Proof of Proposition 1.

(1-(a)) The continuity can be proved by the standard approach of functional calculus (see e.g. [44, Lemma

III.1] and [45, Section 4.2]). Let F̃ (s) :=
∑

x∈X P (x) Tr
[
W 1−s
x (σ)s

]
. Direct calculation shows that

∂Ẽ0(s, P, σ)

∂s
= − F̃

′(s)

F̃ (s)
, (A.4)

∂2Ẽ0(s, P, σ)

∂s2
= − F̃

′′(s)

F̃ (s)
+

(
∂Ẽ0(s, P, σ)

∂s

)2

, (A.5)

∂3Ẽ0(s, P, σ)

∂s3
= − F̃

′′′(s, P )

F̃ (s, P )
+ 3

∂Ẽ0(s, P, σ)

∂s

∂2Ẽ0(s, P, σ)

∂s2
−

(
∂Ẽ0(s, P, σ)

∂s

)3

, (A.6)
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and

F̃ ′(s) =
∑
x∈X

P (x) Tr
[
−W 1−s

x log(Wx)(σ)s +W 1−s
x (σ)slog(σ)

]
, (A.7)

F̃ ′′(s) =
∑
x∈X

P (x) Tr
[
W 1−s
x log2(Wx)(σ)s −W 1−s

x log(Wx)(σ)slog(σ)

−W 1−s
x log(Wx)(σ)slog(σ) +W 1−s

x (σ)slog2(σ)
]
,

(A.8)

F̃ ′′′(s) =
∑
x∈X

P (x) Tr
[
−W 1−s

x log3(Wx)(σ)s +W 1−s
x log2(Wx)(σ)slog(σ)

+2W 1−s
x log2(Wx)(σ)slog(σ)− 2W 1−s

x log(Wx)(σ)slog2(σ)

−W 1−s
x log(Wx)(σ)slog2(σ) +W 1−s

x (σ)slog3(σ)
]
.

(A.9)

Since the matrix power function is continuous (with respect to the strong topology; see e.g. [47,
Theorem 1.19]), we conclude the continuity of the partial derivatives Eqs. (A.4)-(A.6) in item (a).

(1-(b)) The claim follows from the concavity of the map s 7→ sD1−s( · ‖ · ) (see e.g. [48, Lemma III.11]).
(1-(c)) The results can be derived from evaluating Eqs. (A.4), (A.5), (A.7), and (A.8) at s = 0. We

provide an alternative proof here. One can verify

∂Ẽ0(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D1−s (P ◦W‖P ⊗ σ)− sD′1−s (P ◦W‖P ⊗ σ)
∣∣
s=0

(A.10)

= D1−s (P ◦W‖P ⊗ σ)|s=0 (A.11)

= D(P ◦W‖P ⊗ σ). (A.12)

(1-(d)) The concavity of the map s 7→ Ẽ(s, P, σ) in item (b) ensures that ∂Ẽ(s, P, σ)/∂s is non-increasing
in s. Along with Eq. (A.12), we conclude Eq. (2.30).

(1-(e)) Following from item (c), one obtain

∂2Ẽ0(s, P, σ)

∂s2

∣∣∣∣∣
s=0

= −2D′1−s (P ◦W‖P ⊗ σ) + sD′′1−s (P ◦W‖P ⊗ σ)
∣∣
s=0

(A.13)

= −2D′1−s (P ◦W‖P ⊗ σ)
∣∣
s=0

(A.14)

= −V (P ◦W‖P ⊗ σ), (A.15)

where the last equality (A.15) follows from the fact D′1/1+s(·‖·)|s=0 = V (·‖·)/2 [45, Theorem 2].

�

A.2. Proof of Proposition 2.

Proposition 2 (Properties of Eh(s, P, σ)). Consider a classical-quantum channel W : X → S(H), a
distribution P ∈ P(X ), and a state σ ∈ S(H) with Wx � σ for all x ∈ supp(P ). Then Eh(s, P, σ) defined
in Eq. (2.26) enjoys the following properties.

(a) The partial derivatives ∂Eh(s, P, σ)/∂s, ∂2Eh(s, P, σ)/∂s2, ∂3Eh(s, P, σ)/∂s3, and Eh(s, P ) are
all continuous for (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Eh(s, P, σ) is concave in s for all s ∈ R≥0.
(c) For every P ∈ P(X ),

∂Eh(s, P, σ)

∂s

∣∣∣∣
s=0

= D (W‖σ|P ) . (A.16)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Eh(s, P, σ)

∂s
≤ ∂Eh(s, P, σ)

∂s
≤ D (W‖σ|P ) , ∀s ∈ R≥0. (A.17)
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(e) For every P ∈ P(X ),

∂2Eh(s, P, σ)

∂s2

∣∣∣∣
s=0

= −V (W‖σ|P ) . (A.18)

Proof Proposition 2.

(2-(a)) Direct calculation yields that

∂Eh(s, P, σ)

∂s
= D 1

1+s
(W‖σ|P )− s

(1 + s)2
D′ 1

1+s

(W‖σ|P ) (A.19)

∂2Eh(s, P, σ)

∂s2
= − 2

(1 + s)3
D′ 1

1+s

(W‖σ|P ) +
s

(1 + s)4
D′′1

1+s

(W‖σ|P ) (A.20)

∂3Eh(s, P, σ)

∂s3
=

6

(1 + s)4
D′ 1

1+s

(W‖σ|P ) +
3− 3s

(1 + s)5
D′′1

1+s

(W‖σ|P )

− s

(1 + s)6
D′′′1

1+s

(W‖σ|P ) . (A.21)

From Eqs. (A.19)-(A.21) and the fact thatD1/(1+s) (W‖σ|P ), D′1/(1+s) (W‖σ|P ), D′′1/(1+s) (W‖σ|P ),

and D′′′1/(1+s) (W‖σ|P ) are continuous for (s, P ) ∈ R≥0×P(X ), we deduce the continuity property

in item (a).
(2-(b)) The proof strategy follows closely with [48, Appendix B]. Let ψ(α) =

∑
x∈X P (x) log Tr

[
Wα
x σ

1−α].
Since α 7→ ψ(α) is convex for all α ∈ (0, 1] [48, Lemma III.11], it can be written as the supremum
of affine functions, i.e.

ψ(α) = sup
i∈I
{ciα+ di} (A.22)

for some index set I. Hence,

−Eh(s, P, σ) = (1 + s)ψ

(
1

1 + s

)
= sup

i∈I
{ci + di(1 + s)} . (A.23)

The right-hand side of Eq. (A.23), in turn, implies that the map s 7→ Eh(s, P, σ) is convex for all
s ∈ R≥0.

(2-(c)) From Eqs. (A.19) and (A.20), one finds

∂Eh(s, P, σ)

∂s

∣∣∣∣
s=0

= D (W‖σ|P ) . (A.24)

(2-(d)) The concavity of the map s 7→ Eh(s, P, σ) in item (b) ensures that ∂Eh(s, P, σ)/∂s is non-increasing
in s. Along with Eq. (A.24) in item (c), we conclude Eq. (2.33).

(2-(e)) Applying D′1/1+s(·‖·)|s=0 = V (·‖·)/2 [45, Theorem 2], it holds that

∂2Eh(s, P, σ)

∂s2

∣∣∣∣
s=0

= −V (W‖σ|P ) . (A.25)

�

A.3. Proof of Proposition 3.

Proposition 3 (Properties of Ẽh(s, P, σ)). Consider a classical-quantum channel W : X → S(H), a

distribution P ∈ P(X ), and a state σ ∈ S(H) with Wx � σ for all x ∈ supp(P ). Then Ẽh(s, P, σ) defined
in Eq. (2.27) enjoys the following properties.

(a) The partial derivatives ∂Ẽh(s, P, σ)/∂s, ∂2Ẽh(s, P, σ)/∂s2, ∂3Ẽh(s, P, σ)/∂s3, and Ẽh(s, P, σ) are
all continuous for (s, P ) ∈ R≥0 × P(X ).

(b) For every P ∈ P(X ), the function Ẽh(s, P, σ) is concave in s for all s ∈ R≥0.
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(c) For every P ∈ P(X ),

∂Ẽh(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D (W‖σ|P ) . (A.26)

(d) For every P ∈ P(X ),

lim
s→+∞

∂Ẽh(s, P, σ)

∂s
≤ ∂Ẽh(s, P, σ)

∂s
≤ D (W‖σ|P ) , ∀s ∈ R≥0. (A.27)

(e) For every P ∈ P(X ),

∂2Ẽh(s, P, σ)

∂s2

∣∣∣∣∣
s=0

= −Ṽ (W‖σ|P ) . (A.28)

Proof of Proposition 3. This proof follows similarly from Proposition 2.

(3-(a)) Direct calculation yields that

∂Ẽh(s, P, σ)

∂s
= D̃ 1

1+s
(W‖σ|P )− s

(1 + s)2
D̃′ 1

1+s

(W‖σ|P ) (A.29)

∂2Ẽh(s, P, σ)

∂s2
= − 2

(1 + s)3
D̃′ 1

1+s

(W‖σ|P ) +
s

(1 + s)4
D̃′′1

1+s

(W‖σ|P ) (A.30)

∂3Ẽh(s, P, σ)

∂s3
=

6

(1 + s)4
D̃′ 1

1+s

(W‖σ|P ) +
3− 3s

(1 + s)5
D̃′′1

1+s

(W‖σ|P )

− s

(1 + s)6
D̃′′′1

1+s

(W‖σ|P ) . (A.31)

From Eqs. (A.29)-(A.31) and the fact that D̃1/(1+s) (W‖σ|P ), D̃′1/(1+s) (W‖σ|P ), D̃′′1/(1+s) (W‖σ|P ),

and D′′′1/(1+s) (W‖σ|P ) are continuous for (s, P ) ∈ R≥0×P(X ), we deduce the continuity property

in item (a).
(3-(b)) The proof strategy follows closely with [48, Appendix B]. Let

ψ̃(α) =
∑
x∈X

P (x) log Tr
[
eα logWx+(1−α) log σ

]
. (A.32)

Since α 7→ ψ̃(α) is convex for all α ∈ (0, 1] [48, Lemma III.11], it can be written as the supremum
of affine functions, i.e.

ψ̃(α) = sup
i∈I
{ciα+ di} (A.33)

for some index set I. Hence,

−Ẽh(s, P, σ) = (1 + s)ψ̃

(
1

1 + s

)
= sup

i∈I
{ci + di(1 + s)} . (A.34)

The right-hand side of Eq. (A.34), in turn, implies that the map s 7→ Ẽh(s, P, σ) is convex for all
s ∈ R≥0.

(3-(c)) From Eqs. (A.29) and (A.30) and recalling [48, Lemma III.4], one finds

∂Ẽh(s, P, σ)

∂s

∣∣∣∣∣
s=0

= D (W‖σ|P ) . (A.35)

(3-(d)) The concavity of the map s 7→ Eh(s, P ) in item (b) ensures that ∂Eh(s, P )/∂s is non-increasing
in s. Along with Eq. (A.35) in item (c), we conclude Eq. (2.36).
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(3-(e)) Following similar steps in [45, Proposition 4], it can be verifies that

D̃′α(ρ‖σ)
∣∣∣
α=1

= lim
α↑1

1

2

d2

dα2
log f(α) =

f(1)f ′′(1)− (f ′(1))2

2(f(1))2
, (A.36)

where f(α) := Tr
[
eα log ρ+(1−α)σ

]
. Further, the Fréchet derivative of the exponential (see e.g. [49,

Example X.4.2]) gives

f ′(α) = Tr
[
eα log ρ+(1−α)σ (log ρ− log σ)

]
, (A.37)

f ′′(α) =

∫ 1

0
dtTr

[
et(α log ρ+(1−α)σ) (log ρ− log σ) e(1−t)(α log ρ+(1−α)σ) (log ρ− log σ)

]
, (A.38)

Therefore, Eq. (A.36) equals

D̃′α(ρ‖σ)
∣∣∣
α=1

=
1

2

(∫ 1

0
dtTr

[
ρ1−t(log ρ− log σ)ρt(log ρ− log σ)

]
−D(ρ‖σ)2

)
(A.39)

=
1

2
Ṽ (ρ‖σ). (A.40)

Finally, combining with Eq. (A.30) yields

∂2Ẽh(s, P, σ)

∂s2

∣∣∣∣∣
s=0

= −Ṽ (W‖σ|P ) . (A.41)

�

Appendix B. A Weak Converse Bound: Proof of Proposition 6

Proposition 6 (Weak Converse Bound with Polynomial Prefactors). Consider a classical-quantum chan-

nel W : X → S(H) with S◦ := im(W), an arbitrary rate R ≥ 0, and σ ∈ S>0(H). For any η ∈ (0, 1
2) and

c > 0, let N0 ∈ N such that for all n ≥ N0,

c · e−ξ
√
n ≤ η

2
, (B.1)

where ξ =
√

2A/η and A := maxρ∈S◦ V (ρ‖σ). Then, it holds that for all n ≥ N0,

α̂c exp{−nR}
(
W⊗nxn ‖σ⊗n

)
≥ f(η) exp

−n
Ẽsp

(
R− 2ξ√

n
, Pxn , σ

)
1− η

 , (B.2)

where f(η) = exp
{
−h(1−η)

1−η

}
and h(p) := −p log p− (1− p) log(1− p) is the binary entropy function.

Remark B.1. Consider a constant composition code with common type Pxn on a finite input alphabet X .
Recall the definition of the weak sphere-packing exponent [40, 18]:

Ẽsp(R,Pxn) := min
W̄:X→S(H)

{
D
(
W̄‖W|Pxn

)
: I(Pxn , W̄) ≤ R

}
. (B.3)

Proposition 6, along with [18, Lemma 11], establishes a weak sphere-packing bound with polynomial
prefactors, which generalizes Altuğ and Wagner’s result [21, Lemma 3] to c-q channels: for any η ∈ (0, 1

2)
and for all sufficiently large n such that Eq. (B.1) holds, we have

εmax(W, Pxn) ≥ max
σ∈S(H)

α̂exp{−nR}
(
W⊗nxn ‖σ⊗n

)
(B.4)

≥ α̂exp{−nR}
(
W⊗nxn ‖(σ?)⊗n

)
(B.5)

≥ f(η) exp

−n
Ẽsp

(
R− 2ξ√

n
, Pxn

)
1− η

 , (B.6)

where σ? := PxnW̄
? and W̄? is an arbitrary minimizer in Eq. (B.3). Moreover, Eq. (B.6) improves the

prefactor of Winter’s weak sphere-packing bound [40] from the order of subexponential to polynomial.
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Proof of Proposition 6. Consider an arbitrary sequence xn ∈ X n and a test Qn on H⊗n. For two c-q
channels W̄,W : X → S◦, the data-processing inequality implies that

D
(
W̄⊗nxn ‖W⊗nxn

)
≥
[
1− α(Qn; W̄⊗nxn )

]
log

1− α(Qn; W̄⊗nxn )

1− α(Qn;W⊗nxn )
+ α(Qn; W̄⊗nxn ) log

α(Qn; W̄⊗nxn )

α(Qn;W⊗nxn )
(B.7)

= −h
(
α(Qn; W̄⊗nxn )

)
− α(Qn; W̄⊗nxn ) logα(Qn;W⊗nxn )

−
[
1− α(Qn; W̄⊗nxn )

]
log
(
1− α(Qn;W⊗nxn )

)
(B.8)

≥ −α(Qn; W̄⊗nxn ) logα(Qn;W⊗nxn )− h
(
α(Qn; W̄⊗nxn )

)
, (B.9)

where the last inequality (B.9) follows since the third term in (B.8) is non-negative. Continuing from
Eq. (B.9), we have

α(Qn;W⊗nxn ) ≥ exp

{
−
D
(
W̄⊗nxn

∥∥W⊗nxn
)

+ h
(
α(Qn; W̄⊗nxn )

)
α(Qn; W̄⊗nxn )

}
(B.10)

= exp

{
−
nD

(
W̄
∥∥W∣∣Pxn

)
+ h

(
α(Qn; W̄⊗nxn )

)
α(Qn; W̄⊗nxn )

}
, (B.11)

where Eq. (B.11) follows from the additivity of the relative entropy and the empirical distribution Pxn .
The next step is to replace α(Qn;W⊗nxn ) with a lower bound that does not depend on the dummy channel

W̄ , provided that W̄ satisfies certain conditions. This can be done using Proposition 13, Wolfowitz’s strong
converse bound. We delay its proof in Appendix B.1.

Proposition 13 (Wolfowitz’s Strong Converse). Let S◦ ⊆ S(H) be closed and let W̄ : X → S◦ be an
arbitrary classical-quantum channel. Consider the binary hypothesis testing:

H0 : W̄⊗nxn , (B.12)

H1 : σ⊗n, (B.13)

where xn ∈ X n and σ ∈ S>0(H). For any test Qn such that β(Qn;σ⊗n) ≤ e−nR and D
(
W̄xn‖σ|Pxn

)
≤

R− 2κ, it holds that

α
(
Qn; W̄⊗nxn

)
> 1− A

nκ2
− e−nκ, (B.14)

where A := maxρ∈S◦ V (ρ‖σ).

Fix 0 < η < 1
2 , and let ξ2 := 2A

η . Note that ξ2 is finite because A < +∞. For all n ≥ N0, we have

c · e−ξ
√
n ≤ η

2
(B.15)

by assumption in Proposition 6. Choose κ = ξ/
√
n. For any W̄ : X → S◦ with D

(
W̄‖σ|Pxn

)
≤ R − 2ξ√

n

and any test Qn such that β(Qn;σ⊗n) ≤ e−nR, Proposition 13 gives a lower bound to the type-I error:

α(Qn; W̄⊗nxn ) ≥ 1− A

nκ2
− e−nκ ≥ 1− η. (B.16)

Hence, combining Eqs. (B.11) and (B.16) yields that, for any β(Qn;σ⊗n) ≤ ce−nR,

α(Qn;W⊗nxn ) ≥ max
W̄:D(W̄‖σ|Pxn)≤R− 2ξ√

n

exp

{
−
nD

(
W̄
∥∥W∣∣Pxn

)
+ h (1− η)

1− η

}
, (B.17)

= exp

{
−h (1− η)

1− η

}
exp

−n Ẽsp

(
R− 2ξ√

n
, Pxn , σ

)
1− η

 , (B.18)

which concludes Proposition 6.
�
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B.1. Proof of Wolfowitz’s Strong Converse: Proposition 13. To prove our claim, we first introduce
notation for generalized divergences. For any ρ, σ ∈ S(H), and γ > 0, define the hockey-stick divergence
by

Dγ(ρ‖σ) := Tr
[
(ρ− γσ)+

]
, (B.19)

where A+ := A{A ≥ 0} denotes the self-adjoint matrix contributed only by its positive part. This
divergence satisfies the data-processing inequality (DPI):

Tr
[
(ρ− γ%)+

]
≥ Tr

[
(N (ρ)− γN (%))+

]
, (B.20)

for any completely positive and trace-preserving map N : S(Hin)→ S(Hout) [51, Lemma 4]. Let

ρp := p|0〉〈0|+ (1− p)|1〉〈1|, and σq := q|0〉〈0|+ (1− q)|1〉〈1|, (B.21)

for 0 ≤ p, q ≤ 1 and some orthonormal basis {|0〉, |1〉}, and define

dγ (p‖q) := Dγ (ρp‖σq) . (B.22)

Note that the quantity dγ (p‖q) is independent of the choice of the basis {|0〉, |1〉}. Now we are ready to
prove Proposition 13.

Proof of Proposition 13. Fix an arbitrary test Qn on H⊗n. For notational convenience, we shorthand
ρn = W̄⊗nxn , τn = σ⊗n, α = α(Qn; ρn) and β = β = (Qn; τn). Further, we assume β(Qn; τn) ≤ e−nR.
From the definition of the classical divergence, Eqs. (B.19) and (B.22), and any γ > 0, we find

dγ(1− α‖β) = (1− α− γβ)+ + (α− γ [1− β])+ (B.23)

≥ 1− α− γβ (B.24)

≥ 1− α− γe−nR. (B.25)

On the other hand, DPI and the measurement map Tr[Qn(·)]|0〉〈0|+ (1− Tr[Qn(·)])|1〉〈1| imply that

Dγ (ρn‖τn) ≥ dγ (Tr[Qnρ
n]‖Tr[Qnτ

n]) = dγ(1− α‖β). (B.26)

Hence, Eqs. (B.25) and (B.26) lead to

α ≥ 1−Dγ (ρn‖τn)− γe−nR. (B.27)

Since

Dγ (ρn‖τn) = Tr [{ρn − γτn ≥ 0} (ρn − γτn)] (B.28)

≤ Tr [{ρn − γτn ≥ 0} ρn] , (B.29)

continuing from Eq. (B.27) gives

α ≥ 1− Tr [{ρn − γτn ≥ 0} ρn ]− γe−nR. (B.30)

Next, invoking Lemma 14 below, for all log γ > D (ρn‖τn), we have

α ≥ 1− V (ρn‖τn)

[log γ −D (ρn‖τn)]2
− γe−nR (B.31)

= 1−
V
(
W̄‖σ|Pxn

)
n
[

log γ
n −D

(
W̄‖σ|Pxn

)]2 − γe−nR (B.32)

Finally, recall D
(
W̄‖σ|Pxn

)
≤ R−2κ and A := maxρ∈S◦ V (ρ‖σ) and choose log γ = nD

(
W̄‖σ|Pxn

)
+nκ.

Then, Eq. (B.32) yields, for any test Qn and β(Qn;σ⊗n) ≤ e−nR,

α
(
Qn; W̄⊗nxn

)
≥ 1−

V
(
W̄‖σ|Pxn

)
nκ2

− e−nκ (B.33)

≥ 1− A

nκ2
− e−nκ, (B.34)

which concludes the proof.
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Lemma 14 (Quantum Chebyshev’s Inequality [51, Lemma 6]). Let ρ, σ ∈ S(H) and assume log γ >
D(ρ‖σ). Then

Tr [ρ {ρ− γσ ≥ 0}] ≤ V (ρ‖σ)

[log γ −D(ρ‖σ)]2
. (B.35)

�

Appendix C. A Sharp Converse Bound from Strong Large Deviation

In this section, we provide the proof of Proposition 7. Our technique highly relies on a strong large
deviation inequality.

C.1. A Strong Large Deviation Inequality. Let (Xi)i∈N be a sequence of independent, real-valued

random variables with probability measures (µi)
n
i=1. Let Zn :=

∑n
i=1Xi and let Λn(t) := logE

[
etZn

]
.

Define the Legendre-Fenchel transform of 1
nΛn(·) by:

Λ∗n(z) := sup
t∈R

{
zt− 1

n
Λn(t)

}
, ∀z ∈ R. (C.1)

Let (Tn)n∈N be a bounded sequence of real numbers and (t?n)n∈N be a sequence satisfying for all n ∈ N

t?n ∈ (0, 1); (C.2)

Tn =
1

n
Λ′n(t?n); (C.3)

Λ∗n(Tn) = Tnt
?
n −

1

n
Λn(t?n). (C.4)

With these definitions, we can now state the following sharp concentration inequality for 1
nZn:

Theorem 15 (Chaganty-Sethuraman’s Concentration Inequality [52, Theorem 3.3] ). For any η ∈ (0, 1),
there exists an N0 ∈ N such that, for all n ≥ N0,

Pr

{
1

n
Zn ≥ Tn,

}
≥ 1− η
t?n
√

2πnm2,n
exp{−nΛ?n(Tn)}, (C.5)

where m2,n := 1
n

∑n
i=1 Varµ̃n,i [Xi], and the measure µ̃n,i is defined via

dµ̃n,i
dµi

(y) :=
eyt

?
n

E [et?nXi ]
. (C.6)

Remark C.1. Chaganty and Sethuraman in Ref. [52, Theorem 3.3] considered a more general sequence
of random variables {Zn}n∈N, which are not necessarily the sum of random variables. They proved
Theorem 15 provided that the following condition is satisfied: there exists δ0 > 0 such that for any δ and
λ with 0 < δ < δ0 < λ, supδ<|t|≤λt?n |Λn(t?n + it)/Λn(t?n)| = o(1/

√
n), where the supremum is defined to be

0 if {t : δ < |t| ≤ λt?n} is empty. In the case of Zn being a sum of random variables, Λn(t?n + it)/Λn(t?n)
is the product of the characteristic functions of {Xi}ni=1. Since the supremum of a characteristic function
on a compact interval not containing 0 is less than 1, this condition is thus satisfied.

We note that the lower bound in Theorem 15 for the general sequence of random variables (Xi)i∈N
suffices to establish the converse, Theorem 5. We do not particularly consider the case of lattice valued
random variables (see e.g. [52, Theorem 3.5]).

C.2. Proof of Proposition 7.

Proposition 7 (A Sharp Converse Bound). Consider a classical-quantum channel W : X → S(H) and a
state σ ∈ S(H). Suppose the sequence xn ∈ X n satisfies

ν ≤ V (W‖σ|Pxn) < +∞ (C.7)
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for some ν > 0, and suppose the sequence of rates (Rn)n∈N satisfies D0(W‖σ|Pxn) < Rn < D(W‖σ|Pxn).
Then, there exists an N0 ∈ N such that, for all n ≥ N0,

α̂exp{−nRn}(W
⊗n
xn ‖σ⊗n) ≥ A

s?n
√
n

exp
{
−nE(2)

sp (Rn − cn, Pxn , σ)
}
, (C.8)

where cn = K logn
n and A,K > 0 are finite constants independent of the sequence xn, and

s?n := arg max
s≥0

{Eh(s, Pxn , σ)− sRn} . (C.9)

Proof of Proposition 7. Let ρn := W⊗nxn , σn := σ⊗n, pn :=
⊗n

i=1 pxi , and qn :=
⊗n

i=1 qxi , where pxi , qxi
are Nussbaum-Szko la distributions [58] of Wxi , σ for every i ∈ [n]. Let R̃n := Rn−γn, where γn := logn

2n + x
n

for some x ∈ R. The choice of x and the rate back-off term γn will become evident later. Let N1 ∈ N
such that R̃n ≥ D0(W‖σ|Pxn) for all n ≥ N1. Subsequently, we choose such n ≥ N1 onwards.

Since Dα(Wxi‖σ) = Dα(pxi‖qxi), for α ∈ (0, 1], we use the notation

φn(R̃n) := E(2)
sp (R̃n, Pxn , σ) = sup

0<α≤1

1− α
α

(∑
x∈X

Pxn(x)Dα(pxi‖qxi)− R̃n

)
, (C.10)

where Pxn denotes the empirical distribution of xn = x1, . . . xn. Moreover, the condition in Eq. (C.7)
implies that Wx � σ, for all x ∈ supp(Pxn), and thus pn � qn. Without loss of generality, we let

qxi(ω) = 0, ω 6∈ supp(pxi) since they won’t contribute to φn(R̃n).

We apply Nagaoka’s argument [59]: for any 0 ≤ Qn ≤ 1, choosing δ = exp{nR̃n − nφn(R̃n)} yields:

α (Qn; ρn) + δβ (Qn;σn) ≥ 1

2

(
α (U; pn) + enR̃n−nφn(R̃n)β (U; qn)

)
, (C.11)

where

α (U; pn) :=
∑
ω∈Uc

pn(ω); β (U; qn) :=
∑
ω∈U

qn(ω), (C.12)

and

U :=
{
ω : pn(ω)enφn(R̃n) > qn(ω)enR̃n

}
. (C.13)

In the following, we will employ Theorem 15, to further lower bound α (U; pn) and β (U; qn). Before
proceeding, we need to introduce some notation. Define the tilted distributions, for every i ∈ [n] and
t ∈ [0, 1], to be

q̂xi,t(ω) :=
pxi(ω)1−tqxi(ω)t∑

ω∈supp(pxi )
pxi(ω)1−tqxi(ω)t

, ω ∈ supp(pxi). (C.14)

Let

Λ0,xi(t) := logEpxi

[
e
t log

qxi
pxi

]
, Λ1,xi(t) := logEqxi

[
e
t log

pxi
qxi

]
, (C.15)

Since pn and qn share the same support, it can be verified that the maps t 7→ Λj,xi(t), j ∈ {0, 1} are
differential for all t ∈ [0, 1]. One can immediately verify the following partial derivatives with respect to t:

Λ′0,xi(t) = Eq̂xi,t

[
log

qxi
pxi

]
, Λ′1,xi(t) = Eq̂xi,1−t

[
log

pxi
qxi

]
; (C.16)

Λ′′0,xi(t) = Varq̂xi,t

[
log

qxi
pxi

]
, Λ′′1,xi(t) = Varq̂xi,1−t

[
log

pxi
qxi

]
. (C.17)

Note that Eqs. (C.15), (C.16), and (C.17) ensure that

Λ0,xi(t) = Λ1,xi(1− t), Λ′0,xi(t) = −Λ′1,xi(1− t), Λ′′0,xi(t) = Λ′′1,xi(1− t). (C.18)
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With Λj,xi(t) in Eq. (C.15), we can define

Λj,Pxn
(t) :=

∑
x∈X

Pxn(x)Λj,x(t), j ∈ {0, 1}; (C.19)

Λ∗j,Pxn
(z) := sup

t∈R
{tz − Λj,Pxn

(t)} , j ∈ {0, 1}, (C.20)

where Λ∗j,Pxn
(z) in Eq. (C.20) are the Legendre-Fenchel transform of Λj,Pxn

(t). The quantities Λ∗j,Pxn
(z)

would appear in the lower bounds of α (U; pn) and β (U; qn) obtained by Theorem 15 as shown later.
In the following, we will relate the Legendre-Fenchel transform Λ∗j,Pn(z) to the desired error-exponent

function φn(R̃n). Such a relationship is stated in the following lemma whose proof was presented in [18].

Lemma 16 ([18, Lemma 17]). The following holds for all sequences xn satisfying Eq. (C.7) and all
r ∈ (D0(W‖σ|Pxn), D(W‖σ|Pxn)):

(a) Λ′′0,Pxn
(t) > 0 for all t ∈ [0, 1].

(b) Λ∗0,Pxn
(φn(r)− r) = φn(r).

(c) Λ∗1,Pxn
(r − φn(r)) = r.

(d) Let s? be the optimizer of E
(2)
sp (r, Pxn , σ), c.f. (C.9). The optimizer of Λ∗0,Pxn

(z), denoted by t?, is

unique and satisfies t? = s?

1+s? ∈ (0, 1) and Λ′0,Pxn
(t?) = φn(r)− r.

Since the item (d) in Lemma 16 shows that the optimizer t in Eq. (C.20) always lies in the compact
set [0, 1], by invoking Eq. (C.18) we define the following quantity:

Vmin(ν) := min
t∈[0,1], Pxn∈Pν(X )

Λ′′0,Pn(t), (C.21)

where Pν(X ) := {Pxn ∈ P(X ) : ν ≤ V (W‖σ|Pxn) < +∞} is a compact set owing to the continuity of the
map P 7→ V (W‖σ|P ); see Eq. (2.16).

Further, from the definitions in Eqs, (C.17), Λ′′0,(·)(·) is continuous functions in [0, 1] × P(X ). The

minimization in the above definitions are well-defined and finite. Further, the quantity Vmin(ν) is bounded
away from zero owing to item (a) in Lemma 16.

Now, we are ready to derive the lower bounds to α (U; pn) and β (U; qn). Fix an arbitrary η ∈ (0, 1).

Applying Theorem 15 to Xi = log qi− log pi with probability measure pi, and threshold Tn = R̃n−φn(R̃n)
gives, for all sufficiently large n, say n ≥ N2 ∈ N,

α (U; pn) :=
∑
ω∈Uc

pn(ω) (C.22)

= Pr

{
1

n

n∑
i=1

Zi ≥ R̃n − φn(R̃n)

}
(C.23)

≥ 1− η
t?n
√

2πnVmin(ν)
exp

{
−nΛ∗0,Pxn

(
φn(R̃n)− R̃n

)}
, (C.24)

where

t?n := arg max
t∈R

{tzn − Λ0,Pxn
(t)} (C.25)
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Similarly, applying again Theorem 15 to Xi = log pi− log qi with probability measure = qi, and threshold
φn(R̃n)− R̃n yields, for all sufficiently large n, say n ≥ N3 ∈ N,

β (U; qn) :=
∑
ω∈U

qn(ω) (C.26)

= Pr

{
1

n

n∑
i=1

Zi ≥ φn(R̃n)− R̃n

}
(C.27)

≥ 1− η
(1− t?n)

√
2πnVmin(ν)

exp
{
−nΛ∗1,Pxn

(
R̃n − φn(R̃n)

)}
(C.28)

≥ 1− η√
2πnVmin(ν)

exp
{
−nΛ∗1,Pxn

(
R̃n − φn(R̃n)

)}
, (C.29)

where the term 1− t?n in Eq (C.28) comes from the symmetry in Eq. (C.18), and the last inequality (C.29)
follows from t?n ∈ (0, 1) in item (d) of Lemma 16.

Continuing from Eq. (C.24) and item (b) in Lemma 16 gives

α (U; pn) ≥ 1− η
t?n
√

2πnVmin(ν)
exp{−nφn(R̃n)}. (C.30)

Eq. (C.29) together with item (c) in Lemma 16 yields

β (U; qn) ≥ 1− η√
2πnVmin(ν)

exp{−nR̃n} = 2 exp{−nRn}, (C.31)

where we choose x = log 2
√

2πVmin(ν)− log(1−η) in the rate back-off γn = logn
2n + x

n . Thus we can bound
the left-hand side of Eq. (C.11) from below. If for any test 0 ≤ Qn ≤ 1 such that

β(Qn;σn) ≤ exp{−nRn}, (C.32)

holds, it implies that

α(Qn; ρn) ≥ 1− η
t?n2
√

2πnVmin(ν)
exp{−nφn(R̃n)}. (C.33)

Finally, let A := (1 − η)/(2
√

2πVmin(ν)) and choose a constant K > 0 such that for all n ≥ N0 :=
max{N1, N2, N3},

γn =
log n

2n
+

log 2
√

2πVmin(ν)− log(1− η)

n
≤ K log n

n
=: cn. (C.34)

Since the map r 7→ φn(r) is monotonically decreasing [30, Section 5], Eqs. (C.32), (C.33), and (C.34)
conclude our result: for all n ≥ N0,

α̂exp{−nR} (ρn‖σn) ≥ A

t?n
√
n

exp
{
−nE(2)

sp (Rn − cn, Pxn , σ)
}

(C.35)

≥ A

s?n
√
n

exp
{
−nE(2)

sp (Rn − cn, Pxn , σ)
}
, (C.36)

where the last inequality follows from item (d) in Lemma 16: t?n = s?n/(1 + s?n) ∈ (0, 1). �

Appendix D. Proof of Proposition 8

Proposition 8 (Error Exponent around Capacity). Let (bn)n∈N be a sequence of real numbers with
limn→+∞ bn = 0 and let (δn)n∈N be a sequence of positive numbers with limn→+∞ δn = 0. Suppose the
sequence of distributions (Pn)n∈N satisfies

CW − δn < D(W‖P ?W|Pn) ≤ CW − bn. (D.1)
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The following holds:

lim sup
n→+∞

E
(2)
sp (CW − δn, Pn, P ?W)

δ2
n

≤ lim sup
n→+∞

(δn − bn)2

2VWδ2
n

; (D.2)

lim sup
n→+∞

Ẽsp (CW − δn, Pn, P ?W)

δ2
n

≤ lim sup
n→+∞

(δn − bn)2

2ṼWδ2
n

; (D.3)

lim sup
n→+∞

s?n
δn
≤ 1

VW
, (D.4)

where

s?n := arg max
s≥0

{Eh(s, Pn, P
?W)− s (CW − δn)} . (D.5)

Proof of Proposition 8. We only prove Eqs. (D.2) and (D.4), since Eq. (D.3) follows from the same argu-
ment and Proposition 3.

Recall the error-exponent function E
(2)
sp :

E(2)
sp (CW − δn, P, P ?W) = sup

s≥0
{−s (CW − δn) + Eh(s, P, P ?W)} . (D.6)

In the following, we fix σ = P ?W in the definition of Eh (Eq. (2.26)) and denote by

Eh(s, P ) := Eh(s, P, P ?W) = sD 1
1+s

(W‖P ?W|P ) . (D.7)

for notational convenience. We define a critical rate for a c-q channel W to be

rcr := max
P∈P(X )

∂Eh(s, P )

∂s

∣∣∣∣
s=1

. (D.8)

Let N0 be the smallest integer such that CW − δn > rcr, ∀n ≥ N0. Since the map r 7→ E
(2)
sp (r, ·, ·) is

non-increasing [30, Section 5], the maximization over s in Eq. (D.6) can be restricted to the set [0, 1] for
any rate above rcr, i.e.,

E(2)
sp (CW − δn, Pn, P ?W) = max

0≤s≤1
{−s (CW − δn) + Eh(s, Pn)} . (D.9)

For every n ∈ N, let s?n attain the maxima in Eq. (D.9) at a rate of CW− δn ≥ 0. In the following lemma,
we discuss the asymptotic behavior of {s?n}n∈N.

Lemma 17. Let s?n attain the maxima in Eq. (D.9) and Pn satisfy Eq. (D.1). We have

(a) The limit point of {Pn}n∈N is capacity achieving.
(b) s?n > 0 for all n ∈ N and limn→+∞ s

?
n = 0.

Proof of Lemma 17. Let {Pnk}k≥1 and {s?nk}k≥1 be arbitrary subsequences. Since P(X ) and [0, 1] are
compact, we may assume that

lim
k→+∞

Pnk = Po, lim
k→∞

s?nk = so, (D.10)

for some Po ∈ P(X ) and so ∈ [0, 1].

(17-(a)) Let k → +∞. Eq. (D.1) implies that

D(W‖P ?W|Po) = CW, (D.11)

which guarantees that Po is capacity-achieving by the dual representation of the information
radius, see e.g. [61], [9, Theorem 2].

(17-(b)) One can observe from Eq. (D.9) that s?n = 0 if and only if CW − δn ≥ D(W‖P ?W|Pn). However,
this violates the assumption in Eq. (D.1). Hence, we have s?n > 0 for all n ∈ N.

Since Po is capacity achieving, the uniqueness of the divergence center implies that PoW = P ?W.
Item (c) in Proposition 2 shows that

∂2Eh (s, Po)

∂s2

∣∣∣∣
s=0

= −V (W‖P ?W|Po) = −V (Po,W) ≤ −VW < 0, (D.12)
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where the last inequality follows since VW > 0. Then, Eq. (D.12) implies that the first-order
derivative ∂Eh (s, Po) /∂s is strictly decreasing around s = 0. Moreover, item (d) in Proposition 2
gives

∂Eh (s, Po)

∂s

∣∣∣∣
s=so

≤ D (W‖P ?W|Po) = CW, (D.13)

This, together with items (b) and (c) in Proposition 2, shows that the first inequality in Eq. (D.13)
becomes an equality if and only if so = 0. Since the subsequence was arbitrary, item (b) is shown.

�

Now we are ready to prove this proposition. We start with proving Eq. (D.4). Since s 7→ Eh(s, ·) is
concave from item (b) in Proposition 2, the maximizer s?n must satisfy

∂Eh(s, Pnk)

∂s

∣∣∣∣
s=s?nk

= CW − δnk . (D.14)

Further, item (c) in Proposition 2 gives

∂Eh

(
s, P ?nk

)
∂s

∣∣∣∣∣
s=0

= D
(
W‖P ?W|P ?nk

)
. (D.15)

The mean value theorem states that there exists a number ŝnk ∈
(
0, s?nk

)
, for each k ≥ N, such that

− ∂2Eh (s, Pnk)

∂s2

∣∣∣∣
s=ŝnk

=
D (W‖P ?W|Pnk)− CW + δnk

s?nk
(D.16)

≤ δnk
s?nk

, (D.17)

where the last inequality is again due to D
(
W‖P ?W|P ?nk

)
≤ CW. When k approaches infinity, items (a)

and (e) in Proposition 2 give

lim
k→+∞

∂2Eh (s, Pnk)

∂s2

∣∣∣∣
s=ŝnk

=
∂2Eh (s, Po)

∂s2

∣∣∣∣
s=0

= −V (Po,W) ≤ −VW. (D.18)

Combining Eqs. (D.17) and (D.18) leads to

lim sup
k→+∞

s?nk
δnk
≤ 1

VW
. (D.19)

Since the subsequence was arbitrary, the above result establishes Eq. (D.4).
Next, for any sufficiently large n ≥ N0, we apply Taylor’s theorem to the map s?n 7→ Eh (s?n, Pn) at the

original point to obtain

E(2)
sp (CW − δn, Pn, P ?W)

= −s?n (CW − δn) + Eh (s?n, Pn) (D.20)

= s?n (δn +D(W‖P ?W |Pn)− CW)− (s?n)2

2
V (Pn,W) +

(s?n)3

6

∂3Eh(s, Pn)

∂s3

∣∣∣∣
s=s̄n

(D.21)

for some s̄n ∈ [0, s?n]. Let

Υ = max
(s,P )∈[0,1]×P(X )

∣∣∣∣∂3Eh (s, P )

∂s3

∣∣∣∣ . (D.22)
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Continuing from Eq. (D.21) gives

E(2)
sp (CW − δn, Pn, P ?W) ≤ s?n(δn − bn)− (s?n)2

2
V (Pn,W) +

(s?n)3Υ

6
(D.23)

≤ sup
s≥0

{
s(δn − bn)− s2

2
V (Pn,W)

}
+

(s?n)3Υ

6
(D.24)

=
(δn − bn)2

2V (Pn,W)
+

(s?n)3Υ

6
, (D.25)

where the first line follows from the assumption D (W‖P ?W|Pn) ≤ CW − bn in Eq. (D.1) and Eq. (D.22).
Finally, Eq. (D.25), along with item (b) in Lemma 17 and Eq. (D.19), implies that

lim sup
n→+∞

E
(2)
sp (CW − δn, Pn, P ?W)

δ2
n

≤ lim sup
n→+∞

(δn − bn)2

2V (Pn,W)δ2
n

(D.26)

≤ lim sup
n→+∞

(δn − bn)2

2VWδ2
n

, (D.27)

where the last inequality follows from the continuity of V ( · ,W) on P(X ) (Eq. (2.20)); the fact that
{Pn}n∈N is capacity achieving (item (a) in Lemma 17); and the definition of VW in Eq. (2.22). �
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Analog quantum error correction with encoding a qubit into an oscillator
Kosuke Fukui1 ∗ Akihisa Tomita1 † Atsushi Okamoto1

1 Graduate School of Information Science and Technology, Hokkaido University
Kita14-Nishi9, Kita-ku, Sapporo 060-0814, Japan

Abstract. To implement fault-tolerant quantum computation with continuous variables, Gottesman-Kitaev-Preskill
(GKP) qubits have been recognized as an important technological element. However, the analog outcome of GKP
qubits, which includes beneficial information to improve the error tolerance, has been wasted, because the GKP
qubits have been treated as only discrete variables in quantum error-correcting codes. In this paper, we propose
a hybrid quantum error correction approach that combines digital information with the analog information of the
GKP qubits using the maximum-likelihood method. As an example, a concatenated code known as Knill’s C4/C6
code can achieve the hashing bound for the quantum capacity of the Gaussian quantum channel. To the best of our
knowledge, this approach is the first attempt to draw both digital and analog information from a single quantum state
itself to improve quantum error correction performance.

Keywords: Continuous variables

1 Introduction
Quantum computation (QC) has a great deal of poten-

tial [1, 2]. Although a small-scale quantum computation
(QC) with various quantum systems have been demonstrated,
a large-scale QC is still a significant experimental challenge
for most candidates of quantum systems. In continuous vari-
able quantum computation (CV-QC), squeezed vacuum states
with the optical setting have shown great potential, because
scalable entangled states can be generated by only beam split-
ter (BS) coupling between two squeezed vacuum states [3].
Hence, CV-QC has attracted a lot of attention toward a large-
scale QC. However, a large-scale computation with squeezed
vacuum states has been shown to be difficult to achieve be-
cause of the accumulation of errors during the QC process,
even though the states are created with perfect experimental
apparatus [4]. Therefore, fault-tolerant (FT) protection from
noise is required that uses the quantum error correcting code.
Because noise accumulation originates from the “continu-
ous” nature of the CV-QC, it can be circumvented by encoding
CVs into digitized variables using an appropriate code, such
as Gottesman–Kitaev–Preskill (GKP) code [5], which are re-
ferred to as GKP qubits. Menicucci showed that CV-FTQC
is possible within the framework of measurement-based QC
using squeezed vacuum cluster states with GKP qubits [4].
Moreover, GKP qubits keep the advantage of squeezed vac-
uum states on optical implementation that they can be entan-
gled by only BS coupling. Hence, GKP qubits offer a promis-
ing element for the implementation of CV-FTQC.

To be practical, the squeezing level required for FTQC
should be experimentally achievable. Unfortunately,
Menicucci’s scheme still requires a 14.8 dB squeezing level
to achieve the FT threshold pFT = 2 × 10−2 [6, 7]. Thus,
another twist is necessary to reduce the required squeezing
level. It is analog information contained in the GKP qubit
that has been overlooked. The effect of noise on CV states is
observed as a deviation in an analog measurement outcome,
which includes beneficial information for quantum error cor-
rection (QEC). Despite this, the analog information from the

∗fukui.opt@gmail.com
†tomita@ist.hokudai.ac.jp

GKP qubit has been wasted because the GKP qubit has been
treated as only a discrete variable (DV) qubit, for which the
measurement outcomes are described by bits. Harnessing the
wasted information for the QEC will improve the error toler-
ance compared with using the conventional method based on
only bit information.

2 Likelihood function
To utilize analog information from the GKP qubits, we in-

troduced likelihood function as shown in Fig. 1. We make a
decision on the bit value k(= 0,1) from the measurement out-
come of the GKP qubit qm = qk +∆m to minimize the devi-
ation |∆m|, where qk(k = 0,1) is defined as (2t + k)

√
π(t =

0,±1,±2, · · · .), shown in Fig. 1 (a). If we consider only
digital information k, as in conventional QEC, we waste the
analog information contained in ∆m. Instead, we propose a
likelihood method to improve our decision for the QEC using
analog information. We define the true deviation |∆̄| as the
difference between the measurement outcome and true peak
value q̄k, that is, |∆̄| = |q̄k − qm|. We consider the following
two possible events: one is the correct decision, where the
true deviation value |∆| is less than

√
π/2 and equals to |∆m|

as shown in Fig.1 (b). The other is the incorrect decision,
where |∆| is greater than

√
π/2 and satisfies |∆̄|+ |∆m|=

√
π ,

as shown in Fig.1(c). Because the true deviation value obeys
the Gaussian distribution function f (∆), we can evaluate the
probabilities of the two events by

f (∆) =
1√

2πσ 2
e−∆2

/(2σ2). (1)

In our method, we regard function f (∆) as a likelihood func-
tion. Using this function, the likelihood of the correct deci-
sion is calculated by f (∆) = f (∆m). The likelihood of the
incorrect decision, whose |∆| is

√
π − |∆m|, is calculated by

f (∆) = f (
√

π − |∆m|). We can reduce the decision error on
the entire code word by considering the likelihood of the joint
event and choosing the most likely candidate.
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Figure 1: Introduction of a likelihood function. (a) Measure-
ment outcome and deviation from the peak value in q (posi-
tion) quadrature. The dotted line shows the measurement out-
come qm equal to (2t + k)

√
π +∆m (t = 0,±1,±2, · · · , k =

0,1), where k is defined as the bit value that minimizes the
deviation ∆m. The red areas indicate the area that yields code
word (k+ 1) mod 2, whereas the white area denotes the area
that yields the codeword k. (b) and (c) Gaussian distribution
functions as likelihood functions of the true deviation value ∆
represented by the arrows. (b) refers to the case of the cor-
rect decision, where the amplitude of the true deviation value
is |∆| <

√
π/2, whereas (c) the case of the incorrect decision√

π/2< |∆|<
√

π .

3 Concatenated code with analog information
We demonstrate that the proposed likelihood method im-

proves the error tolerance on a concatenated code, which is
indispensable for achieving FTQC. The use of a maximum-
likelihood method for a concatenated code was proposed with
a message-passing algorithm by Poulin [8], and later Goto and
Uchikawa [9] for Knill’s C4/C6 [6]. However, because previ-
ous proposals have been based on the probability of the correct
decision given by

pcorr =
∫ √

π
2

−
√

π
2

dx
1√

2πσ 2
exp(−x2/2σ2). (2)

The probability pcorr is the portion of a normalized Gaussian
of a variance σ2 that lies between −

√
π/2 and

√
π/2 [4].

We apply our method to the C4/C6 code modified
with a message-passing algorithm proposed by Goto and
Uchikawa [9]. The error correction in the C4/C6 code is based
on quantum teleportation, where the logical qubit |ψ̃⟩L en-
coded by the C4/C6 code is teleported to the fresh encoded
Bell state. The quantum teleportation process refers to the
outcome of the Bell measurement on the encoded qubits and
determines the amount of displacement. If this feedforward is
performed correctly, the error is successfully corrected. From
Bell measurement, we obtain the outcomes of bit values for
the physical GKP qubits of the encoded data qubit and en-
coded qubit of the encoded Bell state. In addition to bit values,
we also obtain deviation values for the physical GKP qubits.
Therefore, we can improve the error tolerance of the code by

Figure 2: Error correction by quantum teleportation. The en-
coded data qubit |ψ̃⟩L, two encoded qubits |+̃⟩L, and |0̃⟩L are
encoded by C4/C6 code. GQC and MLD denote the GQC and
a maximum-likelihood decision, respectively.

introducing the likelihood method to the Bell measurement.
To validate our method, we numerically simulated the

quantum teleportation process against Gaussian quantum
channel (GQC) [5, 10] for the C4/C6 code with the con-
ventional [9] and proposed method using the Monte Carlo
method. The error correction in the C4/C6 code is based on
quantum teleportation, where the logical qubit |ψ̃⟩L encoded
by the C4/C6 code is teleported to the fresh encoded Bell state,
as shown in Fig.2. The quantum teleportation process refers to
the outcomes Mp and Mq of the Bell measurement on the en-
coded qubits, and determines the amount of displacement. We
obtain the Bell measurement outcomes of bit values mpi and
mqi for the i-th physical GKP qubit of the encoded data qubit
and encoded qubit of the encoded Bell state, respectively. In
addition to bit values, we also obtain deviation values ∆pmi
and ∆qmi for the i-th physical GKP qubit. Therefore, the pro-
posed likelihood method can improve the error tolerance of
the Bell measurement.

As a simple example to explain our method for the Bell
measurement, we describe the level-1 C4/C6 code, that is, the
C4 code. The C4 code is the [[4,2,2]] code and consists of four
physical GKP qubits to encode a level-1 qubit pair; thus, it is
not the error-correcting code but the error-detecting code in
the conventional method. The logical bit value of the C4 code
is k (=0,1) when the bit value of the level-1 qubit pair is (k,0)
or (k,1), that is, the bit value of the first qubit k defines a log-
ical bit value of a qubit pair. As the parity check of the Z op-
erator for the first and second qubits ZIZI and IIZZ indicates,
the bit value of the level-1 qubit pair (0,0) corresponds to the
bit value of the physical GKP qubits (mq1,mq2,mq3,mq4) =
(0,0,0,0) or (1,1,1,1) [6]. The bit values of the pairs (0,1),
(1,0), and (1,1) correspond to the bit values of the physical
GKP qubits (0,1,0,1) or (1,0,1,0), (0,0,1,1) or (1,1,0,0), and
(0,1,1,0) or (1,0,0,1), respectively. Therefore, if the measure-
ment outcome of the physical GKP qubits is (0,0,1,0) for the Z
basis, then we consider two error patterns, assuming the level-
1 qubit pair (0,0). The first pattern is a single error on the
physical qubit 3 and the second pattern is the triple errors on
the physical qubits 1, 2, and 4. We then calculate the likeli-
hood for the level-1 qubit pair (0,0) F0,0 as

F0,0 = f (∆qm1) f (∆qm2) f (
√

π −|∆qm3|) f (∆qm4)

+ f (
√

π −|∆qm1|) f (
√

π −|∆qm2|) f (∆qm3) f (
√

π −|∆qm4|). (3)

We similarly calculate the F0,1,F1,0, and F1,1 likelihood for
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Figure 3: Simulation results for the failure probabilities of the
C4/C6 code using the conventional and proposed method. The
failure probabilities using the conventional method (blue line)
and proposed method (red line) are represented for the con-
catenated level-1 (solid), level-2 (dashed ), level-3 (dashed-
dotted), level-4 (open circles), and level-5 (filled circles).

the bit value of qubit pairs (0,1), (1,0), and (1,1). Finally,
we determine the level-1 logical bit value for the Z basis by
comparing F0,0 +F0,1 with F1,0 +F1,1, which refer to the like-
lihood functions for the logical bit values zero and one, re-
spectively. If F0,0 +F0,1 > F1,0 +F1,1, then we determine that
the level-1 logical bit value for the Z basis is zero, and vice
versa. The level-1 logical bit value for the X basis can be de-
termined by the parity check of the X operator for the first and
second qubits XXII and IXIX in a similar manner. In the con-
ventional likelihood method [8, 9] F0,0, F0,1, F1,0, and F1,1 are
given by the same joint probability

p3
corr(1− pcorr)+ pcorr(1− pcorr)

3, (4)

where the probability pcorr is defined by Eq. (2) in the main
text. Because F0,0+F0,1 = F1,0+F1,1, the C4 code is not error-
correcting code but error-detecting code in the conventional
method, whereas it is the error-correcting code in our method.
For higher levels of concatenation, the likelihood for the level-
l (l ≧ 2) bit value can be calculated by the likelihood for the
level-(l −1) bit value in a similar manner.

In Fig.3, the failure probabilities up to level-5 of the con-
catenation are plotted as a function of the data qubit’s devi-
ation. The results confirm that our method suppresses errors
more effectively than the conventional method. It is also re-
markable that our method achieves the hashing bound of the
standard deviation for the quantum capacity of the GQC ∼
0.607, which corresponds to the squeezing level of 1.3 dB
and has been conjectured to be an attainable value using the
optimal method [5, 10]. The quantum capacity is defined as
the supremum of all achievable rates at which quantum infor-
mation can be transmitted over the quantum channel and the
hashing bound of the standard deviation is the maximum value
of the condition that yields the non-zero positive quantum ca-
pacity. By contrast, the concatenated code with only digital in-
formation achieves the hashing bound ∼ 0.555 [5, 10], which
corresponds to the squeezing level of 2.1 dB. This implies
that QEC using our method provides an optimal performance
against GQC, while QEC using only digital information pro-
vides suboptimal performance.

4 Conclusion
We proposed a new approach to maximize QEC perfor-

mance with digitized CV states. To our knowledge, our ap-
proach is the first attempt to draw both digital and analog
information from a single CV state to improve QEC perfor-
mance. Our method can reduce the threshold of squeezing
level required for CV-FTQC, which will encourage the exper-
imental developments by alleviating the burden to implement.
Our method can be applied to not only C4/C6 code, but also
surface code [11], color code [12], and other QECs. Further-
more, our method is a versatile tool for decision, which can
incorporate with GKP qubit, cat code, and other various codes
used to digitize CV states. We believe this work will open up
a new approach to QEC with digitized CV states, which will
be indispensable to construct CV-FTQC.

Although several methods to implement GKP qubits have
been proposed [13, 14, 15], it is still difficult to experimen-
tally generate GKP qubits with the squeezing level required
for FTQC. Our method can alleviate this requirement, and
will encourage experimental developments.

This work was funded by ImPACT Program of Council for
Science, Technology and Innovation.
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Abstract. We demonstrate the irreversibility of asymptotic entanglement manipulation under
quantum operations that completely preserve positivity of partial transpose (PPT), which re-
solves a major open problem in quantum information theory. To be more specific, we show that
for any rank-two mixed state supporting on the 3 ⊗ 3 antisymmetric subspace, the amount of
distillable entanglement by PPT operations is strictly smaller than one entanglement bit (ebit)
while its entanglement cost under PPT operations is exactly one ebit. As a byproduct, we
find that for this class of quantum states, both the Rains’ bound and its regularization, are
strictly less than the asymptotic relative entropy of entanglement with respect to PPT states.
So, in general, there is no unique entanglement measure for the manipulation of entanglement
by PPT operations. We further present a feasible sufficient condition for the irreversibility of
entanglement manipulation under PPT operations.

Keywords: Distillable entanglement, Entanglement measure, Irreversibility, Entanglement cost

Introduction Entanglement plays a crucial role
in quantum physics and is the key resource in quan-
tum information processing. So it is quite natural
and important to develop a theoretical framework
to describe and quantify it. In spite of a series of
remarkable recent progress in the theory of entan-
glement (for reviews see, e.g., [1, 2, 3, 4]), many fun-
damental challenges still remain open. One of the
most significant task is to determine the distillable
entanglement ED, i.e. the highest rate at which one
can obtain maximally entangled states from an en-
tangled state by local operations and classical com-
munication (LOCC) [5, 6]. This fundamental mea-
sure fully captures the ability of given state shared
between distant parties to generate strongly corre-
lated qubits in order to allow reliable quantum tele-
portation or quantum cryptography. However, how
to calculate ED for general quantum states still re-
mains unknown. Another fundamental measure in
entanglement theory is entanglement cost EC [5, 7],
which quantifies the rate for converting maximally
entangled states to the given state by LOCC alone.
Entanglement cost is also difficult to evaluate [8]
and it is known only for a few of quantum states

∗xin.wang-8@student.uts.edu.au
†runyao.duan@uts.edu.au
‡This submission is based on arxiv:1606.09421.

[9, 10, 11].
A well-known upper bound of the distillable en-

tanglement is the relative entropy of entanglement
w.r.t PPT states [12, 13, 14], i.e., ER,PPT (ρ) =

minS(ρ∣∣σ) s.t. σ,σTB ≥ 0,Trσ = 1, where
S(ρ∣∣σ) = Tr(ρ log2 ρ − ρ log2 σ) denotes the rela-
tive Von Neumann entropy and the optimal solu-
tion σ is called the closest PPT state of ρ. An im-
proved bound is the Rains’ bound [15], which is ar-
guably the best known upper bound of distillable
entanglement and refined in [16] as a convex opti-
mization problem as R(ρ) = minS(ρ∣∣τ) s.t. τ ≥

0,Tr ∣τTB ∣ ≤ 1. As Rains’ bound is proved to be
equal to the asymptotic relative entropy of entan-
glement for Werner states [17] and orthogonally in-
variant states [16], one open problem is to determine
whether these two quantities always coincide [1].

Another fundamental problem in entanglement
theory is the irreversibility in entanglement manip-
ulations. The manipulation of entanglement un-
der LOCC is generally irreversible in the finite-copy
regime [5]. Surprisingly, in the asymptotic settings
where the number of copies tend to infinite, this
process of entanglement manipulation for bipartite
pure states is shown to be reversible [18]. In con-
trast, for mixed states, this asymptotic reversibil-
ity under LOCC operations does not hold anymore
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[19, 20, 9, 21, 22, 23]. Various approaches have been
considered to enlarge the class of operations to en-
sure reversible interconversion of entanglement in
the asymptotic setting. A natural candidate is the
class of quantum operations that completely pre-
serve positivity of partial transpose (PPT) [15]. A
remarkable result is that any state with a nonposi-
tive partial transpose (NPT) is distillable under this
class of operations [24]. This suggests the possibil-
ity of reversibility under PPT operations and there
are examples of mixed states which can be reversibly
converted into pure states in the asymptotic setting,
e.g. the class of antisymmetric states [25]. However,
the reversibility under PPT operations remained un-
solved [25, 26, 1, 27] and it is one of the major open
problems in quantum information theory [28].

The main difficulty of the problems above is
that the regularized quantities are usually ex-
tremely difficult to determine or estimate. Note
that the asymptotic relative entropy of entangle-
ment w.r.t PPT states is given by E∞R,PPT (ρ) =

infn≥1ER,PPT (ρ⊗n)/n. To figure out whether Rains’
bound always coincides with E∞R,PPT , one necessar-
ily has to evaluate E∞R,PPT (ρ) of an explicit state ρ.
The problem of irreversibility under PPT operations
is more intractable, one not only has to evaluate the
PPT distillable entanglement, but also needs to de-
termine the PPT entanglement cost.

In this paper, we resolve the open problems men-
tioned above via convex optimization approach.
In particular, we utilize semidefinite programming
techniques to overcome the difficulty of evaluating
regularized quantities. The main results of this work
are as follows:

(i) Rains’ bound and its regularization can be
strictly smaller than the asymptotic relative
entropy of entanglement;

(ii) Asymptotic entanglement manipulation under
PPT operations is irreversible, i.e., PPT op-
erations are not sufficient to ensure asymptot-
ically reversibly interconversion (see FIG. 1).

Lower bound for asymptotic relative en-
tropy of entanglement To see results (i) and (ii),
the key approach is to introduce a single-letter ad-
ditive SDP lower bound for E∞R and construct an
explicit class of states. We will first introduce the
SDP lower bound and show the separation between
the regularized Rains’ bound and E∞R,PPT later in
Eq. (2). We define D(ρ) as the set of quantum
states supporting on supp(ρ) and denote the set of

Figure 1: The amount of Bell states distilled from
the state is not enough to reproduce the given state
under PPT operations in the asymptotic regime.

PPT states by Γ. Then, the problem can be relaxed
to the minimization of the relative entropy distance
between D(ρ) and the set Γ. Applying some prop-
erties of quantum relative entropy, the problem can
be further relaxed to minimizing − log TrPABσ over
all PPT states σ, where PAB is the projection onto
supp(ρ). Noting that this is SDP-computable, we
can further use SDP techniques to lower bound the
regularized quantity, i.e.,

E∞R,PPT (ρ) = inf
n≥1

ER,PPT (ρ
⊗n
)

n

≥ Eη(ρ) = max− log2 ∥Y
TB
AB∥∞,

s.t. − YAB ≤ P TBAB ≤ YAB.

(1)

The key idea here is utilizing the duality theory of
SDP to prove that Eη is additive under tensor prod-
uct. It is worth noting that Eη provides an efficiently
computable lower bound for entanglement cost, i.e.,

EC(ρ) ≥ EC,PPT (ρ) ≥ Eη(ρ).

One can also obtain SDP lower bound for entangle-
ment cost of quantum channels [29] via Eη.
Irreversibility of asymptotic entanglement

manipulation under PPT operations We use a
3⊗3 state to show the irreversibility under PPT op-
erations and then present an SDP-computable suf-
ficient condition for the irreversibility. The state we
use is ρv =

1
2(∣v1⟩⟨v1∣ + ∣v2⟩⟨v2∣) with ∣v1⟩ = (∣01⟩ −

∣10⟩)/
√

2, ∣v2⟩ = (∣02⟩ − ∣20⟩)/
√

2. It is clear that ρv
is a rank-two state supporting on the 3 ⊗ 3 anti-
symmetric subspace. On one hand, we apply the
lower bound Eη to estimate the PPT entanglement
cost and prove that EC,PPT (ρv) = E∞R,PPT (ρv) =

Eη(ρv) = 1. On the other hand, we evaluate the
PPT distillable entanglement of ρv by the Rains
bound and the SDP characterization of the one-copy
PPT deterministic distillable entanglement [30], i.e.,
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ED,PPT (ρv) = R
∞
(ρv) = log2(1 + 1/

√

2). Hence,

EC,PPT (ρv) = E
∞
R,PPT (ρv) = 1

> log2(1 + 1/
√

2)

= R∞(ρv) = ED,PPT (ρv).

(2)

We further show that for any rank-two mixed state
supporting on the 3⊗3 antisymmetric subspace, the
PPT distillable entanglement is strictly smaller than
one entanglement bit (ebit) while its PPT entangle-
ment cost is exactly one ebit.

As a byproduct, from Eq. (2), it is clear for ρv,
both the Rains’ bound and its regularization, are
strictly less than the asymptotic relative entropy of
entanglement, which resolve the second problem. So
in general there is no unique entanglement measure
under PPT operations.

Finally, we present an SDP-computable sufficient
condition for the irreversibility of entanglement ma-
nipulation under PPT operations. For a bipartite
state ρ, if Eη(ρ) > EW (ρ) = minXAB≥ρ log ∥XTB

AB∥1,
then

ED,PPT (ρ) ≤ EW (ρ) < Eη(ρ) ≤ EC,PPT (ρ), (3)

where EW is an improved SDP upper bound on
PPT distillable entanglement in our previous work
[30]. As a example, we show the irreversibility un-
der PPT operations for a class of 3 ⊗ 3 states de-
fined by ρ(α) = (∣ψ1⟩⟨ψ1∣ + ∣ψ2⟩⟨ψ2∣)/2, where ∣ψ1⟩ =
√

α∣01⟩ −
√

1 − α∣10⟩ and ∣ψ2⟩ =
√

α∣02⟩ −
√

1 − α∣20⟩
with 0.42 ≤ α ≤ 0.5. It is worth noting that Brandão
and Plenio [31, 27] have shown that multipartite en-
tangled states can be reversibly interconverted un-
der asymptotically non-entangling operations. Our
results may imply that this set of operations is min-
imal for bipartite entanlged states to ensure the re-
versibility.

RD would like to thank Andreas Winter for many
inspirational discussions on the potential gap be-
tween the regularized Rains’ bound and the asymp-
totic relative entropy of entanglement. The au-
thors also thank Jonathan Oppenheim for helpful
suggestions. This work was partly supported by
the Australian Research Council under Grant Nos.
DP120103776 and FT120100449.
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Abstract. Non-asymptotic entanglement distillation studies the trade-off between three pa-
rameters: the distillation rate, the number of independent and identically distributed prepared
states, and the fidelity of the distillation. We first study the one-shot ε-infidelity distillable
entanglement under quantum operations that completely preserve positivity of the partial trans-
pose (PPT) and characterize it as a semidefinite program (SDP). For isotropic states, it can
be further simplified to a linear program. The one-shot ε-infidelity PPT-assisted distillable en-
tanglement can be transformed to a quantum hypothesis testing problem. Moreover, we show
efficently computable second-order upper and lower bounds for the non-asymptotic distillable
entanglment with a given infidelity tolerance. Utilizing these bounds, we obtain the second or-
der asymptotic expansions of the optimal distillation rates for pure states and some classes of
mixed states. In particular, this result recovers the second-order expansion of LOCC distillable
entanglement for pure states in [Datta/Leditzky, IEEE Trans. Inf. Theory 61:582, 2015]. Fur-
thermore, we provide an algorithm for calculating the Rains bound and present direct numerical
evidence (not involving any other entanglement measures, as in [Wang/Duan, Phys. Rev. A
95:062322, 2017]), showing that the Rains bound is not additive under tensor products.

Keywords: entanglement distillation, Rains bound, hypothesis testing, semidefinite program

1 Introduction

Quantum entanglement is a striking feature of
quantum mechanics and is a key ingredient in many
quantum information processing tasks, including the
teleportation [1], superdense coding [2], and numer-
ous uses in quantum cryptography protocols [3, 4].
All these protocols necessarily rely on entanglement
resources, especially the maximally entangled states.

In general, the task of entanglement distillation
aims at obtaining maximally entangled states from
less-entangled bipartite states shared between two
parties and it allows them to perform LOCC. The
concept of distillable entanglement characterizes the
rate at which one can asymptotically obtain maxi-
mally entangled states from a collection of identi-
cally and independently distributed (i.i.d) prepared
entangled states by LOCC [5, 6]. Distillation from
non-i.i.d prepared states has also been considered
recently [7]. Distillable entanglement is a funda-
mental entanglement measure which captures the
resource character of entanglement. Up to now,
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� marco.tomamichel@uts.edu.au
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how to calculate distillable entanglement for gen-
eral quantum states remains unknown and various
approaches [8, 9, 10, 11, 12, 13, 14, 15] have been
developed to evaluate this important quantity.

However, in a realistic setting, the resources are
finite and the number of independent and identically
distributed (i.i.d.) prepared states is necessarily lim-
ited. More importantly, it is notoriously hard to do
coherent state manipulation over a very large num-
bers of qubits in the current status or near future.
Therefore, it is important to characterize how well
we can distill maximally entangled states from finite
copies of prepared states. Under the non-asymptotic
setting, one also has to make a trade-off between the
distillation rate and infidelity tolerance.

The non-asymptotic analysis of entanglement dis-
tillation will help us better exploit the power of en-
tanglement in a realistic setting. Previously, the
one-shot distillable entanglement was studied in
Refs. [16, 17], but their bounds are not efficiently
computable. The Rains bound [11] and the hash-
ing bound [18] are arguably the best general up-
per and lower bound for distillable entanglement,
respectively. However, these bounds do not provide
sufficiently good evaluation about entanglement dis-
tillation with finite resources.
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2 Overview of results

In this work, we study the entanglement distil-
lation with finite resources and provide efficiently
computable estimation of the non-asymptotic distil-
lable entanglement. Our approach utilizes the tech-
niques of convex optimization and second-order ex-
pansion of hypothesis testing.

We first give the SDP characterization of one-
shot PPT distillable entanglement with a given infi-
delity tolerance and connect it to a hypothesis test-
ing problem. For given bipartite state ρAB and in-
fidelity tolerance ε > 0, we show that

E
(1)
Γ,ε (ρAB) = − log min η

s.t. TrρABMAB ≥ 1 − ε,
0 ≤MAB ≤ 1AB,
− η1AB ≤MTB

AB ≤ η1AB

(1)

and

E
(1)
Γ,ε (ρAB) = min

∥CTB ∥1≤1
Dε
H (ρ∥C) . (2)

As the one-shot PPT distillable entanglement can
be represented in the form of hypothesis testing rel-
ative entropy, we further derive a second-order up-
per bound of the non-asymptotic distillable entan-
glement. Specifically, for any bipartite states ρAB
and given infidelity tolerance ε ∈ (0,1), we show that

E
(1)
Γ,ε (ρ

⊗n) ≤ nR (ρ) +
√
nVR (ρ)Φ−1 (ε) +O (logn) ,

(3)

where VR (ρ) =
⎧⎪⎪⎨⎪⎪⎩

maxσ∈Sρ V (ρ∥σ) if 0 < ε ≤ 1/2
minσ∈Sρ V (ρ∥σ) if 1/2 < ε < 1

,

(4)

and V (ρ∣∣σ) = Trρ (log ρ − logσ)2 −D (ρ∣∣σ)2, Sρ is
the set of operators that achieve the minimum of
R (ρ) = minσ∈PPT’D (ρ∥σ) and Φ−1 is the cumulative
normal distribution function.

We also observe that R (ρ) and VR (ρ) can be effi-
ciently computed via the cutting-plane method [19]
or rational (Padé) approximations [20]. This allows
us to efficiently compute the second-order converse
bound of non-asymptotic distillable entanglement in
Eq. (3). Moreover, one can use these algorithms
to verify the non-additivity of Rains bound [21] as
shown in Fig. 4.

On the other hand, to estimate the achievability
of non-asymptotic entanglement distillation, we give

the second order expansion of the 1-LOCC hashing
lower bound [18]. To be specific, for any bipartite
state ρ and infidelity tolerance ε ∈ (0,1),

E(1)
→,ε (ρ⊗nAB) ≥ nI (A⟩B)ρ+

√
nV (A⟩B)ρΦ

−1 (ε)+O (logn) .
(5)

Finally, we use our results to study some partic-
ular classes of bipartite quantum states, including
pure states, isotropic states and some other classes
of mixed states.

(i) For any bipartite pure state ψAB, denote the
reduced state as ρA = TrB ψAB, then

E(1)
→,ε (ψ⊗n) = E

(1)
Γ,ε (ψ

⊗n) = nS (ρA)

+
√
n [TrρA (log ρA)2 − S (ρA)2]Φ−1 (ε) +O (logn) .

(ii) For the bipartite quantum state
ρAB = p∣v1⟩⟨v1∣ + (1 − p) ∣v2⟩⟨v2∣, where
∣v1⟩ = 1√

2
(∣00⟩ + ∣11⟩), ∣v2⟩ = 1√

2
(∣01⟩ + ∣10⟩),

its second-order distillable entanglement is

E(1)
→,ε (ρ⊗nAB) = E(1)Γ,ε (ρ

⊗n
AB) = n (1 − h2 (p))

+

¿
ÁÁÀnp (1 − p) (log

1 − p
p

)
2

+O (logn) .

(iii) For the isotropic states ρF = (1 − F ) 1−Φ(d)
d2−1

+
F ⋅Φ (d), we have the linear program:

E
(1)
Γ,ε (ρ

⊗n
F ) = − log min η

s.t. 0 ≤mi ≤ 1, i = 0,1,⋯, n,
n

∑
i=0

(n
i
)F i (1 − F )n−imi ≥ 1 − ε,

− η ≤
n

∑
i=0

xi,kmi ≤ η, k = 0,1,⋯, n.

(6)

We further show the numerical estimation of non-
asymptotic distillable entanglement of 3⊗3 isotropic
state ρF (F = 0.9) with infidelity tolerance ε = 0.001
in the following figures. Fig. 1 shows that the 1-
LOCC hashing bound cannot be achieved by coher-
ently manipulating 100 copies of the isotropic state
while such manipulation is already hard to perform
in practice. Fig. 2 shows the estimation of non-
asymptotic (1-LOCC, LOCC, SEP, PPT-assisted)
distillable entanglement of the isotropic state. The
finite blocklength distillable entanglement will lie
between two dashed lines while asymptotic distil-
lation rates lie between the two solid lines. Fig. 3
shows that the fitting curve of the series of points
1
nE
(1)
Γ,ε (ρ⊗nF ) (1 ≤ n ≤ 100) almost coincides with the
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second-order upper bound in large n (≥ 103) and
converges to its Rains bound. This may indicates
that EΓ (ρF ) = R (ρF ).
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Figure 4: Non-additivity of Rains bound.
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Abstract. Finding the optimal encoding strategies can be challenging for communication using quantum
channels, as classical and quantum capacities may be superadditive. Pre-shared entanglement assistance
can often simplify this task, as the entanglement-assisted classical capacity for any channel is additive.
If the entanglement assistance is limited, the picture is much more unclear. If the classical capacity is
additive, it is unknown if superadditivity can still be developed with limited entanglement assistance. We
show this is possible, by providing an example. We construct a channel for which, the classical capacity is
additive, but that with limited entanglement assistance can be superadditive.

Keywords: quantum Shannon theory, quantum channels, entanglement, trade-off capacities, superaddi-
tivity

Channel capacities describe the maximum rate at
which a channel can transmit information. A classical
channel can only transmit classical information, and the
maximum communication rate is fully characterized by
its capacity [1], which is described by a simple formula.

For quantum channels, however, the story is very dif-
ferent. First, a quantum channel can transmit both clas-
sical and quantum information. Hence there are a few
different types of capacity, such as the classical capacity
C [2, 3] and the quantum capacity Q [4, 5, 6]. Moreo-
ver, the capacity formulae are of a “multi-letter” nature,
optimized over inputs of an infinite number of channel
uses. This is easy to understand, as quantum inputs can
be entangled across channels. Sometimes such inputs can
improve the communication rate, leading to the “supe-
radditivity” phenomenon. Many channels with such phe-
nomenon have been found [7, 8, 9].

Although the “superadditivity” phenomenon is itself
interesting, it is not desirable for communication purpose.
If the capacity formula of a channel is superadditive, it
means computing the capacity and finding the capacity-
achieving input states get very hard. Without knowing
such input states, one cannot find the optimal encoding
strategy. If the capacity formula of a channel is additive
(i.e.“single-letter”), then one only has to optimize over
inputs of a single channel use, and this is tractable. Hence
an important goal in quantum information theory is to
characterize channels with additive capacities [10, 11, 12].
More recently, this has been extended to approximate
channels by those with additive capacities [13].

There are also vast differences between classical and
quantum communication, in terms of the auxiliary re-
sources that can be used, and how they enhance the ca-
pacities. In the classical setting, it can be shown that
pre-shared randomness does not increase the capacity of

∗eltonzhu@mit.edu
†quntao@mit.edu
‡shor@math.mit.edu

a channel. In the quantum setting, the most common
resource is quantum entanglement. Unlike classical com-
munication, pre-shared entanglement between the sen-
der and receiver can enhance communication, with the
most prominent example being superdense coding [14].
Remarkably, in the presence of unlimited pre-shared en-
tanglement, the capacity formula of an arbitrary noisy
channel becomes “single-letter” [15, 16]. Hence, with
unlimited pre-shared entanglement assistance, quantum
Shannon theory greatly simplifies.

However, in many cases, unlimited pre-shared entang-
lement between the sender and receiver can be unrea-
listic. Thus it makes sense to study the trade-off capa-
city region between entanglement and classical/quantum
communication, or even among these three resources.

The first such work is given by Shor [17], who exami-
ned the case where only finite pre-shared entanglement is
available and obtained a trade-off curve that illustrates
how the optimal rate of classical communication depends
on the amount of entanglement assistance (CE trade-off).
Subsequently, many other trade-off capacities were stu-
died [12, 18, 19, 20, 21].

This work aims to study the additivity properties of
CE trade-off capacity, i.e. the classical capacity with li-
mited entanglement assistance. This is important both
from a theoretical point of view, as an extension of nume-
rous former studies on additivity of the classical capacity
[22, 7], and also from a practical point of view, since
trade-off capacities naturally occur in future quantum
communication.

The CE trade-off capacity formula given by Shor is
“multi-letter”. This comes naturally, as the formula must
reduce to the classical capacity formula when the entang-
lement assistance is set to zero. Hence, one does not
expect it to be additive in general. This intuition can
be made sharper, by considering the CE trade-off ca-
pacity of a channel with superadditive classical capacity.
As the classical capacity must vary continuously with the
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amount of entanglement, superadditivity will be retained
when entanglement assistance is small.

What if we assume the classical capacity of a channel
is additive? In this case, the picture is much unclea-
rer. Intuitively, one expect the CE trade-off capacity to
be additive. This comes from the fact that with unli-
mited pre-shared entanglement, the classical capacity is
additive. So one would hope that limited entanglement
assistance wouldn’t complicate matters.

However, naively proving additivity of the CE trade-
off capacity from its additive classical capacity fails
for simple channels like the depolarizing channel, and
entanglement-breaking channels. One of the reasons is
that the trade-off capacity beats the time-sharing stra-
tegy. For CE trade-off, the time-sharing strategy is sim-
ply to distil the pre-shared entanglement into Bell pairs,
and use them for classical communication over a fraction
of the channel uses. For the other channel uses, one just
performs classical communication without entanglement
assistance. Since the trade-off protocol can beat this stra-
tegy, additivity of the CE trade-off capacity does not im-
mediately follow from that of the classical capacity.

We show that this is simply not possible. There ex-
ist channels with a superadditive trade-off capacity, even
when the classical capacity is additive. We show this
by constructing an example. Our example is a switch
channel, where part of the input acts as a switch regis-
ter and determines which of the two sub-channels are
used. One of the sub-channels is a classical channel. The
second sub-channel is a quantum channel with a supe-
radditive classical capacity. The classical channel has
a larger classical capacity. Hence without entanglement
assistance, the classical channel is always used and the
capacity is additive. However, when pre-shared entang-
lement is available, the quantum channel is more favora-
ble. Hence superadditivity develops. We also require the
quantum channel to have its CE trade-off curve strictly
concave, otherwise the trade-off protocol reduces to time-
sharing. The whole argument is made precise in Ref.[23].

Our work implies that additivity is a very non-robust
notion, and can be lost when resources start to trade.
Even though unlimited pre-shared entanglement simplies
quantum Shannon theory, limited entanglement can po-
tentially complicate it.

Interestingly, the quantum capacity with limited en-
tanglement assistance (QE trade-off) does not have this
weird behavior, because its trade-off protocol does not
beat the time-sharing strategy.

Recognizing the difficulty in obtaining an additive CE
trade-off region in Shor’s original framework, efforts have
been made to give an additive CE trade-off capacity, by
imposing a different constraint [24]. This can be used
to bound an eavesdropper’s information gain in two-way
quantum key distribution protocols. The above switch
channel framework can also be used to study the additi-
vity property of other trade-off capacities [25].
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Abstract. A central theme in quantum computation is to show how quantum resources can be used to
gain advantage in information processing tasks. In particular, non-local games have been used to exhibit
quantum advantage in boolean constraint satisfaction, and to obtain quantum versions of graph invariants
such as the chromatic number, and more broadly, of graph homomorphisms.

We introduce a general notion of non-local games for homomorphisms between relational structures,
which play a central role in finite model theory, constraint satisfaction and database theory. We show
how quantum strategies for such games can be viewed as Kleisli morphisms for a quantum monad on the
(classical) category of relational structures and homomorphisms, removing the two-player non-local element
of the game. We use these results to exhibit a wide range of examples of contextuality-powered quantum
advantage, and to unify several apparently diverse strands of previous work. In particular, we spell out
an equivalence between state-independent strong contextuality, quantum homomorphisms, and quantum
advantage in constraint satisfaction, showing in particular that state-independent strong contextuality
proofs can always be underwritten by non-locality arguments.
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Finite relational structures and the homomorphisms
between them form a mathematical core common to fi-
nite model theory [10], constraint satisfaction [5], and
relational database theory [9]. Moreover, much of graph
theory can be formulated in terms of the existence of
graph homomorphisms, as expounded e.g. in the influen-
tial text [6]. Thus, implicitly at least, the mathematical
setting for all these works is categories of σ-structures
and homomorphisms, for relational vocabularies σ.

What could it mean to quantize these structures?
More precisely, with the advent of quantum computing,
we can now consider the consequences of using quantum
resources for carrying out various information-processing
tasks. A major theme of current research is to delineate
the scope of the quantum advantage which can be gained
by the use of quantum resources. How can this be related
to these fundamental structures?

Our starting point is the notion of quantum graph ho-
momorphism introduced in [11] as a generalization of the
notion of quantum chromatic number [2]. Consider the
following game, played by Alice and Bob cooperating
against a Verifier. Their goal is to establish the exis-
tence of a homomorphism G→ H for given graphs G and
H. Verifier provides vertices v1, v2 ∈ V (G) to Alice and
Bob respectively. They produce outputs w1, w2 ∈ V (H)
in response. No communication between Alice and Bob
is permitted during the game. They win if the fol-
lowing conditions hold: v1 = v2 ⇒ w1 = w2 and
v1 ∼ v2 ⇒ w1 ∼ w2, where we write ∼ for the ad-
jacency relation.

If only classical resources are permitted, then the ex-
istence of a perfect strategy for Alice and Bob — one
in which they win with probability 1 — is equivalent to
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the existence of a graph homomorphism in the standard
sense. However, using quantum resources, in the form
of an entangled bipartite state where Alice and Bob can
each perform measurements on their part, there are per-
fect strategies in cases where no classical homomorphism
exists, thus exhibiting quantum advantage.

Alice–Bob games have also been studied for other
tasks, notably for constraint systems. Consider the fol-
lowing system of linear equations over Z2:

A ⊕B ⊕ C = 0 B ⊕E ⊕H = 0

A ⊕D⊕G = 0 G⊕H ⊕ I = 0

D⊕E ⊕ F = 0 C ⊕ F ⊕ I = 1

Of course, this system is not satisfiable in the standard
sense, as we can see by summing over the left- and right-
hand sides. Now consider the following Alice–Bob game.
The Verifier sends Alice an equation, and Bob a vari-
able. Alice returns an assignment to the variables in the
equation, and Bob returns an assignment for his vari-
able. They win if Bob’s assignment agrees with Alice’s,
and moreover Alice’s assignment satisfies the given equa-
tion. Classically, the existence of a perfect strategy is
equivalent to the existence of a satisfying assignment for
the whole system. Using quantum resources, there is a
perfect strategy for the above system, which corresponds
to Mermin’s “magic square” construction [12]. This can
be generalized to a notion of quantum perfect strategies
for a broad class of constraint systems [4, 3], which have
strong connections both to the study of contextuality
in quantum mechanics, and to a number of challenging
mathematical questions [16, 15]. Clearly, these games are
analogous to those for graph homomorphisms. What is
the precise relationship?

In [11], generalizing results in [2], the existence of a
quantum perfect strategy for the homomorphism game
from G to H is characterized in terms of the exis-
tence of a family {Evw}v∈V (G),w∈V (H) of projectors in
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d-dimensional Hilbert space for some d, subject to cer-
tain conditions. Analogous results for constraint systems
are proved in [4]. This characterization eliminates the
two-person aspect of the game, and the shared state, leav-
ing a “projector-valued relation” as the witness for exis-
tence of a quantum perfect strategy. We shall henceforth
call these witnesses quantum graph homomorphisms. An
important further step is taken in [11]. A construction
H 7→ MH on graphs is introduced, such that the exis-
tence of a quantum graph homomorphism from G to H
is equivalent to the existence of a standard graph homo-
morphism G→ MH.

Our contribution begins at this point. We describe a
general notion of non-local game for witnessing homo-
morphisms between structures for any relational signa-
ture. We show that the use of quantum resources in these
games can be characterized by a notion of quantum ho-
momorphism, removing the two-player non-local and the
state-dependent aspects of the game. Moreover, quan-
tum homomorphisms can in turn be characterized as the
Kleisli morphisms for a quantum monad on the (classical)
category of relational structures and homomorphisms.
Monads are used in computer science – particularly in
functional programming and semantics of programming
language – to express computational effects [14]. This
monad is graded [13] by the dimension of the Hilbert
space.

Our account refines and generalizes the ideas from both
[2, 11] and [4]. We characterize quantum solutions for
general constraint satisfaction problems, showing as a
special case that these subsume the binary constraint sys-
tems of [4].

We also show how quantum witnesses for state-
independent strong contextuality in the sense of [1] are
characterized by quantum homomorphisms. This estab-
lishes a link between state-independent contextuality and
non-locality, showing that that state-independent strong
contextuality proofs can always be underwritten by non-
locality arguments. This can be seen as a general form
of constructions for turning Kochen–Specker contextual-
ity proofs into Bell non-locality arguments [7]. The rôle
of the entangled state and of Bob in the non-local game
is to provide an operational or physical underpinning for
the compatibility or generalized no-signalling assumption
which is made for empirical models [1].

The precise relationship with the quantum graph ho-
momorphisms of [11] turns out to be more subtle. By
adapting a construction from [8], we show that their no-
tion is characterized by a quantum solution in our sense
for a related boolean constraint system. Overall, we show
that a wide range of notions of quantum advantage is cap-
tured in a uniform way by the quantum monad, applied
directly to the standard classical structures.
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Abstract. Characterizing genuine quantum resources and determining operational rules for their ma-
nipulation are crucial steps to appraise possibilities and limitations of quantum technologies. Two such
key resources are nonclassicality, manifested as quantum superposition between reference states of a single
system, and entanglement, capturing quantum correlations among two or more subsystems. Here we
present a general formalism for the conversion of nonclassicality into multipartite entanglement, showing
that a faithful reversible transformation between the two resources is always possible, within a precise
resource-theoretic framework. Specializing to quantum coherence between the levels of a quantum system
as an instance of nonclassicality, we introduce explicit protocols for such a mapping. We further show that
the conversion relates multilevel coherence and multipartite entanglement not only qualitatively, but also
quantitatively, restricting the amount of entanglement achievable in the process and in particular yielding
an equality between the two resources when quantified by geometric measures.

1 Introduction

Signature features of the quantum world have been
recently recognized as resources that can be harnessed
for disruptive technologies [1]. One such resource, em-
bodying the nonclassicality of quantum mechanics, is
the possibility for a quantum system to exist in a su-
perposition of “classical” states. The latter are usually
determined based on physical considerations; for instance,
in continuous-variable systems they can be identified with
the Glauber-Sudarshan coherent states [2, 3], while in
discrete-variable systems they can be taken to form a
reference orthonormal basis (e.g. the energy eigenbasis),
so that superposition manifests as quantum coherence
[4–12].

Superposition underlies other nonclassical phenomena
such as quantum entanglement among parts of a quantum
system [13]. These two resources enjoy different uses in
quantum technologies, and it thus becomes particularly
relevant to investigate the connection between them
beyond a merely conceptual standpoint, and to devise
operational schemes that allow the dynamical transforma-
tion of one into the other. Several works have analyzed
this problem. In quantum optics, nonclassicality gets
mapped into entanglement by a beam splitter [14–18],
while, in the discrete-variable scenario, it is the controlled
not (cnot) gate [19, 20] that plays a similar role. The
quantitative interplay between the degree of nonclassi-
cality and the bipartite entanglement obtained from it
has been investigated as well [17, 21–26]. These studies
have advanced our understanding of nonclassicality as
a resource in systems of arbitrary dimension [7, 12, 25–31].

∗bartosz.regula@gmail.com

In this work [32], we show that there always exists a
state-independent unitary mapping, realized by opera-
tions which alone cannot create nonclassicality, such that
the presence of k-level nonclassicality in the state of a
single d-level system is necessary and sufficient to create
k + 1-partite entanglement between the system and k
ancillas. To exemplify such a conversion procedure, we
specialize to quantum coherence as an instance of nonclas-
sicality [12], and introduce an explicit physical protocol
which directly converts k-level coherence into k + 1-body
multipartite entanglement. The protocol entangles a d-
level system (qudit) with up to d qubits by a sequential
application of generalized cnot gates. The protocol can
be further extended via the decoupling of the qudit sys-
tem, realizable by either unitary or locc operations, to
provide a mapping of k-coherence into multipartite entan-
glement of the ancillary qubits alone. This process can
also be seen as a toy model for decoherence [33] due to the
interaction with a many-body environment, with informa-
tion about the superposition leaking into the environment
in the form of multipartite entanglement.

Further, we explicitly show that the amount of k-
coherence in the initial system places a quantitative restric-
tion on the amount of entanglement that can be converted
from it. In particular, the fidelity-based geometric mea-
sure of k + 1-partite entanglement [34, 35] at the output
of the protocol is exactly equal to the initial coherence of
the qudit system, quantified by the fidelity-based geomet-
ric measure of k-coherence — a computable quantifier of
multi-level coherence introduced here, extending previous
work [7, 23].
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Figure 1: Schemes of two protocols to convert k-coherence into multipartite entanglement. Both protocols begin
with the global unitary operation UA which sequentially entangles each level of the qudit system in the state |ψd〉
with a corresponding ancillary qubit by generalized cnot gates, resulting in a k + 1-partite entangled state. One
can then decouple the qudit system either (a) by a unitary transformation UB, consisting of a Fourier transform
and a disentangling unitary UD, or (b) via a one-way locc operation ∆. Both protocols result in genuine k-partite
entanglement between the ancillary qubits.

2 Nonclassicality converison

The nonclassicality of a state ρ is a notion that depends
on our chosen set of states that we take to be “classical”.
Choosing a finite set of states {|χi〉} (not necessarily
orthogonal) which spans the whole Hilbert space H to
constitute the pure classical states, one asks whether ρ can
be represented as a convex combination of classical states
only. If this is not possible — that is, if one has to consider
superpositions of {|χi〉} — then ρ is a nonclassical state.
Therefore, the set of all classical states C is formed by the
convex hull of {|χi〉}.

This formalism leads to a natural measure of the level
of nonclassicality of a state. For a pure state, one
can indeed define the nonclassical rank (RN) [21, 25]:
RN (|ψ〉) = min

{
r
∣∣ |ψ〉 =

∑r
i=1 ci |χi〉 , |χi〉 ∈ C

}
with

nonzero complex coefficients ci. This clearly resembles
the definition of the Schmidt rank RS(|ψ〉) of bipartite
entangled states, and it can in fact be extended to mixed
states in the same way as the latter is extended to the
Schmidt number NS(ρ) [36]. We thus define the nonclassi-
cal number (NN) as NN (ρ) = min{pi,|ψi〉}maxi RN (|ψi〉)
where the minimization is performed over all pure-state
convex decompositions of ρ into ρ =

∑
i pi |ψi〉 〈ψi|.

Killoran et al. [25] showed that in this formalism there
always exists an isometry, consisting of adding an ancilla
system and applying a global unitary operation, which
maps a pure state of nonclassical rank k into a bipar-
tite entangled pure state of Schmidt rank k. As one of
the main results of this paper, we show that an analo-
gous faithful conversion of multilevel nonclassicality into
genuine multipartite entanglement is always possible.

Theorem 1 Let H be a d-dimensional Hilbert space, and
Hanc the Hilbert space of an ancillary system. Then if
the classical pure states {|χi〉}di=1 ∈ H form a linearly
independent set spanning H, there exists an isometry
Λ : H → H ⊗ H⊗danc such that for any state ρ ∈ D(H)

with nonclassical number NN(ρ) = k, ΛρΛ† is genuinely
k + 1-partite entangled iff ρ is nonclassical (2 ≤ k ≤ d)
and ΛρΛ† is fully separable iff ρ is classical (k = 1).

Theorem 1 shows that one can always faithfully map
the k-level nonclassicality of a quantum system in two
ways, but we note that the specifics of the mappings are
not fixed by the theorems — in particular, this means
that one can construct different mappings which map
multilevel nonclassicality into qualitatively different types
of entanglement. We give two examples of such mappings:
one which only use two levels of each ancillary system, re-
sulting in entanglement akin to that of W states [37], and
another protocol which instead uses qudit ancillary sys-
tems and generates a generalized GHZ-type entanglement
between the qudits. However, the choice of a W-type map-
ping in the theorem makes the conversion quite appealing
in practice, as it only requires qubit ancillas, and, as we
show below, enables one to create entanglement by a se-
quential application of two-body gates on the nonclassical
system and each ancilla.

3 Coherence conversion

We will now specialize to the framework of quantum
coherence [4, 7, 12]. Here, the classical states {|i〉}di=1 are
taken to form an orthonormal basis for H. Analogously to
nonclassicality, we can then define a hierarchy of coherence
levels by considering the coherence rank RC(|ψ〉), defined
to be the number of non-zero coefficients ci that a state
|ψ〉 =

∑
i ci |i〉 has in this basis [5, 6], and extending it to

mixed states as the coherence number NC(ρ).
The k-coherence of a single qudit can be converted into

multipartite entanglement in different physical ways. To
show this, we design a protocol to convert k-coherence into
k+ 1-partite entanglement between the qudit and k qubit
ancillas (following Thm. 1), realizable by a sequential
application of cnot gates (see UA in Fig. (a) and (b)).
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We then provide a natural mapping of k-coherence into
k-body entanglement, which can be accomplished by a
second step which disentangles the qudit system — either
by unitary transformations as in Fig. (a), or by one-way
locc ∆ as in Fig. (b). The locc protocol might lend
itself to a more efficient implementation as it does not
require global interactions. It also reflects an operational
scenario in which input agents are constrained to the
resource theory of k-coherence, having at disposal only
incoherent ancillas and incoherent operations as used in
the first step, while output agents are constrained to the
resource theory of entanglement, being bound to use locc
as in the second step.

Quantification. — In any resource theory, one can
define a faithful class of quantifiers by considering the
distance to the set of non-resource states [38, 39]. In the
cases of bipartite entanglement and standard coherence
(i.e., 2-coherence in our framework), the corresponding
non-resource sets are the sets of separable states S and
incoherent states I, respectively [7, 40]. For the case of
k-partite entanglement, one can define the non-resource
set as the set of k − 1-producible states P(k−1) [41], i.e.,
states which are at most k−1-partite entangled. Similarly
for k-coherence, we consider the set C(k−1) of states which
are at most k−1-coherent. We can then define quantifiers

of k-partite entanglement E
(k)
D and k-level coherence C

(k)
D ,

for which we obtain the following result.

Theorem 2 Let D be any distance contractive under
cptp and G denote the choice of distance 1 − F (ρ, σ).
Given the protocol which converts the k-coherence of a
state ρ into k + 1-partite entanglement of ρ′ = UAρU

†
A or

k-partite entanglement of ρ′′ = ∆(ρ′), we get:

C
(k)
D (ρ) ≥ E(k+1)

D (ρ′) (1)

C
(k)
D (ρ) ≥ E(k)

D (ρ′′) (2)

C
(k)
G (ρ) = E

(k+1)
G (ρ′) (3)

The amount of k-coherence present in the initial state
thus places quantitative constraints on the multipartite
entanglement one can obtain from it. Remarkably, under
the fidelity-based geometric quantifiers, the k-coherence of
any system and the converted k + 1-partite entanglement
are actually equal, and the simple properties and com-
putability of the geometric measure of k-coherence mean
that the geometric measure of k + 1-partite entanglement
can be efficiently computed for states ρ′ obtained from
the conversion protocol.

4 Conclusions

Our work reveals a qualitative and quantitative connec-
tion between multilevel nonclassicality and multipartite
entanglement, generalizing previous results in the resource
theory of quantum coherence [7, 12, 23], and further con-
tributing towards the formalization of nonclassicality as a
resource [25, 26, 31]. In particular, by proving the convert-
ibility of the two resources in general multipartite settings,
the results provide on one hand a further advance towards
establishing a unified framework for the quantification

of fundamental quantum phenomena as resources, and
reveals on the other hand feasible protocols to interchange
such resources experimentally to realize efficient hybrid
approaches to quantum technologies.
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Simultaneous hollowisation separability criterion in general multipartite

systems
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Abstract. We use the generalized concurrence approach to investigate the general multipartite separa-
bility problem. To this aim, we first show how to generate a set containing all the independent generalized
concurrences for any multipartite system. Then, by extending the preconcurrence matrix formalism to
these systems, we show that the separability problem is equivalent to a pure matrix analysis problem that
consists in determining whether a set of given symmetric matrices is simultaneously unitarily congruent to
hollow matrices, i.e., to matrices whose main diagonal is composed only of zeroes.

Keywords: Quantum entanglement, separability criteria, generalized concurrences.

Quantum entanglement is at the heart of quantum me-
chanics and intimately linked to its nonlocal feature [1].
It is a key resource in many promising applications, like,
to cite a few, quantum cryptography [2], quantum com-
munication [3], quantum imaging [4], or also quantum
sensing [5]. In this context, the ability to distinguish both
experimentally and theoretically between entangled and
separable states is a crucial issue. Theoretically, this is-
sue is entirely solved in the pure state case where general
and practical necessary and sufficient separability criteria
have been identified (see, e.g., Ref. [6]). For mixed states,
the question is much more involved and remains open in
the very general case. Still various necessary but not suf-
ficient conditions of separability have been stated [1, 7],
such as the positive partial transpose (PPT) criterion [8],
combinatorially independent permutation criteria [9, 10],
Bell-type inequalities [11], or criteria based on entangle-
ment witnesses [12, 13]. In some restricted cases, some of
these above-cited criteria turn to be also sufficient con-
ditions of separability. This happens for example for
the PPT criterion in low-dimensional or low-rank cases,
such as for qubit-qubit or qubit-qutrit systems [12], for
Cm⊗Cn(m ≤ n) bipartite states with rank at most n [14],
or even for general multipartite mixed states with rank
at most 3 [15].

The concurrence [16] is another tool that proved to
provide a necessary and sufficient condition (NSC) of sep-
arability in 2-qubit systems. It is defined for pure states
|ψ〉 as

C(ψ) ≡ |〈ψ|S|ψ∗〉|, (1)

where S = σy ⊗ σy is the 2-qubit spin-flip operator with
σy the second Pauli matrix and where |ψ∗〉 is the complex
conjugate of |ψ〉 expressed in the computational basis.
For mixed states ρ, the concurrence is defined via the
standard convex-roof construction :

C(ρ) = inf
{pi,|ψi〉}

∑

i

piC(ψi), (2)

where the infinimum is computed over all possible de-
compositions of ρ, i.e., all sets {pi, |ψi〉} such that ρ =
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∑
i pi|ψi〉〈ψi|. The concurrence is an entanglement mea-

sure that vanishes only for separable states [16] and this
provides an easy of separability : a state ρ is separable
if and only if C(ρ) = 0. In general, the minimization
implied by convex-roofs is a very challenging task. How-
ever, in the case of the concurrence, Eq. (2) simplifies
to [16]

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (3)

with λi (i = 1, . . . , 4) the square roots of the eigenvalues
of ρSρ∗S sorted in decreasing order.

The 2-qubit concurrence has been generalized to more
general bipartite [17] or even multipartite [6] systems by
the introduction of a vector of generalized concurrences
Cα defined similarly as in Eq.(1) but each with a specific
generalized "spin-flip" operator Sα [17, 6]. The cancel-
lation of all the generalized concurrences still provides
an NSC of separability, however only for pure states.
Though the extension to mixed states via the convex-
roof construction yields a similar elegant result as in
Eq. (3) for each Cα [17, 6], the cancellation of each of
them only provides a necessary separability condition for
mixed states [17, 6]. Here, we show that the missing el-
ement to get a necessary and sufficient condition of sep-
arability based on generalized concurrences can be for-
malized equivalently as a pure matrix analysis problem
that consists in determining whether a set of given sym-

metric matrices is simultaneously unitarily congruent to

hollow matrices, i.e., to matrices whose main diagonal is

composed only of zeroes.
To this aim, we first refine the NSC of separability

based on generalized concurrences for pure states by
showing how to get an optimal non-redundant set of gen-
eralized "spin-flip" operators Sα for arbitrary multipartite
systems. The generalized "spin-flip" operators Sα intro-
duced in Refs. [6, 17] are generated either from tensor
products of SO(n) generators [6] or from 2×2 minor equa-
tions from tensor matricizations [17, 18]. Both methods
unfortunately produce highly redundant sets of opera-
tors. Here, we show how to extract from them the only
independent operators. For this purpose we make use
of the 2 × 2 minor equations method [17], that is better
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suited for this task.
We then extend the concept of preconcurrence matri-

ces [19] to these independent operators and address the
mixed state case. From there, we can prove our main
result, which is to show that a general mixed states is
separable if and only if all its preconcurrence matrices
(which are complex symmetric matrices) are simultane-

ously hollowisable, i.e. simultaneously unitarily congru-
ent to hollow matrices. In other words, we show that
the separability problem is equivalent to the pure matrix
analysis problem of finding whether a set of symmetric
matrices is simultaneously hollowisabe or not.

Although related topics such as simultaneous unitary
congruence of pairs of complex matrices have already
been studied in the literature [20], very few seems to
be known about the simultaneous hollowisation problem.
The problem of simultaneous diagonalisation of symmet-
ric matrices, which in a sense can be seen as the oppo-
site problem to simultaneous hollowisation, is by contrast
well known and can be solved using a simple commuta-
tion criterion [21].

With this mathematical reformulation of the separa-
bility problem, we wish to draw the attention of both
the matrix analysis and the entanglement detection com-
munities to the problem of simultaneous hollowisation.
Progress on this topic could indeed provide interesting
headway in the field of entanglement detection. This
problem may be hard to solve but we would like to point
that partial answers to the problem can already lead to
separability criteria for particular classes of states. We
illustrate this in the last part of our paper by showing
that a criterion for simultaneous hollowisability of 2 × 2
symmetric matrices can be translated into a separability
criterion for general mixed states of rank 2.

To do so, we first use theorem 1 from Ref. [22] to get
the hollowisability condition for symmetric 2×2 matrices.
With this condition, we can prove that a set of symmet-
ric 2×2 symmetric matrices are simultaneously hollowis-
able if and only if these matrices are individually hollow-
isable and proportional to each other. Combined with
the preconcurrence matrix formalism developed earlier,
this simultaneous hollowisability condition can be used
to prove that any rank 2 state is separable if and only if
all its preconcurrence matrices are hollowisable and pro-
portional to each other. As we already mentioned, the
PPT criterion is also an NSC of separability for rank 2
states [15]. The criterion involving the preconcurrence
matrices has however the advantage to provide a separa-
ble decomposition for separable states, directly computed
from the preconcurrence matrices.

In conclusion, we show that the simultaneous hollowi-
sation problem constitutes a new approach to the separa-
bility problem. Using this approach, we obtain an NSC
of separability for general multipartite states of rank 2
that is independent from the PPT criterion (which is also
an NSC of separability in that case). We hope that this
reformulation will stimulate further research to find prac-
tical criteria for simultaneous hollowisation, which could
lead to new NSC of separability.
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Abstract. Quantum entanglement is a fundamental resource in quantum information processing and its
generation, manipulation and distribution between distant parties are all key challenges in the pursuit of
global quantum communications. Increasing the dimensionality of entanglement has been shown to im-
prove robustness and channel capacities in secure quantum communications. Here, we give an overview
of our efforts towards exploiting high-dimensional entanglement in long-distance quantum communication.
We report on the results a first feasibility study, in which we distribute genuine 4-dimensional hyperentan-
glement via a free-space link over the rooftops of Vienna. We discuss how this approach could be extended
to applications such as large-alphabet quantum key distribution in space and conclude with a brief update
on our progress in engineering a sutiable space-proof-entangled photon source.

Keywords: Quantum entanglement, Optical communication, Quantum cryptography, Quantum optics

Long-distance quantum communication with
high-dimensional entanglement

The distribution of quantum information over long dis-
tances is a key challenge in the pursuit of global quantum
communication. Optical satellite links allow overcoming
the distance limitations of fiber-based transmission on
ground and could thus play a central role in future quan-
tum communication networks. The viability of this ap-
proach is backed by a long history of long-distance quan-
tum optics experiments over terrestrial free-space links
where the losses and atmospheric turbulence were sim-
ilar (or worse) than for optical satellite links [1]. Free-
space quantum communication has now reached a level
of maturity that is most markedly reflected in the re-
cent launch of dedicated quantum communication satel-
lites [2–4]. Despite these remarkable developments, ex-
periments in this field still focus on two-level photonic
systems. Specifically, polarization qubits have been the
system of choice for free-space quantum communications
for over a decade.

High-dimensional entanglement and hyperentangle-
ment have both been shown to improve the security
and channel capacity quantum communications [5,6] and
have been successfully exploited in the realization of ad-
vanced quantum information processing protocols in a
laboratory setting, such as quantum teleportation of mul-
tiple degrees of freedom [7], quantum dense coding with
increased channel capacity [8], and efficient entanglement
purification [9, 10]. Consequently, increasing the dimen-
sionality of entangled quantum systems can be considered
a key technological step towards the realization of more
practical protocols in real world free-space link scenarios
ultimately also linking to and from space.

In a recent feasibility study [11], we made a first step
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towards implementing advanced high-dimensional quan-
tum communication protocols in long-distance free-space
links. We used hyperentanglement – that is a quan-
tum state entangled not only in polarization but also
the arrival time of the photons – to realize a large state
space [12] and distribute high-dimensional entanglement
via an intra-city free-space link in turbulent atmosphere
(Fig. 1). In order to verify the integrity of the atmo-
spheric quantum communication channel for hyperentan-
gled photons, we experimentally certified entanglement
in both polarization and energy-time subspaces individ-
ually, as well as genuine 4-dimensional entanglement with
a Bell-state Fidelity of 0.9419. The hyperentangled state
of the entire system could thus be used to transmit 1.4671
ebits of entanglement of formation. Note, however, that
the potential dimensionality of energy-time entanglement
is orders of magnitudes larger than demonstrated in this
first feasibility study. Future setups for free-space ex-
periments could use several unbalanced interferometers,
or additional photonic degrees of freedom to greatly in-
crease the dimensionality and with it the resistance to
inevitable background noise.

The coherent transmission of quantum information
embedded in a genuine high-dimensional state space
under real-world link conditions represents an impor-
tant step towards long-distance quantum communica-
tions with more complex quantum systems. The method-
ology of implementation, as well as the remarkably high-
transmission fidelity and pair-detection rates demon-
strated in our proof-of-concept experiment, make the
approach highly suitable for the exploitation of such
states in existing proposals for satellite experiments with
polarization-entangled photons. This could significantly
extend the scope of future experiments in space: The ad-
ditional possibility of analyzing high-dimensional energy-
time entanglement not only allows for larger information
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capacity in quantum communication, but could provide
a platform for entirely new fundamental physics exper-
iments, such as the evaluation of models for gravity-
induced wave function collapse [13] or quantum infor-
mation processing in a relativistic framework. We thus
hope that our results will motivate both further theoret-
ical research into energy-time entanglement experiments
conceivable at relativistic scenarios with satellite links,
as well as experimental research into the exploitation of
hyperentanglement in long-distance free-space quantum
communications.

Engineering a space-proof entangled pho-
ton source

The development of space-suitable sources and de-
tection hardware represents another major challenge in
the pursuit of global-scale quantum communication with
satellite links. Robust and efficient entangled photon
sources are not only a vital pre-requesite towards imple-
menting advanced quantum protocols in space, but can
also enable other challenging experiments on ground [14].

In collaboration with the Fraunhofer Instiut Jena, we
are currently developing a power-efficient prototype en-
tangled photon source (EPS) that can sustain the strong
vibrations and thermal fluctuations of space flight and
operation in space. We outline the main factors which
led to the baseline optical design and opto-mechanical
implementation (Fig. 2), as well as preliminary results
on performance characterization and environmental test-
ing of the EPS. We discuss some of the main challenges
that are still to be addressed, such as further integreation,
as well as sources with tailored spectral properties, such
as ultra-narrowband or pulsed sources (e.g. for multi-
photon experiments) and ultra-broadband sources (with
strong correlations in time e.g. for clock synchroniza-
tion).
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Figure 1: High-dimensional entanglement distribution over the rooftops of Vienna. An ultra-bright hyperentangled
photon source was located in a laboratory at the Institute for Quantum Optics and Quantum Information Vienna (IQOQI). The
source utilized spontaneous parametric down-conversion to produces polarization/energy-time hyperentangled photon pairs. The
photons were distributed to Alice and Bob via a free-space link and and optical single-mode fiber, respectively. Bob’s photons
were collected using a telephoto objective and guided to a polarization detection module. A polarization-dependent delay was
implemented for Franson interference measurements in the energy-time basis.

Figure 2: Opto-mechanical implementation of the
space-suitable entangled photon engineering model.
The main constraints of the opto-mechanical implementation
are to provide a mechanically and temperature stable mount-
ing structure for the optics of the EPS while maintaining fine-
tuneability of the required degrees of freedom for alignment
and fixation of individual components.
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Abstract. Leading proposals for linear-optical quantum computing (LOQC) use cluster states as univer-
sal resources for measurement-based quantum computation. Results from percolation theory have shown
that universal cluster states can be generated using schemes which exceed the critical percolation threshold,
but these results consider states with unbounded size. Here we consider how percolation can be maintained
using a fixed physical-depth architecture, assuming the state is continuously generated and measured such
that only a finite portion is visible at any time. We show that universal LOQC can be implemented using
a constant-size device with modest depth without the need for high-complexity algorithms.

Keywords: Linear Optical Quantum Computing, Quantum Computation Architectures, Percolation

1 Context

Over the two last decades architectures for linear
optical quantum computation (LOQC) have matured
from (technically) efficient, but ultimately unrealistic
proof-of-principle designs [1] to scalable and increas-
ingly feasible modern proposals [2]. Historically, the pri-
mary challenge for LOQC architectures was the inherent
non-determinism of entangling operations between non-
interacting photonic qubits (using only linear optics). By
utilising the paradigm of measurement-based quantum
computation (MBQC) [3, 4], modern architectures avoid
the need to perform probabilistic entangling gates arbi-
trarily during the computation, allowing all entanglement
to be generated prior to the desired quantum compu-
tation. As such, current LOQC architectures demand
the generation of large-scale entangled cluster states that
provide a universal resource for quantum computation.

In current LOQC architectures, large cluster states are
created from small three-qubit GHZ states via proba-
bilistic entangling “fusion” gates (that can be “boosted”
to operate with an arbitrarily high success rate [5, 6]).
Within such a model, Gimeno-Segovia, et. al. showed
that when the fusion success rate exceeds some critical
threshold, large-scale entanglement is produced in a per-
colated manner [7]. Single-qubit channels and states for
quantum error correction are then produced from perco-
lated lattice cluster states by “renormalization”, whereby
blocks of percolated physical qubits are abstracted to in-
dividual logical qubits with the idealised lattice structure
[8]. One key advantage of such a model is that after the
initial GHZ resource state generation [9], photons do not
pass through active, high-loss components, producing a
so-called “ballistic” architecture. This approach is con-
trasted to other modern LOQC proposals that generate
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entanglement with a “repeat-until-success” architecture,
requiring large, snowflake-like resource states and many
layers of active switching [10]. Once a large percolated
cluster state lattice is constructed, identifying a percola-
tion path spanning the cluster allows single-qubit chan-
nels and renormalization to be performed.

While this model is valid in an abstract computational
space, any feasible architecture must also consider realis-
tic constraints of a physical device. Due to the geometric
and material constraints of any foreseeable optical plat-
form, it is unrealistic to suggest that a LOQC device
must create and store the full cluster state lattice needed
for a quantum computation at any one time. Instead, we
consider a “windowed” architecture whereby the device
is continually being created and measured, storing only
a finite slice of the full resource state at any one time.
As such, current architectural methodssuch as identifying
MBQC paths for single-qubit channelsmust be extended
to a windowed architecture.

2 Presented work

Our submitted work [11] considers this architectural
challenge. Specifically, we ask: “what is the small-
est computational window required to produce a single-
qubit channel from a percolated cluster state lattice,
and what are the associated architectural trade-offs.”
Within the described LOQC architecture, this question
maps to the challenge of finding paths through a maze
given only a fixed “lookahead” and with no backtrack-
ing. By considering a simple algorithm for “limited-
lookahead pathfinding” (LLP), we show that finite win-
dow lengths are sufficient to produce long-range, low-
loss single-qubit channels. Moreover, we show that LLP
can operate with surprisingly small window lengths even
for lattices produced with entangling gate success rates

573



only marginally above the percolation threshold. Fur-
thermore, we demonstrate that at such window lengths,
near-perfect LLP is achieved without any need for more
sophisticated pathfinding “strategies”. This is especially
pertinent to LOQC as photonic qubits must be stored in
loss-inducing delay-lines during all classical co-processes,
and therefore any reductions in co-processor require-
ments may lead to significant reductions in qubit loss
rates.

Our work also identifies heuristics techniques for sim-
ulating the performance LLP. By showing that easy-
to-calculate percolation statistics can be used to ap-
proximate computationally expensive LLP, we provide
a method for fast simulation of novel architectures; as
architectural models become increasingly complex, such
simulation heuristics will be crucial to rapid development
and innovation within the field.

Finally, we summarise by providing a number of key
implications this work has for LOQC and identifying di-
rections for further study. Firstly, this work indicates
that a device with fixed-depth can still allow for success-
ful LOQC, providing a significant insight into the ulti-
mate form of a physical LOQC device. Secondly, this
work elucidates key resource trade-offs inherent to mod-
ern LOQC architectures. Our work shows that cluster
states lattices must be produced with connectivity ex-
ceeding the percolation threshold, and that large reduc-
tions in resource costs occur when this rate is further in-
creased. Lastly, the work provides a positive outlook for
the maturation of LOQC from purely theoretical models
to experimentally viable architectures.
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Quantum simulation of the quantum Rabi model in a single trapped ion
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Abstract. The quantum Rabi model describes the most fundamental light-matter interaction of the
dipolar coupling between a two-level system and a bosonic field mode. An analytical solution of the
quantum Rabi model covering all coupling regimes such as the weak, the ultrastrong, and the deep-strong
coupling regimes has only recently been proposed. Moreover, several physical systems have been pursued
to implement the perturbative regime of ultrastrong coupling. However, it is still challenging to reach the
dynamics of the nonperturbative ultrastrong coupling regime and the deep-strong coupling regime, which
would show intriguing physical phenomena beyond intuitive features of the quantum Rabi model. Here,
we implement the quantum simulation of the paradigmatic quantum Rabi model in a trapped-ion system,
reproducing key features of all parameter regimes from the weak to the deep-strong coupling regimes.

Keywords: Quantum Rabi model, Jaynes-Cummings coupling, Ultrastrong coupling, Deep-Strong cou-
pling, Adiabatic ground state preparation, Ion trap

The quantum Rabi model (QRM) describes the most
fundamental light-matter interaction involving quantized
light and quantized matter [1, 2], which is associated to
the dipolar coupling between a two-level system and a
bosonic field mode. The Hamiltonian of the QRM is
written as

ĤQRM (φ) =
ω0

2
σ̂z + ωmâ

+â+ ig(σ̂+ − σ̂−)(â+ â+), (1)

where ω0, ωm, and g are frequencies of the qubit, the
mode, and the coupling strength. Although it plays a
central role in the dynamics of a collection of quantum
optics and condensed matter systems [3], such as cav-
ity quantum electrodynamics (CQED), quantum dots,
trapped ions, or circuit QED (cQED), an analytical solu-
tion of the QRM in all coupling regimes has only recent-
ly been proposed [4]. Typically, the coupling strength is
much weaker than the mode frequency, which allows one
to perform the rotating-wave approximation that leads
to the Jaynes-Cummings (JC) model. When the inter-
action strength grows to a meaningful fraction or larger
than the mode frequency, the ultrastrong coupling (USC)
or the deep-strong coupling (DSC) regime is reached, re-
spectively, where the rotating-wave approximation is no
longer valid. Recently, several systems have been able to
experimentally reach the perturbative USC regime of the
QRM. However, it is still challenging to reach the nonper-
turbative USC regime, or DSC regime, which would show
intriguing physical phenomena beyond intuitive features
of the QRM.

Here, following Ref. [5], we implement the QRM and
we experimentally simulate the dynamics of the model
in all parameter regimes from the weak and USC to the
DSC regime in a single trapped ion system, which is con-
sidered as one of the prominent platforms for building

∗ywlds@163.com

quantum simulators. In the experimental quantum sim-
ulation, a single atomic ion with the two internal levels
of a qubit is confined in a radio-frequency Paul trap and
its motional quantum state is cooled down to the ground
state by standard sideband cooling. The general cou-
pling of the QRM between the internal level and one of
the radial motional modes is realized by a laser field with
two frequencies in the resolved-sideband limit shown in
Ref. [5]. By taking a suitable interaction picture associ-
ated with two inhomogeneously detuned laser beams, we
address all parameter regimes of the QRM [5].

In the experiment, we have simulated various features
of the QRM from the dynamics, spectrum, and ground
states in all parameter regimes. Firstly, we simulate the
dynamics of the QRM from the weak-coupling regime vi-
a USC regime to the DSC regime. Figure 1 shows the
spin dynamics under the QRM with respect to the ratio
g/ωm equal to 0.04, 0.6, and 1.2, respectively, where we
can clearly observe collapses and partial revivals during
the system evolution. In particular, in the DSC regime,
we observe the phonon bounce forth and back within the
same parity chains. Secondly, we measure the spectrum
of the QRM up to the USC regime. Finally, we adiabat-
ically prepare the ground state of the QRM in the DSC
regime and measure its corresponding phonon distribu-
tion for different spin states as shown in Fig. 2, which
reveals a complex entangled structure between the spin
and the bosonic field. We also measure the fidelity of
the state by adiabatically bringing it back to the original
initial state and detecting the population in the original
ground state.

Summarizing, we fully simulate the QRM in a trapped
ion system. The present ideas are straightforwardly gen-
eralizable to many ions, opening the possibility of go-
ing from the more natural Tavis-Cummings model to the
Dicke model.
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Figure 1: Spin dynamics under the QRM in different coupling regimes. (a) For the ratio g/ωm = 0.04, the
system behaves as the JC model in the weak coupling regime. (b) For the ratio g/ωm = 0.6, namely, the ultrastrong
coupling regime, we can clearly observe collapse and revival signatures. (c) For the ratio g/ωm = 1.2, the collapse is
fast and the revival is only partial. For all the panels above, the theoretical curve is the solid line, while the points
with error bars are the experiment results.
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Figure 2: Adiabatical ground-state preparation to the deep-strong coupling regime g/ωm = 1.2. Panel (a)
shows the spin dynamical evolution during the adiabatic preparation of the ground state for the DSC regime. Panels
(b) and (c) depict the phonon distributions of the prepared ground state with respect to the spin down and spin up
part, respectively. All the experimental results are plotted with error bars, while the simulation results are solid curve
(panel (a)) or empty bars (panels (b) and (c)).
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Holonomic surface codes for fault-tolerant quantum computation 
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Abstract: Surface codes can protect quantum information stored in qubits from local errors as long as 
the per-operation error rate is below a certain threshold. Imperfect control is a main source of errors 
that make the threshold a challenging task. By harnessing quantum holonomy, here we propose a 
method to suppress the errors caused by imperfect control in surface codes. In our scheme, the 
holonomic gates are built via auxiliary qubits rather than the auxiliary levels in multi-level systems used 
in conventional holonomic quantum computation. The key advantage of our scheme is that the auxiliary 
qubits are in their ground state before and after each gate operation, so they are not involved in the 
operation cycles of surface codes. This provides a new and advantageous way to implement surface 
codes for fault-tolerant quantum computation. 



Group theory and non-local games 
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Abstract: How much entanglement is required to play a non-local game optimally or near-optimally? 
This question has proven very difficult to answer in general. Recently we have found non-local games 
which cannot be played optimally with any finite amount of entanglement. In this talk, I will explain 
how this result arises out of a connection between linear system non-local games and group theory. This 
connection opens up a number of avenues for further research in entanglement requirements, self-
testing, and complexity. 



Classically testing the exponential nature of Hilbert space

Henry Yuen 
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Abstract: As we create more sophisticated quantum systems (including, one day, quantum computers) 
it becomes imperative to characterize just how much “quantumness” is present in them. However, the 
exponentiality of Hilbert space, the very feature of Nature that we are trying to exploit in these systems, 
also poses a significant barrier to verifying quantum behavior. Bell tests offer a powerful solution to 
this challenge. By performing simple statistical tests on measurement outcomes of spatially separated 
systems, we can certify not only the presence of quantum behavior, in certain cases we can even 
characterize the quantum state of the systems, as well as the measurement operators. In recent years, 
Bell tests (also known as non-local games) have found widespread usage in quantum information 
processing, from randomness testing protocols to delegated quantum computation.In this talk, I will 
survey the recent progress in using Bell tests to certify high dimensional entanglement --- a setting 
where the dimensionality is an asymptotically growing parameter. I will also describe some new results 
on testing high dimensional entanglement in the presence of noise (joint work with Rotem Arnon-
Friedman). These tests establish an important bridge connecting the classical world we live in to the 
exponentially vast Hilbert space of quantum states. 
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Abstract. We generalize the fidelity function for multi-round quantum strategies, which we call the
strategy fidelity. We provide many interesting properties of the strategy fidelity, including a Fuchs-van de
Graaf relationship with the strategy norm. And we illustrate an operational interpretation of the strategy
fidelity in the spirit of Uhlmann’s Theorem and discuss its application to the security analysis of quantum
protocols for interactive cryptographic tasks such as bit-commitment and oblivious string transfer. Our
analysis is very general in the sense that the actions of the protocol need not be fully specified, which is in
stark contrast to most other security proofs.
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1 Setting and Definitions

In this paper we consider multiple-round interactions
between two parties involving the exchange of quantum
information. There is a natural asymmetry between
the parties as only one of the parties can send the first
message or receive the final message. Since we are not
concerned about optimizing the number of messages ex-
changed, without loss of generality both of these tasks
are done by the same party, which, for convenience, we
call Bob. Let us call the other party Alice. The inter-
action between Alice and Bob decomposes naturally into
a finite number r of rounds (see Figure 1). Such inter-
actions are conveniently described by the formalism of
quantum strategies introduced in Ref. [3].

Definition 1 (Pure strategy and pure co-strategy)
Let r ≥ 1 and let X1, . . . ,Xr,Y1, . . . ,Yr,Zr,Wr be com-
plex Euclidean spaces and, for notational convenience,
let Xr+1 := C and Z0 := C. An r-round pure strat-
egy Ã having input spaces X1, . . . ,Xr, output spaces
Y1, . . . ,Yr, and final memory space Zr, consists of:

1. complex Euclidean spaces Z1, . . . ,Zr−1, called in-
termediate memory spaces, and

2. an r-tuple of linear isometries (A1, . . . , Ar) of the
form Ai : Xi ⊗Zi−1 → Yi ⊗Zi.

An r-round pure co-strategy having input spaces
Y1, . . . ,Yr, output spaces X1, . . . ,Xr, and final memory
space Wr is defined similarly (see Figure 1 for an illus-
tration).

A pure strategy and a pure co-strategy are said to be
compatible when the input spaces of one are the output
spaces of the other, and vice versa. The final state of the
interaction between Ã and B̃ is denoted by

|ψ(Ã, B̃)〉 := (IZr
⊗Br)(Ar ⊗ IWr−1

) · · ·
· · · (IZ1

⊗B1)(A1 ⊗ IW0
)|β〉 ∈ Zr ⊗Wr.
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For compatible pure strategy Ã and pure co-strategy B̃,
let

ρA(B̃) := TrZr

(
|ψ(Ã, B̃)〉〈ψ(Ã, B̃)|

)
(1)

denote the reduced state of the final memory space Wr

of B̃ after the interaction between Ã and B̃.
Recall that the fidelity F(P,Q) between two positive

semidefinite operators P and Q is defined as

F(P,Q) :=
∥∥∥√P√Q∥∥∥

Tr
.

When applied to density operators ρ, ξ, the fidelity func-
tion F(ρ, ξ) is a useful distance measure for quantum
states. We would like to construct a generalization of
the fidelity function that can serve as a useful distance
measure for quantum strategies.

Definition 2 (Strategy fidelity) For any r-round
strategies S and T having the same input and output
spaces, the strategy fidelity is defined as

Fr(S, T ) := min
B

F(ρS(B̃), ρT (B̃))

where the minimization is over all compatible co-
strategies B and the states ρS(B̃), ρT (B̃) are as defined
in (1).

2 Properties of the Strategy Fidelity

We now list several properties of the strategy fidelity
which we prove in the paper.

• (Fuchs-van de Graaf inequalities for strategies) For
any r-round strategies S and T , it holds that

1− 1

2
‖S − T ‖�r ≤ Fr(S, T ) ≤

√
1− 1

4
‖S − T ‖2�r.

• (Symmetry) For any r-round strategies S and T , it
holds that Fr(S, T ) = Fr(T, S).
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Figure 1: An r-round interaction between a pure strategy of Alice (the linear isometries above the dashed line) and
a pure co-strategy of Bob (the linear isometries below the dashed line). Arrows crossing the dashed line represent
messages exchanged between the parties, while horizontal arrows represent private memory.

• (Joint concavity) For any r-round strategies
S1, . . . , Sn and T 1, . . . , Tn, and nonnegative scalars
λ1, . . . , λn satisfying

∑n
i=1 λi = 1, we have

Fr

(
n∑

i=1

λiS
i,

n∑
i=1

λiT
i

)
≥

n∑
i=1

λi Fr

(
Si, T i

)
.

• (Bounds on the strategy fidelity) For any r-round
strategies S and T , we have 0 ≤ Fr(S, T ) ≤ 1.
Moreover, Fr(S, T ) = 1 if and only if S = T and
Fr(S, T ) = 0 if and only if S and T are perfectly
distinguishable.

• (Monotonicity) For all physically realizable maps
Υ from r-round strategies to r′-round strategies, it
holds that

Fr′(Υ(S),Υ(T )) ≥ Fr(S, T ).

• (Strategy generalization of Uhlmann’s Theorem)
Let S, T be r-round strategies and let S̃, T̃ be any
purifications of S, T . Let ψ(S̃, B̃), ψ(T̃ , B̃) be the
density operators corresponding, respectively, to
states |ψ(S̃, B̃)〉, |ψ(T̃ , B̃)〉 in Definition 1. We have

Fr(S, T )2 = max
Ξ

min
B〈

(S̃, B̃),
(
Ξ⊗ IL(Wr)

) (
(T̃ , B̃)

)〉
where the minimum is over all r-round pure co-
strategies B̃ and the maximum is over all quantum
channels Ξ acting on Zr alone.

• (Semidefinite programming formulation of the
strategy fidelity) This is detailed in the paper.

3 Applications to Cryptography

In the paper we discuss how the strategy version of the
Fuchs-van de Graaf inequalities is crucial to our cryp-
tographic applications. In particular, we show the im-
possibility of ideal quantum protocols for interactive bit-
commitment and oblivious string transfer.

We define bit-commitment below, and include the def-
inition of oblivious transfer in the paper.

Definition 3 In bit-commitment, we require Alice and
Bob to interact over two communication stages:

• Commit Phase: Alice chooses a uniformly random
bit a and interacts with Bob using an r-round pure
strategy Ãa.

• Reveal Phase: Alice sends a to Bob and continues
her interaction with him (so that Bob can test if she
has cheated).

• Cheat Detection: Bob, knowing which pure strategy
B̃ he has used, measures to check if the final state is
consistent with Alice’s pure strategy Ãa. He aborts
the protocol if this measurement detects the final
state is not consistent with Alice’s pure strategy Ãa.
If Alice is honest, he never aborts.

Protocols are designed with the intention to achieve the
following two important properties of interest:

• Binding: Alice cannot change her mind after the
Commit Phase and reveal the other value of a
(without being detected by Bob).

• Hiding: Bob cannot learn Alice’s bit a before she
reveals it during the Reveal Phase.

Finding a protocol with perfect binding and hiding
properties is known to be impossible [6, 4, 5]. However,
these security proofs rely on an assumption that we do
not make, that Bob’s actions are specified beforehand
(see the paper for details).

We define the cheating probabilities of Alice and Bob
as follows:

Bob: The maximum probability with which a dishon-
est Bob can learn an honest Alice’s committed
bit a ∈ {0, 1} after the Commit Phase.

Alice: The maximum probability Alice can change her
commitment from 0 to 1 (or from 1 to 0) before
the Reveal Phase.

Theorem 4 In any interactive quantum protocol for bit-
commitment, we have that Alice or Bob can cheat with

probability at least 9−
√

17
8 ≈ 61%.
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Note that this is a similar bound to the one obtained
in [2] for the interactive setting and the same as in [1] in
the channel setting.

We also derive a lower bound on oblivious transfer,
given below.

Theorem 5 In any interactive quantum protocol for 1-
out-of-2 oblivious string transfer, we have that Alice or

Bob can cheat with probability at least 9−
√

17
8 ≈ 61%.
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Ensembles of quantum states or unitaries that reproduce the first α moments of completely
random states or unitaries (drawn from the Haar measure) are called α designs. Entropic
functions of the α-th power of a density operator are called α entropies (e.g. Rényi and
Tsallis). We reveal strong connections between designs and generalized (in particular Rényi)
entropies of the same order, by showing that the Rényi-α entanglement entropies averaged
over α designs are generically almost maximal. Moreover, we find that the min entanglement
entropies become maximal for designs of an order logarithmic in the dimension of the sys-
tem, which implies that they are indistinguishable from Haar-random by the entanglement
spectrum.

The entanglement properties of random quantum states or dynamics play important roles in
various disciplines of physics, not only restricted to quantum information. For example, the notion
of ‘scrambling’, which originates from the study of black holes and quantum gravity [1–3], describes
the phenomenon that initially localized quantum information spreads over the entire system via
global entanglement, so that the state of the system is effectively randomized and the information
is lost from the perspective of any local observer. The relation between the degree of entanglement
and randomness also plays key roles in many other important fields, such as quantum chaos [4–6],
quantum thermalization and many-body localization [7], and quantum data hiding [8, 9].

It has long been noticed that a random state is typically highly entangled [10, 11]. This obser-
vation is formalized by the Page’s theorem [12–15], which states that the average von Neumann
entanglement entropy of a completely random state (drawn from the Haar measure) is very close
to maximum. Similar observations for the entanglement in random unitary channels are recently
made in Ref. [6]. However, such results are not tight from a complexity point of view. Designs
are pseudorandom distributions of quantum states or unitaries that mimic the Haar measure up to
certain moments. The complexity of Haar randomness is exponential, that is, the number of local
gates and random bits needed to generate a Haar random state grows exponentially in the number
of degrees of freedom [16]. Nevertheless, a 2-design, which can be efficiently implemented [17–20],
is sufficient to attain the Page-like property. Indeed, the conventional von Neumann entropy is
insensitive to a lot of detailed information in the spectrum. The entanglement entropies given by
generalized entropies that depend on higher powers of the reduced density operator are needed to
distinguish the entanglement spectra of ensembles of different complexities.

This work mainly studies generalized (most importantly Rényi) entanglement entropies av-
eraged over state and unitary designs, so as to obtain the strongest entanglement properties of
pseudorandom ensembles (designs).

Key definitions. Designs can be defined in several equivalent ways. We directly use the
following one by polynomials: Let Hom(t,t)(Cd) be the space of polynomials homogeneous of degree

t both in the coordinates of vectors in Cd and in their complex conjugates. An ensemble ν of pure
state vectors in dimension d is a (complex projective) t-design if Eν p(ψ) =

∫
p(ψ)dψ for all

p ∈ Hom(t,t)(Cd), where the integral is taken with respect to the (normalized) uniform measure

on the complex unit sphere in Cd. Unitary designs are defined similarly, where p ∈ Hom(t,t)(U(d))
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and the integral is taken over the Haar measure on U(d).
The defining element of α-entropies of state ρ is the term tr{ρα}. We mostly focus on Rényi

entropies. The Rényi-α entropy of a state ρ is given by S
(α)
R (ρ) = 1

1−α log tr{ρα}. The α → ∞
limit Smin(ρ) = − log ‖ρ‖ = − log λmax(ρ) is known as the min entropy.

Main results. We first find that Rényi-α entanglement entropy of a state or unitary sampled
from an α-design is generically maximal. The results represent formal connections between the
order of entanglement entropies and the order of designs. We mostly employ tools from random
matrix theory, representation theory and Weingarten calculus to calculate the Haar integrals of
generalized entanglement entropies, which provide lower bounds to the design-averaged values.
Note that the entanglement properties of unitaries are studied via the Choi states. See [6] for
motivations.

In the limit of large dimension, our results imply that the Rényi-α entanglement entropy between
subsystems of equal size (for simplicity) averaged over α-designs is nearly maximal:

Theorem 1. Consider bipartite systems on Hilbert space HA ⊗ HB, where HA and HB have
dimensions dA and dB respectively. Let να be a projective α-design. Consider equal partitions
dA = dB. As dA →∞,

Eνα S
(α)
R (ρA) ≥ log dA −

log Catα
α− 1

+O(d−2A ) ≥ log dA −O(1), (1)

where Catα is the α-th Catalan number, satisfying log Catα
α−1 ≤ 2 for all α ≥ 2. Also consider a

unitary U =
∑

ij Uij |i〉〈j| on a d-dimensional Hilbert space. Let µα be a unitary α-design. The

dual Choi state is given by |U〉 = 1√
d

∑
ji |i〉in|j〉out. Consider equal partitions of the input and

output registers. As d→∞,

Eµα S
(α)
R (ρAC) ≥ log d− log Catα

α− 1
+O(d−1) ≥ log d−O(1). (2)

That is, the average Rényi-α entanglement entropy of α-designs along all valid cuts is only
smaller than the maximum value log d by at most a constant. It implies that a state/unitary
drawn from an α-design is very likely to have almost maximal Rényi-α entanglement entropy.

We also provide explicit bounds in finite dimension:

Theorem 2. Let να be a projective α-design. Let q := α3/(32d2B) < 1, h(q) := 1 + 2q/[3(1 − q)].
For all dA, dB, 0 ≤ α ≤ ∞,

Eνα S
(α)
R (ρA) ≥ log dA −

2α− 3
2 logα+ log h(q)− 1

2 log π

α− 1
≥ log dA − 2. (3)

When dA < dB, the result can be improved as follows:

Eνα S
(α)
R (ρA) ≥ log dA − 2 log

(
1 +

√
dA
dB

)
− log c ≥ log dA − 2

√
dA
dB
− log c, (4)

where c = 1 if H is real and c = 2 if H is complex.
Let µα be a unitary α-design. Suppose d >

√
6k7/4, dA ≤ dB. Then

Eµα S
(α)
R (ρAC) ≥ log d− log Catα

α− 1
−

log
[
aαh(q)

8

(
7 + cosh 2α(α−1)

d

)]
α− 1

, (5)

where aα := 1

1− 6α7/2

d2

.
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Now we focus on the extreme case of the Rényi family—the min entropy. It is the strongest
entropy in the sense that, by definition, it is sensitive to any nonuniformity in the spectrum. The
maximality of min entropy indicates that the spectrum is uniform everywhere (completely random).
We find that, for states/unitaries in dimension d, designs of order O(log d) already exhibit nearly
maximal average min entanglement entropy:

Theorem 3. Let να be a projective α-design, where α = d(log dA)/ae ≤ (16d2B)1/3 with 0 < a ≤ 1.
Then

Eνα Smin(ρA) ≥ log dA − 2− a. (6)

In particular, Eνα Smin(ρA) ≥ log dA − 3 if α = dlog dAe.
Let µα be a unitary α-design, where 1 ≤ α = dlog d/ae ≤

√
d/2 and a > 0; then

Eνα Smin(ρAC) ≥ log d− 2− a. (7)

In particular, Eνα Smin(ρAC) ≥ log d− 3 if α ≥ dlog de.

This result actually implies that, in terms of entanglement, designs of order only up to O(log d)
can behave “pseudorandomly”. Designs of higher orders have entanglement properties that are
indistinguishable from Haar.

We also provide a result that separates different orders of Rényi entanglement entropies. We
show that

Theorem 4. There exists 2-designs such that the difference between average Rényi-α entanglement
entropies from the maximum is unbounded for α > 2.

That is, the Rényi-2 entanglement entropy is nearly maximal by previous results, but the α > 2
Rényi entanglement entropies are far from maximal, so we can distinguish some 2-designs from
higher order designs by Rényi-2. We hope to extend this result to higher orders and unitary
channels in the future.

Discussions. Our results reveal fundamental connections between the order of generalized en-
tanglement entropies and the order of randomness. The results motivate a definition of “scrambling
complexities” in terms of degree of randomness by Rényi entanglement entropies: if the Rényi-α
entanglement entropy is nearly maximal between generic partitions, then the system behaves like
α-designs in terms of entanglement, or α-designs can model the entanglement properties of this sys-
tem. For example, the generic maximality of min entanglement entropy indicates that the system
looks completely random (and the local information is completely lost) to any local observers,which
we call “max-scrambling”. Then by the log moment result, it is reasonable to conjecture that the
minimum time for a physical system of n degrees of freedom to max-scramble scales as Õ(n) (fast
max-scrambling conjecture). It would be interesting to further study the dynamics of Rényi entan-
glement entropies in scrambling systems. It would also be interesting to consider the connections
between scrambling complexities and computational power of certain physical systems.
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No-Hypersignaling Principle
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Abstract. A paramount topic in quantum foundations, rooted in the study of the EPR paradox and Bell
inequalities, is that of characterizing quantum theory in terms of the space-like correlations it allows. Here
we show that to focus only on space-like correlations is not enough: we explicitly construct a toy model
theory that, while not contradicting classical and quantum theories at the level of space-like correlations,
still displays an anomalous behavior in its time-like correlations. We call this anomaly, quantified in terms
of a specific communication game, the “hypersignaling” phenomena. We hence conclude that the “principle
of quantumness,” if it exists, cannot be found in space-like correlations alone: nontrivial constraints need
to be imposed also on time-like correlations, in order to exclude hypersignaling theories.

Keywords: no-hypersignaling principle

This presentation is based on Ref. [1].
One of the main tenets in modern physics is that if

two space-like separated events are correlated, then such
correlations must not carry any information [2]. This as-
sumption, constituting the so-called no-signaling princi-
ple, was the starting point used by Bell [3] to quantify and
compare space-like correlations of different theories on
even grounds—an idea of vital importance for his argu-
ment about the EPR paradox [4] and the derivation of his
famous inequality. Subsequently, due to seminal works by
Tsirelson (Cirel’son) [5] and Popescu and Rohrlich [6],
it became clear that the no-signaling principle alone is
not enough to characterize “physical” space-like corre-
lations: non-signaling space-like correlations allowed by
quantum theory form a strict subset within the set of all
non-signaling correlations [7].

A natural question is then to try to identify additional
principles that, together with the no-signaling principle,
may be able to rule out all super-quantum non-signaling
correlations at once. Various ideas have been proposed,
ranging from complexity theory, e.g. the collapse of the
complexity tower [8] to information theory, e.g. the infor-
mation causality principle [9]. However, none of these has
been able to characterize the quantum/super-quantum
boundary in full. In particular, an outstanding open
question is whether quantum theory can be character-
ized in terms of the space-like correlations it allows [7].

In this presentation, we show that this cannot be done:
any approach to characterize quantum theory based only
on space-like correlations is necessarily incomplete un-
less it also takes into account time-like correlations as
well. The characterization of time-like correlations is
part of the program [10] of general probabilistic theo-
ries aimed at reconstructing operational features of quan-
tum theory. Our approach, which is completely unre-
lated to the study of temporal correlations à la Leggett–
Garg [11, 12, 13, 14], considers the elementary resource

∗cqtmda@nus.edu.sg

of noiseless communication and the input/output corre-
lations that can be so established. By analogy with the
no-signaling principle, we operationally introduce what
we call the “no-hypersignaling principle,” which roughly
states that any input/output correlation that can be ob-
tained by transmitting a composite system should also
be obtainable by independently transmitting its con-
stituents. As obvious as this may look (it is indeed so
in classical and quantum theories), the fact that quan-
tum theory obeys the no-hypersignaling principle (as we
define it) is in fact a highly nontrivial consequence of a
recent result by Frenkel and Weiner [15]. We also notice
that the no-hypersignaling principle is not related with
phenomena such as superadditivity of capacities of noisy
quantum channels [16].

We then construct a toy model theory, that we refer
to as the HS model, which violates the no-hypersignaling
principle, but only possesses classical space-like correla-
tions. As such, this theory (and other analogous the-
ories) would go undetected in any test involving only
space-like correlations, despite displaying the anomalous
effect of hypersignaling. On the technical side, the HS
model is closely related to the standard implementa-
tion [17, 18, 19] of Popescu–Rohrlich [6] super-quantum
non-signaling space-like correlations (or “PR-boxes,” for
short). However, while the PR-box model theory relies on
entangled states to outperform quantum space-like corre-
lations, our HS model relies on entangled measurements
to outperform quantum time-like correlations. Nonethe-
less, since in our model only separable states are avail-
able, no super-quantum space-like correlation can be ob-
tained. Therefore, while the standard PR-box model the-
ory can be ruled out on the basis of its super-quantum
space-like correlations, the HS model can only be ruled
out by the principle of no-hypersignaling.

It is now important to understand how hypersignaling
is logically related with other possible “anomalies,” such
as the violation of local tomography or the violation of
information causality. If any hypersignaling theory neces-
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Figure 1: No-Hypersignaling vs Information
Causality and vs Local Tomography. Left: the di-
agram compares theories satisfying information causal-
ity (yellow set) and the no-hypersignaling principle (blue
set): CT (classical theory), QT (quantum theory), PR
Model (the toy model theory for PR-boxes), and HS
Model (the locally classical, hypersignaling theory con-
structed in this paper). Right: comparison between lo-
cal tomography and no-hypersignaling as two features of
general probabilistic theories. Examples of theories that
are non-hypersignaling but violate local tomography are
provided by real quantum theory (RQT) and fermionic
quantum theory (FQT). The HS Model is locally tomo-
graphic but hypersignaling. Finally CT, QT, and the
PR Model lie in the intersection, as they obey both local
tomography and the no-hypersignaling principle.

sarily violates also other principles concerning space-like
correlations, then one could rightly argue that the phe-
nomenon of hypersignaling might be ruled out just by
looking at space-like correlations. However, the point of
this paper is to argue the opposite: that time-like corre-
lations require a new independent principle.

The fact that hypersignaling and information causality
are independent is easy to see. As a necessary condition
for the violation of information causality is the presence
of entangled states, and since the HS Model only con-
tains separable states, then the HS Model necessarily
obeys information causality, despite allowing hypersig-
naling. Vice versa, we know that the PR Model violates
information causality but, since it only allows separable
measurements, it cannot display any form of hypersig-
naling. The situation is depicted in Left Fig. 1.

We now turn to the condition of local tomography [20].
From the explicit expression of the pure states of the HS
Model, it is possible to verify that the elementary system
S has linear dimension `(S) = 3 and that the bipartite
system S⊗S has linear dimension `(S⊗S) = 9 = `(S)2.
Thus the HS Model is locally tomographic, despite being
hypersignaling. Vice versa, there exist consistent the-
ories that obey the no-hypersignaling principle and yet
are not locally tomographic. As an example, let us con-
sider restrictions (for example, superselections) of quan-
tum theory, as introduced in Ref. [21]. Since such theo-
ries are restrictions of quantum theory, they cannot ex-
hibit hypersignaling: if they did, then quantum theory
would also exhibit hypersignaling, which is not true. For
example, real quantum theory [20] and fermionic quan-
tum theory [21] are two possible such restricted quantum
theories. However, as proved in Refs. [21, 22, 20], both
theories are not locally tomographic. The situation is

summarized in Right Fig. 1.
We also notice that the no-hypersignaling principle can

be violated by theories that do not show superadditivity
of classical capacities. In Ref. [23] the authors show that
a locally tomographic theory cannot feature superaddi-
tivity effects of classical capacities. Thus hypersignaling
does not necessarily imply superadditivity of classical ca-
pacities, because the HS Model is locally tomographic.

One interesting question arises from noting that while
the HS Model has classical space-like correlations and
super-quantum time-like correlations, the PR Model has
super-quantum space-like correlations and classical time-
like correlations. Could it be that a theory can be super
quantum only with respect to either space-like or time-
like correlations, but not both? Could quantum theory
have the unique distinction of “balancing” between these
two extrema? It turns out that the answer is no, and
follows from the example of the Hybrid Models derived
in Ref. [1]. In order to obtain the hypersignaling correla-
tion in Ref. [1] we need seven factorized states and seven
effects among which only one is not factorized. Since
such an entangled effect is exactly one of those admitted
in the Hybrid Models, we know that the same hypersig-
naling correlation can be surely obtained in those models
too. Moreover, since in the Hybrid Models two entangled
states are also available, super-quantum spacelike corre-
lations can also be created. Hence, the Hybrid Models
have the ability to create both space-like and time-like
super-quantum correlations.

Finally, we compare the no-hypersignaling principle
with two recently proposed and related principles, that
is, dimension mismatch [24] and information content [25].
Both such principles rule out superquantum theories on
the basis of the correlations achievable by a single-partite
system, in contrast with the no-hypersignaling principle
which requires composite systems. However, they achieve
this by considering a more complicated setup, where the
choice of the information to be decoded is not fixed but
depends on an additional input (a second question) to
the receiver. Moreover, both the dimension mismatch
principle and the information content principle rely on
a certain degree of arbitrariness in the criteria chosen
to benchmark operational theories: dimension mismatch
is defined with respect to an arbitrarily chosen reference
task, i.e. pairwise state discrimination, while information
content is defined with respect to an arbitrarily chosen
information measure, i.e. mutual information. This is in
contrast with the no-hypersignaling principle proposed
here, where the full set of input-output correlations is
considered without the need to invoke any particular dis-
crimination task or information measure. Finally, we no-
tice that dimension mismatch, to be meaningful, requires
the existence of perfectly distinguishable states, which is
not guaranteed without the so-called “no-restriction as-
sumption.”
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Abstract. In this work we consider a quantum generalization of the task considered by Slepian and
Wolf [1] regarding distributed source compression. In our task Alice, Bob, Charlie and Referee share
a joint pure state. Alice and Bob wish to send a part of their respective systems to Charlie without
collaborating with each other. We give achievability bounds for this task in the one-shot setting and
provide asymptotic analysis in the case when there is no side information with Charlie. Our result implies
the result of Abeyesinghe, Devetak, Hayden and Winter in [2] who studied a special case of this problem.
As another special case wherein Bob holds trivial registers, we recover the result of Devetak and Yard [3]
regarding quantum state redistribution.

Keywords: Coherent quantum protocols, Quantum Slepian Wolf, Quantum side information, Quantum
information theory

In information theory, one of the most fundamental
problems is the task of source-compression. The answer
to this problem was given by Shannon in his celebrated
work [4]. Slepian and Wolf, in their work [1], studied this
task in the distributed network setting, which consists of
three parties Alice (X1, X2 . . . Xn ), Bob (Y1, Y2 . . . Yn)
and Charlie, where (X1, Y1), (X2, Y2), . . . (Xn, Yn) are
pairs of independent and identically distributed corre-
lated random variables. The goal here is that Alice
needs to communicate (X1, X2, . . . Xn) to Charlie and
similarly, Bob needs to communicate (Y1, Y2, . . . Yn) to
Charlie. Furthermore, Alice and Bob do not collabo-
rate. From Shannon’s result, one can easily see that the
amount of total communication sufficient to accomplish
this task is nH(X)+nH(Y ). However, the surprising fea-
ture of the result of Slepian and Wolf is that the amount
of total communication only needs to be nH(XY ). Fur-
thermore, their result implies that there is a trade-off on
the amount of communication between (Alice, Charlie)
and (Bob, Charlie).

The quantum version of this problem was studied by
Abeyesinghe, Devetak, Hayden and Winter in [2]. In
this setting, there are four parties, Alice (M), Bob (N),
Charlie and Referee (R), where Referee serves as a puri-
fying system for Alice and Bob. The goal is that Alice
needs to communicate the register M to Charlie and Bob
needs to communicate the register N to Charlie, such
that the final quantum state between Referee and Char-
lie is close to the original pure state between Referee,
Alice and Bob. The work [2] studied above task in the
asymptotic and i.i.d setting. The authors introduced a
protocol termed Fully Quantum Slepian-Wolf and com-
bined it with Schumacher’s compression [5] (using the
notion of time-sharing) to obtain a rate pair.

The emerging framework of one-shot information the-
ory is providing a new perspective on data compression
and channel coding and is also relevant in the practical
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scenarios. This framework also provides insights into the
conceptual details of information theoretic protocols, as
the notational complications arising due to many copies
of the state are no longer present (although we note
that asymptotic and i.i.d setting also has its own con-
veniences). One-shot information theory also has found
applications in both classical communication complexity
[6, 7] and quantum communication complexity [8]. Many
quantum tasks have been formulated in their one-shot
setting, such as quantum state merging ([9, 10], origi-
nally introduced in [11]) and quantum state redistribu-
tion ([12, 13, 14], originally introduced in [3, 15]).

Given the importance of one-shot information theory,
in this work we consider the one-shot version of the prob-
lem studied in [2]. To capture a more general scenario,
along with the registers M,N we also allow Alice, Bob
and Charlie to have additional registers A,B,C respec-
tively. Thus, our setting is as follows, depicted in Figure
1.

Task: Alice (AM), Bob (BN), Charlie (C) and Referee
(R) share a joint pure quantum state. The goal is that
Alice needs to communicate the register M to Charlie
and Bob needs to communicate the register N to Charlie,
such that the final quantum state between Referee (R),
Alice (A), Bob (B) and Charlie (CMN) is close to the
original pure state between the parties. We allow pre-
shared entanglement between (Alice, Charlie) and (Bob,
Charlie) respectively.

This task is a natural generalization of the aforemen-
tioned task and also extends the well studied problem of
quantum state redistribution [3, 15]. A special case when
A is trivial was considered by [16] in which they studied
the trade-off between amount of entanglement consumed
between Alice and Charlie and communication between
Bob and Charlie.
Our Results: Our one shot result is mentioned as Theo-
rem 1 towards the end of this abstract. We emphasize on
two main ingredients: first is that the rate region appears
in terms of max-relative entropy and hypothesis testing
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relative entropy. Second ingredient is that the rate region
is a union of a family of rate regions, each characterized
by a quantum state that is close to original state Ψ and
satisfies some max-relative entropy constraints.

Using this, we are able to obtain the following rate
region in the asymptotic i.i.d setting when C is trivial:

RA→C ≥ 1

2
(I(RAB : M)− I(A : M)) ,

RB→C ≥ 1

2
(I(RAB : N)− I(B : N)) ,

RA→C +RB→C ≥ 1

2

(
I(RAB : M : N)

−I(A : M)− I(B : N)

)
,

where RA→C is the rate of quantum communication
from Alice to Charlie, RB→C is the rate of quantum
communication from Bob to Charlie and all the infor-
mation theoretic quantities calculated above are with
respect to the state ΨRABMN shared between Alice,
Bob and Referee. The quantity I (RAB : M : N) is
the tripartite quantum mutual information, defined as
S(ΨRAB) + S(ΨM ) + S(ΨN )− S(ΨRABMN ), where S(.)
is the von-Neumann entropy.

An immediate consequence of the above result is the
rate pair obtained for the task considered in [2], with
registers A,B being trivial. Moreover, if registers B,N
are trivial in the original task, then the task reduces to
that of quantum state redistribution. In this case, the
result of Theorem 1 also reproduces the bound given in
[3, 15] for quantum state redistribution in asymptotic and
i.i.d. setting.

Techniques: Along with the inherent challenges of
one-shot information theory, an additional challenge for
extending the result of [2] is the absence of the notion
of time sharing in the one-shot case. The idea of time-
sharing is as follows: given two rates R = (R1, R2) and
R′ = (R′

1, R
′
2) at which Alice and Bob can communicate

to Charlie, one can construct a protocol which achieves
the rate αR + (1 − α)R′ by using the first protocol for
the first αn copies and using the second protocol for the
last (1− α)n copies (see [17, Page 534]).

It is clear that this technique cannot extend to the
one-shot setting which considers just one copy of input
state. We overcome the obstacle of time sharing in the
one-shot case by using the technique of convex-split [13]
along with position-based decoding [18]. The convex-split
technique allows one party to prepare a convex combina-
tion of states on the registers of other party, if the first
party holds a purification of the registers of the second
party. The concept of position-based decoding is essen-
tially hypothesis testing on a global state.

Technical contribution of this work resides in two as-
pects. First is that we prove a new version of convex-
split lemma [13, Page 3], which we refer to as tri-partite
convex-split lemma, which requires Charlie to prepare a
convex combination of quantum states shared between
three parties Referee, Alice and Bob. We prove the suf-
ficient conditions which allow Charlie to prepare such

convex combination with small error. Second technical
contribution is in our asymptotic analysis of the one-shot
bounds. It can be seen that the time-sharing technique,
along with the quantum state redistribution protocol of
[3, 15], obtains the asymptotic achievability result men-
tioned above 1. Since our one-shot result has no time-
sharing involved, we provide an explicit analysis of our
bound when there are many independent copies of the
state Ψ shared between the parties, in the case where reg-
ister C is absent. For this, we exploit several properties of
the quantum information spectrum relative entropy (in-
troduced in [19, 20]; the classical information spectrum
approach originated in [21]) to show the existence of a
quantum state that is close to the original state Ψ and
satisfies several max-entropy constraints on the reduced
systems. A special case of this analysis has also appeared
in the context of quantum channel coding for broadcast
channel in our work [18], suggesting a wide applicability
of the techniques developed in the proof.

Following is our main result. Its proof can be found in
the extended version of this work [22].

Theorem 1 Fix ε1, ε2, δ > 0. Let Alice (AM), Bob
(BN), Referee (R) and Charlie (C) share the pure state
|Ψ〉RAMBNC . There exists an entanglement assisted
quantum protocol, with entanglement shared only between
(Alice, Charlie) and (Bob, Charlie), such that at the
end of the protocol, Alice (A), Bob (B), Referee (R)
and Charlie (CMN) share the state Φ′

RAMBNC with the

property that P(Φ′, |Ψ〉〈Ψ|) ≤ ε1 + 5ε2 + 2
√
δ. The

number of qubits that Alice sends to Charlie is RA→C

and that Bob sends to Charlie is RB→C , where the pair
(RA→C , RB→C) lie in the union of the following rate re-
gion: for every Ψ′

RAMBNC ∈ Bε1 (ΨRAMBNC) such that
Ψ′
RAB � 2δΨRAB and states σM , ωN :

RA→C ≥ 1

2

(
Dmax(Ψ′

RABM‖ΨRAB ⊗ σM )

−D
ε22
H (ΨAM‖ΨA ⊗ σM ) + log

1

ε22δ

)
,

RB→C ≥ 1

2

(
Dmax(Ψ′

RABN‖ΨRAB ⊗ ωN )

−D
ε22
H (ΨBN‖ΨB ⊗ ωN ) + log

1

ε22δ

)
,

RA→C +RB→C ≥ 1

2

(
Dmax(Ψ′

RABMN‖ΨRAB ⊗ σM ⊗ ωN )

−D
ε22
H (ΨAM‖ΨA ⊗ σM )

−D
ε22
H (ΨBN‖ΨB ⊗ ωN ) + log

1

ε22δ

)
.

1The extremal points of the rate region are (RA→C , RB→C) =
( 1
2

I (RB : M |NC) , 1
2

I (RAM : N |C)) and (RA→C , RB→C) =

( 1
2

I (RBN : M |C) , 1
2

I (RA : N |MC)). The first can be achieved
by Bob sending N to Charlie using quantum state redistribution,
followed by Alice sending M to Charlie, again using quantum state
redistribution. Second can be achieved in analogous fashion. Any
rate pair can then be achieved by time sharing between these two
protocols.

588



R

A

M

N

B

C
|Ψ〉

Referee

Alice

Bob

Charlie

R

A

M

N

B

CΨ′ ε∼ Ψ

Referee

Alice

Bob

Charlie

Figure 1: The task of a generalized quantum slepian wolf.

Above, P(ρ, σ) is the purified distance between quan-
tum states ρ, σ, Dmax(ρ‖σ) is the max-relative entropy be-
tween quantum states ρ, σ and Bε(ρ) := {σ : P(ρ, σ) ≤ ε}.
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Abstract. The quantum internet holds promise for achieving quantum communication freely between
any clients all over the globe. The most primitive function of the quantum internet is to provide quantum
entanglement or a secret key to two points efficiently, by using intermediate nodes connected by optical
channels with each other. Here we derive a fundamental rate-loss trade-off for a quantum internet protocol,
by generalizing the Takeoka-Guha-Wilde bound to be applicable to any network topology. Our result―
putting a practical but general limitation on the quantum internet―enables us to grasp the potential of
the future quantum internet.

Keywords: quantum internet, Takeoka-Guha-Wilde bound, squashed entanglement

1 Introduction

In the conventional Internet, if a client, Alice, wants to
communicate with another client, Bob, an Internet pro-
tocol determines the path that the data follow to travel
across multiple networks from Alice to Bob. Analogously,
in the future, according to a request for performing quan-
tum communication between Alice and Bob, a quantum
internet [1] protocol will supply the resources―such as
a secret key (secret bits) for the purpose of the uncon-
ditionally secure communication and quantum entangle-
ment (ebits) for the purpose of the quantum teleporta-
tion―to Alice and Bob by utilizing proper intermediate
nodes connected by optical channels―for instance, opti-
cal fibres―with each other.
In this presentation, we present [2] a general, funda-

mental and practical limitation on any two-party quan-
tum communication over any quantum network com-
posed of arbitrary quantum nodes and arbitrary quan-
tum channels connecting the nodes. In particular, we
derive an upper bound on obtainable ebits or secret bits
between arbitrary two clients involved in the quantum
network by using arbitrary combination of the quantum
channels and local operations and classical communica-
tion (LOCC) among the nodes (see Fig. 1 for the detail).
This achievement is notable in the sense that a priori
working out upper bounds on secure key rates and en-
tanglement generation rates for a general quantum inter-
net topology is highly non-trivial because there are many
intermediate nodes, various elements such as quantum
memories and many different protocols such as entangle-
ment generation, entanglement swapping, entanglement
distillation and quantum error correction.

2 Main results

Here, we present the upper bound for the general quan-
tum internet protocol. To obtain our bound, we need to

∗azuma.koji@lab.ntt.co.jp
†mizutani@qi.mp.es.osaka-u.ac.jp
‡hklo@ece.utoronto.ca

define a general paradigm of two-party communication
over the quantum internet (see Fig. 1a). In the quan-
tum internet, there are a variety of quantum channels
connecting nodes, for example, depending on the lengths
of optical channels. This necessitates to generalize the
paradigm [3, 4] of Takeoka et al. for the point-to-point
communication, where it has been enough to treat only
one optical channel between Alice and Bob. For instance,
we need to allow the choice of which channel to use in
the next round to depend on the outcomes of LOCC op-
erations in previous rounds, in contrast to the paradigm
of Takeoka et al.
To make this more precise, let us define the general

protocol. We assume that any classical communication
over the network is freely usable. Suppose that Alice
(A) and Bob (B) call a quantum internet protocol to
share a resource for quantum communication, uncondi-
tionally secure key or quantum entanglement, over the
quantum network. Accordingly, the quantum internet
protocol determines a subnetwork to supply the resource
to Alice and Bob. The subnetwork is characterized by a
directed graph G = (V,E) with a set V of vertices and a
set E of edges, where the vertices of G represent Alice’s
node, Bob’s node and intermediate nodes {Ck}k=1,2,...,n

in the subnetwork, i.e., V = {A,B,C1, C2, . . . , Cn}, and
an edge ε = v1 → v2 ∈ E of G for v1, v2 ∈ V specifies
a quantum channel N v1→v2 to send a quantum system
from node v1 to node v2 in the subnetwork. Then, the
most general protocol proceeds in an adaptive manner
as follows [c.f. Fig. 1b which exemplifies a linear net-
work with n = 4]. The protocol starts by preparing the

whole system in a separable state ρ̂ABC
1C2...Cn

1 and then
by using a quantum channel N e1 with e1 ∈ E. This is
followed by arbitrary LOCC among all the nodes, which
gives an outcome k1 and a quantum state ρ̂ABC

1C2...Cn

k1
with probability pk1 . In the second round, depending on
the outcome k1, a node uses a quantum channel N ek1

with ek1 ∈ E, followed by LOCC among all the nodes.
This LOCC gives an outcome k2 and a quantum state
ρ̂ABC

1C2...Cn

k2k1
with probability pk2|k1 . Similarly, in the
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Figure 1: Quantum internet (Reproduced from [2]). Panel (a) depicts a general quantum internet where Alice
(A) and Bob (B) request its internet protocol to supply them with the resources for quantum communication, such as
a secret-key and quantum entanglement. Accordingly, the protocol chooses a quantum network G (which might be a
quantum subnetwork) associated with a directed graph G = (V,E). The set V of vertices is composed of the nodes as
V = {A,B,C1, C2, . . . , Cn} (n = 9 in this panel) and the set E of edges specifies quantum channels {N e}e∈E in such
a way that N v1→v2 represents a quantum channel to send a quantum system from node v1 ∈ V to node v2 ∈ V . The
protocol can combine the quantum channels {N e}e∈E with LOCC arbitrarily, to provide the required resources for
Alice and Bob. However, our bound suggests that the obtainable secret bits or ebits are upper bounded by a bound
for the point-to-point communication between a single parity having nodes VA ⊂ V with A and another party having
VB(= V \VA) with B. In panel (b), we describe the paradigm of the most general two-party communication protocols,
by exemplifying a linear network with n = 4. In the i-th round (i = 1, 2, . . . , l), according to the previous outcomes
ki−1 = ki−1 . . . k2k1, the protocol may use a quantum channel N eki−1 with eki−1 ∈ E, followed by LOCC providing

a quantum state ρ̂ABC
1C2...Cn

ki
with a new outcome ki. After an l-th round, Alice and Bob obtain a quantum state

ρ̂ABC
1C2...Cn

kl
, from which they can distill log2 dkl

ebits or secret bits approximately.

i-th round, according to the previous outcomes ki−1 :=
ki−1 . . . k2k1 (with k0 := 1), the protocol uses a quan-
tum channel N eki−1 with eki−1 ∈ E, followed by LOCC

providing a quantum state ρ̂ABC
1C2...Cn

ki
with a new out-

come ki with probability pki|ki−1
. After a finite number of

rounds, say after an l-th round, the protocol must present
ρ̂ABkl

= TrC1C2...Cn(ρ̂ABC
1C2...Cn

kl
) close to a target state

τ̂ABdkl
with rank dkl

in the sense of ||ρ̂ABkl
− τ̂ABdkl

||1 ≤ ϵ

for ϵ > 0, from which Alice and Bob can distil log2 dkl

secret bits for the purpose of the unconditionally secure
communication or log2 dkl

ebits for the purpose of the
quantum teleportation. After all, the protocol results in
presenting log2 dkl

secret bits or ebits with probability
pkl

by using quantum channels {N eki }i=0,1,...,l−1, where
pki := pki|ki−1

. . . pk3|k2
pk2|k1pk1 .

For this general adaptive protocol, our main result is
described as follows. Let us divide set V into two disjoint
sets, VA including A and VB including B, satisfying VA =
V \ VB and VB = V \ VA [c.f. Fig. 1 for the examples].
If N eki is a channel between a node in VA and a node in
VB , we write ki ∈ KVA↔VB

. For example, k1 ∈ KVA↔VB

in Fig. 1b. Then, for any choice of VA and VB , the most

general protocol has a limitation described by

∑
kl

pkl
log2 dkl

≤
l−1∑
i=0

∑
ki∈KVA↔VB

pkiEsq(N eki ) + g(ϵ),

(1)

where g is a is a continuous function [3, 5] with the prop-
erty of limϵ→0 g(ϵ) = 0 and Esq(N ) is the squashed en-
tanglement of channel N [3, 4]. This bound is reduced to∑

kl
pkl

log2 dkl
≤
∑l−1
i=0

∑
ki∈KVA↔VB

pkiEsq(N eki ) for

ϵ → 0. The bound (1) is obtained by regarding the
general multi-party protocol as bipartite communication
between VA and VB and by applying the Takeoka-Guha-
Wilde bound (TGW) to the bipartite one (see Supple-
mentary Note 1 in [2] for the proof). Since the bound
holds for any choice of VA, the bound shows that the av-
erage of the obtained secret bits or ebits is most tightly
bounded by the choice of VA that minimizes the right-
hand side of Eq. (1).
The generality of our upper bound stems from that of

the TGW bound applied to any quantum channel, in con-
trast to Pirandola’s contemporary work [6] that instead
uses the Pirandola-Laurenza-Ottaviani-Banchi (PLOB)
bound [7] applied only to teleportation stretchable chan-
nels in order to obtain a good bound for multipath net-
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works composed of lossy optical channels.
As an application of our bound in Eq. (1), we con-

sider purely optical linear networks [like Fig. 1b] com-
posed only of lossy optical channels, and we can con-
clude that existing intercity QKD schemes [8, 9, 10]
and quantum repeater schemes [11, 12, 13, 14, 15, 16]
have no scaling gap with our upper bound, implying
that our upper bound is excellent enough to conclude
that there is no further big improvement on the practi-
cal schemes. In addition, we apply our bound in Eq. (1)
to the Duan-Lukin-Cirac-Zoller-type (DLCZ)-type quan-
tum repeaters [17, 18, 19, 20] with time-dependent mem-
ory decay. To do this, we first show that DLCZ-type
quantum repeaters with time-dependent memory decay
can be regarded as a linear quantum network [like Fig.
1b] composed of lossy optical channels and noisy qubit
channels (corresponding to the model of the decay of
matter quantum memories) in the spacetime. Then, by
applying our upper bound to the linear network, we ob-
tain a nontrivial fact that the coherence time of mat-
ter quantum memories should be, at least, larger than
0.1 ms—which are comparable even with the up-to-date
experimental result [21] with retaining the coupling effi-
ciency with photons—to enjoy the blessing of arbitrary
DLCZ-type quantum repeaters (see Supplementary Note
2 in [2] for the detail).
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Approximate broadcasting of quantum correlations
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Abstract. Broadcasting quantum and classical information is a basic task in quantum infor-
mation processing, and is also a useful model in the study of quantum correlations including
quantum discord. We establish a full operational characterization of two-sided quantum discord
in terms of bilocal broadcasting of quantum correlations. Moreover, we show that both the opti-
mal fidelity of unilocal broadcasting of the correlations in an arbitrary bipartite quantum state
and that of broadcasting an arbitrary set of quantum states can be formulated as semidefinite
programs (SDPs), which are efficiently computable. We also analyze some properties of these
SDPs and evaluate the broadcasting fidelities for some cases of interest.

Keywords: quantum correlation, quantum discord, broadcasting, semidefinite program

1 Introduction

Copying information is a rather simple task in the
classical realm, but unfortunately not in the quan-
tum realm. It is not allowed to create an identical
copy of an arbitrary unknown pure quantum state
due to the no-cloning theorem [1, 2]. One can clone
a set of pure states if and only if they are orthogonal.
The no-broadcasting theorem [3] generalizes this re-
sult to mixed states, saying that a set of quantum
states can be broadcasted if and only if the states
commute with each other.

These no-go theorems can be further extended
to the setting of local broadcast for compos-
ite quantum systems. Given a bipartite quan-
tum state ρAB shared by Alice and Bob, their
objective is to perform local operations only
(without communication) to produce a state
ρ̂A1A2B1B2 = (ΛA→A1A2 ⊗ ΓB→B1B2)ρAB such that
TrA1B1 ρ̂A1A2B1B2 = TrA2B2 ρ̂A1A2B1B2 = ρAB. (See
Fig. 1 for bilocal broadcasting.) It is shown in Ref.
[4] that this task can only be performed if and only
if ρAB is classically correlated. Even if the task is
relaxed to obtain two bipartite states with the same
correlation as ρAB (measured by the mutual infor-
mation), it is feasible to do the task if and only if
the given state ρAB is classically correlated. This
is called the no-local-broadcasting theorem [4]. Fur-

∗ wei.xie-4@student.uts.edu.au
� kun.fang-1@student.uts.edu.au
� xin.wang-8@student.uts.edu.au
§ runyao.duan@uts.edu.au
¶ This submission is based on arxiv: 1705.06071.

thermore, when the local operations are only allowed
for one party (e.g., Alice), the task can be done if
and only if ρAB is classical on A [5, 6, 7]. (See Fig.
1 for unilocal broadcasting.)

When the task of perfect broadcasting cannot be
accomplished, it is natural to ask whether the broad-
casting can be performed in an approximate fashion,
and how to design the optimal broadcasting opera-
tion. We shall study the approximate broadcasting
of states and correlations by utilizing semidefinite
programs (SDPs). In Ref. [8] the Bose-symmetric
channel is considered as unilocal broadcasting oper-
ation and an SDP is derived for this problem.

Quantum discord, as an indispensable measure of
quantum correlation beyond entanglement, is intro-
duced in Refs. [9] and [10] independently. It is ar-
gued [11] that quantum discord is responsible for the
quantum speed-up over classical algorithms. Quan-
tum discord is a quite useful concept in many fields
of quantum information processing [4, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26].

The local broadcasting paradigm can provide a
natural operational interpretation to quantum dis-
cord. Remarkably, the minimum average loss of
mutual information resulting from local operation
ΛA→A1⋯An on A for arbitrary quantum state ρAB ap-
proaches its quantum discord DA(ρAB) as n goes to
infinity [12, 27]. However, it remains open whether
there is an analogous connection for the two-sided
setting of redistributing correlations [26].
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Figure 1: Unilocal (left) and bilocal (right) broad-
casting of quantum correlations in initial state ρAB.
The objective is for the quantum channels Λ,Γ to
make the states on AiB or AiBi as close to ρAB as
possible measured in some way.

2 Overview of results

In this paper, we study the approximate broad-
casting of quantum correlations in both asymptotic
and non-asymptotic settings.

In the asymptotic regime, we rigorously prove the
conjecture in Ref. [26] and provide an operational
meaning of the two-sided quantum discord in terms
of bilocal broadcasting of correlations.

Specifically, the two-sided quantum discord of bi-
partite state ρAB is given by

DAB(ρAB) ∶=
min

EA,FB∈QC
[I(A ∶ B)ρAB

− I(A ∶ B)(EA⊗FB)ρAB
] , (1)

where QC denotes the set of all quantum-to-classical
channels, I(A ∶ B)ρAB

denotes the quantum mutual
information of state ρAB. Then we prove that for
any bipartite state ρAB,

DAB(ρAB) =

lim
n→∞ min

ΛA→A1...An
ΓB→B1...Bn

1

n

n

∑
j=1

[I(A ∶ B)ρAB
− I(Aj ∶ Bj)(Λj⊗Γj)ρAB

] ,

(2)

where ΛA→A1...An and ΓB→B1...Bn be quantum chan-
nels and denote Λj ∶= Tr/Aj

○Λ and Γj ∶= Tr/Bj
○Γ.

This result shows that the asymptotic minimum av-
erage loss of correlation after optimal bilocal broad-
casting is exactly the two-sided quantum discord of
the initial state.

In the non-asymptotic regime, we give an SDP
characterization of the optimal unilocal broadcast-
ing fidelity and show that the universal quantum
clone machine (UQCM) [28, 29] can also serve as
the optimal universal unilocal broadcasting opera-
tion. In particular, it has the strongest power for
universal unilocal broadcasting.

Specifically, given a bipartite state ρAB, the opti-
mal unilocal n-broadcasting fidelity of ρAB on system
A is defined as the following optimal average fidelity
over all quantum channels ΛA→A1⋯An ,

fn(ρAB) ∶= sup
ΛA→A1⋯An

1

n

n

∑
j=1

F (ρAB,Tr/AjB ΛA→A1...An(ρAB)).

(3)

We show that the quantity fn(ρAB) can be charac-
terized as SDP,

fn(ρAB) = max
1

2
Tr(XAB +X�

AB)

s.t. (
ρAB XAB

X�
AB Tr/A1B(JTAρAB)) ≥ 0,

JAA1⋯An ≥ 0,Tr/A JAA1⋯An = 1A,

JAA1⋯An = 1

n!
∑
π∈Sn

WπJAA1⋯AnW
�
π ,

(4)

where Wπ is a unitary for each permuta-
tion π in symmetric group Sn, by the action
Wπ ∣j1, j2, . . . , jn⟩ = ∣jπ−1(1), jπ−1(2), . . . , jπ−1(n)⟩ for
any choice of ∣j1⟩, ∣j2⟩, . . . , ∣jn⟩. A quantum channel
ΛA→A1⋯An is called a symmetric broadcasting chan-

nel, if Λ(ρ) = Wπ(Λ(ρ))W �
π for any input state ρ

and permutation π.
The optimal unilocal 2-broadcasting fidelity of

the maximally entangled state ∣Φd⟩ = 1√
d
∑d−1
j=0 ∣jj⟩

is given by f2(Φd) =
√

d+1
2d . Interestingly, its opti-

mal broadcasting channel is exactly the universal
quantum clone machine, denoted as Υd

A→A1A2
.

Moreover, the optimal unilocal 2-broadcasting
fidelity for pure two-qubit states is analytically
solved. For two-qubit pure state ψθ = ∣ψθ⟩⟨ψθ ∣ with
∣ψθ⟩ = cos θ∣00⟩ + sin θ∣11⟩, θ ∈ (0, π/4], its optimal
unilocal 2-broadcasting fidelity is given by

f2(ψθ) =
⎧⎪⎪⎨⎪⎪⎩

cos2 θ + (sin2 θ)/
√

2, θ ∈ (0,arctan(2−1/4)]
(3

2(cos4 θ + sin4 θ))1/2, θ ∈ (arctan(2−1/4), π/4]
.

Furthermore, we introduce a worst-case quanti-
fier for the performance of unilocal broadcasting of
a symmetric channel. For any symmetric broadcast-
ing channel ΛA→A1⋯An , we define its unilocal broad-
casting power as

P(Λ) ∶= inf
ρAB∈S(AB)

F (ρAB,Tr/A1B Λ(ρAB)). (5)
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The unilocal broadcasting power of a symmetric
broadcasting channel gives a measure of the uni-
versal unilocal broadcasting ability for symmetric
broadcasting channels. The universality means it is
independent of the input state. The channel with a
larger value of unilocal broadcasting power is more
capable of unilocal broadcasting quantum states in
a universal sense.

In particular, we prove that the optimal unilocal
2-broadcasting channel Υd

A→A1A2
for the maximally

entangled state has the greatest power for unilocal
2-broadcasting, i.e.,

max
ΛA→A1A2

P(ΛA→A1A2) = P(Υ
d
A→A1A2

), (6)

where the maximum is taken over all symmetric
broadcasting channels.

Finally, we discuss broadcasting of a set of quan-
tum states. Assuming the given states ρi are
on the system A, we study how to optimize the
n-broadcasting fidelity gn(η) of an ensemble η ∶=
{pi, ρi}mi=1, which is defined as

gn(η) ∶= sup
m

∑
i=1

n

∑
j=1

1

n
piF (ρi, ρ̂ij)

s.t. ρ̂ij = Tr/Aj
ΛA→A1⋯An(ρi),

Λ is a quantum channel.

(7)

Following the same line as the optimal unilocal
broadcasting fidelity, we show that gn(η) can also
be characterized as SDP,

gn(η) ∶= max
m

∑
i=1

1

2
piTr(Xi +X�

i )

s.t. (
ρi Xi

X�
i Tr/A1

(JAA1⋯Anρ
T
i )

) ≥ 0,∀i = 1,⋯,m,

JAA1⋯An ≥ 0,Tr/A JAA1⋯An = 1A,

JAA1⋯An = 1

n!
∑
π∈Sn

WπJAA1⋯AnW
�
π .

(8)
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INTRODUCTION

In many applications of quantum mechanics it is important
to have full control over a quantum system used to perform
a desired task or a quantum protocol. This amounts to being
able to implement arbitrary unitary operation on the system in
question. Perhaps the most well-known example is the circuit
model of quantum computing, where the ability to implement
arbitrary unitary gates on a system of many distinguishable
particles (say, qubits) is a necessary ingredient for performing
universal quantum computation [1, 2]. From the experimental
perspective, it is typically very easy to implement single-qubit
gates. This collection of gates, however, does not lead to uni-
versal quantum computation and to this aim has to be supple-
mented by an entangling gate [3]. Similar situations appears
in other physical contexts. Typically, the set of easily accessi-
ble unitary gates acting on a given quantum system, does not
ensure full controllability.

This work studies the extension problem for gate-sets ap-
pearing naturally in systems consisting of non-distinguishable
particles: passive linear optics for (A) bosonic and (B)
fermionic systems with fixed number of particles, as well as
(C) active linear optics acting on fermionic system with fixed
number of modes subject to the parity super-selection rule [4].
Specifically, for the aforementioned scenarios, we study what
unitary transformations can be implemented if the restricted
class of gates K is supplemented by additional unitary trans-
formations - see Fig. 1. We investigate two variants of this
problem:

(i) the gate-set K is supplemented with unitaries of the
form exp (−itX) generated by the Hamiltonian X;

(ii) the gate-setK is supplemented by a single unitary trans-
formation V .

We denote by 〈K,X〉 the set of unitaries that can be gen-
erated form the restricted gate-set K and unitaries of the form
exp (−itX), where t is an arbitrary real number. Likewise,
slightly abusing the notation, we denote by 〈K,V 〉 the set of
unitaries that can be generated by elements form K and an
extra gate V . The merit of this work is to characterize sets
〈K,X〉 and 〈K,V 〉 for different linear optical groups K (act-
ing on the appropriate Hilbert spacesH). If the resulting gate-
set 〈K,X〉 (or 〈K,V 〉) form the full unitary group U(H), we
say that the Hamiltonian X (or the gate V ) promotes the re-
stricted collection of gates K to universality inH.

CONTEXT AND MOTIVATION

Linear optical transformations are relevant in many con-
texts. Passive bosonic linear optics describes single-particle

FIG. 1. A schematic presentation of the problems studied. (i) Given
a family of gates K (white) and a one-parameter family of unitaries
exp(−itX) (black loop), what class of gates (cyan) can be generated
in the full unitary group U(H) (orange)? (ii) Given a family of gates
K (white) and a single gate V (black dot), what class of gates (cyan)
can be generated in the full unitary group U(H) (orange)?

evolutions of a system ofN identical bosons in dmodes. Such
transformations are natural for quantum optics, when quan-
tum states of light pass through an optical network formed
from beam-splitters and phase shifters [5]. Linear optics un-
derpins the KLM scheme of quantum computing with pho-
tons [6] and the boson sampling strategy for demonstrating
quantum supremacy with linear optical networks [7]. More-
over, this class of transformations is used to manipulate cold
bosonic particles in optical traps [8, 9]. Similarly, passive
fermionic linear optics describes single-particle evolutions of
a system of N identical fermions in d modes [10, 11], which
can be realized in integer quantum hall effect systems exhibit-
ing edge channels [12]. Passive fermionic linear optics to-
gether with particle-number measurements yields a classically
simulable model of quantum computation [11]. Finally, active
fermionic linear optics describes free-fermion transformations
that are not necessary particle preserving. These fermionic
transformations are the basic ingredient of a classically simu-
lable model of quantum computation [4, 10], which have been
widely studied in the context of Matchgates [13–15].

SETTING

We denote the Hilbert space of N bosons in d modes by
Hb. We have Hb = SymN

(
Cd
)
, i.e., in this case the bosonic

Hilbert space can be identified with the totally symmetric
subspace of the Hilbert space of N distinguishable qudits,(
Cd
)⊗N

. In this language the group of passive linear optical
bosonic transformations, denoted by LOb, can defined as the
group of unitaries of the form U⊗N , withU ∈ U(d), restricted
to the bosonic subspaceHb.

The Hilbert space of N (spinless) fermionic particles in d
modes (d ≥ N ) is Hf = ∧N

(
Cd
)
, i.e., the totally antisym-

metric subspace of
(
Cd
)⊗N

. Similarly to the bosonic case,
the group of passive fermionic linear optics LOf is defined as
the group of unitaries U⊗N , with U ∈ U(d), restricted to the
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fermionic subspace Hf . And in an analogous way, one can
define the group of active parity-preserving fermionic linear
optics (FLO) that acts on the positive parity fermionic Fock
space,H+

Fock.

RESULTS - THE MAIN IDEAS

In this work, we completely solve problems (i) and (ii) for
the scenarios A-C. We characterize the unitary transforma-
tions that are implementable (maybe approximately) by linear
optical gates supplemented with any additional Hamiltonian
or a gate. Our characterization is given in terms of explicit al-
gebraic conditions on the Hamiltonian X or the gate V that
can be can be tested operationally. The resulting behavior
is surprisingly rich and structurally depends on the number
of modes and the number of particles. In particular, contrary
to what intuition might suggest, it is not true that every non-
trivial extra gate or Hamiltonian provides universality in sce-
narios A-C. Solution of problems (i) and (ii) gives the clear
understanding of what resources are necessary to have full
physical controllability in the contexts listed above. More-
over, our results can be viewed as a step towards a solution
of the general problem of classification of invertible quantum
circuits posed recently by Aaronson and co-workers [16, 17].

To give an idea about the structure of our findings (see [18]
for the full version of the paper), we present the results con-
cerning the gate addition for the simplest case of passive linear
optics and for passive fermionic linear optics.

Theorem 1 (Extensions of Passive Bosonic Linear Optics with
an additional gate). Let V /∈ LOb be a gate acting on the
Hilbert space Hb of N > 1 bosons in d modes. Let 〈LOb, V 〉
be the group of transformations generated by passive bosonic
linear optics and V inHb. For d = 2 we define:

Lb = |Ψb〉〈Ψb|, |Ψb〉 =
N∑

k=0

(−1)k|Dk〉|DN−k〉 ∈ Hb ⊗Hb ,

(1)
where |Dk〉 denote the two-mode Dicke states with k-particles
being in the first mode. We have the following possibilities:

(a) If d > 2, then 〈LOb, V 〉 = U (Hb).

(b) If d = 2, N 6= 6 and [V ⊗ V,Lb] = 0, then

〈LOb, V 〉 = Gb = {U ∈ U (Hb)| [U ⊗ U,Lb] = 0 }.

(c) If d = 2 and [V ⊗V,Lb] 6= 0, then 〈LOb, V 〉 = U (Hb).

In the above theorem we have situations with N = 1
particles as for them LOb = U(Hb). We see that for
d 6= 2 any additional gate promotes LOb to universality in
the bosonic space Hb. For d = 2 the resulting gate-set
〈LOb, V 〉 depends only on the commutator [V ⊗ V,Lb]. If it
is nonzero, then V again extends LOb to universality; while
if it vanishes (and N 6= 6) V extends LOb to the ”mid-
dle group” Gb. Up to a global phase the group Gb con-
sists of unitaries that preserve the bilinear form defined by
B(|ψ〉, |φ〉) = 〈Ψb|(|ψ〉 ⊗ |φ〉). Here, by preservation we
mean that Bb(U |ψ〉, U |φ〉) = Bb(|ψ〉, |φ〉), for all vectors
|φ〉,|ψ〉. If the number of particles N is even then |Ψb〉 is a

FIG. 2. A pictorial presentation of most complicated chain of group
inclusions that can be realized for the problem (ii) in the considered
scenarios. For passive fermionic linear optics LOf in the half-filling
case (d = 2N ) we have LOf ⊂ LOf ∪ LOf ·W ⊂ Gf ⊂ U(Hf ),
where W =

∏d
i=1(fi + f†

i ), and the ”middle” group Gf is defined
by the condition [U ⊗ U,Lf ] = 0.

symmetric tensor and defines the real inner product. In this
case we have Gb = 〈T(Hb),SO(Hb)〉, where SO(Hb) is the
special orthogonal group on Hb. When the number of parti-
clesN is odd, the vector |Ψb〉 is antisymmetric and defines the
symplectic structure (i.e. non-degenerate and antisymmetric
form) on Hb. In this case we have Gb = 〈T(Hb),USp(Hb)〉,
where USp(Hb) is the unitary symplectic group. The two dif-
fer considerably as USp(H) acts transitively on the set of pure
states on H [19–21]. On the other hand, SO(H) acts tran-
sitively only on ”real” pure states. Thus, for odd number of
particles, adding any additional gate gives either the full uni-
tary controllability or the pure-state controllability. In the case
of d = 2 modes and N = 6 particles if [V ⊗ V,Lb] = 0 the
situation complicates due to the presence of additional group
(related to the exotic group G2) in between LOb and Gb. We
leave the description of this exceptional case as an interesting
open problem.

The analogous result of passive fermionic linear optics is
the following

Theorem 2 (Extensions of Passive Fermionic Linear Optics
with an additional gate). Let V /∈ LOf be a gate acting on
Hilbert space of N fermions in d modes Hf , where N /∈
{0, 1, d − 1, d}. Let 〈LOf , V 〉 be the group of transforma-
tions generated by passive fermionic linear optics and V in
Hf . For d = 2N (half-filling) we define:

Lf = |Ψf 〉〈Ψf |, with |Ψf 〉 = |1〉∧|2〉∧. . .∧|2N〉 ∈ Hf⊗Hf

(2)
where ∧ denotes the standard wedge product. We have the
following possibilities:

(a) If d 6= 2N , then 〈LOf , V 〉 = U (Hf ).

(b) If d = 2N and V = Wk, for k ∈ LOf and W =∏d
i=1(fi + f†i ), then 〈LOf , V 〉 = LOf ∪ LOf ·W .

(c) If d = 2N , V 6= gW , for g ∈ LOf , and [V ⊗ V,Lf ] =
0, then

〈LOf , V 〉 = Gf = {U ∈ U (Hf )| [V ⊗ V,Lf ] = 0 }.

(d) If d = 2N and [V ⊗ V,Lf ] 6= 0, then 〈LOf , V 〉 =
U (Hf ).

The structure of the above result is similar to the case of
passive bosonic linear optics. In the formulation of the theo-
rem we have excluded the non interesting casesN ∈ {0, 1, d−
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1, d} since for them LOf equals the full unitary group on the
respective Hilbert space. When d 6= 2N every gate promotes
LOf to universality. However, in the physically relevant case
of half-filling [22], a more interesting ”onion” structure ap-
pears. In the case (b) addition of an extra gate of the form
kW , where k ∈ LOf and gate W (describing particle-hole
transformation in Hf ) gives the gate-set LOf ∪ LOf ·W (it
is crucial here that W commutes with Lf and that conjuga-
tion by W leaves LOf invariant). The further possibilities are
described, similarly to the bosonic case, by the commutation
properties of V ⊗ V with LOf . If d is not divisible by four
we have Gf = 〈T(Hf ),SO(Hf )〉. On the other hand, for d
divisible by four,Gf = 〈T(Hf ),USp(Hf )〉. The correspond-
ing bilinear forms are defined by inner products with |Ψf 〉.

EXAMPLES AND APPLICATIONS

We can apply our general results to many concrete phys-
ical examples. let us present first an exemplary application
of our findings. In the reference [23], the authors were inter-
ested in extending bosonic linear optics to universality in Hb

by adding an additional gate. This problem was motivated by
the need to construct physically-accessible universal gate-set
in Hb, which can be used to generate, via construction based
on random circuits [24], approximate bosonic t-designs. The
example below proves that a singe gate based on the cross-
Kerr nonlinearity suffices to promote bosonic linear optics to
universality inHb. It should be mentioned that Kerr-like trans-
formation have been previously used to obtain universal quan-
tum computation in continuous-variable systems [25].

Example 1. Consider a bosonic system with d = 2 modes
and N > 1 particles, and a gate generated by the cross-Kerr
interaction (acting onHb for a fixed time t),

Vt = exp (−itn̂an̂b) , (3)

where n̂a,b are the occupation number operators correspond-
ing to modes a and b. Let 〈LOb, Vt〉 be the group of trans-
formations generated by passive bosonic linear optics and Vt.
Then, 〈LOb, Vt〉 = U (Hb) if and only if

e2it[l(N−l)−k(N−k)] 6= 1 , (4)

for at least one pair (k, l) , where k, l = 0, . . . , N . In par-
ticular, the gate Vπ

3
promotes passive bosonic linear optics to

universality inHb for d = 2 modes.

Using the general results, we can also easily see that there
might exist physical Hamiltonians that add different controlla-
bility properties to LOb, depending on the number of particles
N . The following example shows a particular case.

Example 2. Consider the Hamiltonian X3 = n̂3a − n̂3b acting
on Hb for d = 2 modes and N 6= 6 particles. Deepening on
the value N we get different types of gate-sets after supple-
menting passive bosonic optics with X3

(a) For even N : 〈LOb, X3〉 = 〈T(Hb),SO(Hb)〉;

(b) For odd N : 〈LOb, X3〉 = 〈T(Hb),USp(Hb)〉.

In, particular for odd N we have full controllability on the set
of pure states onHb, whereas for even N this is not the case.

We can also give analogous results for passive and active
fermionic linear optics, here we provide two:

Example 3. For any non-quadratic Hamiltonian M contain-
ing only two-mode terms, the generated group 〈LOf ,M〉 is
the entire unitary group U (Hf ).

Hamiltonians that are not composed of two-mode terms are
also often studied. One typical family of these are the so-
called correlated hopping Hamiltonians, where the hopping-
term between two sites is multiplied with number operators
belonging to other sites. For such Hamiltonians universality is
not guaranteed:

Example 4. Consider the correlated hopping Hamiltonian

Y =

d/2−1∑
j=1

(n̂2j − n̂2j+2)2(f†2j−1f2j+1 + f†2j+1f2j−1) +

(n̂2j−1−n̂2j+1)2(f†2jf2j+2 + f†2j+2f2j). (5)

acting on Hf for the case of half filling (d = 2N ). Then, we
have the following situations

(a) for even N : 〈LOf , Y 〉 = 〈T(Hf ),SO(Hf )〉;

(b) for odd N : 〈LOf , Y 〉 = 〈T(Hf ),USp(Hf )〉.

For odd N the Hamiltonian Y together with LOf ensures full
controllability on the set of pure states on Hf . However, for
even N this is not the case. The above statements are even
true for each term appearing in sum Eq. (5). The correlated
hopping Hamiltonian Y often appears (in a relabeled form) in
the literature on extended Hubbard models [26].

DISCUSSION AND OUTLOOK

In this extended abstract, we presented a comprehensive
treatment of the extension problems for various classes of lin-
ear optical gates for bosons and fermions (see [18] for the full
version of the paper, containing the discussion of the active
linear optics for fermions and the proof of our results . The re-
sulting behavior is surprisingly rich and critically depends on
the number of modes and number of particles present in the
system. However, there is a number of interesting problems
we did not addressed here. First, it would be interesting to ana-
lyze which extra gates or Hamiltonians allow for the most effi-
cient control [27] or the efficient approximation of gates from
the appropriate unitary group [28]. Another important prob-
lem concerns the robustness of the extra gate or Hamiltonian
to the noise that inevitably affects any quantum system. In
future works we also plan to use our results to study (compu-
tational) universality of classically simulable models of com-
putation supported on fermionic systems [10] and Machgates
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Optimal quantum error correcting codes from absolutely maximally
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Abstract. Absolutely maximally entangled (AME) states are pure multi-partite generalizations of the
bipartite maximally entangled states with the property that all reduced states of at most half the system
size are in the maximally mixed state. AME states are of interest for multipartite teleportation and
quantum secret sharing and have recently found new applications in the context of high-energy physics in
toy models realizing the AdS/CFT-correspondence. We work out in detail the connection between AME
states of minimal support and classical maximum distance separable (MDS) error correcting codes and, in
particular, provide explicit closed form expressions for AME states of n parties with local dimension q a
power of a prime for all q ≥ n1. Building on this, we construct a generalization of the Bell-basis consisting
of AME states and develop a stabilizer formalism for AME states. For every q ≥ n1 prime we show how to
construct QECCs that encode a logical qudit into a subspace spanned by AME states. Under a conjecture
for which we provide numerical evidence, this construction produces a family of quantum error correcting
codes [[n, 1, n/2]]q for n even, with the highest code distance allowed by the quantum Singleton bound. We
show that our conjecture is equivalent to the existence of an operator whose support cannot be decreased
by multiplying it with stabilizer products and explicitly construct the codes up to n = 8.

Keywords: absolutely maximally entangled states, quantum error correcting codes, MDS codes, stabi-
lizer, singleton bound

The maximally entangled states of two qubits, the so-
called EPR states, are pure states of 2-qubits having re-
duced density matrices on each half of the system that are
maximally mixed. A very intriguing question is whether
systems made out of more than two parties can exhibit
this property that all reduced states of at most half of the
system size are maximally mixed. Such states are called
Absolutely Maximally Entangled (AME) states and are
pure multi-partite generalizations of the bipartite maxi-
mally entangled states.

AME states are known to play an important role in
quantum information processing when dealing with many
parties. They are useful for multipartite teleportation
and in quantum secret sharing [1]. AME states have
also deep connections with apparently unrelated areas
of mathematics such as combinatorial designs and struc-
tures [2], classical error correcting codes [3], and quantum
error correcting codes (QECC) [4]. Recently, they have
gained new relevance as building blocks for holographic
theories and in high energy physics. There they allow
for the construction of tensor network states that realize
discrete instances of the AdS/CFT correspondence and
holography [5, 6, 7, 8].

At the same time it is still largely unknown for which n
and q AME states exist and how they can be constructed.
In the case of qubits for instance, it has been proven an-
alytically that there are no AME states for n = 4 and
n ≥ 7. The non-existence in the cases n = 4 and n ≥ 8
was proven by finding a contradiction in a linear program
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†christian.gogolin@icfo.eu
‡arnau.riera@icfo.eu
§antonio.acin@icfo.eu

[9, 4]. Qubit AME states for n = 2, 3 were long known, a
state for n = 5 was found in [10] and more recently such
for n = 5, 6 were found numerically in [11, 12, 13]. The
existence of such states was previously known in the con-
text of quantum error correction [14]. Only very recently
it was shown that there cannot be a qubit AME state for
the case n = 7 [15].

We work out in detail the connection between AME
states of minimal support and classical maximum dis-
tance separable (MDS) error correcting codes and, in
particular, provide explicit closed form expressions for
AME(n, q) states of n parties with local dimension q a
power of a prime for all n ≤ q + 1. Further, from a sin-
gle AME state, we show how to produce an orthonormal
basis of AME states. Based on our construction of mini-
mal support AME states, we derive the generators of the
stabilizer group of our AME states

Further we conjecture the existence of an infinite
family of QECC whose code spaces are spanned by AME
states and explicitly construct them for several cases.
More precisely, we present a construction that we believe
yields for every q ≥ n − 1 a power of a prime a QECCs
that encodes a logical q-level qudit into a subspace
spanned by AME states of n such qudits. Under a
conjecture for which we provide numerical evidence, this
construction produces a family of quantum error cor-
recting codes [[n, 1, n/2]]q for n even achieve the highest
code distance allowed the quantum Singleton bound.
For n mod 4 = 3 these codes can correct arbitrary
errors on the same number of subsystems as a QMDS
code with the same n and k. Our method provides
QECC for smaller local dimension q than previously
known QECC with otherwise identical parameters and
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we explicitly construct them for n = 4, 6, 8. Also, our
proposal has a very clear physical motivation and nicely
complements other constructions of non-binary QECC
(see for example [16, 17] for an overview and [18] for
tables of known codes with q = 2).

This extended abstract is based on [19].

References

[1] W. Helwig, W. Cui, J. I. Latorre, A. Riera, and
H.-K. Lo, “Absolute maximal entanglement and
quantum secret sharing,” Phys. Rev. A 86 (Nov,
2012) 052335.

[2] D. Goyeneche, D. Alsina, J. I. Latorre, A. Riera,
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Abstract. We provide new constructions of unitary designs on one qudit and those on N qubits, based
on the schemes of repeating random unitaires diagonal in mutually unbiased bases. We first show that, if
a pair of the bases satisfies a certain condition, the process on one qudit approximately forms a unitary
t-design after O(t) repetitions. We then construct quantum circuits on N qubits that achieve unitary t-
designs for t = o(N1/2) using O(tN2) gates, improving the best known result using O(t10N2) gates in terms
of t. Furthermore, we propose a design Hamiltonian, a random Hamiltonian of which dynamics always
forms a unitary design after a threshold time, and present one with two-local spin-glass-type interactions.
After changing the interactions only O(t) times, the dynamics forms unitary t-designs. We also generalise
the fast scrambling conjecture in terms of the design Hamiltonian.

Keywords: unitary design, random circuits, scrambling

1 Introduction and main results

Random processes play key roles in quantum infor-
mation processing, as one of the important primitives
in quantum Shannon theory and as a useful resource of
quantum advantages, and also in fundamental physics of
complex quantum systems, leading to new developments
in quantum thermodynamics, the black hole information
science and strongly correlated many-body physics. Tra-
ditionally, quantum random processes are represented by
Haar random unitaries. However, they cannot be effi-
ciently implemented by quantum circuits, which also im-
plies that Haar random unitaries rarely appear in natu-
ral many-body systems. This fact has led to the study
of finite-degree approximations of them, called unitary
t-designs [1, 2]. Unitary 2-designs were intensely stud-
ied so far, but little is known about efficient implemen-
tations of t-designs for general t [3, 4], amongst which
the best known result is to use local random quantum
circuits [4]. They approximately form t-designs using
O(t10N2) gates,. This result can be interpreted in terms
of Hamiltonian dynamics that the interactions should
be changed uniformly at random O(t10N) times before
unitary t-designs are generated, which is highly time-
dependent and may not be physically feasible especially
in a large system.

In this work based on Ref. [5], we show the following:

1. In a one-qudit system, O(t) repetitions of ran-
dom unitaries diagonal in two bases achieve uni-
tary t-designs if a pair of the two bases satisfies the
Fourier-type condition (Theorem 1).

2. In an N -qubit system, we provide a quantum cir-
cuit with O(tN2) gates forming a unitary t-design
for t = o(N1/2) (Theorem 2, see Table. 1 as well).

∗nakata@qi.t.u-tokyo.ac.jp
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3. We introduce a design Hamiltonian and present one
with spin-glass interactions (Corollary 1). The in-
teractions should be changed only O(t) times to
achieve unitary t-designs.

Our results contribute both to quantum information
science and to fundamental physics. In quantum infor-
mation science, unitary t-designs for t ≥ 4 are useful not
only because they have direct applications [7, 8, 9, 10] but
also because they provide better performance in a num-
ber of applications of 2-designs. There, it is often shown
that one unitary chosen from a 2-design achieves the goal
with high probability. If a higher-design is used instead,
the probability gets much higher due to the large devia-
tion bounds of designs [11]. Hence, our result improves
any applications of unitary t-designs for t ≥ 2.

On the other hand, our result about the design Hamil-
tonian contributes to developing a unified framework
of studying random unitaries in isolated quantum sys-
tems, where Hamiltonians should be time-independent
and fixed. The idea of design Hamiltonian opens for
the first time the possibility to address the fast scram-
bling conjecture (even the generalised version) in terms
of time-independent Hamiltonians. Since scrambling and
its higher order generalisation are the key to understand-
ing fundamental physics in complex quantum many-body
systems, we believe that the design Hamiltonian provides
the solid basis of these studies.

2 Brief description of theorems

An ε-approximate unitary t-design is a random uni-

tary U such that ||G(t)U − G(t)
UH
||� ≤ ε, where G(t)U :=

EU [U⊗tXU†⊗t], EU is an average over U , and UH is a
Haar random unitary. A random unitary DE diagonal in
a fixed basis E is a diagonal unitary with random phases.
Let (E = {|k〉}d−1k=0, F = {|α〉}d−1α=0) be a pair of mutually
unbiased bases. When the phases θkα of the inner prod-
uct, i.e. 〈k|α〉 = eiθkα/

√
d, satisfy θk+l,α = θkα + θlα
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Table 1: A comparison of quantum circuits generating unitary t-designs on N qubits. The cTPE in the first row stands
for the classical tensor product expander. The number of gates needed in the case of cTPE+Fourier transformation
is not explicitly given in the original paper [3]. Using the result in Ref. [6] about the efficient sampling of cTPE,
the number of gates necessary for the implementation turns out to be O(t3N4). If t ≤ 2N/50, it can be improved
to O(t2N3). In the last column, we write what if the circuit is interpreted as a dynamics generated by a natural
Hamiltonian, which is important to understanding fundamental physics in complex quantum many-body systems.

Total number of gates it works for Natural Hamiltonian

cTPE + Fourier trans. [3] O(t3N4) t = O(N/ logN)) N.A.
Local random circuits [4] O(t10N2) t =poly(N) Highly time-dependent

Our result (Theorem 2) O(tN2) t = o(N1/2) Nearly time-independent

(∀k, l, α ∈ [0, d − 1]), where + is an operation making
[0, d−1] an additive group, we call the pair Fourier-type.

Theorem 1 (Unitary designs on a qudit) Let
(E,F ) be a Fourier-type pair of bases on a qu-
dit and let d = Ω(t2t!). A random unitary

D[`] := (
∏1
i=`D

E
i D

F
i )DE

0 , where DE
i and DF

i are
independent random diagonal unitaries in the basis of E
and F , respectively, is an ε-approximate unitary t-design
if ` ≥ 1

log d−2 log t! (t log d+ log 1/ε).

On N qubits, we define a random quantum circuit

C(t)Z diagonal in the Pauli-Z basis, where random diag-
onal two-qubit gates in the form of (diagZ{1, eiϕ1} ⊗
diagZ{1, eiϕ2})diagZ{1, 1, 1, eiϑ} are applied onto all
pairs of two qubits, where ϕ1 and ϕ2 are chosen indepen-
dently from a set {2πm/(t+ 1) : m ∈ [0, t]} uniformly at
random, and ϑ from {2πm/(bt/2c+ 1) : m ∈ [0, bt/2c]}.

Theorem 2 (Unitary designs on N qubits) Let t =

o(N1/2). Then, (C(t)Z HN )2`C(t)Z , where HN is the
Hadamard transformation on N qubits, is an ε-
approximate unitary t-design if ` ≥ t + 1

N log2 1/ε. The
number of two-qubit gates and random bits are O

(
N(tN+

log2 1/ε)
)

and O
(
(log2 t)N(tN + log2 1/ε)

)
, respectively.

The third main result is about an ε-approximate t-
design Hamiltonian, a random Hamiltonian of which dy-
namics forms an ε-approximate unitary t-design at any
time after a design time.

Corollary 3 (Design Hamiltonians) Let t =

o(N1/2) and H
(t)
XZ be a set of 2-local time-dependent

Hamiltonians in the form of

HXZ(T ) =

{
H

(m)
Z if 2mπ ≤ T < (2m+ 1)π,

H
(m)
X if (2m+ 1)π ≤ T < 2(m+ 1)π,

(1)
where T denotes time, m = 0, 1, · · · , H

(m)
W =

{−
∑
j<k JikWj⊗Wk−

∑
j BjWj}Jjk,Bj∈Pt (W = X,Z),

and Pt := {j/(2bt/2c + 1) : j ∈ [−bt/2c, bt/2c]} (bxc
is the floor function). Then, a Hamiltonian drawn uni-

formly at random from H
(t)
XZ is an ε-approximate t-design

Hamiltonian and the design time is (2t+1+ 2
N log 1/ε)π.

The design Hamiltonian HXZ generates a unitary de-
sign in a short time irrespective of the system size. For
the Hamiltonians with local interactions, we conjecture

that, as a generalisation of the fast scrambling conjec-
ture, there exists a natural design Hamiltonian with time-
independent local interactions that achieves unitary de-
signs in O(t logN) time.

References

[1] D. P. DiVincenzo, D. W. Leung, and B. M. Ter-
hal. Quantum data hiding. IEEE Trans. Inf. Theory,
48:580, 2002.

[2] C. Dankert, R. Cleve, J. Emerson, and E. Livine.
Exact and approximate unitary 2-designs and their
application to fidelity estimation. Phys. Rev. A,
80:012304, 2009.

[3] A. W. Harrow and R. A. Low. Efficient Quantum
Tensor Product Expanders and k-Designs. In Proc.
RANDOM’09.

[4] F. G. S. L. Brandão, A. W. Harrow, and
M. Horodecki. Local random quantum circuits are
approximate polynomial-designs. Commun. Math.
Phys., 346(2):397–434, September 2016.

[5] Y. Nakata, C. Hirche, M. Koashi, and A. Winter. Effi-
cient Quantum Pseudorandomness with Nearly Time-
Independent Hamiltonian Dynamics. Phys. Rev. X,
7(2):021006, 2017. see also arXiv:1609.07021.

[6] S. Hoory and A. Brodsky. Simple Permutations Mix
Even Better. arXiv:math/0411098, 2004.

[7] P. Sen. Random measurement bases, quantum state
distinction and applications to the hidden subgroup
problem. arXiv:quant-ph/0512085, 2005.

[8] F. G. S. L. Brandão and M. Horodecki. Exponential
Quantum Speed-ups are Generic. Q. Inf. Comp. 13,
0901, 2013.

[9] R. Kueng, H. Rauhut, and U. Terstiege. Low
rank matrix recovery from rank one measurements.
arXiv:1410.6913, 2014.

[10] S. Kimmel and Y.-K. Liu. Quantum compressed
sensing using 2-designs. arXiv:1510.08887, 2015.

[11] R. A. Low. Large deviation bounds for k-designs.
Proc. R. Soc. A, 465(2111):3289, 2009.

604



A semi-device-independent framework based on natural physical 
assumptions and its application to random number generation 
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Abstract: The semi-device-independent approach provides a framework for prepare-and-measure 
quantum protocols using devices whose behaviour does not need to be characterized or trusted, except 
for a single assumption on the dimension of the Hilbert space characterizing the quantum carriers. Here, 
we propose instead to constrain the quantum carriers through a bound on the mean value of a well 
chosen observable. This modified assumption is physically better motivated than a dimension bound 
and closer to the description of actual experiments. In particular, we consider quantum optical schemes 
where the source emits quantum states described in an infinite-dimensiona Fock space and model our 
assumption as an upper bound on the average photon number in the emitted states. We characterize the 
set of correlations that may be exhibited in the simplest possible scenario compatible with our new 
framework, based on two energy-constrained state preparations and a two-outcome measurement. 
Interestingly, we uncover the existence of quantum correlations exceeding the set of classical 
correlations that can be produced by devices behaving in a purely pre-determined fashion (possibly 
including shared randomness). This feature suggests immediate applications to certified randomness 
generation. Along this line, we analyze the achievable correlations in several prepare-and-measure 
optical schemes with a mean photon-number constraint and demonstrate that they allow for the 
generation of certified randomness. Our simplest optical scheme works by the on-off keying of an 
attenuated laser source followed by photocounting. It opens the path to more sophisticated energy-
constrained semi-device-independent quantum cryptography protocols, such as quantum key 
distribution. 
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